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SUMMARY

Metal halide perovskites are of particular interest as light absorbers in solar-cell
devices. More recently, interest has extended to many other optoelectronic applica-
tions, such as light-emitting diodes, photodetectors, and lasers. The study of their
electronic excitations using theoretical methods presents many challenges. These
include the variety of structures that they can form and the large unit-cell sizes
they can easily reach. In particular, the organic molecules in hybrid systems can
be of different sizes and the octahedra formed by the metal-halide components can
exhibit different tilts. These materials exist in both three-dimensional and lower-
dimensional structures. Another challenge is the presence of heavy species, which
cause large spin-orbit coupling effects that are difficult to treat accurately and effi-
ciently.

This thesis presents a study of electronic excitations in three-dimensional and two-
dimensional lead-iodide based perovskites using density-functional theory and meth-
ods of many-body perturbation theory. One focus is the search for efficient and
accurate methods to compute their band gaps. In this context, we consider dif-
ferent exchange-correlation functionals and their performance as starting points for
one-shot 𝐺𝑊 calculations. A special focus is on the hybrid functionals PBE0 and
HSE06, including methods for tuning their parameters. In addition, we investigate
the effect of replacing the organic molecule with a cesium atom to reduce the size
of the two-dimensional systems. After validating this approach for the artificial
tetragonal phase of BA2PbI4, the same approach is applied to compute the effective
masses of its high and low-temperature phases using HSE06.

All these studies are performed with the all-electron full-potential code exciting
using augmented plane waves and local orbitals as basis functions. To achieve the
results presented in this work, we realize different implementations. Among them,
that of HSE06 is a major step forward in the development of the code. In particular,
it allows the accurate study of the electronic structure of many semiconductors, not
only halide perovskites, and is the starting point for other implementations based
on HSE06.

The presence of significant spin-orbit coupling effects also required new advance-
ments. In this context, we develop a method that uses local orbitals as explicit basis
functions in the second variation scheme. The method aims to efficiently treat spin-
orbit coupling effects in materials where the traditional second variation treatment
fails to do so. In addition, it allows the use of relativistic local orbitals, fundamental
to account for the correct asymptotic behavior of relativistic orbitals. Furthermore,
we consider spin-orbit coupling also when using hybrid functionals.

ix



x



ZUSAMMENFASSUNG

Metallhalogenid-Perowskite sind von besonderem Interesse als Lichtabsorber in So-
larzellen. In jüngster Zeit hat sich das Interesse auch auf viele andere optoelektronische
Anwendungen ausgeweitet, wie z. B. Leuchtdioden, Photodetektoren und Laser. Die
Untersuchung ihrer elektronischen Anregungen mit theoretischen Methoden stellt viele
Herausforderungen dar. Dazu gehören die Vielfalt der Strukturen, die diese Materialien
annehmen können und, verbunden damit, die großen Einheitszellen, die sie leicht er-
reichen können. Insbesondere können die organischen Moleküle in Hybridsystemen
unterschiedlich groß sein, und die von den Metall-Halogenid-Komponenten gebildeten
Oktaeder können unterschiedliche Neigungen aufweisen. Diese Materialien existieren
sowohl in dreidimensionalen als auch in niederdimensionalen Strukturen. Eine weitere
Herausforderung bilden die in dieser Materialklasse vorhandenen schweren Elemente,
die starke Spin-Bahn-Wechselwirkung verursachen, welche nur schwer genau und ef-
fizient zu behandeln ist.

In dieser Arbeit werden elektronische Anregungen in dreidimensionalen und zwei-
dimensionalen Perowskiten auf Bleijodidbasis mit Hilfe der Dichtefunktionaltheo-
rie und Methoden der Vielteilchenstörungstheorie untersucht. Einen Schwerpunkt
bildet die Suche nach effizienten und genauen Methoden zur Berechnung ihrer
Bandlücken. In diesem Zusammenhang betrachten wir verschiedene Austausch-
Korrelationsfunktionale und deren Leistungsfähigkeit als Ausgangspunkt für One-Shot-
𝐺𝑊 Berechnungen. Ein besonderer Schwerpunkt liegt dabei auf den Hybridfunk-
tionalen PBE0 und HSE06 und Methoden zur Bestimmung ihrer Parameter. Darüber
hinaus untersuchen wir, inwieweit die organischen Moleküle durch Cäsiumatome er-
setzt werden können, umdie Größe der zweidimensionalen Systeme zu reduzieren. Nach
der Validierung dieses Ansatzes für die künstliche tetragonale Phase von BA2PbI4 wird
derselbe Ansatz angewandt, um die effektiven Massen seiner Hoch- und Tieftemper-
aturphasen mit HSE06 zu berechnen.

Alle diese Studien werden mit dem all-electron full-potential exciting code durchge-
führt, der augmentierte ebene Wellen und lokale Orbitale als Basisfunktionen verwen-
det. Um die in dieser Arbeit vorgestellten Ergebnisse zu erzielen, habenwir verschiedene
Methoden implementiert. Die Implementierung von HSE06 ist ein großer Schritt vor-
wärts für die Entwicklung des Codes. Sie ermöglicht insbesondere die genaue Un-
tersuchung der elektronischen Struktur vieler Halbleiter, nicht nur der Halogenidper-
owskite, und ist der Ausgangspunkt für andere Implementierungen auf der Grundlage
von HSE06.

Das Auftreten signifikanter Spin-Orbit-Kopplungseffekte erforderte ebenfalls
Fortschritte. In diesem Zusammenhang haben wir wir eine Methode entwickelt,
die lokale Orbitale als explizite Basisfunktionen im second variation scheme verwendet.
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Die Methode zielt darauf ab, Spin-Orbit-Kopplung in Materialien, bei denen die
herkömmliche second variation scheme versagt, effizient zu behandeln. Darüber hinaus
ermöglicht der neue Zugang die Verwendung relativistischer lokaler Orbitale, was
für das korrekte asymptotische Verhalten relativistischer Orbitale von grundlegender
Bedeutung ist. Darüber hinaus berücksichtigen wir die Spin-Orbit-Kopplung auch bei
der Verwendung von Hybridfunktionalen.

xii



Acknowledgments

Like the most significant journey, this one has been marked by ups and downs that
have led me to personal growth. None of this would have been possible without the
precious people who have surrounded me and the funding agencies that have supported
my research.

To begin with, I would like to express my sincere gratitude to Claudia Draxl, who super-
vised my doctorate and supported me throughout the process, always believing in me,
respecting me, and appreciating my work.

This work would not have been possible without David Egger, Alexey Chernikov, Henry
Snaith, and all their group members, who shared with us the extraordinary challenge of
studying electronic excitations in 2D perovskites. Special thanks go to Xiangzhou Zhu,
who performed crucial calculations for our joint publication.

Thanks should also go to Silvana Botti, Miguel Marques, Pedro Borlido, who helped
us validate the implementation of the density-based mixing method in exciting by
providing additional data and engaging in insightful discussions.

I am deeply grateful to Dmitrii Nabok, who co-supervised me during the first year of
my PhD and together with Andris Gulans taught me all the best practices for using
the exciting code effectively. Both of them have always been available to answer my
questions and have been a point of reference for me. I thank Sven Lubeck, the person I
have collaborated with the most. Our ways of working could not be more different but
complementary, leading to a fruitful exchange and growth. I thank Ronaldo Rodrigues
Pela, a grateful scientist who taught me that with kindness we can achieve the best
results. I thank Pasquale Pavone, who is more than a collaborator, but a guide and a
mentor. Hannah Kleine, Wahib Agguone, and Keith Gilmore are other precious internal
collaborators, that Imustmention for their significant contribution tomy scientificwork.

Many thanks to all the members who have been part of the solid-state theory group at
the Humboldt Universität zu Berlin during these years. Especially the students I worked
with, Jessica Richter, Antonio Cillis, Fabian Nemitz, and Seokhyun Hong. Each of them
was different, taught me something, and helped me realize howmuch I enjoy supporting

xiii



others to do their best work. I could not have completed this journey without Maria
Troppenz, Martin Kuban, Christian Vorwerk, and Ignacio Gonzales, whose contributions
went beyond the scientific exchange, as they also became great friends.

Great achievements are never accomplished alone—they are built on the support and
belief of others. In this regard, I would like to thank Ana Guilherme Buzanich, who
has been a great mentor to me during these years always giving me honest advice. I
am extremely grateful to Graziana Oliverio and Melania Vinciarelli who, through psy-
chotherapy, taught me to face difficulties with a growing attitude.

A special thanks to all the friends and people that I met during the path that brought me
here today. Especially Ana and Victoria, who made Berlin less gray during these years.
Thanks to Danica, my first physics lab buddy and one of my bridesmaids at my wedding
eleven years later. I would be remiss not to mention, Camilla and Alessandra, the best
part of my time in Trieste. So many great memories, with Caterina and Francesca, my
family in Bologna. Thank you to all my friends from my hometown, we have shown
ourselves that we are stronger when we face challenges together.

Last but not least, I would like to thank my old and new family, especially my parents
Paola and Antonio, and my siblings Nicolò and Barbara, who have always supported
me in my choices without ever making me feel alone. Thanks to my husband’s family, I
immediately felt part of it. Thanks to Matheus, who has always been at my side, first as a
friend, then as a partner, and finally as a husband. He always supported me, believed in
me, and motivated me. He also taught me the importance of forgiving ourselves when
we do not live up to our expectations. Thanks also to Matheus for fulfilling one of my
deepest wishes by welcoming our dog Pita into our family. She has taught us to love
unconditionally.

My PhD project was supported by several funding agencies: First, I would like to thank
the German Research Foundation within the priority program SPP2196 Perovskite Semi-
conductors project No. 424709454 and the European Community’s Horizon 2020 re-
search and innovation program under the Marie Skłodowska-Curie Grant Agreement
No. 675867. Partial contribution comes from the European Union’s Horizon 2020 re-
search and innovation program under Grant Agreement No. 951786 (NOMAD CoE),
and the German Research Foundation, projects 182087777 (CRC HIOS). I benefit from
my stay at IPAM and I thank MS1P for a grant to complete my thesis. Lastly, I would
like to mention the North-German Supercomputing Alliance (HLRN) for providing com-
putational resources.

xiv



Contents

1 Introduction 1

I Background 7

2 Theoretical background 9
2.1 The many-body problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Density-functional Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Kohn-Sham DFT and its foundations . . . . . . . . . . . . . . . 11
2.2.2 Generalized Kohn-Sham DFT . . . . . . . . . . . . . . . . . . . 14
2.2.3 Exchange-correlation functionals . . . . . . . . . . . . . . . . . 15

2.2.3.1 Local and semi-local exchange-correlation functionals . 17
2.2.3.2 Hybrid functionals . . . . . . . . . . . . . . . . . . . 19
2.2.3.3 Methods to tune the parameters of hybrid functionals . 22

2.2.4 Relativistic Kohn-Sham DFT . . . . . . . . . . . . . . . . . . . . 24
2.3 Many-body perturbation theory . . . . . . . . . . . . . . . . . . . . . . . 26

2.3.1 One-body Green’s function . . . . . . . . . . . . . . . . . . . . 26
2.3.2 𝐺𝑊 approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4 Optical properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3 The exciting code 33
3.1 Numerical solution of the Kohn-Sham equation . . . . . . . . . . . . . . 33
3.2 (Linearized) augmented plane waves and local orbitals methods . . . . . 35
3.3 Hybrid functionals in the (L)APW+LO framework . . . . . . . . . . . . . 37

3.3.1 Mixed-product basis . . . . . . . . . . . . . . . . . . . . . . . . 39
3.3.2 Non-local exchange potential . . . . . . . . . . . . . . . . . . . 40

xv



3.3.3 Nested self-consistent cycle . . . . . . . . . . . . . . . . . . . . 41
3.4 Treatment of spin-orbit coupling . . . . . . . . . . . . . . . . . . . . . . . 43

3.4.1 Non perturbative treatment . . . . . . . . . . . . . . . . . . . . 43
3.4.2 Second variation treatment . . . . . . . . . . . . . . . . . . . . 44

3.5 One-shot 𝐺𝑊 calculations . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.6 Calculation of optical properties . . . . . . . . . . . . . . . . . . . . . . . 46
3.7 Maximally localized Wannier functions interpolation . . . . . . . . . . . 47

II Method developments and implementations 49

4 The HSE functional in exciting 51
4.1 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.1.1 Screened exchange-hole formulation of PBE . . . . . . . . . . . 52
4.1.2 Screened non-local exact exchange . . . . . . . . . . . . . . . . 54

4.2 Validation and extra features . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.2.1 Validation of the implementation of the screened exchange-hole

formulation of PBE . . . . . . . . . . . . . . . . . . . . . . . . 58
4.2.2 Validation of the implementation of HSE . . . . . . . . . . . . . 61
4.2.3 𝐤-mesh convergence . . . . . . . . . . . . . . . . . . . . . . . . 65
4.2.4 Treatment of the screened Coulomb potential for 𝐪 + 𝐆 → 0 . . . 66

4.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5 Hybrid functionals: Additional implementations 69
5.1 Spin-orbit coupling in hybrid functionals . . . . . . . . . . . . . . . . . . 69
5.2 Density-based mixing method . . . . . . . . . . . . . . . . . . . . . . . . 72
5.3 Optimization of the implementation . . . . . . . . . . . . . . . . . . . . . 74
5.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6 Second variation with local orbitals 77
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
6.2 Second variation with local orbitals as explicit basis functions . . . . . . 79
6.3 Dirac type local orbitals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.4 Computational details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
6.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

6.5.1 Performance of the SVLO method . . . . . . . . . . . . . . . . . 82

xvi



6.5.2 Effects of 𝑝1/2 LO within the SVLO method . . . . . . . . . . . . 90
6.6 Related topics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
6.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

III Applications 95

7 Electronic structure of 3D lead-iodide perovskites: impact of functionals 97
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
7.2 Systems under investigation . . . . . . . . . . . . . . . . . . . . . . . . . 99
7.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

7.3.1 Electronic structure of APbI3 and PbI2 . . . . . . . . . . . . . . . 99
7.3.2 Mixing parameters for PBE0 and HSE . . . . . . . . . . . . . . . 105
7.3.3 Screening parameter 𝜔 and 𝐺0𝑊0 calculations . . . . . . . . . . . 108

7.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

8 Optoelectronic properties of 2DHaP evaluated by replacing the organicmolecule
with Cs 113
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
8.2 Cs substitution in BA2PbI4 tetragonal phase . . . . . . . . . . . . . . . . . 115

8.2.1 Properties of the tetragonal BA2PbI4 systems . . . . . . . . . . . 115
8.2.2 Tretagonal structure with Cs replacement . . . . . . . . . . . . . 123
8.2.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

8.3 LT and HT phase of BA2PbI4 . . . . . . . . . . . . . . . . . . . . . . . . . 129
8.3.1 Atomic structures . . . . . . . . . . . . . . . . . . . . . . . . . 129
8.3.2 Electronic structure from PBE . . . . . . . . . . . . . . . . . . . 130
8.3.3 Electronic structure from HSE . . . . . . . . . . . . . . . . . . . 133

8.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

9 Conclusions and Outlooks 136

Appendices 138

Appendix A Supporting materials for Chapter 4 140
A.1 Computational details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
A.2 Comparison of PBE and PBE0 calculations with literature . . . . . . . . . 140

xvii



A.3 𝐤-points convergence of 𝐸Γ→X and 𝐸Γ→L . . . . . . . . . . . . . . . . . . . 141
A.4 Supporting data for the singular term of screened Coulomb potential . . 143

Appendix B Supporting materials for Chapter 5 146
B.1 Convergence parameters for HYB+SOC calculations . . . . . . . . . . . . 146
B.2 Density-based mixing method in exciting . . . . . . . . . . . . . . . . . 147
B.3 Performance of the new parallelization and memory distribution . . . . . 149

Appendix C Supporting materials for Chapter 6 154
C.1 Convergence with the SV(LO) basis . . . . . . . . . . . . . . . . . . . . . 154
C.2 Tests of BSE with SOC in exciting . . . . . . . . . . . . . . . . . . . . . 161

C.2.1 BSE+SOC validation . . . . . . . . . . . . . . . . . . . . . . . . 161
C.2.2 Efficiency of the BSE+SOC implementation . . . . . . . . . . . . 163

C.3 Extension of the SVLO method to optical spectra . . . . . . . . . . . . . . 164

Appendix D Supporting material for Chapter 7 168
D.1 Literature data of PbI2 band gaps . . . . . . . . . . . . . . . . . . . . . . . 168
D.2 Computational details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
D.3 Orbital-resolved density of states . . . . . . . . . . . . . . . . . . . . . . . 170
D.4 Extrapolation of band gaps . . . . . . . . . . . . . . . . . . . . . . . . . . 172
D.5 Energy gaps of PbI2 for different values of 𝛼 and 𝜔 . . . . . . . . . . . . . 172

Appendix E Supporting material for Chapter 8 174
E.1 BA2PbI4 tertragonal phase . . . . . . . . . . . . . . . . . . . . . . . . . . 174

E.1.1 Computational details . . . . . . . . . . . . . . . . . . . . . . . 174
E.1.2 Species-resolved band structure and DOS . . . . . . . . . . . . . 176

E.2 LT and HT phases of BA2PbI4: Computational details . . . . . . . . . . . 177

References 180

xviii



Acronyms

APW Augmented plane waves

BFGS Broyden–Fletcher–Goldfarb–Shanno

BSE Bethe-Salpeter equation

BZ Brillouin zone

CB Conduction band

CBm Conduction band minimum

DDH Dielectric dependent hybrid

DFT Density functional theory

DM Density-based mixing

DOS Density of states

EA Electron affinity

EXX Exact-exchange approximation

FV First variation

GGA Generalized gradient approximation

gKS Generalized Kohn-Sham

GWA 𝐺𝑊 approximation

G0W0 One-shot 𝐺𝑊

HaP Metal halide perovskite

HEG Homogeneous electron gas

HF Hartree-Fock

HK Hohenberg-Kohn

xix



HT High-temperature

IAPE Integral absolute percentage error

IP Ionization potential

IPA Independent particle approximation

IPW Interstitial plane waves

IR Interstitial region

KS Kohn-Sham

L Local/semi-local

LAPW (Linearized augmented plane waves

(L)APW+LO (Linearized) augmented plane waves plus local orbitals

LDA Local density approximation

LFE Local field effects

LO Local orbital

LR Long-range

L(S)DA Local (spin) density approximation

LT Low-temperature

MAPE Mean absolute percentage error

MBPT Many-body perturbation theory

MLWF Maximally localized Wannier function

MPB Mixed product basis

MPI Message-passing interface

MT Muffin tin

NL Non-local

NP Non perturbative

OMP Open multi-processing

PAW Projector augmented wave

PCE Power conversion efficiency

PDOS Partial density of states

xx



PW Plane waves

QE Quantum ESPRESSO

QP Quasiparticle

RKS Relativistic Kohn-Sham

RMSE Root mean square error

RPA Random phase approximation

SCF Self-consistent cycle

SOC Spin-orbit coupling

SR Scalar relativistic

sR Short-range

SV Second variation

SVLO Second variation with local orbitals

TDA Tamm-Dancoff approximation

TMDC Transition-metal dichalcogenide

VB Valence band

VBM Valence band maximum

VDW Van der Waals

xc Exchange-correlation

ZORA Zero order regular approximation?

3D Three-dimensional

2D Two-dimensional

xxi



xxii



CHAPTER1

Introduction

Metal halide perovskites (HaP) are promising materials for many optoelectronic appli-
cations. Initially, they attracted interest as absorber layers in single-junction solar cell
devices. In just one decade, these devices went from a power conversion efficiency (PCE)
of 14.1% [1] to a PCE of 26.7% [2], which is comparable to that of silicon solar cells [3].
Their optimal performance is attributed to a high carrier mobility with a long diffusion
length (𝜇m range) [4, 5], high defect tolerance [6], and low exciton binding energies [7].
They are also easy and cheap to manufacture, as they can be produced using solution
processes. Nevertheless, they still present challenges that prevent them from being used
in the mass production of solar cell devices. In particular, they are highly unstable under
operating conditions, and the most promising compounds contain lead, which is toxic.

In their simplest three-dimensional (3D) form, HaP have the chemical formula ABX3,
where B is a divalent metal cation of the carbon group (B=Ge2+, Sn2+ or Pb2+), octahe-
drally coordinated by the anion X, which is part of the halide group (X=F−, Cl−, Br− and
I−). The cation A is accommodated in the cages between the B-X octahedra. A can be
organic, such as methylammonium (MA) and formamidinium (FA), or inorganic, such
as Cs+. Their band gaps can be tuned by varying the divalent cation and the anion, with
values ranging from ∼ 1.2 eV for Sn-I based compounds to ∼ 3.5 eV for Sn-Cl based
perovskites [8, 9]. This makes them suitable for many other optoelectronic applications,
such as light emitting devices [10, 11], photodetectors [12], and lasers [13, 14]. The cation
A is most important for stabilizing the structure. In this context, the Goldschmidt’s tol-
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erance factor [15] and a modified version [16], which uses all the ionic radii and/or the
oxidation state of A, measure the probability for ABX3 to stabilize in a perovskite struc-
ture. The perovskite structures have different symmetries depending on the octahedral
tilts and can be classified as cubic, tetragonal, and orthorhombic lattices. With increasing
temperature, higher symmetry structures are favored.

Quasi two-dimensional (2D) HaP have also attracted particular interest in recent years,
as they improve the stability of HaP-based photovoltaic cells when mixed with their 3D
counterpart [17, 18, 19]. However, the PCE is lower due to the lower carrier mobility
and increased exciton binding energy. They are classified into three different structural
types, named Ruddlesden-Popper phases, Dion-Jacobson perovskites, and perovskites
with alternating cations in the interlayer space [20]. They all have a layered structure
with a quantum well nature. The Ruddlesden-Popper type shown in Fig. 1.1 is the only
one considered in this work. It has the chemical formula (RNH3)2(A)𝑛−1BX3𝑛+1 [21]. A, B,
and X are the same as described for 3D HaP and form the perovskite layers that behave
like potential wells. In each of them, there are 𝑛 layers of B-X octahedra. RNH3 are
aliphatic or aromatic cations that serve as organic spacers between the perovskite layers
and act as insulating layers of the quantum well. For 𝑛 = ∞ the 3D HaP structure is
recovered. Single-layer (𝑛 = 1) quasi-2D compounds exhibit larger band gaps than their
3D counterparts and, due to the 2D confinement and the weak dielectric screening of the
organic layer, they have strongly bound exciton states with binding energies in the order
of hundreds of meV [22, 23, 24]. As the number of inorganic layers increases, the energy
gaps and exciton binding energies decrease and become more similar to those of the
3D compounds, making them suitable for solar-cell devices. The size and type of spacer
molecules, which determine the dielectric screening, also influence the binding energies,
charge transport, and stability [25, 26]. The combination of these features makes the
properties of 2D HaP even more flexible and tunable than their 3D counterparts, making
them suitable for many optoelectronic devices such as field-effect transistors [27], light-
emitting diodes [28, 29], and hard photodetectors [30, 31]. In the following, we refer to
quasi-2D perovskites simply as 2D.

This work presents a study of the electronic excitations in 3D and 2D lead-iodide based
perovskites, using ab initio methodologies such as density functional theory (DFT)
and many-body perturbation theory (MBPT). The first question we want to answer is
whether we can accurately and efficiently predict the band gaps of 3D lead-iodide based

2



n = 2n = 1 n = 4 n = ∞

RNH3 A B-X octahedra

Figure 1.1: Schematic representation of Ruddlesden-Popper type perovskites with the formula
(RNH3)2(A)𝑛−1BX3𝑛+1, where RNH3 is the organic spacer, A=(Cs+, MA+, FA+), B=(Pb2+, Sn2+),
and X=(Cl−, Br−, I−). 𝑛 is the number of inorganic layers. For 𝑛 = ∞, 3D HaP with the formula
ABX3 are recovered.

perovskites using hybrid exchange-correlation functionals. In this respect, a major focus
is on HSE06 [32], which is known to give the best estimates for crystalline semiconduc-
tors. To assess its performance, we compare it with other methods, including the hybrid
functional PBE0, and one-shot 𝐺𝑊 (𝐺0𝑊0) calculations using different functionals as
starting points. We also investigate how the parameters that fix the amount of exact
exchange contained in the hybrid functionals affect the band-gap values. In this respect,
we use different tuning methods, such as the dielectric dependent hybrid (DDH) method
and the density-based mixing (DM) method. These calculations proved to be particularly
challenging for the following reasons: i) These materials are characterized by signif-
icant spin-orbit coupling (SOC) effects, which strongly reduce the band gaps and are
challenging to treat accurately and efficiently. ii) The structures that best compare with
the experimental counterparts are those with lower symmetry, with unit cells contain-
ing several stoichiometric units and therefore not being suitable as a testbed for such
high-level methodologies. iii) When considering hybrid organic-inorganic systems, the
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unit cells are even bigger. As mentioned above, the organic/inorganic cation is mainly
important for the structural stability of the system and affects the electronic excitations
near the Fermi energy only indirectly through the structure, which are instead deter-
mined by the metal-halide part of the systems. This led us to consider the precursor
of lead-iodide-based perovskites, i.e. PbI2, for a systematic study of the methodologies
used.

When considering 2D systems, the study of their electronic excitations with high-level
methodologies becomes evenmore challenging due to the presence of large organic spac-
ers. For example, with the butylammonium molecule (BA = C4H9NH+

3 ), which is among
the smallest organic spacers, the experimentally observed structures have unit cells of
the order of 150 atoms or more. Therefore, following the logic applied to the 3D per-
ovskites, where the A cation is most important for the structural properties of the sys-
tems, we decided to reduce the size of the systems by replacing the organic molecules
with Cs atoms. In order to justify this approach, an extensive study of electronic and
optical properties is carried out, with particular attention paid to the position of the MA
molecules and the Cs atoms. This approach allowed us to calculate the electronic proper-
ties, including the effective masses of the two phases of the BA2PbI4 system with HSE06.
Moreover, this approach allows to isolate the effects of the different components, i.e. the
type of organic molecule, the layer distance, the number of the B-X octahedral layers,
and the octahedral distortion, on the electronic excitations of the systems.

For this study, we used the exciting package. As a full-potential all-electron code, us-
ing augmented plane wave (APW) and local orbitals (LO) as basis functions, exciting
allows to obtain highly precise results [33, 34]. To perform these studies, we also im-
plemented new features in the code. Among the most important achievements in this
context, are the implementation of the hybrid functional HSE06, the evaluation of SOC
effects with hybrid functionals, and the development of the second variation with local
orbitals (SVLO) method for the treatment of SOC effects. Prior to this work, PBE0 was
the only hybrid functional implemented, and SOC was treated only for local/semi-local
functionals with the conventional second variation (SV) method, which turned out to be
particularly inefficient for systems such as HaP. The SV method is a two-step procedure
where the SOC term is evaluated using as basis functions a subset of the states obtained
by diagonalizing the scalar relativistic Hamiltonian, i.e. without including SOC effects.
For HaP, we observed that all available states are needed to obtain precise results. We
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have shown that with the SVLO method, which additionally uses LO as explicit basis
functions in the second step, a factor of 3.6 improvement in computational time can
be obtained for the orthorhombic phase of CsPbI3 compared to other methods with the
same accuracy [35]. Moreover, this method allows us to easily include relativistic LO,
which are fundamental for the accurate prediction of SOC effects.

As mentioned above, the cation A, is mainly important for structure stabilization and
has no direct influence on the electronic structure of the HaP compounds. Therefore,
and because the purely inorganic structures are computationally more accessible, they
are often chosen in fundamental studies dedicated to the electronic excitations of 3D
HaP [36, 37, 38, 39]. Here, we apply this strategy for the investigation of 3D HaP [35].
We have also taken a step forward by using the precursor of the HaP under study, e.g.
PbI2 for Pb-I-based compounds, as a test bed to determine the best methodology for
investigating their electronic excitations. A similar approach is used also for 2D HaP
substituting the inorganic spacer with the inorganic cation [40, 41, 42, 43, 44, 45, 46]. In
this case, however, the complexity of the systems is higher due to their layered structure.
It is therefore important to understand to what extent the simplified structure can be
used to study the “true” system and how to choose the position of the inorganic cation
replacement.

The thesis is structured in three parts. The first part consists of two chapters that cover
all the methods necessary to understand the implementations and results discussed in
the rest of the work. In particular, Chapter 2 focuses on the theoretical background,
while Chapter 3 describes the exciting code. The second part deals with the various
implementations that have been achieved in this thesis and that were necessary for the
study of the electronic excitation of HaP. Chapter 4 presents the implementation of the
hybrid functional HSE06 in exciting, and Chapter 5 deals with additional implementa-
tions also related to hybrid functionals. These include the incorporation of SOC and the
implementation of the DM method, which we use to tune the parameters of the hybrid
functionals in Chapter 7. In Chapter 5, we also discuss some optimizations applied to the
code to make these calculations feasible even for the more complex HaP studied. Chap-
ter 6 presents the SVLO method and shows its performance for a set of materials that
are affected by SOC to different degrees. The third and final part focuses on lead-iodide
perovskite compounds. In Chapter 7 the impact of different methodologies on the elec-
tronic structure of 3D lead-iodide compounds is studied. The main focus is on hybrid
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functionals and their parameters. Their influence on the starting point of 𝐺0𝑊0 calcula-
tions is studied. Chapter 8 shifts the focus to 2D HaP, in particular BA2PbI4. The initial
focus is on several tetragonal BA2PbI4 model systems consisting of only 39 atoms. When
the BA molecule is replaced by Cs+, the systems are reduced to only 7 atoms and thus
proved to be perfect for studying to which extent the Cs-replaced systems can mimic the
hybrid ones. In the following, the approach developed for the model systems is applied
to study the electronic properties of the high and low-temperature phases of BA2PbI4.
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CHAPTER2

Theoretical background

Materials are quantum mechanical systems made of atomic nuclei and
many electrons, whose interactions give rise to a many-body problem.
If the nuclei are considered to be fixed, one speaks of themany-electron
problem. Its theoretical description from first principles is one of the
major challenges in the physics and chemistry communities. In this
regard, several methodologies have been developed that allow us to
study the properties of materials. Moreover, the combination of these
methodologies with the advances in computation provides the oppor-
tunity to study materials of increasing complexity. In this chapter, we
will address density-functional theory and the 𝐺𝑊 method of many-
body perturbation theory, which are among the most popular frame-
works for treating the many-electron problem. We will also discuss
some common methods for treating optical excitations. All the meth-
ods discussed here, are those that we have employed to study the elec-
tronic excitations of metal halide perovskites at 0 K.

2.1 The many-body problem

Quantum mechanical systems like atoms, molecules, and crystals, are described, in a
time-independent framework, by the electronic (non-relativistic) Schrödinger equation,
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in which the nuclei are considered to be frozen:

el({r}; {R})Ψ({r}; {R}) = 𝐸({R})Ψ({r}; {R}). (2.1)

This equation describes a system of𝑀 nuclei and 𝑁 electrons, whose sets of coordinates
are {R} ≡ {R1,… ,R𝑀} and {r} ≡ {r1,… , r𝑁 }, respectively. Since the nuclei are frozen,
{R} are parameters. Ψ({r}; {R}) is the wave function of the electronic many-body state
with total energy, 𝐸, and el is the electronic Hamiltonian operator. In atomic units
(ℏ = 𝑚𝑒 = 𝑒 = 4𝜋/𝜀0 = 1), el is defined as

𝑒𝑙 = −
𝑁

∑
𝑖=1

∇2
𝑖

2
+

𝑁

∑
𝑖=1

𝑣ext(r𝑖) +
1
2

𝑁

∑
𝑖,𝑗=1
𝑖≠𝑗

1
|r𝑖 − r𝑗 |

+ 𝐸𝐼 𝐽 . (2.2)

The first term of this equation is the kinetic energy operator of the electrons, 𝑣ext is the
external potential arising from the frozen nuclei interacting with the electrons, and the
third term is the operator expressing the electron-electron interaction. 𝐸𝐼 𝐽 is an additive
constant resulting from the (classical) electrostatic interaction between the nuclei, which
we will neglect in the following discussion.

Since the electronic wave function, Ψ, in Eq. 2.1, has 3𝑁 degrees of freedom, the solution
of the equation is a high-dimensional problem, for which analytical and numerically ex-
act solutions are possible only for a few simple systems. Over the years several methods
have been developed to tackle this many-body problem. DFT is among the most popular
approaches to handle Eq. 2.1 for the ground-state and MBPT for computing the proper-
ties of the excited states. In particular, the 𝐺𝑊 method within MBPT, provides a robust
framework for evaluating excited state properties such as the electronic band gaps. In
the following discussion, we will not include the spin degrees of freedom, unless it is
specified.

2.2 Density-functional Theory

DFT is a widespread technique used for computing the electronic structure of materials.
One reason for this is its relatively low computational cost combined with significant
predictive power. Kohn-Sham (KS) DFT [47] is what we often simply refer to as DFT,
however, other flavors of it exist, e.g., the generalized Kohn-Sham (gKS) DFT for the
treatment of exact exchange and hybrid exchange-correlation (xc) functionals.
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2.2.1 Kohn-Sham DFT and its foundations

KS-DFT owes its origins to the theorems of Hohenberg and Kohn (HK) [48] and to the
non-interacting auxiliary system introduced by Kohn and Sham, which made its appli-
cation possible [47].

Hohenberg and Kohn theorems

The HK theorems were proposed by Hohenberg and Kohn in 1964 [48] and later proved
in a more rigorous way by Levy [49]. The key quantity is the electron density, which for
a given Ψ is:

𝜌(r) = 𝑁 ∫ 𝑑r1,… , 𝑑r𝑁 |Ψ(r1,… , r𝑁 )|2. (2.3)

For simplicity, the electronic wave function is written explicitly in terms of the electronic
coordinates, while the nuclear coordinates are omitted. The first theorem provides a
one-to-one correspondence between the external potential, 𝑣ext, and the density of the
ground-state, 𝜌0. As a result, 𝑣ext is a unique functional of 𝜌0. By fixing the external
potential, the Hamiltonian,𝑒𝑙, is completely determined, therefore, the ground-state of
the many-body system is a unique functional of 𝜌0. Hohenberg and Kohn, for a given
external potential, defined the energy functional:

𝐸[𝜌] = 𝐹 [𝜌] + ∫ 𝑑r𝑣̂ext(r)𝜌(r). (2.4)

Here, 𝐹 [𝜌] is a universal functional that accounts for the kinetic and electron-electron
interaction energy contributions and is valid for any number of particles and any exter-
nal potential. The second theorem states that the energy functional of the ground-state
density, 𝜌0, is the ground-state energy, 𝐸0, being 𝐸[𝜌0] the minimum energy value.

Kohn-Sham system

In the HK theorems, the functional forms of the kinetic and potential energy of an inter-
acting electron system are not given explicitly, and they are still unknown today (except
for the contribution of the classical Coulomb interaction). The KS system simplifies this
problem: it consists of an auxiliary system of non-interacting electrons, having the same
ground-state electron density, 𝜌0, as the fully interacting electron system [47]. The elec-
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tron density of this system of non-interacting electrons is

𝜌(𝐫) =
occ

∑
𝑖
|𝜑𝑖(𝐫)|2, (2.5)

where the single-particle wave functions 𝜑𝑖 are named KS wave functions. Unlike the
real interacting system, the kinetic energy of non-interacting particles is known:

𝑇0 =
1
2

occ

∑
𝑖
∫ 𝑑r|∇𝜑𝑖(r)|2. (2.6)

The total energy functional of Eq. 2.4 can then be rewritten as:

𝐸[𝜌] = 𝑇0 + ∫ 𝑑r 𝜌(r)[𝑣𝑒𝑥𝑡(r) + 𝑣H(r)] + 𝐸xc[𝜌], (2.7)

where 𝑣H is the Hartree potential arising from the classical Coulomb interaction:

𝑣H(r) =
1
2 ∫

𝑑r′ 𝜌(r)
|r − r′|

. (2.8)

The last term 𝐸xc is the xc functional, which accounts for all quantum mechanical effects
of the interacting electron system. More precisely, it is the difference between the ki-
netic energy and potential energies of the true many-electron system and those of the
auxiliary system, obtained by comparing Eq. 2.4 with Eq. 2.7:

𝐸xc[𝜌] = 𝐹 [𝜌] − 𝑇0 − ∫ 𝑑r𝑣H(r)𝑛(r). (2.9)

While the KS formalism is exact for the ground-state, an exact form for the xc functional
is unknown. Many different approximations have been developed. They can be divided
into local/semi-local approximations, which can be treated within the KS-DFT formal-
ism, and non-local (NL) approximations, for which a generalized form of it is required.

Kohn-Sham equations

For the KS system, the Scrhödinger equation (Eq. 2.2) becomes a set of independent-
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particle Scrhödinger-like equations, named KS equations:

[
−
1
2
∇2 + 𝑣KS]

𝜑𝑖(r) = 𝜖𝑖𝜑𝑖(r), (2.10)

where 𝑣KS is the KS potential, defined as:

𝑣KS(r) = 𝑣ext( r) + 𝑣H(r) +
𝛿𝐸xc[𝜌(r)]
𝛿𝜌(r)

. (2.11)

These differential equations are non-linear in the density, 𝜌, which is computed through
the independent particle wave functions 𝜑𝑖 (Eq. 2.5), andmust be solved self-consistently.
The self-consistent cycle (SCF), works as follows: The first step is the calculation of the
KS potential, 𝑣KS, employing an initial guess for the density, 𝜌. Knowing the KS poten-
tial, the KS equations can be solved, and the resulting KS wave functions, 𝜑𝑖, can be used
to compute a new density, 𝜌, which is plugged into the next iteration in order to update
the KS potential. The cycle ends when the output density is equal (up to a certain pre-
cision) to the density of the previous step of the cycle. Details on how the KS equations
(2.10) are solved in DFT codes, especially in the exciting package [50], are discussed
in Chapter 3.

Exchange-correlation derivative discontinuity

It is important to note that, while the ground-state electron density and the ground-state
total energy of the KS system are the same as those of the real interacting system, the
eigenvalues of the KS equations have no physical meaning. Interpreting the KS gap as
the fundamental gap of the system is fundamentally wrong, since, as described below,
they differ by a quantity called xc derivative discontinuity.

The fundamental gap is defined as the difference between the electron affinity (EA),
which is the energy required to add an electron, and the ionization potential (IP), which
is the energy required to remove an electron:

𝐸gap = EA − IP = [𝐸(𝑁 + 1) − 𝐸(𝑁 )] − [𝐸(𝑁 ) − 𝐸(𝑁 − 1)]. (2.12)

The energies are the ground-state total energy of systems with 𝑁 (neutral), 𝑁 + 1, and
𝑁 − 1 electrons, respectively. From this definition, the following relationship between
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the fundamental band gap and the KS eigenvalues can be derived [51, 52, 53]:

𝐸gap = 𝜖KS𝑁+1 − 𝜖KS𝑁 + ΔKS
xc = 𝐸KS

gap + ΔKS
xc , (2.13)

where 𝐸KS
gap is the KS gap computed from the difference between the eigenvalue of the

lowest unoccupied KS state (𝜖KS𝑁+1) and that of the highest valence state (𝜖KS𝑁 ). ΔKS
xc is

the discontinuity of the derivative of the xc potential with respect to the number of
particles. The absence of this term, combined with an error inherent in local/semi-local
xc-functional approximations, known as the self-interaction problem, typically leads to
an underestimation of band gaps by a factor of 2 [54].

2.2.2 Generalized Kohn-Sham DFT

The gKS scheme was proposed by Seidl and co-workers [54] to improve the evaluation
of band gaps compared to what is obtained with local and semi-local functionals while
providing accurate values for the total energy. It is a rigorous framework that takes into
account the NL nature of the exchange interaction.

The basic idea of gKS is to map the fully interacting system onto a partially interacting
one represented by a single Slater determinant, Φ, and having the same ground-state
density, 𝜌0, as the fully interacting system [55]. The NL energy contributions are func-
tionals of a single Slater determinant, 𝑆[Φ], or, equivalently, of the (spinor) orbitals used
to construct it, 𝑆[{𝜙𝑖}]. Examples of it are the kinetic energy of a non-interacting elec-
tron system or the Hartree-Fock (HF) like exchange energy. Due to the properties of
the Salter determinant, the functional 𝑆[⋅] is invariant under unitary transformations.
Moreover, it is associated with an energy density functional 𝐹 𝑆[𝜌] with 𝜌 = ∑𝑖 |𝜙𝑖|2 by
the following relation:

𝐹 𝑆[𝜌] = min
Φ→𝜌(r)

𝑆[Φ] = min
{𝜙𝑖}→𝜌(r)

𝑆[{𝜙𝑖}]. (2.14)

The Slater determinant that minimizes 𝑆[⋅]must be found among those yielding the den-
sity 𝜌(r). In the gKSDFT, the HK density functional 𝐹 [𝜌], displayed in Eq. 2.4, is replaced
by two density functionals:

𝐸[𝜌] = 𝐹 𝑆[𝜌] + 𝑅𝑆[𝜌] + ∫ 𝑑r𝑣ext(r)𝜌(r). (2.15)
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𝐹 𝑆[𝜌], as defined in Eq. 2.14, depends directly on the orbitals of the Slater determinant.
𝑅𝑆[𝜌] is the residual contribution from the difference of 𝐹 [𝜌] − 𝐹 𝑆[𝜌] and depends indi-
rectly on the orbitals through the density, 𝜌. By employing a Lagrangian procedure to
minimize the total energy, one obtains the following single-particle gKS equations:

𝑂̂𝑆[{𝜙𝑗 }]𝜙𝑖 + 𝑣ext(r)𝜙𝑖 + 𝑣𝑅(r)𝜙𝑖(r) = 𝜖𝑖𝜙𝑖, (2.16)

where
𝑣𝑅(r) =

𝛿𝑅𝑆[𝜌]
𝛿𝜌(r)

. (2.17)

𝑂̂𝑆 is a non-multiplicative operator, which may depend on the orbitals and the functional
𝑆[⋅], but not explicitly on the potential (𝑣ext + 𝑣𝑅). As the KS equations (Eq. 2.10), the gKS
equations must be solved self-consistently, and the orbitals obtained by their solution
give the exact ground-state density, 𝜌0, of the fully interacting system. The complete
derivation of the gKS and its realization with different functionals, 𝑆[⋅], can be found in
Ref. [54]. When we will address hybrid functionals, we will discuss the gKS equations
for the specific case.

In their work, Seidl and coworkers [54], also show that the eigenvalues of the gKS equa-
tions contain part of the discontinuity. For example, when employing a NL exchange
potential, like the HF exact exchange, the gKS band gap is:

𝐸gKS
gap = 𝐸KS

gap + ΔKS
x . (2.18)

where ΔKS
x is the part of the xc derivative discontinuity related to the exchange.

2.2.3 Exchange-correlation functionals

As mentioned above, the exact form of the xc functional is unknown. Therefore, several
approximations have been proposed. Based on the quantities used for their construction,
e.g., density, density gradient, etc., they are classified into different levels, commonly
represented by a Jacob’s ladder [56] ( Fig. 2.1). The first rung of the ladder uses only the
electron density, 𝜌, hence the name local (spin) density approximation (L(S)DA) [47]. It
is computationally most efficient, but it is considered least accurate. By climbing the
steps, the approximations include more quantities and are considered more accurate at
a price of increased computational cost. This way of representing the xc functionals is

15



convenient, but it is a simplified picture when it comes to how they perform: Depending
on the system and the property under investigation, the lower rungs may give compara-
ble results to higher rungs [57, 58, 59, 60]. This is especially true for structural properties,
where the first two rungs give fairly accurate results.

In the following section, we will focus on local and semi-local xc-functionals, which are
the first three rungs of the ladder. Hybrid functionals, part of the fourth rung (Fig. 2.1),
are one of the main topics of this work and are discussed in detail in Section 2.2.3.2.
The exact-exchange approximation (EXX, also fourth rung) and the random phase ap-
proximation (RPA, fifth rung) are beyond the scope of this thesis and are therefore not
discussed further. More details can be found in Ref. [61].

L(S)DA

GGA

Meta-GGA

EXX and hybrid

RPA

n(r)

∇n(r)

τ(r)

occupied ψi(r′￼)

unoccupied ψi(r′￼)

Hartree world

Chemical accuracy

Figure 2.1: Jacob’s ladder for the xc-functionals proposed by Perdew and co-workers [56, 61].
In this schematic representation, the last two rungs contain the most popular approximations.
They are ordered by the quantities used to construct them (shown on the left side of the ladder).
The ladder connects Hartree’s world [62], which ignores correlation effects, and the “chemical
accuracy", which is the accuracy needed to reliably predict the probability of having a chemical
reaction (∼0.0434 eV per atom).
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2.2.3.1 Local and semi-local exchange-correlation functionals

A general way to write the local/semi-local xc energy functional is [61]:

𝐸xc[𝜌↑(r), 𝜌↓(𝐫)] = ∫ 𝑑r 𝜌(r)𝜀xc(𝜌↑(r), 𝜌↓(r)), (2.19)

where the total electron density 𝜌(r) is given by the sum of the spin-resolved electron
densities, 𝜌(r) = 𝜌↑(r)+𝜌↓(r), 𝜀xc is the xc energy per electron, and 𝜌𝜀xc is the xc energy
density. The complexity of the xc energy per electron, 𝜀xc, and the quantities on which
it depends, determine which of the three first rungs the approximation belongs to.

In addition to the missing xc discontinuity, local and semi-local approximations suffer
from the so-called self-interaction problem: the Hartree potential in Eq. 2.7-2.8 contains
an unphysical self-interaction that is not compensated in this type of xc functionals.
Most of the failures of local and semi-local functionals are related to this [63].

Local spin-density approximation

The simplest approximation, at the bottom of Jacob’s ladder (Fig. 2.1), is the L(S)DA,
which depends only on the local density. This approximation relies on the fact that the
electron density in a solid locally resembles that of the homogeneous electron gas (HEG).
For unpolarized systems (𝜌↑(r) = 𝜌↓(r)), it is better known as local density approxima-
tion (LDA) and the functional form is the following:

𝐸LDA
xc [𝜌(r)] = ∫ 𝑑r 𝜌(𝐫)𝜀HEGxc (𝜌(r)), (2.20)

𝜀HEGxc is the xc energy per particle of the HEG for a given density. This quantity can
be split into the exchange and correlation contributions (𝜀HEGxc = 𝜀HEGx + 𝜀HEGc ), which are
evaluated separately. The exchange has an exact analytical form [64, 65], while the corre-
lation has been accurately computed for different densities by the quantumMonte Carlo
method [66, 67, 68]. For ground-state properties such as geometries and vibrational fre-
quencies, this approximation works remarkably well, but the errors in the dissociation
energies can reach about 2 eV [69]. The reason for the high predictive power of LDA for
structural features is mainly attributed to the fact that, by being constructed from the
HEG, it satisfies many exact properties [56, 61].
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Generalized gradient approximation

In addition to the density, the generalized gradient approximation (GGA), also depends
on the density gradient. It is therefore considered a semi-local approximation. For an
unpolarized system, GGA functionals have the form:

𝐸GGA
xc [𝜌(r)] = ∫ 𝑑r 𝜌(r)𝜖GGAxc (𝜌(r), |∇𝜌(r)|). (2.21)

The GGA xc energy density, 𝜖GGAxc , is defined as follows:

𝜖GGAxc (𝜌(r), |∇𝜌(r)|) = 𝜖𝐻𝐸𝐺x (𝜌(r))𝐹xc(𝜌(r), |∇𝜌(r)|), (2.22)

where 𝜖𝐻𝐸𝐺x is the (unpolarized) energy of a HEG and 𝐹xc is a dimensionless quantity
called enhancement factor. Many GGA functionals have been proposed over the years
[70, 71, 72, 73], which differ in the construction of the enhancement factor 𝐹xc. In solid-
state physics, the Perdew-Burke-Ernzerhof (PBE) functional [73, 74] is one of the most
widely used since it gets rid of the LDA overbinding [56].

Meta-generalized gradient approximation

The last rung, which is considered semi-local is that of the meta-GGA [75, 76, 77, 78]. As
shown in Fig. 2.1, it depends on the kinetic energy density,

𝜏(r) =
1
2

occ

∑
𝑖=1

|∇𝜑𝑖|2. (2.23)

Since 𝜏(r) is only an implicit functional of the density through the orbitals, the evalu-
ation of the xc potential defined as the functional derivative of the xc energy density
functional (𝑣𝑥𝑐 = 𝛿𝐸xc[𝜌]/𝛿𝜌), is not straightforward [79]. Once the xc potential has
been evaluated, meta-GGA can be treated within KS-DFT, and the computational de-
mand is similar to that of LDA and GGA functionals [56]. Meta-GGA do not solve the
self-interaction error problem. The so obtained energy gaps include part of the xc dis-
continuity, but this is very small [80].

Meta-GGA functionals are currently a hot topic in the DFT community because, depend-
ing on the property to study, they can perform better than the more computationally
demanding hybrid functionals. An example is the modified Becke−Johnson (mBJ) meta-
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GGA [77] which has been shown to outperformHSE06 (see Section 2.2.3.2) for band gaps
of solid [59]. Another example is TASK, a more recent meta-GGA [81] tuned towards
band-gap prediction [82]. However, since they are not a focus of this work, we will not
discuss them further.

2.2.3.2 Hybrid functionals

Hybrid xc-functionals were proposed by Becke in 1993 [83]. They combine a local/semi-
local (L) functional with a fraction of NL exact exchange:

𝐸hyb
xc = 𝐸L

xc + 𝛼[𝐸NL
x − 𝐸L

x], (2.24)

where
𝐸NL
x = −

1
2
∑
𝜎

occ

∑
𝑖,𝑗

∫ 𝑑r𝑑r′𝜑
𝜎∗
𝑖 (r)𝜑𝜎𝑗 (r)𝜑𝜎∗𝑗 (r′)𝜑𝜎𝑖 (r′)

|r − r′|
. (2.25)

Here, 𝜎 is the spin and 𝜑𝜎𝑖 are the KS wave functions. 𝛼 is called the mixing parameter.

The NL exact exchange is analogous to that of HF theory [62, 84]; the difference lies
in the single-particle orbitals. In fact, the HF wave function is a Slater determinant of
single-particle orbitals, which is antisymmetric and therefore satisfies the Pauli exclu-
sion principle [85]. In HF theory, the exchange term cancels out the extra charge of the
Coulomb term and makes the method free of the self-interaction problem. In hybrid
functionals, the same is partially true, i.e. to the extent of the fraction of NL exchange.
The latter is also responsible for the partial inclusion of the exchange derivative discon-
tinuity (see Eq. 2.16). In addition to this, a part of the success of hybrid functionals in
predicting energy gaps of materials is attributed to the error cancellation between the HF
method and the local/semi-local xc-functionals: due to the lack of electron correlation,
the former highly overestimates gaps while the latter highly underestimate them.

The first hybrid xc functional was named half-and-half, since it is composed of half
L(S)DA and half NL exact exchange. In order to justify its construction, Becke made
use of the adiabatic connection formula [86, 87, 88], which will be discussed below. Us-
ing the same idea, many forms of hybrid xc-functionals were quickly developed [89, 90,
91, 92]. The most relevant hybrid functionals for this work are PBE0 [93, 94] and HSE06
[95, 96, 32].
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In the case of hybrid functionals, the gKS equations read [55, 97]:

ℎL(r)𝜑𝑖(r) + 𝛼𝑣NLx [{𝜑𝑗(r)}]𝜑𝑖(r) = 𝜖𝑖𝜑𝑖(𝐫), (2.26)

where ℎL is the local one-particle Hamiltonian operator,

ℎL(r) = −
1
2
∇2 + 𝑣ext(r) + 𝑣H(r) +

𝛿
𝛿𝜌(r)[

𝐸L
xc − 𝛼𝐸L

x], (2.27)

and 𝑣NLx the NL exchange operator:

𝑣NLx [{𝜑𝑗(r)}]𝜑𝑖 = −
occ

∑
𝑗
∫ 𝑑r′𝜑𝑗(r)𝜑

∗
𝑗 (r′)𝜑𝑖(r′)

|r − r′|
. (2.28)

For 𝛼 = 0, the KS equations are recovered.

Adiabatic connection formula

The adiabatic connection formula [86, 87, 88] provides an exact expression to derive xc-
functionals. It connects the fully interacting system (𝜆 = 1) to the non-interacting KS
system (𝜆 = 0) through partially interacting systems (0 < 𝜆 < 1), all having the same
density, via the following condition:

𝐸xc[𝜌] = ∫
1

0
𝑑𝜆 𝑈 𝜆

xc[𝜌]. (2.29)

𝑈 𝜆
xc refers to the potential energy of the xc-functional, while the kinetic energy contri-

bution of the xc-functional arises from the integration over 𝜆. This feature makes the
adiabatic connection formalism an excellent tool that has been used as a starting point
for the construction of various xc-functionals [98, 99, 100, 101, 102] and as a basis for the
determination of parameters of hybrid functionals [83, 103, 104].

PBE0

The form of PBE0 was proposed separately by two groups in 1999 [93, 94]. It combines
a fraction of NL exact exchange with PBE as follows:

𝐸PBE0
xc = 𝐸PBE

xc + 𝛼(𝐸NL
x − 𝐸PBE

x ), (2.30)
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where 𝛼 = 0.25. This fraction of exact exchange was proposed by Perdew and cowork-
ers [103] for mixing the NL exchange with a GGA functional. Its value was theoretically
justified by making use of the Görling-Levy perturbation theory [105]. PBE0 gives good
results for molecular systems and solids. Unlike LDA and GGA, which tend to strongly
underestimate the band gaps of all materials, PBE0 significantly overestimates those of
small- and medium-gap semiconductors but gives good estimates for large-gap semicon-
ductors and insulators [106, 59, 107]. One reason for this is associated with the overshoot
of the long-range (LR) tail of the Coulomb interaction, which is expected to be effectively
screened in periodic systems.

HSE06

Heyd and co-workers developed theHSE functional [95] to solve the issue of the Coulomb
tail in periodic systems, whose evaluation can be computationally demanding. HSE is a
range-separated hybrid functional, in which only a short range (sR) portion of the NL
exact exchange is substituted:

𝐸HSE
xc = 𝐸PBE

xc + 𝛼[𝐸NL,sR
x (𝜔) − 𝐸PBE,sR

x (𝜔)]. (2.31)

The NL-sR and the PBE-sR contributions are constructed by splitting the Coulomb op-
erator into a sR and a LR part by making use of the error function and its complement:

𝑣(𝑟) = 𝑣sR(𝑟) + 𝑣LR(𝑟) =
erfc(𝜔𝑟)

𝑟
+
erf(𝜔r)

𝑟
. (2.32)

The amount of the sR contributions is determined by the screening parameter, 𝜔. In the
first proposed version of HSE (HSE03), the screening parameter had different values for
the NL-sR and PBE-sR contributions, i.e. 𝜔NL = 0.106 a−10 and 𝜔PBE = 0.189 a−10 , respec-
tively, [95, 96]. However, for HSE to be exact in the HEG limit, the condition 𝜔NL = 𝜔PBE

must be satisfied. Therefore, a new version of the HSE functional (HSE06) was published
in 2006. HSE06 uses as screening parameter 𝜔 = 0.11a−10 for both contributions [32]. It
excels in the evaluation of small- and medium-gap semiconductors [106, 59, 107] and
gives results comparable to PBE0 for the geometry optimization of solid and molecular
systems. In the rest of the manuscript, we will use HSE when referring to HSE06.

For certain settings of the HSE parameters, PBE0 and PBE are restored: For 𝜔 = 0,
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Eq. 2.31 becomes equal to the definition of PBE0 (Eq. 2.30), since the error function in
Eq. 2.32 and its complement become erf = 0 and erfc = 1, respectively, and the entire
Coulomb interaction is contained in the sR part. PBE is recovered for 𝜔 → ∞. In this
case, erf → 1 and erfc → 0, which means that the NL-sR and PBE-sR contributions in
Eq. 2.31 also go to 0. In addition, both HSE and PBE0 recover PBE for 𝛼 = 0.

2.2.3.3 Methods to tune the parameters of hybrid functionals

One way to improve the performance of the hybrid functionals and achieve results com-
parable to the more computationally intensive 𝐺𝑊 approach is to tune their parameters.
There are empirical and non-empirical methods for doing this. In this thesis, we focus
on the DDH and the DM methods, both of which are non-empirical and are used in
Chapter 7 to determine the optimal hybrid functional parameters of lead-iodide based
perovskites.

Dielectric dependent hybrid method

The family of DDH methods is based on the connection between the mixing param-
eter 𝛼 and the inverse electronic dielectric constant 𝜀−1∞ [108, 106, 109, 110, 111, 112].
In particular, the method we use in Chapter 7 adopts for the PBE0 mixing parameter
the relation 𝛼 = 𝜀−1∞ . This is obtained by comparing the self-energy Σ of MBPT with
the gKS equation [113, 114, 54]. The evaluation of the dielectric constant is the critical
step in this approach, as there are several methods with varying degrees of accuracy
and computational complexity. A common method to access the dielectric function is
based on linear-response theory in the framework of time-dependent DFT [115, 116],
the accuracy of which depends on the choice of the xc-kernel and on the approximation
employed to evaluate the response function. The RPA in combination with a local or
semi-local starting point performs rather well in evaluating the dielectric constant due
to the error cancellation between the typical underestimation of gaps by local and semi-
local functionals and the absence of electron-hole interaction in the RPA [117, 112, 118].
Unfortunately, RPA calculations, including local field effects (LFE) as discussed in Sec-
tion 2.4, can become expensive for complex materials.
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Density-based mixing method

As an alternative to the DDH method, Marques and coworkers [106] also proposed the
DM method. It can be used to tune the mixing parameters of both PBE0 and HSE. This
method is based on a global estimator, 𝑔̄ , which is a function of the quantity |∇𝜌|/𝜌. The
latter has previously been used to estimate the band gap locally [119] and to construct
“local hybrid” functionals [120, 121]. To construct a global estimator, the function of
|∇𝜌|/𝜌 must be averaged over the unit cell volume 𝑉cell. In Ref.[106], the estimator 𝑔̄ is
defined as:

𝑔̄ =
1
𝑉cell ∫𝑉cell

dr

√
|∇𝜌(r)|
𝜌(r)

. (2.33)

The same global estimator was previously used in the construction of themBJmeta-GGA
functional of Tran and Blaha [77].

From 𝑔̄ , the mixing parameters of PBE0 and HSE are then evaluated as follows:

𝛼PBE0 = −1.00778 + 1.10507 𝑔̄ , (2.34)

𝛼HSE = 0.121983 + 0.130711 𝑔̄4. (2.35)

Note that in the case of PBE0, the relation between 𝛼 and 𝑔̄ is linear, while in the case of
HSE, the fourth power of 𝑔̄ is calculated to account for screening effects.

An advantage of the DM method is that it can be evaluated at the end of a ground-
state calculation performed with a (semi-)local functional, since the functional used was
found to have a negligible influence on its value [106]. Moreover, for the set of materials
used in Ref. [106], the DM leads to average errors of 14.37 % for PBE0-DM and 10.376 %
for HSE-DM, while the PBE0 and HSE values are 29.42% and 16.92%, respectively. For
the same set, the PBE0-DDH (dielectric constant evaluated with linear response) shows
an average error of 16.53%. In a more recent work [59], the method was applied to a
larger set of materials, for which worse performance was found for both PBE0-DM and
HSE-DM.

Other versions of the DM method exist. For example, Koller et al. [109] used a differ-
ent definition for the global estimator 𝑔̄ . Richter [122] determined different relations
between 𝑔̄ and the mixing parameters. Borlido et al. [123] proposed a version designed
for interfaces. The original version proposed in Ref. [106], has been implemented in
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exciting as part of this work (Section 5.2).

2.2.4 Relativistic Kohn-Sham DFT

In systems composed of rather heavy elements, the consideration of relativistic effects is
fundamental. To treat them, Relativistic Kohn-Sham (RKS) DFT [124, 125] can be used.
Its foundation is in the relativistic HK theorem, in which the current density plays the
role of the electron density [126]. In addition, the many-body wave function is rewritten
as a four-component wave function, 𝜓, which satisfies the Dirac-KS equation [127, 128]:

[
𝑣 𝑐σ ⋅ p

𝑐σ ⋅ p 𝑣 − 2𝑐2] [
𝜓L

𝜓S]
= 𝜖

[
𝜓L

𝜓S]
. (2.36)

𝜓L and 𝜓S are the large and the small components, respectively, of the four-component
wave function, 𝜓. 𝑣 is the effective relativistic potential, σ is the vector spin operator of
the Pauli matrices1, p is the momentum operator, and 𝑐 is the speed of light. The solution
of Eq. 2.36 is not trivial, and several approaches to treat it have been developed over the
years [129, 130]. A computationally advantageous strategy is to consider only the large
component and neglect the small one. After a few steps, the resulting equation to solve
has the following form [131]:

[𝑐p𝐾SR ⋅ p + 𝑖𝑐σ ⋅ p𝐾SOC × p + 𝑣̂]ΨL = 𝜖ΨL. (2.38)

Thefirst term is the scalar relativistic (SR) kinetic energy term, which is spin-independent.
The second term is the SOC term, which, as discussed in more detail at the end of this
section, couples the operators of spin and angular momentum. There are several ap-
proximations for the operators 𝐾SR and 𝐾SOC [132, 133, 134]. Here we concentrate on
those of 𝐾SOC. For example, if 𝐾SOC ≈ 1/2𝑐, the SOC term in Eq. 2.38 is zero, and the SR
Schrödinger equation is obtained:

[𝑐p𝐾SR ⋅ p + 𝑣]ΨL = 𝜖ΨL. (2.39)
1The vector spin operator of the Pauli matrices is σ = {𝜎𝑥 , 𝜎𝑦 , 𝜎𝑧}, where the Pauli matrices 𝜎𝑖

are defined as:

𝜎𝑥 = [
0 1
1 0 ] , 𝜎𝑦 = [

0 −𝑖
𝑖 0 ] , 𝜎𝑧 = [

1 0
0 −1 ] . (2.37)
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This is the equation that the electronic structure theory community solves when per-
forming DFT calculations without considering SOC effects. To include the SOC term,
𝐾SOC must be taken at least at first order in (𝜖 − 𝑣̂/𝑐2):

𝐾SOC ≈
1
2𝑐

−
𝜖 − 𝑣̂
4𝑐3

, (2.40)

which leads to the following relativistic Schrödinger equation:

[
𝑐p𝐾SR ⋅ p + 𝑣 +

𝑖
4𝑐2

σ ⋅ p𝑣 × p
]
Ψ = [SR +SOC]Ψ = 𝜖Ψ. (2.41)

Spin-orbit coupling

SOC is generated by the interaction of the spin of the electrons with the magnetic field
induced by their movement around the nuclei:

𝐻SOC = −µS ⋅Borbit ∝ S ⋅L, (2.42)

where µS is the spin magnetic momentum, which is proportional to the spin angular
momentum S, and Borbit is the induced orbital magnetic field, which is proportional to

Borbit ∝
1
𝑟
𝜕𝑉 (𝑟)
𝜕𝑟

L. (2.43)

Here, L is the angular momentum and 𝑉 is the potential of the electron in the cen-
tral nuclear field 𝑉 = −𝑍/𝑟 , where 𝑍 is the atomic number [135, 136]. Because of this
dependence on the nuclear charge, SOC may lead to significant effects in materials con-
taining heavy atoms. It is fundamental to be accounted for to obtain an accurate de-
scription of their optoelectronic properties. For example, SOC generates a splitting of
the 𝑙-degenerate states (𝑙 ≠ 0) and may lead to a lowering of gaps reduction and/or split-
tings in optical transitions. Other effects include the Rashba and Dresselhaus splitting,
which have been studied in both 3D and 2D HaP [137, 138, 139, 140, 141, 142, 143, 144,
145, 146, 147, 148, 44]. When studying optical properties, it is important to keep in mind
that the selection rules change due to SOC, because the spin degree of freedom 𝑠 is no
longer a good quantum number, but the total angular momentum 𝑗 (|𝑙− 𝑠| ≤ 𝑗 ≤ 𝑙+ 𝑠) is.
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2.3 Many-body perturbation theory

MBPT is a theoretical and computational framework that makes use of Green’s corre-
lation functions to compute electronic excitations [149]. Within MBPT, the 𝐺𝑊 ap-
proach and the Bethe-Salpeter equation (BSE) are considered state-of-the-art for calcu-
lating electronic and optical properties. The 𝐺𝑊 approach uses the one-body Green’s
function to compute the IP and the EA, while the BSE evaluates optical spectra, electron
energy loss spectra, and much more, via the two-body correlation function. In the fol-
lowing, we will focus mainly on 𝐺𝑊 . The BSE is briefly discussed in Section 2.4 together
with other methods used to compute optical properties.

2.3.1 One-body Green’s function

In the time domain, the one-body Green’s function is defined as:

𝐺(𝑥𝑡, 𝑥′𝑡′) = −𝑖 ⟨𝑁 | 𝑇̂ [𝛹̂ (𝑥𝑡)𝛹̂ †(𝑥′𝑡′)] |𝑁 ⟩ , (2.44)

where |𝑁 ⟩ is the ground-state of an N-electron system. 𝛹̂ (𝑥𝑡) and 𝛹̂ †(𝑥′𝑡′), where 𝑥
combines the three space coordinates, r, and the spin, 𝜎, are the annihilation and cre-
ation operators in the Heisenberg picture, respectively. 𝑇̂ is the time-ordering operator,
which allows for both the addition and removal of electrons from the systems [149]. For
the sake of simplicity, we will omit the spin from now on and consider only the spatial
coordinates r.

To access the IP and EA, the one-body Green’s function in the time domain (Eq. 2.44)
must be Fourier transformed into the frequency domain. For an unpolarized system, the
equation can be written as:

𝐺1(r, r′, 𝜔) = lim
𝜂→0+

∑
𝑠
𝑓𝑠(r)𝑓 ∗

𝑠 (r
′)
[
Θ(𝜖𝑠 − 𝐸F)
𝜔 − (𝜖𝑠 − 𝑖𝜂)

+
Θ(𝐸F − 𝜖𝑠)
𝜔 − (𝜖𝑠 + 𝑖𝜂)]

. (2.45)

This form of G is called spectral or Lehman representation [150, 151, 152]. Θ is the
Heaviside step function, which is 0 for negative arguments and 1 for positive arguments.
It is employed to have both time orders in one equation. 𝜂 is needed for the convergence
of the Fourier transforms in the frequency domain [149], and 𝐸F is the Fermi energy.
𝑓𝑠(r) is the transition amplitude from the ground-state |𝑁 ⟩ to the 𝑁 ± 1-particle state
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|𝑁 ± 1, 𝑠⟩:

𝑓𝑠(r) =
⎧⎪⎪
⎨⎪⎪⎩

⟨𝑁 − 1, 𝑠| 𝛹̂ (r) |𝑁 ⟩ for 𝜖𝑠 < 𝐸F,

⟨𝑁 | 𝛹̂ (r) |𝑁 + 1, 𝑠⟩ for 𝜖𝑠 ≥ 𝐸F.
(2.46)

𝑓 ∗
𝑠 (r′) is its complex conjugate. The connection to the IP and EA (for the state 𝑠) is given
by the energies 𝜖𝑠, which are the poles of the Lehman representation of 𝐺 (Eq. 2.45).
More specifically, they correspond to the energies required to remove or add an electron
to the state 𝑠:

𝜖𝑠 =
⎧⎪⎪
⎨⎪⎪⎩

𝐸(𝑁 ) − 𝐸(𝑁 − 1, 𝑠) = IP𝑠 for 𝜖𝑠 < 𝐸F,

𝐸(𝑁 + 1, 𝑠) − 𝐸(𝑁 ) = EA𝑠 for 𝜖𝑠 ≥ 𝐸F.
(2.47)

The Lehman representation of 𝐺 is also suitable for accessing the spectral function:

𝐴(r, r′, 𝜔) =
1
𝜋
Im𝐺(r, r′, 𝜔)sgn(𝐸F − 𝜔). (2.48)

In the case of a finite system, it consists of a series of 𝛿-peaks at the excitation energies 𝜖𝑠,
with the weight defined by the product of the respective transition amplitudes 𝑓𝑠 [153]:

𝐴(r, r′, 𝜔) = ∑
𝑠
𝑓𝑠(r)𝑓 ∗

𝑠 (r
′)𝛿(𝜔 − 𝜖𝑠), (2.49)

Differently, in the case of an infinite system, it consists of a series of peaks with a Loren-
zian shape:

𝐴(r, r′, 𝜔) = ∑
𝑠
𝑓𝑠(𝑥)𝑓 ∗

𝑠 (𝑥
′)

Γ𝑠
(𝜔 − 𝜖̃𝑠)2 + Γ2𝑠

, (2.50)

where, 𝜖̃𝑠 are the energies give the peak positions and |Γ𝑠 | the peak widths. The peaks
arise from themany-electron interactions and are associatedwith the formation of quasi-
particles (QP). A QP behaves like a single particle, whose energy is affected by the in-
teraction with other particles. The 𝐺𝑊 approximation treats quasielectrons, whose en-
ergies are affected by the interaction with other electrons. They are complex quantities,
i.e. 𝜖QP𝑠 = 𝜖𝑠 + 𝑖Γ𝑠. Their imaginary part is related to the lifetime of the QP (𝜏𝑠 = 2/Γ𝑠).

2.3.2 𝐺𝑊 approach

The formulation of the𝐺𝑊 method is based on thework ofHedin, published in 1965 [154],
but, its application to real systems started only 20 years later [155, 156]. Hedin proposed
a set of self-consistent coupled integro-differential equations for the one-body Green’s
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function, which overcomes the self-interaction problem and the absence of long-range
polarization effects [152]. They read:

𝐺(1, 2) = 𝐺0(1, 2) + ∫ 𝐺0(1, 3)Σ(3, 4)𝐺(4, 2)𝑑(3, 4), (2.51)

Σ(1, 2) = 𝑖∫ 𝐺(1, 4)𝑊 (1, 3)Γ(4, 2; 3)𝑑(3, 4), (2.52)

𝑊 (1, 2) = 𝑣c(1, 2) + ∫ 𝑣c(1, 3)𝜒0(3, 4)𝑊 (4, 2)𝑑(3, 4), (2.53)

Γ(1, 2; 3) = 𝛿(1, 2)𝛿(1, 3) + ∫
𝛿Σ(1, 2)
𝛿𝐺(4, 5)

𝐺(4, 6)𝐺(7, 5)Γ(6, 7; 3)𝑑(4, 5, 6, 7). (2.54)

𝜒0(1, 2) = −𝑖∫ 𝐺(1, 3)𝐺(4, 1)Γ(3, 4; 2)𝑑(3, 4), (2.55)

For the sake of simplicity in the equations, we have used the notation 1 ≡ (𝑥1𝑡1), 2 ≡
(𝑥2𝑡2), etc.. Equation 2.51 defines 𝐺 and has the form of a Dyson equation [157], i.e. an
integral equation that relates a bare quantity to its dressed counterpart through a kernel
that includes the effects of the coupling [158]. In the case of Eq. 2.51, 𝐺0 is the bare
quantity, 𝐺 is the dressed solution, and the self-energy Σ (Eq. 2.52) is the kernel. Since
the dressed quantity 𝐺 appears on both sides, its definition results in an infinite sum:

𝐺0 = 𝐺0 + 𝐺0Σ𝐺 (2.56)

= 𝐺0 + 𝐺0Σ𝐺0 + 𝐺0Σ𝐺0Σ𝐺0 +⋯ . (2.57)

Equations 2.53-2.54 are also Dyson equations and define the screening 𝑊 and the ver-
tex correction Γ, respectively. Unlike the HF exchange, which includes only the static
screening,𝑊 also includes dynamic screening effects and is a key quantity in GWmeth-
ods. Γ depends on three space-time points and accounts for interactions going beyond
those included in𝑊 . With Eq. 2.55 one obtains the irreducible polarizability 𝜒0. The com-
plex interplay between Eqs 2.51-2.55, which makes them extremely difficult to solve, is
obvious. This opened the way for the development of several approximations, among
which the 𝐺𝑊 -approximation (GWA).

The 𝐺𝑊 approximation

TheGWAsimplifiesHedin’s equations (Eqs 2.51-2.55) by constraining the vertex Γ (Eq. 2.54)
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to be diagonal in all coordinatesand equal to unity, Γ(1, 2; 3) = 𝛿(1, 2)𝛿(1, 3). This ap-
proximation, known as RPA, leads to the following set of equations, often referred to as
GW-RPA [149]:

𝐺(1, 2) = 𝐺0(1, 2) + ∫ 𝐺0(1, 3)Σ(3, 4)𝐺(4, 2)𝑑(3, 4), (2.58)

Σ(1, 2) = 𝑖𝐺(1, 2)𝑊 (1, 2). (2.59)

𝑊 (1, 2) = 𝑣c(1, 2) + ∫ 𝑣c(1, 3)𝜒0(3, 4)𝑊 (4, 2)𝑑(3, 4), (2.60)

𝜒0(1, 2) = −𝑖𝐺(1, 2)𝐺(2, 1), (2.61)

The name 𝐺𝑊 is derived from the form of the self-energy in Eq. 2.59: Unlike in Eq. 2.52,
here Σ is defined as the product of 𝐺 and 𝑊 . The self-consistent solution of the GWA
equation is possible, but is computationally highly demanding and not always satisfac-
tory [158]. Therefore, the one-shot 𝐺𝑊 (𝐺0𝑊0) approximation is often preferred.

𝐺0𝑊0: quasiparticle equations

The 𝐺0𝑊0 approximation is used for calculating QP energies. It is considered the first
rung of the 𝐺𝑊 methods since it corresponds to the first iteration of the GW-RPA equa-
tions (2.58-2.59), where 𝐺0 is computed from the solution of a single-particle equation.
In this work, DFT results are used as a starting point. From the Dyson equation for 𝐺
(Eq. 2.51) one can derive the following effective single-particle eigenvalue equations:

ℎ̂(r)𝜑QP𝑖 (r) − ∫ dr′𝑣xc(r, r′)𝜑QP𝑖 (r′) + ∫ dr′Σ(r, r , 𝜖𝐐𝐏𝑠 )𝜑QP𝑖 (r′) = 𝜖QP𝑖 𝜑QP𝑖 (r). (2.62)

𝜑QP𝑖 and 𝜖𝐐𝐏𝑠 are the QP wave functions and energies, respectively. The former are not
computed in the first rung of the GWA. The solution of Eq. 2.62 leads to the following
set of QP equations to evaluate the energies:

𝜖𝐐𝐏𝑠 = 𝜖0𝑠 + 𝑍𝑠 ⟨𝜑0𝑠 |Σ(𝜖
0
𝑠 ) − 𝑣xc |𝜑0𝑠 ⟩ . (2.63)

𝜑0𝑠 and 𝜖0𝑠 are the eigenvectors and eigenvalues, respectively, obtained from the solution
of (g)KS-equations with 𝑣xc as xc functional. 𝑍𝑠 is the QP re-normalization factor, defined
as:

𝑍𝑠 = [1 −
𝑑
𝑑𝜔

⟨𝜑0𝑠 |Σ(𝜔) |𝜑
0
𝑠 ⟩𝜔=𝜖0𝑠 ]

−1
. (2.64)
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This quantity varies from 0 to 1 and carries information about the spectral weight of
the QP peaks. Values of 𝑍𝑠 between 0.7 and 0.8 are typical for the main peak of in-
sulators, semiconductors, and metals [159, 160] while values of 0.9 are common for
molecules [152]. The self-energy in Eqs 2.63-2.64 is usually computed as the sum of the
correlation (Σc) and exchange (Σx) self-energy. The form of the latter is very similar to
that of the NL exact exchange potential (Eq. 3.13) of hybrid functionals. The correlation
part requires the evaluation of the dynamical screened Coulomb potential, 𝑊 , which in
turn requires the evaluation of the dynamical dielectric tensor. Therefore, the evaluation
of 𝑊 is the most complex and computationally expensive part of the 𝐺0𝑊0 calculations.

In summary, given Eq. 2.63, theQP energies are evaluated by correcting theDFT eigenen-
ergies. Clearly, even though this method is known to provide a satisfactory solution for
the calculation of QP excitations, it has a dependence on the xc functionals used in the
underlying DFT calculations [161, 162, 35]. This dependence has been studied mainly for
molecules [163, 164, 165, 166, 167]. In Chapter 7, we show results that we have obtained
for HaP as published in Ref. [35]. To reduce or eliminate the dependence on the initial
starting points, it is necessary to go to higher rungs of the 𝐺𝑊 method and include some
degree of self-consistency [168, 156, 169, 170, 171].

2.4 Optical properties

The optical absorption is described by the imaginary part of the macroscopic dielectric
function, 𝜀M(𝐪, 𝜔), which in solids is related to the microscopic dielectric function in the
long wavelength limit (𝐪 → 0) by the following equation:

𝜀M(𝜔) = lim
q→0

[𝜀−1G=0,G′=0(q, 𝜔)]
−1. (2.65)

𝜀G=0,G′=0 is the leading element of the dielectric matrix in reciprocal space:

𝜀G,G′(q;𝜔) = 𝛿G,G′ + 𝑣(q +G)𝜒G,G′(q, 𝜔), (2.66)

where G is a reciprocal lattice vector and q is a vector in the first Brillouin zone (BZ).
𝜒 is the response function, which is related to the irreducible polarizability (𝜒0) and the
bare Coulomb potential by a Dyson equation. If 𝜀GG′ is diagonal in G, the macroscopic
dielectric function is simply 𝜀M = limq→0𝜀G=0,G′=0. If 𝜀GG′ is not diagonal, the dielectric
function is defined as in Eq. 2.65, which means that all elements of the matrix contribute
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to the leading terms of its inverse. In this case, one speaks of local field effects (LFE) [149].
By inserting Eq. 2.66 into Eq. 2.65, one obtains the following relation 2:

𝜀M(𝜔) = 1 − lim
q→0

[𝑣(q)𝜒
G=0,G′=0

(q, 𝜔))]. (2.67)

The method used to evaluate the response function defines the level of approximation,
e.g., if the reduced polarizability, 𝜒0, is computed as in Eq. 2.61, one speaks about RPA.
When LFE are neglected, the optical spectrum is computed as:

Im𝜀𝑀(𝜔) =
16𝜋
𝜔2 | ⟨𝜑𝑣| v̂ |𝜑𝑐⟩ |2𝛿(𝜖𝑐 − 𝜖𝑣 − 𝜔). (2.68)

Here, v̂ is the velocity operator, 𝜑𝑣 (𝜑𝑐) are the wave functions of the independent particle
valence (conduction) states, and 𝜖𝑣 (𝜖𝑐) are their energies. This expression is termed
independent-particle approximation (IPA).

Going beyond the RPA, i.e., considering the interaction between electrons and holes, it is
convenient to compute the response function from the two-particle correlation function:

𝜒 (1, 2) = −𝑖𝐿(1, 2, 1′, 2′), (2.69)

where
𝐿(1, 2, 1′2′) = −𝐺2(1, 2, 1′, 2′) + 𝐺(1, 1′)𝐺(2, 2′). (2.70)

𝐿 is a two-body Green’s correlation function that carries information about processes
involving two particles and their interactions. In the context of optical excitations, where
the interacting particles are an electron and a hole, the only possible time orders are
𝑡1, 𝑡′1 ≶ 𝑡2, 𝑡′2. The two-body Green’s function is computed by solving the BSE [172] of
MBPT. The BSE is considered the state-of-the-art method for describing optical spectra,
electron energy loss spectra, and much more. The BSE also provides access to quantities
such as exciton binding energies, 𝐸b. Excitons are QP formed by electron-hole pairs
attracted to each other by the Coulomb interaction. 𝐸b is the energy difference between
the transition energy of the independent particles and that of the excitons.

Another property related to the dielectric functions 𝜀𝑀 is the static dielectric constant,
𝜀∞, which is the (real) dielectric function evaluated at frequencies tending to infinity.

2For the optical spectra, it is useful to use a modified response function, 𝜒 , which sets the long
wavelength component (G = 0) of the Coulomb potential to zero [158, 149].
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CHAPTER3

The exciting code

exciting [50] is a full-potential all-electron computer package for
performing DFT and MBPT calculations employing augmented plane
waves and local orbitals as basis functions. The goal of this chapter is
to introduce exciting in order to provide a solid background for un-
derstanding the new implementations achieved in this work. The main
topics include: The basis functions, ground state calculations with hy-
brid functionals, and the second variation treatment to include SOC
effects in non-magnetic systems. A brief description of the methods
that we have used to study metal halide perovskites is also given, such
as the 𝐺0𝑊0 approximation, the methods used to evaluate the optical
properties, and the Wannier interpolation for band structure and den-
sity of states calculations.

3.1 Numerical solution of the Kohn-Sham equation

The KS equations (Eq. 2.10) for periodic systems have the following form:

[
−
1
2
∇2 + 𝑣𝐊𝐒(r)]

𝜑𝑛k(r) = 𝜖𝑛k𝜑𝑛k(r), (3.1)

where 𝑛 and k are the band index and the Bloch wave number, respectively. 𝑣𝐊𝐒 is the KS
potential (Eq. 2.11), 𝜖𝑛k are the KS eigenenergies, and 𝜑𝑛k(r) are the KS wave functions.
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To solve the KS equations numerically, the KS wave functions are expanded into a basis.
Leaving out LO, the expansion in augmented plane-waves is:

𝜑𝑛k(𝐫) = ∑
G

|G+k|<𝐺max

𝑐k𝑛G𝜙G+k(r). (3.2)

The sum runs over the reciprocal lattice vectors G up to the cutoff 𝐺max, which makes
the sum finite and determines the number of basis functions, 𝑁b. The quality of the basis
functions is crucial for a precise solution of the KS equation. In exciting, in addition
to APW, also LO are employed as basis functions. This applies to valence and semi-core
states, while the core states are treated differently, i.e., by solving the four-component
Dirac equation. In the next section, the (linearized) augmented plane waves plus local
orbitals ((L)APW+LO) methods, which treat APW and LO basis functions, are described
in more details.

Given the basis, the Hamiltonian (𝐻k) and the overlap (𝑆k) matrices are constructed, and
the secular equation is solved at each k-point:

∑
G′

𝐻k
GG′𝑐k𝑛G′ = 𝜖𝑛k ∑

G′

𝑆kGG′𝑐k𝑛G′ . (3.3)

Here the sum goes over the number of basis functions, 𝑁b, so diagonalizing the Hamil-
tonian is a problem of (𝑁 3

b ). The coefficients 𝑐k𝑛G are the only variables in the problem.
𝐻GG′ and 𝑆GG′ are the matrix elements of the square matrices 𝐻k and 𝑆k of rank 𝑁b.
They are defined as:

𝐻k
GG′ = ⟨𝜙G+k| −

1
2
∇2 + 𝑣KS(r)|𝜙G′+k⟩, (3.4)

and
𝑆kGG′ = ⟨𝜙G+k|𝜙G′+k⟩, (3.5)

respectively. Asmentioned in Section 2.2.1, the KS equationmust be solved self-consistently.
The diagonalization of Eq. 3.3 is the most time-consuming part of the SCF cycle. Details
on the implementation of the SCF cycle in exciting are given in Ref. [50].
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3.2 (Linearized) augmented planewaves and local orbitalsmethods

The (L)APW+LO methods are considered the gold-standard for condensed matter calcu-
lations [173, 34]. A property, common to the entire (L)APW+LO family is the dual-space
partition, which is motivated by the different behavior of the wave function and the po-
tential in space: In the vicinity of the nuclei, the wave functions and potentials change
rapidly, and are nearly spherical, as those in the atoms. Consequently, atomic-like func-
tions are a natural choice for the basis functions in the spheres around the nuclei, which
are called muffin tin (MT) spheres. On the other hand, in the space between the spheres,
named interstitial region (IR), the wave functions and the potentials vary smoothly and
the plane waves (PW) are considered to be a suitable choice as basis functions. In the
following, we will briefly discuss some of the (L)APW+LO numerical schemes that are
implemented in exciting.

Augmented plane waves

The APW method was proposed by Slater in 1937 [174]. It is relevant because it is the
forerunner of the (L)APW+LO methods. The APW basis functions have the following
form:

𝜙APWG+k(r) =
⎧⎪⎪
⎨⎪⎪⎩

∑𝑙𝑚 𝐴G+k
𝑙𝑚𝛼 𝑢𝑙𝛼(𝑟𝛼)𝑌𝑙𝑚(r̂𝛼) for 𝑟𝛼 ≤ 𝑅MT,

1√
Ω𝑒

𝑖(G+k)⋅r for r ∈ 𝐼 .
(3.6)

In the MT spheres of radius 𝑅MT, the basis functions are expanded in terms of spherical
harmonics, 𝑌𝑙𝑚(r̂𝛼), and radial functions, 𝑢𝑙𝛼(𝑟𝛼). The latter are centered on the positions
of the atomic nuclei with indices 𝛼 and coordinates R𝛼 , with r𝛼 ≡ r −R𝛼 . The expan-
sion coefficients, 𝐴G+k

𝑙𝑚𝛼 , are constructed so that each PW in the IR is augmented by the
atom-centered functions, and it is continuous at the boundaries of the MT spheres. One
of the weaknesses of the APWmethod is that the radial functions are energy dependent,
since they are obtained by solving the radial Schrödinger equation, where the eigenen-
ergies are those of the KS equation. Consequently, the eigenvalue problem in Eq. 3.3 is
nonlinear in energy.

Linearized augmented plane-wave method

The linearized augmented plane wave (LAPW)method [175] overcomes the nonlinearity
of the APW method. It is based on two main ideas: (𝑖) The method uses an energy
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parameter for each angular momentum 𝑙 and atomic sphere (𝜀𝑙𝛼), which is kept fixed
during the whole calculation. In this way, the radial functions are obtained for energy
parameters 𝜀𝑙𝛼 [176]. (𝑖𝑖) In order to reduce the error related to the mismatch between
the parameter 𝜀𝑙𝛼 and the “true” energy, the basis functions in the MT not only consist
of the radial functions 𝑢𝑙𝛼(𝑟𝛼 ; 𝜀𝑙𝛼), but also of their energy derivatives 𝑢̇𝑙𝛼(𝑟𝛼 ; 𝜀𝑙𝛼):

𝜙LAPW,MT
G+k (r) = ∑

𝑙𝑚
[𝐴G+k

𝑙𝑚𝛼 𝑢𝑙𝛼(𝑟𝛼 ; 𝜀𝑙𝛼) + 𝐵G+k
𝑙𝑚𝛼 𝑢̇𝑙𝛼(𝑟𝛼 ; 𝜀𝑙𝛼)]𝑌𝑙𝑚(r̂𝛼). (3.7)

The expansion coefficients 𝐴G+k
𝑙𝑚𝛼 and 𝐵G+k

𝑙𝑚𝛼 ensure that 𝜙LAPWG+k and its spatial derivative
are continuous at the MT sphere boundaries. The inclusion of the radial function deriva-
tives guarantees an error in the wave functions and energies of the order of (𝜀𝑙𝛼 − 𝜖)2

and(𝜀𝑙𝛼−𝜖)4, respectively, where 𝜖 are the true eigenenergies. Using the energy param-
eters 𝜀𝑙𝛼 brings its own problems: By having a single energy parameter for all possible
𝑙𝛼 , the description of semi-core states is problematic. Moreover, the precision of the cal-
culations depends on the choice of the energy parameters and on how far they are from
the “true” values. In the following, we will refer to the basis functions of the form in
Eq. 3.6 and Eq. 3.7, both with fixed energy parameters, as APW basis functions.

APW plus local orbitals

The LO, 𝜙𝜇(r), added to the APW basis functions, provide more flexibility trying to get
rid of the error due to the energy mismatch and address the problem of semi-core states
[177, 178]. Then, the KS wave functions of Eq. 3.2 become:

𝜑𝑛k(r) = ∑
G

𝑐k𝑛G𝜙
APW
G+k(r) +∑

𝜇
𝑐k𝑛𝜇𝜙𝜇(r). (3.8)

The LO are zero in the IR, while in the MT spheres, they are linear combinations of radial
functions and/or their energy derivatives. In a general form, they can be defined as:

𝜙𝜇(r) = 𝛿𝛼,𝛼𝜇𝛿𝑙,𝑙𝜇𝛿𝑚,𝑚𝜇𝑈𝜇(𝑟𝛼)𝑌𝑙𝑚(𝑟𝛼), (3.9)

where
𝑈𝜇(𝑟𝛼) = ∑

𝜉
𝑎𝜇𝜉𝑢𝜈𝛼𝜉𝑙(𝑟𝛼 ; 𝜀𝛼𝜉𝑙). (3.10)

The index 𝜉 sums over different radial functions, 𝑢𝜈𝛼𝜉𝑙, where 𝜈 = 0, 1, 2, ... is the order
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of the derivative. The derivatives are evaluated at predefined energy parameters (𝜀𝛼𝜉𝑙)
which can be representative of the valence or of the semi-core states. The coefficients 𝑎𝜇𝜉
are chosen to ensure that they go to zero with zero derivatives at the MT boundaries and
that ∫Ω |𝜙𝜇(r)|

2dr = 1. Depending on the purpose, an LO can be obtained by the linear
combination of radial functions with the same or different energy parameters and with
derivatives of the same or different orders. Again, the radial functions are computed for
fixed energy parameters by solving the radial Schrödinger equation.

How to use (L)APW+LO in practice

Due to the dual-space representations of the APW basis functions, the cutoff 𝐺max of
Eq. 3.2 alone, is meaningless: The amount of APW functions needed for a converged
calculation depends on the sphere sizes. Therefore, it is better to use the dimensionless
product 𝑅MT𝐺max as the convergence parameter. In the case of different atomic species
with different 𝑅MT, the smallest one is used to determine the number of APW functions
through the product 𝑅min

MT𝐺max. Note that the MT spheres must be sufficiently large to
accommodate the extension of the core states. The number of LO needed depends on the
type of calculation one wants to perform and on the precision one wants to achieve. In
addition, the further away the energy parameters are from the true energies, the more
LO may be needed [50]. A good initial guess for the energy parameters is to use those
of isolated atoms since they are typically not too far from those of the occupied states.

3.3 Hybrid functionals in the (L)APW+LO framework

The implementation of hybrid functionals in exciting follows the scheme proposed
by Betzinger and coworkers [97] for the PBE0 functional in the FLEUR code. For the
evaluation of the NL potentials, it builds on the exciting 𝐺0𝑊0 implementation, based
on the FHIGAP package [179]. The form of the exchange self-energy is indeed very similar
to that of the non-local exact exchange (see Section 2.3.2). The scheme is explained here
for PBE0 and is the starting point for the implementation of other hybrid functionals,
e.g. HSE.

The use of hybrid functionals requires the solution of the gKS equations (Eq. 2.16), which,
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in a periodic system, take the form:

[
−
1
2
∇2+ 𝑣ext(r)+ 𝑣H(r)+ 𝑣L,𝛼xc (r)]

𝜑𝑛k(𝐫)+𝛼 ∫ 𝑣NLx (r, r′)𝜑𝑛k(r′)𝑑r = 𝜀𝑛k𝜑𝑛k(r). (3.11)

The local xc potential 𝑣L,𝛼xc corresponds to the last term in Eq. 2.27, i.e.

𝑣L,𝛼xc =
𝛿
𝛿𝜌

[𝐸L
xc − 𝛼𝐸L

x]. (3.12)

The NL exchange potential is defined as

𝑣NLx (r, r′) = −
occ.

∑
𝑛

BZ

∑
k′

𝜑𝑛k′(r)𝜑∗𝑛k′(r′)
|r − r′|

. (3.13)

By rewriting the gKS equations (Eq. 3.11) in terms of APW+LO basis functions, one
obtains the following generalized eigenvalue problem:

∑
G′

[𝐻 L,k
GG′ + 𝛼𝑉 NL,k

x,GG′]𝑐k𝑛G′ = 𝜖𝑛k ∑
G′

𝑆kGG′𝑐k𝑛G′ , (3.14)

where 𝐻 L,k
GG′ and 𝑉 NL,k

x,GG′ are the matrix elements of the local part of the Hamiltonian and
the NL potential, respectively. In (L)APW+LO codes it is convenient to compute the NL
exact exchange matrix in terms of the KS wave functions and then project it back onto
APW+LO basis functions [97]:

𝑉 NL,k
x,GG′ = ∑

𝑛𝑛′ [
∑
G′′

(𝑆kGG′′)∗𝑐k𝑛G′′
]
𝑉 NL,k
x,𝑛𝑛′ [

∑
G′′

(𝑐k𝑛′G′′)∗𝑆kG′′G′
]
, (3.15)

where 𝑉 NL,k
x,𝑛𝑛′ are the NL exact exchange matrix elements in the KS space:

𝑉 NL,k
x,𝑛𝑛′ = −

occ

∑
𝑛′′

BZ

∑
k′

∫ ∫
𝜑∗𝑛k(r)𝜑𝑛′′k′(r)𝜑∗𝑛′′k′(r′)𝜑𝑛′k(r′)

|𝐫 − r′|
𝑑r𝑑r′. (3.16)

The reasons are that (𝑖) the NL exchange is small compared to other energy contribu-
tions such as the kinetic and the Hartree energies, so the NL exchange can be computed
for a subset of KS states limited by the cutoff, 𝑛, 𝑛′ ≤ 𝑛max = 𝑁occ + 𝑁unocc. 𝑁occ is the
number of occupied states, which is fixed, and 𝑁unocc is that of the unoccupied states,
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which is a parameter to be converged. (𝑖𝑖) If the indices 𝑛, 𝑛′ fall into different represen-
tations, the matrix elements of the NL potential are zero. This can be used to reduce the
computational effort [97] (not yet implemented in exciting).

The sum over the index 𝑛′′ in Eq. 3.16 goes over core and valence/semi-core states. The
former require a different treatment that takes advantage of their restriction to the MT
spheres and can be considered simple and computationally cheap [180]. For the va-
lence/semicore states, it is convenient to use the mixed-product basis (MPB), which
simplifies the six-dimensional integral by decomposing it into a vector-matrix-vector
product. Even with these simplifications, the NL exchange potential is the most com-
putationally demanding term of the generalized KS equation (Eq. 3.14). For this reason,
it is convenient to solve the gKS problem by constructing a nested self-consistent loop
(see Section 3.3.3).

3.3.1 Mixed-product basis

The MPB functions, 𝜒 𝐪
𝐼 , are designed to accurately describe the product of two KS wave-

functions:
𝜑∗𝑛k(r)𝜑𝑛′k′(r) = ∑

𝐼
𝑀 𝐼

𝑛𝑛′(k, q)𝜒
q
𝐼 (r), (3.17)

where q ≡ k − k′ and 𝑀 𝐼
𝑛𝑛′(k, q) are the expansion coefficients defined as:

𝑀 𝐼
𝑛𝑛′(k, q) = ∫

Ω
[𝜒 q

𝐼 (r)𝜑𝑛′k′(r)]∗𝜑𝑛k(r)𝑑r. (3.18)

Like the APW basis functions, they have a different character in the MT and in the IR.
The MPB are defined only in one region and zero in the other. In this regard, one can
split the MPB as follows:

{𝜒 q
𝐼 (r)} ≡ {𝛾q𝛼𝑁𝐿𝑀(r), 𝑃

q
𝑖 (r)}, (3.19)

where 𝛾q𝛼𝑁𝐿𝑀 and 𝑃q
𝑖 are the MPB in the MT sphere of atom 𝛼 and in the IR, respectively.

The former are constructed to be orthonormal and exploit the property that the prod-
uct of two spherical harmonics can be expanded into a spherical harmonic using the
Clebsch–Gordan coefficients:

𝛾q𝛼𝑁𝐿𝑀(r) = e𝑖q⋅r𝛼𝑣𝛼𝑁𝐿(𝑟𝛼)𝑌𝐿𝑀(r̂𝛼). (3.20)
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Here, 𝑣𝛼𝑁𝐿(𝑟𝛼) are the radial functions constructed by the product of the APW+LO radial
functions, and𝑁 , 𝐿, and𝑀 are indices combining the quantum numbers of the APW+LO
basis functions that are multiplied. The procedure for determining the radial functions
𝑣𝛼𝑁𝐿(𝑟𝛼) is explained in more detail in Ref. [179]. However, it is important to note that
only radial functions 𝑢𝑙𝛼 with 𝑙 ≤ 𝑙MPB

max are used to construct 𝑣𝛼𝑁𝐿(𝑟𝛼). The cutoff 𝑙MPB
max can

be controlled by the exciting input.

The product of two PW is itself a PW. In the case of 𝑃𝐪
𝑖 , one speaks of interstitial plane

waves (IPW), which are not orthogonal. To obtain a set of orthogonal wave functions
the overlap matrix must be diagonalized, and from it the following set of orthonormal
basis functions is constructed:

𝑃q
𝑖 (r) =

1√
Ω
∑
G

𝑆G𝑖e𝑖(q+G)⋅rΘ𝐼 (r), (3.21)

where Θ𝐼 is 1 in the IR and 0 in the MT spheres, and 𝑆G𝑖 is computed from the following
relation:

𝑆G𝑖 =
𝑆G𝑖√
𝜆𝐼𝑖
. (3.22)

𝑆G𝑖 and 𝜆𝐼𝑖 are the eigenvectors and the eigenvalues of the overlap matrix, respectively.
The size of the MPB in the IR is determined by the cutoff used to truncate the expansion
in Eq. 3.21, named 𝐺MPB

max , which can also be defined in the exciting input.

The implementation of the MPB in exciting follows that of Ref. [179]. Additional de-
tails can be found in Ref. [181, 182, 97].

3.3.2 Non-local exchange potential

Using the MPB (Eq. 3.17), the matrix elements of the NL exchange potential, defined in
Eq. 3.16, can be rewritten as vector-matrix-vector products:

𝑉 NL
x,𝑛𝑛′(k) = −

occ

∑
𝑛′′

BZ

∑
q

∑
𝐼 𝐽
[𝑀 𝐼

𝑛𝑛′′(k, q)]
∗𝑣𝐼 𝐽 (q)𝑀 𝐽

𝑛′′𝑛′(k, q), (3.23)

where 𝑣𝐼 𝐽 (q) is the bare Coulomb potential defined as

𝑣𝐼 𝐽 (q) = ∫ ∫
[𝜒 q

𝐼 (r)]∗𝜒
q
𝐽 (r′)

|r − r′|
𝑑r𝑑r′. (3.24)
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In exciting, the bare Coulomb potential can be computed in two different ways. The
default approach is to compute it directly in the MPB as defined in Eq. 3.24. This method
requires the use of non trivial numerical techniques [182, 179]. A simpler approach is
to compute the bare Coulomb potential in a PW representation, since the potential is
diagonal in it, and the result is simply its Fourier transform:

𝑣PW(q +G) =
4𝜋

|q +G|2
𝛿GG′ . (3.25)

To include this expression in Eq. 3.23, the following overlap integral between the PW
basis and the MPB must be computed:

 𝐼
G =

1√
Ω ∫

Ω
dr[𝜒 q

𝐼 (r)]
∗e𝑖(q+G)⋅r. (3.26)

In this way, Eq. 3.23 can be rewritten as:

𝑉 NL
x,𝑛𝑛′(k) = −

occ

∑
𝑛′′

BZ

∑
q

∑
𝐼 𝐽

∑
G

[ 𝐼
G𝑀

𝐼
𝑛𝑛′′(k, q)]

∗𝑣PW(q +G) 𝐽
G𝑀

𝐽
𝑛′′𝑛′(k, q). (3.27)

From Eq. 3.25 it is easy to see that for q +G → 0 the bare Coulomb potential diverges.
A special treatment is applied to this term, which is discussed in Refs. [182, 179].

Equation 3.23 can be additionally contracted by first computing

𝑀̃ 𝐼
𝑛𝑛′′(k, q) = ∑

𝑃
𝑣1/2𝐼𝑃 (q)𝑀𝑃

𝑛𝑛′(k, q) (3.28)

and then inserting it into Eq. 3.23:

𝑉 NL
x,𝑛𝑛′(k) = −

occ

∑
𝑛′′

BZ

∑
q

∑
𝐼 𝐽
[𝑀̃ 𝐼

𝑛𝑛′′(k, q)]
∗𝑀̃ 𝐽

𝑛′′𝑛′(k, q). (3.29)

Since the form of the NL exact exchange resembles that of the exchange self-energy,
many routines involved in its implementation overlap with those used in 𝐺𝑊 .

3.3.3 Nested self-consistent cycle

The evaluation of the NL exact exchange potential is the computationally most intensive
part of hybrid functional calculations. The use of a nested loop greatly reduces the num-
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ber of times the NL potential must be evaluated. For example, for silicon, a reduction
from 29 to 8 times was observed [97].

The implementation in exciting is sketched in Fig. 3.1. It consists of an outer and an

SCF with PBE

Outer loop

No

Construction {χq
I }

VNL
x,nn′￼

VNL,k
x,GG′￼

Convergence?

Inner SCF with hybrid

End

Yes

and M̃I
nn′￼

MI
nn′￼

Figure 3.1: Scheme of the nested loop of hybrid functionals. The outer loop is highlighted by the
light blue rectangle, while the inner loop is represented by the pink block. Before entering the outer
loop, a preliminary SCF calculation is performed using PBE, and the MPB functions ({𝜒 𝐪

𝐼 }) are
constructed. The blocks in the outer loop indicate the evaluation of the bare Coulomb potential,
𝑣𝐼 𝐽 , the MPB coefficients 𝑀 𝐼

𝑛𝑛′ and 𝑀̃ 𝐼
𝑛𝑛′ , and the NL potential matrix elements in KS space (𝑉 NL

x,𝑛𝑛′)
and in APW+LO space (𝑉 NL,𝐤

x,𝐆𝐆′).

inner loop preceded by an SCF calculation employing PBE as the xc functional. This
preliminary SCF is necessary to obtain the KS wave functions to construct the MPB,
{𝜒 𝐪

𝐼 } (second block). In the outer loop, the NL potential is updated: first, it is computed
in the KS space as explained in Section 3.3.2, and then it is projected onto the APW+LO
space (Eq. 3.15). In the inner loop, the generalized KS equations (Eq. 3.11) are solved by
the same procedure as for the KS equations, but by keeping the NL potential fixed and
updating the L part of the Hamiltonian at each SCF step. The nested loop ends when the
difference between the charge densities of the last two outer steps is within the desired
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convergence criteria. The convergence check is performed immediately after the inner
SCF. The evaluation of the MBP coefficients (𝑀̃ 𝐼

𝑛𝑛′), part of the second block of the outer
loop, is the computationally most demanding part of the calculation.

3.4 Treatment of spin-orbit coupling

When SOC is considered, the following two-component KS equations must be solved:

2

∑
𝜎′=1

[𝛿𝜎𝜎′𝜎
SR +𝜎𝜎′

SOC]𝜑
𝜎′
𝑛k (r) = 𝜀𝑖k𝜑𝜎𝑛k (r) . (3.30)

The first term is the SR Hamiltonian as discussed in Section 2.2.4, and the second term is
the SOC Hamiltonian, which in this work is treated only in the MT spheres within the
zero order regular approximation (ZORA) [133, 134]:

SOC =
𝛼2
fs

[2 − 𝛼2
fs𝑣̃KS(𝑟)]2

1
𝑟
𝜕𝑣KS(𝑟)
𝜕𝑟

σ ⋅L. (3.31)

Here 𝛼fs is the fine structure constant and 𝑣KS is the spherical KS potential. Due to the
coupling of the two spins, 𝜎, 𝜎′, the solution of these equations is computationally de-
manding. To reduce the computational effort, the SV treatment [183, 173] is often used
to solve Eq. 3.30. The direct solution of Eq. 3.30 is what we refer to as non-perturbative
treatment (NP)1.

3.4.1 Non perturbative treatment

Equation 3.30 in matrix form becomes:

2

∑
𝜎′=1

∑
G′

𝐻𝜎𝜎′k
GG′ 𝑐𝜎

′k
𝑛G′ = 𝜖𝑛k

2

∑
𝜎′=1

∑
G′

𝑆𝜎𝜎
′𝐤

GG′𝑐𝜎
′k

𝑛G′ . (3.32)

where 𝐻𝜎𝜎′k
GG′ are the matrix element of the complete Hamiltonian,  = SR + SOC.

Its solution is equivalent to the solution of Eq. 3.3, with the additional evaluation of the
SOC matrix elements. However, due to the spin, in Eq. 3.32 the vector of the coefficients
is twice as large (2𝑁b), the Hamiltonian matrix is four times as large (4𝑁 2

b ), and the
1The non-perturbative treatment, implemented in exciting by Andris Gulans [184], has not

yet been released. In this implementation, the SOC is also evaluated in the IR. However, this
aspect is not discussed in the manuscript.
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diagonalization of the Hamiltonian, which scales as 𝑁 3, is a problem eight times as large
(8𝑁 3

b ).

3.4.2 Second variation treatment

Considering SOC as a perturbation leads to the inclusion of the SOC term as a correction
to the SR solution. The method is a two-step procedure: First, the SR equation is diag-
onalized (Eq. 3.3), which is the reason why the SR solution is often referred to as first
variation (FV). A subset of the computed FV eigenvectors and eigenfunctions is then
used to construct the total Hamiltonian matrix element. In particular, a fraction of the
FV eigenvectors is employed as basis functions for the SV wave function:

𝜑SV𝑛k(r) =
𝑁 SV
b

∑
𝑛′=1

2

∑
𝜎′=1

𝐶𝑛
k𝑛′𝜎′𝜑

𝜎′,FV
𝑛′k (r). (3.33)

Here the coefficients are 𝐶𝑛
k𝑚𝜎′ = 𝑐𝑛k𝑚𝜒𝜎′ with 𝜒𝜎′ being the spin state associated with

𝜎′. The FV wave functions 𝜑𝜎′,FV𝑛′k are expanded in the APW+LO as in Eq. 3.8. In the first
sum, the number of SV basis functions (𝑁 SV

b ), and thus the number of FV eigenvectors
used as basis functions, includes all the valence/semicore states (𝑁occ) plus a number of
unoccupied states determined by a cutoff:

𝑁 SV
b = 𝑁occ + 𝑁unocc. (3.34)

This number is a convergence parameter to be determined based on the desired precision.
The matrix elements of the total Hamiltonian are then computed as

𝐻𝜎𝜎′
k𝑛𝑛′ = 𝛿𝜎𝜎′𝛿𝑛𝑛′𝜀𝜎,FV𝑛k + ⟨𝜑𝜎,FV𝑛k |𝐻𝜎𝜎′

SOC |𝜑
𝜎′,FV
𝑛′k ⟩ , (3.35)

where 𝜀𝜎,FV𝑛k are the eigenvalues of the SR eigenvalue problem (Eq. 3.3). Since the FV
eigenvectors are KS wave functions, the overlap matrix is diagonal and the eigenvalue
problem to be solved is the following:

∑
𝜎′′𝑛′′

𝐻𝜎′𝜎′′
k𝑛′𝑛′′𝐶

𝑛
k𝑛′′𝜎′′ = 𝜀SV𝑛k𝐶

𝑛
k𝑛′𝜎′ . (3.36)

In exciting, this procedure is repeated self-consistently until convergence is reached.
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The solution of Eq. 3.30 via the SV scales as (𝑁 FV
b )3+(2𝑁 SV

b )3. Here, we added the super-
script FV in the number of APW+LO basis functions, 𝑁 FV

b , in order to better distinguish
them from the SV basis functions, 𝑁 SV

b . This method is convenient only when a few low-
lying KS bands are needed for a precise description of the SOC effects (𝑁 SV

b ≪ 𝑁 FV
b ). As

we will discuss in Chapter 6, this is not always the case.

3.5 One-shot 𝐺𝑊 calculations

The implementation of the one-shot 𝐺𝑊 approximation in exciting follows Refs. [179,
33]. In this implementation, the KS eigenvalues 𝜖KS𝑛k are used as zero-order approxima-
tions of the QP eigenenergies, which are computed as:

𝜖QP𝑛k = 𝜖KS𝑛k + 𝑍𝑛k[ℜΣc
𝑛𝐤(𝜖

KS
𝑛k) + Σx

𝑛k − 𝑣xc𝑛k]. (3.37)

Here, ℜΣc
𝑛k and Σx

𝑛k are the (real) correlation and the exchange part of the self-energy,
respectively, and 𝑣xc𝑛k are the diagonal matrix elements of the xc functional obtained from
the self-consistent solution of the KS equations. The QP renormalization factor 𝑍𝑛k,
which results from the energy dependence of the correlation self-energy, is computed
as:

𝑍𝑛k =
[
1 −

(
𝜕
𝜕𝜔

ℜΣc
𝑛k(𝜔))

𝜔=𝜖KS𝑛k
]

−1

. (3.38)

The correlation and exchange parts of the self-energy are computed in matrix form by
making use of the MPB functions (Section 3.3.1). The calculation of the exchange parts
is very similar to that of the NL exact exchange potential, 𝑉 NL

x,𝑛𝑛′ (Eq. 3.3.2), except that
the exchange self-energy matrix is diagonal in the band index 𝑛, 𝑛′. Calculating the
correlation part is more complex and computationally demanding. To compute it, the
dielectric function and the polarizability within the RPA are evaluated first. Because of
the poles of the Green’s function and the screened Coulomb potential, it is convenient
to compute the polarizability, the screened Coulomb potential, and the correlation self-
energy in the imaginary frequency space. The correlation self-energy is then obtained
by solving an integral over the imaginary frequency space, which contains a smooth
function and can be solved in different ways. The default one in exciting is the double
Gauss–Legendre quadrature [185, 186]. Jiang and co-workers [179] showed that with
this approach only a few imaginary frequency points are needed for convergence. The
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resulting correlation self-energy is then analytically continued onto the real frequency
space. Again, there are several approaches. The default one in exciting is the Pade
approximation [187, 188]. It is important to keep in mind that this method can give
unphysical renormalization factors 𝑍𝑛𝐤 for states far from the Fermi energy [179].

Since the self-energy is a NL quantity, both k-mesh and a q-mesh must be set in the
input. In exciting, they must be the same. As in the case of hybrid xc-functionals, the
number of empty states is an important convergence parameter. Quantities that require
attention are those related to the MPB (Section 3.3.1), the imaginary frequency grid used
in the double Gauss–Legendre quadrature scheme, and the real space grid used for the
analytical continuation. In addition, LO for unoccupied states are often necessary [33].
When performing 𝐺0𝑊0 on top of local/semi-local functionals (already converged), a
single ground state step is performed as a starting point. It allows the parameters in the
DFT and the 𝐺𝑊 calculation to be different. Contrarily, in the case of hybrid functionals,
the DFT and 𝐺𝑊 parameters must be the same.

𝐺0𝑊0 calculations with SOC are carried out on top of a ground-state calculation includ-
ing SOC in a two-step procedure: (𝑖) The FV eigenvalues and eigenvectors are used to
evaluate the QP eigenenergies omitting SOC by solving Eq. 3.37. (𝑖𝑖)The SVHamiltonian
matrix elements (Eq. 3.35) are constructed by using the QP eigenenergies evaluated in
the previous step. The QP eigenenergies with SOC are then obtained by solving the SV
eigenvalue equation (Eq. 6.4). This method is considered sufficient for many materials
where SOC does not generate a band inversion [189, 35].

3.6 Calculation of optical properties

The methods used to evaluate the optical properties in Chapters 7 and 8 are the RPA
without and including LFE. The former will be referred to as IPA. In Appendix C.3, some
calculations are based on the BSE including SOC.

To compute the optical spectra within the IPA, the first step is to calculate the matrix
elements of the momentum operator, which for a local Hamiltonian, is equal to the ma-
trix element of the velocity operator (Eq. 2.68). The result is then used to determine the
dielectric tensor. Due to the finite size of the simulated system, the resulting optical
spectrum is formed by a series of 𝛿 peaks with different oscillator strengths. To simulate
the infinite system, a Lorentzian broadening is applied, with its width being an input

46



parameter.

For computing the dielectric functions at infinite frequency (𝜀∞) within the RPA includ-
ing LFE, it is convenient to use the time-dependent DFT framework of exciting. Im-
portant parameters, in this case, are the number of unoccupied states and the LFE cutoff
for computing the irreducible polarizability (𝜒0). The LFE cutoff (𝐺max) defines the limit
|𝐺 + 𝑞|,|𝐺′ + 𝑞| < 𝐺max when calculating 𝜒GG′(q) (Eq. 2.66).

When performing a BSE calculation, the first step is to construct the BSE Hamiltonian.
Within the Tamm–Dancoff approximation (TDA), the BSE Hamiltonian is composed of
three terms: the first term is diagonal and corresponds to the transition energies of the
independent particles; the second is the exchange term and evaluates the repulsive inter-
action between electrons and holes; the third term accounts for the attractive screened
Coulomb interaction. In order to compute the latter, the screening has to be calculated,
making it the most computationally demanding part. All the parameters important for
the RPA calculations just discussed are also important for the BSE.

3.7 Maximally localized Wannier functions interpolation

Maximally localized Wannier functions (MLWF) are a powerful tool widely used in con-
densed matter physics [190, 191]. The interpolation scheme based on MLWF provides
access to both single-particle eigenvalues and eigenfunctions at any reciprocal-space
point and can be used for computing properties such as band structures and densities
of states (DOS). In exciting, the Wannier interpolation method is typically employed
when computing these properties with hybrid functionals and 𝐺0𝑊0, since it is more
efficient than evaluating the eigenvalues at each k-point via the diagonalizing of the
Hamiltonian or using the 𝐺𝑊 approximation. It also requires fewer k-points than other
interpolation methods such as the Fourier interpolation.

To use this interpolationmethod, the first step is to construct theMLWF.This is the com-
putationally most intensive part. There are several methods for constructing the MLWF,
depending on the type of bands to be described. For example, the method used for a
group of isolated bands, as typical for occupied bands of insulators and semiconductors,
is different from that used for bands that cannot be disentangled from other bands, as
typical for conduction bands and metals. In addition, the k-mesh affects the construc-
tion of the MLWF. Once they are constructed, one can obtain a Bloch function at any
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arbitrary reciprocal space point, which is used to build a new Hamiltonian matrix that
is much smaller than the original KS Hamiltonian. More information about the MLWF
and the Wannier interpolation method and their implementation in exciting can be
found in Ref. [192].
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CHAPTER4

The HSE functional in exciting

The HSE functional is considered the best hybrid functional for com-
puting the electronic properties of small and medium gap semiconduc-
tors, such as HaP. It is also a better starting point for 𝐺0𝑊0 calculations
compared to local/semi-local functionals. For this reason, as part of this
work, the HSE functional has been implemented in the exciting code.
The implementation and its validation are discussed in this chapter.

4.1 Implementation

TheHSE functional is defined in Eq. 2.31. The version of HSE implemented in exciting
is that of 2006, called HSE06 [32], where the screening parameter 𝜔 is 0.11𝑎−10 and set to
be the same for the NL potential and the PBE exchange (see Section 2.2.3.2 and Eq. 2.31).
Note that the value of 𝜔 can be changed in the exciting input, but it is not possible to
have two different values like in HSE03 [95, 96].

Our implementation is based on the work of Schlipf and coworkers [193, 194], where the
xc potential, described in Section 2.2.3.2, is computed as follows:

𝑣HSExc = 𝑣PBExc − 𝛼𝑣PBE,sRx (𝜔) + 𝛼(𝑣NLx − 𝑣NL,LRx (𝜔)). (4.1)

Here 𝑣PBExc and 𝑣PBE,sRx are the functional derivatives of 𝐸PBE
xc and 𝐸PBE,sR

xc , respectively. The
parentheses contain the NL-sR potential, which is calculated by subtracting the LR part
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from the total NL exact exchange potential. The PBE-sR and the NL-LR potentials were
the only missing pieces in the code. To obtain the PBE-sR potential, we included the
screened exchange-hole formulation of PBE [195, 95, 196], which we refer to as 𝜔PBEℎ
(Section 4.1.1). The scheme used to compute the NL-sR is slightly different from that of
Schlipf and coworkers (Section 4.1.2).

4.1.1 Screened exchange-hole formulation of PBE

The𝜔PBEh functional is employed to compute the PBE-sR [195, 95, 196]. It is constructed
starting from the exchange-hole formulation of PBE [197], which we will distinguish
from the most common form of PBE [73] by calling it PBEh. Its enhancement factor
𝐹PBEℎ
x is defined as an integral over the exchange-hole, 𝐽 PBEℎ(𝑠, 𝑦):

𝐹PBEℎ
x = −

8
9 ∫

∞

0
𝑑𝑦 𝑦𝐽 PBEℎ(𝑠, 𝑦). (4.2)

Here 𝑠 is the reduced density gradient, and 𝑦 is the reduced interelectronic separation,
which are defined as 𝑠 = |∇𝜌|/2𝑘F𝜌 and 𝑦 = 𝑘F|𝐫 − 𝐫′|, respectively. 𝑘F is the Fermi wave
vector, which in a 3D crystal is 𝑘F = (3𝜋2𝜌)1/3. The screened exchange-hole is obtained
by multiplying the PBE exchange-hole by the complementary error function, as follows:

𝐽 𝜔PBEℎ(𝜌, 𝑠, 𝑦) = 𝐽 PBEℎ(𝑠, 𝑦)erfc(
𝜔𝑦
𝑘F )

. (4.3)

If 𝜔 = 0, PBEh is recovered. The explicit forms of 𝐽 PBEℎ(𝑠, 𝑦) and 𝐽 𝜔PBEℎ(𝜌, 𝑠, 𝑦) are com-
plex, so they are omitted here. The one of 𝐽 PBEℎ(𝑠, 𝑦) can be found in Ref. [197]. Sev-
eral forms of 𝜔PBEℎ have been proposed. We have implemented the revised screened
exchange-hole formulation of Ref. [196].

Background

In Section 2.2.3, we gave a brief overview of the different local/semi-local functionals.
Here, we will focus only on the ingredients necessary to understand the implementation
of 𝜔PBEℎ in exciting.

Considering only the exchange part of PBE, Eq. 2.21 becomes

𝐸PBE
x [𝜌(r)] = ∫ 𝑑r𝜌(r)𝜀PBEx (𝜌(r), 𝑠(r)) = ∫ 𝑑r𝜌(r)𝜀LDAx (𝜌(r))𝐹PBE

x (𝑠(r)), (4.4)
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where 𝜀LDAx is the LDA energy density (𝜀LDAx = 3/4(3𝜌/𝜋)1/3). The PBE exchange poten-
tial is obtained from its functional derivative as follows:

𝑣PBEx =
𝛿𝐸PBE

x [𝜌(r)]
𝛿𝜌(r)

=
𝜕𝜀PBEx

𝜕𝜌(r)
+ ∇ ⋅

𝜕𝜀PBEx

𝜕∇𝜌(r)
. (4.5)

The PBE enhancement factor has a simple form for which an analytical expression of
the divergence in Eq. 4.5 can be derived1. In the cases of PBEℎ and 𝜔PBEℎ, this is not
possible, and the divergence must be computed numerically.

Implementation

We adopted three routines from the Quantum ESPRESSO (QE) code [198, 199] (allowed
by the GNU license [200]) and applied a fewmodifications tomake them compatible with
the exciting code. The routines are gga_x_wpbeh, wpbeh_analy_erfc_approx_grad
and expint (renamed in exciting). They output the exchange energy density (𝜀PBEx in
Eq. 4.4) and two terms needed to calculate the exchange potential (Eq. 4.5):

𝑣x,1 =
𝜕𝜀x
𝜕𝜌

and 𝑣x,2 =
𝜕𝜀x
𝜕∇𝜌

1
|∇𝜌|

. (4.9)

Due to the dual nature of the APW+LO basis (see Section 3.2) the real space grids are
defined differently in theMT and the IR. However, the quantities 𝜀PBEx , 𝑣x,1 and 𝑣x,2 depend
on the real space vector r only through 𝜌(r), 𝑠(r), and 𝑦(|r − r′|), which are given as
input to the routine that computes them together with the screening parameter 𝜔. On
the other hand, the divergence of 𝑣x,2|∇𝑛| (second term in Eq. 4.5) must be evaluated

1Perdew and coworkers [73] defined the PBE enhancement factor as:

𝐹PBEx (𝑠(r)) = 1 + 𝜅(1 −
1

1 + 𝜇𝑠2
𝜅
), (4.6)

where 𝑠 is the reduced density gradient and 𝜅=0.804 and 𝜇=0.2195. Given this definition of 𝐹PBEx ,
the expression for the exchange potential can be determined analytically:

𝑣x = 𝜖LDAx [
4
3
𝐹PBEx − 𝑞(𝑠

−1 𝑑𝐹PBEx
𝑑𝑠 ) −(𝑢 −

4
3
𝑠3)

𝑑
𝑑𝑠(

𝑠−1
𝑑𝐹PBEx
𝑑𝑠 )]. (4.7)

𝑢 and 𝑞 are defined as

𝑢 =
∇𝜌 ⋅ ∇|∇𝜌|
2𝑘3F𝜌2

and 𝑞 =
∇2𝜌
4𝑘F𝜌

, (4.8)

respectively. Some of the terms in 𝑠, 𝑢 and 𝑞, such as the density gradient, are computed numeri-
cally.
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differently in the MT and in the IR.

4.1.2 Screened non-local exact exchange

In exciting, the NL-sR potential is computed as:

𝑉 NL,sR
x,𝑛𝑛′ (k) = −

occ

∑
𝑛′′

BZ

∑
q

∑
𝐼 𝐽
[𝑀 𝐼

𝑛𝑛′′(k, q)]
∗𝑣sR𝐼 𝐽 (q;𝜔)𝑀

𝐽
𝑛′′𝑛′(k, q), (4.10)

where the sR Coulomb potential is obtained by subtracting the LR part from the bare
Coulomb contribution:

𝑣sR𝐼 𝐽 (𝜔) = 𝑣𝐼 𝐽 − 𝑣LR𝐼 𝐽 (𝜔). (4.11)

The missing elements for the implementation of HSE were the evaluation of the LR
Coulomb potential, 𝑣LR𝐼 𝐽 , and the NL-sR potential for the limit q + G → 0, which is
treated separately.

Long-range Coulomb potential

To compute the LR Coulomb potential (𝑣LR𝐼 𝐽 , we followed the approach of Ref. [193, 194]
by using plane waves normalized to the unit-cell volume (𝜁q+G(r) = e𝑖(q+G)⋅r/

√
Ω) and

not the MPB. The main reason for this is that the form of the LR Coulomb potential in
the MPB would be very complicated, and its contribution is small compared to the total
Coulomb potential.

The LR Coulomb kernel is defined as follows:

𝑣LR(|r − r′|;𝜔) =
erf(𝜔|r − r′|)

|r − r′|
. (4.12)

Its Fourier transform, which is diagonal and known analytically, is given by

𝑣LR,PW(q +G;𝜔) = ⟨𝜁q+G′ | 𝑣LR |𝜁q+G⟩ =
4𝜋

|q +G|2
e−|q+G|2/4𝜔2

𝛿GG′ . (4.13)

To insert it into Eq. 4.10-4.11, it must be multiplied from the left and from the right by
the overlap integral between the PW basis and the MPB ( 𝐼

G, defined in Eq. 3.26):

𝑣LR𝐼 𝐽 (q;𝜔) = ∑
G

 𝐼∗
G𝑣

LR,PW(q +G;𝜔) 𝐽
G. (4.14)
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Figure 4.1: Scheme showing how the screened NL exact exchange potential is computed in the
exciting code. The changes made to the existing code are highlighted: In the red block, which
replaces that of the bare Coulomb potential (𝑣𝐼 𝐽 ) in Fig. 3.1, the sR Coulomb potential is computed.
The steps to compute the LR Coulomb kernel, which is subtracted from the bare Coulomb potential
to obtain 𝑣sR𝐼 𝐽 , are shown in the green rectangle.

Once 𝑣LR𝐼 𝐽 is calculated (green rectangle in Fig. 4.1), it is subtracted from the bare Coulomb
potential (red block) to obtain the sR Coulomb potential (Eq. 4.11), which is then used
in Eq. 4.10 to compute the NL-sR potential.

Evaluation of the screened Coulomb potential for q +G → 0

Thebare Coulomb potential (Eqs. 3.24-3.25) and the LR Coulomb potential (Eq. 4.13) have
a divergent behavior for q + G → 0. However, by combining the two terms, the limit
for q +G → 0 becomes finite, and the singular term (label s) turns into:

𝑣s(𝜔) = lim
q+G→0

4𝜋
|q +G|2(

1 − e−|q+G|2/4𝜔2

) (4.15)

To compute the limit, in Ref. [193, 194] the exponential was expanded into a Taylor series
up to the second order:

𝑣s(𝜔) =
4𝜋

|q +G|2(
1 − 1 +

|q + G|2

4𝜔2 −⋯) =
𝜋
𝜔2 . (4.16)

Since for 𝜔 → 0 the singularity term in Eq. 4.16 diverges, this method fails if one wants
to employ values of 𝜔 approaching the limit. In this respect, we have implemented in
exciting an alternative method, suggested by Dmitrii Nabok, which does not have this
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issue.

We made use of the isotropic averaging method, which is based on the following con-
cepts: (𝑖) Each quantity involving the Coulomb potential is defined as an integral over
the BZ:

𝐹(k) =
1

ΩBZ
∫
BZ

dq𝑓 (k, q)𝑣(q). (4.17)

Here ΩBZ is the BZ volume, and 𝑓 (k, q) is a general function. (𝑖𝑖) Numerically this inte-
gral is computed as a sum over k-points:

𝐹(k) =
1
𝑁q

∑
q

𝑓 (k, q)𝑣(q). (4.18)

(𝑖𝑖𝑖) To obtain a precise description of the singular term, a dense q-point sampling in
the vicinity of the Γ-point would be required, resulting in a slow q-point convergence.
Instead, in this approach, the integral in Eq. 4.17 can be calculated analytically in a
sphere of volume 𝑉k around the Γ point, treating the function 𝑓 (k, q) as a constant
(𝑓 (k, q) ≈ 𝑓 (k, 0) for q → 0). 𝑉k is determined by the number of k-points employed in
the calculation (𝑉k = Ω𝐵𝑍/𝑁k). For the screened Coulomb potential, one ends up with

𝐼s =
1
𝑉k ∫

𝑉k
dq

4𝜋
|q +G|2(

1 − e−|q+G|2/4𝜔2

), (4.19)

which in spherical coordinates is:

𝐼s =
16𝜋2

𝑉k ∫
𝑅k

0
d𝑞(1 − e−|q+G|2/4𝜔2

). (4.20)

𝑅k is the radius of the sphere of volume 𝑉k:

𝑅k = (
3ΩBZ

4𝜋𝑁k)

1/3

. (4.21)

The exact solution of the integral in Eq. 4.20 gives following result:

𝐼s =
16𝜋2

𝑉k (𝑅k −
√
𝜋𝜔2erf(

√
1

4𝜔2𝑅k)). (4.22)

The difference between the two methods is shown in Fig. 4.2. It can be seen that for
𝜔 → 0 the Taylor expansion method diverges, while the exact solution of the integral
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Figure 4.2: Integral of the singular term of the screened Coulomb potential 𝐼s as a function of the
screening parameter 𝜔 for bulk Si. Shown are the exact solution of the integral (Eq. 4.22, blue
solid line) and the Taylor expansion up to the second order of the singular term (Eq. 4.16, green
dashed line).

gives a finite value, satisfying the exact limit. For larger values of 𝜔 the two methods
are equivalent. Note that by Taylor expanding the argument of the integral in Eq. 4.20
up to the second order in the limit q +G → 0, Eq. 4.16 is recovered.

The value of 𝜔 at which the Taylor expansion method starts to fail is difficult to deter-
mine, since it depends on the number of k-points and the system size (see Eq. 4.22). In
addition, increasing the number of k-points reduces the weight associated with Γ and
thus the influence of the method used to evaluate the singular term. Note that the im-
plementation as it is, is only valid for 3D systems.

4.2 Validation and extra features

The validation of the HSE implementation in the exciting code, is done in two steps:
The first is the validation of 𝜔PBEℎ, using its property of being equivalent to PBEℎ for
𝜔 = 0. In the second step, we focus on the validation of the HSE functional itself. In
this section, we also analyze additional features of the HSE functional as implemented
in exciting.
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4.2.1 Validation of the implementation of the screened exchange-hole
formulation of PBE

To validate our implementation of 𝜔PBEh, we compare its results for 𝜔 = 0 with those
of two different implementations of PBE: In the first, the exchange potential is com-
puted solving Eq. 4.7. This is the default method in exciting, and so we named it PBE-
exciting. The second version evaluates 𝑣PBEx solving Eq. 4.5 after calculating 𝑣x,1 and 𝑣x,2
(Eq. 4.9). This is themethod used in QE, so we named it PBE-QE. Note that𝜔PBEh(𝜔 = 0)
is equivalent to PBEℎ [197], which is not the same as PBE, although very similar: The
enhancement factor 𝐹x(𝑠) of 𝜔PBEh was determined by fitting it to the enhancement
factor of PBE [73], aiming for an error within 0.5% [197] for values of 𝑠 ≤ 6.5. Therefore,
when comparing 𝜔PBEh(𝜔 = 0) with PBE-exciting and PBE-QE, good agreement can
be expected, but not identical results. All tests were done for silicon2.

Enhancement factor

The tests start with the enhancement factor, comparing the results of𝜔PBEh(𝜔 = 0) with
those of PBE-exciting. Note that for the enhancement factor, using PBE-exciting or
PBE-QE is equivalent, so we will simply refer to it as PBE. We use the electron density

Figure 4.3: Enhancement factor computed with the PBE (green solid line) and with the 𝜔PBEℎ
functional with 𝜔 = 0 (orange dashed line), plotted with respect to the reduced gradient, 𝑠. The
horizontal light blue dotted line shows the Lieb-Oxford bound (𝐹x ≤ 1.804).

from the atomic species and its reduced gradient and consider a single k-point (Γ). In
2Computational details: We used the exciting default species files, a lattice constant of

5.43Å [201], and 𝐺max𝑅MT = 7.
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Fig. 4.3, the enhancement factors, 𝐹x, computed with the two functional models, are
plotted with respect to the reduced gradient, 𝑠. The two lines almost overlap for 𝑠 < 6
a.u., while for higher values the deviation becomes visibly larger. Unlike PBE, PBEℎ, and
thus 𝜔PBEℎ(𝜔 = 0), does not naturally respect the Lieb-Oxford limit (𝐹x ≤ 1.804). To
overcome this problem, the reduced gradient is smoothly rescaled for values higher than
𝑠 > 8.3 a.u. by the following equation:

𝑠new = 8.572844 −
18.796223

𝑠2
. (4.23)

This explains the larger deviation between the two models for the higher values of 𝑠 in
Fig. 4.3. Considering the integral absolute percentage error (IAPE)3 for 𝑠 ≤ 6 a.u. this
is 0.2%, which is within the limit used to fit the enhancement factor of PBEℎ to that of
PBE, which is 0.5% [197].

Exchange potential

To test the exchange potential, we compare the values obtained by employing PBE-
exciting, PBE-QE, and 𝜔PBEℎ for 𝜔 = 0. Here, the use of PBE-QE allows us to verify
that the divergence of 𝑣x,2|∇𝑛| is correctly implemented. Again, we use the density con-
structed from the atomic species and only one k-point.

In the upper panels of Fig. 4.4, the exchange potentials in the MT sphere, 𝑣MT
x , computed

with the three different versions of PBE are compared. On the left, the potential is plot-
ted with respect to 𝑁MT, which is the number of grid points in the MT sphere. It can
be observed that the 𝜔PBEh potential near the nucleus differs significantly from both
PBE potentials, which are in good agreement with each other. The deviations can be
better seen by looking at the difference, Δ𝑣MT

x , which are shown in upper-right panel
for 𝜔PBEh and PBE-QE using PBE-exciting as a reference. Near the nucleus, Δ𝑣x of
𝜔PBEh reaches a peak of 5× 102 a.u. and the mean absolute percentage error (MAPE)4 is
6%. For PBE-QE, the difference is not visible on this scale, and theMAPE is only 3×10−2%.

3IAPE = 100 ×
∫ 𝑥1
𝑥0

|𝑌r−𝑌a | d𝑥
∫ 𝑥1
𝑥0

𝑌r d𝑥
,

where 𝑌r are the reference values and 𝑌a are the actual values. When computing the IAPE, the
integrals are evaluated using the trapezoidal rule (from the numpy library in python).

4MAPE = 100
𝑁 ∑𝑖

|||||

𝑌r,𝑖−𝑌a,𝑖
𝑌r,𝑖

||||
,

where 𝑁 is the number of points considered, 𝑌r,𝑖 are the reference values, and 𝑌a,𝑖 are the actual
values.
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The same analysis is performed for the IR (lower panels). The exchange potential against
the number of 𝐆-vectors on the left does not show much difference between the three
methods. However, as in the MT region, Δ𝑣IRx of 𝜔PBEh is considerably larger than that
of PBE-QE (lower-right panel): the MAPE of the two methods, using PBE-exciting as
the reference, is 1.6% and 2 × 10−2, respectively.

Figure 4.4: Exchange potential in the MT sphere (top panels) and in the IR (bottom panels)
computed with PBE-exciting (green line), PBE-QE (purple line), and 𝜔PBEℎ (orange line). In
the left panels, 𝑣x is plotted against the number of MT grid points (𝑁MT) and in the IR against
the number of G-vectors (𝑁𝐆). The left panels show differences between potential, Δ𝑣x, taking
PBE-exciting as a reference. The MAPE are shown in parenthesis.

The use of PBE-QE shows that the differences between the 𝜔PBEℎ exchange potential
and that of PBE-exciting, are inherited by the differences in the enhancement factor,
and the numerical evaluation of ∇ ⋅ (𝑣2x|∇𝑛|) is correctly computed in both the MT and the
IR. One can conclude that 𝜔PBEℎ and therefore PBE-sR, is correctly implemented in the
code, and the differences observed with PBE-exciting and PBE-QE are related to the
different definitions of the enhancement factor.
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4.2.2 Validation of the implementation of HSE

To validate the implementation of the HSE functionals in exciting, we consider the
electronic properties of six different materials, also examined in Refs. [97, 193, 202]. The
convergence parameters used are shown in Appendix A.1.

Transition energies

The focus here is to show that the transition energies between the highest valence band
(VB) and the lowest conduction band (CB) at Γ, Γ → X, and Γ → L, computed with
our HSE implementation, are comparable to those obtained by other codes. For a more
meaningful comparison, the same is done for PBE and PBE0.

In Table 4.1, the energies computed with exciting are compared with those from the
literature. These are in particular results obtained with the FLEUR code, which, like
exciting, uses APW+LO as basis functions [97, 193] and VASP [203, 202, 204] that
is based on the projector augmented wave (PAW) formalism. The column PBE-FLEUR
shows two different sets of results from Refs. [97] and [193], respectively. If a unique
number is given, it means that the values of the two sets coincide. Overall, our PBE
energies and the PBE-VASP values are in better agreement with Ref. [193]: The average
absolute difference between exciting and Ref. [97] (Ref. [193]) is 36 meV (19 meV).
Concerning the comparison with the VASP results, the average absolute difference for
Ref. [97] (Ref. [193]) is 51 meV (11 meV). Because of this, only the PBE-FLEUR values
from Ref. [193] (column c) are considered in the following.

The transition energies computed with HSE are between those obtained with PBE and
PBE0, as expected (Section 2.2.3.2). The differences between the HSE-exciting results
compared to FLEUR and VASP are comparable to those observed for PBE with average
absolute differences of 18 meV, 26 meV, and 23 meV between exciting and FLEUR,
exciting and VASP, and FLEUR and VASP, respectively. For PBE0, the agreement be-
tween the three methods is slightly worse: The average absolute differences are 43 meV,
35 meV, and 52 meV, between exciting and FLEUR, exciting and VASP, and FLEUR
and VASP, respectively. The average absolute difference between the PBE FLEUR data
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Table 4.1: Transition energies between the highest VB and the lowest CB at Γ, Γ → X, and Γ → L,
where X=(0.5 0.5 0) and L=(0.5 0 0), computed with PBE, PBE0, and HSE. The computational
parameters for our calculations are given in Table A.1. The FLEUR results are taken from Refs. [97,
193], the VASP results from Refs. [202, 204].

Trans. This work FLEUR VASP𝑎

PBE PBE0 HSE PBEb/c PBE0b HSEc PBE PBE0 HSE

Si
𝐸Γ 2.56 3.98 3.32 2.56 3.96 3.32 2.57 3.97 3.32
𝐸Γ→X 0.71 1.94 1.29 0.71 1.93 1.29 0.71 1.93 1.29
𝐸Γ→L 1.53 2.88 2.24 1.54 2.87 2.24 1.54 2.88 2.24

C
𝐸Γ 5.61 7.73 7.00 5.64/5.60 7.74 6.98 5.59 7.69 6.97
𝐸Γ→X 4.77 6.69 5.93 4.79/4.75 6.69 5.90 4.76 6.66 5.91
𝐸Γ→L 8.49 10.81 10.05 8.58/8.46 10.88 10.02 8.46 10.77 10.02

GaAs
𝐸Γ 0.54 1.98 1.45 0.55/0.54 2.02 1.43 0.56 2.01 1.45
𝐸Γ→X 1.46 2.66 2.04 1.47 2.69 2.06 1.46 2.67 2.02
𝐸Γ→L 1.01 2.36 1.77 1.01 2.38 1.78 1.02 2.37 1.76

MgO
𝐸Γ 4.74 7.22 6.48 4.84/4.77 7.31 6.49 4.75 7.24 6.50
𝐸Γ→X 9.14 11.62 10.86 9.15/9.14 11.63 10.86 9.15 11.67 10.92
𝐸Γ→L 7.91 10.45 9.69 8.01/7.93 10.51 9.69 7.91 10.38 9.64

NaCl
𝐸Γ 5.11 7.22 6.49 5.08/5.20 7.13 6.57 5.20 7.26 6.55
𝐸Γ→X 7.52 9.77 9.01 7.39/7.58 9.59 9.05 7.60 9.66 8.95
𝐸Γ→L 7.27 9.37 8.63 7.29/7.30 9.33 8.66 7.32 9.41 8.67

Ar 𝐸Γ 8.70 11.14 10.36 8.71/8.70 11.15 10.36 8.68 11.09 10.34
a [202, 204], b [97], c [193]

from Ref. [97] and ours is 17 meV greater than the average absolute difference between
the PBE FLEUR data from Ref. [193] and ours. When the same comparison is made with
PBE VASP results, instead of ours, the difference amount to 40 meV. Because of this, it
is possible that by using the same setting of Ref. [193] the agreement will improve also
for PBE0.

Looking at the different materials, for Si the three codes agree within 20 meV for all
functionals. Also for C, GaAs, and Ar the agreement is good with the differences being
within 40 meV except for a few PBE0 calculations where the differences between FLEUR
and VASP, e.g. a difference of 110 meV is observed for C at Γ → L, and a difference of
50 meV is observed for Ar at Γ. The worst agreement is found for NaCl and MgO: In
the case of NaCl, the differences range from 180 meV at Γ → X between exciting and
FLEUR for PBE0 to 10 meV at Γ → L between FLEUR and VASP for HSE, with an average
of 61 meV. The worst agreement for HSE is observed for NaCl between exciting and
FLEUR, with a difference of 80 meV at Γ. For MgO, the largest difference is 130 meV
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between FLEUR and VASP for the transition energy at Γ → L computed with PBE0.

In Appendix A.1, we additionally discuss the comparison between our results and those
from Ref. [205], also evaluated with exciting for PBE and PBE0.

Band structure and DOS

Here we compare, for the same set of materials, the band structure and DOS obtained
by PBE, PBE0, and HSE. For a better comparison, we made use of MLWF interpolation
for all functionals (Section 3.7). In some cases, the accurate construction of the MLWF,
required larger k-meshes than those used in Table 4.1 (see Appendix A.1).

Figure 4.5: Band structure of Si, C, GaAs, MgO, NaCl, and Ar computed by PBE (solid-gray
lines), PBE0 (dashed-green lines), and HSE (dotted-blue lines). In all cases, the valence band
maximum (VBM) is used as energy zero.

The band structure (Fig. 4.5) and the DOS (Fig. 4.5) of all investigated materials show
a similar overall structure for the three different functionals. The main effect of PBE0
and HSE is the expected opening of the gaps. A major effect is observed for Si, C, and
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GaAs: in these cases, the plot includes valence states below -5 eV, for which the band
dispersion and consequently the DOS of PBE0 and HSE deviate significantly from those
of PBE. On the other hand, the PBE0 and HSE results almost overlap for all the occupied
states considered.

Figure 4.6: DOS of Si, C, GaAs, MgO, and NaCl obtained by PBE (solid-gray lines), PBE0
(dashed-green lines), and HSE (dotted-blue lines). As for the band structure in Fig. 4.5, the
results are aligned at the VBM.

From the analysis of the electronic properties, including the comparison of transition
energies with those of other codes, we consider the implementation of HSE in exciting
to be reliable and stable.
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4.2.3 𝐤-mesh convergence

In exciting, HSE shows a faster convergence with the number of k-points compared
to PBE0, which makes it computationally less demanding. In Fig. 4.7, the k-mesh con-

Figure 4.7: Energy differences 𝐸Γ evaluated for the largest k-mesh and the k-mesh shown in the
𝑥-axis. The corresponding energy values are listed in Table A.2.

vergence of the transition energies between the highest VB and the lowest CB at Γ (𝐸Γ)
is monitored for PBE, PBE0, and HSE. Overall, the convergence of PBE0 is slower than
that of PBE and HSE for all materials except for Ar. Aiming for a precision of 10 meV, a
4×4×4 k-mesh is found to be sufficient for all three functionals. Otherwise, the k-mesh
suitable for PBE0 is slightly higher than that for HSE. An exception is GaAs, for which
PBE0 requires a 12 × 12 × 12 k-mesh, while for HSE an 8 × 8 × 8 k-mesh is sufficient. In
Fig. 4.7 the convergence of HSE looks slower than that of PBE, but considering the con-
vergence criteria of 10 meV, in addition to Ar, Si, and NaCl also require the same mesh
as for PBE. In Appendix A.1, the same analysis is performed for 𝐸Γ→X (Fig. A.1) 𝐸Γ→L (Fig.
A.2). Overall, all the tests show a slower k-mesh convergence of PBE0 compared to HSE.
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4.2.4 Treatment of the screened Coulomb potential for 𝐪 + 𝐆 → 0

In the calculations discussed so far, we used the Taylor expansion to treat the singular
term (see Section 4.1.2). The focus here is to investigate the limits of the Taylor expansion
approach for different values of 𝜔 and different k-meshes. We will also compare its
performance with the approach that solves the integral in Eq. 4.22 exactly, which below
we will refer to as the “Exact” treatment. The materials used for this analysis are Si,
GaAs, Ar, and PbI25.

A major difference between the two methods is that the calculation of the singular inte-
gral in the “Exact” treatment (𝐼E) explicitly depends on the system size and on the number
of k-points in addition to the screening parameter 𝜔 (see Eq. 4.22). In contrast, when
the Taylor expansion is used (𝐼T), the result depends only on 𝜔 (Eq. 4.16). Therefore, in
Table 4.3, a single value of 𝐼T is given for each 𝜔. For 𝜔 ≥ 0.11 𝑎−10 , the dependence on
the method used to compute the integral is minimal for all material and k-meshes, while
for 𝜔 = 0.03 𝑎−10 and 𝜔 = 0.05 𝑎−10 the 𝐼T is remarkably larger than 𝐼E. By increasing the
number of k-points, the difference between them decreases for all materials, and for a
sufficiently large k-mesh, it is expected to become minimal.

The discrepancies between 𝐼T and 𝐼𝐄 for 𝜔 < 0.11 𝑎−10 leads to differences in the transition
energies between the highest VB and the lowest CB, which are plottedFig. 4.8. For all
materials, the deviation between the two methods decreases with larger k-meshes, as
the values of the integral become closer and the weight associated with the Γ-point is
reduced. Considering HSE to be converged with a 6 × 6 × 6 mesh for Si, a 4 × 4 × 4 mesh
for Ar, and a 3 × 3 × 2 mesh for PbI2 (see Appendices A.1 and B.1), the Taylor expansion
treatment for 𝜔 = 0.03 𝑎−10 yields results that are far from the expected value. On the
other hand, for the “Exact” treatment, increasing the mesh, the differences are hardly
visible. Note that, for 𝜔 ≤ 0.11 𝑎−10 , the small differences observed between the curves
obtained with the “Exact” treatment are due to k-meshes being smaller than those con-
sidered converged for HSE. In Appendix A.4, the corresponding values of the transition
energies are shown, which allow for a more quantitative assessment of the numerical
precision. Overall, for the converged k-meshes, for 𝜔 = 0.03 𝑎−10 the “Exact” treatment
gives results within ∼20 meV for Si, GaAs, and PbI2, while for Ar larger meshes are
needed to obtain the same precision. The precision of the Taylor expansion method for
the same k-grids ranges from ∼200 meV for GaAs to ∼1100 meV for PbI2. For 𝜔 = 0.11

5Computational details: for Si, GaAs, and Ar see Appendix A.1 and for PbI2 see Appendix B.1.
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Table 4.2: Integral of the singular term computed with the Taylor expansion (Eq. 4.16) and the
“Exact” treatment (Eq. 4.22) for Si, GaAs, Ar,and PbI2 and for different k-meshes. The first row
shows the values of the screening parameter 𝜔 for which the integrals are computed, the second
row the values of the Taylor integral (𝐼T), which are independent of the material and the k-mesh.

𝜔 0.03 0.05 0.11 0.15 0.20
𝐼T 3490.66 1256.64 259.64 139.63 78.54

k-mesh Si - 𝐼E
4x4x4 1074.31 716.00 226.82 129.66 75.30
6x6x6 1793.31 952.15 244.16 135.05 77.08
8x8x8 2308.87 1068.57 250.75 137.02 77.71
k-mesh GaAs - 𝐼E
4x4x4 1136.75 741.65 229.05 130.37 75.54
6x6x6 1866.49 970.65 245.28 135.39 77.18
8x8x8 2372.89 1081.10 251.40 137.22 77.77
k-mesh Ar - 𝐼E
4x4x4 1023.78 694.28 224.84 129.03 75.09
6x6x6 1731.95 936.04 243.17 134.75 76.98
8x8x8 2253.88 1057.52 250.16 136.85 77.65
k-mesh PbI2 - 𝐼E
3x3x2 1010.42 688.40 224.29 128.85 75.03
6x6x4 2238.84 1054.44 250.00 136.80 77.64
9x9x6 2818.49 1159.64 255.28 138.36 78.14

Table 4.3: Integral of the singular term computed with the Taylor expansion (Eq. 4.16) and the
“Exact” treatment (Eq. 4.22)and . The first row shows the values of the screening parameter 𝜔 for
which the integrals are computed, the second raw the values of the Taylor integral (𝐼T), which are
independent of the material and the k-mesh.

𝑎−10 , the difference between the two methods is ≤ 2meV for Si, GaAs and Ar, and 15 meV
for PbI2. From these observations, it can be concluded that the two methods are compa-
rable for 𝜔 ≥ 0.11 𝑎−10 , while the exact treatment is more suitable for smaller values of
𝜔. Whichever method is used, for small 𝜔, it is recommended to verify that the chosen
k-mesh is sufficient.

4.3 Conclusions

In this chapter, the implementation and validation of the HSE functional in exciting
has been shown. Three main steps were required, corresponding to the implementa-
tion of 𝜔PBEℎ, the screened NL exact exchange, and its special treatment in the limit
𝐆 + 𝐪 → 0. For the latter, two methods have been implemented. What we named “Ex-
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Figure 4.8: HSE transition energies between the highest VB and the lowest CB at Γ (𝐸Γ) of Si
and GaAs (top) and band gap (𝐸g) of Ar and PbI2 (bottom), obtained by the Taylor expansion
(T) and the “Exact" method (E) for treating the screened Coulomb potential for q +G → 0. The
values are computed with different k-meshes (shown in the legend) and are plotted with respect to
the screening parameter 𝜔. The points at 𝜔 = 0 are computed with PBE0. The mixing parameter
𝛼 is 0.25 in all cases.

act” treatment is fundamental for 𝜔 ≤ 0.11 a−10 . Overall, our HSE results showed excel-
lent agreement with other codes [202, 204, 193]. The level of agreement is comparable to
that observed for PBE and PBE0. Also, the tests performed for the electronic properties
showed the correct trend between the functionals.
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CHAPTER5

Hybrid functionals: Additional implementations

The implementations discussed in this chapter are the inclusion of SOC
in the hybrid scheme, the implementation of the DM method, and the
optimization of the evaluation of the NL exact exchange. They are fun-
damental for the study of complex materials such as HaP.

5.1 Spin-orbit coupling in hybrid functionals

This section focuses on extending the SOC treatment to hybrid xc functionals (HYB+SOC).

Implementation

As described in Section 3.3.3, a hybrid functional calculation consists of a nested loop,
preceded by a PBE SCF cycle (see Fig. 3.1). In our implementation, we include the eval-
uation of SOC in the preliminary PBE SCF and the inner SCF cycles, while it is not
considered in the evaluation of the NL potential. Therefore, SOC only concerns the
magenta blocks in Fig. 5.1, where it is treated self-consistently via the SV method as
discussed in Section 3.4.21. The SOC operator (SOC) is treated within ZORA (Eq. 3.31),
which requires the gradient of the radial KS potential. For the NL potentials, this gradi-
ent is non-trivial to compute, so the effective potential in the inner cycle is replaced by

1Only the SV method was implemented in the code when I carried out this work.
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a modified one, where PBE entirely accounts for the xc contribution:

𝑣̃KS = 𝑣ext + 𝑣H + 𝑣PBExc . (5.1)

The resulting SOC coupling operator is:

hyb
SOC =

𝛼2
fs

[2 − 𝛼2
fs𝑣̃KS(𝑟)]2

1
𝑟
𝜕𝑣̃KS(𝑟)
𝜕𝑟

σ̃ ⋅ 𝐋. (5.2)

The use of 𝑣̃KS is possible because the impact of the xc functional on it is minimal [131,
206].

SCF with PBE + SOC

No

{χq
I }

VNL
x,nn′￼

VNL,k
x,GG′￼

Convergence?

Inner SCF with hybrid + SOC

End

Yes

and M̃I
nn′￼

MI
nn′￼

Figure 5.1: Nested-loop of the hybrid functional including SOC. The modifications to the cycle
without SOC (Fig. 3.1) are inside the magenta blocks.

Validation

For the validation of HYB+SOC, we chose Si, Xe, MoS2, and PbI2. SOC effects of different
magnitudes characterize them. The convergence parameters are given in Appendix B.1.
Xe, MoS2, and PbI2 are also used in Chapter 6 to validate the second variation with local-
orbital approach. There, the effects of SOC in these materials are discussed in more
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detail. In general, hybrid functionals are expected to cause only minor changes in SOC
effects obtained with semi-local functional. As shown by Huhn and coworkers [131],
who tested the impact of different functionals in 103 compounds, SOC effects at the PBE
and HSE levels show differences in band gaps and SOC splittings below 60 meV. This
result confirms previous work [207].

Figure 5.2 shows the band structures calculated using PBE with and without SOC. One
can appreciate the different magnitudes of the SOC effects among the materials. In Si
(upper left panel), 𝛿SOC is of the order of 10−2 eV and only visible when zooming in as
shown on the right: the SOC leads to a split (𝛿SOC) of the highest VB at Γ, which goes
from a six-fold to a four-fold degenerate state (disregarding spin). MoS2 (lower-right
panel) also exhibits small, but non-negligible effects. At the PBE level, SOC induces a
splitting of the valence band maximum (VBM) at K of the order of 0.15 eV (Table 5.1). In
Xe (upper-right panel) and PbI2 (lower-right panel), the effects are massive: In Xe, SOC
causes the VBM at Γ to split and closes the gap by about 0.43 eV. In PbI2, SOC generates a
split in the second CB and several splits in the valence bands. Another effect in this case
is that the first CB and the second CB move further apart. The PBE band gap decreases
by 0.69 eV.

The energy gap values with and without SOC (𝐸SR
g and 𝐸SOC

g ), their differences (Δ𝐸g =
𝐸SR
g − 𝐸SOC

g ), and the SOC splittings (𝛿SOC), obtained with the PBE, PBE0, and HSE are
listed in Table 5.1. Note that for Si, the transition energy between the highest VB and
the lowest CB at Γ is considered instead of the gap. For all materials, SOC closes the gap
with all functionals, as expected. Interestingly, the magnitude of the effects decreases
slightly as the gaps open up by the hybrid functionals: Δ𝐸g and 𝛿SOC obtained with
PBE are equal to or slightly larger than those calculated with HSE, which are equal or
slightly larger than those of PBE0. The only exception is 𝛿2SOC in PbI2, where the SOC
effects with HSE are slightly smaller than those with PBE0, but the difference is within
10 meV. Overall, the differences between Δ𝐸g of PBE and PBE0 are within 10 meV in Si,
MoS2 and Xe, while it is 60 meV in PbI2. In Si and MoS2, the same trend is observed also
for the SOC splitting. In contrast, in Xe 𝛿SOC computed with PBE is about 50meV higher
than the values obtained with PBE0 and HSE. In PbI2, the effects of the functionals are
different for 𝛿1SOC and 𝛿2SOC: 𝛿1SOC of PBE is about 40-50 meV greater than that obtained
with the hybrid functionals, while the 𝛿2SOC values are all within 10meV. For thematerials
considered, 40 meV is the largest difference observed between PBE and HSE, and it is
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Figure 5.2: Band structures of Si, Xe, MoS2, and PbI2 computed with PBE with (green dashed
lines) and without SOC (solid gray lines). The gray rectangles mark the zoomed area in the
smaller panels to the right of each band structure. The SOC splittings, 𝛿SOC, (see also Table 5.1)
are marked by the red arrows. The VBM is set to 0.

observed for the compound containing Pb, which is the heaviest atom.

Overall, we can conclude that the results are in agreement with those of Huhn and
coworkers [131] and that the implementation of HYB+SOC in exciting is reliable.

5.2 Density-based mixing method

In the implementation of the DM method, described in Section 2.2.3.3, the main part is
the evaluation of the quantity 𝑔̄ (Eq. 2.33). The ingredients for its calculation are the
electron density and its gradient. Due to the double-space partitioning of the exciting
code, these quantities are computed differently in the MT and in the IR.
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Table 5.1: Energy gaps and SOC splittings of Si, Xe, MoS2, and PbI2, computed with PBE,
PBE0, and HSE. For each material, the first value is the SR energy gap (𝐸SRg ), followed by the gap
calculated with SOC (𝐸SOCg ). For Si, the indirect gap, 𝐸Γ→Γ is considered. The third value is the
difference between the SR and the SOC gap (Δ𝐸g = 𝐸SRg − 𝐸SOCg ), and the last value corresponds
to the SOC splitting (𝛿SOC), highlighted in Fig. 5.2. For PbI2, two SOC splittings are considered
(𝛿1SOC and 𝛿2SOC).

Functional Si Xe
𝐸SR
Γ→Γ 𝐸SOC

Γ→Γ Δ𝐸Γ→Γ 𝛿SOC 𝐸SR
gap 𝐸SOC

gap Δ𝐸gap 𝛿SOC
PBE 2.56 2.52 0.04 0.05 6.22 5.79 0.43 1.30
PBE0 3.98 3.95 0.03 0.04 8.13 7.70 0.43 1.25
HSE 3.32 3.29 0.03 0.04 7.40 6.97 0.43 1.25

Functional MoS2 PbI2
𝐸SR
g 𝐸SOC

g Δ𝐸g 𝛿SOC 𝐸SR
g 𝐸SOC

g Δ𝐸g 𝛿1SOC 𝛿2SOC
PBE 1.79 1.71 0.08 0.15 2.20 1.51 0.69 1.35 0.65
PBE0 2.91 2.83 0.08 0.14 3.54 2.91 0.63 1.30 0.65
HSE 2.27 2.19 0.08 0.14 2.91 2.26 0.65 1.31 0.64

Evaluation of 𝑔̄

To validate our implementation, we compare 𝑔̄ with a subset of the values fromRef. [106],
whichwere kindly provided by the authors. They are computedwith theVASP code [203],
hence referred to as VASP results. All 𝑔̄ in Table 5.2 are computed from the PBE ground-
state density2. The energy gaps obtained with exciting with PBE, PBE0, and HSE are
based on the same k-mesh and 𝑅MT𝐺max as used in Sections 4.2.2- 5.1 (Tables A.1-B.1).
For LiF and ZnO we used a 4 × 4 × 4 k-mesh for PBE and HSE and a 6 × 6 × 6 k-mesh for
PBE0. For LiF (ZnO) the 𝑅MT𝐺max value is 9 (7), and the number of unoccupied states is
100 (500). For the calculation of 𝑔̄ and the corresponding DM energy gaps, the k-meshes
are the same as those used for PBE0.

Comparing 𝑔̄ computed with the two codes, the values obtained by exciting are bigger,
except for Ar, for which the two codes agree up to the second digit. The root mean
square error (RMSE)3 of the exciting results compared to those of VASP is 0.06 a−1/20 ;
the largest difference is observed for MgO (∼ 0.1a−1/20 ). Due to these differences, the
mixing parameters 𝛼PBE0

DM and 𝛼HSE
DM obtained from Eq. 2.34 and Eq. 2.34, respectively, differ

2The authors of Ref. [106] have verified that values of 𝑔̄ computed from the PBE ground-state
density are comparable with those computed from a ground-state density obtained with hybrid
functionals.

3RMSE =
√

∑𝑁
𝑖=1(𝑌𝑟 ,𝑖−𝑌𝑎,𝑖)

𝑁 , where 𝑁 is the number of points, 𝑌𝑟 ,𝑖 are the reference values, and 𝑌𝑎,𝑖 the
actual values.
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Table 5.2: 𝑔̄ and DM mixing parameters for PBE0 and HSE obtained with exciting and compared
with the corresponding VASP results from Ref. [106]. 𝛼PBE0DM and 𝛼HSEDM are evaluated with the DM
model of Ref. [106] (Eq: 2.34-2.35).

Material Si C GaAs MgO Ar Xe LiF ZnO
exciting

𝑔̄ [a−1/20 ] 1.0483 1.1900 1.1554 1.2677 1.3143 1.2102 1.3638 1.2939
𝛼PBE0
DM 0.1507 0.3072 0.2690 0.3931 0.4446 0.3295 0.4993 0.4220
𝛼HSE
DM 0.2799 0.3841 0.3549 0.4595 0.5120 0.4026 0.5742 0.4883

VASP
𝑔̄ [a−1/20 ] 0.9988 1.1173 1.0602 1.1689 1.3158 1.1823 1.3334 1.2729
𝛼PBE0
DM 0.096 0.227 0.163 0.284 0.446 0.299 0.466 0.399
𝛼HSE
DM 0.242 0.325 0.287 0.366 0.514 0.377 0.535 0.465

from those of Ref. [106] (see Table 5.2). The RMSE of 𝛼PBE0
DM is 0.07 while that of 𝛼HSE

DM is
0.05. These differences, in turn, are reflected in the energy gaps computed with 𝛼PBE0

DM

and 𝛼HSE
DM . In particular, the RMSE of the gaps is 0.5 eV for PBE0 and 0.3 eV for HSE (see

PBE0-DM and HSE-DM rows in Table 5.3). The discrepancy is to be attributed mainly
to the differences observed in 𝑔̄ , since the RMSE for PBE, PBE0, and HSE (both with
𝛼 = 0.25) gaps are only 0.04 eV, 0.05 eV, and 0.03 eV, respectively.

The differences observed between the exciting and VASP results are significant. How-
ever, by discussing with the authors of Ref. [106, 123], who in Ref. [123] computed 𝑔̄
with QE, we realized that there are also significant differences between the results of
VASP and QE. This means that the quantity 𝑔̄ is highly sensitive to the methodology
and the code used, and suggests to remodel the DM method for an all-electron code like
excitingṪhis is the subject of Appendix B.2.

5.3 Optimization of the implementation

For the study of medium to large systems, the implementation of hybrid functionals
has revealed some bottlenecks. After identifying them, Dmitrii Nabok applied a few
improvements to the code, which we tested. In particular, we modified the message-
passing interface (MPI) parallelization scheme and we reduced the memory consump-
tion by splitting the calculation of the NL potential (Eq. 3.23) into blocks.
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Table 5.3: Energy gaps calculated with different xc functionals and mixing parameters. The PBE0-
DM and HSE-DM gaps are evaluated using 𝛼PBE0DM and 𝛼HSEDM , respectively, given in Table 5.2. The
VASP values are from Ref. [106]. The last column shows the MAPE using the experimental gaps
as a reference. The indirect gaps obtained with exciting are evaluated using MLWF interpolation
for denser sampling of the reciprocal space.

Material Si C GaAs MgO Ar Xe LiF ZnO MAPE
Exp. 1.17 5.48 1.52 7.83 14.20 9.80 14.20 3.44 -

exciting
PBE 0.58 4.15 0.54 4.74 8.70 6.22 9.19 0.93 45.27
PBE0 1.79 6.06 1.98 7.22 11.14 8.13 12.27 3.28 19.81

PBE0-DM 1.29 6.50 2.10 8.70 13.06 8.74 15.42 5.03 19.02
HSE 1.14 5.30 1.45 6.48 10.36 7.40 11.52 2.59 15.32

HSE-DM 1.21 5.94 1.86 8.01 12.14 8.13 14.62 4.32 12.13
VASP

PBE 0.59 4.17 0.63 4.77 8.65 6.25 9.24 0.90 44.40
PBE0 1.78 6.06 2.09 7.27 11.06 8.10 12.26 3.26 20.72

PBE0-DM 1.07 5.92 1.56 7.67 12.98 8.48 14.99 4.90 11.41
HSE 1.16 5.33 1.47 6.53 10.31 7.39 11.53 2.57 14.94

HSE-DM 1.21 5.71 1.61 7.41 12.11 7.99 14.28 4.26 9.56

New MPI parallelization scheme

The NL exact exchange in Eq. 3.29 depends on both k and q-points. In exciting, this is
implemented as two loops, one over the symmetry-reduced k-points and the other over
the q-points. Up to exciting Nitrogen, the MPI processes were distributed only over
the reduced k-points, both in the NL potential and in the inner SCF cycle. The positive
aspect of this scheme is the low waste of computational resources due to the unifor-
mity of the parallelization, but the time spent in the inner SCF is negligible compared
to that needed for the NL potential. For this reason, we opted for a non-homogeneous
MPI parallelization, where the NL potential is evaluated by distributing each k-q pair to
different MPI processes.

Memory redistribution

For medium-large size systems, such as some of the materials studied in this work, the
large size of the MPB coefficients 𝑀 𝐼

𝑛𝑛′ and 𝑀̃ 𝐼
𝑛𝑛′ is a memory bottleneck. In exciting,

they are defined as complex arrays of sizeMPBs×𝑁occ×(𝑁occ+𝑁unocc), whereMPBs is the
size of the MPB. To overcome this problem, the sum over the occupied states in Eq. 3.29

75



can be split into different blocks and Eq. 3.29 can be rewritten as follows:

𝑉 NL
x,𝑛𝑛′(𝐤) = −

𝑁blk

∑
𝑏

𝑏Sb
∑

𝑛𝑏=1+(𝑏−1)Sb

BZ

∑
𝐪

∑
𝐼 𝐽
[𝑀̃ 𝐼

𝑛𝑛𝑏(k, q)]
∗𝑀̃ 𝐽

𝑛𝑏𝑛′(k, q). (5.3)

Here, 𝑁blk is the number of blocks of size 𝑆b, 𝑏 is the index of the block and 𝑛𝑏 is the
index of the occupied state within the block 𝑏. With this approach the size of the 𝑀̃ 𝐼

𝑛𝑛′

is reduced to MPBs × 𝑆b × (𝑁occ + 𝑁empty). To benefit from this method, one needs to
change the size of the blocks in the exciting input. Although this solves the memory
bottleneck problem, it is not optimal, since during the evaluation of theMBP coefficients,
some quantities related to the IPW are recomputed for each block. Therefore, for a large
number of blocks, a significant increase in computational time is observed.

Note that the performance of the new parallelization scheme and the block distribution
depend on the parameters and the system size, so benchmarks are always advisable. An
example of their performance for PbI2 is discussed in Appendix B.3.

5.4 Conclusions

The implementation of the HSE functional (Chapter 4) combined with the implemen-
tations discussed here, i.e. HYB+SOC, the DM method, and the code optimization, al-
lows the evaluation of the electronic structure of complex medium-size systems with
higher accuracy compared to local and semi-local functionals. An example is HaP, which
are characterized by large SOC effects. For this type of systems, the DM showed very
promising results, as we will discuss in Chapter. 6. The new MPI scheme turned out to
be very useful for speeding up the calculations, and the blocking method allows access
to the properties of medium-size systems at the hybrid level, which was not possible be-
fore. The largest system for which the implementations have been used so far is the 2D
perovskite BA2PbI4 consisting of 156 atoms [208]. In addition, HSE turned out to be an
excellent starting point for 𝐺0𝑊0 calculations of several semiconductors [209, 35, 210].

Besides the works cited here, the implementation of the HSE functional in exciting is
a great step forward for the advancement of the code, e.g., it served as a starting point
for the inclusion of hybrid functionals in real-time time-dependent DFT carried out by
Antonio Cillis during his master’s thesis [211]. Moreover, Fabian Nemitz is extending
the hybrid implementation to magnetic systems.
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CHAPTER6

Second variation with local orbitals

In materials with strong SOC, the conventional second variation ap-
proach exhibits poor efficiency because it requires a number of basis
functions comparable to the number of first variation KS wave func-
tions. Aiming to reduce the effort, together with Sven Lubeck, we de-
veloped and implemented in the exciting code a newmethod, named
second variation with local orbitals, which uses LO as explicit second
variation basis functions. In fact, SOC contributes mainly to the re-
gion around the nuclei. Hannah Kleine has extended the method to
relativistic LO. Part of the description follows Ref. [212] closely. The
chapter concludes with a brief discussion of ongoing projects related
to this work.

6.1 Introduction

The ultimate goal of this work is to study electronic excitations of HaP, where SOC is
of crucial importance. CsPbI3 and its precursor PbI2 show a slow convergence of the SV
method (discussed in Section 3.4.2) with respect to the number of KS wave functions.
The example of CsPbI3 is shown in Fig. 6.1, where the convergence of the total energy is
plotted with respect to the number of unoccupied KS states. For a clearer visualization,
the 𝑦-axis shows the energy difference Δ𝐸tot, which is obtained by subtracting the total
energy obtained with the NP treatment (Section 3.4.1) from the total energy calculated
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Figure 6.1: Convergence behavior of the total energy of the orthorhombic phase of CsPbI3 with
the number of unoccupied KS states (𝑁unocc) computed using the SV method. The 𝑦-axis shows
the difference to the reference energy computed with the NP treatment.

using SV and the number of unoccupied KS states given in the 𝑥-axis. Note that the
number of occupied states is fixed. Convergence is reached only when all empty KS
bands are included in the calculation. This slow convergence behavior also limits the
use of higher-level methodologies, e.g. hybrid functionals, 𝐺0𝑊0, and BSE, which also
require a significant number of unoccupied states, but hardly all the states available. The
poor efficiency of the SVmethod [213, 214] for this class of materials was the motivation
for the development of the SVLO method.

Another important aspect when considering SOCwithin the (L)APW+LOmethod is that
SR and fully relativistic orbitals have different asymptotic behavior at small distances
from the nuclei. The latter cannot be described in terms of SR functions [173, 213]. In
particular, SOC introduces a splitting within the 𝑝 states into 𝑝1/2 orbitals, whose radial
part diverges, and 𝑝3/2 orbitals, whose radial part goes to zero. Singh proposed to include
LO constructed using radial functions with 𝑙 = 1 and 𝑗 = 1/2 in the SV step [173], and
Kunes and coworkers applied it to study the electronic structure of fcc Th [215]. This
motivated the extension of the SVLO method to 𝑗-resolved LO, that we refered to as
Dirac type LO (Section 6.3), done by Hannah Kleine in her bachelor thesis [216]. In the
following, the SVLO approach is explained, and its performance is demonstrated and
validated via band structure and total energy calculations for Xe, MoS2, PbI2, 𝛾-CsPbI3,
and Bi2Te3. The implementation in the exciting code was done together with Sven
Lubeck, the validation was mainly done by me in collaboration with Hannah Kleine.
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6.2 Second variation with local orbitals as explicit basis functions

The SVLO method is an extension of the conventional SV approach (described in Sec-
tion 3.4.2). In this new approach, LO are used as explicit basis functions, and the SVLO
wave functions are expanded as follows:

𝜑SVLO𝑎k (r) =
2

∑
𝜎′=1

[

𝑁 SV
b

∑
𝑛′=1

𝐶k
𝑎𝑛′𝜎′ 𝜑̄

𝜎′FV
𝑛′k (r) +

𝑁LO

∑
𝜇=1

𝐶k
𝑎𝜇𝜎′𝜙

𝜎′
𝜇 (r)], (6.1)

where 𝜑̄𝜎′FV𝑛′k is a modified FV wave function defined as:

𝜑̄𝜎
′FV

𝑛′k (r) = ∑
G

𝑐k𝜎𝑛G𝜙
APW
G+k(r). (6.2)

Compared to Eq. 3.33, in Eq. 6.1 there is additionally a sum over the total number of LO,
therefore the number of the basis functions is given by:

𝑁 SVLO
b = 𝑁 SV

b + 𝑁LO = 𝑁occ + 𝑁unocc + 𝑁LO. (6.3)

Since𝑁occ and𝑁LO are predetermined,𝑁unocc is the only convergence parameter. Aminor
drawback of the SVLOmethod is that since the new basis functions are not orthonormal,
the overlap matrix must also be evaluated, and the generalized eigenvalue problemmust
be solved:

∑
𝜎′′𝑛′′

𝐻𝜎𝜎′
k𝑛′𝑛′′𝐶

k
𝑎𝑛′′𝜎′′ = 𝜀SV𝑎k ∑

𝜎′′𝑛′′
𝑆𝜎

′𝜎′′
k𝑛′𝑛′′𝐶

k
𝑎𝑛′′𝜎′′ . (6.4)

The SVLO method is computationally convenient if (𝑖) 𝑁 SVLO
b ≪ 𝑁 FV

b and (𝑖𝑖) when the
desired precision is achieved with a number of unoccupied states that, when added to
the number of LO, is smaller than the number of unoccupied states required to achieve
the same precision with the conventional SV method (𝑁 (SVLO)

unocc + 𝑁LO < 𝑁 (SV)
unocc).

6.3 Dirac type local orbitals

The LO that can be employed as explicit SV basis functions in Eq. 6.1 can be of different
types. The first consists of LO defined in Eq. 3.9-3.10, which we will refer to as SR-LO,
since the radial functions are solutions of the radial SR Schrödinger equation. The second
is referred to as Dirac-type LO since at least one of the radial functions is the solution of
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the radial Dirac equation. This accounts for the correct asymptotic behavior of the 𝑝1/2
orbitals at the atomic nuclei. In the case of Dirac-type LO, 𝑈𝜇 in Eq. 3.9 is defined as the
following linear combination:

𝑈Dirac
𝜇 (𝑟𝛼) = ∑

𝜉
𝑎𝜇𝜉𝑢𝜈𝛼𝜉𝑗𝑙(𝑟𝛼 ; 𝜀𝛼𝜉𝑗𝑙), (6.5)

where the radial functions and the energy parameters are 𝑗-resolved. Depending on the
purpose of the LO, the values of 𝑗 may be different or the same for different radial func-
tions. In exciting, the total angular momentum, 𝑗 , of the Dirac-type radial functions
is controlled by 𝑘, which is defined as

𝑘 = (𝑙 − 𝑗)(2𝑗 + 1). (6.6)

Overall, the relativistic effects are included only by modifying the radial functions, while
the spherical harmonics in Eq. 3.9 remain fixed. This is particularly convenient in terms
of implementation, but also provides flexibility, by allowing the inclusion of one or more
LO with the desired total angular momentum, going beyond what has been done be-
fore [215]. The same approach is used in Ref. [184]; more information can also be found
in the bachelor thesis of Hannah Kleine [216] and in Ref. [212].

6.4 Computational details

The set of five materials for testing the performance of the SVLO method includes sys-
tems with different electronic characters, dimensionality, atomic species, stoichiometry,
and degree of SOC. For all of them, the convergence behavior of the SV and SVLO meth-
ods is carefully monitored, and the effect of Dirac-type LO is investigated. To carry out
this analysis, the NP treatment from Ref. [184] is used as a reference. SR calculations
serve to evaluate the magnitude of the SOC effects. PBE is the xc functional adopted. SR
and SOC effects of valence and semi-core states are treated with ZORA [133, 134]. Core
states are computed by using the 4-component Dirac equation.

For all materials, the experimental lattice constants and atomic positions are used (see
Table 6.1). This table also lists the MT radii, the dimensionless parameters 𝑅min

MT𝐺max and
the k-meshes. They are chosen to meet a numerical precision of 10−2 eV/atom for the
total energies and of 10−2 eV for the energy gaps. The size of the FV basis functions
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(APW+LO) is given for each material in Table 6.2 together with the number of occupied
states treated as valence/semi-core states (𝑁occ).

Table 6.1: Space group, lattice constants, and convergence parameters used in the calculations.
The structural parameters are taken from the experimental references. Among the convergence
parameters, there are 𝑅min

MT 𝐺max, from which 𝐺max can be accessed, 𝑅MT for all species, and the
k-mesh. For MoS2, the first MT radius corresponds to Mo and the second to S.

Material Xe MoS2 PbI2 CsPbI3 Bi2Te3
Space group Fm3-m P-6m2 P-3m1 Pnma R-3m
𝑎 [Å] 6.20 3.16 4.56 8.86 10.44
𝑏 [Å] 6.20 3.16 4.56 8.57 10.44
𝑐 [Å] 6.20 15.88 6.99 12.47 10.44
Ref. [217], [201] [218] [219] [220] [221]
𝑅min
MT 𝐺max 8 8 8 9 10

𝑅MT [𝑎0] 3.00 2.30/2.05 2.90 2.90 2.80
k-mesh 4×4×4 6×6×1 6×6×4 3×3×2 6×6×6

Table 6.2: Basis-set sizes: 𝑁APW is the number of APW, and 𝑁LO (𝑁 1/2
LO) is the number of LO

functions for calculations without (with) Dirac-type LO. The last column shows the number of
occupied valence states 𝑁occ.

Material 𝑁APW 𝑁LO 𝑁 1/2
LO 𝑁occ

Xe 138 26 38 13
MoS2 939 35 - 13
PbI2 318 73 109 33
CsPbI3 3236 496 736 228
Bi2Te3 895 141 201 57

In the case of Bi2Te3, the band gapmoves away from high-symmetry points when consid-
ering SOC. To determine the position and the magnitude of the band gap, an additional
iteration with a 48×48×48 k-mesh is performed on top of the self-consistent NP calcu-
lation. The k points thus determined are then included in the band structure path from
which the final values are extracted.

All input and output files are available in the NOMAD Repository [222] at the following
link https://doi.org/10.17172/NOMAD/2023.06.06-1.
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6.5 Results

The first part of the results focuses on the performance of the SVLO method compared
to the conventional SV. In this part, the Dirac-type LO are omitted since they are the
focus of the second part. To distinguish between the sets of LO used in the two cases,
the first set is denoted as 𝑝 and the second as 𝑝1/2. During this work, the impact of
𝑝3/2-type LO was also examined. However, since their effect was of the order of 10−2 eV
or less, they are not included in the further analysis. In MoS2, where the VBM and the
conduction band minimum (CBm) exhibit dominant 𝑑 character [223], the influence of
𝑑3/2 and 𝑑5/2-type LO was also found to be negligible.

6.5.1 Performance of the SVLO method

For all investigated materials, we examine the convergence behavior of total energy and
the band gap with respect to the “reduced” number of basis functions, which is defined
for the SV and the SVLO methods as:

𝑁̃ SV(LO)
b =

⎧⎪⎪
⎨⎪⎪⎩

𝑁 (SV)
unocc SV

𝑁 (SVLO)
unocc + 𝑁LO SVLO.

(6.7)

These numbers differ from the total number of SV(LO) basis functions (Eq. 3.34-6.3) by
the number of the occupied states, which does not change when using the same core-
valence distribution. Since the number of LO basis functions is also fixed (see Table 6.2),
the increase in 𝑁̃ SV(LO)

b only corresponds to an increase in the number of unoccupied
bands. As the number of unoccupied states in Eq. 6.7 is different for the twomethods, we
distinguish them by the superscripts (SV) and (SVLO). The results are plotted in Fig. 6.2.
In the rest of the chapter, we will refer to 𝑁̃ SV(LO)

b as the number of basis functions. The
same analysis is also performed for selected SOC splittings, the only exception being
Bi2Te3 for whichwe analyze the transition energy between the highest VB and the lowest
CB at Γ (𝐸Γ).

The energy gaps computed with and without SOC and the SOC splittings are collected
in Tables 6.3 and 6.4, respectively. The results with SOC include both calculations with
pure SR-LO andwith LO sets including Dirac-type LO. Also in Fig. 6.3-6.9 the band struc-
tures are plotted for both LO sets.
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Figure 6.2: Convergence behavior of the total energy (𝐸tot) and several band energies with respect
to the number of basis functions used in the SV(LO) methods (𝑁̃ SV(LO)), employing the 𝑝-set of
LO. For all materials, the convergence is studied for the band gap 𝐸g and selected SOC splitting
𝛿SOC, the only exception being Bi2Te3, where the convergence is studied for 𝐸Γ instead of 𝛿SOC.
For PbI2, the energy difference 𝛿1SOC is also considered (here the SOC splitting is named 𝛿2SOC). The
selected SOC splittings are indicated in the band structure plots (Figs. 6.3-6.7). The 𝑦-axes show
the energy differences with the NP values as reference. Note the logarithmic scale. The vertical
lines indicate the number of LO basis functions (𝑝-set). The gray shaded areas serve to highlight
the points that are within the target precision (10−2 eV/atom for the total energy and 10−2 eV for
the other quantities). The values used to generate the plots are collected in Tables C.1-C.5.
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Table 6.3: Energy gaps (𝐸g) in eV of the considered materials computed with the SVLO method
for different sets of LO. For comparison, SR results are shown. Note that in Bi2Te3, SOC changes
not only the magnitude of the gap but also the position of the VBM and the CBm. Both are again
altered when Dirac-type LO are considered.

Method 𝐸g
Xe MoS2 PbI2 CsPbI3 Bi2Te3

SR 6.22 1.78 2.20 1.64 0.25 (Γ → Γ)
SVLO (𝑝) 5.79 1.71 1.66 0.82 0.10 (B→B)
SVLO (𝑝1/2) 5.79 - 1.40 0.55 0.03 (D→C)

Table 6.4: SOC splittings (𝛿SOC) in eV computed with the SVLO method for the 𝑝 and the 𝑝1/2
sets of LO. For Bi2Te3 the transition energy between the highest VB and the lowest CB at Γ (𝐸Γ)
is shown instead. The SR results are shown only for 𝛿1SOC of PbI2 and 𝐸Γ, the first in fact is not a
proper SOC splitting.

Method 𝛿SOC 𝐸Γ
Xe MoS2 PbI2 (𝛿1SOC) PbI2 (𝛿2SOC) CsPbI3 Bi2Te3

SR - - 0.94 - - 0.25
SVLO (𝑝) 1.30 0.15 1.25 0.63 0.71 0.58
SVLO (𝑝1/2) 1.40 - 1.45 0.68 0.76 0.69

Xe

Xenon is a material with a wide band gap and significant SOC effects, i.e., the band gap
closes by 0.43 eV due to the splitting of the triple degenerate (disregarding spin) VBM
into a single state and a double-degenerate state by about 1.30 eV (Fig. 6.3). Analyzing
the convergence behavior of the total energy, it can be observed that the values com-
puted by the SVLO method remain within a few 10−3 eV/atom when using a number of
basis functions comparable to the number of LO basis functions (i.e. 26). A convergent
value of the order of 10-6 eV/atom is achieved with only about 80 basis functions. In
contrast, the SV method requires all available FV states to reach only ∼7× 10−2 eV/atom.
For both the energy gap and the SOC splitting, the SVLO method already achieves an
accuracy of the order of 10−4 eV with a number of basis functions comparable to the
number of LO functions; with about 80 basis functions it is two orders of magnitude
better. In contrast, using all available FV-KS eigenstates, SV converges only within 10−3

eV and 10−2 eV for the energy gap and the SOC splitting, respectively. For production
calculations, a precision of 10−2 eV/atom for the total energy and 10−2 eV for energy
gaps and SOC splittings is often aimed for. Considering this target, the advantage of
the SVLO method is significant, in particular for the total energy. On the other hand,
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Figure 6.3: Xenon band structure computed with different methods and LO sets. The right panel
shows the zoom into the gray region where the SOC spitting occurs (𝛿SOC). The VBM is set to 0.

the SV method performs better than SVLO for reaching the target energy gap because
the number of basis functions needed is smaller than the number of LO. The SV requires
about 75 empty bands for the SOC splitting within the target precision.

This analysis shows that the SV and the SVLO methods do not converge to the same
value. This may seem counterintuitive, since if all available FV KS states are used as
basis functions, the two methods should be equivalent. The reason can be found in the
implementation of the SV method in the exciting code: while the APW basis set size
can be different at different k-points, in the SV method, the number of available KS
states is enforced to be the same at all k-points and corresponds to the smallest APW
basis set. To prove this, in Fig. 6.4 we show the same analysis as for Xenon in Fig. 6.2,
but for calculations performed using a single k-point. In this case, the SV and SVLO
methods achieve the same precision, i.e. about 10−6 eV, for all analyzed properties.

MoS2

MoS2 is a transition metal dichalcogenide (TMDC) and, being a candidate for many ap-
plications in optoelectronics [224, 225, 226, 227, 228, 229], one of the most studied 2D
materials. SOC is responsible for the formation of valley excitons, which makes it suit-
able for spintronic applications [230, 231]. A reduction of its energy gap by only 0.07
eV is caused by the SOC splitting of the VBM at K (Fig. 6.5). Although quite small, i.e.
0.15 eV, it is fundamental, since being considered or not can change the gap from di-
rect to indirect or vice-versa [210]. For example, when computing the gap in the PBE
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Figure 6.4: Same as Fig. 6.2 for Xe and for calculations with 1 k-point. The data used for the
plots are in Table C.6.

geometry, an unphysical band gap between the high symmetry points Γ → K is pre-
dicted with PBE and LDA without SOC. When SOC is included the correct direct gap
is obtained [232, 210]. On the other hand, in Ref. [210] we show that for the geometry
optimized with HSE, G0W0@LDA predicts the correct direct band gap at K, which be-
comes between Q → K when SOC is considered. This happens because at Q the lowest
CB also splits (this splitting is not analyzed here). The splitting at the VBM is also crucial
for the optical spectra [233, 234, 231]. Regarding the convergence behavior, in Fig. 6.2
a small improvement of the SVLO method over the SV method is observed for the total
energy, i.e. the SVLO method achieves a precision of the order of 10−3 with about 40 ba-
sis functions, while the SV does not go below 10−2 eV/atom for the same number of basis
functions. For the energy gap and the SOC splitting, the two methods are comparable,
reaching a precision of about 10−4 eV with only a few basis functions.

PbI2

PbI2 is a semiconductor with hexagonal symmetry, which is mainly used for X-ray and
𝛾-ray detectors [235, 236, 237, 238]. It is the precursor of lead-iodide based HaP that are
the focus of this work. Like in these materials, the SOC effects in PbI2 are massive: The
calculations performed for the 𝑝-set of LO show that the band gap is reduced by 0.54 eV
when SOC is applied, and the two-fold degenerate (disregarding spin) second CB splits
by 𝛿2SOC= 0.63 eV (Fig. 6.6). In addition, the distance between the CBm and the second
CB, which we refer to as 𝛿1SOC for convenience, increases by 0.31 eV. In this case, the
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Figure 6.5: Band structure of MoS2 with and without SOC. The SOC is computed using the SVLO
method and with SR LO. The SOC splitting is highlighted in the right panel and the Fermi energy
is at 0 eV.

advantages of the SVLO method over SV are significant: With a number of basis func-
tions comparable to the number of LO functions (i.e. 73), the SVLO method achieves the
target precision for all quantities considered. In contrast, the SV method needs basically
all empty states (i.e. ∼375) to reach the target precision for the total energy, ∼225 empty
bands for the energy gap, and ∼150 for 𝛿1SOC. For 𝛿2SOC only ∼10 empty states are neces-
sary. Both approaches eventually converge to comparable precision. The only exception
is the total energy, for which the SV method converges to a precision of the order of 10−2

eV/atom and the SVLO method converges to a precision of the order of 10−5 eV/atom.

CsPbI3

CsPbI3 is a widely studied inorganic HaP which, together with PbI2, is one of the mate-
rials discussed in Chapter 7. Here, it is considered in its orthorhombic phase (𝛾-phase),
which contains 20 atoms. It is the largest system studied in this chapter (see Table 6.2).
It consists of three heavy elements that lead to massive SOC effects: The band gap de-
creases from 1.64 eV to 0.82 eV, and two-fold degenerate (disregarding spin) CBm un-
dergoes a splitting of 0.71 eV (Fig. 6.7). Although SV and SVLO converge to a compa-
rable precision, the computational effort required for the two approaches is remarkably
different. For example, considering the total energy, the SV method needs nearly all
available KS basis functions (i.e. ∼3600) to achieve convergence, while the SVLO con-
verges with only a few unoccupied KS bands in addition to the 496 LO functions. In
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Figure 6.6: Same as Fig. 6.3, but for PbI2. On the right, both 𝛿1SOC and 𝛿2SOC are shown.

this case, the computational cost of the SV method is worse than that of the NP treat-
ment: As discussed in Section 3.4.2, due to the initial FV step, the SV procedure scales
as (𝑁 FV

b )3 + (2𝑁 SV
b )3. Here 𝑁 FV

b ≈ 𝑁 SV
b , so SV scales as 9(𝑁 FV

b )3, while the NP method
scales as 8(𝑁 FV

b )3 (see Section 3.4.1). In contrast, the SVLO Hamiltonian has a size of
∼ 1500 × 1500 (considering also the 228 occupied states), so the diagonalization of the
FV step is the computationally most expensive part of the calculation (FV Hamiltonian
size of ∼ 3800 × 3800). Moreover, by comparing the time to solve the FV and SVLO
eigenvalue problems, with the time to solve the NP eigenvalue problem we observed an
improvement in computational time of a factor of 3.6.

Considering the other quantities, SV achieves the target precision for the energy gap
with about twice the number of basis functions compared to the SVLO method, and for
the SOC splitting with a comparable amount.

Bi2Te3

Bi2Te3, is a topological insulator with a single Dirac cone at Γ [239, 240]. It is known
as an efficient thermoelectric material [214, 241]. At the DFT level, strong SOC effects
shift the fundamental band gap from Γ to off-symmetry points, which are located in the
mirror plane of the first BZ, i.e. the red plane in Fig. 6.8. The same figure also shows the
atomic structure.

The VBM and CBm positions are highly sensitive to the structural details and the choice
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Figure 6.7: Same as Fig. 6.3 but for CsPbI3.
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Figure 6.8: a) Brillouin zone of the rhombohedral Bi2Te3 structure shown on the right. The mirror
plane containing the out-of-symmetry points where the band gap is located when SOC is considered
is indicated in red. All the reciprocal space points displayed are used in the band structure of the
Bi2Te3 in Fig. 6.9. b) Crystal structure with R-3m symmetry formed by Bi (purple) and two
chemically non-equivalent Te atoms (Te1 orange, Te2 gold). The quintuple layer composed of Te-
Bi-Te-Bi-Te sheets repeating along the z-direction is highlighted.
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of the xc functional, hence controversial results exist in the literature. For an overview
of this diversity, see Ref. [242]. When using more accurate methods, such as the 𝐺0𝑊0

approximation, the discrepancies even increase [243, 189]. Because of all these aspects,
Bi2Te3 is particularly computationally challenging.

When considering SOC (without Dirac-type LO), the direct band gap at Γ of 0.25 eV is
reduced by 0.15 eV and shifts to B=(0.67, 0.58, 0.58), which appears six-fold in the BZ.This
result is comparable to those of Ref. [244] and Ref. [214]. In the former, a direct band gap
of 0.13 eV at (0.667,0.571, 0.571) was found, while in the latter, the computed gap of 0.11
eV is indirect. However, the locations of the VBM, (0.652, 0.579, 0.579), and that of the
CBm, (0.663, 0.568, 0.568), are very close to each other. The differences can be attributed
to the use of different k-grids and crystal structures: Here we use 𝑎 = 10.44 Å and
𝜃 = 24.27◦ [221], while Refs. [214, 244] use the experimental structure with 𝑎 = 10.48
Å and 𝜃 = 24.16◦.

From Fig. 6.2 it is evident that for Bi2Te3 the SVLO method has clear advantages over
the conventional SV method. The latter reaches the target precision for the total energy
only with basically all available FV KS states (i.e. ∼1000). In contrast, SVLO requires
a basis set size comparable to the number of LO (i.e. 141). The SVLO method reaches
convergence, which is of the order of 10−4 eV/atom, with about 250 additional KS states.
As for the other materials, the electronic structure obtained by SV reaches the targeted
precision faster than the total energy, but it remains inferior to SVLO: For a precision of
10−2 eV, the gap needs about twice the number of SVLO basis functions (not including
the occupied states); for 𝐸Γ the basis-set size must be further doubled. Furthermore, the
SVLO band gap converges to a precision of ∼ 10−5 eV, while the SV gap cannot go below
10−4 eV. Both methods reach a convergence of the order of 10−4 eV for 𝐸Γ.

6.5.2 Effects of 𝑝1/2 LO within the SVLO method

The focus of this section is to highlight the importance of Dirac-type LO and to investi-
gate the efficiency of the SVLO method when including them as explicit basis functions.
The results are generated by adding two 𝑝1/2-type LO for each 𝑝 state to the SR LO set.
The 𝑝 character gives rise to three degenerate basis functions for each LO (see Table 6.2).
The convergence behavior of the SVLO method with the 𝑝1/2- set of LO is collected in
Fig. 6.10, where the SVLO(𝑝) results are shown for direct comparison. The band gaps and
SOC splittings are given in Table 6.3 and 6.4, respectively, also for SVLO(𝑝1/2). MoS2 is
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Figure 6.9: Band structures of Bi2Te3 computed with and without SOC. The SOC results are
obtained using the SVLO method with different LO sets. The plot on the left (middle), shows
the SR (SVLO) band structure along the path including the high symmetry points U (0.823,0.339,
0.339), Z (0.5,0.5,0.5), F (0.5,0.5,0.0), L (0.5,0.0,0.0), and Γ. The coordinates of the points A, B,
C, and D are given in the text. The panel on the right zooms into the region of the band edges
and shows the direct (indirect) band gap computed with 𝑝 (𝑝1/2). The zero energy is at the center
of the band gap.

not discussed, since the effects of Dirac-type LO were found to be negligible.

Xe

In Xenon, the Dirac-type LO turn out to be significant for the SOC splitting, which in-
creases by 0.1 eV. In contrast, their effect on the energy gap is negligible (see Fig. 6.3). All
the analyzed quantities reach the targeted precision with a few empty states in addition
to the LO basis functions (in this case, they are only 12 more with respect to the 𝑝-set).
The convergence behavior of the energy gap and the SOC splitting is comparable to that
of the SVLO method with SR LO. However, in contrast to the 𝑝-set, where convergence
within 10−6 eV/atom can be reached, the 𝑝1/2-set only reaches values of ∼ 10−4 eV/atom.
We attribute this finding to the different species files used.

PbI2

For this material, 𝑝1/2-type LO are crucial for an accurate description of the electronic
structure. Here four of them have been added for each species, for a total of 36 LO ba-
sis functions (see Table 6.2). They reduce the energy gap by 0.26 eV and increase 𝛿1SOC
by 0.20 eV and 𝛿2SOC by 0.05 eV. The convergence behavior with 𝑝1/2-type LO is overall
comparable to that with SR LO. Note that the two curves appear to be shifted by these
36 additional basis functions. Although this number is considerable for such a system,
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Figure 6.10: Comparison between the convergence behavior of the SVLO method when employing
the 𝑝-set (blue symbols) and the 𝑝1/2-set (red symbols) of LO. The figure utilizes the same design
as Fig. 6.2. The values used to generate the plots are collected in Tables C.1-C.5.

the method behaves the same and is highly efficient compared to SV.

CsPbI3

As expected, also in CsPbI3, Dirac-type LO are essential to describe the SOC effects prop-
erly. Adding a total of 240 LO reduces the gap by 0.27 eV and increases the SOC splitting
by 0.05 eV (Fig. 6.7). In terms of computational resources, the additional number of LO
is a tiny overhead for the system size (i.e. 3236 APW and 736 LO functions). The con-
vergence behavior of the SVLO method with SR and Dirac-type LO is comparable.
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Bi2Te3

While in the examples discussed above, the Dirac-type LO cause rigid shifts of some
bands, in Bi2Te3 their inclusion leads to major changes in the whole band structure (see
Fig. 6.9). By adding the 𝑝1/2-type LO for a total of 60 basis functions, the gap becomes
indirect and reduces to 0.03 eV. In the right panel of Fig. 6.9, one can observe that the VB
is lowered at B and raised at D=(0.52, 0.35, 0.35), which is the new VBM location. The CB
is not altered at B but is lowered at C=(0.65, 0.54, 0.54). This is the approximate location
of the CBm. Note that the resolution is limited by the 48×48×48 k-mesh. Points C and D
are six-fold degenerate. D is located between Γ and A=(0.64, 0.43, 0.43), the latter being
located on the path between 𝑍 and 𝑈 (Fig. 6.8). C and B are near Z → F. The band gaps
obtained by Larson [245] and Huang and coworkers [244] when including 𝑝1/2-type LO
are 0.05 eV and 0.07 eV, respectively. The position of the band extrema differs slightly
between the three works; ours agrees better with that of Larson [245]. One thing that
does not change with the addition of Dirac-type LO is the hump at Γ that appears when
SOC is included. This feature is a consequence of the band-inversion characteristic of
Bi2Te3[239, 242]. Interestingly, unlike similar topological insulators, the hump is main-
tained in spinor 𝐺𝑊 calculations, even those that include the off-diagonal elements of
the self-energy, although the band dispersion is strongly altered [189]. Again, the con-
vergence behavior is comparable to that of the SVLO method with SR LO.

6.6 Related topics

As mentioned above, the large number of unoccupied states needed in the SV procedure
also limits the performance of calculations that use DFT results as a starting point. In
the context of hybrid functionals and 𝐺0𝑊0, the problem arises when the NL quantities
require a number of occupied states that is much smaller than the number of unoccu-
pied states essential for the SV step. This computational overhead did not hamper the
calculations for the materials studied in this thesis.

The case of BSE is different. As part of this work, we tested the implementation of
BSE with SOC, in order to use it for the calculation of optical spectra of HaP. The tests
performed on MoS2 are shown in Appendix C.2.1 and show an enormous rise in com-
putational time when SOC is considered, which gets notably worse as the number of
unoccupied states increases. Since only a few empty states are necessary to accurately
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compute SOC effects in TMDC, such calculations are still feasible [231]. This is currently
not the case for HaP. These tests also serve as a starting point for extending the SVLO
method to the BSE. The Appendix C.3 contains more information about the current sta-
tus of the extension of the SVLO in BSE.

6.7 Conclusions

The results presented in this chapter show that the SVLO method in combination with
Dirac-type LO, allows us to obtain fast convergence and highly precise results, e.g. band
gaps on the order of 10−4 eV or even better. Band energies and total energies can be ob-
tained within a target precision of 10−2 eV or 10−2 eV/atom, respectively, with a number
of basis functions that is comparable to the number of occupied states plus the LO func-
tions. The use of the SVLO method is most efficient when the SOC effects are strong. In
these cases, the contributions of 𝑝1/2-type LO are also found to be significant. The overall
gain of our method becomes more pronounced as the system size increases. This work
contributes to obtaining highly accurate electronic properties at the DFT level, which
can also be used as a starting point for higher-level methods.

Note that the work discussed in Chapters 6 and part of the work in 7) was carried out
prior to the implementation of the SVLOmethod and the Dirac-type LO. For this reason,
these parts and also Ref. [208] do not use them. Furthermore, the method is not yet im-
plemented for ground-state calculations with hybrid functionals and 𝐺0𝑊0 calculations.
Such enhancements would be essential to obtain accurate results for many materials,
including HaP.
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CHAPTER7

Electronic structure of 3D lead-iodide perovskites:
impact of functionals

In this chapter, we present the work on 3D HaP, which has been published in
Ref. [35]. The goal is to find the best methodology, in terms of accuracy and
computational effort, for calculating the energy gaps of 3D lead-iodide per-
ovskite compounds. The hybrid functionals PBE0 and HSE are at the center of
the investigation. Emphasis is placed on tuning methods to determine their
optimal parameters and on their performance as starting points for 𝐺0𝑊0 cal-
culations. SOC effects are considered. An extensive study is carried out on
PbI2, which is the precursor of lead-iodide perovskites. HSE tuned with the
density-based mixing method is found to be the most suitable choice to obtain
energy gaps comparable with one-shot 𝐺𝑊 results. In the absence of tuning
methods, HSE proved to be a good starting point for these calculations. The
results obtained for PbI2 are shown to be transferable to CsPbI3, and the same
behavior is expected for the entire family of 3D lead-iodide perovskites. The
discussion closely follows that in Ref. [35].

7.1 Introduction

The complexity of HaP (see Chapter 1) raises the need to find accurate yet computa-
tionally efficient computational approaches with high predictive power. The lack of
predictive power in the calculation of the band gap of PbI2 is highlighted in Fig. 7.1. The
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Figure 7.1: Energy gaps of PbI2 computed with different methodologies, plotted as a function of
the mixing parameter 𝛼. The results include calculations performed with semi-local and hybrid
functionals as well as 𝐺0𝑊0 calculations with different starting points. The darker symbols indicate
the inclusion of SOC effects. The light blue region indicates the range of experimental values (Refs.
[246, 247]). The exciting results are marked with stars, and the others are collected from the
literature [248, 249, 250, 251, 252, 253, 254]. See Fig. D.1 for more details about the references.

collected values, which include values from literature [248, 249, 250, 251, 252, 253, 254]
as well as our calculations, are spread over a ∼ 2 eV range that is far from being accept-
able. The collection includes results that consider SOC, which significantly lowers the
gap [255]. The calculations performed with LDA and PBE underestimate the gap by ∼ 1
eV when SOC is included. On the 𝑥-axis is the mixing parameter 𝛼 of the hybrid func-
tionals PBE0 and HSE. For these methods, as well as for the 𝐺0𝑊0 results, several points
are within the experimental region or only a few ten meV above or below. A similar
scenario is expected for HaP.

In the context of finding a reliable method for calculating the electronic structure of HaP,
there are other works in the literature. Among them, some use HSE [256, 257] or ex-
plore methods to tune the parameters of the hybrid functionals [258, 259]. Others utilize
the more expensive GWA [260, 261, 38, 36]. Here, we aim to provide insight into the
performance of different methods, e.g. DFT and 𝐺0𝑊0, and determine an ab initio proce-
dure to accurately compute the band gaps of lead-iodide perovskites and their precursor
PbI2. In particular, we apply the ab initio DDH and DMmethods (Section 2.2.3.3), to find
an optimal and transferable mixing parameter 𝛼 for the two functionals. Furthermore,
we investigate the dependence of 𝐺0𝑊0 on different parameterizations used for the DFT
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starting points. PbI2 is used as a testbed for the most expensive calculations. An impor-
tant aspect of this study is the transferability of the methods from PbI2 to the perovskite
systems.

The computational details are given in Appendix D.2. All input and output files are
available in the NOMAD Repository [222] and can be downloaded from the following
link https://doi.org/10.17172/NOMAD/2021.10.26-1.

7.2 Systems under investigation

Among the systems studied are CsPbI3 in its orthorhombic (𝛾-phase) and cubic (𝛼-phase)
phases, cubic MAPbI3 (𝛼-phase), and bulk PbI2 (Fig. 7.2). The symmetry groups of 𝛾-
CsPbI3 and PbI2 are Pnma and P-3m1 (also listed in Table 6.1), that of 𝛼-CsPbI3 and
𝛼-MAPbI3 is Pm-3m. These four materials can be used to study various aspects, such
as the role of the organic/inorganic cation and that of the crystalline structure. Over-
all, it is known that the states in the proximity of the band gap come from the Pb and
I ions [262], while the cation has only an indirect influence on them, mainly stabilizing
the crystalline structure [9]. This justifies the use of the precursor PbI2 as a testbed. In
addition, it is known that the higher symmetry of the 𝛼-phase (high temperature phase)
of HaP is obtained as the average of the octahedral tilts. Therefore, for a good theoretical
description without the explicit consideration of dynamical effects, it is convenient to
consider the less symmetric 𝛾-phase for comparison with experimental data [263, 220].
The 𝛼-CsPbI3 and 𝛼-MAPbI3 are only used to investigate the effects of the crystal sym-
metry and the A-cation (i.e. Cs or MA). For simplicity, we will refer to the group of
perovskite systems investigated as APbI3.

7.3 Results and discussion

7.3.1 Electronic structure of APbI3 and PbI2

In this section, the electronic structure of APbI3 and PbI2 is investigated using DFT and
𝐺0𝑊0 for the default hybrid functional parameters (𝛼 = 0.25 and 𝜔 = 0.11 𝑎−10 ).

PBE results and SOC effects

In Table 7.1, the fundamental band gaps computed with PBE and PBE+SOC are given. As
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Figure 7.2: Unit cells of PbI2, 𝛾-CsPbI3, 𝛼-CsPbI3 and 𝛼-MAPbI3. Note that two orientations are
shown for PbI2 and 𝛾-CsPbI3.

discussed in Chapter 6, PbI2 and 𝛾-CsPbI3 have massive SOC effects. Due to the presence
of lead and iodine, the same is expected for 𝛼-CsPbI3 and 𝛼-MAPbI3. Indeed, the band
gap reduction due to SOC ranges from 0.69 eV in PbI2 to 1.13 eV in 𝛼-CsPbI3.

At the time of performing these calculations, the Dirac-type LO were not yet imple-
mented in the exciting code and are therefore not included here. They have charac-
teristics that cannot be reproduced by SR LO. In addition, without their inclusion, the
LO sets cannot reach full convergence, and thus the PBE+SOC values in Table 7.1 differ
from those in Table 6.3, even from those considering only SR LO. Note that they are ob-
tained with different species files. In the present case, the values are much closer to the
𝑝1/2 results: The gaps of PbI2 and 𝛾-CsPbI3 are 110 meV and 80 meV larger, respectively.
In Table 6.3, the difference between the 𝑝 and 𝑝1/2 sets was 260 meV and 270 meV for
PbI2 and 𝛾-CsPbI3, respectively. The better agreement observed here is partly due to
the treatment of the semi-core states as core states, for which the 4-component Dirac
equation is solved, whereas in the 𝑝-set of Table 6.3 some of the semi-core states were
treated as valence states.
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Table 7.1: Band gaps in eV of PbI2, 𝛾-CsPbI3, 𝛼-CsPbI3, and 𝛼-MAPbI3, calculated with different
functionals and 𝐺0𝑊0 with different starting points. Results include calculations with and without
SOC.

PbI2 𝛾-CsPbI3 𝛼-CsPbI3 𝛼-MAPbI3
Exp. 2.55𝑎), 2.485𝑏) 1.73𝑐),1.67𝑑) - 1.69𝑒)
PBE 2.20 1.58 1.31 1.35
PBE+SOC 1.51 0.63 0.18 0.28
PBE0 3.54 2.75 2.32 -
PBE0+SOC 2.92 1.86 1.27 -
HSE 2.89 2.13 1.75 -
HSE+SOC 2.26 1.25 0.70 -
𝐺0𝑊0@PBE 2.96 2.17 1.98 -
𝐺0𝑊0@PBE+SOC 2.35 1.32 0.94 -
𝐺0𝑊0@PBE0 3.56 2.84 - -
𝐺0𝑊0@PBE0+SOC 2.99 1.99 - -
𝐺0𝑊0@HSE 3.32 2.54 - -
𝐺0𝑊0@HSE+SOC 2.76 1.72 - -

𝑎) Ref. [246] 𝑏) Ref. [247] 𝑐) Refs. [264, 265] 𝑑) Ref. [266] 𝑒) Ref. [267]

The band gaps collected in Table 7.1 clearly show their sensitivity to the crystal sym-
metry, and thus to the octahedral tilts. Indeed, the band gap of 𝛾-CsPbI3 with (without)
SOC is 0.45 eV (0.27 eV) larger than that of 𝛼-CsPbI3, while that of 𝛼-MAPbI3 is only 0.10
eV (0.04 eV) larger. Considering that there is a difference of ∼0.01 Å between the Pb-I
bond in the 𝛼-CsPbI3 and 𝛼-MAPbI3 structures, these results also show that the cation
(Cs+ or MA) has a less critical effect on the gap.

The band structures of the four systems are shown in Fig. 7.3. The minimal difference
between the two cubic structures is also evident from the bands. Their energy gap is
located at R, and the CBm (disregarding spin), which is triple degenerate, splits into a
single and a double degenerate state when SOC is considered. Also in CsPbI3 the CBm
splits, resulting in the reduction of the gap. Instead in PbI2, as discussed in Chapter 6,
the splitting occurs in the second empty band. In the 𝛾-phase, SOC is also responsible
for modifying the order of the unoccupied states at Γ. These results confirm that SOC
is of critical importance. Because of this, SOC is always considered in the following
discussion, unless otherwise specified.

In the atom-resolved DOS in Fig. 7.4 it can be observed that in all four materials, the VBM
is dominated by iodine states and the CBm mainly by lead states, with iodine also con-
tributing significantly. In addition, the contributions of the organic/inorganic cations
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Figure 7.3: Band structures PbI2 (upper left), 𝛾-CsPbI3 (upper right), 𝛼-CsPbI3 (lower left) and
𝛼-MAPbI3, plotted along selected high-symmetry paths. The black lines correspond to PBE and
the red lines to PBE+SOC calculations. The zero energy matches the VBM.
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Figure 7.4: Atom-resolved density of states of the four systems computed with PBE+SOC. In the
case of 𝛼-MAPbI3, the DOS is resolved for the entire MA molecule. The VBM are aligned at 0 eV
and the vertical dashed lines indicate the band gap.
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Figure 7.5: KS states of the four materials at the VBM and CBm.

are located in regions far from the gap. The KS wave functions in Fig. 7.5 confirm that
the main contribution at the VBM (CBm) comes from iodine (lead) and have 𝑝-character.
Note that in the CBm of the APbI3 system, the orbitals do not display the typical 𝑝-orbital
shape but rather that of relativistic 𝑝1/2 states [268]. This is a consequence of the split-
ting due to SOC. As an additional proof of the 𝑝-character of the orbitals at the VBM
and CBm, Fig. D.2 shows the orbital-resolved DOS. This analysis emphasizes a similar
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composition of the band-edge states in PbI2 and APbI3, which justifies the use of PbI2 as
a testbed for exploring different methodologies. Moreover, since the A cation has only
little effect on the gap, that of MAPbI3 is not evaluated by other methods.

Hybrid functionals and one-shot 𝐺𝑊

Considering the gaps computed with PBE0, HSE, and 𝐺0𝑊0 on top of different DFT start-
ing points, i.e. PBE, PBE0, and HSE, it can be observed that the effect of SOC is massive
with all methods (Table 7.1). The amount by which SOC lowers the gaps varies within
0.15 eV comparing all the methods. In particular, in PbI2 the reduction ranges from 0.56
eV to 0.69 eV, in 𝛾-CsPbI3 from 0.82 eV to 0.95 eV and in 𝛼-CsPbI3 from 1.04 eV to 1.13
eV.

The results for 𝛼-CsPbI3 support the choice of using the 𝛾-phase for comparison with
experiment. Even using 𝐺0𝑊0@PBE+SOC, the experimental gap is underestimated by a
huge amount, i.e. 0.73 eV (44%). In the case of 𝛾-CsPbI3, the underestimation amounts
to 0.35 eV (21%). Comparing all the methods in combination with SOC, 𝐺0𝑊0@HSE is
considered the best, with a value of 1.72 eV, which lies within the experimental range.
Furthermore, PBE0 overestimates the gap by only 0.13 eV (7%), while HSE underesti-
mates it by 0.42 eV (25%). 𝐺0𝑊0@PBE0 overestimates it slightly more than PBE0, i.e. by
0.26 eV (15%).

For PbI2, the gap of 2.35 eV obtained by 𝐺0𝑊0@PBE is closest to experiment, thus un-
derestimating the experimental gap by 0.135 eV (5%). HSE and 𝐺0𝑊0@HSE also perform
well with values that are only 0.225 eV (9%) too low and 0.21 eV (8%) too high, respec-
tively. The overestimation of PBE0 amounts to 0.37 eV (14%). Again, the difference
between PBE0 and 𝐺0𝑊0@PBE0 is minimal, i.e. 𝐺0𝑊0@PBE0 overestimates the gap by
additional 0.07 eV. It should be emphasized that the comparison between experimental
and calculated values is subject to some uncertainties due to, for example, the crystal
structure, the presence of defects or thermal effects, and the SOC treatment. Moreover,
the gap does not include the zero point renormalization energy due to electron-phonon
coupling [269, 270]. Note that the focus of this work is also on the comparison between
different computational methods. For example, from Fig. 7.6, where the energy gaps
from Table 7.1 are plotted as a function 𝛼, it is clear that there is a similar trend in the
two materials. These observations provide a first evidence of the transferability of the
methods within the materials under investigation.
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Figure 7.6: Energy gaps of PbI2 (left) and 𝛾-CsPbI3 (right) evaluated with different methods and
plotted as a function of 𝛼. The values are those from Table D.1 which include SOC. The dashed
lines show the linear behavior of the gaps as 𝛼 increases.

In summary, 𝐺0𝑊0@HSE appears overall to perform well for both materials. However,
it is computationally highly demanding, which leads us to explore methods to tune the
parameters of PBE0 and HSE to avoid 𝐺𝑊 calculations on top.

7.3.2 Mixing parameters for PBE0 and HSE

This section is dedicated to the performance of the DDH and the DMmethods for tuning
the mixing parameters of PBE0 and HSE when applied to APbI3 and PbI2.

Dielectric dependent hybrid method

The key quantity of the DDH method is the electronic dielectric constant 𝜀∞. The RPA
on top of PBE and including LFE gives a good estimate for this, as discussed in Sec-
tion 2.2.3.3. For HaP and their precursors, where SOC effects are crucial for describing
their electronic properties, it is important to investigate the effect of SOC also in the
dielectric response. However, since RPA calculations with SOC are computationally
highly demanding for complex materials such as HaP, we have mimicked the SOC effect
with a scissors operator, taking the difference between the energy gaps obtained with
PBE+SOC and PBE as the scissors shift. Thismay be seen as a rough approximation, since
it only takes into account the closure of the gap without considering the other effects on

105



the band structure. To justify the use of the scissors shift within the DDH method, we
first test its validity within the IPA. In particular, we compare the dielectric constants,
the mixing parameters obtained with the DDH method, and the corresponding band
gaps obtained by PBE+SOC and PBE+scissors. The results are shown in Table 7.2. For
PbI2, the dielectric constants computed with the two starting points differ only by an
amount small enough to lead to the same value for the optimized mixing parameter and
thus for the energy gap. In the HaP, on the other hand, the use of a scissors shift leads
to a larger change in the dielectric constant, but the differences in the mixing parameter
𝛼 and in the energy gaps remain small for all the HaP, i.e., 𝛼 being 0.01 larger when
SOC is explicitly considered and the gap increases within 0.05 eV for both 𝛾-CsPbI3 and
𝛼-CsPbI3. Thus, it can be concluded that the scissors operator is legitimate for the deter-
mination of the mixing parameter. Our analysis also shows that SOC is important for
the DDH method: The gaps obtained using IPA@PBE are about 0.12-0.17 eV larger than
that obtained using IPA@PBE+SOC.

For PbI2, the energy gap obtained with PBE0-DDH, using RPA@PBE+scissors to evalu-
ate the dielectric response, is equal to that computed with 𝐺0𝑊0@PBE (5% lower than
the experimental references) and thus improves over PBE0 (overestimation of 14%). Also
for 𝛾-CsPbI3, the gap obtained with PBE0-DDH is comparable to that of 𝐺0𝑊0@PBE, the
difference being within 0.05 eV. In this case, however, PBE0 performs better, overesti-
mating the gap by only 7%, while PBE0-DDH overestimates it by 18%.

Also in this case the effect of the cation on the dielectric response (RPA@PBE+scissors)
and thus on the mixing parameter, is sufficiently small. Interestingly, the structure also
has only a small effect on it, in fact the mixing parameter ranges from 0.12 for 𝛼-CsPbI3
to 0.15 for PbI2 and 𝛾-CsPbI3. Using the mixing parameter obtained for PbI2, i.e. 𝛼=0.15,
for the APbI3 systems, it can be observed that there is no difference for 𝛾-CsPbI3, since
PBE0-DDH leads to the same mixing parameter, while for 𝛼-CsPbI3 the gap increases
by only 0.13 eV compared to that obtained by applying PBE0-DDH (see Table 7.2). For
𝛼-MAPbI3, an even smaller change of the gap is expected, since the obtained mixing pa-
rameter is closer to that of PbI2.

Density-based mixing method

First, the effect of SOC on 𝑔̄ is studied and found to be negligible (Table 7.3). This can be
explained by the fact that the main effect of SOC is in the conduction bands.
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Table 7.2: Dielectric constants, 𝜀∞, mixing parameters obtained by the DDH method (𝛼 = 1/𝜖∞),
and corresponding PBE0 and 𝐺𝑊@PBE0 gaps (in eV) obtained from different methods. The values
marked by ⟂ are explicitly computed with the procedure described in Section D.2, all the other
values result from the linear fits shown in Fig. D.3.

Material Method 𝜀∞ 𝛼 PBE0(𝛼) 𝐺0𝑊0@PBE0(𝛼)

PbI2

IPA@PBE 7.31 0.14 2.30 2.71
IPA@PBE+SOC 8.27 0.12 2.18 2.66
IPA@PBE+scissors 8.46 0.12 2.18 2.66
RPA@PBE 5.74 0.17 2.47 2.79
RPA@PBE+scissors 6.88 0.15 2.35⟂ 2.76⟂

𝛾-CsPbI3

IPA@PBE 6.02 0.17 1.47 1.82
IPA@PBE+SOC 7.10 0.14 1.32 1.73
IPA@PBE+scissors 7.69 0.13 1.27 1.70
RPA@PBE 5.13 0.19 1.56 1.88
RPA@PBE+scissors 6.46 0.15 1.37 1.76

𝛼-CsPbI3

IPA@PBE 6.43 0.15 0.83 -
IPA@PBE+SOC 9.07 0.11 0.66 -
IPA@PBE+scissors 9.77 0.10 0.62 -
RPA@PBE 5.57 0.18 0.96 -
RPA@PBE+scissors 8.38 0.12 0.70 -

𝛼-MAPbI3

IPA@PBE 6.35 0.16 - -
IPA@PBE+SOC 8.23 0.12 - -
IPA@PBE+scissors 9.10 0.11 - -
RPA@PBE 5.48 0.18 - -
RPA@PBE+scissors 7.78 0.13 - -

Overall, the 𝑔̄ value varies within a range of 0.166 𝑎−1/20 for PbI2 and 0.186 𝑎−1/20 for 𝛼-
MAPbI3. Using Eq. 2.34 (2.35) for computing the mixing parameter of PBE0 (HSE), leads
to 𝛼 ranging from 0.28 to 0.30 (from 0.36 to 0.38). Note that this time the organic/inor-
ganic cation has a slightly larger influence on the mixing parameter than the crystal
structure, i.e. the difference between 𝛼-CsPbI3 and 𝛼-MAPbI3 is larger than between
𝛼-CsPbI3 and 𝛾-CsPbI3. The reason is that the organic/inorganic cation influences the
electron density even when its states are far from the Fermi level. Still, the difference is
small enough to conclude that the A cation does not have a major influence on the DM
method. Moreover, the variation of the DMmixing parameters within the four materials
is only 0.02, which translates into an error in the gap of up to about 0.1 eV when using
the PbI2 mixing parameters for the APbI3 compounds.

Considering PbI2 and 𝛾-CsPbI3, the DM method applied to PBE0 (PBE0-DM) leads to a
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Table 7.3: The first row shows the value of 𝑔̄ computed from the PBE or PBE+SOC (value in
parenthesis) electron density. The rest of the table is divided into two parts. The first one shows
the mixing parameters obtained with the PBE0-DM method and the corresponding DFT and 𝐺0𝑊0
gaps in eV using PBE0. The second part shows the same for HSE. The band gap values marked
by ⟂ are explicitly computed while the others are obtained from the linear fits shown in Fig. D.3.

PbI2 𝛾-CsPbI3 𝛼-CsPbI3 𝛼-MAPbI3
𝑔̄ [a−1/20 ] 1.166 (") 1.176 (") 1.168 (1.167) 1.187 (1.186)
𝛼DM
PBE0 0.28 0.29 0.28 0.30

PBE0-DM 3.09⟂ 2.05 1.40 -
𝐺0𝑊0@PBE0-DM 3.07⟂ 2.09 - -
𝛼DM
HSE 0.36 0.37 0.36 0.38

HSE-DM 2.59⟂ 1.54 0.93 -
𝐺0𝑊0@PBE0-DM 2.93⟂ 1.91 - -

larger overestimation of the gap compared to PBE0. This is expected since the PBE0-DM
𝛼 value is larger than 𝛼=0.25 and PBE0 already overestimates the gap. In contrast, its
combination with HSE (HSE-DM) improves over HSE for the gaps of both materials: The
HSE-DM gap of PbI2 is only 0.04 eV (1.6%) larger than the experimental counterpart. In
the case of 𝛾-CsPbI3, the deviation from experiment is slightly larger (underestimation
of 0.13 eV, i.e. 8%) but it is second only to 𝐺0𝑊0@HSE (value lying in the experimental
range) and is comparable to PBE0, which overestimates the experimental gap by the
same amount.

To the best of our knowledge, the work in Ref. [35] is the first where the DM method
was applied to HaP.

7.3.3 Screening parameter 𝜔 and 𝐺0𝑊0 calculations

This section starts with the analysis of the impact of the HSE screening parameter 𝜔
on the band gap of PbI2. To recall, HSE satisfies two limits: first, for 𝜔=0, it coincides
with PBE0, second, for 𝜔 → ∞ it becomes equivalent to PBE (see Eqs. 2.31 and 2.32).
Moreover, regardless of the value of 𝜔, for 𝛼 → 0, PBE is recovered. This property is
better seen in the left panel of Fig. 7.7, where the band gaps from Tables 7.1, 7.2, and 7.2,
are plotted as a function of 𝛼. The figure also shows how the gap changes for values of
𝜔 going from 0 𝑎−10 (PBE0) to 0.11 𝑎−10 (HSE) for increasing values of 𝛼. The left panel
of Fig. 7.8 displays the dependence of the gap on 𝜔 more explicitly, for selected values
of 𝛼, i.e. 0.25 and those obtained by the DDH and DM methods. The 𝛼 dependence
gets less steep as 𝜔 increases. This is consistent with the definition of HSE, since for
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Figure 7.7: The left panel shows the PBE0 and HSE gaps plotted against 𝛼. The markers corre-
spond to the values evaluated with the default mixing parameter, 𝛼 = 0.25 and those obtained with
the DDH and DM methods. The area between the lines, showing the linear increase of the gap
with 𝛼, illustrates the changes in the gap due to different screening parameters. The right panel
displays the same for 𝐺0𝑊0 using PBE0 and HSE as starting points.

infinite omega, all curves asymptotically approach the PBE value. By combining the
results shown in Figs 7.7-7.8, we obtained the color map in the left panel of Fig. 7.9,
which encodes the energy gaps as a function of 𝛼 and 𝜔. Note that the same band gap
values can be obtained for different combinations of 𝛼 and 𝜔. In particular, to obtain the
same gap, as 𝛼 increases, 𝜔 should also increase.

In the right panel of Figs. 7.7, 7.8, and 7.9 the same analysis is performed, but for 𝐺0𝑊0

using the DFT results on the left panels as a starting point. As expected, the changes in
𝛼 and 𝜔 also affect the 𝐺0𝑊0 gaps. In Fig. 7.7, where the gaps from Tables 7.1, 7.2, and
7.2 are plotted as a function of 𝛼, it can be observed that also at the 𝐺0𝑊0 level the gap
increases linearly with increasing 𝛼, but in a narrower range compared to PBE0 and HSE.
Also for 𝜔 (Fig. 7.8) the trend is similar to that observed at the DFT level, but the range
is smaller. In fact, in this case, for 𝜔 → ∞, the gaps should asymptotically approach the
𝐺0𝑊0@PBE result, which is only 0.60 eV lower than that computed with 𝐺0𝑊0@PBE0
(for 𝛼 = 0.25), while the difference between the gaps of PBE and PBE0 reaches 1.41 eV.
The color map in Fig. 7.9 displays a trend similar to the one observed for the DFT results.
However, while on the DFT side, the gap changes in a range between 1.2 and 4.4 eV, on
the 𝐺0𝑊0 side, it changes only between 2.2 and 3.8 eV. Nevertheless, the dependence on
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Figure 7.8: Band gap of PbI2 evaluated with HSE (left panel) or 𝐺0𝑊0@HSE (right panel) plotted
as a function of 𝑜𝑚𝑒𝑔𝑎, for selected 𝛼.

Figure 7.9: Color map visualizing the effect of the parameters 𝛼 and 𝜔 on the band gap of PbI2 at
the DFT level (right panel) and the 𝐺0𝑊0 level (left panel).

the parameterization of the DFT starting point is significant.
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7.4 Conclusions

In this chapter, we have accomplished a systematic investigation of the performance of
several methods within DFT and MBPT to compute the band gaps of PbI2 and APbI3.
We have verified that the A cations have a minor influence on the band gap and that
SOC effects are enormous. 𝐺0𝑊0@HSE performs well for both PbI2 and 𝛾-CsPbI3, but
is computationally expensive. PBE0-DDH yields gaps that are comparable to those of
𝐺0𝑊0@PBE, but for 𝛾-CsPbI3, the method is still far from the quality of 𝐺0𝑊0@HSE. The
HSE-DM method gives the best overall estimate of the energy gap, with a performance
comparable to that of 𝐺0𝑊0@HSE. It should be noted that the evaluation of 𝛼 using 𝑔̄
also presents certain challenges as discussed in Appendix B.2. For the four investigated
materials, both DDH and DM lead to mixing parameters varying within 0.03. This result
allows the use of the parameters tuned for PbI2 for all the APbI3 compounds within an
error of 0.13 eV. This means that the atomic species Pb and I, which characterize the
band gap region, also have larger effects on the screening parameter and on 𝑔̄ than the
crystalline structure and the (in)organic cation. This reflects the fact that the band gap
region is dominated by 𝑝-Pb and 𝑝-I states, which also explains the analogous behavior
of the method for PbI2 and APbI3. The dependence of the PbI2 energy gap on 𝛼 and 𝜔
shows that their impact is significant both at the DFT and at the 𝐺0𝑊0 level. The results
listed above suggest that the findings for this material can be transferred to the study of
the other APbI3 compounds. It would be interesting to verify whether the similarities
between the methods observed for the 3D lead-iodide compounds and their precursor
are also valid for the 2D systems, and whether the observed transferability would occur
in HaP with different compositions.

PbI2, as a small system with strong SOC effects, has proven to be a perfect material for
testing and exploring different methodologies. In this respect, in Ref. [271], it was used
as a test case to investigate how the spectral fingerprint can be used as a descriptor for
the DOS [272] to measure how different functionals impact the results.
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CHAPTER8

Optoelectronic properties of 2D HaP evaluated by
replacing the organic molecule with Cs

2D HaP with the formula (RNH3)2(A)𝑛−1BX3𝑛+1 can easily reach unit cells of
the order of several hundred atoms due to the size of the spacer (RNH3), the
tilting of the octahedra, and the number of organic layers (𝑛). Therefore, sim-
ulating these systems with high-accuracy methods can easily become com-
putationally prohibitive. In 3D HaP, it is common to reduce the computa-
tional effort by focusing on purely inorganic compounds. In this chapter,
we show that under certain conditions, also in 2D HaP, the electronic struc-
ture in the energy region around the band gap can be largely reproduced by
purely inorganic systems. In particular, we show that this is the case when
the BA molecule in BA2PbI4 is substituted by a Cs atom, if its position is care-
fully chosen. We start with the model system BA2PbI4, consisting of only 39
atoms. In this case, we also investigate to what extent the analogous Cs sys-
tem can reproduce the optical properties of BA2PbI4. In the second part of
this chapter, we apply the same procedure to compute the electronic struc-
ture and the effective masses of the two metastable phases of BA2PbI4 with
the hybrid functional HSE, as published in Ref. [208]. This study proposes an
approach to evaluate the opto-electronic properties of 2D HaP with reduced
computational cost, enabling calculations with hybrid functionals. Further-
more, this approach can provide insight into the effects of different structural
components, such as the type of organic spacer, the octahedra tilts, the dis-
tance between the inorganic layers and their number (𝑛), on the electronic
and optical properties of 2D HaP.
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8.1 Introduction

As for 3D HaP, it is a common practice to employ purely inorganic systems, such as
Cs2PbI4, to investigate the fundamental properties of the class of 2D HaP [40, 41, 42,
43, 44, 45, 46]. It is, however, less common to use structures with Cs substitution to
investigate the properties of reference hybrid systems. An example in this direction
is Ref. [273], where the effect of Pb-I layers on the electronic structure of the low-
temperature (LT) phase of BA2PbI4 near the gap was investigated by substituting the
BA molecule with Cs, placing it at the nitrogen position. In this work, no other possible
positions were considered. Here, we focus on the role of the Cs position in the optoelec-
tronic properties of the organic-inorganic compound. Moreover, we want to determine
to which extent the reduced Cs system can mimic its counterpart.

This work is performed on the BA2PbI4 system, which is smaller than other typical 2D
HaP. BA2PbI4 consists of a single layer of PbI6 octahedra separated by butylammonium
(BA=C4H9NH+

3 ) as shown in Fig. 8.1. BA is a polar ionic molecule consisting of a hydro-
carbon chain of four single-bonded carbon atoms linked to the positively charged NH3

group. The NH3 group is located near the perovskite layer in the center of the cavity
formed by four Pb-I octahedra. In nature, it exists in two meta-stable phases [274], both
orthorhombic, which we will refer to as the LT and high-temperature (HT) phases. The
phase transition is around 256-274 K [274]. With increasing temperature, the tilting of
the octahedra decreases, and the orientation of the BA molecule changes [274]: Consid-
ering the parallelogram formed by the in-plane I atoms, the ammonium group is located
near the obtuse angle of the parallelogram in the LT phase and near the acute angle in
the HT phase. The optical band gaps of these materials are about 2.4-2.6 eV, and the
exciton binding energies vary between 400 and 500 meV [208].

The chapter is structured in two parts. In the first part, the electronic and optical prop-
erties of artificial tetragonal phases of BA2PbI4 are investigated. The unit cell of these
tetragonal structures contains only 39 atoms, while the real orthorhombic ones contains
156 atoms. Replacing BA with Cs reduces the unit cell to only 7 atoms. Due to this small
size, this system is perfectly suited as a test case to investigate how and to what ex-
tent the system with Cs can imitate the properties of the BA2PbI4 system. In the second
part, the same approach is used to investigate the electronic properties of the LT and HT
phases of BA2PbI4. This work was done in collaboration with the groups of Prof. Alexey
Chernikov, Prof. David A. Egger, and Prof. Henry J. Snaith within the priority program
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SPP2196, supported by the German Research Foundation, and led to a publication [208].
The goal was to investigate the optical properties at the phase transition. Moreover,
we wanted to understand from a theoretical point of view if the Wannier model [275]
is valid for excitons in 2D HaP, and if there is a relationship between the total exciton
mass and the exciton diffusion, as commonly expected.

All computational details are collected in Appendix E. The input and output files are
published on the NOMAD Repository at the link https://doi.org/10.17172/NOMAD/

2025.01.11-2.

8.2 Cs substitution in BA2PbI4 tetragonal phase

8.2.1 Properties of the tetragonal BA2PbI4 systems

Structure of the model systems The tetragonal BA2PbI4 system is used as test case to
evaluate to what extent the substitution of the BA molecule with Cs can be considered
a valid approximation. Two tetragonal structures were constructed for this study. Avo-
gadro [276] was employed for the construction of the BA molecule. To build up the lay-
ered structure of non-tilted corner-sharing Pb-I octahedra, the layer distance was chosen
to be equal to that of LT-BA2PbI4 (𝑑layer = 13.117Å) [274]. To obtain the Pb-I distance, we
optimized the experimental 3D 𝛼-CsPbI3 structure [277] with FHI-aims [278, 279] em-
ploying the PBE functional. The so-determined Pb-I distance (𝑑𝐼−𝑃𝑏 = 3.189 Å) was used
for both the in-plane and the out-of-plane iodine atoms, i.e., iodine bound to a single Pb
atom (Fig. 8.1). Then we inserted the BA molecules into the Pb-I skeleton and employed
FHI-aims to optimize the structure of the hybrid system. During the relaxation, the inor-
ganic part was kept fixed. The relaxation of the molecule was performed with different
functionals. In particular, we used BLYP, which is often used for molecular systems, and
PBE with the Tkatchenko and Scheffler van der Waals (VDW) correction [280], which
is often employed for hybrid systems such as BA2PbI4. The two structures are shown
in Fig. 8.1, where one can notice the different positions of the molecules. It can be seen
from both the front and the top view that in the structure optimized with BLYP, the am-
monium group is placed almost at the center of the cavity formed by the octahedra, and
the C-N bond is oriented perpendicular to the inorganic layer. Conversely, in the struc-
ture resulting from PBE+VDW, the ammonium group is oriented towards the Pb atom,
and the C-N bond is no longer oriented perpendicular to the inorganic layer. In the fol-
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lowing, we will refer to the two structures as BA-BLYP and BA-PBE+VDW, respectively,
to distinguish between them.
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PBE+VDW

ab

c

BLYP

PBE+VDW

BLYP

dlayer

dI−Pb

Figure 8.1: Geometries of the tetragonal BA2PbI4 structure as obtained by BLYP and PBE+VDW
by relaxing the organic molecules (BLYP or PBE+VDW). In the left panels, the conventional
primitive cells are displayed, and the system is oriented parallel to the layer of the Pb-I octahedra.
The right panels show the top view, oriented perpendicular to the inorganic layer. Here, the 78-
atom cells are shown for better visualization.

Electronic properties

The different orientations of the molecules also cause differences in the electronic struc-
ture, but as can be seen in Figs. 8.2 and 8.3, the overall picture remains the same. For
example, both structures have a direct band gap at X and aweak dispersion along the X-P
path, as a consequence of the quantum-well nature of this material [282, 46]. Moreover,
both exhibit large SOC effects that reduce the energy gap by about 0.70-0.80 eV.

At the PBE level, the different orientations of the molecules lead to differences in the
energy gap of only 0.05 eV (Table 8.1). On the other hand, the differences in the band
dispersion are significant, especially for the highest VB: In the BA-BLYP structure, its
energy between X and Γ (X and S) spans a range of Δ𝐸v

XΓ = −0.37 eV (Δ𝐸v
XS = −0.21 eV),
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Figure 8.2: Band structure of the BA-BLYP geometry compared to two geometries where the
BA molecule is replaced by Cs, i.e. Cs-ND (ND=“no displacement") and Cs-SD (SD=“straight
displacement"). The Cs geometries are shown in Fig. 8.6. The bands are plotted along the
standard reciprocal-space paths of the body-centered tetragonal structure [281] and are computed
with different functionals (PBE and HSE) and excluding (top panels) and including SOC effects
(bottom panels). The latter are distinguished by the type of LO sets used, i.e. the 𝑝-set in the left
panels and the 𝑝1/2-set in the right panels. The zero energy is aligned with the Fermi energy.
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Figure 8.3: Band structure of the BA-PBE+VDW geometry compared with geometries where Cs
replaces BA, i.e. Cs-ND and Cs-DD (DD=“diagonal displacement"). As in Fig. 8.2, the bands are
computed with different functionals and with and without SOC and, in the case of SOC, for two
LO sets.
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while in BA-PBE+VDW, this is Δ𝐸v
XΓ = −0.52 eV (Δ𝐸v

XS = −0.29 eV). This difference also
shows up in the effective hole masses (Table 8.2), where the absolute value of the mean
between 𝑚ℎ,X→Γ and 𝑚ℎ,X→Y of the BA-BLYP geometry is 0.13 𝑚0 higher than that of the
BA-PBE+VDW geometry. Concerning the lowest conduction band, below 2 eV, there is
good agreement between the two structures, where the values for Δ𝐸c

XS differ by only
0.03 eV, and the effective electronmasses𝑚𝑒 are essentially the same. Comparing instead
Δ𝐸c

XΓ, where the energy at Γ is above 2 eV, the difference between the two structure
amounts to 0.26 eV. The reason is that the lowest CB at Γ has a dominant contribution
from BA (Figure E.1). The two structures also exhibit differences in the DOS (Fig. 8.4):
The peak in the BA-BLYP structure at -1.5 eV, while in the BA-PBE+VDW structure, it
is broader and shows some splitting. The peak at 2.86 eV in the BA-BLYP geometry is
shifted in the BA-PBE+VDW geometry by 0.16 eV towards lower energies and is slightly
narrower.

A similar behavior is observed when considering SOC (both with SR and Dirac-type LO).
Before taking a closer look at the SOC effects in the two systems, here we discuss the
differences between the two sets of LO used. The differences between these results are
relatively small, compared with the examples discussed in Chapter 6 for the systems
containing Pb and I. For example, the energy gap of the BA-BLYP structure is 0.09 eV
higher for the case without Dirca-type LO and is slightly higher (0.10 eV) in the case
of the BA-PBE+VDW structure (Table 8.1). The energy differences Δ𝐸v

XΓ and Δ𝐸v
XS are

comparable, while Δ𝐸c
XΓ and Δ𝐸c

XS vary within 0.07 eV, being larger when Dirac-type LO
are used. The difference in the band structure is subtle on the energy scale considered.
On the other hand, when looking at the DOS, which is sensitive to small differences in
the electronic structure, a few differences stand out, especially in the peak height of the
valence states. The differences in the effective masses are also negligible. The better
agreement observed here is explained by the use of a different set of SR LO (the Dirac
set is the same) than in Chapter 6. Here, there are no LO for semi-core states which are
treated as core states. This better agreement suggests that 𝑝1/2 LO are fundamental for
the basis set for HaP systems.

The main effects of SOC are the reduction of the gap and the splitting of the CBm. Con-
sidering the calculations with the 𝑝1/2 LO set, the energy gaps of the BA-BLYP and BA-
PBE+VDW structures decrease by 0.78 eV and 0.80 eV, respectively (see Table 8.1), and
the SOC splittings at X are 1.13 eV (BA-BLYP) and 1.16 eV (BA-PBE+VDW). Also Δ𝐸𝑐XΓ
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Table 8.1: Energy gaps (𝐸g), SOC splittings at X (𝛿SOC), and energy differences between the highest
VB and lowest CB at selected high-symmetry points (all in eV), i.e., Δ𝐸vXΓ and Δ𝐸vXS where v stands
for valence (Δ𝐸cXΓ and Δ𝐸cXS where c stands for conduction). They are obtained by subtracting the
eigenvalue at Γ or S from that at X, e.g., Δ𝐸vXΓ = 𝐸vX−𝐸vΓ. The results are shown for the five systems
studied and for calculations performed with PBE and HSE, with and without SOC, and, in the
case of SOC, for two LO sets.

Structure 𝐸g 𝛿SOC Δ𝐸v
XΓ Δ𝐸v

XS Δ𝐸c
XΓ Δ𝐸c

XS
PBE

BA-BLYP 1.79 - -0.37 -0.21 1.32 0.43
BA-PBE+VDW 1.84 - -0.52 -0.29 1.58 0.46

Cs-ND 1.91 - -0.80 -0.44 0.65 0.40
Cs-SD 1.79 - -0.37 -0.22 1.49 0.40
Cs-DD 1.84 - -0.53 -0.33 1.25 0.42

PBE+SOC (𝑝)
BA-BLYP 1.09 1.02 -0.36 -0.17 1.84 0.80

BA-PBE+VDW 1.14 1.04 -0.50 -0.24 2.11 0.83
Cs-ND 1.14 1.08 -0.79 -0.42 1.25 0.80
Cs-SD 1.09 1.01 -0.35 -0.20 2.01 0.79
Cs-DD 1.14 1.04 -0.53 -0.30 1.79 0.80

PBE+SOC (𝑝1/2)
BA-BLYP 1.01 1.13 -0.37 -0.18 1.91 0.83

BA-PBE+VDW 1.04 1.16 -0.51 -0.25 2.19 0.86
Cs-ND 1.04 1.19 -0.80 -0.42 1.28 0.82
Cs-SD 1.00 1.12 -0.37 -0.21 2.03 0.82
Cs-DD 1.04 1.16 -0.54 -0.31 1.81 0.83

HSE
Cs-ND 2.45 - -1.00 -0.53 0.70 0.42
Cs-SD 2.36 - -0.51 -0.31 1.60 0.43
Cs-DD 2.40 - -0.71 -0.42 1.34 0.45
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Table 8.2: Effective hole (𝑚h) and electron masses (𝑚e) in m0 along X → Γ and X → Y. The results
are shown for all cases considered in Table 8.1.

Structure 𝑚h,X→Γ 𝑚h,X→Y 𝑚e,X→Γ 𝑚e,X→Y

PBE
BA-BLYP -0.37 -0.38 0.17 0.17

BA-PBE+VDW -0.25 -0.25 0.17 0.16
Cs-ND -0.20 -0.20 0.16 0.17
Cs-SD -0.40 -0.39 0.17 0.17
Cs-DD -0.26 -0.25 0.17 0.14

PBE+SOC (𝑝)
BA-BLYP -0.38 -0.41 0.15 0.15

BA-PBE+VDW -0.26 -0.28 0.15 0.15
Cs-ND -0.18 -0.18 0.13 0.12
Cs-SD -0.38 -0.38 0.14 0.14
Cs-DD -0.24 -0.24 0.14 0.13

PBE+SOC (𝑝1/2)
BA-BLYP -0.37 -0.39 0.15 0.15

BA-PBE+VDW -0.25 -0.27 0.14 0.15
Cs-ND -0.17 -0.17 0.12 0.12
Cs-SD -0.35 -0.34 0.13 0.13
Cs-DD -0.23 -0.22 0.13 0.13

HSE
Cs-ND -0.21 -0.21 0.16 0.17
Cs-SD -0.35 -0.35 0.17 0.18
Cs-DD -0.26 -0.25 0.17 0.15
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Figure 8.4: DOS of BA2PbI4 and Cs2PbI4, evaluated with different functionals (PBE and HSE)
and with or without SOC effects. In the case of SOC, the DOS is shown for both the LO 𝑝-set
(left panels) and the 𝑝1/2-set (right panels). In the top panels, the DOS of the BA-BLYP system is
compared with that of the Cs-ND and Cs-SD systems, while in the bottom panels, the comparison
is made between the BA-PBE+VDW and the Cs-ND and Cs-DD systems. The Fermi energy is
located at 0 eV.
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and Δ𝐸𝑐XS show the large SOC effects on the conduction band: in both structures, Δ𝐸𝑐XΓ
increases by ∼ 0.60 eV and Δ𝐸𝑐XS by 0.40 eV. On the other hand, the differences in the
effective masses are small (within 0.03 m0), even for the conduction band. Comparing
the two structures, the difference in band gap decreases to 0.03 eV when SOC is taken
into account. The major differences are found for Δ𝐸𝑐XΓ and the dispersion of the highest
VB, which is evident from the effective hole masses as well as from Δ𝐸𝑣XΓ and Δ𝐸𝑣XS.

Optical properties

The differences between the two structures observed in the electronic properties are also
reflected in the optical spectra computed within the IPA and shown in Fig. 8.5. Due to
the organic spacer, the systems are not symmetric in the planes parallel to the octahedral
layer, so the parallel component of the optical spectra (𝜀∥) was obtained by computing
the average of its two in-plane components. Overall, 𝜀∥ is characterized by two peaks,
the first of which is of lower intensity. In the BA-BLYP structure, it has lower oscillator
strength than that of the BA-PBE+VDW structure, and its maximum is red-shifted by
0.17 eV.The second peaks in the two structures are comparable in position and intensity.
The perpendicular component (𝜀⟂) is characterized by a small hump in front of the main
peak. In the BA-BLYP geometry, this hump is more pronounced, and its maximum is
at 2.55 eV, while in the BA-PBE+VDW geometry, it is at 2.75 eV. The shape of the main
peak is broader in the BA-PBE+VDW structure, and the maximum is less high compared
to the BA-BLYP case.

On the other hand, when comparing the dielectric constants (Table 8.3), the difference
between the two systems is minimal: 𝜖∞, obtained by averaging the three components
𝜖∞,𝑖, where 𝑖 = 𝑥, 𝑦 or 𝑧, the two values are within 0.02. The difference in the individual
components is slightly larger, i.e. within 0.07. While 𝜖∞,𝑥 and 𝜖∞,𝑦 of the BA-PBE+VDW
geometry are larger than those of the BA-BLYP geometry, 𝜖∞,𝑧 is smaller.

8.2.2 Tretagonal structure with Cs replacement

When replacing the BA molecule with Cs, it is important to put Cs close to the organic
layer in order to neutralize its charge. Otherwise, the system becomes metallic [273]. In
addition, since the BA-BLYP and BA-PBE+VDW structures have non-negligible differ-
ences in the optoelectronic properties, one can expect that the position of the Cs atom
also influences the properties of the material. In the following, we will analyze three
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Figure 8.5: Parallel (top panels) and perpendicular (bottom panels) components of the imaginary
part of the dielectric tensor of the tetragonal phase of BA2PbI4 and Cs2PbI4, computed with the
IPA based on the PBE results. The left panels show the comparison between the spectra of the
BA-BLYP, Cs-ND and Cs-SD structures, the right panels show the same for the BA-PBE+SOC,
Cs-ND and Cs-DD structures.

Table 8.3: Dielectric constants at infinite frequency computed with the RPA, i.e. including local-
field effects, based on the PBE electronic structure. 𝜖∞ is computed as the average of the three
cartesian components.

Structure 𝜀∞,𝑥 𝜀∞,𝑦 𝜀∞,𝑧 𝜀∞
BA-BLYP 3.70 3.55 3.02 3.42

BA-PBE+VDW 3.75 3.62 2.95 3.44
Cs-ND 3.38 3.38 2.13 2.96
Cs-SD 3.25 3.25 2.04 2.85
Cs-DD 3.30 3.30 2.06 2.89
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structures that differ in the Cs positions, which we have labeled ND for “no displace-
ment”, SD for “straight displacement”, and DD for “diagonal displacement” (Fig. 8.6).

c
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a

SD DD

ND/SD

DD

ND

ab

c

Pb I Cs

Figure 8.6: Cs2PbI4 structures distinguished by different Cs configurations (ND=“no displace-
ment", SD=“straight displacement", DD=“diagonal displacement"). The left panels show the
systems-oriented parallel to the octahedra layer, and the right panels show them oriented perpen-
dicular to it. The red arrows indicate the direction of the displacement of the Cs atoms.

Configuration without displacement

In the ND configuration, the Cs atom is placed in the plane formed by the out-of-plane
iodine atoms, exactly in the center of the cavity formed by the Pb-I octahedra (Fig. 8.6).
This position corresponds to the one that Cs would have if the CsPbI3 3D cubic structure
were sliced into layers without any additional structural changes, as the name implies.
This configuration is good enough to neutralize the organic layer but shows some major
differences in the electronic structure and optical properties of both the BA-BLYP and
BA-PBE+VDW geometries.

As visible in the band structures without SOC in Fig. 8.2-8.3, the dispersion of the highest
VB of the Cs-ND structure is much higher than that of the systemswith the BAmolecule.
In fact, Δ𝐸𝑣XΓ is -0.80 eV, while in the BA-BLYP and BA-PBE+VDW geometries, it is -0.37
eV and -0.52 eV, respectively (see Table 8.1). The same holds for Δ𝐸𝑣XY, which is -0.44 eV,
in the Cs system, while being -0.21 eV and -0.29 eV, in the BA-BLYP and BA-PBE+VDW
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geometries, respectively. This also is reflected in the effective hole masses (see Table 8.2):
The absolute value of their mean is 0.18 m0 (0.05 m0) lower than that of BA-BLYP (BA-
PBE+VDW). There is also a difference in the band gap, but it is less pronounced: The
PBE gap of Cs-ND is 0.12 eV (0.07 eV) larger than that of BA-BLYP (BA-PBE+VDW).
Comparing the two BA geometries, the differences in the CBm are minor (see Δ𝐸c

XS and
the effective electron masses in Tables 8.1 and 8.2). Nevertheless, the deviation of the
electronic structure of Cs-ND from the BA systems remains significant as can be seen
from the DOS in Fig. 8.4. When SOC is taken into account (with both the SR and the
Dirac LO sets), similar differences can be observed between the Cs-ND and the two BA
structures. Considering the case with 𝑝1/2-LO, the largest deviation is observed for the
effective masses: the absolute value of the mean of the effective hole masses is 0.21 𝑚0

(0.09 𝑚0) smaller than that of BA-BLYP (BA-PBE+VDW), while the absolute value of the
mean of the effective electronmasses is 0.03𝑚0 smaller than that of both BA systems. The
differences between the gaps of the three geometries are slightly smaller for PBE+SOC
(𝑝1/3): The gap of Cs-ND is equal to that of the BA-PBE+VDW structure and 0.03 eV
larger than that of the BA-BLYP structure. The SOC splitting of 1.19 eV is slightly bigger
than in both BA structures.

Differently from the BA systems, the structures with Cs are symmetric in the compo-
nents parallel to the layer of the Pb-I octahedra, so the parallel component of the IPA
spectra is 𝜀∥ = 𝜀𝑥 = 𝜀𝑦 . In the ND configuration, 𝜀∥ shows two peaks of comparable
intensity, in contrast to the BA structures, where the first peak has a significantly lower
intensity. Additionally, the first peak is blue-shifted by 0.31 eV (0.14 eV) compared to
that of the BA-BLYP (BA-PBE+VDW) geometry. For the perpendicular component (𝜀⟂),
the differences are even larger: The single peak observed for the BA structures splits
into three peaks in the Cs-ND structure, and the initial hump appears as a tail of the
first peak. The dielectric constant 𝜖∞, is 0.46 (0.48) lower than that of the BA-BLYP (BA-
PBE+VDW) geometry. The largest difference is in the 𝑧 component, which in Cs-ND
decreases by 0.89 (0.82) with respect to that of BA-BLYP (BA-PBE+VDW). The decrease
observed for the 𝑥 and 𝑦 components varies between 0.18 and 0.37 compared to both
BA systems. These results already show that the composition has a greater influence on
the dielectric response of the material than the electronic structure. In addition, even
though the perpendicular response is the one most affected by the type of organic/inor-
ganic cation, there is also an effect on the response parallel to the octahedra layers.
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Straight-displacement configuration

To achieve a better agreement between the BA reference systems and that with the Cs
substitution, we explored other configurations by displacing the Cs atom from its ND
configuration. We started by displacing it in a straight line perpendicular to the Pb-I oc-
tahedra layer (SD), both toward this layer and in the opposite direction. We found that
by applying an SD of 0.75 Å towards the layer, the electronic properties of BA-BLYP can
be reproduced. In particular, the band gap, both with and without SOC, and the SOC
splitting, are reproduced within an accuracy of 0.01 eV (Table 8.1). The only significant
deviation is observed for Δ𝐸𝑐XΓ, which in Cs-SD is about 0.12-0.17 eV higher than that of
BA-BLYP (this range includes results with and without SOC). This is expected since the
conduction band at Γ is dominated by the organic/inorganic cation (see Fig. E.1). How-
ever, it is interesting to note that the difference between the two systems is strongly
reduced compared to the case of Cs-ND, where Δ𝐸𝑐XΓ was about 0.59-0.67 lower than in
BA-BLYP. For the effective masses, the accuracy is within 0.03 m0 without SOC and with
SOC for SR-type LO, and within 0.05 m0 with SOC for Dirac-type LO. In the energy range
from -3 to 3 eV displayed in Fig. 8.2, the whole band structure shows excellent agreement
with that of the BA-BLYP system. The main differences appear below -2 eV and above
2 eV, where BA/Cs have dominant contributions to the bands (Fig. E.1). When SOC is
considered, the good agreement extends to the range -2.5 and 2.5 eV. Even if the curves
do not perfectly overlap, there is also an improvement in the DOS in comparison to the
Cs-ND system, especially if considering the peak positions. The excellent agreement is
also reflected in the IPA spectra (Fig. 8.5), where both the parallel and the perpendicu-
lar components of BA-BLYP and Cs-SD nearly overlap up to about 4 eV. Regarding the
dielectric constant, again one can observe that the composition is more important than
the electronic structure, since 𝜖∞ is only 0.11 smaller than that of Cs-SD, while it is 0.57
smaller than that of BA-BLYP.

Diagonal-displacement configuration

For the BA-PBE+VDW geometry, the SD did not lead to the desired result. As discussed
in Section 8.2.1, the ammonium group in this geometry points in the direction of the Pb
atom, therefore, we displaced Cs in this direction, which is diagonal with respect to the
octahedra layer. We found that by such diagonal displacement of 0.73 Å from the ND
case (Fig. 8.6), the desired agreement can be reached: The band gap, with and without
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SOC, and the SOC splitting are the same for the BA-PBE+VDW and the Cs-DD struc-
tures. All energy differences, except for Δ𝐸𝑐XΓ, which is up to 0.38 eV smaller in Cs-DD,
are within 0.06 eV. The effective masses are within 0.05 m0. The worse agreement is
found for the effective hole masses along the X→Y path for the PBE+SOC calculation
with the 𝑝1/2 set of LO (see Table 8.2). These variations are similar to those observed
when comparing BA-BLYP with Cs-SD. For the electronic structure (Figs. 8.2-8.4) and
the IPA spectra (Fig. 8.5), the agreement is also comparable. The dielectric constant,
which is not far from that of the other Cs systems, shows a similar trend when com-
paring Cs-SD with Cs-DD and BA-BLYP with BA-PBE+VDW: 𝜖∞ for the Cs-DD is 0.04
larger compared to the Cs-SD systems and that of BA-PBE+VDW is 0.02 larger than that
of BA-BLYP. The parallel response, obtained by averaging the 𝑥 and 𝑦 components, is
0.05 (0.06) larger in the Cs-DD (BA-PBE+VDW) than in Cs-SD (BA-BLYP) case. On the
other hand, the 𝑧 components of Cs-SD and Cs-DD differ by only 0.02, with Cs-DD being
larger, while the difference between BA-BLYP and BA-PBE+VDW is 0.07, with BA-BLYP
having the larger value.

HSE results

Using HSE opens the gap for all analyzed systems by a comparable amount; i.e. 0.54
eV for Cs-ND, 0.57 eV for Cs-SD, and 0.56 eV for Cs-DD. Additionally, it causes a non-
negligible increase of Δ𝐸v

XΓ, Δ𝐸v
XS, and Δ𝐸c

XΓ, while the variation of Δ𝐸c
XS is within 0.03

eV. In particular, Δ𝐸v
XΓ increases in the order of 0.14-0.20 eV, Δ𝐸v

XS of 0.09 eV for all the
three systems, and Δ𝐸c

XΓ between 0.05 and 0.11 eV. The variation on Δ𝐸c
XS is within 0.03

eV. The increase of the valence band curvature due to HSE is also visible in the band
structure in Figs. 8.2 and 8.3. Additionally, the second-highest valence band is slightly
further away from the highest valence bands. This is reflected in the DOS (Fig. 8.4),
which shows some major differences in the valence region close to the gap. Finally, the
effective masses are within 0.01 𝑚0, the only exceptions being the effective hole masses
of Cs-SD, which decrease by about 0.05 𝑚0. Despite some significant differences, the
trends between the three structures observed at the PBE level remain the same.

8.2.3 Discussion

In this study, we have shown that the position of the Cs atom is very important to ac-
curately mimic the properties of the original BA2PbI4 systems. By carefully selecting it,
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the electronic structure of the organic-inorganic system (evaluatedwith or without SOC)
can be reproduced by the inorganic system, which is computationally more affordable.
The same is observed for the IPA spectra. On the other hand, the dielectric constant turns
out to be more sensitive to the composition than to the position of the organic/inorganic
cation, and the variations in 𝜖∞ are only within 0.59. This opens up the possibility that,
at least for the BA system, the computationally convenient Cs system could be used for
a preliminary investigation of the optical properties of the system at the BSE level and
thus for the evaluation of quantities such as excitonic binding energies.

In 2D HaP, a way for tuning the binding energy is by properly choosing the organic
spacer [283, 284, 25, 285, 286]. This analysis could be used to investigate to which extent
the dielectric constant and exciton binding energies are affected by structural properties.
These can be the chemical environment generated by the organic spacer, the distance
between the octahedra layers determined by the choice of organic spacer, or the tilting
of the octahedra due to the interaction of the organic and inorganic components of the
systems.

8.3 LT and HT phase of BA2PbI4

The aim of this section is to investigate the electronic properties of the LT and HT phases
of BA2PbI4 using various functionals. In this context, the substitution of the BAmolecule
with Cs, as explored above for the tetragonal structures, comes into play. In order to
choose a good position for Cs, both types of systems are studied at the PBE level, while
only the systems with the Cs replacement are studied with higher-level theory.

8.3.1 Atomic structures

The structures used in this study were optimized by Xiangzhou Zhu for the work in
Ref. [208]. Details of the optimization are given in Ref. [208].

Figure 8.7 shows the optimized unit cells of the LT and HT phases of BA2PbI4, and Ta-
ble 8.4 lists the lattice constants and the angles used to determine the size of the octahe-
dra tilts. The results follow the expected trend: With increasing temperature, the tilting
of the octahedra decreases, the distance between the layers increases, and the ammo-
nium group, which in the LT phase is located near the obtuse angle of the parallelogram
formed by the in-plane I-atoms, moves to the vicinity of the acute angle [274].
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Figure 8.7: Lateral view and top view of the optimized LT and HT structures of BA2PbI4. In
the LT structure the out-of-plane angle 𝛿=(Pb-Pb-I) and the in-plane angle 𝛽=(Pb-Pb-I), which
characterize the octahedra tilts, are highlighted.

Table 8.4: Lattice parameters and out-of-plane (𝛿) and in-plane (𝛽) angles used to classify the size
of the octahedra tilts [40]. The angles 𝛿 and 𝛽 are displayed in Fig. 8.7.

Structure a [Å] b [Å] c [Å] 𝛿 [°] 𝛽 [°]
LT 8.35846 8.97096 26.14232 12.8178 17.6451
HT 8.69557 8.53095 28.28355 4.2086 15.4469

8.3.2 Electronic structure from PBE

BA2PbI4 systems

Both the LT and HT systems have a direct band gap at Γ and a flat band along the path
from Γ to Z (Fig. 8.8). At the PBE level, the energy gap of the LT phase is 0.11 eV higher
than that of the HT phase (Table 8.5). This finding is consistent with what is usually
observed in 3D HaP systems, i.e., that the band gap increases with the increase of the
octahedra tilts. When SOC is included, the two lowest conduction bands (each doubly
degenerate excluding spin), which are very close in energy without SOC, move further
apart. More specifically, without SOC, these two bands are 0.23 eV apart in the LT phase
and 0.06 eV apart in the HT phase. When SOC is applied, these differences increase by
0.76 eV and 1.02 eV in the LT and HT phase, respectively. This results in a 0.63 eV (0.76
eV) reduction of the band gap of the LT (HT) phase, and the difference between the gaps
of the two structures increases to 0.24 eV (Fig. 8.9). Note that the results in Table 8.5
include VDW effects in addition to SOC. The former should, however, not affect the
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electronic structure.

Table 8.5: Energy gap (𝐸g) and effective hole (electron) masses 𝑚h (𝑚e) of the LT and HT phases
of BA2PbI4. The results include calculations performed for the pristine system (BA cation) and
systems with Cs replacement, using PBE and HSE, including and excluding SOC effects. For
some of them, MLWF have been used for the band structure calculation. The label ⟂ indicates the
calculations performed by Xiangzhou Zhu, which include also the Tkatchenko-Scheffler method to
account for VDW effects.

Cation Functional MLWF 𝐸g [eV] 𝑚h [m0] 𝑚e [m0]
LT

BA PBE No 2.25 -0.39 0.25
BA⟂ PBE+SOC No 1.62 -0.39 0.25
Cs PBE No 2.27 -0.39 0.26
Cs PBE Yes 2.27 -0.41 0.28
Cs PBE+SOC No 1.62 -0.38 0.25
Cs HSE Yes 2.88 -0.37 0.25

HT
BA PBE No 2.14 -0.24 0.23
BA⟂ PBE+SOC No 1.38 -0.24 0.19
Cs PBE No 2.16 -0.25 0.24
Cs PBE Yes 2.16 -0.26 0.25
Cs PBE+SOC No 1.42 -0.24 0.19
Cs HSE Yes 2.75 -0.24 0.23

Figure 8.8: Comparison of the PBE band structures of the LT (left panel) and HT (right panel)
phases of BA2PbI4 and those of with Cs-replacement. The Fermi energy is at 0 eV.

The effective masses in Table 8.5 are calculated by averaging the 𝑥 and 𝑦 components,
which are evaluated along Γ → X and Γ → Y, respectively. The LT effective hole mass is
0.15 m0 larger than that of the HT phase, while the effective electron mass is only 0.02
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m0 larger. By analyzing the effects of SOC in the two structures, it can be observed that
the differences to the cases without SOC are negligible, except for the effective electron
mass of the HT phase, which decreases by 0.04 m0. This reduction leads to an increase
in the deviation between the two phases by 0.06 m0. The reason for this is that without
SOC, the two lower conduction bands of the HT phase show an intersection around Γ
(Fig. 8.9), which leads to effective masses that are significantly different in the Γ → X
and Γ → Y directions, i.e., 𝑚e,𝑥 = 0.29 m0 and 𝑚e,𝑦 = 0.17 m0. When SOC is applied,
the two bands split by 1.08 eV, and the effective masses in the two directions become
comparable (see results for Cs in Table E.4).

Figure 8.9: Band structure of the LT (top panels) and HT (bottom panels) phases computed
for the Cs system along the path used to evaluate the effective masses, i.e., X → Γ → Y with
X = (0.5, 0.0, 0.0) and Y = (0.0, 0.5, 0.0). The panels on the left show the PBE results, those in the
middle include SOC, and those on the right are obtained by HSE excluding SOC and employing
the Wannier interpolation method. The 0 energy is aligned with the Fermi level.

Cs2PbI4 systems

For the LT phase, the position of the Cs atoms in the 𝑥𝑦- plane are obtained to be in
the center of the parallelogram formed by the Pb atoms. The 𝑧 coordinate is 0.13Å away
from the plane formed by the out-of-plane I atoms in the direction opposite to the layer
of the Pb-I octhaedra (Fig. 8.10). In the HT phase, the Cs atom is in the center of the
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Figure 8.10: Side and top views of the LT and HT phases of BA2PbI4 with Cs replacing the BA
molecule. The red arrows in the side view of the LT structure illustrate the direction of the Cs
displacements.

parallelogram formed by the out-of-plane I atoms. Note that these systems are very
complex, and it cannot be excluded that other structures may give comparable results.

In Fig. 8.8, it can observed that in the LT phase, the band structure of the system with
the Cs substitution is basically identical to that of the reference system in the energy
range from -1.5 eV to 1.8 eV. A small deviation is observed for the band around -1.5
eV, which, notably, is perfectly described by the HT-Cs system in the HT phase. In
fact, in the HT system, the agreement is very good in the range between -2.0 eV and
1.5 eV. Comparing the energy gaps and the effective masses of the systems with the
Cs substitution with those of the BA2PbI4 systems, good agreement is found: In the
PBE results, the differences in energy gaps is within 0.02 eV for both phases, while the
PBE+SOC calculations show differences below 0.01 eV for the LT-phase and below 0.04
eV for the HT-phase. The differences in the effective masses are within 0.01 m0 for both
systems, for both PBE and PBE+SOC results.

8.3.3 Electronic structure from HSE

For the HSE calculations, Wannier interpolation is employed to compute band structures
(Section 3.7). The k-mesh convergence to construct the MLWF and then compute the
band structure from which the effective masses are evaluated, is slower than that of the
default method used for the PBE calculations. Therefore, in order to obtain results with
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a precision comparable to that of the PBE and PBE+SOC cases, we had to increase the
k-mesh. We have chosen it to reproduce the PBE Cs2PbI4 effective masses values with
a precision of 0.02 m0 (Tables 8.5-E.5) but small enough to permit HSE calculations for
such large systems.

Themain effect of the HSE functional is the band-gap opening, which increases by about
0.60 eV in both the LT and HT phases compared to the PBE results, leading to a an
increase of only 0.02 eV in the band-gap difference between the LT and HT phases (i.e.
the difference is 0.13 eV, Table 8.5). As observed for the tetragonal systems, the curvature
of the highest valence bands increases slightly, and for the path shown in Fig 8.9 a small
gap forms between the second and the third highest valence bands. In the energy range
considered, the conduction bands appear rigidly shifted, and even the intersection of
the two lowest conduction bands around Γ in the HT phase is preserved. The trend
for the effective masses is maintained: The difference in the effective masses is only
within 0.02 m0 (for comparison we used the PBE effective masses evaluated by Wannier
interpolation).

The results obtained at the PBE and HSE level are in good agreement with what is ex-
pected when analyzing the properties of the HT and LT phases: A smaller out-of-plane
distortion angle (𝛿) of the HT phase (Table 8.4) corresponds to a smaller band gap [40]
and lighter effective carrier masses [287].

In Ref. [208], we reported an experimental optical gap that shows an abrupt shift to-
wards lower energies (120 meV) at about 270 K, i.e., the phase transition temperature.
On the other hand, the binding energy, which is in the range of 400-500 meV, increases
as the temperature increases but does not change across the phase transition, i.e. about
𝐸v = 480 meV. Moreover, we found comparable diffusion coefficients between the LT
and HT [208]. Comparing the experimental with the theoretical results, the energy dif-
ferences between the optical gap of the two phases, is in agreement with what we ob-
serve at the PBE and HSE level, i.e., a difference between the gap of the two phases of
110 meV and 130 meV, respectively. When including SOC, which we know being fun-
damental, the trend is maintained but the difference increases to 240 meV. Instead, for
the binding energy and the diffusion, the results show that the models typically used for
semiconductors, such as theWannier model [275] and the semi-classical band-like prop-
agation, respectively, cannot explain the results of the 2D HaP. In fact, in the Wannier
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model, the binding energy scales with the reduced effective mass 𝜇 = 𝑚h𝑚e/(𝑚h + 𝑚e).
Considering SOC, 𝜇 = 0.15𝑚0 in LT and 𝜇 = 0.11𝑚0 in HT, a significant reduction of the
binding energy should have been observed at the phase transition if the Wannier model
was valid. Similarly, in the semi-classical band-like propagation model, the diffusion
coefficient scales as the inverse of the total exciton mass 𝑀X = 𝑚h +𝑚e, being the other
quantity comparable; in this case, we would expect a change by a factor of 1.5.

8.4 Conclusions

In this chapter, we have shown that by replacing the BA molecule with a Cs atom, the
2D HaP’ electronic structure in the region around the band gap can be accurately re-
produced if Cs is properly placed. This allows for the study of this material with more
computationally demanding functionals such as HSE. We have shown that the effect of
HSE is mainly in the opening of the gap, while its effect on the effective masses is mini-
mal. Moreover, the differences between the electronic properties of different structures
do not change significantly when HSE is employed. For the optical properties, things get
more complicated: For the IPA spectra, still good agreement is found. However, if one
wants to evaluate excitonic properties such as binding energies, the chemical environ-
ment has a significant influence, since it determines the dielectric screening. As shown
for the tetragonal case, the dielectric constants of systems with the same composition
are very similar, even if they have quite different effective masses.
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CHAPTER9

Conclusions and Outlooks

This work presents a comprehensive study of electronic excitations in 3D and 2D HaP,
combined with the implementation of the HSE hybrid functionals in the exciting code
and the presentation of a novel, efficient and accurate methodology to compute SOC
effects. All these pieces of work have been highly relevant to achieve the results for 3D
and 2D HaP presented here.

Among the most significant results, we found that HSE with a mixing parameter of
𝛼 = 0.36 obtained by applying the DM method [106], is the best in terms of accuracy
and computational effort to predict band gaps of 3D lead-iodide based perovskites. The
band gap thus evaluated gives results comparable to the state-of-the-art single shot 𝐺𝑊
method using HSE as starting point, which supports our conclusion. Moreover, with this
analysis, we could underline the transferability of the methodology from the easy-to-
compute PbI2 precursor to complex hybrid structures like APbI3. A further step forward
would be to verify the performance of the DM method for 2D compounds. However,
due to their layered structure, it would first be necessary to implement the DM method
for interfaces [123].

From the investigation of 2D compounds, we found that many properties of the hybrid
systems, such as the band gap, the effective masses at the VBM and CBm, the electronic
structure near the Fermi level, and the optical spectra evaluated in the IPA, can be well
described by simplified systems where Cs replace the organic molecule if it is carefully
placed. We have tested this for BA2PbI4 and can expect a similar result for other 2D HaP
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of the Ruddlesden-Popper type. Using this approach, we were able to compute the band
gap and the effective masses of the LT and HT phases of BA2PbI4 with the functional
HSE, and we showed that the main effect of HSE is to open the gap, while the effect
on the effective masses is negligible. Moreover, the differences between the two phases
remain the same, since HSE has a comparable effect on both structures.

By comparing the hybrid systems with their counterparts with Cs as a replacement for
the organic spacer, we found that the dielectric environment due to the type of spacer
(BA or Cs) has less of an effect on the dielectric constant than that of the Pb-I octahedral
configuration. For example for the five systems analyzed, differentiated by the type
of spacer and its position, we obtained dielectric constants ranging from 2.85 to 3.44.
By applying this approach to other systems, it will be possible to determine the effect of
the single structural component, e.g., type of spacer, distance between octhaedral layers,
octhaedral tilt and number of octaedral in the inorganic layers, on the dielectric constant,
which strongly influences the excitonic properties of 2D HaP systems.

As emphasized in different parts of themanuscripts, these achievements serve as starting
points for many projects initiated by the group. Among these, it is worth mentioning
the implementation of real-time time-dependent DFT with hybrid functionals, realized
by Antonio Cillis, the extension of the hybrid functionals code to magnetic systems,
recently started by Fabian Nemitz, the realization of a model for the density-based mixing
method based on exciting results, done by Jessica Richter, and the development of the
SVLO method in the BSE framework, which is now primarily carried out by Seokhyun
Hong.

Advances in the code, such as the implementation of the HSE functional, the combina-
tion of SOC with hybrid functionals, and 𝐺0𝑊0 on top of the HSE starting point, allowed
us to determine that the 𝐺0𝑊0@HSE is best in computing the band gap of several semi-
conductors such as LaIO3 [209], PbI2, 3D lead-based HaP [35], and MoS2 [210].
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APPENDIXA

Supporting materials for Chapter 4

A.1 Computational details

Table A.1 summarizes the parameters used for the test in Section 4.2.2. The parameters
have been chosen so that the transition energies between the highest VB and the lowest
CB of Table 4.1 are within a precision of ∼10-20 meV. When computing the MLWF for
the calculation of the band structures (Fig. 4.5) and the DOS (Fig. 4.6), the k mesh had to
be increased for some materials. In particular, for C we used an 8x8x8 k-mesh for PBE
and HSE, and for GaAs and Ar, we employed a 12x12x12 and 6x6x6 k-mesh, respectively,
for all the three functionals.

The input and output data related to the computations of Chapters 4-5 are collected in
the NOMAD Repository [222] at the link https://doi.org/10.17172/NOMAD/2025.01.

02-1.

A.2 Comparison of PBE and PBE0 calculations with literature

Herewe compare the PBE and PBE0 results given in Table 4.2.2with those fromRef. [205].
Zavickis and co-workers implemented the adaptive compressed exchange method for
the PBE0 functional in the exciting code1. To validate their implementation, they
computed the same set of transition energies as those listed in Table 4.1 using PBE and

1This implementation is not yet released.
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Table A.1: Computational parameters used for the tests in Sections 4.2.2 and 4.2.4.

:

xc functional Si C
k-mesh 𝑅MT𝐺max 𝑁unocc k-mesh 𝑅MT𝐺max 𝑁unocc

PBE 6x6x6
7

- 6x6x6
7

-
PBE0 8x8x8 200 10x10x10 60HSE 6x6x6 6x6x6

xc-functional GaAs MgO
k-mesh 𝑅MT𝐺max 𝑁unocc k-mesh 𝑅MT𝐺max 𝑁unocc

PBE 6x6x6
7

- 6x6x6
8

-
PBE0 12x12x12 140 8x8x8 300HSE 6x6x6 6x6x6

xc-functional NaCl Ar
k-mesh 𝑅MT𝐺max 𝑁unocc k-mesh 𝑅MT𝐺max 𝑁unocc

PBE 4x4x4
8

-
4x4x4 6

-
PBE0 6x6x6 300 150HSE 4x4x4

PBE0. The values can be found in Table II of Ref. [205]. The authors claim a precision of
1 meV. Compared to our results, the differences are within 20-30 meV. The only excep-
tion is NaCl, for which, however, the lattice constants employed are different (we used
𝑎 = 5.64 Å and they used 𝑎 = 5.59 Å). Since Zavickis’s results for NaCl are in very good
agreement with VASP results (Table 4.1), the discrepancy observed between our results
and VASP, for which we do not know the lattice constant, could have the same reason
(see discussion in Section 4.2.2).

A.3 𝐤-points convergence of 𝐸Γ→X and 𝐸Γ→L

In Fig. 4.7, the convergence behavior of the transition energies between the highest VB
and the lowest CB at Γwith respect to the number of k-points are plotted for PBE, PBE0,
and HSE. In Figs. A.1 and A.2, the same is shown for the transition energies 𝐸Γ→X and
𝐸Γ→L, respectively. Ar is excluded. Overall, the same behavior is observed: the k-points
convergence of PBE0 is slower than that of HSE, which is closer to that of PBE. For
all materials, for PBE and HSE, a precision of 10 meV is reached when using the same
number of k-points. PBE0 always requires a larger grid. All the values used for the plot
in Figs. 4.7, A.1 and A.2 are listed in Table A.2.
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Table A.2: Values of 𝐸Γ, 𝐸Γ→K and 𝐸Γ→L used in Figs. 4.7, A.1 and A.2.

PBE PBE0 HSE
Si

k-mesh 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→𝐿 𝐸Γ 𝐸Γ→K 𝐸Γ→L

4x4x4 2.543 0.702 1.534 4.087 2.075 3.025 3.352 1.350 2.294
6x6x6 2.558 0.716 1.539 4.010 1.992 2.922 3.328 1.317 2.248
8x8x8 2.561 0.719 1.540 3.984 1.967 2.890 3.324 1.311 2.240

10x10x10 2.561 0.720 1.541 3.975 1.958 2.879 3.323 1.310 2.238
C

k-mesh 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→L

4x4x4 2.543 0.702 1.534 4.087 2.075 3.025 3.352 1.350 2.294
6x6x6 2.558 0.716 1.539 4.010 1.992 2.922 3.328 1.317 2.248
8x8x8 2.561 0.719 1.540 3.984 1.967 2.890 3.324 1.311 2.240

10x10x10 2.561 0.720 1.541 3.975 1.958 2.879 3.323 1.310 2.238
GaAs

k-mesh 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→L

6x6x6 0.539 1.460 1.009 2.061 2.687 2.407 1.439 2.027 1.761
8x8x8 0.541 1.464 1.012 2.008 2.664 2.371 1.428 2.024 1.754

10x10x10 0.542 1.465 1.013 1.983 2.654 2.356 1.424 2.022 1.752
12x12x12 0.542 1.466 1.013 1.970 2.649 2.349 1.424 2.022 1.752
14x14x14 0.542 1.466 1.013 1.963 2.646 2.345 1.423 2.022 1.752

MgO
k-mesh 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→L

4x4x4 4.734 9.130 7.905 7.285 11.666 10.482 6.508 10.892 9.705
6x6x6 4.741 9.141 7.914 7.248 11.651 10.463 6.492 10.889 9.698
8x8x8 4.742 9.142 7.915 7.238 11.646 10.457 6.491 10.889 9.698

10x10x10 4.742 9.142 7.915 7.234 11.644 10.455 6.491 10.889 9.698
NaCl

k-mesh 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→L

4x4x4 5.116 7.526 7.270 7.272 9.826 9.412 6.529 9.058 8.665
6x6x6 5.117 7.528 7.271 7.258 9.818 9.403 6.528 9.057 8.664
8x8x8 5.117 7.528 7.271 7.256 9.816 9.401 6.528 9.057 8.664

10x10x10 5.117 7.528 7.271 7.255 9.816 9.401 6.528 9.058 8.664
Ar

k-mesh 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→L 𝐸Γ 𝐸Γ→K 𝐸Γ→L

4x4x4 8.702 - - 11.146 - - 10.366 - -
6x6x6 8.702 - - 11.142 - - 10.366 - -
8x8x8 8.702 - - 11.141 - - 10.366 - -

10x10x10 8.702 - - 11.140 - - 10.366 - -
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Figure A.1: Convergence behavior of 𝐸Γ→X with respect to the k-mesh for PBE, PBE0, and HSE.

A.4 Supporting data for the singular term of screenedCoulomb po-
tential

In Table A.3, the values used in Fig. 4.8, are summarized. They include results evalu-
ated with different methods for the singular term, k-meshes, and screening parameters.
For Si, GaAs, and Ar the calculations were performed with the parameters shown in
Table A.1, while for PbI2 the parameters are summarized in Table B.1.
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Figure A.2: Convergence behavior of 𝐸Γ→L with respect to the k-meshes for PBE, PBE0, and HSE.
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Table A.3: 𝐸Γ for Si and GaAs and 𝐸g for Ar and PbI2 computed with HSE for different k-meshes,
screening parameters 𝜔, and treatment of the singular term (all values in eV). For 𝜔 = 0 a−10 the
values are those of PBE0. These data are used in Fig. 4.8.

Si

𝜔 [a−10 ] Taylor expansion Exact treatment
4x4x4 6x6x6 8x8x8 4x4x4 6x6x6 8x8x8

0.00 (PBE0) 4.078 4.000 3.976 4.078 4.000 3.976
0.03 4.696 3.900 3.763 3.745 3.702 3.705
0.05 3.818 3.628 3.609 3.606 3.593 3.600

0.11 (HSE) 3.342 3.319 3.315 3.330 3.317 3.314
0.15 3.189 3.176 3.174 3.185 3.176 3.174
0.20 3.044 3.040 3.040 3.043 3.040 3.040

GaAs

𝜔 [a−10 ] Taylor expansion Exact treatment
4x4x4 6x6x6 8x8x8 4x4x4 6x6x6 8x8x8

0.00 (PBE0) 2.098 2.074 2.020 2.098 2.074 2.020
0.03 2.730 1.977 1.834 1.907 1.809 1.785
0.05 1.948 1.732 1.694 1.768 1.703 1.686

0.11 (HSE) 1.407 1.452 1.440 1.494 1.451 1.439
0.15 1.355 1.322 1.313 1.352 1.321 1.313
0.20 1.210 1.190 1.184 1.208 1.190 1.184

Ar

𝜔 [a−10 ] Taylor expansion Exact treatment
4x4x4 6x6x6 8x8x8 4x4x4 6x6x6 8x8x8

0.00 (PBE0) 11.138 11.134 11.134 11.138 11.134 11.134
0.03 11.877 11.064 10.932 10.807 10.837 10.865
0.05 10.910 10.764 10.759 10.666 10.723 10.748

0.11 (HSE) 10.359 10.359 10.360 10.344 10.357 10.359
0.15 10.133 10.134 10.135 10.129 10.133 10.134
0.20 9.895 9.896 9.896 9.893 9.895 9.896

PbI2

𝜔 [a−10 ] Taylor expansion Exact treatment
3x3x2 6x6x4 9x9x6 3x3x2 6x6x4 9x9x6

0.00 (PBE0) 3.605 3.541 3.533 3.605 3.541 3.533
0.03 4.413 3.366 3.329 3.308 3.296 3.318
0.05 3.419 3.198 3.197 3.166 3.187 3.195

0.11 (HSE) 2.901 2.894 2.896 2.886 2.894 2.896
0.15 2.754 2.752 2.752 2.749 2.752 2.752
0.20 2.620 2.621 2.621 2.619 2.621 2.621
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APPENDIXB

Supporting materials for Chapter 5

B.1 Convergence parameters for HYB+SOC calculations

Table B.1 summarizes the parameters used for testing the HYB+SOC implementation.
For Si, the parameters are those listed in Table A.1, and the number of unoccupied states
in SOC calculations is 100.

Table B.1: Computational parameters used to test the HYB+SOC implementation.

xc-functional k-mesh 𝑅MT𝐺max 𝑁unocc 𝑁unocc (SOC)
Xe

PBE 4x4x4
8

-
120PBE0 6x6x6 80HSE 4x4x4

MoS2

PBE 6x6x1
7

-
200PBE0 12x12x1 200HSE 6x6x1

PbI2
PBE 3x3x2

8
-

350PBE0 9x9x6 250HSE 3x3x2
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B.2 Density-based mixing method in exciting

Equation 2.34 (Eq. 2.35) shows the relation proposed in Ref. [106] to compute the mixing
parameter of PBE0 (HSE) knowing 𝑔̄ . It is obtained by fitting the mixing parameter
for which PBE0 (HSE) gives the experimental gap, i.e. 𝛼PBE0

opt (𝛼HSE
opt ), to 𝑔̄ . Due to the

differences between 𝑔̄ in exciting and VASP (see Section 5.2), it is expected that doing
the same with exciting data might produce different fits. Considering the following
models

𝛼PBE0 = 𝑎 + 𝑏𝑔̄ and 𝛼HSE = 𝑎 + 𝑏𝑔̄4, (B.1)

Weanalyze how 𝑎 and 𝑏 changewhen using the two sets of data. The 𝑔̄ values are given in
Table 5.2, the optimal mixing parameters in Table B.2. The latter are evaluated by taking
advantage of the linear behavior of the energy gaps of PBE0 and HSE with respect to the
mixing parameter. More details about it are given at the end of this section.

Table B.2: Optimal mixing parameters of PBE0 and HSE. Those of exciting are obtained fol-
lowing the procedure described at the end of this section. VASP data were kindly shared by the
authors of Ref. [106].

Material exciting VASP
𝛼PBE0

opt 𝛼HSE
opt 𝛼PBE0

opt 𝛼HSE
opt

Si 0.1219 0.2631 0.1238 0.2516
C 0.1740 0.2897 0.1737 0.2813

GaAs 0.1699 0.2686 0.1668 0.2632
MgO 0.3111 0.4443 0.3064 0.4262
Ar 0.5647 0.8305 0.5710 0.8198
Xe 0.4691 0.7600 0.4779 0.7643
LiF 0.4060 0.5375 0.4083 0.5351
ZnO 0.2669 0.3771 0.2691 0.3697

Figure B.1 compares the curves obtained by fitting Eq. B.1 with exciting and VASP data,
and Table B.3 shows the parameters 𝑎 and 𝑏. For both PBE0 and HSE, the exciting fit
is almost rigidly shifted downward compared to VASP. The reason is that the 𝑔̄ values
computed with exciting are, except for Ar, larger than those computed with VASP,
while the agreement for the optimal mixing parameters is excellent (the RMSE of the
exciting results with respect to those of VASP for 𝛼PBE0

opt is only 0.004 and that of 𝛼HSE
opt is

only 0.009). It is important to note that the parameters are fitted to a subset of the data,
therefore also the VASP results differ from the values proposed in Ref. [106] and given

147



in Eqs. 2.34 and 2.35. The differences between the two codes are on the second decimal
digit for all parameters except for 𝑎 of PBE0, where it is on the first decimal digit.

Our results confirm that it is advisable to remodel Eqs. 2.34 and 2.35 according to the
code employed. We note that Jessica Richter worked on finding the best DM model for
exciting in her bachelor’s thesis [122].

Figure B.1: Optimal mixing parameters versus 𝑔̄ for PBE0 (left) and HSE (right). The lines are
obtained by fitting the exciting and VASP data to Eq. B.1. The values are provided in Table 5.2.

Table B.3: Parameters 𝑎 and 𝑏 of Eq. B.1 obtained by fitting the exciting and VASP data given
in Tables 5.2 and B.2. The last two columns are the parameters of the DM model as proposed in
Ref. [106].

Functional exciting VASP Ref. [106]
𝑎 𝑏 𝑎 𝑏 𝑎 𝑏

PBE0 -1.0499 1.1056 -0.9240 1.0465 -1.00778 1.10507
HSE 0.0783 0.1657 0.0919 0.1812 0.121983 0.130711

Evaluation of 𝛼opt

The optimal mixing parameters of PBE0 (HSE), shown in Table B.2, are determined from
the intersection of the experimental values and the linear fits computed using the PBE,
PBE0 (HSE) energy gaps, as shown in Fig. B.2. The equation fitted is 𝐸g = 𝑚𝛼+𝑏′, and the
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parameters 𝑚 and 𝑏′ computed for the different materials are summarized in Table B.4.
The fits are computed employing the polyfit function of Numpy. 𝛼opt is then obtained
for each material as

𝛼opt =
𝐸exp
g − 𝑏′

𝑚
, (B.2)

where 𝐸exp
g is the experimental value given in Table 5.3.

This method is justified by the linear behavior of the PBE0 and HSE energy gaps with
respect to 𝛼 (see Fig. D.3). In Ref. [106], the authors used the same idea, but included
gaps for other 𝛼 to get more precise results.

Table B.4: Fitting parameters of 𝐸g = 𝑚𝛼 + 𝑏′.

Material PBE0 HSE
𝑚 𝑏′ 𝑚 𝑏′

Si 4.8348 0.5804 2.2412 0.5804
C 7.6600 4.1473 4.6008 4.1473

GaAs 5.7696 0.5399 3.6492 0.5399
MgO 9.9304 4.7402 6.9536 4.7402
Ar 9.7328 8.7043 6.6176 8.7043
Xe 7.6264 6.2221 4.7076 6.2221
LiF 12.3364 9.1908 9.3196 9.1908
ZnO 9.4152 0.9272 6.6640 0.9272

B.3 Performance of the new parallelization and memory distribu-
tion

New MPI scheme

Figure B.3 shows an example of the performance of the new MPI parallelization scheme
described in Section 5.3. For these tests, we used PbI2 and a 3 × 3 × 2 k-mesh. Due to
the crystal symmetry, this corresponds to 6 reduced k-points which, when multiplied
by the 18 q-points, form 108 k-q pairs. In Fig. B.3, it can be seen that the evaluation of
the NL potential (Eq. 3.29) scales remarkably well with the number of MPI processes. In
contrast, the inner SCF cycle does not gain any additional speedup after 6 MPI processes,
since it is parallelized over the 6 reduced k-points. In addition, it does not reach the
optimal speedup. When many MPI processes are used, the time spent evaluating the NL
potential becomes of the same order as the time spent in the inner SCF cycle. Because of
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Figure B.2: Intersections (orange diamonds) of the linear fits (PBE0(𝛼) and HSE(𝛼)) with the
experimental gap (orange line). The other symbols show the PBE, PBE0 and HSE gaps used to
generate the fits.
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this, even though theNL potential scales verywell with the number ofMPI processes, the
total time deviates from the optimal speed up beyond 18 processes1. The gain compared
to the scheme implemented up to the exciting version Nitrogen is significant, e.g., for
the system under study, a maximum of 6 MPI processes was possible, while, with the
new scheme, the speedup is considerable up to 36 MPI processes.

Figure B.3: Speedups when increasing the number of MPI processes for a single inner SCF step
(left panel), the calculation of the NL potential (middle panel), and the sum of the two (right
panel). The sum is computed by considering 10 inner SCF steps. The ideal speedup is shown as
a step curve, since we considered the divisibility of the number of reduced k-points (left panel) or
k-q pairs by the number of MPI processes. Note that the scale of the 𝑥-axis on the plot on the left
is different from the others. The data used for the plots are listed in Table B.5.

The speedup depends on the parameters and system size. In addition, the number of
open multi-processing (OMP) threads used is important to obtain the excellent speedup
of the NL potential shown in Fig. B.3. For the data plotted in Fig. B.3 and collected in
Table B.5), we used 2 OMP processes.

Memory distribution

In Table B.6, we show the performance of the block distribution given by Eq. 5.3 for PbI2.
The number of occupied states is 151. It can be seen that up to 5 blocks of size 32 there
is no noticeable slowdown. With 10 blocks of size 16, the slowdown is 8%, and with 76

1The total time is calculated by considering 10 steps for the inner cycle. The reason is that
initially, the cycle requires approximately 20 steps while getting closer to the convergence the inner
SCF steps reduces up to 2.
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Table B.5: Time in s spent by exciting for computing the inner SCF cycle, the NL potential
(𝑉 NL

𝑛𝑛′ ), and the sum of both for different MPI settings (first column). The second and the third
columns show the number of serial calculations for the NL potentials and the inner SCF cycle,
respectively. These numbers are used for the ideal speedup in Fig. B.3.

𝑁MPI 𝑁𝑉NL
𝑛𝑛′

𝑁SCFin SCFin [s] 𝑉 𝑁𝐿
𝑛𝑛′ [s] Total [s]

1 108 6 28.82 x 10 6185.60 6473.80
2 54 3 16.87 x 10 3088.08 3256.78
3 36 2 11.53 x 10 2058.70 2174.00
6 18 1 7.76 x 10 1021.93 1099.53
18 6 1 7.22 x 10 361.21 433.41
36 3 1 11.64 x 10 180.38 296.78
108 1 1 8.62 x 10 60.60 146.80

Table B.6: Time in s spent evaluating the NL potential (Eq. 5.3) for different block sizes (𝑆b) and
the corresponding number of blocks (𝑁blk). The maximum block size for these tests is 151.

𝑆b 2 4 8 16 32 64 128 All
𝑁blk 76 38 19 10 5 3 2 1
Time [s] 173.44 130.17 107.67 101.94 94.74 94.66 94.74 94.78

blocks of size 2 it is 83%. These tests show that the current block distribution can help
in running calculations with medium-large size systems, but must be used with caution.
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APPENDIXC

Supporting materials for Chapter 6

C.1 Convergence with the SV(LO) basis

Tables C.1-C.5 contain all the data used to generate the plots in Figs. 6.2 and 6.10. Ta-
ble C.6 shows the data of Xenon, obtained by using a single k-point (Fig. 6.4). In all
tables, the results are shown for the 𝑝-set of LO with the NP, SV, and SVLO methods,
and the 𝑝1/2 set with NP and SVLO.The only exception is MoS2, for which only the 𝑝-set
was used. The number of basis functions (second column) omits the number of occupied
states. In the case of SVLO, the number of unoccupied states (first number) is distin-
guished from that of the LO functions, which is added to it. The numbers of occupied
states and LO are given for all materials in Table 6.2.
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Table C.1: Total energy (𝐸tot), energy gap (𝐸g), and SOC splitting (𝛿𝑆𝑂𝐶) computed for Xenon
using different methods (NP, SV, or SVLO) and LO sets (𝑝 or 𝑝1/2-set). For the SV and the
SVLO methods, the quantities are given for different numbers of basis functions (excluding valence
states). Note that for the SVLO method, this number is given by the sum of the unoccupied states
plus the number of LO (26 for the 𝑝-set and 38 for the 𝑝1/2-set). These numbers are given in the
column 𝑁̃ SV(LO)

b .

𝑁̃ SV(LO)
b 𝐸tot [eV/atom] 𝐸g [eV] 𝛿SOC [eV]

NP(𝑝) - -202730.7184313 5.7879208 1.3055232

SV(𝑝)

10 -202730.3095063 5.7783156 1.2769067
30 -202730.4062343 5.7869169 1.2912677
50 -202730.4782035 5.7890398 1.2937172
75 -202730.5377842 5.7894778 1.2983198
100 -202730.5759566 5.7886224 1.2993532
125 -202730.6241395 5.7878534 1.3007338
150 -202730.6478028 5.7875029 1.3010581

SVLO(𝑝)

1+26 -202730.7166988 5.7881449 1.3053154
4+26 -202730.7178754 5.7879106 1.3053765
14+26 -202730.7182767 5.7878575 1.3054641
34+26 -202730.7184185 5.7879029 1.3055163
54+26 -202730.7184299 5.7879193 1.3055171
74+26 -202730.7184291 5.7879225 1.3055173
94+26 -202730.7184302 5.7879226 1.3055173

NP(𝑝1/2) - -202732.9993302 5.7852006 1.3981448

SVLO(𝑝1/2)

3+38 -202732.9984926 5.7853723 1.3980594
7+38 -202732.9992186 5.7852218 1.3980864
17+38 -202732.9993223 5.7852013 1.3981290
32+38 -202732.9993038 5.7852008 1.3981392
52+38 -202732.9993640 5.7852023 1.3981393
72+38 -202732.9993033 5.7852023 1.3981393
92+38 -202732.9993773 5.7852024 1.3981393
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Table C.2: Same as Table C.1 but for MoS2. In this case, the values are shown only for the 𝑝-set,
which consists of 35 SR-LO basis functions.

𝑁̃ SV(LO)
b 𝐸tot [eV/atom] 𝐸g [eV] 𝛿SOC [eV]

NP(𝑝) - -43974.4011292 1.7065039 0.1461521

SV(𝑝)

10 -43974.3768537 1.7061232 0.1460952
50 -43974.3848232 1.7060410 0.1461051
100 -43974.3899940 1.7058386 0.1462460
300 -43974.3962433 1.7058671 0.1463189
500 -43974.3981974 1.7058720 0.1463354
700 -43974.3990143 1.7058767 0.1463443
900 -43974.3994864 1.7058761 0.1463493
1000 -43974.4005639 1.7058859 0.1463602

SVLO(𝑝)

1+35 -43974.3996929 1.7075050 0.1459476
15+35 -43974.4006170 1.7059036 0.1463524
65+35 -43974.4008640 1.7059017 0.1463533
165+35 -43974.4009266 1.7058941 0.1463586
265+35 -43974.4009363 1.7058927 0.1463592
365+35 -43974.4009389 1.7058930 0.1463592
465+35 -43974.4009363 1.7058927 0.1463592
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Table C.3: Same as Table C.1 but for PbI2. In this case, two band energies are considered, i.e.
𝛿1SOC and 𝛿2SOC. The number of LO basis functions is 73 for the 𝑝-set and 109 for the 𝑝1/2-set.

𝑁̃ SV(LO)
b 𝐸tot [eV/atom] 𝐸g [eV] 𝛿1SOC [eV] 𝛿2SOC [eV]

NP(𝑝) - -318975.7100574 1.6561961 1.2455577 0.6349072

SV(𝑝)

10 -318975.0317084 1.7218586 1.1994620 0.6334524
50 -318975.2444289 1.6887372 1.2184964 0.6338019
150 -318975.4706126 1.6690999 1.2358823 0.6320013
225 -318975.5451264 1.6646409 1.2380798 0.6343337
275 -318975.5796278 1.6604174 1.2423138 0.6328403
325 -318975.6836043 1.6563895 1.2447716 0.6346157
375 -318975.6923155 1.6559352 1.2455031 0.6343601

SVLO(𝑝)

2+73 -318975.7060990 1.6624219 1.2484202 0.6276334
27+73 -318975.7095340 1.6568620 1.2451116 0.6347504
77+73 -318975.7100283 1.6561570 1.2454427 0.6348095
127+73 -318975.7100864 1.6561137 1.2454727 0.6348256
177+73 -318975.7101027 1.6561097 1.2454760 0.6348270
227+73 -318975.7101072 1.6561107 1.2454795 0.6348299

NP(𝑝1/2) - -318980.3914764 1.4029338 1.4527091 0.6766162

SVLO(𝑝1/2)

11+109 -318980.3899317 1.4089155 1.4508910 0.6732336
41+109 -318980.3914111 1.4029249 1.4526387 0.6764507
91+109 -318980.3915181 1.4028554 1.4526423 0.6765145
141+109 -318980.3915317 1.4028506 1.4526477 0.6765200
191+109 -318980.3915335 1.4028513 1.4526488 0.6765230
241+109 -318980.3915354 1.4028539 1.4526502 0.6765262
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Table C.4: Same as Table C.1 but for CsPbI3. The LO functions are 496 for the 𝑝-set and 736 for
the 𝑝1/2-set.

𝑁̃ SV(LO)
b 𝐸tot [eV/atom] 𝐸g [eV] 𝛿SOC [eV]

NP(𝑝) - -272525.7528487 0.8188481 0.7116576

SV(𝑝)

400 -272525.4168929 0.8502164 0.7051896
800 -272525.5242269 0.8372910 0.7074759
1200 -272525.5891968 0.8304168 0.7092983
1600 -272525.6282682 0.8270865 0.7101675
2000 -272525.6535109 0.8253852 0.7100035
2400 -272525.6711180 0.8238125 0.7103545
2800 -272525.6836992 0.8223107 0.7110815
3200 -272525.7046669 0.8212167 0.7109856
3600 -272525.7512759 0.8187217 0.7115233

SVLO(𝑝)

14+496 -272525.7475357 0.8283473 0.7125708
24+496 -272525.7487031 0.8232515 0.7154901
54+496 -272525.7509848 0.8221416 0.7154602
104+496 -272525.7521059 0.8205546 0.7112537
304+496 -272525.7531100 0.8190900 0.7115917
504+496 -272525.7533195 0.8188538 0.7114820
1004+496 -272525.7534215 0.8187570 0.7114782
1504+496 -272525.7534487 0.8187435 0.7114755
2004+496 -272525.7534583 0.8187393 0.7114758
2504+496 -272525.7534623 0.8187380 0.7114758

NP(𝑝1/2) - -272530.1075084 0.5544823 0.7635506

SVLO(𝑝1/2)

18+736 -272519.8886461 0.3002558 0.4338434
68+736 -272530.1050005 0.5636588 0.7754658
168+736 -272530.1076087 0.5554034 0.7633039
618+736 -272530.1080373 0.5543631 0.7633948
1000+736 -272530.1080536 0.5543462 0.7633924
1368+736 -272530.1080577 0.5543435 0.7633929
1868+736 -272530.1080591 0.5543429 0.7633930
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Table C.5: Same as Table C.1 but for Bi2Te3. Additionally, the last column shows the transition
between the highest VB and the lowest CB at Γ. The number of LO is 141 for the 𝑝-set and 201
for the 𝑝1/2-set.

𝑁̃ SV(LO)
b 𝐸tot [eV/atom] 𝐸g [eV] 𝐸Γ [eV]

NP(𝑝) - -345874.2277445 0.0969901 0.5833215

SV(𝑝)

10 -345872.8154972 0.1484337 0.4784063
100 -345873.1835964 0.1225359 0.5323564
200 -345873.4417410 0.1131084 0.5466970
300 -345873.6130383 0.1101241 0.5530490
400 -345873.7411789 0.1055931 0.5635106
500 -345873.8403959 0.1028060 0.5677149
600 -345873.9163739 0.1024370 0.5694921
700 -345873.9674230 0.1018667 0.5708503
800 -345874.0189059 0.1005487 0.5744046
900 -345874.1618984 0.0981572 0.5831072
1000 -345874.2182782 0.0971516 0.5831423

SVLO(𝑝)

9+141 -345874.2238261 0.1012970 0.5766531
59+141 -345874.2271453 0.0970968 0.5830319
159+141 -345874.2275878 0.0969855 0.5833383
259+141 -345874.2276379 0.0969704 0.5833756
359+141 -345874.2276515 0.0969660 0.5833836
459+141 -345874.2276580 0.0969646 0.5833871
559+141 -345874.2276585 0.0969630 0.5833883
659+141 -345874.2276607 0.0969624 0.5833887

NP(𝑝1/2) - -345878.7493217 0.0328684 0.6942499

SVLO(𝑝1/2)

19+201 -345878.7422718 0.0647076 0.6957863
49+201 -345878.7487443 0.0330188 0.6942767
99+201 -345878.7491808 0.0328674 0.6943781
199+201 -345878.7492423 0.0328613 0.6944088
299+201 -345878.7492488 0.0328599 0.6944082
399+201 -345878.7492526 0.0328597 0.6944079
499+201 -345878.7492461 0.0328598 0.6944083
599+201 -345878.7492483 0.0328599 0.6944084
699+201 -345878.7492434 0.0328600 0.6944085
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Table C.6: Same as Table C.1 but for calculations using only 1 k-point. The results are only for
the 𝑝-set of LO.

𝑁̃ SV(LO)
b 𝐸tot [eV/atom] 𝐸g [eV] 𝛿SOC [eV]

NP(𝑝) - -202726.8086661 1.2535970 4.9337268

SV(𝑝)

10 -202726.3561106 1.2252635 4.9202733
20 -202726.4748029 1.2358945 4.9321943
30 -202726.5162238 1.2395446 4.9310958
40 -202726.5574618 1.2420396 4.9334954
50 -202726.5610099 1.2422004 4.9334224
75 -202726.6400679 1.2465071 4.9338487
100 -202726.6606814 1.2476568 4.9340955
125 -202726.6875134 1.2488586 4.9341824
150 -202726.8086645 1.2535906 4.9337292

SVLO(𝑝)

1+26 -202726.8080277 1.2534212 4.9328332
14+26 -202726.8084618 1.2535399 4.9336643
34+26 -202726.8086596 1.2535896 4.9337414
54+26 -202726.8086631 1.2535903 4.9337311
74+26 -202726.8086639 1.2535905 4.9337274
94+26 -202726.8086648 1.2535906 4.9337277
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C.2 Tests of BSE with SOC in exciting

C.2.1 BSE+SOC validation

To test the implementation of SOC for the BSE method, we use the MoS2 monolayer. The
implementation was done by Christian Vorwerk. For comparison, we use the work of
Marsili and co-workers [234]. Between these and our calculations, there are, however, a
few differences, e.g. the crystal structure and the BSE starting point. While in Ref. [234]
𝐺0𝑊0 results are used, we use PBE eigenenergies.1. This choice is justified by the fact
that in MoS2 the SOC effects are not strongly dependent on the crystal structure and
on the method used to compute the electronic structure [210, 234]. Additionally, these
results serve only as a test.

When including SOC, as discussed in Section 6.5.1, the VBM atK splits by 0.15 eV (Fig. 6.5
and Table 6.4). This splitting is also reflected in the optical spectra, where the single
peak observed for calculations without SOC (A′) splits into two separate peaks (A and
B), which are 133 meV apart (Table C.7 and Fig. C.1). In addition, the A (B) peak is
preceded by a dark peak referred to as “A dark” (“B dark”). The peak positions are listed
in Table C.8. In Fig. C.2, visualizing the bright excitons corresponding to the peaks A′, A
and B, the connection between the SOC splitting atK observed in the electronic structure
and the splitting of the first peak in the optical spectra becomes clear.

Table C.7: Binding energies computed from SR calculations (𝐸SRb ), from calculations including
SOC (𝐸SOCb ), and binding energy differences between the two cases (Δ𝐸b = 𝐸SRb − 𝐸SOCb ). In the last
column, there is the energy difference between the peaks A and B. The values from Ref. [234] are
those obtained with the perturbative treatment of SOC for the GW-BSE approach.

𝐸SR
b [meV] 𝐸SOC

b [meV] Δ𝐸b [meV] A-B [meV]
exciting 381 384 -3 133
Ref. [234] 679 673 6 140

By comparing the results obtained with exciting with those of Ref. [234], good agree-
ment can be observed regarding the A-B distance (Table C.7), the spectral shape, as well
as the alternation of dark and bright excitations. Regarding the binding energy, the
difference to Ref. [234] is significant for both the results with SOC and without SOC.

1Computational details: The atomic structure, the parameters and functionals used for the
ground-state calculation are the same as in Ref. [288]. For the BSE calculation, a 33x33x1 k-grid
and q-grid are employed, the cutoff for the LFE is set to gqmax=2, and the Lorentzian broadening
to 0.00183 Ha. The spectra include excitations only coming from the 2 highest VB and the two
lowest CB (disregarding spin).
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A
B

A′￼

Figure C.1: Optical spectra of MoS2 for excitations between the 2 highest VB and the 2 lowest CB
(disregarding spin) computed with and without SOC. The vertical solids lines are the oscillation
strength of the excitations, and the dashed lines are the energy gaps computed with PBE and
PBE+SOC.

A  peak′￼ A peak B peak

Figure C.2: Reciprocal space representation of the excitons corresponding to the peaks A′ (BSE
omitting SOC), A, and B (the latter two including SOC).

However, the difference in binding energies (Δ𝐸b = 𝐸nSOC
b − 𝐸SOC

b ) is comparable to that
of Ref. [234]: Even if one value is positive and the other is negative, the difference be-
tween the two is only 9 meV. Moreover, the difference between the perturbative and
the full SOC treatment in Ref. [234] is much larger (𝐸pert

b =673 meV 𝐸full
b =691 meV). This

discrepancy is independent of the implementation of BSE+SOC. We attribute it in part
to the lack of a Coulomb cutoff in the evaluation of the screening, which is important in
low-dimensional systems to speed up the k-point convergence and reduce the amount
of vacuum needed. Ben Alex implemented this method for 𝐺0𝑊0 and BSE calculations
in his master thesis [289] after this preliminary work presented here. He showed that,
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Table C.8: Time spent on BSE+SOC calculations for an increasing number of unoccupied states.
For comparison, the first row shows the case without SOC (SR) using 𝑁unocc=100. The other rows
show the peak positions with respect to the energy gap. The A′ peak, obtained for BSE without
SOC, is shown in the column of the A peak. Up to 40 unoccupied states (Nunocc), the peak positions
are not well determined. Therefore, no values are included for these cases. All calculations are
performed with 8 nodes and 4 MPI processes per node each one employing 4 CPUs.

𝑁unocc Time A dark [meV] A [meV] B dark [meV] B [meV]
SR (100) 2 h 26 m - 381 (A′) -
10 8 h 53 m -
20 11 h 50 m -
30 13 h 46 m -
40 15 h 48 m -
50 18 h 21 m -402 -384 -257 -251
60 21 h 43 m -402 -384 -257 -251
100 34 h 21 m -402 -384 -257 -251

without the Coulomb cutoff, a binding energy value comparable to that of Table C.7 (SR)
is obtained when using a 33x33x1 k- and q-mesh. On the other hand, when including
the Coulomb cutoff, for the same k- and q-grid, the binding energy is 0.47 eV, which is
in closer agreement with the result from Ref. [234].

C.2.2 Efficiency of the BSE+SOC implementation

Another important aspect of the BSE+SOC implementation is the increase in compu-
tational time due to the inclusion of SOC. The time also increases with the number of
unoccupied states. In Table C.8, these results are collected. Including SOC with only
10 empty states quadruples the computational time, and with 100, it is 14 times higher.
Up to 50 empty states, the calculations are not stable. Therefore, the code needs ap-
proximately 7.5 times longer than calculations without SOC. This clearly shows that for
CsPbI3, which is about 4 times larger than MoS2 (see Table 6.2), and which needs ap-
proximately 1600 empty states for reaching a band gap precision of 10−2 (Table C.4), BSE
calculations including SOC are not feasible with this code version.

As a side note, these tests served as a starting point for the implementation of the many-
body theory of valley-selective circular dichroism and valley excitons based on the BSE,
implemented by Max Schebeck and used in Ref. [231].
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C.3 Extension of the SVLO method to optical spectra

The aim is to extend the SVLOmethod to BSE to enable the calculation of optical spectra
of complex materials, where SOC is important. This implementation is not yet complete,
but in this section, we want to show the work done so far and the steps needed to com-
plete the project. The project was started in collaboration with Sven Lubeck and Keith
Gilmore, and is now continued within the master thesis of Seokhyun Hong.

Two main modifications have been identified within the TDA, namely the evaluation of
the momentum and plane-wave matrix elements. Beyond the TDA, additional changes
would be required [290]. More information about the definition of these quantities can
be found in Ref. [290].

As explained in Section 3.6, the BSE is obtained by the sum of three terms. The evalu-
ation of the momentum matrix elements is sufficient for computing the diagonal term,
and therefore to obtain the IPA spectra. Contrarily, for computing RPA or BSE spec-
tra, also the plane-wave matrix elements must be evaluated. Here, we only show the
modifications that we applied to the momentum matrix elements. Subsequently, the im-
plementation is validated using LiF and PbI2. A similar idea should be applied to the
plane-wave matrix elements.

Momentum matrix elements

Omitting SOC, the momentum matrix elements are evaluated as:

𝑃 𝑗𝑛𝑛′k = ⟨𝑛k| 𝑖∇𝑗 |𝑛′k⟩ = ∑
G′G′′

𝑐k∗𝑛G′𝑐k𝑛′G′′𝑃 𝑗G′G′′k + ∑
G′𝜇′′

𝑐k∗𝑛G′𝑐k𝑛′𝜇′′𝑃
𝑗
G′𝜇′′k (C.1)

+ ∑
𝜇′G′′

𝑐k∗𝑛𝜇′𝑐
k
𝑛′G′′𝑃 𝑗𝜇′G′′k + ∑

𝜇′𝜇′′
𝑐k∗𝑛𝜇′𝑐

k
𝑛′𝜇′′𝑃

𝑗
𝜇′𝜇′′k,

where 𝑗 is the direction of the incoming light. 𝑐k𝑛′G′ and 𝑐k𝑛′𝜇′ are the coefficients of the
APW and LO basis functions, respectively (Eq. 3.8), and 𝑃 𝑗G′G′′ , 𝑃 𝑗G′𝜇′′k, 𝑃

𝑗
𝜇′G′′k, and 𝑃

𝑗
𝜇′𝜇′′k

are the APW-APW, APW-LO, LO-APW, LO-LO momentum matrix elements, respec-
tively:

𝑃 𝑗G′G′′k = ⟨𝜙APWG′+k(r)| − 𝑖∇𝑗 |𝜙APWG′′+k(r)⟩ ; (C.2)

𝑃 𝑗G′𝜇′′k = ⟨𝜙APWG+k(r)| − 𝑖∇𝑗 |𝜙𝜇′′(r)⟩ ; (C.3)

𝑃 𝑗𝜇′G′′k = ⟨𝜙𝜇′(r)| − 𝑖∇𝑗 |𝜙APWG′′+k(r)⟩ ; (C.4)
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𝑃 𝑗𝜇′𝜇′′k = ⟨𝜙𝜇′(r)| − 𝑖∇𝑗 |𝜙𝜇′′(r)⟩ . (C.5)

When SOC is considered, the momentum matrix elements become

𝑃 𝑗 ,SV𝑎𝑏k =
2

∑
𝜎′=1

2

∑
𝜎′′=1

𝑁 SV
b

∑
𝑛′=1

𝑁 SV
b

∑
𝑛′′=1

𝐶k∗
𝑎𝑛′𝜎′𝐶

k
𝑏𝑛′′𝜎′′𝑃

𝑗
𝑛′𝑛′′k, (C.6)

where 𝑎 and 𝑏 are the SV band indices, 𝐶k
𝑎𝑛′𝜎′ are the SV coefficients used in Eq. 3.33, and

𝑁 SV
b = 𝑁occ + 𝑁 (SV)

unocc. 𝑃
𝑗
𝑛′𝑛′′k is defined in Eq. C.1. Within the SVLO method, Eq. C.6 is

rewritten as:

𝑃 𝑗 ,SVLO𝑎𝑏k =
2

∑
𝜎′=1

2

∑
𝜎′′=1

𝑁 SVLO
b

∑
𝑛′=1

𝑁 SVLO
b

∑
𝑛′=1

𝐶k
𝑎𝑛′𝜎′𝐶

k
𝑏𝑛′′𝜎′′𝑃

𝑗
𝑛′𝑛′′k. (C.7)

This time, the sum over 𝑛, 𝑛′′ goes up to𝑁 SVLO
b = 𝑁occ+𝑁 (SVLO)

unocc +𝑁LO, and 𝑃 𝑗𝑛′𝑛′′k is defined
as

𝑃 𝑗𝑛′𝑛′′k =

⎧⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎩

∑G′G′′ 𝑐k∗𝑛G′𝑐k𝑛′G′′𝑃 𝑗G′G′′k 1 ≤ 𝑛′, 𝑛′′ ≤ 𝑁 SV
b ;

∑G′𝜇′′ 𝑐k∗𝑛G′𝑃 𝑗G′𝜇′′k 1 ≤ 𝑛′ ≤ 𝑁 SV
b , 𝑁 SV

b + 1 ≤ 𝑛′′ ≤ 𝑁 SV
b + 𝑁LO;

∑𝜇′G′′ 𝑐k𝑛′G′′𝑃 𝑗𝜇′G′′k 𝑁 SV
b + 1 ≤ 𝑛′ ≤ 𝑁 SV

b + 𝑁LO, 1 ≤ 𝑛′′ ≤ 𝑁 SV
b ;

∑𝜇′𝜇′′ 𝑃
𝑗
𝜇′𝜇′′k 𝑁 SV

b + 1 ≤ 𝑛′, 𝑛′′ ≤ 𝑁 SV
b + 𝑁LO.

(C.8)

In this case, 𝑃 𝑗𝑛′𝑛′′k is defined differently, depending on which representation the states
𝑛′, 𝑛′′ fall into, i.e. modified FV KS (Eq. 6.2 or LO functions. The coefficients associated
to the LO are set to one.

Validation of IPA spectra

To validate the implementation of the SVLO momentum matrix elements just discussed,
we show here the optical spectra of LiF and PbI2 computed within the IPA picture as
implemented in the BSE approach2. In LiF the influence of SOC is negligible and no
differences should be observed in the spectra for calculations with and without SOC. In
fact, in the top panel of Fig. C.3 all spectra coincide. Only a few empty states are needed

2Computational details: These calculations are for testing purposes only, therefore the results
do not need to be fully converged with respect to all computational parameters. For both materials,
the calculations are performed with gqmax=2.5, and a Lorentzian broadening of 0.007 Ha. In the
case of LiF, a 6 × 6 × 6 k- and q-grid are employed; all occupied states and 5 unoccupied states
(disregarding spin) are considered. In the case of PbI2, we used a 4 × 4 × 2 k- and q-grid, and
transition between the last 5 occupied states and the first 10 unoccupied states (disregarding spin)
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to converge the SV spectra as evident from the bottom-right panel. This means that, in
this case, the SVLO method (bottom-left panel Fig. C.3), where we use 50 LO functions
in addition to the unoccupied states, is computationally less efficient .

Figure C.3: Optical spectra of LiF within the IPA picture. In the top panel, the spectra computed
without SOC (SR) and with SOC are compared. The bottom panels show the convergence of the
spectra with respect to the reduced number of basis functions (𝑁̃ SV(LO)

b ) for the SVLO (left panel)
and the SV method (right panel). The number of LO is 50.

In PbI2, on the other hand, we know that the SOC effects are significant. The in-plane and
out-of-plane optical spectra, computed with and without SOC show major differences
(Fig. C.4, top panels), but the spectra computed with the SVLO and the SV methods
overlap. In this case, a slower convergence is observed in the SV case, requiring 𝑁 SV

b ∼
400, while the SVLO spectrum converges with 16 empty bands and 54 LO.
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Figure C.4: In-plane (𝜀∥) and out-of-plane (𝜀⟂) components of the optical spectra of PbI2 in the
IPA. The top panels show the SR sepctra compared with th SVLO and SV spectra converged with
respect to the number of basis functions. The middle panels show the convergence of the SVLO
spectra with respect to 𝑁̃ SVLO

b , where the number of LO is 54. The bottom panels show the same
for the SV method.
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APPENDIXD

Supporting material for Chapter 7

D.1 Literature data of PbI2 band gaps

Figure 7.1 shows the PbI2 band gap calculated with different methods within DFT and
MBPT and with or without SOC. Some results are obtained with exciting, others are
taken from the literature. In Fig. D.1, we provide the information on the references from
which the data are taken.
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Figure D.1: Band gap of PbI2 computed with various methods (see Fig. 7.1). The stars indicate
the exciting results, the other data come from the literature, i.e. (a) [248], (b) [249], (c) [250],
(d) [251], (e) [252], (f) [253], (g) [254].
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D.2 Computational details

All calculations are performed using exciting. Details about the methods and the
exciting code are given in Chapters 2 and 3, respectively. Calculations with the HSE
functionals use the implementations described in Chapter 4.

For 𝛾-CsPbI3, 𝛼-CsPbI3, and PbI2, we employed the experimentally determined lattice
parameters and atomic positions [220, 277, 219]. For 𝛼-MAPbI3, we adopted the structure
from Ref. [291], in which the hydrogen atoms that cannot be resolved by x-ray were
added manually, and then the whole MA molecule was relaxed. The positions of the Pb
and we atoms are from Ref. [292].

The parameters determining the number of APW basis functions and the k-mesh em-
ployed are displayed in Tables D.1 and D.2, respectively. In the DFT calculations, the
chosen settings for 𝑅MT𝐺max and the k-mesh guarantee a numerical precision of the band
gap within 20 meV for PbI2, 𝛼-CsPbI3, and 𝛼-MAPbI3 and within 50 meV for 𝛾-CsPbI3.
For the 𝐺0𝑊0 gaps we used 100 meV as the convergence criterion. Also for this set of
materials, the convergence of the energy gaps with the k-mesh turned out to be slower
for PBE0 compared to PBE and HSE (see Section 4.2.3). Nevertheless, in the investigation
of the effect of the screening parameter 𝜔 carried out for PbI2, we used the same grid for
both PBE0 and HSE, i.e. 6x6x4. For these calculations we employed the Exact method
to compute the screened Coulomb potential in the limit G + q → 0 (see Section 4.2.4).
In the 𝐺0𝑊0 calculations, the correlation part of the self-energy is evaluated using the
double Gauss–Legendre quadrature with 32 frequency points along the imaginary axis.
The Pade approximantion is used for the analytical continuation to the real axis.

Table D.1: Computational parameters, i.e., 𝐺max, 𝑅MT𝐺max, and 𝑅MT, for the studied systems.

𝑅MT𝐺max
Pb I Cs C N H

Material 𝐺max [a−10 ]\𝑅MT [a0] 2.9 2.9 2.9 1.1 1.0 0.9
PbI2 2.76 8 8 - - - -

𝛾-CsPbI3 2.07 6 6 6 - - -
𝛼-CsPbI3 2.41 7 7 7 - - -
𝛼-MAPbI3 3.55 10.3 10.3 - 3.9 3.5 3.2

SOC is treated within the ZORA [133, 134] and the SV scheme (Section 3.4.2). Details of
the calculation of SOCwith hybrid functionals and𝐺0𝑊0 can be found in Sections 5.1 and
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Table D.2: k-meshes used for the different materials and methods. For the 𝐺0𝑊0 calculations, the
same meshes are used as for their DFT starting points. The last column shows the k-meshes used
for the calculation of the dielectric screening, with and without SOC.

PBE PBE0 HSE 𝜀∞ (SOC)
PbI2 3x3x2 6x6x4 6x6x4 6x6x4 (6x6x4)
𝛾-CsPbI3 2x2x1 3x3x2 2x2x1 6x6x4 (6x6x4)
𝛼-CsPbI3 4x4x4 6x6x6 4x4x4 10x10x10 (16x16x16)
𝛼-MAPbI3 4x4x4 - - 10x10x10 (16x16x16)

3.5, respectively. For reaching the desired precision for the set of considered materials,
the SV treatment requires almost all available KS functions. This number is significantly
higher than that required to converge the hybrid and 𝐺0𝑊0 calculations. In order, to
maintain the same level of precision with and without SOC, the number of empty states
required for SOC is used in all DFT and 𝐺0𝑊0 calculations, i.e., 300 for PbI2, 1000 for
𝛾-CsPbI3, 460 𝛼-CsPbI3, and 1000 for 𝛼-MAPbI3.

To apply the DDH method, the dielectric constant 𝜖∞, must be determined first. It is
calculated using both the IPA and the RPA (with LFE) on top of the PBE results. The
k-mesh and, in the RPA also the cutoff for the LFE and the number of unoccupied states,
have been chosen so that the mixing parameter 𝛼 is determined within a precision of
5 ⋅ 10−3. The k-meshes are given in Table D.2, the LFE cutoff (gqmax) is set to 2, and the
number of unoccupied states is 10 for PbI2, 20 for 𝛼-CsPbI3, and 𝛼-MAPbI3 and 100 for
𝛾-CsPbI3. The parameter 𝑔̄ of the DM method (Section 5.2) is computed from the PBE
electron density, using the computational parameters in Tables D.1 and D.2. This ensures
that the 𝛼 values are within 5 ⋅ 10−3.

D.3 Orbital-resolved density of states

This section, as well as Secs. D.4 and D.5 closely follow the Supporting Information of
Ref. [35]. They are reported here for convenience.

Figure D.2 shows the orbital-resolved DOS for each atomic species computed with PBE
including SOC. In all systems, the top of the VB is dominated by I-𝑝 orbitals, with signif-
icant contributions also from Pb-𝑠 states. The bottom of the CB consists mainly of Pb-𝑝
states.
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Figure D.2: Orbital-resolved DOS of PbI2, 𝛾-CsPbI3, 𝛼-CsPbI3, and 𝛼-MAPbI3. For 𝛼-MAPbI3,
it is plotted for Pb, I, and MA. The partial density of states (PDOS) of the latter is obtained by
summing up the contributions coming from H, N, and C.
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D.4 Extrapolation of band gaps

As discussed in Chapter 7 and Section B.2, the band gaps computed with PBE0 and HSE
vary linearly with the mixing parameter 𝛼. The same is observed for 𝐺0𝑊0@PBE0 and
𝐺0𝑊0@HSE. In Chapter 7, we made use of this feature, to evaluate the band gaps corre-
sponding to the DDH and the DM mixing parameters shown in Tables 7.2 and 7.3. The
linear fits are shown in Figure D.3. In the case of PbI2, the band gaps corresponding to
𝛼 = 0.15, 0.25, 0.28, and 0.36 have been computed explicitly.

Figure D.3: Band gaps of PbI2, 𝛾-CsPbI3, and 𝛼-CsPbI3 from PBE0 and HSE as well as
𝐺0𝑊0@PBE0 and 𝐺0𝑊0@PBE0 for different values of 𝛼. The dashed lines indicate the fits ob-
tained using the data depicted by the big stars. The small stars are the gaps evaluated from the
fits.

D.5 Energy gaps of PbI2 for different values of 𝛼 and 𝜔

For the sake of completeness, in Table D.3 we report the energy gaps plotted in Fig. 7.8.
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Table D.3: Energy gaps of PbI2 (in eV) calculated with PBE0 and HSE, for different combinations
of 𝛼 and 𝜔. The second part of the table shows the same for 𝐺0𝑊0@PBE0 and 𝐺0𝑊0@HSE.

𝜔 [a−10 ] 𝛼
0.15 0.25 0.28 0.36

PBE0 0 2.35 2.92 3.09 3.56

HSE

0.03 2.20 2.67 2.82 3.21
0.05 2.13 2.56 2.69 3.05
0.11 1.96 2.26 2.36 2.61
0.15 1.87 2.12 2.19 2.40
0.20 1.79 1.98 2.04 2.20

𝐺0𝑊0@PBE0 0 2.76 2.99 3.07 3.26

𝐺0𝑊0@HSE

0.03 2.71 2.91 2.98 3.15
0.05 2.68 2.88 2.94 3.09
0.11 2.62 2.76 2.80 2.93
0.15 2.58 2.70 2.73 2.83
0.20 2.54 2.64 2.67 2.74
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APPENDIXE

Supporting material for Chapter 8

E.1 BA2PbI4 tertragonal phase

E.1.1 Computational details

Structure relaxation

For the structure relaxation of both the 3D 𝛼-CsPbI3 structure and the tetragonal BA2PbI4
systems, we used FHI-aims [278, 279]. In the case of the 𝛼-CsPbI3 systems, we used the
experimental structure from Ref. [277] as a starting point and relaxed the cell with the
Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm up to maximum residual force
components of 5×10−3 eV/Å.The angles were kept fixed during relaxation. We employed
tight settings for the species and selected a 6 × 6 × 6 k-mesh, aiming for a precision of
1x10−3 Å of the lattice constants.

The tetragonal BA2PbI4 system has the same I-Pb distance as the relaxed 𝛼-CsPbI3 struc-
ture, and the distance between the layers is equal to that of the LT-BA2PbI4 phase [274].
The BA molecule initially constructed with Avogadro [276], was inserted in the Pb-I
skeleton and then relaxed employing BLYP and PBE+VDW. The VDW effects were eval-
uated by the Tkatchenko-Scheffler method [280]. The relaxation was performed on the
tetragonal unit cell of 78 atoms. Also in this case, we used the BFGS algorithm and chose
a maximum of 5 × 10−3 eV/Å as the convergence criterion for the forces. Again we used
tight settings for the species, and for the k points we chose an 8 × 8 × 2 grid.
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Table E.1: 𝐺max, 𝑅MT𝐺max and 𝑅MT values used for the BA2PbI4 and Cs2PbI4 systems. Since 𝑅MT𝐺max
depends on the sphere size, individual values are provided.

𝑅MT𝐺max
Pb I Cs C N H

Material 𝐺max [a−10 ]\𝑅MT [a0] 2.9 2.9 2.9 1.0 1.0 0.9
BA2PbI4 3.33 9.66 9.66 - 3.33 3.33 3.00
Cs2PbI4 2.76 8 8 8 - - -

After having the two tetragonal structureswith 78 atoms relaxedwith BLYP and PBE+VDW,
we used the exciting extension of the Python library Pymatgen to obtain the primitive
cell with 39 atoms. Since the output was not provided in the conventional primitive unit
cell, we determined it following the guidelines in Ref. [281] for the body-centered tetrag-
onal cell. This also gave me the reciprocal space path for calculating the band structure.

Electronic structure calculations with exciting

For the calculation of the electronic and optical properties, we employed the exciting
code. SOC effects are evaluated using the SVLOmethod and are treatedwithin ZORA [133,
134]. The convergence parameters were chosen to achieve a precision of the energy gap
of ∼ 1 × 10−2 eV. The k-grid is 6 × 6 × 6 for all PBE and HSE calculations. In Table E.1,
𝑅MT𝐺max and 𝑅MT are listed for all elements. Additionally, 𝐺max, which is determined
from the product 𝑅min

MT𝐺max. Table E.2 displays the number of unoccupied states needed
for SOC and HSE calculations and the number of LO used. In fact, two sets of LO were
adopted for the SOC treatment, one containing only SR-type LO (𝑝-set) and the other
containing also Dirca-type LO for the elements Pb, I, and Cs (𝑝1/2-set). The 𝑝1/2-sets have
99 LO more for the BA2PbI4 systems and 131 LO more for the Cs2PbI4 systems. These
additional LO are a mix of SR and Dirac-type LO, since the two sets have a different core-
and valence-state partitioning. Finally, the HSE band structure and DOS are evaluated
by employing MLWF.

Effective masses

We computed the effective masses along different reciprocal space paths by making use
of the following definition:

𝑚∗ = ℏ2[
𝜕2𝐸𝑛(k)
𝜕2k

||||k=k0
]

−1

= lim
𝛿𝑘→0

ℏ2[
𝐸𝑛(k0 + 2𝛿k) + 𝐸𝑛(k0) − 2𝐸𝑛(k0 + 𝛿k)

𝛿k2 ]

−1

, (E.1)
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Table E.2: Number of LO (𝑁LO) and number of unoccupied states (𝑁unocc) for the calculations
performed on the tetragonal phases of BA2PbI4 and Cs2PbI4. 𝑁LO depends on the material and
the type of LO used. 𝑁unocc is a convergence parameter for HSE and SOC+PBE calculations.
SOC is evaluated using the SVLO method.

Cation Functional SOC 𝑁LO 𝑁unocc

BA PBE
No 238 -

SVLO (𝑝) 30SVLO (𝑝1/2) 337

Cs PBE
No 126 -

SVLO (𝑝) 100
SVLO (𝑝1/2) 257 50

HSE No 126 1100

where 𝐸𝑛(k) is the energy of the band with index 𝑛 at k, k0 is the reciprocal-space point
where the (local) maximum/minimum is located, and 𝛿k is the distance between k0 and a
sufficiently close k-point of the mesh. In the case of the tetragonal BA2PbI4 and Cs2PbI4
structures, we computed the effective masses at X along the paths X → Γ and X → Y,
and we used a spacing of |𝛿k| ≈ 5 × 10−3Å−1. To remove the numerical noise, we fitted
the energy values around X in the parabolic regime to compute the second derivative.

Optical properties

The spectra in Fig. 8.5 are computed using the IPA with a broadening of ∼ 0.1 eV. To
obtain convergent optical spectra, we employed the double-grid method [293] with an
18 × 18 × 18 k-mesh in each calculation. Since the hybrid systems are non-symmetric in
the 𝑥 and 𝑦 directions, the parallel components are obtained by averaging the spectra
computed for the 𝑥 and 𝑦 polarizations.

To evaluate the dielectric response we computed 𝜖∞ using the RPA on top of the PBE cal-
culations and including LFE. The parameter governing the LFE is chosen to be gqmax=2.
For these calculations, a 8×8×8 k-mesh and 100 empty states are used. These parameters
ensure a precision of 0.05.

E.1.2 Species-resolved band structure and DOS

In Fig. E.1, the species-resolved band structures and DOS of the BA-BLYP and Cs-SD
systems are plotted. For a better comparison, the sum over the species C, H and N, as
contained in BA, is shown. The main contribution in the VBM comes from the I atoms,
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for the CBm, it is mainly from the Pb atoms, but the I atoms also have a non-negligible
contribution. The BA and Cs cations contribute in regions farther away from the band
gap: In the valence states, the main contributions of the cation (BA or Cs) are around
-1.5 eV, in the conduction states, they are above 2 eV. More specifically, from the band
structure it can be observed that in the conduction bands the organic/inorganic cations
have a dominant contribution in the first conduction band around the points Γ and 𝑍 .

Figure E.1: Species-resolved band structure and DOS of BA-BLYP (left) and Cs-ND (right) sys-
tems. In the case of the BA cation (upper left panel), the contributions of the H, C, and N atoms
are summed up.

E.2 LT and HT phases of BA2PbI4: Computational details

The structural relaxation of the LT and HT phases of BA2PbI4 was performed by Xi-
angzhou Zhu using VASP [203], starting from the experimentally determined structures
of Ref. [274]. VASP was also used by Xiangzhou Zhu to evaluate the band gaps and ef-
fective masses computed with PBE+SOCmarked by ⟂ in Table 8.5. For more information
about the computational details, we refer to the Supporting Information of Ref. [208].

For my calculations, we employed exciting. The computational parameters, such as
𝑅MT𝐺max, the k-mesh, and the number of unoccupied states important for PBE+SOC and
HSE calculations, are listed in Table E.3. They were chosen to achieve a precision for
the band gap of 2 × 10−2 eV and for the effective masses of 0.02 m0. The SOC effects
were evaluated with the standard SV method since the SVLO method was not yet fully
implemented at the time of the calculations.
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Table E.3: Computational parameters such as 𝑅MT𝐺max, 𝐺max, k-mesh, and the number of unoc-
cupied states (𝑁unocc) employed in the calculations of the HT and LT phases of BA2PbI4. The
muffin-tin radii are the same as for the tetragonal systems (see Table E.1).

Phase Cation Functional MLWF k-mesh 𝑅MT𝐺max 𝐺max 𝑁unocc

LT/HT BA PBE No 3×3×1 3 3.33 -

LT Cs
PBE No 3×3×1

6.9 2.38

-
Yes 4×4×1 -

PBE+SOC No 3×3×1 3100
HSE Yes 4×4×1 2200

HT Cs
PBE No 3×3×1

6.4 2.20

-
Yes 4×4×1 -

PBE+SOC No 3×3×1 2700
HSE Yes 4×4×1 1800

To compute the effective masses, we used the approach described in Section E.1.1, but
on the bands along Γ → 𝑋 and Γ → 𝑌 employing a spacing of |𝛿k| ≈ 0.01Å−1. The hole
and effective electron masses in Table 8.5 are obtained by averaging the effective masses
along the two paths. For completeness, their values are listed in Table E.4. In the case
of the HSE functional, we employed the MLWF to evaluate the band structure along the
Γ → X and Γ → Y paths (Fig. 8.9). For these systems, the interpolation method based
on the MLWF converges slower than the standard approach, and thus a denser k-mesh
is needed. For a direct comparison, we have tested the two methods at the PBE level.
The results are collected in Table E.5. It can be observed that by using the 4 × 4 × 1 grid
chosen for the HSE calculations, the effective masses can be reproduced with a precision
of ∼0.02 m0. Larger grids are not computationally feasible with HSE.
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Table E.4: Effective hole and electron masses computed from the paths Γ → X (𝑚h,𝑥 and 𝑚e,𝑥) and
Γ → Y (𝑚h,𝑦 and 𝑚e,𝑦). Their average gives the effective masses in Table 8.5.

Cation Functional MLWF 𝑚h,𝑥 [m0] 𝑚h,𝑦 [m0] 𝑚e,𝑥 [m0] 𝑚e,𝑦 [m0]
LT

BA PBE No -0.396 -0.386 0.241 0.266
Cs PBE No -0.398 -0.388 0.248 0.270
Cs PBE Yes -0.385 -0.380 0.257 0.235
Cs PBE Yes -0.417 -0.412 0.272 0.292
Cs PBE+SOC No -0.385 -0.380 0.257 0.235
Cs HSE Yes -0.374 -0.369 0.247 0.260

HT
BA PBE No -0.244 -0.233 0.294 0.174
Cs PBE No -0.256 -0.241 0.296 0.180
Cs PBE Yes -0.271 -0.255 0.304 0.199
Cs PBE+SOC No -0.243 -0.228 0.189 0.185
Cs HSE Yes -0.250 -0.238 0.275 0.184

Table E.5: Convergence tests to evaluate the optimal k-mesh to be employed for computing effective
masses. All calculations are performed with PBE. Those that do not employ MLWF serve as a
reference. The hole (electron) masses 𝑚h,𝑥 (𝑚e,𝑥) are computed from the path Γ → X, while 𝑚h,𝑦
(𝑚e,𝑦) are computed from the path Γ → Y. 𝑚h (𝑚e) are calculated as the average of the two.

MLWF k-mesh 𝑚h,𝑥 [m0] 𝑚h,𝑦 [m0] 𝑚h [m0] 𝑚e,𝑥 [m0] 𝑚e,𝑦 [m0] 𝑚e [m0]
LT

No 3×3×1 -0.398 -0.388 -0.393 0.248 0.270 0.259

Yes

3×3×1 -0.429 -0.424 -0.427 0.276 0.277 0.277
4×4×1 -0.417 -0.412 -0.414 0.272 0.292 0.282
4×4×2 -0.417 -0.412 -0.414 0.267 0.274 0.270
5×5×1 -0.412 -0.400 -0.406 0.251 0.268 0.260

HT
No 3×3×1 -0.256 -0.241 -0.249 0.296 0.180 0.238

Yes

3×3×1 -0.291 -0.274 -0.283 0.320 0.230 0.275
4×4×1 -0.271 -0.255 -0.263 0.304 0.199 0.251
4×4×2 -0.271 -0.255 -0.263 0.284 0.195 0.240
5×5×1 -0.260 -0.246 -0.253 0.307 0.183 0.245
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