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Abstract

The discovery and characterization of novel materials are crucial for the devel-
opment of new technology. Finding suitable materials for specific applications,
however, is challenging due to the diverse and sometimes conflicting requirements
for their properties. The decreasing cost of computing material properties and the
recent development of data infrastructures have drastically increased the amount
of available materials data. Being computed for various purposes, the available
data employ different physical approximations and numerical parameters. This
heterogeneity poses significant challenges in integrating and comparing data from
different sources.

In this thesis, we make use of descriptors and metrics to quantitatively evaluate
the similarity between different materials, represented by individual calculations.
To achieve this task, we developed a computational framework that allows users
to compose and manage datasets, specify and compute different descriptors and
metrics, compute similarity matrices, and use methods of unsupervised machine
learning. We furthermore present a spectral fingerprint, i.e., a novel descriptor
that encodes spectra as binary-valued raster images, allowing us to compare the
similarity of different quantities, such as the electronic density-of-states, or optical
absorption spectra.

We apply our methodology to assess the quality of materials data and explore
large data-spaces. We demonstrate with various examples that the spectral fin-
gerprint can be used to quantitatively describe the differences between theoretical
results obtained with different physical approximations or numerical parameters,
or results stemming from independent experiments. By applying our methods to
larger data sets, we identify and visualize the correlations between the precision
of computational results and the relevant numerical parameters. This also allows
us to find calculations based on different parameters that show very similar re-
sults. To explore large data spaces, we conduct similarity searches on materials
data, which reveal unexpected similarities between materials with different com-
positions. Furthermore, we use a clustering algorithm to find sets of materials with
similar electronic structure. We identify and rationalize the main mechanisms lead-
ing to these similarities. Importantly, we find outliers that cannot be explained by
simple rules. Finally, we compare the results of clustering with different similarity
measures, showcasing correlations between them.





Zusammenfassung

Die Entdeckung und Charakterisierung neuer Materialien sind von entscheiden-
der Bedeutung für die Entwicklung neuer Technologien. Das Finden geeigneter
Materialien stellt jedoch aufgrund der diversen und teils widersprüchlichen An-
forderungen an ihre Eigenschaften eine Herausforderung dar. Aufgrund der sink-
enden Kosten der Berechnung von Materialeigenschaften und der Entwicklung
von Dateninfrastrukturen hat sich die Menge der verfügbaren Daten drastisch er-
höht. Da sie für verschiedene Zwecke berechnet wurden, wurden diese Daten mit
verschiedenen physikalischen Näherungen und numerischen Parametern erzeugt.
Diese Heterogenität stellt eine signifikante Herausforderung dar, wenn Daten aus
verschiedenen Quellen verglichen und gemeinsam verwendet werden sollen.

In dieser Dissertation verwenden wir Deskriptoren und Metriken, um die Ähn-
lichkeit von verschiedenen Materialien quantitativ zu evaluieren, deren Eigen-
schaften mittels unterschiedlicher Berechnungen bestimmt wurden. Zu diesem
Zweck haben wir ein Softwareframework entwickelt, das es Nutzer:innnen erlaubt,
Datensätze zusammenzustellen und zu verwalten, verschiedene Deskriptoren und
Metriken zu definieren und zu berechnen und Methoden des Unsupervised Learn-
ing zu verwenden. Darüber hinaus stellen wir einen spektralen Fingerabdruck
als neuartigen Deskriptor vor, der Spektren als binäre Rasterbilder darstellt und
es erlaubt, die Ähnlichkeit verschiedener spektraler Größen, wie die elektronische
Zustandsdichte oder optische Absorbtionsspektren, zu vergleichen.

Wir verwenden unsere Methodik, um die Qualität von Materialdaten zu beurteilen
und große Datenräume zu erkunden. Für ersteres demonstrieren wir an verschiede-
nen Beispielen, dass der spektrale Fingerabdruck verwendet werden kann, um
die Unterschiede zwischen theoretischen Ergebnissen, die mit unterschiedlichen
physikalischen Näherungen und numerischen Parametern durchgeführt wurden,
oder Ergebnissen die aus unterschiedlichen Experimenten stammen, quantitativ
zu beschreiben. Danach identifizieren und visualisieren wir Korrelationen zwischen
der Genauigkeit von Rechenergebnissen und den relevanten numerischen Param-
etern, indem wir unsere Methode auf größere Datensätze anwenden. Das erlaubt
es uns, Rechnungen zu finden, die unterschiedliche Parameter verwenden und den-
noch sehr ähnliche Ergebnisse erzielen. Danach fokussieren wir uns auf die Erkun-
dung großer Datenräume. Dafür führen wir Ähnlichkeitssuchen auf Materialdaten
durch, welche unerwartete Ähnlichkeiten zwischen Materialien offenlegen. Des
weiteren verwenden wir einen Clustering-Algorithmus, um Sets von Materialien
mit ähnlicher elektronischer Struktur zu finden. Wir identifizieren und rational-
isieren die Hauptmechanismen, die zu diesen Ähnlichkeiten führen. Dabei finden
wir Ausnahmefälle, die sich nicht durch einfache Regeln erklären lassen. Schließlich
vergleichen wir die Ergebisse die duch Clustering mit verschiedenen Ähnlichkeits-
maßen erreicht wurden und zeigen Korrelationen zwischen ihnen auf.
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1 Introduction

Materials are a fundamental component of technological advancement. Conse-
quently, the discovery of novel materials is of great significance for a vast range
of applications. In light of the ongoing energy and climate crises, there is an ur-
gent demand for innovative materials to address pressing challenges, such as the
generation of electricity from renewable sources, and its transmission and storage.
The requirements for these materials are diverse, and in some cases conflicting.
For example, hard materials tend to be brittle, which limits their spectrum of
applications. Similarly, the currently most promising solar cell materials, hybrid
perovskites, contain toxic elements, or disintegrate under light exposure. Address-
ing these challenges requires materials that optimally combine desired properties.
Unfortunately, the time span for developing novel materials, i.e., the time from
their discovery to their application on the industrial scale, are long –typically 20
years1– and cost intensive. To speed up this process, data-driven methods have
been established recently as a new paradigm of research.2–4

The workhorse of computational material science to calculate materials proper-
ties from first principles, i.e., without empirical assumptions, is density functional
theory (DFT). In short, it allows the computation of the total energy of a many-
electron system in terms of the electron density. This approach is, in principle
exact, however, its practical implementation requires the use of approximations
and computational parameters. Both introduce deviations of the computed quan-
tities from the ideal exact result.

Advances in computational hardware and numerical algorithms have drastically
reduced the cost of performing DFT calculations. This enabled performing high-
throughput experiments,2 i.e., running hundreds and thousands of these calcula-
tions, covering large parts of the configurational space of materials5 (at least those
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comprised of a few elements only). The large amounts of data produced in this way
are a key resource for data-driven analysis4 and are made available to the scientific
community through large databases.5–9 However, providers of different databases
use different approximations and parameters for their calculations, making it dif-
ficult to combine data from different databases.10 Moreover, even if datasets are
based on consistent parameters, the sheer amount of available data requires novel
techniques to learn from them.

Similarity is a core concept in materials design. Evaluating the similarity of dif-
ferent compounds allows one to infer their properties without explicitly computing
or measuring them. However, similarity is often evaluated only qualitatively, be-
cause the materials science community has defined only few quantitative metrics
to measure similarity, and lacks tools to apply these metrics on a large scale. In
this work, we address this issue by showing how quantifying the similarity of ma-
terials allows to address two main challenges of materials science, i.e., data quality
assessment and big-data analysis.

This thesis is structured as follows: We introduce the theoretical background to
our work in Chap. 2. There we provide a brief introduction into DFT in Sec. 2.1,
followed by an overview of data management and databases in computational ma-
terials science in Sec. 2.2. We review the machine learning methods most relevant
to this thesis in Sec. 2.3 and introduce descriptors used in computational materi-
als science in Sec. 2.4. Chapter 3 presents the methodology that we contribute,
including a general framework for similarity analysis in Sec. 3.1, a descriptor for
spectral properties in Sec. 3.2, an application-specific clustering algorithm in Sec.
3.3, and additional descriptors for the analysis of clusters in Sec. 3.4. The follow-
ing chapter 4 presents the applications of similarity to data quality assessment.
First, in Sec. 4.1, we show how the use of similarity measures can help to identify
in which cases materials data are (dis)similar. Then, in Sec. 4.2, we show how to
find calculations in large datasets that have similar numerical precision. Finally, a
summary of our findings is presented in Sec. 4.3. Then, in Chap. 5, we show how
similarity measures can guide materials research. In Sec. 5.1, we apply similarity
searches to materials data and study how the descriptor used affects the results. In
Sec. 5.2, we use unsupervised machine learning to find all sets of similar materials

2



in a database of 2D materials and show how different similarity measures correlate
with each other. We summarize our findings in Sec. 5.3. Finally, we discuss the
impact and limitations of our work in Chap. 6, conclude all findings in Chap. 7,
and provide a general outlook in Chap. 8.

3
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2 Background

2.1 Density functional theory

The properties of materials can be computed from first principles, also called
ab initio, by determining the quantum-mechanical ground state of the system,
i.e., the wave-function corresponding to the lowest eigenvalue that satisfies the
many-body Schrödinger equation. Generally, to compute the properties of a solid,
it is necessary to treat both nuclei and electrons as part of the same system.
However, due to their higher mass, it is assumed that the motion of nuclei is much
slower, allowing for a separation of variables known as the Born-Oppenheimer
approximation. This allows to solve the ionic and the electronic part of the problem
independently. In the latter, the nuclei act as a static potential for the electrons.
The influence of the electrons on the nuclei can then be deduced from the solutions
of the electronic problem. Solving the many-body Schrödinger equation of the
electronic system is still difficult, because it depends on the coordinates of all N

electrons. To approach this challenge, in Density-Functional Theory (DFT), an
electronic system is expressed in terms of the electronic density, which depends
only on three degrees of freedom.

In order to describe the properties of an inhomogeneous electron gas immersed
in an external potential v(r), Hohenberg and Kohn showed11 that its total energy
E can be expressed in terms of a universal functional F [n] of the electron density
n(r) and the external potential:

E[n] = F [n] +
∫

drv(r)n(r). (2.1)

In search for a practical realization of this formula, Kohn and Sham12 found that
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the interacting electron problem can be mapped exactly onto a fictitious system
of non-interacting electrons, called the Kohn-Sham (KS) system. In this system,
the electron density is represented by:

n =
N∑

i=1
|Ψi(r)|2, (2.2)

where Ψi(r) are the so-called KS orbitals, obtained as solutions of single-particle
Schrödinger equations,

(
−1

2∇2 + veff [n](r)
)

Ψi(r) = ϵiΨi(r), (2.3)

where ϵi are the respective energy eigenvalues, and veff [n](r) is the KS potential.
This effective potential veff [n](r) is the sum of three terms:

veff = vext + vH + vxc, (2.4)

namely the external potential vext, which accounts for the Coulomb interaction
with the nuclei and external fields, the Hartree potential vH, which accounts for
the electrostatic effects of the electron charge density, and the XC potential vxc,
which accounts for the quantum-mechanical part of the electron-electron interac-
tion. The latter consists of two contributions, exchange and correlation. vext is
known and vH can be expressed analytically in terms of the electron density, but
such expression does not exist for vxc. Thus it needs to be approximated. The
choice of this approximation can have strong impact on the accuracy (see also
Sec. 2.2.3) of the computed properties. The most basic approximation is the local
density approximation (LDA),12 where the XC contribution EXC to total energy
is given by:

ELDA
XC [n] =

∫
dr n(r) εhom

XC (n(r)), (2.5)

where εhom
XC (n) is the XC energy density of a homogeneous electron gas with den-

sity n. For practical applications, εhom
XC (n) is given in a parameterized, analytical

form.13 Semi-local extensions, called generalized-gradient approximations (GGAs),

6
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improve (in many cases) the accuracy of computed physical quantities by taking
the gradient of the electron density into account. The most commonly used param-
eterization of this functional has been suggested by Perdew, Burke, and Ernzerhof
(PBE).14 Further improvements of XC functional include meta-GGA functionals,
which also consider the kinetic energy density, and hybrid functionals, which in-
clude a proportion of exact exchange computed within Hartree-Fock (HF) theory.
The amount of HF exchange is a parameter, which can have large effects on the
results.15 A complete description of these methods is beyond the scope of this
work. We discuss the impact of hybrid functionals on the electronic structure in
Sec. 4.1.

Since the potential veff [n](r) depends on the electron density n, the equation has
to be solved in a self-consistent way. To do so, first, n is approximated, e.g., from
the electron densities of isolated atoms. In practical calculations, the KS orbitals
Ψi(r) are represented using basis functions ϕj, i.e.,

Ψi(r) ≈
∑

j

Cijϕj(r). (2.6)

Using these basis functions, Eq. 2.3 allows to recast the KS problem as a (gen-
eralized) matrix eigenvalue problem with the Hamiltonian matrix H, the overlap
matrix S, and the expansion coefficient vectors Ci:

HCi = εiSCi. (2.7)

This equation which can be solved by matrix diagonalization. The latter can be
performed efficiently by current computer hardware. The thus obtained eigenvec-
tors are the expansion coefficients representing an electronic orbital Ψi(r), and the
corresponding energy eigenvalue ϵi is the energy of the electronic state i. Using
Eq. 2.2, a new electron density is calculated, allowing to set up a new H. This
process is repeated until the density converges, i.e., do not change (or change
insignificantly) w.r.t. to the last iteration.

Different types of basis functions can be used to represent the KS orbitals in Eq.
2.6. In theory, different expansions should lead to the same result. In practice,

7
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however, a finite set of basis functions must be used, which introduces deviations
from the exact result. In calculations for periodic systems, another important
computational parameter is the k-point sampling, which represents the discretiza-
tion of the Brillouin zone (i.e., the smallest unit cell in momentum space). Besides
these important examples, many other parameters are used in any implementation
of the KS formalism and methods beyond. Their influence on the results of a cal-
culation is called precision, the accuracy determines the difference to experimental
results,16 e.g., introduced by the XC functional. The quality of DFT data will be
discussed in more detail in Sec. 2.2.3. We show how the number of basis functions,
the k-sampling, and other settings influence the electronic structure in Chapter 4.

The electronic structure is characterized by the electronic density-of-states (DOS)
and the band structure (BS). The former describes how many electronic states are
available for a given energy:

DOS(E) =
∑

i

δ(εi − E), (2.8)

where δ(x) is the Dirac delta, and εi are the KS eigenvalues obtained by Eq.
2.3. The contribution of an atomic orbital j to the total DOS, the projected DOS
(PDOS), is computed by projecting the KS orbitals onto a atomic-like orbital basis
ϕj:

PDOSj(E) =
∑

i

|⟨Ψi, ϕj⟩|2 δ(εi − E). (2.9)

In order to obtain a smooth DOS from this discrete distribution, δ(x) is usually
broadened using a Gaussian distribution function, i.e., δ(x) → 1√

2πσ2 e− x2
2σ2 , with

the smearing parameter σ.

The DOS is an integrated quantity, containing the electronic states for all
kpoints. To get more information about the dispersion of electronic states along
a specific path, i.e., along selected high-symmetry path in k-space, the BS can be
computed. Thus, it describes which energies (or states) an electron with momen-
tum k can occupy in a unit cell, the so-called energy bands.

In this work, we deal with the electronic structure of different materials. This

8
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requires the introduction of some terms, which we briefly recall here (for more
details, see Ref. 17):

• Fermi energy: Highest occupied electronic state

• Band gap: Region in the BS and DS where no electronic states are available

• Valence bands: Occupied bands below the band gap

• Conduction bands: Unoccupied bands above the band gap

• Metal: A material that has bands crossing the Fermi energy

• Semiconductor : A material were the Fermi energy lies in a band gap

The electronic structure of a crystal is strongly influenced by the atomic positions
and the unit-cell volume. Thus, to obtain accurate results, the geometry must be
optimized by minimizing the total energy. The relationship between the unit-cell
volume and the total energy is described by the equation of state (EOS). For this,
often the Birch-Murnaghan function18 is used, which provides information about
the equilibrium volume, the pressure, and the bulk modulus.

There are numerous implementations of the DFT formalism. Here, we focus on
three popular examples, each representing a different numerical approach to the KS
problem. Results obtained with these codes are discussed later in this work. The
first example is VASP,19,20 which uses plane waves as basis functions. Using plane
waves is numerically very convenient, however, the rapidly varying wave-functions
of core electrons are not well represented using this ansatz. Therefore, many
basis functions are required to represent these core states. To make the problem
tractable, plane-wave codes make use of pseudo-potentials (PP). By approximating
the contributions of core electrons to the effective potential the number of required
plane waves can be drastically reduced. There are many different PPs available,21

and different choices can impact the precision and accuracy (see Sec. 2.2.3) of the
results.

In a different approach, numeric atom-centered orbitals (NAO) are used as basis
functions. An example for this ansatz can be found in the DFT code FHI-aims.22

NAOs are centered at the atomic positions. Their functional form, consisting
of the product of radial functions and spherical harmonics, allows to efficiently

9
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account for all electrons, including the rapid oscillations of the core-electron wave-
functions. Thus, the amount of basis functions required to obtain precise results
is small. Furthermore, due to the local nature of NAOs, numerical integrals can
be performed efficiently, allowing to compute the properties of isolated molecules,
surfaces, and very large systems.22,23

The last example presented here is the code exciting.24 It uses a basis con-
structed from augmented plane-waves and local orbitals (LAPW+lo). In this ap-
proach, the space is partitioned into so-called muffin-tin (MT) spheres around the
nuclei, and the interstitial, i.e., the remaining space in the unit cell. In the intersti-
tial, the electronic wave functions are smooth and can be described efficiently using
plane waves.24 In the MT spheres, atom-centered basis functions using products
of spherical harmonics and atomic-like radial functions are used to represent the
electronic wave functions. Local orbitals, which are similarly defined within the
MT sphere, but strictly 0 in the interstitial, are added to increase the flexibility
of the basis. Beyond the electronic ground state, exciting puts a focus on the
calculation of excited states24 and is known to achieve micro-Hartree precision.25

2.2 Data management in materials science

Due to the steady increase of computational power and availability of computa-
tional resources and the usage of efficient numerical methods the cost for per-
forming ab initio calculations of material properties continues to decrease. As a
consequence, the large materials science community generates more and more data,
representing a rich source of information. This gives the opportunity to make use
of big data-driven methods3,4, 26 to obtain scientific insight from large quantities of
materials data, rather than from specialized studies on small datasets. Providing a
large pool of data requires the development of an extensive data infrastructure to
ensure its availability and the correctness of the data. These requirements are not
exclusive to the materials-science community, but are common to most of scien-
tific disciplines. Many of the challenges that arise around the development of data
infrastructures can be summarized as the four V challenge4 of big data. These are
variety, meaning the heterogeneity in the type of data that is processed, veracity,

10
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the precision of the data, volume, the amount of data, and velocity, the rate at
which new data is added.

Ultimately, the goal of providing a research data infrastructure is to improve
the reproducibility of scientific results and speed up the research process. The
requirements to achieve these goals have been formalized as the FAIR principles of
scientific data management.27 In the following, we discuss these and emphazise the
challenges that arise specifically for materials-science data. Then, we review how
major providers of materials-science data address these challenges, and present
ongoing concerns w.r.t. data quality.

2.2.1 FAIR principles of data management

The FAIR principles27 of scientific data management were formulated in 2016 and
have since gained increasing attention. FAIR is an acronym: Data should be
Findable, Accessible, Interoperable, and Re-usable.

Findability requires data to be labelled with a globally unique and persistent
identifier, described with rich metadata, and registered or indexed by a resource
that can be searched.27 Currently, most database providers (see, e.g., Sec. 2.2.2)
provide unique identifiers for their entries. Some, e.g., NOMAD,9,28 additionally
allow to assign a DOI1 to a dataset, providing users with a way to cite the data in
publications. Beyond the technical challenges, enabling scientists to find relevant
data is much more involved. This is partly because even defining the requirements
that a material should fulfil is challenging. For example, a researcher may be in-
terested in finding new materials to replace a component in a device. Obviously,
they can search for materials that have the desired properties, e.g., the required
value of the electronic band gap. However, there are other requirements for using
the material in a device, such as its stability under certain conditions, or the tox-
icity of its constituents. Formalizing such requirements requires extensive expert
knowledge as well as very flexible search interfaces.

Accessibilty requires that data can be retrieved via an open and free standardized

1Digital Object Identifier, https://doi.org
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communication protocol that can be used regardless of the resources or physical
location of the user. Furthermore, it requires metadata to be available even when
the data are no longer available.27 Most materials-science databases implement
this using Application Programming Interfaces (API), which allow to access the
data in a programmatic way. The protocols for searching and accessing the data
are made available online. Notably, the OPTIMADE consortium2, a joint effort of
24 database providers, provides a standardised API specification,29,30 which gives
access to –at the time of writing this manuscript– 29 databases.

Interoperability mandates the use of a formalized language for representing
(meta)data.27 This concerns, e.g., file formats, but also requires that the schema
used within these data files are disclosed to the public. An example for an interop-
erable data schema is the NOMAD MetaInfo,31 which uses the json32 file format
and is fully documented3. In the context of materials science, interoperability also
means which data can be combined in a meaningful way, regardless of the method
that was used to obtain them. The results of DFT, e.g., obtained with different
codes, should be in principle identical. In the limit of highly converged calcu-
lations, it could be shown that the results are indeed very similar164. However,
many of the data that are available in large databases are not highly converged,
depending on the purpose of their creation. Thus, the interoperabilty of these data
present a significant challenge, especially with respect ot the data-hungry nature
of modern machine-learning models33

Reusability requires that data includes rich metadata, which describe the data.
Furthermore, the provenance of the data must be disclosed.27 Licensing issues can
be met by requiring that users publish their data under an open-source license.
Thus, by default, all data on the platform will be open source. Ensuring that data
provenance is available is the first step in enabling that data can be reused in a
different context. For computational results, data provenance can be addressed by
storing, e.g., all input and output files of a DFT calculation, as well the version of
the software that was used.

2See also: https://www.optimade.org/
3See, e.g., https://nomad-lab.eu/prod/v1/gui/analyze/metainfo.
4For a more detailed discussion, we refer to Sec. 2.2.3.

12

https://www.optimade.org/
https://nomad-lab.eu/prod/v1/gui/analyze/metainfo


2.2 Data management in materials science

2.2.2 Databases of materials science data

A significant amount of the currently available computational materials data was
produced in high-throughput (HT) investigations. HT is an approach for exploring
many materials in view of certain properties. To do so, large databases of the
thermodynamical and electronic properties of experimentally observed and not
(yet) existing materials have been generated.2 Searches for new materials are often
performed in a combinatorial way, i.e., crystal structures of know compounds are
systematically decorated with different species to calculate the properties of the
new materials. The HT approach, however, goes beyond that and includes that
data are stored in a systematic way and that advanced data analytics is used for
the selection of new candidate materials.2 To achieve this, HT searches rely on
software frameworks for setting up new calculations, running DFT codes, handling
errors, and extracting results.2

The rapid increase of data produced in such HT searches in the past years
has several reasons.34 First, DFT codes are increasingly supporting the automatic
computation of more and more properties, also making the usage of codes easier for
non-expert users. This simplifies the setup of large-scale computation of advanced
material properties, which are of interest for many applications. Second, the cost
of numerical approaches has decreased due to the increased availability of compu-
tational resources. Third, the availability of open-source HT frameworks35–38 and
post-processing tools39,40 allows users to set up workflows and extract scientific
results with little development effort.

In the following, we review several material databases, focusing on those that
are used in Chapters 4 and 5 of this work. The selection provided here is by far
not exhaustive, but is rather used to illustrate the variety of different approaches,
their similarities, and differences.

ICSD

The Inorganic Crystal Structure Database (ICSD) contains manually curated en-
tries of compounds, such as ceramics, minerals, and metals. These entries stem
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from the scientific literature, the earliest articles dating back to 1915.41 The ICSD
was started in 1990, today it contains more than 300,000 characterized crystal
structures. That means that the atomic coordinates and the composition of the
compound are known. Originally, the ICSD contained exclusively experimentally
observed structures. Recently, structures from theoretical publications have also
been included. The ICSD is often used for finding crystal structure prototypes
as a starting point for combinatorial searches, or to populate HT databases (see
below). Access to the ICSD requires the purchase of a license, however, many com-
putational databases mark, wherever possible, to which ICSD entry each database
entry corresponds.

AFLOW

The HT database AFLOW6 contains over 3.5 million entries42 of material proper-
ties computed with DFT. For the data generation, the eponymous computational
HT framework AFLOW35,43 was used. The latter is a monolithic open-source com-
puter program5, implemented in the C++ programming language. It supports
tasks like crystal-structure generation and manipulation and symmetry and struc-
ture analysis, and it includes post-processing tools. Different components of the
software are accessible through a web interface at https://aflow.org, allowing
users to avoid installing the complete AFLOW program.42 Notably, the AFLOW
ecosystem provides a library of 1,100 crystallographic structure prototypes, which
can be used for combinatorial HT searches.44–46

The AFLOW repository contains a variety of different material properties, in-
cluding phase diagrams, symmetry related properties, energetics, band gaps, and
magnetic moments.6 Properties of the electronic structure can be analysed us-
ing BS and orbital-projected DOS spectra. Furthermore, the original and relaxed
crystal structure can be downloaded. The consistency and interoperability of the
results is supported by a standard set of parameters for the DFT code VASP, which
is used for all calculations.47 However, the data are organized in so-called cata-
logs,42 grouping data that was created for a specific purpose, such as computing

5A software monolith contains different modules and functionalities, which are part of a the
same codebase and can only accessed through the main program.
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the properties of materials from the ICSD, or combinatorial searches, using slightly
different approximations. For example, for the former, the Hubbard correction for
the XC functional (DFT+U) was used to obtain accurate results, whereas for the
latter it is omitted to obtain accurate and comparable formation enthalpies.42

OQMD

The Open Quantum Materials Database (OQMD) is a DFT-based HT materials
database focused on thermodynamic stability.5 As of 2015, it contained about
30, 000 compounds from the ICSD, extended by ∼ 260, 000 novel, predicted crys-
tal structures found by combinatorial HT searches.38 More recently, about half a
million of compounds have been reported.48 All calculations are performed using
VASP. To study the thermodynamic stability, the accuracy of the formation ener-
gies is vital. Therefore, the chemical potentials used to compute formation energies
are corrected using experimental data.38 Earlier, good agreement between exper-
iment and theory has been found,5 and the remaining uncertainty in accuracy
was suspected to be based on the comparatively low precision of experimental
references.38

An important feature of the OQMD is the automatic construction of multi-
component phase diagrams. These can be used to assess the thermodynamic
stability of materials by comparing their energies to the energies of many other
materials at the same time. This is achieved by formulating the generation of a
multi-component phase diagram as a linear algebra problem.49,50 This technique
was also applied to study reaction pathways of materials with potential applica-
tions for hydrogen storage.49 Later, the approach was extended to compute a
phase stability network of 21,000 stable materials from the OQMD.48

Exceptionally, the entire OQMD can be downloaded as a single file from the
website, https://oqmd.org/download/.38
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Materials Project

The Materials Project7 (MP) is a multi-institution collaboration as part of the
US Department of Energy Office of Basic Energy Sciences.51 The MP maintains
an open-access HT database of more than 150, 000 materials and molecules, see
https://next-gen.materialsproject.org/, calculated with VASP. The MP has
a large user base with 40, 000 registered users6. For the majority of materials, the
PBE XC functional is employed. For transition metal oxides and sulfides, DFT+U
is used.

The MP furthermore provides and maintains a large suite of open-source soft-
ware, including the analysis and structure manipulation library pymatgen,40 the
workflow management tool Fireworks,37 and the workflow library atomate.52 On
its website, the MP provides Apps7, i.e., online applications that allow to combine
properties from different materials, to analyze and visualize them.51 These apps
can be used, e.g., to generate phase diagrams from MP data. Further apps are for
crystal structure analysis and for screening for materials with specific properties.

C2DB

The Computational 2D Materials Database (C2DB),8,53 is an HT database of
atomically thin systems, computed with the DFT code GPAW.54 A large fraction
of its entries is generated using a combinatorial approach, based on several struc-
tural prototypes, including Xane (e.g., graphane), Xene (e.g., graphene), MXY
Janus (e.g., MoSSe), and TMDCs (e.g., MoS2). Recently, more stable struc-
ture have been added, which were found using a novel ML-based approach.55

Currently, the C2DB contains 16,789 structures, that are available at https:
//c2db.fysik.dtu.dk/. Among these, 4,194 are labeled as dynamically stable,
with an energy of maximal 0.2 eV above the convex hull8. The remaining mate-
rials are metastable, i.e., they are not likely to be synthesized, but, under ideal
conditions, e.g., by controlling temperature and pressure, it may still be possible.

6Note that the MP requires registration to access the database.
7See https://next-gen.materialsproject.org/apps.
8The convex hull is formed by all compounds that have the lowest energy of formation for their

specific atomic composition.
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The properties computed for stable materials include the heat of formation, the
stiffness tensor, phonons to assess the dynamic stability, magnetic properties, and
the optical polarizabiliy. Furthermore, the data includes band structures, orbital-
projected PDOS, and (if applicable) band gaps.

NOMAD

The NOMAD data infrastructure4,9, 28 follows a different approach. Conceptual-
ized as an open materials-science platform, it allows users to upload and share their
data. In addition to the uploads from hundreds of individual users, NOMAD also
contains the data created by different HT projects,9 totaling in ∼ 13 million identi-
fied entries (see https://nomad-lab.eu/prod/v1/gui/search/entries), which
can consist of several single-point calculations. Among these ∼ 52% stem from
AFLOW, ∼ 5% from the OQMD, and another ∼ 2% originate from the MP.
Recently, NOMAD has been expanded to include experimental data. All data
in NOMAD are fully open access under the Creative Commons Attribution 4.0
License and can be downloaded without registration.

To achieve a FAIR data infrastructure, NOMAD presents the data in differ-
ent ways.9 From the very beginning, it accepted raw computational data, i.e.,
the input and output files of DFT calculations. NOMAD supports the entire
electronic-structure community by accepting results from more than 50 different
DFT codes. The repository aims at data sharing, providing long-term storage of
the files for at least 10 years. Each DFT code has its own data formats, file types,
and even units used to represent physical quantities. That means that these data
are not interoperable. To address this challenge, the NOMAD software56 parses
and normalizes these files, and stores them in unified form. To achieve this, NO-
MAD relies on a domain-specific metadata schema, called the MetaInfo,31 which
can be found at https://nomad-lab.eu/prod/v1/gui/analyze/metainfo. Us-
ing this schema, the information contained in the raw files can be represented in
an interoperable way. To lower the access barrier for non-expert users, NOMAD
created the Encyclopedia, providing an aggregated view of the data, i.e., show-
ing the results of all calculations for the same material. Even if it is currently
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not actively further developed, users can use the Encyclopedia inspect the crystal
structure, electronic and vibrational properties, as well as an overview of different
methodologies employed to obtain the data.28 It allows users to directly com-
pare the spread of results obtained by different calculations and see the impact of
different methodologies on physical properties. The NOMAD infrastructure also
maintains the AI toolkit,57 a collection of data analysis and AI tools available in
web-based interactive notebooks. They act both as tutorials to learn data ana-
lytics and machine learning techniques (see Sec. 2.3) as well as a starting point
for users to explore the data of the NOMAD Archive using state-of-the-art data
processing methods.

2.2.3 High throughput calculations and data quality

The correctness of DFT implementations10,16,58 and data contained in HT mate-
rials databases34,59 are subject of recent investigations. In the following we review
these studies.

In Sec. 2.1, we have briefly touched on the conceptual differences between the
terms precision and accuracy.16 To recall, the former refers to numerical precision.
i.e., deviations in computed quantities due to details of implementations and the
usage of certain computational parameters. Conversely, accuracy is used to identify
systematic deviations introduced by methodologies and approximations, e.g., the
XC functional. It can be determined only in comparison to higher-level theory
or experiment. In a large collaborative effort,16 the precision of 15 different DFT
codes and 40 different pseudo-potentials (PP) was evaluated, using the so-called
∆ factor as a metric. The latter is defined as the differences between the areas
below the EOS curves (see Sec. 2.1) obtained by two different codes58 for a single
material. By comparing this score, averaged across a set of 71 elemental solids, it
was revealed that, for highly converged calculations, the precision of DFT codes
is below 0.5 meV/atom for about 10 codes. Notably, several codes have improved
significantly compared to early implementations. More recent studies, using a
larger test set59 have further emphasized that codes based on PPs show lower
precision.
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The results in these benchmarks were obtained using very stringent numerical
settings. This is not representative of the data contained in HT databases.10 Thus,
comparing or combining data from different datasets can lead to uncontrollable
uncertainties. Therefore, Carbogono et al.10 systematically investigated the pre-
cision of results from four codes w.r.t. their highest converged settings. This was
achieved by comparing the total energies of these highly converged calculations
to those with less stringent numerical settings. It was found that for three codes,
i.e., exciting, FHI-aims, and GPAW, as expected, the error decreases steadily with
increasing convergence parameters. For VASP, this relationship is more complex
due to an error reduction scheme employed by the code. Furthermore, the authors
pointed out that the achieved precision can vary considerably between different el-
emental species, their atomic coordinations, and different methodologies.10 It was
also shown that the precision of the energies of binary alloys can be approximated
well using a stichiometric average of the respective errors for each elemental solids,
using the same numerical settings.

In a later study, a large-scale comparison between the data contained in the
AFLOW, OQMD and Materials Project databases revealed that formation energies
and volumes of materials show generally better agreement than electronic band
gaps and magnetic moments.34 The differences in energies were shown to stem
mostly from the usage of different elemental reference states and post-calculation
corrections, e.g., by those employed by the OQMD to improve the accuracy of
DFT results.38 The usage of different PPs was found to have a larger impact on
band gaps and magnetization.34

To address the challenges related to the quality of data obtained in HT exper-
iments, several approaches have been proposed. General consensus is that more
verification studies are necessary, specifically including more XC functionals16,59

and a variety of properties. Bosoni et al. emphasize that, to quantify and un-
derstand differences in calculations, novel metrics are required, which should rely
on quantities that can be determined experimentally.59 How to better control the
precision of the data produced in HT workflows is actively discussed in the liter-
ature. Bosoni et al. suggest to perform convergence tests automatically in HT
workflows.59 Conversely, Hegde et al. point out the computational cost of such
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approach and focus on quantifying the uncertainties employing existing data.34

Also, Carbogno et al., propose the prediction of uncertainties of HT data based
on statistical models.10 The predictive power of such models can be improved by
using more elaborate machine-learning models.60

2.3 Machine learning

The popularity and success of machine learning (ML), and artificial intelligence
(AI) in general, in materials research has been increasing for more than 10 years.26,61–63

In the following section, we introduce the basic concepts of ML, in order to put this
work into the general context and to provide an overview of the methods applied
in this work. Note that we do not introduce specific popular methods, such as
neural networks, as they go too far beyond the scope of our work. The scientific
literature contains a large variety of introductions to the topic, e.g., in Ref. 64.
We conclude this section by providing a brief review of some applications of ML
to materials research.

2.3.1 Supervised learning

In supervised learning tasks, also called learning from a teacher, refers to learning
tasks where the value of a dependent, or target, variable y is predicted from an
independent variable x.64 The latter is typically a vector and its components are
called features. Denoting the predicted value as ŷ, the goal is to find a function,
or model, f ,

fβ(xi) = ŷi, (2.10)

such that the prediction error between the target and the predicted variable is
minimized. The subscript β denotes parameters of the model. The prediction
error is evaluated using a loss function L, typically the root mean squared error
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(RMSE):

RMSE(ŷ, y) =

√√√√ 1
N

N∑
i=1

(ŷi − yi)2, (2.11)

where N denotes the total number of samples. To find the optimal set of param-
eters, the loss function is minimized w.r.t. the model parameters:

β = argmin
β

L(y, fβ(x)). (2.12)

This process is also called fitting. All samples that are used for fitting the model
are called the training set. The generalizibility of a model describes its capability
to make correct predictions for unseen data.64 Most models also contain hyperpa-
rameters, which are parameters controlling, e.g., the number of model parameters
β or their maximal value, which are not learned from the training set, but are
selected a priori. To choose the values of these hyperparameters, the loss is evalu-
ated repeatedly for a validation set, i.e., samples that are not used for the fitting
process. The hyperparameters that lead to the lowest loss for the validation set
are considered optimal. The final performance is reported by computing a suitable
loss function for the test or hold-out set, i.e., samples, that have not been used
before.

2.3.2 Unsupervised learning

In unsupervised learning, there is no dependent variable: the goal is to directly
deduce the characteristics of the data.64 It encompasses a variety of different
techniques, such as finding association rules that describe the correlations between
samples, finding a low-dimensional subspace which maximizes the variance of the
data with principle component analysis (PCA), or finding sets of samples that are
similar to each other with clustering. In this work, we focus on the third example.

Clusters are obtained by applying a clustering algorithm to the data at hand.
Numerous of such algorithms have been published in the scientific literature, which
can be classified by different criteria. A comprehensive review is available, e.g., in
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Ref. 65. The input to clustering algorithms are, similar to supervised learning, the
variables xi describing each sample i. From these, based on various assumptions
about the distribution of the data, the algorithm assigns cluster labels to each
sample i. All samples with the same label belong to the same cluster and are
called members of the cluster. We identify the size of a clusters as the number
of its members. Some algorithms allow some samples not to be assigned to any
cluster. These samples are called orphans.

While in supervised ML the optimal solution is defined as the minimum of the
loss function, in unsupervised ML there is no direct measure of success.64 There-
fore, it is required to explain the results of clustering65 qualitatively or through
additional metrics.

2.3.3 Applications in materials science

ML can be used for many purposes in materials science. Here, we give a brief
overview of the recent applications, following the very comprehensive review of
Ref. 26.

A persistent challenge in materials research is the discovery of novel materials.
Related questions are, for example: Will a given stoichiometric combination of
elements form a stable crystal? What crystal symmetries will the resulting com-
pound have? What mechanical, electronic, and optical properties will it have?
Supervised ML can be used to address many of these questions. The stability of
materials can be studied by training ML models on the energy of formation of
existing, i.e., experimentally observed, materials, and then predicting it for new
compounds. This approach is, however, limited in its effectiveness due to the rel-
atively small amount of available experimental data. Conversely, predicting the
energy of formation from theoretical data alone requires knowledge of all compet-
ing compounds for a given stoichiometry, which ultimately limits the accuracy of
such predictions.

Electronic and optical properties of materials can also be addressed with ML. A
typical target variable for this task is the electronic band gap, which is important
for many applications, such as electronics or photovoltaics, but requires expen-
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sive calculations, e.g., using non-local XC functionals or many-body perturbation
theory to obtain accurate results. Thus, the acquisition of a sufficient amount of
training data is challenging. One way to mitigate this challenge is using the less
accurate band gaps obtained by DFT as a feature, and learning the differences to
results obtained by more accurate calculations. However, the availability of highly
accurate data remains a bottleneck.

To deal with small datasets, active learning approaches can be employed. Here,
the model, or an estimate of its uncertainty, is used to predict which training data
points would lead to an improvement of the model. These are then acquired and
used to retrain the model, leading to rapidly increasing performance.

As a final example, we focus on molecular dynamics (MD) simulations. In
MD, the movements of atoms or molecules are studied. This is often done using
force fields, i.e., mathematical models that describe the forces acting on individual
atoms. Instead of using classical models, these force fields can be based on ML
trained on DFT data, drastically improving the accuracy of the predictions.

2.4 Descriptors

The examples presented in the previous section clearly show the that ML ap-
proaches can be used a variety of applications. However, so far, we have not
discussed an important aspect of ML for materials science, i.e., the representation
of materials as features x (see Eq. 2.10). To compute material properties using ab
initio methods such as DFT (see Sec. 2.1), only the unit cell, the positions of the
atoms, and their atomic numbers need to be known.66 Due to the periodicity of the
crystal lattice, however, an infinite number of representations is possible, which
leave intrinsic properties of the system invariant. This poses a challenge to ML
methods, which would have to learn to account for these invariances,66 potentially
requiring an unaffordable amount of training data. This problem can be avoided
using descriptors, which represent the materials in a form that is already invariant
to transformations, i.e., leave intrinsic properties unchanged. The properties of
ideal descriptors are often discussed in the scientific literature:66–70
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1. The numerical value of a descriptor should allow to uniquely identify a sam-
ple.

2. (Dis)similar materials should have (dis)similar descriptor values.

3. Small changes in the material should lead to small changes in the descriptor.

4. The computation of the descriptor should be significantly cheaper than com-
puting the material property directly using ab initiomethods.

5. The descriptor should be as compact as possible.

6. Descriptors of the atomic structure should be invariant to rotations, spacial
translations, and permutation of atomic indices.

Some points found in single references are not included here, and different authors
weigh the importance of each property of descriptors differently, depending to the
task at hand. Another favorable property of descriptors is a constant size, i.e.,
the numerical representation of the descriptor should have the same size (e.g.,
length of the feature vector xi) for every possible material. Not all descriptors
fulfill by design all desired properties, such as those listed above. In many cases,
issues arising from this can be mitigated by adapting the original design of the
descriptor, or by adding additional post-processing steps.66 We note, however,
that the requirements listed above are often postulated in an a-prori manner, and
the importance of fulfilling them is not shown on materials datasets.

In the following, we review different descriptors used in materials science, dis-
tinguishing three different general approaches.

2.4.1 Feature vectors

Feature vectors are sets of physically meaningful parameters, which are provided
in a tabular form. To illustrate the concept, we make use of an example from
Ref. 71, which describes a general framework for generating feature vectors based
on the composition of a material. The largest fraction of such features are based
on atomic features, such as the atomic number or the covalent radius. The features
of individual atoms are combined by mathematical operations such as the mean
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weighted by the composition, average deviation from the mean, or the minimum
and maximum value. These descriptors have been successfully used to identify po-
tential candidates for solar-cell materials, and to find metallic glass alloys.71 One
downside of this approach is that such feature vectors are postulated ad hoc, based
on physical intuition. Another disadvantage is that correlations of the descriptor
with the ML target property cannot be controlled, especially, the descriptor can-
not be optimized to improve to predictive power of models trained using these
descriptors. To mitigate this problem, Ghiringhelli et al.70 proposed an ansatz
based on symbolic regression: To obtain features with higher predictive power,
they are generated by combining so-called primary features using algebraic oper-
ators. Typical primary features are the elemental electron affinity or the covalent
radius, and the algebraic operators that are used include linear operations, such as
addition, as well as non-linear ones, such as the square root or exponential func-
tions. This process can be repeated using features obtained in previous iterations,
until a sufficient level of complexity is reached. Due to the combinatorial nature
of this approach, the total number of features becomes very large. From this large
set of features, a suitable subset is selected, i.e., the smallest subset that provides
the best predictive power on a training dataset. Using this approach, they were,
for example, able to train a model that predicts the (small) energy differences
between rock-salt and zinc-blende structures for a set of 82 binary materials. This
approach allowed to classify with high accuracy in which of these crystal structure
a binary material is more stable. Issues with linearly dependent features could be
solved later using the SISSO approach.72

2.4.2 Structural descriptors

Structural descriptors are used to represent the atomic structure of materials. An
important distinction can be made between local and global descriptors.66 The
former are used for local environments, e.g., the coordination of an atom, given by
its next nearest neighbors. Global descriptors are defined for the whole structure,
e.g., all atoms in a unit cell at once. In most cases, global descriptors can be ob-
tained from local ones by averaging over all local descriptors found in a compound,
or by using kernel methods for matching sets of local descriptors.73
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Oganov and Valle presented a so-called fingerprint function,67,68 based on the
distribution of pairwise atomic distances in a solid. Their approach is related to the
radial distribution function (RDF),68 and the structure factor used in diffraction
experiments.67 The effectiveness of this approach was demonstrated by comput-
ing the descriptor values for various randomized crystal structures. It was shown
that the similarity between the descriptor values correlates with the the degree of
order in the randomized structures, their energy at constant volume, and a mea-
sure of quasi-entropy of the system.67 The descriptor was also applied to identify
duplicates in an evolutionary algorithm, where they cluster the found structures
based on their descriptors, and use the cluster centroid as a representative for
all members. This allows expert users to use the evolutionary algorithm more
effectively.68 A more generalized version of this approach to crystal structure rep-
resentation is the many-body tensor representation (MBTR).74 Here, the values of
so-called geometry functions, i.e., functions of properties like the atomic number,
pair distances, or angles between atoms, are computed and concatenated to obtain
a vector representation of the material.

A different approach was taken by Bartók et al.:75 In order to fit potential
energy surfaces used for modeling interatomic potentials (see also Sec. 2.3.3), a
representation of the bispectrum,69,75 i.e., a statistical function that is commonly
used in signal processing and telecommunication, of the local atomic density76 is
used. Later, a more generalized formulation of this descriptor was introduced,69

based on the power spectrum computed from the expansion of the atomic density
in spherical harmonics. This descriptor, called smooth overlap of atomic positions
(SOAP),69 combined with so-called matching kernels73 allows to describe the simi-
larity of atomic systems of arbitrary size, as demonstrated by compiling e.g., maps
of different phases and clusters of carbon atoms. These representations suffer from
a combinatorial explosion of coefficients (i.e., the descriptor length) if many atomic
species are included, which can be mitigated by compression techniques.77

Alternatively, materials can be represented as fragments, or building blocks, of
their crystal structure.78 Numerically, this can be achieved by comparing a mate-
rial to a pre-compiled list of structural motifs. By denoting the number of occur-
rences of each pattern in the structure, weighted by the stoichiometric ratio of their
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constituents, a representative feature vector can be obtained. Similar approaches
were established as standard in other scientific fields, e.g., drug discovery79 (see
also Sec. 2.5). Building upon this concept, property-labeled materials fragments
(PLMF),80 are constructed by determining the atomic connectivity graph, repre-
sented by the adjacency matrix. The adjacency matrix encodes the environment
of atoms as 1 (0), if two atoms are connected (not connected) by a chemical bond
and is used to identify neighboring atoms in a crystal structure. The individual
entries of the descriptor vector are then constructed by summing over the differ-
ences of various atomic, experimentally obtained, and derived properties between
neighboring atoms in a fragment.

2.4.3 Electronic-structure descriptors

All descriptors introduced above are derived from atomic, elemental, or structural
properties of the material. These are typical input parameters of ab initio meth-
ods or can be found in tables. The electronic structure, however, can be only
determined by performing a calculation. As such, the electronic structure is not
a suitable descriptor for predicting ground-state properties of materials. However,
descriptors based on it have been used to compile material cartograms,78 building
predictive models for the electronic DOS,81 and predict electronic states obtained
with higher levels of theory.82

For the first example, two different representations were used: Isayev et al.78

constructed a representation of the electronic DOS by encoding it point-wise in
the energy range between −10 and 10 eV as a series of 256 real numbers. Similarly,
the electronic BS was represented by discretizing the energy of electronic states
along the high symmetry paths in the Brillouin zone. The number of states falling
into each bin was then denoted in the feature vector. For the second example, i.e.,
training ML models to predict the DOS, another pointwise representation of the
DOS was used.81 Such representations were claimed to be inefficient, as they poten-
tially require many sampling points of the DOS to efficiently train the ML models.
Furthermore, employing loss functions derived from this representation has been
shown to be indifferent to spectral features with small overlap. To mitigate these
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problems, one can reduce the degrees of freedom by principal-component analysis
(PCA), effectively smoothing the DOS. Alternatively, a representation based on
the cumulative distribution function of the DOS was proposed, which showed an
increased sensitivity of the loss function to non-overlapping spectral features. In
the third example, a high-dimensional descriptor based on the PDOS (see Sec.
2.1), followed by PCA dimensionality reduction, has been proposed.53 It was used
to to predict electronic band-gaps at the accuracy level of hybrid XC function-
als, using the PBE PDOS as input. Later, a similar descriptor was used for the
prediction of electronic states obtained by post-DFT many-body methods.82

In Sec. 3.2, we present a spectral fingerprint that can be used to describe the
DOS of materials, but also other spectral quantities. A variety of use cases are
presented in Chapters 4 and 5.

2.5 Similarity

The concept of similarity and its applications are well researched topics in other
scientific fields, e.g., medicinal chemistry and drug design.79 There, molecular
similarity, i.e., the usage of similarity measures for molecules, plays an important
role in the discovery of new drugs in the pharmaceutical industry.83,84 An inter-
esting parallel that can be drawn is that databases of chemical compounds are
used extensively, both in public and private research. While this has not been the
case for materials science in the past, the recent introduction of large, open ma-
terials databases (see Sec. 2.2.2) has opened up new opportunities for data-driven
research. To facilitate the advantage that research in molecular similarity has due
to its early start, in the following, we review the literature, summarize the key
concepts, and relate them to materials research.

The advance of similarity-based studies started in the 1990s with the formu-
lation of the similarity property principle (SPP),79,83 which states that similar
compounds have similar properties. While this may seem obvious at first glance,
the matter is actually more complex: Obtaining a clear definition of similarity
and properly accounting for it, turned out to be a challenging task. In general,
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finding a quantitative structure-property relationship (QSPR) is described as the
combination of three steps:79,83 selection of a descriptor, weighting of its features,
and selection of a suitable similarity score.

Analogous to descriptors for materials, in molecular similarity they are used to
represent the molecular structure in a numerical format. The most computation-
ally efficient, and therefore, in many cases favored representations are based on bit
vectors, i.e., vectors, where every entry can either be 0 or 1.83,85 Weighting of the
descriptor features allows to emphasize specific structural patters or to incorporate
the number of occurrences of a structural feature.83 similarity scores are used to
compute the similarity between two descriptors.

The key property of compounds that can be used as new drugs is their (biologi-
cal) activity.79,85,86 In similarity searches, a known (active) molecule, also called a
lead, is used as a reference to scan database entries, aiming to find compounds with
similar structural features, which, according to the SPP, may be active as well.
One goal of this analysis is to find active molecules that are "dissimilar enough"
to justify patenting the molecule.79,85 Furthermore, similarity measures are used
to increase the diversity of molecular datasets, e.g., by selecting subsets of larger
databases such that the dissimilarity between the selected entries is maximized.83

However, despite the success of molecular similarity, several limitations and
shortcomings are known. Most importantly, similarity is subjective,79 and can
only be defined within a certain context.85 This means, that even if a similarity
search with a specific descriptor yields good results for a specific application, it
does not mean that the same methodology will be equally successful for another
application. Rather, descriptors and similarity scores have to be selected on a
case-by-case basis.85 This also means a general threshold Sthres, such that all
compounds with a similarity S > Sthres to a reference compound have similar
properties to it, does not exist.79 This is especially important when interpreting
the results of similarity searches. Furthermore, it is possible that small differences
in the descriptor lead to large differences in the biological activity. Finally, many
similarity measures are known to have an asymmetry based on the size of the
descriptors, i.e., larger molecules tend to score higher in similarity rankings.79

29



2 Background

Materials discovery faces similar challenges as drug design: Determining mate-
rial properties through experiment or accurate calculations is expensive. Therefore,
predicting material properties based on their similarity to known compounds61 is
desirable. Furthermore, materials databases are large, to an extent that extract-
ing knowledge from them requires the usage of data- analytics tools. However, as
mentioned in Chapter 1, the materials science community has, to this point, not
adapted similarity-based methods to face these challenges.

For materials, similarity searches can be used in the same way as they are used
for molecules. This allows one to effectively search materials with desired proper-
ties in large databases, increasing the findability of scientific results. Additionally,
quantifying the similarity between individual calculations or measurements offers
new opportunities to address the challenge of interoperability of materials data.
In the following chapters, we establish the required terms and methodology, and
apply them to a variety of different use cases. While doing so, we learn from
the successes and pitfalls of molecular similarity and carefully adapt, apply, and
extend already established and well-researched methods.

30



3 Novel methods for similarity
analysis

While it may be intuitively clear to a domain expert to decide whether two mate-
rials are similar on a qualitative basis, quantifying that similarity is challenging.
Part of this challenge is that many physical quantities that characterize a material
are arrays, such as the electronic DOS. This means that comparing them, even
qualitatively, requires to add context, such as the energy region in which the spec-
tra are (dis)similar. But even for scalar quantities, such as the electronic band
gap, it is not possible to give a definitive answer, since whether a band gap is too
large or too small is defined by the application that the material is used for. To
address this challenge, we present a flexible framework of methods that allows for
the quantification of the similarity of materials, based on individual components
and tools that can be combined for a specific purpose. In order to do so, technical
challenges need to be overcome, concerning, e.g., collecting and storing datasets,
or finding a suitable descriptor for spectra. We explain these challenges below and
introduce the tools to address them.

The following section 3.1 introduces MADAS,87 a framework for materials data
similarity analysis, implemented in the programming language Python. We de-
scribe the core modules of the program as well as their interplay. Section 3.2
presents a spectral fingerprint, which can be used to compute the similarity be-
tween two spectra. Section 3.3 introduces a threshold-based clustering algorithm
for the analysis of materials similarity. Finally, we present additional fingerprints
in Sec. 3.4, which are used to interpret the results of clustering.
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3.1 Similarity analysis with MADAS

Similarity analysis is a data-driven approach, making it essential to access and
manage (large) materials datasets. In this section, we describe how this can be
achieved using using the MADAS framework, following our publication Ref. 87.

Figure 3.1: Workflow of similarity analysis with MADAS. Data are obtained from one
ore more sources, using API interfaces. Using Material objects, data
are stored in a Database. File management is handled by a Backend.
From database entries, Fingerprints are computed, which are in turn
the input for Similarity matrices. Combining data, descriptors and
similarity scores, AI tools are used for analysis. Symbols represent
components of MADAS, arrows represent the data flow. Elements in
blue color are implemented in Python modules, red labels indicate the
type of data that are exchanged. Figure from.87

An example of how similarity-analysis workflows can be realized using MADAS is
shown in Fig. 3.1. The workflow starts in the top left corner with data sources,
i.e., online databases or local files, which are used to compile datasets. To ac-
cess these data, an API interface, i.e., an interface connecting the Application
Programming Interfaces (API) of the data source to MADAS, is required. It is re-
sponsible for querying the external database and returning Material objects. The
latter are used to unify the communication between different components of MADAS.

32



3.1 Similarity analysis with MADAS

Material objects are stored in the Database, which, in turn, allows for reading
from and writing to the Backend and generating and storing the Fingerprints.
Fingerprints are used as input for the calculation of Similarity matrices. Finally,
AI tools can combine data from the database, fingerprints, and similarity matrices,
to analyze the data. Below, we discuss the individual components in detail.

MADAS is published as open-source software, available at https://github.com/
kubanmar/madas and via the Python package index (PyPI) at https://pypi.org/
project/madas. An extensive documentation, including examples and tutorials,
can be found online at https://madas.readthedocs.io.

3.1.1 Data download and management

As mentioned above, the first step of data analysis is the collection of the data.
To allow users access to data in an efficient way, providers of online databases
maintain web APIs. These are programmatic access points to the contents of
the databases, allowing to perform tasks such as searching and download of data.
Data can be retrieved from the these APIs by using a unique identifier of individual
calculations or measurements, or by using a set of search terms, called queries, to
retrieve even large quantities of data at once. While this functionality is maintained
by most of the data providers, the individual implementation, including, e.g., the
definition of keywords and metadata, may differ significantly between databases.
This poses a challenge to the data-collection task, since each database requires
specific knowledge of its implementation to access the data. Aware of this issue,
the providers of the largest databases jointly developed the OPTIMADE API,29,30

which is a standard that describes how various materials properties can be made
available to users. It is supported by an increasing amount of data providers.
However, the development of such standards is slow, and the providers’ own APIs
may be more expressive and give access to more data. One drawback of non-
standard APIs is that they may not provide data consistently, and providers can
change their APIs over time without notice. To address this challenge, MADAS
employs a Python class for implementing and updating interfaces to these APIs,
called APIClass. It is equipped with a common naming schema and data model
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and can be used as a standardized template for accessing data from different
sources. The output of an APIClass should be given using Material objects1,
allowing them to seamlessly integrate with the other components of MADAS.

Besides that APIs may change over time, also the data are not guaranteed to be
immutable. The Materials Project, e.g., provides a version history of the data at
https://docs.materialsproject.org/changes/database-versions. Accord-
ing to the MPs deprecation policy, this data are still available, but may not be
found through the search interface. Therefore, in order to support reproducibility
of scientific results (or at least traceability, in case erroneous data led to false re-
sults), data used for analysis often need to be stored locally. To do so, a database
should be used, as database software is optimized towards fast and convenient
access to the data, and provides methods to protect against data loss through
consistency checks. Thus, consistently storing the data that enter the analysis
pipeline in a database greatly enhances reproducibility of results. Furthermore,
storing the data locally reduces overhead from repeated downloads from the same
source. In MADAS, the database is implemented in a MaterialsDatabase class.
It acts as an anchor point between the API interfaces, the file handling, and the
subsequent data analysis, as shown in the left and right sides of Fig. 3.1, respec-
tively. The file handling is managed by a Backend class, which writes and reads
Material objects to and from database files. The logical distinction between the
MaterialsDatabase and the Backend allows to implement interfaces to different
databases, such as SQLite (https://www.sqlite.org/index.html), in different
Backend classes, without the need to adapt the code that interfaces with the data
analysis classes and methods.

1Python, as a dynamically typed programming language, does not allow to verify that a function
returns the correct data type before the code is executed. However, MADAS supports the effort
by using type hints in the source code and providing tutorials.
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1 from madas import MaterialsDatabase

2 from madas.apis.NOMAD_web_API import API

3 from madas.backend import ASEBackend

4

5 api = API()

6

7 backend = ASEBackend(

8 filename = "materials_database.db",

9 filepath = "data")

10

11 db = MaterialsDatabase(

12 api = api,

13 backend = backend)

14

15 db.add_material("8Ax_8kdhSkpHy4qYb2wzqGH2Cnem")

Listing 3.1: Setup of a MaterialsDatabase with MADAS.

Listing 3.1 shows how a MaterialsDatabase can be used to download data
using the NOMAD Archive API2. In line 5, an API object is created, which is used
to access data from NOMAD. In line 7, a Backend object is initialized. As keyword
arguments, the name of the database file and relative path are defined in lines 8
and 9, respectively. In line 11, the MaterialsDatabase is initialized, taking the
previously created API and Backend as keyword arguments. In line 15, a material
is added to the database, i.e., the data is downloaded from NOMAD, using its
entry id3, via the API and stored in a database file called materials_database.db.

2For more information on the NOMAD API, visit https://nomad-lab.eu/prod/v1/staging/
docs/tutorial/access_api.html and https://nomad-lab.eu/prod/v1/gui/analyze/
apis

3https://nomad-lab.eu/entry/id/8Ax_8kdhSkpHy4qYb2wzqGH2Cnem
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3.1.2 Fingerprinting

The collected data can be analyzed, as shown on the right side of Fig. 3.1. As
discussed in Sec. 2.4, in order to represent materials and their properties for data
analytics and machine learning, a suitable descriptor of the data must be used.
Here, focusing on similarity analysis, the data are represented using material fin-
gerprints, which we define as the combination of a descriptor d (see also 2.4) and a
similarity score S that assigns the similarity Sij to each pair of descriptors (di, dj).
The similarity score ranges between 0 and 1, where S = 0 (S = 1) defines that
the two descriptors (di, dj) are maximally different (identical). The choice of the
similarity score is arbitrary in general, however, depending on the research ques-
tion, functions with specific properties may be required. For most applications,
symmetric scores (S(di, dj) = S(dj, di)) are beneficial. Asymmetric scores, such
as the Tversky88 coefficient, as used in drug discovery (see Sec. 2.5), have, to our
knowledge, not found applications in materials science so far. The complement
D(di, dj) = 1−S(di, dj) of a similarity score defines a measure of distance between
two descriptors. It is convenient that these measures fulfil the following properties
of a metric:86

1. D(di, dj) ≥ 0 and D(di, di) = 0 for all di, dj

2. D(di, dj) = D(dj, di)

3. D(di, dj) ≤ D(di, dk) + D(dk, dj)

4. di ̸= dj → D(di, dj) > 0.

The third property, i.e., fulfilling the triangle inequality, is important for several
applications, such as clustering (see also Sec. 3.3, where this is used), because it
supports the interpretability and consistency of the results.

It is useful to distinguish between different fingerprint types and parameteriza-
tions. Different types refers to using different descriptors, e.g., SOAP or MBTR
(both introduced in Sec. 2.4), to represent the atomic structure of a material.
While, for this example, the former describes the material as a power spectrum
derived from the atomic density, the latter uses broadened geometry functions of
the crystal geometry. Naturally, these two representations are not compatible. Ad-
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ditionally, most descriptors also use different numerical settings in the definition
of the descriptor.66 Such settings could, e.g., be the cutoff of radial basis func-
tions in SOAP,69 or the choice of geometry functions in MBTR.74 Fingerprints
with different parameterizations cannot –in general– be used to compute mean-
ingful similarity scores. However, the development of fingerprint types that allow
for computing the similarity in these cases is possible and may be useful in some
scenarios.

In MADAS, fingerprints are implemented using a Fingerprint class. It defines all
relevant methods to integrate with the rest of the MADAS framework and provides
a template for quickly developing new fingerprints. By convention, two methods
must be implemented: calculate and from_material. The former takes data as
arguments, does the required transformation, and stores them in the Fingerprints
data attribute. Such data can be, e.g., the atomic structure encoded as an ASE
Atoms object, and a possible transformation operating on it is computing a SOAP
vector. The from_material method is used to calculate the fingerprint directly
from a MADAS Material object. To do so, it retrieves the required data from a
Materials object and passes it to the calculate method. Furthermore, methods
to retrieve the fingerprint data in the json format32 and to serialize and deserialize
the fingerprint are implemented. This allows to store the fingerprints both in a
MADAS MaterialsDatabase (see above) or in a text file, if necessary.
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1 from madas import Fingerprint

2 from madas.fingerprints.DOS_fingerprint import

DOSFingerprint

3

4 fp1 = Fingerprint("DOS").calculate(energy_values_1,

dos_values_1)

5 fp2 = DOSFingerprint().calculate(energy_values_2,

dos_values_2)

6

7 sim = fp1.get_similarity(fp2)

8 many_sims = fp1.get_similarities([fp1, fp2])

Listing 3.2: Generation and usage of Fingerprints with MADAS.

Listing 3.2 shows the initialization and calculation of DOS fingerprints (see also
Sec. 3.2 using MADAS. Built-in fingerprints, i.e., those that are defined within MADAS
and not created by a user, can be imported directly (line 2), or initialized through
the generic Fingerprint class (line 4). Fingerprints can also be calculated di-
rectly from MADAS Material objects. Lines 7 and 8 show how the similarity to one
or more fingerprints can be calculated.

3.1.3 Similarity matrices

The matrix containing all pairwise similarities between members of a set of finger-
prints is called similarity matrix. For a symmetric similarity score, this matrix is
also symmetric. MADAS implements several classes that can be used for many tasks
associated with similarity matrices, including to calculate, manipulate, and store
them, or to retrieve individual entries or sub-matrices. First, we introduce the
general SimilarityMatrix class. It is used for square matrices, which have the
similarity between the same materials in their columns and rows. The column and
row indices correspond to the same fingerprints, therefore the diagonal elements
represent the similarity of a fingerprint to itself. The calculation of symmetric ma-
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trices can be sped up by a factor of two, by calculating only the upper (or lower)
triangular part of the matrix. Additionally, the calculation of the matrix can be
parallelized: Since the rows of the matrix are independent of each other, they
can be computed as individual tasks on different cores of a CPU. Additional fea-
tures are, among others, retrieving the most similar materials for a given reference,
aligning two or more matrices to ensure that their rows and columns represent the
same materials, or retrieval of all unique entries. These functions have proven to
be valuable tools for understanding the relations between materials in a dataset
and can be used for a variety of analysis and visualization tasks.

1 from madas import SimilarityMatrix

2

3 simat = SimilarityMatrix().calculate(fingerprint_list)

4

5 simat.save(

6 filename = ’similarity_matrix.npy’,

7 filepath: str = ’.’)

8

9 sub_matrix = simat.get_sub_matrix(list_of_mids)

10 matrix_row_1 = simat[mid]

11 matrix_row_2 = simat[0]

12 matrix_entry = simat.get_entry(mid1, mid2)

Listing 3.3: Calculation and usage of SimilarityMatrix objects
with MADAS.

Listing 3.3 presents some of the methods provided by the SimilarityMatrix
class in MADAS. The matrix is calculated from a list of fingerprints in line 3. In line
5, it is saved to a file called similarity_matrix.npy (line 6) in the current directory
(line 7). A sub-matrix can be obtained by providing a list of material IDs (mids,
line 9). Matrix rows can be accessed either by the respective mid (line 10) or
matrix index (line 11). Individual matrix entries can be obtained using the mids
of the fingerprints they were calculated for (line 12).
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A more specialized type of matrix is the overlap similarity matrix, implemented
in a OverlapSimilarityMatrix class. Its rows and columns correspond to the
fingerprints of different materials, i.e., the entries of an overlap matrix O with
similarity score S, for sets A and B of fingerprints f , with fi ∈ A, fj ∈ B, and
A ∩ B = ∅, are Oij = S(fi, fj). The OverlapSimilariyMatrix can be used, e.g.,
for testing the predictions of ML models. The training data of a ML model (see
Sec. 2.3) can be used to generate one set of fingerprints, say, the column index of
the matrix. Then, these fingerprints are used to calculate the similarities to the
test data, i.e., a dataset that was not used in the training of the ML model. The
values of the matrix then show how (dis-)similar the training set is to the test set.
This can give insight into the expected error of the model: If the similarity of the
training data to the test data is low, the model is more likely to perform badly.

Computing similarity matrices can be resource-intensive, both in terms of CPU
and memory, since the number of entries to compute and store grows quadrati-
cally with the number of fingerprints. To reduce the compute time for (very) large
matrices, additional parallelization can be used by dividing matrices into several
sub-matrices. These sub-matrices can be computed on individual CPUs without
shared memory, such as the nodes of a high-performance compute (HPC) clus-
ter. This distributed calculation of entries is implemented in MADAS for symmetric
matrices in a class called BatchedSimilarityMatrix.

Figure 3.2 shows how the calculation of a matrix of 5 fingerprints, i.e., 25 en-
tries, can be split into 4 individual processes. This is achieved by assigning the
independent blocks of the matrix (labeled (a)-(f)) to different tasks. Each task
can be executed by, e.g., a different CPU / MPI task on a HPC system. The
implementation of this functionality makes use of both SimilarityMatrix and
OverlapSimilarityMatrix objects to represent the individual matrix blocks. In
Fig. 3.2, matrix blocks (f), (e), and (c) are symmetric matrices, and (a), (b), and
(d) are overlap matrices. To reduce the memory footprint of the computation,
only the fingerprints necessary for computing a sub-matrix are kept in memory.
This is realized using the serialize function of each Fingerprint object (see
Sec. 3.1.2 above) by writing the serialized fingerprints to files corresponding to
each submatrix. For the example in Fig. 3.2, this means that three fingerprint
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Figure 3.2: Illustration of matrix batching for parallel computation of entries for
a symmetric matrix. In this example, 4 independent tasks compute
parts of the matrix. The color indicates which task computes which
part of the matrix. The gray area represents duplicate entries that are
not computed. The alphabetic labels are described in the text.

files are written: for indices 0-2, required by blocks (a), (d), and (f), for indices
2-4, required by blocks (b), (d), and (e), and for indices 4-5, required by blocks
(a), (b), and (c).

3.2 Spectral fingerprints

Many material properties are expressed in terms of spectra. A spectrum represents
a mapping between an independent variable, e.g., the energy, and a dependent vari-
able, e.g., the number of electronic states at that energy. Examples are, among
others, the electronic or vibrational DOS, or optical absorption spectra. Comput-
ing the similarity between spectra is challenging because the values of the depen-
dent variable can only be meaningfully compared if the values of the independent
variable are the same. For example, it must be verified that the compared spec-
tra represent the same energy region. The challenge becomes even bigger because
spectra are given as discrete arrays of values, rather than continuous functions. It
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is possible that two spectra map the same region of independent variables, but us-
ing different sampling points. Then the dependent variables of the spectra cannot
be compared either.

To address this challenge, we develop a spectral fingerprint that can be used
to encode any spectrum as a binary-valued 2D image. It is computed using a
non-uniform transformation, which has the advantage that the fingerprint can be
adapted to focus on specific ranges of the independent variable. This is achieved by
defining a so-called feature region, in which the spectrum is represented with high
resolution. Outside of the feature region, the resolution of the representation can
be reduced. Our implementation mitigates the common drawback of electronic-
structure descriptors found in the scientific literature (see Sec. 2.4.3) where all
contributions to the spectrum are weighted equally. This means that they cannot
account for the fact that different energy regions are associated with distinct phys-
ical phenomena. The optical properties of semiconductors, for example, are largely
influenced by the size of the band gap. For metals, the region around the Fermi
energy is most relevant. Although the usage of PCA for dimensionality reduction,
as used in the literature53,81 can introduce a reweighting of spectral features, the
importance of a specific energy region cannot be tuned manually to focus on a
specific research question. Rather, it is determined by the variance of the data
that is used for generating the descriptors.

The following explanation of the fingerprint generation and similarity metric
closely follows our publications, Ref. 89 and 33.

3.2.1 Fingerprint generation

Figure 3.3 shows the generation of a spectral fingerprint from an electronic DOS.
As a first step, if required, the spectrum can be shifted by an energy, ∆ε, to define
the reference energy, εref , of the feature region. Here, the spectrum is centered at
the Fermi energy, εref = EFermi = 0 eV. Then, the spectrum is integrated over an
even number of intervals, Nε, to obtain a histogram, {ρi}:

ρi =
∫ εi+1

εi

ρ(ε)dε, (3.1)
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Figure 3.3: Generation of spectral fingerprints from the electronic DOS. The DOS,
ρ(E), of a material is numerically integrated over energy intervals
[εi, εi +∆εi) (See Eq. 3.1). The resulting histogram (b) is subsequently
discretized using a grid, and transformed to a raster image (d) repre-
senting the cells of this grid. The binary valued fingerprint vector is
obtained by concatenating the columns of the raster image. Each dark
(light) pixel corresponds to a value of 1 (0) in the fingerprint vector.
To increase visibility, in panel (c) only every fifth discretization step is
shown. Furthermore, we use a coarse grid with Nρ = 30, ρmin = 0.075,
and ρmax = 0.825. Figure from Ref. 89.
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with i ∈ [−Nε/2, Nε/2], i ∈ Z, ε0 = 0, εi+1 = εi + ∆εi for i ≥ 0, and ε−i = −εi.
The (non-uniform) integration intervals are defined as

∆εi = n(εi, W, N) ∆εmin, (3.2)

where the parameter ∆εmin is the minimal integration width and

n(ε, W, N) = ⌊g(ε, W )N + 1⌋ ∈ [1, N ] . (3.3)

Here, ⌊·⌋ denotes the ’round down’ operator and g(ε, W ) is defined as

g(ε, W ) = (1 − exp(−ε2/2W 2)). (3.4)

N ∈ N (N > 1) determines the maximum interval width ∆εmax = N∆εmin. The
parameter W is used to define the width of the feature region: For ε = 0, ∆εi

equals ∆εmin, for |ε| > W , it approaches ∆εmax. Using this functional form, the
integration intervals, indicated by vertical lines in Fig. 3.3 (b), are smaller in the
feature region |ε| < W , resulting in a finer discretization, and therefore a more
detailed representation of the spectrum. The energy cutoff values εmin and εmax can
be used to limit the resulting histogram to a specific energy range. The histogram
is then overlaid by a grid as shown in Fig. 3.3 (c). For every column i of the
histogram, the grid contains Nρ intervals of height

∆ρi = n(εi, WH , NH) ∆ρmin. (3.5)

The parameters WH , NH , and ∆ρmin are used analogous to W , N , and ∆εmin

above: Close to ε = 0, the height of the grid is small ∆ρi = ∆ρmin, resulting in
a fine representation of the height of the histogram, while it approaches ∆ρmax =
NH∆ρmin for |ε| > WH , reducing the accuracy of the representation. The grid is
used to obtain a raster graphic of pixels: The number of "filled" pixels in column
i is determined by

min
(⌊

ρi

∆ρi

⌋
, Nρ

)
, (3.6)
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resulting in the 2D raster image shown in panel (d) of Fig. 3.3. It contains Nε ×Nρ

pixels, enumerated by an index α. By concatenating the columns of the image,
it is transformed into a binary-encoded vector d = (f1, ..., fNε×Nρ), where the
component fα = 1 represents that the pixel α is completely filled and 0 otherwise.

3.2.2 Similarity metrics

As a similarity metric S(di,dj) for the DOS fingerprints di and dj, we use the
Tanimoto coefficient (Tc),90 defined as:

S(di,dj) = di · dj

|di|2 + |dj|2 − di · di

. (3.7)

S(di,dj) can be interpreted as the intersection of the areas covered by the raster
images di and dj, divided by their union. As a similarity score (see also Sec.
3.1.2), S can take real values in the range [0, 1]. It is equal to 1 (0) if di and dj

are identical (have no overlap). Note that the values of S(di,dj) do not map the
overlap of the fingerprints linearly to the similarity score, i.e., they do not generally
describe the percentage of the overlap between the two spectra. We can illustrate
their relationship by considering two spectra of equal area A. In this case, the
overlapping area is given by A ·2S/(1+S). Using this equation reveals that a value
of S = 0.5 corresponds to an overlap of 2/3 of the areas. To illustrate this metric,
Fig. 3.4 exemplifies the process of calculating the similarity. The left panels show
the DOS obtained by two calculations10 with different numbers of basis functions
(Nb, see also Sec. 2.1), but otherwise identical settings. They are converted into
spectral fingerprints (middle panels) using the procedure described above. The
right panel shows how the two fingerprints overlap: Red and blue correspond to
the areas covered by the individual fingerprints, purple color indicates the area
covered by both fingerprints. This results in a similarity S of 0.77.

To further illustrate the metric, Fig. 3.5 shows the DOS of four different materi-
als (left panel) from the C2DB (see Sec. 2.2.2) and their respective similarities in a
similarity matrix (right panel). Comparing the quantitative results in the matrix
to the qualitative differences between the DOS, we can see that C2 (graphene,
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Figure 3.4: Workflow for the computing the similarity of DOS spectra. Two spectra
(left panels), obtained by DFT (see Sec. 2.1) with different basis-set
size Nb, are first converted to fingerprints (middle panels). Then, the
similarity S between them is calculated (right panel). Figure from
Ref. 33.

blue) has much fewer available states in the considered energy region than the
other examples. Primarily for this reason, the similarity score with respect to all
other materials is low, i.e., S ≤ 0.14. MoS2 (orange) and WMo3S8 (green) show
a high similarity score of S = 0.84, since both shape and magnitude are similar.
Comparing them to FeO2 (red) shows that, besides the similar shapes of the DOS
for |ε| > 1eV , the presence of the band gap in MoS2 and WMo3S8 leads to a low
similarity of S = 0.4. In Sec. 5.1.2 we discuss the influence of the feature region
of the fingerprint on the similarity score.

In the literature, many different similarity scores are reported for binary-valued
descriptors.79,86,91 In general, but specifically for our application, using the Tan-
imoto coefficient has several advantages. As discussed earlier, the similarity is
highly interpretable, due to its relation to the overlap of the two spectra. Fur-
thermore, unlike, e.g., the Dice coefficient,86 the Tanimoto coefficient obeys the
triangle inequality, making it more suitable for applications such as clustering (see
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Figure 3.5: Similarity scores between DOS spectra exemplified on four different
materials. The left panel presents the DOS of graphene (C2), MoS2,
WMo3S8, and FeO2, where the Fermi level is located at E = 0 eV. The
right panel shows the corresponding similarity matrix, where the rows
and columns follow the same order and are color coded. Figure from
Ref. 89.

Sec. 3.3). In contrast to, e.g., the cosine similarity, which requires the calculation
of a square root, Tc is computationally cheap and can be computed efficiently
using only binary operations on fingerprint vectors and bit counts. We note that
for molecular similarity searches, it has been shown that the Tanimoto coefficient
is a reasonable choice.92

3.2.3 Implementation

A Python implementation of the spectral fingerprint is available at GitHub (https:
//github.com/kubanmar/dos-fingerprints). It features an object model (DOSFingerprint
and Grid classes) and is extensively documented in the code. Furthermore, it pro-
vides functions to visualize the fingerprints and grids. At the time of writing of this
thesis, it is in version 2.0, implementing not only the non-uniform grid described
above, but also uniform and user-defined grids. The description of parameters fol-
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lows closely the description shown here and in Ref. 89. The package is well tested
and will be extended and updated in the future, as new use cases arise.

The spectral fingerprints are also integrated within MADAS, optimized for the
electronic DOS, in the DOSFingerprint class.

3.3 Clustering based on minimal similarity

Being able to compare the similarities between individual data points naturally
raises the question whether the dataset contains an overarching pattern or struc-
ture when similar data are grouped together. Clustering algorithms, as introduced
in Sec. 2.3.2, can be employed to search for an answer to this question. However,
since every algorithm is based on assumptions about the structure of the data, no
general algorithm exists that can be used for every problem.

Many clustering algorithms, such as the popular k-means algorithm,64 use the
number of clusters as the main parameter. Often, for materials-science data, this
number cannot be estimated. This is due to the heterogeneity of the data: For
example, the electronic structure of materials consisting of the same elements and
having similar crystal structures, can be largely different (see, e.g., the example
of In2S2 in Sec. 5.2.1). Thus, the distribution of the data, measured by, e.g., its
chemical diversity, cannot provide enough information about the expected number
of clusters.

Other clustering algorithms make use of a similarities or distances between data
points to find clusters. We define the cluster radius rc as the largest distance
between two members of a cluster,

rc = 1 − Smin, (3.8)

where Smin denotes the minimal similarity between any two cluster members. A
large cluster radius means that two cluster members can be very dissimilar. A
small radius means that each member is highly similar to every other member.
We call clusters with a small radius compact clusters in the following. In many
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clustering algorithms, a data point is considered a member of a cluster if it is
similar enough to at least one other member. Thus, the resulting clusters can have
very large cluster radii, i.e., they are not compact, and their properties can be very
different. We therefore need a clustering algorithm that can find compact clusters.

On a technical note, the implementations of many popular clustering algorithms
provide only a limited number of metrics to measure similarities or distances be-
tween data points. This allows them to be optimized towards numerical efficiency.
However, customized similarity scores cannot be used with these implementations.

We therefore devise a simple clustering method, that yields all compact clusters
of all materials that are more similar than a given threshold Sthres to their the
cluster center, also called the centroid, i.e., the cluster member with the highest
average similarity to all other members. To do so, we require that the similarity
score S obeys the triangle inequality for similarity scores, derived from the triangle
inequality of their complements (1-S),86

S(di,dj) ≥ S(di,dk) + S(dk,dj) − 1. (3.9)

From this, it follows that any two members of the cluster that are more similar to
the centroid than Sthres, will have a similarity of at least 2Sthres − 1 to each other.

The algorithm uses a similarity matrix as input and can be described in a few
steps: For each row of the matrix, the number of entries that are more similar
than Sthres, termed similar entries, are identified. If no such row can be found, the
algorithm stops because all possible clusters are found. From all rows, the one with
the highest number of similar entries is selected. These are considered a cluster
and the centroid is identified by the index of the matrix row. The row index of
all cluster members (including the centroid) are noted together with their cluster
label. Afterwards, the rows and columns of all cluster members are removed from
the matrix. Then, the algorithm repeats the process from the beginning. When
two centroids have the same number of similar entries and share any of them, the
cluster with the highest average similarity is selected. The rows that do not belong
to any cluster are considered orphans and receive the cluster label −1. Finally,
the assignment of clusters can be read from the list of cluster labels, sorted by the
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row index of the input matrix.

This clustering algorithm is also implemented as a standalone Python program,
published as open-source software at https://github.com/kubanmar/similarity_
threshold_clusterer.

Within MADAS (see Sec. 3.1), clustering algorithms can be applied to similarity
matrices. For this purpose, MADAS implements a SimilarityMatrixClusterer
object, which can interface all algorithms using the scikit-learn93 API4. It allows
for easy handling of the results returned by the clustering algorithm. Among other
features, it can be used to relate the cluster labels to the material IDs used in
the database or the rows and columns of the similarity matrix, or retrieving the
similarity matrix sorted by cluster labels.

3.4 Additional fingerprints

Complementing the spectral fingerprint introduced in Sec. 3.2, we employ addi-
tional similarity measures. In Sec. 5.2.1, we use simple and highly interpretable
fingerprints to effectively filter and analyse clusters based on the electronic struc-
ture. Furthermore, in Sec. 5.2.2, we employ a fingerprint of the atomic structure,
based on a species-agnostic version of the SOAP descriptor.69

Periodic table of elements fingerprint

The electronic structure of a material close to the Fermi energy can often be
understood in terms of the configuration of the valence electrons of its constituent
atoms. Information about this configuration can be obtained by considering the
column number in the Periodic Table of Elements (PTE). We therefore devise a
descriptor based on this information by averaging this column number over the
species of all atoms in the unit cell:

cm = 1
N

N∑
i

cim, (3.10)

4See, e.g., https://scikit-learn.org/stable/api/sklearn.cluster.html
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where i runs over all N atoms in the unit cell of material m, and cim denotes their
column in the PTE. This descriptor is called PTE descriptor in the following. Due
to its simplicity, it can be computed easily for any set of atoms.

To measure the similarity between two materials (mj, mk) based on the PTE
descriptor, we compute their l1 norm, also called Manhattan norm, and transform
it to a similarity score using:

S(mj, mk) = 1
1 + ||cmj

− cmk
||1

. (3.11)

The similarity based on the PTE descriptor reflects the assumption that elements
from the same column of the PTE behave electronically similar. This descriptor
and similarity metric are implemented in MADAS in the PTEFingerprint class.

Symmetry-based fingerprint

The symmetries of the crystal lattice have a large influence on all material prop-
erties. Therefore, it can be expected that materials with similar symmetries share
certain properties. Based on this assumption, we consider a similarity measure
based on the space group (SG) of the material. The goal is to identify two mate-
rials as similar even in cases where the symmetry is broken, e.g., due to chemical
disorder. To achieve this, we remove all information about the species from the
structure. In practice, this is done by replacing all atoms in a unit cell by a sin-
gle species. Then, we determine the SG of the lattice using the software package
spglib.94 We use a tolerance of symprec = 1 × 10−1 to account for effects of
crystal-structure relaxation. In the following, we call the thus obtained number
the SG descriptor.

Based on this SG descriptor, we implement a symmetry-based fingerprint. First,
the SG number is assigned a vector that encodes its symmetry operations in a one-
hot representation. Then, the Tanimoto coefficient (see Eq. 3.7) is used as a metric.
In MADAS, this is implemented in the SYMFingerprint class.
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Atomic structure fingerprint

Besides the symmetry, we also encode the atomic structure by using the SOAP
descriptor (see Sec. 2.4.2) as implemented in the dscribe66 library. However, to
reduce the size of the resulting SOAP vector and to allow comparison of the atomic
positions independent of the atomic species, we use a species-agnostic version of
the descriptor. This is realized by setting the atomic species of all atoms in the
unit cell to the same element. Then the SOAP vectors, averaged over atomic sites,
are computed using dscribe.

As a similarity metric we use the pairwise Gaussian kernel of scikit-learn.93

These fingerprints are currently not included in the MADAS source code, but can be
obtained from GitHub5.

5https://github.com/kubanmar/madas-examples/blob/master/notebooks/analyze_
similarity_correlations.ipynb
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4 Data quality assessment

The first application of similarity measures that we will focus on is the assessment
of data quality. Both in theory and experiment, it is assumed that there is an ex-
act value for each considered physical quantity. However, particular experimental
conditions or computational parameters may yield values that differ from the exact
ones. For example, in DFT calculations (see Sec. 2.1), the KS wavefunctions can-
not be correctly represented when too few basis functions are used. If the number
of basis functions is increased, initially, large changes in the computed property
can be expected, since the correct ground state is increasingly well represented.
When enough basis functions are used, the result converges, i.e., additional ba-
sis functions do not contribute significantly. The closer a computed or measured
property is to the exact, or alternatively, the converged value, the higher the qual-
ity of the data. Here, similarity measures provide a "natural" way to frame this
problem: Even if the exact value of a property is not know, the degree of conver-
gence can be estimated by quantifying the differences between data obtained with,
e.g., different numerical settings, or experimental conditions. This can be achieved
by designing fingerprints that represent the quantities under study, and verifying
that with increasing numerical parameters the results indeed become more similar.
Moreover, given a large enough set of calculations, we can find out which sets of
numerical settings and approximations yield similar results, and select the data
that are converged based on our observations. Therefore, using similarity provides
a framework that offers high interpretability for finding interoperable1 datasets.

The first section of this chapter, Sec. 4.1, presents a variety of examples of how
specialized fingerprints can be used to quantify similarities and differences between
data. Different examples of the impact of methods, approximations, and structural

1See also Sec. 2.2.1.
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and numerical parameters on unit-cell volumes, electronic structure, computed
and experimental optical spectra, are shown. Section 4.2 shows how interoperable
datasets can be found by sorting the data either with respect to their numerical
settings, or based on the mean similarity to the rest of the dataset.

4.1 Quantification of dissimilarities

Being able to show when properties are similar is equivalent to being able to tell
when they differ. This is especially useful when we want to study what impact
an approximation or numerical parameter (or a specific method of measuring a
physical quantity) have on the results of a calculation (or experiment). The first
step of understanding these differences on a quantitative level is explicitly showing
that results obtained with different methods yield only low similarity scores.

In the following, we first illustrate the veracity of materials data on the example
of the volumes of NaCl crystal structures, obtained from different open materials
databases. We find, in agreement with the scientific literature, significant differ-
ences between material properties reported in these databases. We then proceed
to showcase differences in the electronic DOSs that come from using various ap-
proximations. On the example of SiC, we show how a rigid shift of the conduction
bands, introduced by the G0W0 approximation, can be quantified. For PbI2, we
show the impact of hybrid XC functionals and spin-orbit coupling on the DOS. We
then show how the optical spectra of h-BN are influenced by the k-point sampling.
Finally, we highlight the applicability of our spectral fingerprint to experimental
spectra.

4.1.1 Data from different online databases

Computational HT databases employ different workflows and parameter sets to
obtain their results. That means that the data from different databases are not
necessarily interoperable, as discussed in Sec. 2.2.3. Indeed, building mixed train-
ing sets for ML models from different HT databases leads to systematic prediction
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errors.33 We showcase these discrepancies by using MADAS (see Sec. 3.1) to down-
load data from three large DFT databases, i.e., AFLOW,6 Materials Project7

(MP), and OQMD.5 Further details about these databases are presented in Sec.
2.2.2. All of them use the same DFT code, VASP,20 and employ GGA in the PBE
parametrization for the XC functional.

Figure 4.1: Volumes of two different space groups of NaCl, obtained from DFT
calculations. The data stem from the databases AFLOW,6 Materials
Project,7 and OQMD5 and were collected using MADAS (see Sec. 3.1.1).
Figure from Ref. 87.

Figure 4.1 shows the volumes of two different two-atomic NaCl unit cells, with
space groups Fm-3m and Pm-3m, respectively. They were relaxed in terms of
unit-cell volumes and atomic positions. We verified that the structures are sym-
metrically equivalent, using the method described in Ref. 95 and implemented in
ASE,39 version v3.22.1. Although the same computational approach was used in
all three cases, the volumes differ by up to 2Å3. While the MP database reports
the lowest volume for the face-centered structure, it shows the highest volume for
the primitive lattice. This shows that the differences in data quality not only in-
troduce a constant difference between the volumes, but can influence the relative
differences between them.

The results presented in Ref. 34 (see also Sec. 2.2.3) suggest that these dis-
crepancies stem from differences in the plane-wave cutoff and different relaxation
schemes. While the plane-wave cutoff is rather easy to interpret and higher cutoff
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values can be considered to give more precise results, the benefits of one relaxation
schema over the other are not obvious. Unified protocols for structure relaxation
have been proposed recently.96 Despite the fact that the proposed implementation
relies on the usage of the workflow and provenance tracking system AiiDA,36 which
may not be suitable for every problem or material, it does not address the issue of
interoperability for already existing data.

4.1.2 Electronic structure

Different approximations and numerical settings, called the setup in the following,
can have a strong influence on the accuracy and precision of DFT results, respec-
tively. The optimal setup is material dependent, requiring costly convergence tests
for each new material studied. In contrast, HT databases employ the same set of
parameters for all calculations, leading to the deviations described above and in
Sec. 2.2.3. This unsatisfactory situation can be mitigated by understanding which
materials or materials classes require which computational setups. This classifica-
tion may be achieved by measuring the (dis)similarities between materials. The
electronic structure of a material is a key result of a DFT calculation (see also
Sec. 2.1). As such, it is a good candidate for monitoring the convergence of a
calculation and the impact of different approximations and levels of theory.

To do so, we make use of spectral fingerprints (see Sec. 3.2) to encode the
electronic DOS of calculations employing different approximations and levels of
theory.97 To specifically address differences in different energy regions, we use
the cutoff parameter of the fingerprints to restrict them to the occupied bands
(−10 eV < ε < 0 eV) or unoccupied bands (0 eV < ε < 10 eV). Additionally, we
consider the whole energy range (−10 eV < ε < 10 eV).

Figure 4.2 presents the DOS of SiC98 stemming from two calculations uploaded
to NOMAD. One was performed with DFT using the LDA XC functional (yellow),
the other with the G0W0 approximation99 (green). The latter is method within
many-body perturbation theory, which provides corrections to be applied to the
KS eigenvalues. These corrections significantly improve the accuracy of computed
electronic band gaps. Here, the LDA and G0W0 results were obtained using the
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Figure 4.2: DOS of SiC98 calculated using the LDA XC functional (yellow) and the
G0W0 approximation (green). Considering the whole energy range, the
similarity score is moderate (Tc = 0.66). The high overlap of the DOSs
in the valence bands is reflected in their high similarity (Tc = 0.96),
whereas the misalignment in the conduction bands results in a low Tc
of 0.27. The dashed vertical line indicates the Fermi energy. Figure
adapted from Ref. 97.

exciting code (see Sec. 2.1) based on the same numerical settings. Differences
between both DOSs can therefore be attributed solely to the method.

Computing the similarity score for the whole energy range reveals a moderate
value of Tc = 0.66. This can be easily understood by a qualitative comparison
of the results: Below the band gap at EFermi = 0 eV, both DOSs overlap almost
perfectly. The unoccupied bands, however, are subject to a rigid shift towards
higher energies when the G0W0 approximation is used, opening the band gap from
∼ 1.28 eV (LDA) to ∼ 2.17 eV (G0W0). For comparison, the experimental value
of the band gap is ∼ 2.42 eV100 at a temperature of 2 K. By confining the DOS
fingerprints to the valence region, we can quantitatively describe their overlap,
leading to a high similarity of Tc = 0.96 in the occupied bands. Inspecting only
the conduction bands, the shift towards higher energies for the G0W0 calculation
is reflected in the small similarity score of Tc = 0.27. This observation allows us to
outline an automatized way to detect how the usage of the G0W0 method affects
the electronic structure: In a first step, the similarity is computed over the entire
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energy region. If the similarity score is high, the effect of considering quasi-particle
effects in the electronic structure is low. If it is moderate or low, we compute Tc
separately for the valence and conduction bands. If the similarity is high in the
valence region, we can focus our analysis on the conduction bands. Whether the
differences in the conduction bands stem from a rigid shift can be tested by, e.g.,
artificially shifting the G0W0 DOS by the energy difference between the band gaps.
If the similarity score is high after applying this shift, G0W0 introduced a rigid
shift. If the similarity is still moderate, the shape of DOSs differs and qualitative
analysis is required.

Figure 4.3: Impact of XC functional (PBE vs HSE06, Tc = 0.60) and SOC (PBE
vs PBE+SOC, Tc = 0.71) on the DOS of PbI2.15 The dashed vertical
line indicates the Fermi energy. Figure adapted from Ref. 97.

Figure 4.3 shows the DOS of PbI2
101 for three different scenarios. It is computed

with PBE, with and without the effects of spin-orbit coupling (SOC). SOC adds a
correction that describes the relativistic effects coming from the interaction of the
spin of an electron with its angular momentum. The third calculation is based on
the HSE functional. In the present example, PBE is the lowest level of theory, so we
consider it as a baseline to show to show how more accurate approximations affect
the DOS. Focusing first on the valence bands, we find that PBE and HSE agree
well close to the Fermi level (EFermi = 0 eV), however, going to lower energies,
the HSE bands are subject to shifts towards lower energies. This is especially
visible for the isolated bands at ∼ −7 eV and leads to a moderate Tc of 0.73.
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In the conduction bands, we see that HSE introduces a rigid shift towards higher
energies, reflected in the low Tc of 0.45. Comparing PBE and PBE+SOC, we see
a qualitatively different picture: While the position of the isolated bands at ∼ −7
eV is the same, the shape of the DOS differs considerably in the upper valence
bands (−4 eV < ε < 0 eV), leading to a moderate similarity score of Tc = 0.75.
Close to the Fermi level (0 ≥ ε ≥ 5 eV), the shape of the DOS is different,
more specifically, the peak at ∼ 3 eV in the PBE DOS is shifted towards lower
energies for PBE+SOC. Consequently, the conduction band minimum (CBM) of
the PBE+SOC calculation is located at lower energies. At higher energies (ε ≥ 5
eV), the DOSs overlap well. This leads to a moderate similarity in the conduction
bands of Tc = 0.67. Considering the similarity over the whole energy range, the
effect of HSE is greater, as reflected by the lower similarity of Tc = 0.60, than the
effect of PBE+SOC (Tc = 0.71) compared to PBE.

Notably, the PBE band gap of PbI2 is rather close to experiment,102–104 however
for the wrong reason. It can be understood by a cancellation of the shifts towards
lower and higher energies of the CBM introduced by including SOC and exact
exchange (HSE), respectively.

In both examples in this section, SiC and PbI2, the impact of different ap-
proximations to the electronic structure can be captured by spectral fingerprints.
By automatizing our analysis, as sketched for SiC, large amounts of data can be
scanned. This would allow the characterization of materials based on the effect
that given approximations have on the electronic structure. Based on this charac-
terization, the computational effort for retrieving accurate results can be reduced,
and interesting classes of materials for future research can be identified.

4.1.3 Optical absorption spectra

The application of spectral fingerprints is not limited to the electronic DOS. They
can also be used for spectroscopy, as exemplified here for optical spectra obtained
by many-body perturbation theory. The spectra that are analyzed in the fol-
lowing were computed using the exciting code. The imaginary part of the
frequency-dependent macroscopic dielectric tensor is represented by a summation
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of Lorentzian functions, centered at the eigenvalues of the Bethe-Salpeter equa-
tion (BSE).105 The BSE accounts for excitonic effects, i.e., bound states formed
by electrons and holes. They play an essential role in the absorption behavior of
semiconductors and insulators.

For computing the fingerprints, we use a fine, uniform grid, i.e., N = 1, with
∆εmin = 0.02 eV, ∆ρmin = 3 × 10−3, Nρ = 256, and restrict it to the energy range
of 4 to 8 eV. Using a uniform grid means to give equal weight to all parts of
the spectra. This is useful in cases when highly converged results, identical over
the whole energy range, are required. Therefore, defining a feature region of the
fingerprint would add an unnecessary bias. The following example closely follows
Ref. 97. The data can be found in Ref. 106.

Figure 4.4: Optical spectra of h-BN. Left: Imaginary part of the dielectric function
obtained with different k-point grids. The similarity, measured by the
Tanimoto coefficient Tc, between two adjacent curves is denoted on
the right. The vertical dashed line indicates the direct quasi-particle
band gap, the solid lines mark the absorption onsets. Right: Electron
distribution of the electron-hole wavefunction Ψλ=1(rh, re), with the
hole position fixed at the red dot, for different k-samplings, indicated
by the color of the spectra in the left panel. Adopted with slight
modifications from Ref. 97.

The left panel of Fig. 4.4 illustrates how the optical absorption spectra of hexag-
onal boron nitride (h-BN) with A’A stacking vary depending on the k-grid em-
ployed in the calculations. The spectra exhibit an absorption threshold (solid ver-
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tical lines) significantly below the band gap (dashed line), indicating pronounced
excitonic effects.107 When the k-point sampling is improved from the coarsest
(3 × 3 × 1, orange) to the densest (18 × 18 × 6, magenta), the excitonic binding
energy decreases, as indicated by the shift of absorption onset towards higher ener-
gies. A decreased binding energy can be associated with a increased delocalization
of the exciton. The latter can be studied by visualizing the excitonic wavefunction,
i.e., the wavefunction describing the electron-hole pair forming an excition. It is
displayed in the right panel of Fig. 4.4 for the same k-meshes. In order to be able
to visualize this quantity, which depends on the coordinates of both the electron
and hole, the position of the hole is fixed on the h-BN layer and the electron distri-
bution is shown. Comparing the wavefunction for different k-grids, suggests that
the exciton becomes more localized with increasing k-sampling. This is, however,
not the case and needs clarification. This apparent contradiction to the behavior
of the absorption onset can be understood by considering the impact of k-points
on the calculation. Looking, for instance, at the behavior in out-of-plane direction,
the reason for having the same electron distribution in every second plane is simply
explained by the fact that the unit cell contains two such planes. By restricting
ourselves to one k-point in this direction, we obtain a replica of the same wave-
function in every other plane. The same applies to the in-plane directions where
we also observe an apparent "delocalization". Only by considering a denser k-grid,
the localized character of the exciton becomes clear.

Using spectral fingerprints to represent the optical spectra, we can quantitatively
describe their convergence behavior. The similarity score between the 3 × 3 × 1
and 6 × 6 × 2 results is Tc = 0.18, increasing to Tc = 0.52 between 6 × 6 × 2, and
12 × 12 × 4 and to Tc = 0.90 between 12 × 12 × 4 and 18 × 18 × 6. The latter two
spectra are almost identical in the onset region and only slightly differ at higher
energies. This gradual increase in similarity indirectly reflects the behavior of the
exciton wavefunction.

Keeping the computational cost of such calculations in mind, the usage of simi-
larity measures presents itself as an excellent opportunity for quantifying the level
of convergence w.r.t. computational parameters, automatizing the convergence
process, and potentially reducing the number of required calculations.
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4.1.4 Experimental spectra

The application of spectral fingerprints is not limited to data obtained by the-
ory. We can apply the same methodology to experimental data to quantify the
(dis)similarity of measurements. In this case, interoperability can be an even bigger
issue than for computational results. One reason is that the same physical property
can be measured by different methods. For example, the dielectric function can
be obtained by, e.g., optical absorption or reflection spectroscopy, ellipsometry, or
electron-loss spectroscopy. While this variety of methods is advantageous, as it al-
lows reducing any bias that could possibly be introduced by individual probes, all
of these measurements yield the property after some transformations or modeling.
This makes it harder to determine the origin of deviations, since it is not always
clear if they should be attributed to the method, the transformations, or other,
previously not considered influences, such as the resolution the detectors, or the
temperature of the sample.

Figure 4.5: Left: Comparison of optical absorption spectra of elemental silver,
stemming from different sources and measurements.108–112 For com-
parison, a calculation within the independent-particle approximation
based on a DFT calculations using the LDA XC functional is shown.
Right: Corresponding similarity matrix, obtained using spectral fin-
gerprints. Due to symmetry, only the upper off-diagonal elements of
the matrix are shown. Figure from.97
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In the following example,97 we compare the optical absorption spectra of the
elemental solid silver. They are shown in the left panel of Fig. 4.5, obtained
by different sources and measurements.108–112 The right panel presents the cor-
responding similarity scores, computed with spectral fingerprints using uniform
grids with N = 1, ∆εmin = 0.02 eV, ∆ρmin = 1 × 10−3, Nρ = 256, and a cutoff of
2.2 to 25 eV.

The absorption onset of the spectra at ∼ 5 eV is almost identical in all mea-
surements. However, the peak positions vary up to several eV and their heights
roughly by a factor of two. Especially at higher energies, the differences in the
shape of the features are larger. The best agreement can be seen between the data
from Leveque111 with both Ehrenreich108 and Robin109 2. This is well reflected in
their comparatively large similarity scores of Tc = 0.85. The largest deviations can
be seen between the measurements of Robin, Hagemann110 and Werner et al.,112

leading to low similarity scores of Tc = 0.6.

We furthermore compare the measured spectra to theoretical results. The latter
were computed within the independent-particle approximation, using the LDA
XC functional.112 The similarity of this predicted spectrum to the experimental
data of Robin109 yields a moderate Tc of 0.63. Overall, they agree best with the
experimental data of Werner et al., Tc = 0.78.112

The variety of the experimental data shown here is undoubtedly large, and with-
out detailed information about the respective samples, the experimental methods,
and even environmental conditions, i.e., the metadata, as required by the principles
of FAIR data management (see Sec. 2.2.1), no conclusions about the data quality
can be made. Clearly, it remains difficult to obtain large quantities of high-quality
experimental data. Similarity measures can help to identify which data show the
largest deviation. Furthermore, comparing experimental data with different levels
of theory, allows to not only increase the accuracy of theoretical results, but also
to identify which level of theory is required to reproduce experimental findings.

2Note that the highest similarity in this case does not mean that these results are the most
reliable (see Ref. 112 for the scientific discussion).
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4.2 Finding optimal parameter sets

In the previous section we have shown how similarity scores can be used to quantify
the effects of different theoretical and experimental methods. This information by
itself, however, does not tell which parameters or approximations give a consistent
answer. The next step, therefore, is to explore if converged settings can be ex-
tracted from large sets of data. To illustrate this, we use data from NOMAD9 (see
also Sec.2.2.2) in the following. The specific dataset113 was computed using the
DFT code FHI-aims22 as part of a systematic study of the impact of computational
parameters on DFT results.10 For this study, a grid search of numerical settings
and approximations was performed, i.e., all combinations of a fixed range of nu-
merical settings, such as the number of k-points used for Brillouin zone sampling
or the basis set size, or approximations, such as the relativistic treatment and the
exchange-correlation functional have been used to compute the same material.

In the following, we present two examples from this dataset. In the first exam-
ple, we show that sorting the similarity matrix with respect to the convergence
parameters reveals sets of calculations that are highly similar, meaning that the
results of these calculations are interoperable. In the second example, we sort a
similarity matrix based on the mean similarity of each entry and show that in-
teroperable calculations can be found without full knowledge of the convergence
parameters.

4.2.1 Sorting by numerical settings

We use the DOS of h-BN computed at the experimentally determined equilibrium
volume. To compare the various results, we use spectral fingerprints of the DOS.
The parameters are set to εref = −2 eV, ∆εmin = 0.05 eV, ∆εmax = 1.05 eV,
∆ρmin = 0.5, ∆ρmax = 5.5, Nρ = 2048, W = 7 eV, and the cutoff is set to −10
to 10 eV around the valence band maximum. We use MADAS (see Sec. 3.1 to
compute the similarity matrix for these 144 fingerprints and display it in Fig. 4.6.
The (symmetric) matrix is sorted such that lower indices, i ≤ 71, correspond to
LDA calculations and higher indices, i > 71, correspond to PBE results. The
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LDA and PBE calculations are sorted separately by increasing numerical settings.
The bottom panel of Fig. 4.6 shows the most crucial numerical parameters, i.e.,
the total number of k-points (Nkpt, blue) and the number of basis functions (Nb,
orange). Furthermore, the calculations are sorted by a set of numerical settings,

Figure 4.6: Similarity matrix of the DOS of h-BN, obtained with different basis-
set sizes and k-meshes and two different XC functionals. Low indices
i ≤ 70 correspond to LDA and high i > 70 to PBE data. The similarity
scores are color coded. Dotted lines act as a guide to group sets of
calculations with the same k-point mesh. Letters mark blocks of the
matrix that are discussed in the text. The bottom panel shows the
number of k-points (blue) and the number of basis functions (orange).
Figure from.33
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called "light", "tight", and "really tight", an FHI-aims-specific feature character-
izing the basis set. Consecutive calculations with otherwise identical settings use
different relativistic treatment for electrons, i.e., "ZORA", or "atomic ZORA".22

Using this specific way of sorting the matrix, which was done by repeatedly sort-
ing and visualizing the matrix, distinct patterns emerge, which we discuss below.
Dotted lines inside the matrix indicate sets of calculations with the same number
of k-points and act as a guide to the eye. Letters are used to label individual
(unique) blocks of the matrix that will be further discussed.

First, we focus on the convergence of LDA results (indices i ≤ 70) alone. Here,
a block structure can be seen, where calculations having the lowest Nkpt (index
i ≤ 23) are notably dissimilar to all other blocks (d and f) as well as among
themselves (block a). Nevertheless, they show pairwise similarity, suggesting that
relativistic approximations have a minor impact on convergence of the DOS. Better
agreement of the electronic structure is visible among calculations with medium
(24 ≤ i ≤ 47) and high (48 ≤ i ≤ 70) numbers of k-points (blocks b and c). When
comparing them with each other, as seen in block e, calculations with low Nb show
increased similarity among different Nkpt, but show lower similarity to calculations
with higher Nb and vice versa.

Interestingly, parts of the convergence pattern of PBE calculations (i ≥ 71) dif-
fer: Even calculations with low Nkpt exhibit moderate similarity to those employing
high Nkpt (j and l). Calculations sharing the same Nb show high similarity to one
another, even at low Nkpt, as seen in block g. Equivalent to LDA, calculations
with medium Nkpt values attain high similarity scores with calculations using the
maximum k-point density (block k), if Nb is sufficiently high. The remaining di-
agonal blocks of the PBE data, i.e., blocks h and i, reveal high similarity between
calculations that employ the same Nb. When comparing LDA directly to PBE
calculations, as it is done in the off-diagonal blocks of the matrix (indices i ≥ 71
on the x-axis and i ≤ 72 on the y-axis), again, Nb is the dominant parameter for
the similarity of the DOS (see, for example, blocks m and n ).

This example shows that, given that well prepared and annotated benchmark
datasets are available, such as the data used here, calculations that yield similar
results can easily be identified. Notably, the Nb used for the calculations has a
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significant impact on the convergence of the results. This is especially interesting
because the sets of numerical settings, e.g., "light" or "tight", that are used by
FHI-aims, also include suggestions for selecting basis functions as default inputs
for DFT calculations. In the present dataset, both are varied independently. The
analysis shown here suggests that the impact of these settings is clearly domi-
nated by Nb, while other parameters, such as the parameters of the confinement
potential3, may play only a minor role.

The analysis shown here can be automatized. This allows to construct inter-
operable datasets from calculations with different computational parameters, as
regions in parameter space can be identified which leave the DOS, and therefore
the electronic structure, invariant. Then, data can be collected from within these
regions in parameter space, rather than enforcing identical settings for all calcula-
tions in a dataset.

4.2.2 Grouping by mean similarity

The example above illustrates that –having a full description of the data– it is
possible to find, and comprehensively visualize, sets of calculations with very sim-
ilar results, i.e., data that are interoperable. In the following, we approach the
task from the opposite side, i.e., we search for sets of calculations that give similar
results without using the data provenance. This also means that the calculation
that is considered most accurate is not known, i.e., no reference exists to verify the
precision for a given computational setup. In the following example,87 we show
that it may not be necessary to have such a highly converged reference, as the
structure of the data itself can reveal the level of convergence.

Figure 4.7 shows a similarity matrix for AlGaO3 which was computed using
DOS fingerprints for the same dataset113 as the example above. Likewise, all
calculations were performed at the experimentally determined equilibrium volume,
and the computational parameters were varied in a systematic way. In the bottom
panel, we show again the most crucial convergence parameters, i.e., the number

3For details we refer to the FHI-aims manual at https://fhi-aims.org/uploads/documents/
FHI-aims.240507.pdf.
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Figure 4.7: Similarity matrix of the DOS of AlGaO3 from data obtained with dif-
ferent number of basis functions, Nb, and number of k-points, Nkpt.
The matrix is sorted such that the calculation with the highest av-
erage similarity to the rest of the dataset has the highest calculation
index. The bottom panel shows which Nkpt and Nb were used for the
ground-state calculations. The DOS was obtained using 9 times more
k-points. The color code indicates the similarity score, ranging from 0
(dark blue) to 1 (yellow). Figure from.87

of k-points (Nkpt, blue) and the number of basis functions (Nb, orange). However,
they are not used to sort the matrix, but only to illustrate the level of convergence
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of the calculations. Instead, the matrix is sorted by the mean similarity S̄ of each
entry to the rest of the dataset. This means that after sorting, the calculation that
is most similar to all others has the highest calculation index i.

From this sorting, structure emerges in the matrix: Subsets of calculations with
similar DOS form clusters, as seen by the large red areas in the figure. Comparing
these clusters with the most crucial convergence parameters in the bottom panel
reveals a high level of correlation between these parameters and the DOS. The
calculations that are most dissimilar to the rest of the data, i.e., those with low
indices (i ≤ 23), all have the lowest number of k-points. Furthermore, Nb appears
to have no visible impact on the convergence of the DOS. Remarkable is that the
next two groups of calculations, i.e., 24 ≥ i ≥ 47, contain calculations with the
same Nb and Nkpt, however, are significantly more similar to the rest of the data.
We trace the discrepancies in the first group back to artifacts that appear in the
DOS when the scalar ZORA approximation is used for the relativistic treatment
in combination with too few Nkpt. If a sufficient number of k-points is used, these
artifacts disappear. The next cluster, 48 ≥ i ≥ 71, contains calculations with
medium and high Nkpt, but low Nb. They show high similarity within the cluster,
however, only moderate similarity with calculations with higher i. This can be
interpreted such that the small basis cannot represent the correct ground-state
wavefunction, irrespective of all other parameters. For higher indices, i > 71,
the DOSs are highly similar to each other, since sufficient numbers of k-points
and basis functions are used. Here, Nkpt appears to have a larger impact on the
electronic structure, as seen from the plateaus in the bottom panel.

In this example, we have shown that using a simple average of the similarity
matrix row can be sufficient to obtain valuable information about the convergence
behavior of the DOS, and also to find combinations of parameters that lead to
numerical artifacts. This is possible because unconverged calculations, i.e., those
with too low numerical parameters, are dissimilar to both other unconverged and
to converged calculations. Conversely, converged calculations are more similar to
other converged calculations, thus their mean similarity is higher.

This analysis can be easily automated, e.g., using MADAS, which was used for
this example already. To obtain the same plot for another dataset, only the code
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for downloading the data needs to be changed. However, the analysis still requires
qualitative (human) interpretation. Despite its compelling simplicity, using the
mean similarity of every row is not necessarily the best way of sorting the matrix
for every material. Better results may be achieved using a clustering algorithm.
However, the latter, e.g., k-means64 or DBSCAN,114 often don’t automatically sort
the clusters in a meaningful way, but initialize the cluster labels randomly. This
makes it harder to find correlations with the relevant convergence parameters.

4.3 Summary

In this chapter, we have shown how similarity measures can be used to quantify
the effects of different approximations, settings, and methods employed by the
scientific community. First, we have stressed the importance of understanding the
data produced by HT approaches and their uncertainty. This was done on the
example of the differences between the unit-cell volumes of NaCl, obtained from
different computational databases. Shifting the focus to the electronic structure of
materials, with the example of SiC, we quantified differences in DOS results calcu-
lated at the level of LDA and G0W0, respectively. The observed rigid shift of the
conduction bands towards higher energies could be well captured using spectral
fingerprints. For PbI2, we could quantify the impact of SOC and exact exchange
on the DOS. With these two examples, we illustrated how focusing the fingerprint
on distinct energy ranges enables one to acquire additional insights into the effects
of approximations employed within DFT. We then used spectral fingerprints to
encode optical absorption spectra obtained using the BSE formalism, focusing on
the convergence with increasing number of k-points. For experimental spectra we
could show the veracity of data obtained from different sources. These examples
show that, even when only small amounts of data are available, quantifying their
(dis)similarity is possible. Having more data at hand, this will allow us to under-
stand the correlation of different methods, experimental conditions, and sample
quality.

We then investigated how well our method of identifying converged results gen-
eralize when applied to systematically generated datasets. To do so, we used
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MADAS to compute similarity matrices representing the DOS of different materials
and sorted them by distinct criteria. First, we used the full information about
the data provenance to show how the differences between DFT data computed
with different approximations and computational settings can be understood and
quantified. We showed for bulk h-BN that the semi-local XC functionals LDA and
PBE show slightly different convergence behavior with the number of k-points
and basis functions, despite being generally expected to give very similar results
in terms of the electronic structure. Going one step further, using only informa-
tion about the similarity of the DOS, we have shown for AlGaO3 that calculations
with converged settings are on average more similar to the rest of the dataset.
This may allow to identify converged calculations without having access to the full
data provenance. Comparing the last two examples, which stem from the same
dataset, we find that, as expected, the number of k-points plays a larger role for
the metal, AlGaO3, than for the semiconductor, bulk h-BN.

Note that for the examples in this chapter, we use datasets that were created
specifically for monitoring the convergence behavior. This is obviously not the case
for heterogeneous data collections such as NOMAD.4,9, 28 However, by systemati-
cally advancing the here presented methodology and applying them to more ma-
terials, we expect to be able to generalize the results. A potential approach would
be the usage of more complex similarity scores to automatically identify for which
material, e.g., the G0W0 approximation introduces a rigid shift, or alters the shape
of the electronic band structure. Our method allows to automate convergence tests
and perform systematic studies. Therefore, it enables the analysis of the conver-
gence behavior of large amounts of data, which cannot be addressed by manual
inspection. This will eventually allow for the identification of interoperable subsets
of large datasets, i.e., calculations (or measurements) that are representative for
a given material. While the data obtained with the highest settings are generally
expected to be most precise, these data are expensive to obtain and therefore rare.
Using only these data is too restrictive for applications such as machine learning,
which rely on the availability of large datasets. Thus, finding the data that are
based on lower settings, but are "good enough" to be interoperable is an important
goal.
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For interoperable datasets, similarity measures can be used to explore the rela-
tionships between materials. In this chapter, we focus on the electronic structure
of materials, making use of the spectral fingerprints introduced in Sec. 3.2. In
several examples, we will use data from the C2DB.8,53 An overview of the data
contained in this HT database can be found in Sec. 2.2.2. Here, we mainly make
use of the orbital projected DOS (PDOS, see Eq. 2.9), and compute the total DOS
by summing over all atomic and orbital contributions. This quantity is given per
unit cell in the C2DB. To be able to compare them regardless of the unit cell size
of the materials, we divide it by the surface area. We furthermore use data from
the NOMAD Repository and Encyclopedia.

First, we show how similarity searches can be applied to material properties,
and how the feature region of spectral fingerprints affects the results of them. We
then focus on clustering of materials data using similarity matrices, and explain
how to interpret the clusters found by our analysis.

5.1 Similarity searches

As introduced in Sec. 2.5, similarity searches are used to scan a (large) dataset for
entries that are most similar to a specific reference. Here, we present an adaptation
of this approach to materials. To do so, we choose an appropriate fingerprint and
a suitable dataset. The search is performed by selecting a reference material and
then computing similarity scores of all dataset members to it. Then, these results
are sorted to identify the most similar materials. To achieve this, we used the
MADAS framework (see Sec. 3.1).
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First, we present the results of a similarity search for GaAs in a large dataset
of almost 1.9 million materials. We discuss the results of the search and highlight
the exceptional nature of highly similar materials, even in large datasets. We show
how treating spin channels individually can uncover unexpected similarities using
Au and CoFe as examples. Finally, we study the influence of the feature region of
the spectral fingerprint on the results of similarity searches.

5.1.1 Finding similar materials

To perform a similarity search, closely following Ref. 97, we compute spectral
fingerprints of the electronic DOS for ∼ 1.9 million materials from the NOMAD
Encyclopedia. These fingerprints employ a rather coarse, non-uniform grid with
the following parameters: ∆εmin = 0.05, ∆ρmin ∼ 0.001, N = 21, NH = 11,
Eref = −2 eV, W = WH = 7 eV, Nρ = 56, and restrict the fingerprint to the
energy region of −10 to 5 eV. The comparatively low value of Nρ, leading to the
coarse grid, is required to reduce the memory footprint of the fingerprints.

Figure 5.1: Results of a similarity search within approximately 1.9 million entries
in the NOMAD Encyclopedia,9,28 using the semiconductor GaAs as the
reference material. The left panel displays the DOSs of the three ma-
terials most similar to GaA: GaP with Tc = 0.83, PbC with Tc = 0.75,
and NaBGe with Tc = 0.74. The right panel shows the distribution
of Tc values of the reference to all considered materials, where the red
box indicates those most similar. Figure adapted from Ref. 97.

Figure 5.1 presents the results of this similarity search. The left panel shows
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the materials that are most similar to the semiconductor GaAs.115 The highest
similarity score of Tc = 0.83 is found for GaP,116 followed by PbC117 (Tc = 0.75)
and NaBGe118 (Tc = 0.74). The four compounds share the higher-lying valence
band structure and differ either in the lower valence region or the conduction
bands. Comparing them individually, the high similarity between GaAs and GaP
is to be expected. Both crystallize in the zinc-blende structure and are found to
form stable alloys119 containing all three elements, Ga, P, and As. The similarity of
the electronic structure can be understood considering the electronic configurations
of As and P: Both share the same valence configuration with half-filled 4p3, and
3p3 shells, respectively. This results in very similar DOSs, with deviations mainly
stemming from the larger PBE band gap of GaP, of 1.56 eV compared to 0.51 eV
of GaAs1. In the lower valence states (∼ −10 eV to ∼ −5 eV), the DOS of GaAs
exhibits a prominent gap, which is smaller in GaP. The high similarity between
GaAs and GaP was also found by previously, using ∼ 20.000 materials in the
AFLOW database.78 Less expected are PbC and NaBGe. The former is a purely
hypothetical compound, also in zinc-blende structure. Attempts to synthesize it
have been published, but they have not been reproduced. 2D materials made
from Pb and C have been subject of recent theoretical studies.120 Similarly, for
the half-heusler compound NaBGe, little information is available. OQMD reports
high formation enthalpies for both compounds2, suggesting that they are likely to
be unstable.

The right panel of Fig. 5.1 shows the distribution of similarity scores between the
reference calculation, GaAs, and all 1.9 million compounds on a logarithmic scale.
Notably, the mean of the distribution is at Tc ≈ 0.2. This means that the vast
majority of materials have low similarity scores. We also emphasize that materials
with high similarity scores, i.e., Tc > 0.7 for this material, are exceptional. For
different reference materials, the shape of the distribution is similar, but its mean
may be located at higher or lower similarity scores.

Effectively finding materials for novel applications requires a large pool of data,
potentially larger than what is currently available in NOMAD. This can be seen

1Note that the band gap of GaAs is is not determined very accurately due to the comparatively
large smearing applied in the calculation.

2∆Hf = 1.468 eV/atom for PbC,121 ∆Hf = 0.479 eV/atom for NaBGe.122

75



5 Exploration of data spaces

from the low number of materials that are highly similar. Additionally, novel,
and more complex similarity measures should be used, considering not only one
material property at a time, but combinations of them. In the present case, a
measure of stability may be included in the search. Such additional metrics can
drive the search results towards materials that are more likely to be synthesized.

Figure 5.2: DOSs of Au and CoFe, for the spin components separately (left) and
combined (right). The DOS of the majority spin channel shows high
similarity (Tc = 0.80). For the minority spin, the similarity is signifi-
cantly lower (Tc = 0.47). Thus, the similarity score for the total DOS
is only 0.67. Figure adapted from97

Figure 5.2 shows on the left the impact of using spin-resolved DOSs for the
two metals Au and CoFe. The DOSs of their majority spin channels show a
high similarity of Tc = 0.80, reflecting the similar nature of the occupied 5d Au
and 3d bands of Co, respectively. The minority spins (Tc = 0.47) differ mainly
due to a rigid shift of the partially filled Co 3d minority band by about 2.5 eV
towards higher energies. The right panel shows the total DOSs of both materials.
Considering both spin channels combined results in a moderate similarity of Tc =
0.67. These results represent an application for complex similarity measures. In
cases where spin-resolved DOSs are available, half-metals, i.e., materials having a
band gap in only one spin channel, may be identified, with potential applications
for spintronics.

We also computed the four most similar materials for each of the ∼ 1.9 million
fingerprints from the NOMAD Encyclopedia. This was made possible by using
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the BatchedSimilarityMatrix implemented in MADAS (see Sec. 3.1.3). We used
an HPC cluster with 50 MPI tasks, each utilizing 20 CPU cores, i.e., 1000 cores
in total. With this level of parallelization, it was possible to compute the matrix
within 4 days. Using single-precision float values with a size of 32 bits, storing all
unique entries of the similarity matrix requires slightly more than 7 TB of space.

Note that the data we used from the NOMAD Encyclopedia are not strictly
homogeneous, i.e., they contains calculations with different levels of precision. We
expect more consistent and better interpretable results when working with more
homogeneous datasets.

5.1.2 Impact of fingerprint parameters

The parameterization of fingerprints can crucially influence the results obtained in
similarity searches. Following our previous work published in Ref. 87, we demon-
strate this on the example of the feature region of spectral fingerprints using the
DOSs of 2D materials stemming from the C2DB,8,53 as introduced in the beginning
of the chapter.

Figure 5.3 presents the materials most similar to ZrTe2. The left side shows the
DOSs of these materials, when the feature region is located in the conduction bands
(Eref = 2 eV, w = 4 eV, top panel), or in the valence bands (Eref = −2 eV, w = 4
eV, bottom panel). The most similar material to ZrTe2 is HfZr3Te8, irrespective of
where we put the focus of the fingerprint, the similarity score results in Tc = 0.83
in both cases. The similarity of the electronic structures of these two materials
can easily be easily verified by comparing the gray and blue curves in Fig. 5.3,
which overlap in a large energy range. However, the second most similar material
depends on the choice of the feature region: If the focus is on the valence bands,
the second most similar material is Hf2Zr2Te8 (turquoise), which matches the DOS
of ZrTe2 well over a large energy window between ∼ −2 and ∼ 3 eV, reaching a
similarity of Tc = 0.75. Setting the focus on the valence bands, the second most
similar material is TiZr3Te8 (yellow), which matches the DOS of ZrTe2 especially
well in the lower-energy region, reaching a similarity of S = 0.76.

Taking advantage of the flexibility of parameterizing spectral fingerprints, we
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Figure 5.3: Results of a similarity search for ZrTe2 for different choices of the fea-
ture region of the spectral fingerprint. The left side shows the DOSs of
the most similar materials when focusing on the conduction (valance)
bands in the top (bottom) panel. In the right panel, the similarity to
ZrTe2 in a small energy window around the reference energy Eref is
shown for the same materials. Figure from Ref. 87.

can quantify which energy regions have the largest impact on the similarity. To do
so, we set the cutoff parameters (see Sec. 3.2.1) to εmin = −1 and εmax = 1 around
the reference energy, and compute fingerprints of the four materials for a range
of different reference energies between −3 and 3 eV. We use these fingerprints to
study the similarity of the three most similar materials to ZrTe2 discussed above.
The right panel of Fig. 5.3 shows the results of this analysis. In the low energy
range (−3 eV to ∼ −2 eV) the material with the highest similarity is TiZr3Te8,
shown in yellow. For the remaining energy range (∼ −2 eV to 3 eV), HfZr3Te8

(blue) shows the highest similarity. In the highest energy range (∼ 1 eV to 3 eV),
TiZr3Te8 shows very low similarity. Comparing this to the bottom left panel, we
see that this dissimilarity can be understood by the additional states above ∼ 2
eV, which are only present for this material.

This kind of analysis is enabled by the modular architecture of MADAS, which
allows for the seamless computation of fingerprints with different parameteriza-
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tions. We furthermore implemented quantitative comparison between spectra
within MADAS, which can be used in an automated manner, allowing to discuss
spectra not only in a qualitative, but also in a quantitative way.

5.2 Clustering

Going beyond similarity searches, one may ask how materials relate to each other
on a larger scale, i.e., considering the similarity between all materials at the same
time. This can be done with unsupervised machine learning, as introduced in Sec.
2.3.2. Specifically, we use clustering to find sets of materials that are similar to
each other.

We first demonstrate that clusters of materials with similar electronic structures
can be found in consistent datasets. We analyze these clusters based on the atomic
and electronic structure of their members and showcase how a large number of
compact clusters can be analyzed efficiently. In this analysis, we ask the question
why the cluster members are similar, and which descriptors can be used to identify
the underlying reason in an automated way. Then, we investigate the correlation
between different similarity measures by comparing the clusters found using them.
We visualize our results using similarity matrices and analyze them qualitatively.

5.2.1 Finding clusters of 2D materials

Here, we study the similarity of materials in terms of their electronic structure,89

based on the DOSs of 3491 materials stemming from the C2DB,8,53 as introduced
in the beginning of this chapter. More information about the database can be
found in Sec. 2.2.2. The DOSs are encoded in spectral fingerprints (see Sec. 3.2),
using the parameters ∆εmin = 0.05 eV, ∆εmax = 1.05 eV, N = ∆εmax/∆εmin = 21,
εref = 0 eV, W = WH = 4 eV, Nρ = 512, ρmin = Nρ∆ρmin = 0.25, ρmax = 2.75,
NH = ρmax/ρmin = 11, εmin = −3 eV, and εmax = 3 eV. As a similarity metric, we
use the Tanimoto coefficient Tc. An early version of MADAS (see Sec. 3.1) was used
for all steps of this work.
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Figure 5.4: Relationship between the similarity threshold and the number of clus-
ters. The total number of clusters is shown in black, isoelectronic
clusters in orange. The clustering threshold that employed in the re-
mainder of this section is indicated by the dashed red line. Figure
adapted from Ref. 89.

Using the fingerprints as defined above, we computed the similarity matrix of all
materials is the dataset. From this matrix, we obtain clusters with the algorithm
introduced in Sec. 3.3.

Clustering process

We probe the impact of the only parameter of the clustering algorithm, i.e., the
similarity threshold, by repeating the clustering process for a wide range of values.
Figure 5.4 shows the results of this analysis. For low threshold values, the total
number of clusters is small, because all the materials are contained in few, very
large clusters. As the threshold is increased, these clusters split, and the number
of clusters increases monotonically. It reaches its maximum at Sthres = 0.67, which
corresponds to an overlap of the areas below the DOS of around ∼ 50%3. We
use a slightly larger threshold value of Sthres = 0.75, indicated by the dashed red

3The relationship between the Tanimoto coefficient and the area overlap is introduced in Sec.
3.2.2
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line. This choice makes the clusters more compact: All cluster members have a
similarity larger than Sthres to the cluster centroid, and all cluster members have
a similarity of at least S = 0.5 to each other. Therefore, the overlap of the area
under the DOSs between any two cluster members is at least 67% and ∼ 86%
with the centroid. Our choice is scientifically meaningful, because the electronic
structure around the Fermi level has a strong impact on the structural stability and
dielectric response of a material and the reactivity of its surfaces. Thus, it plays
an important role in, e.g., catalysis processes and chemisorption.123–125 Finding
compact clusters with large overlap of the DOSs means that other properties of
their members are likely to be similar.

Note that the threshold has a large impact on the results of the clustering
process. Therefore, a threshold value has to be found that provides a balance
between the desired characteristics of the clusters. Larger thresholds result in more
compact clusters, but significantly reduce the number of clusters and their size.
Therefore, interesting, chemically diverse clusters may not be found. Conversely,
lowering the threshold leads to more clusters or larger clusters. At the same time,
it allows cluster members to be less similar to each other, such that meaningful
relations between cluster members may not be visible anymore.

Statistical analysis

Before focusing on the members of individual clusters, we investigate the distri-
bution of clusters sizes. Additionally, we quantify the compactness of a cluster by
its radius, as defined in Eq. 3.8. In total, we find 294 distinct clusters, containing
∼ 23% of the materials in the entire dataset.

Figure 5.5 shows a histogram of the sizes of these clusters, as well as the max-
imum and mean radii of all clusters of a given size. 68% of the clusters contain
only two materials. For these clusters, due to the definition of the clustering al-
gorithm, the cluster radius cannot exceed rc = 0.25. However, the mean cluster
radius is even smaller, which means that many clusters are even more compact.
As the cluster size increases, the mean cluster radius increases to rc ∼ 0.4, which
means that the overlap of the area under the DOSs is larger than 75%. The high-
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Figure 5.5: Distribution of cluster sizes (blue bars) and the respective maximum
(black line) and mean (red line) cluster radii using a threshold of
Sthres = 0.75. The dashed line represents the upper limit of the cluster
radius for the given threshold. The light blue bars correspond to the
clusters shown in Figure 5.6. Figure adapted from Ref. 89.

est cluster radius is found for clusters with three members. Still, its value does
not surpass 0.4, despite its theoretical maximum being rc = 0.5. Due to the low
number of large clusters, the mean and maximum of the cluster radii approach the
same value for larger cluster sizes.

Figure 5.6 shows a similarity matrix of the materials that are contained in the
largest clusters. The clusters are indicated by red boxes. The matrix is sorted such
that the largest cluster, i.e., the cluster with 11 members (compare also Fig. 5.5),
is located at low indices, shown in the bottom left of the matrix. Clusters shown
at higher indices have a smaller number of members. Focusing on the matrix
entries, which show the similarity color coded, we see that some clusters appear
to be isolated, i.e., the similarity of their members to all other materials in this
matrix is low. This is especially pronounced for the cluster at the top right of the
matrix. Others, like the largest and second largest cluster, show similarities that
are almost as large as the similarity between their respective members. If a lower
clustering threshold were used, these clusters would merge.

82



5.2 Clustering

Figure 5.6: Similarity matrix of materials that are members of large clusters. The
similarity between materials is color coded, according to the scale on
the right. The clusters are highlighted by red boxes. All of them have
more than six members; they are indicated by the light blue bars in
Fig. 5.5. Figure adapted from.89

Orphans

About 77% of the materials are orphans, i.e., they do not belong to any cluster.
Out of these, there are 2643 materials with a similarity score lower than Sthres =
0.75 when compared to any other material in the dataset. We attribute the high
number of orphans to the chemical diversity of the dataset. The remaining 54
orphans, approximately 2%, have at least one neighbor with a similarity score of
S ≥ Sthres, but this neighbor(s) belongs to another cluster that is either larger or
more compact4.

Among the orphans, there are six materials that are orphans even for very
small similarity thresholds of Sthres = 0.1 (and naturally also higher values). In
Fig. 5.7, we show their DOSs. Four of them, i.e., FeHfF6, Li2Cl2O4, FeZrCl6,
and Na2F2O2, are characterized by well-localized peaks in the DOS. These peaks
most likely originate from the atomic structure of these materials. For example,

4This situation arises due to the definition of the clustering algorithm, see Sec.3.3 for details.
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Figure 5.7: Electronic DOSs of materials that are orphans for all values of the
clustering threshold in the range 0.1 ≤ Sthres ≤ 0.9, as shown in Fig.
5.4. These materials show either narrow peaks in the DOS or very
large band gaps. Figure adapted from.89

Na2F2O2 is composed by a checkerboard pattern of FO molecules alternating with
Na atoms5. The former give rise to sharp, almost molecular peaks of large height
at −1.5 and 1.8, while the majority of Na states lies outside of the observed energy
range. Due to these localized peaks, the overlap with the DOSs of other materials
is low. The other two examples of orphans presented here, MgCl2 and Bi2F6, have
exceptionally large band gaps, such that no significant number of states is in the
considered energy range. Thus, their similarity to other materials is low.

Isoelectronic compounds

Next, we focus on analyzing the members of the clusters that we found in the
dataset. The first example is shown in Fig. 5.8, presenting the DOSs (a) and
crystal structures (b) of five transition-metal dichalcogenides (TMDC), as well
as their orbital-projected PDOSs (c). The radius of this cluster, with a value
of rc = 0.28, is close to the mean of clusters of this size (as presented in Fig.
5.5). Focusing first on the DOSs of the cluster members, it can be seen that their

5See also https://cmrdb.fysik.dtu.dk/c2db/row/F2Na2O2-feda03610e19.
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Figure 5.8: Overview of the electronic and atomic structures of materials in a se-
lected cluster. The total DOSs (a) shows high overlap between all
cluster members. The bold font in the legend indicates the cluster
center, Se8Ti3Hf. The inset shows a similarity matrix of the cluster
members, the color code is adjusted for better visibility. Their atomic
structures (b) are similar up to substitutions with isoelectronic atoms.
The corresponding PDOSs (c) indicate that despite slight variations
depending on the composition, the DOSs of all materials sum up to a
very similar total DOS. The Fermi level is located at E = 0 eV. Figure
from Ref. 89.

PBE band gaps range from 0.52 eV (TiSe2) to 0.65 eV (Hf2Ti2Se8). Furthermore,
the shape of the spectra is qualitatively very similar within the feature region
|E| ≲ 2eV. At higher energies, the DOSs become more dissimilar, which can be
understood in terms of their coarser representation outside the feature region of
the spectral fingerprint. At lower energies, i.e., E < −2 eV, the DOSs of all cluster
members show high overlap, although the fingerprint allows for larger deviations
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in this region. The similarity matrix of the cluster members can be seen in the
inset of panel (a), where the rows and columns are color coded according to the
corresponding material. It can be seen that the highest similarity of S ∼ 0.9 is
found for HfTi3Se8 and ZrTi3Se8, and for Hf2Ti2Se8 and Hf2Zr2Se8, respectively.

The similarity of the cluster members is also rooted in their crystal lattice, shown
in panel (b) of Fig. 5.8, which consists of a layer of transition metals (TM) between
layers of Se in all cases. Thus, the cluster composition includes the binary phase
TiSe2 alongside ternary phases, characterized by the substitution of one or two Ti
atoms with the respective number of either Hf or Zr atoms. The high similarity of
the DOSs of all cluster members indicates the minor impact of these substitutions
on the electronic structure. Considering the PTE, the reason for this observation
becomes apparent, as these elements are all isoelectronic, i.e., they are found in
group 4 of the PTE.

This isoelectronic behavior can be further understood by considering the PDOSs
of these materials, as shown in panel (c) of Fig. 5.8. It can be seen that the valence
bands are dominated by fully occupied Se p states. For the conduction bands, the
largest contribution comes from Ti d states. Additional contributions come from
Zr and Hf d states when these elements are present.126 Small numbers of Se-p
states can be found in the conduction bands, as well as small amounts of TM d

states in the valence region, indicating the hybridization of these orbitals. Overall,
we can conclude that the substitution with isoelectronic elements does not alter
the valence band in these materials, while the shape of the DOSs in the conduction
bands, consisting of empty d states, is preserved due to the same amount of empty
states for all elements. This conclusively explains the similarity of the electronic
structure of the members of this cluster.

Given the combinatorial nature of the C2DB database, the dataset also contains
other combinations of these elements with the same structural prototype, such as
the binary compounds Se8Hf4 and Se8Zr4. These are contained in a separate
cluster, which has members with band gaps ranging from 0.72 eV (Se8TiHf3) to
0.82 eV (Se8HfZr3). If a larger similarity threshold is chosen, these clusters merge.

We found that the vast majority of clusters in the dataset contain members
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that differ only by such isoelectronic substitutions. To discover them efficiently,
we make use of the PTE descriptor (see Sec. 3.4, Eq. 3.10) and filter the list of
clusters accordingly: If the descriptor value cm is identical for all cluster members,
i.e., the similarity according to the PTE fingerprint is 1, we conclude that the
cluster is formed by isoelectronic materials, which we call isoelectronic cluster in
the following. Our definition of isoelectronicity in this context focuses solely on
electron count, without considering the specific electronic configurations. As such,
an identical cm can be constructed from either two Si atoms, two C atoms, or the
combination of one Al and one P atom. Using this definition, we find that the
dataset contains 230 clusters that have the same PTE descriptor for all of their
members, corresponding to 78% of all clusters, making up 16.5% of all materials in
the dataset. Furthermore, 88.8% of all clusters have at least two members with the
same cm. As such, we identify isoelectronicity as the main reason for the formation
of clusters in this dataset. Given the results in Sec. 5.1, where we have shown that
the most similar material for GaAs is also isoelectronic, and in line with physical
intuition, we expect these results to be more general.

We also study the influence of the similarity threshold on isoelectronic clusters.
Their number is shown by the orange curve in Fig. 5.4 and can be compared with
the total number of clusters, shown in black. It can be seen that isoelectronic
clusters are observed over a wide range of similarity thresholds Sthres, and become
dominant at Sthres ≈ 0.6. As the threshold approaches 1, and the clusters become
more compact, almost all clusters have exclusively isoelectronic members.

Isoelectronic surface groups

Filtering all isoelectronic clusters from the total list of clusters, we are able to
identify the second most common origin of similarity of the electronic structure
in the C2DB. These are exemplified in Fig. 5.9, which shows the DOSs (a) and
atomic structures (b) of four metallic compounds. Their atomic structures consist
of five alternating carbon and TM layers. The TMs are either Ta or Nb, which are
isoelectronic and from group 5 of the PTE. The surface layers of material consist
of either F atoms, or OH molecules.
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Figure 5.9: Materials with isoelectronic surface groups forming a cluster. Panel (a)
shows the DOSs, the bold font in the legend indicates the cluster center.
The Fermi level is at E = 0 eV. Panel (b) presents the corresponding
atomic structures. The unit cells are repeated in the in-plane directions
to increase visibility. Figure from Ref. 89.

Focusing on the electronic structure, we find that both compounds with F atoms
at the surface have a characteristic valley in the DOS between 0.5 eV and 1 eV,
which is not present in the compounds with OH surface groups. Other than that,
the general shapes of the DOSs are qualitatively similar. The cluster radius, with
a value of rc ∼ 0.28, is close to the mean of all clusters with four members.

We can further understand the similarity of the electronic structure by consid-
ering the PDOSs6. The DOS in the considered energy range is dominated by the
TM d states, which hybridize with C and TM p states. In the conduction bands,

6See, e.g., https://cmrdb.fysik.dtu.dk/c2db/row/C2H2O2Nb3-137a187a149c.
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around E ≃ 1.5, there are also significant contributions from either O or F p states,
depending on which surface atoms are present. That means, that the H-saturated
O atom plays a similar role as the F atom, making the materials effectively iso-
electronic. There are minor differences, such as the narrow peaks below −1 eV.
These stem from multiple van Hove singularities, which are very sensitive to the
exact location of band extrema and flat bands. Therefore, some discrepancies can
be expected.

In the present dataset, we find 33 clusters containing materials where the surface
is terminated by either F or OH groups. The majority of these cases also include
materials that differ solely in their isoelectronic substitutions. It is important
to recognize that while the isoelectronic behavior of fluorine atoms and hydroxyl
groups is well known among domain experts of chemistry and electronic-structure
theory, implementing this knowledge such that it can be used by automated sys-
tems, e.g., search interfaces of databases, is not trivial. This is especially true given
the increasing interdisciplinarity of scientific fields, and thus the broad spectrum
of users of scientific data platforms with diverse scientific backgrounds. Therefore,
domain-specific knowledge must be integrated into data models and represented
in a comprehensive way. Currently, many search interfaces of materials databases,
as well as ML descriptors, rely on structural features such as the chemical formula
or the number of atoms in the unit cell. Features such as isoelectronicity, which
was shown to be relevant above, are hardly represented, and are unlikely to be
found as search criteria. This situation limits the findability (see Sec. 2.2.1) of ma-
terials data. Likewise, ML applications, not considering such aspects in descriptor
design, may result in an increase of required model complexity to capture these
similarities correctly.

Stacking patterns

The electronic properties of materials with the same chemical composition can be
very different. As an example, we show the DOSs of three different phases of In2S2,
which belongs to the material class of post-TMDCs, in Fig. 5.10. Panel (a) shows
their DOSs, the corresponding crystal structures are depicted below in panel (b).
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Figure 5.10: Electronic DOSs (a) and atomic structures (b) of different phases of
In2S2. The first two structures, SG 164-1 and SG 187, form a DOS
cluster. The third structure, SG 164-2, is not part of the cluster
because of it’s dissimilar DOS. The Fermi level is located at E = 0
eV, and to increase visibility, the unit cells of the atomic structures
are repeated in both in-plane directions. Figure from Ref. 89.

For all three structural phases, the material consists of two layers of In between
two layers of S. We categorize these materials additionally by the value of their SG
descriptor (see Sec. 3.4). Two of these materials have SG 164, which we indicate
as SG 164-1 and SG 164-2, respectively. The third material has SG 187. Despite
the fact that two materials have the same SG, the stacking patterns of the In and
S layers are different in all three materials. SG 164-1 can be classified as stacking
pattern ABBC, SG 187 shows ABBA stacking, and for SG 164-2, it is ABDC.
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Structures SG 164-1 and SG 187 have very similar DOSs, with a Tc of 0.76, thus
they form a cluster that is found by our clustering algorithm. Both materials show
a medium-sized band gap of 1.60 eV (SG 164-1) and 1.675 (SG 187)7. The shape
and magnitude of their DOSs are qualitatively similar over the entire energy range
considered. The third phase, SG 164-2, however, shows metallic behavior, and is
therefore not part of the cluster. The corresponding Tc values w.r.t. the phases
SG 164-1 and SG 187 are 0.32 and 0.34, respectively.

The similarity of the first two phases, and their dissimilarity to the third phase,
can be understood in terms of the electronic configuration of the In and S atoms.
In the (very similar) semiconducting phases, the In atoms are tetrahedrally co-
ordinated, with three S atoms and one In atom as direct neighbors. They form
covalent bonds, where the valence bands show the character of hybridized S and In
p states.127 The In-In bonds have a length of dIn−In=2.82 Å. For the metallic phase,
SG 164-2, the In atoms are coordinated with three other In atoms, with a bond
length of dIn−In=3.62 Å, similar to that of bulk metallic In (3.38 Å). It is found to
be dynamically unstable, exhibiting metastability relative to the semiconducting
phases8

In this example, the coordination of the In atoms plays a key role for the elec-
tronic properties of these materials. From the SG or the PTE descriptors, this
cannot be understood, and only explicitly considering more advanced descriptors
reveals their relationship. This means that the characterization of materials data
based on simple descriptors is challenging. Note that the differences between these
phases are also captured by the atomic structure fingerprint based on the SOAP
descriptor, that we introduce in Sec. 3.4.

Outliers

The vast majority of the clusters found by our algorithm can be explained by
the mechanisms described above. However, we found 25 clusters in the dataset
with materials that have similar electronic structure, but are neither isoelectronic

7Values from https://cmrdb.fysik.dtu.dk/c2db/row/In2S2-1b7899449ed6 and https://
cmrdb.fysik.dtu.dk/c2db/row/In2S2-172ef584c4a6, respectively.

8See also https://cmrdb.fysik.dtu.dk/c2db/row/In2S2-ef93efd2b5c0
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nor share the same crystal lattice. Figure 5.11 presents the members of one of

Figure 5.11: Electronic and atomic structures of Ta2BS2 and Bi4Cu4, materials
with distinct atomic species and crystal structures, forming a clus-
ter. In all panels, the Fermi level is located at E = 0 eV. Panel (a)
shows the total DOSs, which are similar over the entire energy range
considered. The atomic structures (b) of both materials are distinct,
their unit cells are repeated in both in-plane directions to increase
visibility. Panels (c) and (d) show the band structures with indicated
atomic characters together with the PDOSs. Figure from Ref. 89.

these clusters. Focusing first on the total DOSs, shown in panel (a), we find that
both materials are metallic and exhibit a nearly constant DOS over a wide energy
range around the Fermi level in the interval −1.5 eV ≤ ε ≤ 2 eV. Below −1.5
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eV, the DOS of both compounds increases in a similar way. Above 2 eV, the
differences are larger. The similarity score of Tc = 0.76 is slightly higher than
the clustering threshold. Structurally, the materials are very different. Their unit
cells are shown in panel (b) of Fig. 5.11. Ta2BS2 has the trigonal SG 164, and
Bi4Cu4 has an orthorhombic lattice with SG 51. Obviously, the similarity of their
DOSs is not related to their atomic structure. In the lower panels of Fig. 5.11, we
present the BS, with indicated atomic character of the bands, and the PDOS of
both materials. In Ta2BS2, shown in panel (c), a single band crosses the Fermi
level. The bands are predominately of p and d character, with contributions from
all atomic species. The PDOS shows some hybridization of Ta d states with S p

states at the Fermi level, while the conduction bands are dominated by Ta d states.
In Bi4Cu4, shown in panel (d), several bands cross the Fermi level. Comparing
the band character, reveals that the flat region in the DOS, −1.5 eV ≤ ε ≤ 2 eV,
contains almost exclusively Bi and Cu p states. The unoccupied bands above 2 eV
show additional Cu s character. In the lower valence bands (ε < −1.5), significant
contributions of Cu d bands can be seen. None of these observations allow us to
qualitatively understand the similarity of the DOSs, and we therefore conclude
that it is in fact accidental. Thus, the present cluster can be understood as an
outlier. We note that such kind of outliers are well known in molecular similarity.85

We want to highlight the analysis performed in this section as an efficient method
for processing large numbers of clusters. This is achieved by iteratively filtering
them through confirmatory analysis, i.e., identifying the origin of similarity for a
subset of clusters, constructing a descriptor to capture these cases, and removing
clusters that can be fully explained by the descriptor. Using this process, we were
able to efficiently identify outliers. These outliers are undoubtedly the scientifically
most interesting cases, but require more in-depth analysis beyond the scope of this
work. Automatizing the analysis presented here will allow to find such outliers in
any dataset and may uncover unexpected connections between materials.
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5.2.2 Comparing similarity measures

The examples shown above exclusively focus on the similarity of the electronic
DOS using the spectral fingerprint. In the following, we use the same clustering
algorithm, but three different fingerprint types (see Sec. 3.1.2), and compare the
cluster assignments qualitatively. For this example, which follows our publication
in Ref. 87, we have downloaded the crystal structures and electronic DOSs for
a dataset of 3847 cubic perovskites, which stem from the AFLOW database and
are also accessible through NOMAD. The dataset is downloaded using MADAS9,
and calculate PTE, DOS, and SOAP fingerprints (see Sec. 3.1.2 and 3.4) and the
respective similarity matrices. We stress here again that the SOAP fingerprints do
not distinguish between atomic species. From the similarity matrices, we obtain
clusters using the algorithm presented in Sec. 3.3, using similarity thresholds of
Sthres = 0.75 for both the DOS and SOAP matrices, and Sthres = 1 for the PTE
matrix. In the latter case, all cluster members have identical PTE descriptors,
i.e., they are considered isoelectronic.

We then sort the similarity matrices based on the clusters that are found for each
fingerprint type, and show the results on a 3 × 3 grid in Fig. 5.12. Each column in
this figure shows similarity matrices based on the different fingerprint types, i.e.,
from left to right, PTE, SOAP, and DOS fingerprints. The rows correspond to the
sorting of the matrices, which is based on the clusters found in the PTE, SOAP,
and DOS matrices, from top to bottom.

First, we focus on the diagonal panels in the figure, i.e., the matrices that are
sorted based on the clusters obtained from the same fingerprint type. The PTE
matrix sorted by PTE clusters, shown in the top left panel, exhibits a large number
of small clusters of similar size. This comes to no surprise, as the combintatorial
HT approach used in AFLOW results in an almost even distribution of elements
from the PTE. Note that, however, 1.814 of these materials contain oxygen, and
1920 contain fluorine.

Focusing on the similarity based on the atomic structure, i.e., sorting the SOAP

9The respective code can be found at: https://github.com/kubanmar/madas-examples/
blob/master/notebooks/analyze_similarity_correlations.ipynb.
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Figure 5.12: Similarity matrices of ∼ 3800 cubic perovskites, sorted by cluster
assignments according to different similarity measures. The panels
are arranged in a grid, where the columns correspond to PTE (left),
SOAP (middle), and DOS (right) fingerprints. The rows of the grid
indicate which similarity was used for clustering. The top, middle,
and bottom rows correspond to sorting by PTE, SOAP, and DOS
clusters, respectively. The similarity score is color coded, where dark
blue represents lowest similarity (S = 0) and yellow indicates highest
similarity (S = 1). Figure from Ref. 87.

matrix by SOAP clusters, as shown in the middle panel, reveals 10 clusters of
different sizes. The largest one contains 1716 members and shows, on average, a
rather high similarity to the members of the two next smaller clusters. The second
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cluster is strictly dissimilar to the third, but shows higher similarity to the fourth
cluster. The remaining, smaller clusters are rather isolated from the rest of the
dataset. The descriptor we use for this fingerprint does not distinguish between
atomic species, thus it is only sensitive to atomic positions and the unit cell. The
current dataset consists exclusively of cubic perovskites, i.e., all crystal lattice
symmetries are identical and the atomic positions are similar. We therefore tend
to attribute the cluster formation to the differences in cell volumes.

The last panel on the diagonal of the figure, the DOS matrix sorted by DOS
clusters, reflects the distinct behavior of the electronic structure. The vast majority
of materials, i.e., those with indices < 3182, are less similar to any other material
than Sthres = 0.75 and are therefore outliers. All clusters that are found are shown
at higher matrix indices and are very compact, underlining the chemical diversity
that can be found in this structurally rather homogeneous dataset.

Information about the relationship between different similarity measures can be
detected in the off-diagonal panels of Fig. 5.12. Looking at the PTE similarity
matrix sorted by DOS clusters in the bottom left panel, one feature is especially
noticeable: The largest cluster, containing 75 materials (indices 3182 to 3257), can
also be seen in the PTE matrix and the SOAP matrix (bottom center). Investigat-
ing the members of this cluster individually, we find that they are all calculations of
BPBa3

10. This finding demonstrates the potential of a similarity-based approach
for detecting duplicates and filtering databases. We note that structural similarity
measures where already used by Valle and Oganov68 to filter duplicate entries in
a evolutionary algorithm for crystal structure generation. Our approach of com-
bining different similarity measures to infer whether entries are duplicates extends
this concept.

The DOS similarity matrix, when sorted by PTE clusters (top right panel),
shows a slight correlation of the DOS descriptor with the PTE descriptor. This can
be seen from the block-like pattern that emerges within the matrix. Even though
the similarity of members of PTE clusters in the DOS matrix is small in most cases,
10These calculations are all contained individually in the AFLOW database. BPBa3, with

space group number 221, has 66 unique entries in the database at the time of writing of
this manuscript, the remaining entries are likely discarded entries from prior iterations of
AFLOW, but available in NOMAD.
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statistically, the they are still more similar to each other than to other materials.
This can be seen qualitatively by the lighter colors of the matrix entries close to
the diagonal. This correlation is not surprising, because, as we demonstrated in
the prior sections, materials with the same composition are more likely to have
similar electronic structure. However, their similarity ultimately depends on many
different factors, which are not captured by such a simple descriptor as the PTE.

When the DOS matrix is sorted by SOAP clusters, as shown in the middle
panel on the right, no correlation between the largest SOAP cluster with the DOS
can be found. However, the smaller clusters (index > 1717) qualitatively show a
slightly increased DOS similarity among the members of SOAP clusters. This can
be seen from the similar patterns in the center and middle right panel. Comparing
the PTE and SOAP matrices sorted by SOAP and PTE clusters (top middle and
center left panel, respectively), they do not appear to be correlated. Since they
are agnostic of each other by construction, this was to be expected.

5.3 Summary

In this chapter, we have explored potential applications of similarity concepts in
materials science, given the availability of interoperable data. The first application,
similarity searches, allowed us to find materials that share desirable properties. We
exemplified this on the prototypical semiconductor GaAs, finding the materials
with the most similar electronic DOS among almost 1.9 million materials from
the NOMAD Encyclopedia.28 We found a material that was expected to be most
similar, GaP, confirming previous experiments conducted by others,78 but also
finding unexpected compounds. When considering the distribution of similarity
scores, we found that their mean is low and only few materials are highly similar
to GaAs. This highlights the variety of different DOSs that are found among
materials. Introducing a spin-resolved similarity measure, revealed an unexpected
similarity between bulk Au and CoFe in their spin-majority channel.

We have also shown the impact of the feature region of spectral fingerprints on
the results of similarity searches. In our example, the material that is most similar
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to the reference did not change when focusing on either the valence or conduction
bands, but the degree of similarity of other materials did depend on this choice.
We expect larger differences for spectral properties spanning larger energy ranges.
To confirm our analysis, we used spectral fingerprints with narrow feature regions
and cutoffs to investigate in which energy regions the DOSs are most similar. The
tool that we created for this purpose is available in MADAS and can be used to
detect highly similar regions in the DOS in a quantitative, machine-readable way.

Similarity searches are, despite all optimizations, computationally expensive.
One way to mitigate this problem is to compute the most similar materials for
a reasonable set of fingerprint parameters a priory, such that they are available
when researchers need them. However, this currently requires computing the full
similarity matrix, which scales quadratically with the number of fingerprints. In
the future, this may be optimized by using more efficient search technologies, such
as k-d trees,128 which partition the search space to allow finding the k most similar
materials without comparing the reference to all other entries.

Alternatively, clustering can be used to find sets of similar materials. Here we
used this approach for the DOSs of about 4000 2D materials from the C2DB.8,53

We found that the majority of materials with similar electronic structure share the
same lattice structure and differ only by isoelectronic substitutions. This finding
is consistent with the results of the similarity search for GaAs mentioned above.
This confirms that substitutions with isoelectronic elements are good candidates
for obtaining materials with similar electronic structure. We also found that for
this particular dataset, the most compact clusters contain exclusively isoelectronic
materials, which shows that the differences in the electronic structure stemming
from isoelectronic substitutions can be almost arbitrarily small.

In the future, this analysis can be extended and further automated. The cur-
rent implementation uses MADAS and allows for efficient data handling, but many
clusters still require quantitative analysis. To overcome this, implementing more
(diverse) fingerprints may be beneficial: An example can be seen in the PTE fin-
gerprint, which we have used to filter out isoelectronic clusters. Similarly, one
may define fingerprints that can identify the similar behavior of F atoms and OH
groups at surfaces. Such fingerprints can be used to filter data efficiently, which
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allows to analyse even large datasets with many clusters in an efficient way.

Further potential for scientific discovery lies in the feature region of the spectral
fingerprint. By setting the focus of the similarity analysis to a different energy
range, for example the conduction or semi-core region, more similarities can be
explored. Using MADAS, this analysis can be further automated, allowing to scan
large datasets for outliers or unexpected phenomena.

By comparing the clustering results for different similarity measures we have
shown how they relate to each other. We confirmed that clusters based on the
PTE and the species-agnostic SOAP descriptors, i.e., similarity measures that de-
scribe different material properties, show little correlation, except for those that
are duplicate entries in the dataset. The similarity matrices that show correla-
tions, e.g., those comparing clustering results between DOS fingerprints and PTE
or SOAP fingerprints, indicate that these fingerprints describe correlated prop-
erties. This type of analysis can be performed using MADAS and can assist in the
development and performance benchmarking of novel descriptors and fingerprints.
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6 Discussion

In this thesis, we addressed the challenge of performing similarity analysis by de-
veloping the computational framework MADAS that supports all steps of similarity
analysis, including the collection and storage of data, the development and com-
putation of fingerprints and similarity scores, and the seamless integration of data
analysis and machine-learning methods. The software is written in a modern way,
emphasizing modularity and usability, making it highly extensible. This, com-
bined with the release of the source code under an open-source license, as well as
the provision of extensive documentation, tutorials, and software tests, supports a
long lifetime of our code.

Some vital parts of our software, however, cannot be tested, thus their function-
ality cannot be verified. This concerns, most drastically, the API interfaces (see
Sec. 3.1.1) that connect data analysis pipelines to the APIs of public database
providers. This means that data analysis pipelines written with MADAS are not
guaranteed to run unless the data is provided with the analysis. The issue is
mitigated by adding an abstraction layer into the software architecture, i.e., the
interaction of API classes with external databases is completely self-contained, and
all data exchange with other components of MADAS is modeled through Material
objects. Thereby, the impact of a potential mismatch of the data description
between the external API and the API interface on the entire data pipeline is
minimized. This design choice places the responsibility for ensuring compatibility
with external APIs to the users of the framework. We believe that this choice is
justified, because of the benefits mentioned above, and because the workload of
maintaining the source code of API interfaces to multiple large databases is not
feasible for a single developer.

We have also developed a spectral fingerprint that allows to encode any spectral
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property, e.g., the electronic DOS of materials, into a binary-valued raster-image.
This was achieved by applying a non-uniform transformation to the spectrum,
which allows to set the focus of the fingerprint on a user-specified range of values
of the independent variable, e.g., the energy. Using the Tanimoto coefficient Tc
as the similarity score, this fingerprint can be used for a range of use-cases. It
requires, however, some parameters to be chosen that affect, e.g., the coarseness of
the discretization of the spectrum. These can have a non-negligible effect on the
results that can be obtained with subsequent analysis. To ensure the correctness
of this analysis, manual testing and optimization of the fingerprint parameters is
currently required.

Similarly, the quality of the spectra used as input for the fingerprint can affect
the results. For example, using a non-smooth DOS can result in artificially reduced
similarity between two spectra, because of the low overlap of numerical artifacts.
This effect is minimized through the integration step in the computation of the
fingerprint (see Sec. 3.2.1), but cannot be completely avoided. The extent of these
effects, and how to reduce them, will be studied elsewhere. To this point, all results
obtained with the spectral fingerprint were checked carefully for consistency and
reproducibility.

Binary-valued fingerprints based on the atomic structure of molecules are well
established in medicinal chemistry and drug design. Their success is based on
the fact that, in many cases, the biological activity of a molecule correlates with
specific structural features (see Sec. 2.5). The situation is different for materials.
Here, the (local) atomic structure, while influencing it, does not solely dictate the
electronic structure and therefore many derived properties. Instead, the electronic
structure reflects the complex non-local many-body interactions of electrons in
extended systems. Thus, measuring the similarity of materials based on the local
atomic structure is not very promising. Therefore, novel, advanced fingerprints
are required to capture these effects. The spectral fingerprint used here can serve
as a guideline for future developments.

While the development of novel fingerprints can help to capture material charac-
teristics, it is worth noting that, in many cases, the definition of similarity can vary
significantly between different fingerprints, depending on the context and purpose.
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For example, similarity may be well defined only for highly similar compounds, as
observed in molecular similarity studies.85 However, when dealing with less simi-
lar compounds, comparisons become challenging. In molecular similarity, so-called
activity cliffs79 are reported. They refer to the observation, that the correlation
between the similarity score and a material property can drop drastically when the
similarity score falls below a specific value. This highlights the subjective nature
of similarity and the critical importance of defining different measures for different
purposes.

Based on the spectral fingerprint, we performed a clustering of materials from
the C2DB database. For this purpose, we developed a custom algorithm that
fulfils our requirement of finding compact clusters. There are many alternatives
published in the scientific literature, that have been applied to, e.g., the selection
of diverse subsets from molecular databases.129 To this point, we have not system-
atically studied the impact of the clustering algorithm on the results, which we
leave for future research. Another aspect that influences the results obtained with
our method is a well-known size dependency of the Tanimoto coefficient.85,130 In
general, fingerprints with high filling factors1 tend to systematically reach higher
similarity scores. This results in large clusters with large cluster radii, containing
many materials with overlapping spectral shapes, but smaller features do not over-
lap. Despite the high similarity scores, these materials are not very similar. The
consequences of this effect may be mitigated, e.g., by clustering the members of a
large clusters with a higher clustering threshold. Using MADAS as a computational
framework, these tasks can be addressed efficiently.

1We define the filling factor of a binary-valued fingerprint as the number of components of the
fingerprint that are 1, divided by the total length of the fingerprint vector.
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7 Conclusions

Understanding whether and under what conditions materials are similar to each
other is a pressing issue in materials science. To find substitute materials, e.g.,
to replace toxic or rare elements, similarity has been evaluated only qualitatively,
based on the knowledge of domain experts. In this thesis, we showed that, by
quantifying similarities using material fingerprints, the rules that these expert
used can be written out explicitly, allowing to test large amounts of data in an
automated way. We applied this methodology to address two major challenges in
materials discovery, i.e., assessing data quality and exploring large data spaces.

It is well known in the data-driven materials-science community that variety
and veracity of data impose significant limits on the knowledge that can be ex-
tracted from large databases. The physical and numerical approximations that are
required to compute material properties with a given accuracy, i.e., their deviation
from exact results, depend on the material itself. Thus, in order to obtain accurate
results when extending the chemical diversity of the data, the diversity of the data
in terms of employed methods has to increase as well. Using a consistent set of
parameters and approximations for diverse data, conversely, reduces the accuracy
and precision for those materials, that require higher parameter settings or lev-
els of theory. Here, we showed how similarity measures can be used address this
challenge.

Focusing on the electronic structure, we first demonstrated that differences be-
tween computed material properties that arise due to various approximations, can
be captured using spectral fingerprints. This was achieved by first measuring the
similarity of the electronic DOS over a large interval around the Fermi energy, and
then restricting the fingerprint individually to the valence and conduction bands.
By comparing the similarity scores in the different energy regions, we could iden-
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tify where the different approaches that were used to obtain the DOS affected the
electronic structure.

We then applied our method to optical absorption spectra. Using theoretical
data obtained with the BSE formalism, we showed that the convergence of the
absorption spectra of h-BN with respect to the number of k-points can be well
captured by spectral fingerprints. Specifically, as the number of k-points is in-
creased, the similarity of consecutive calculations increases monotonically. This
shows how similarity measures can be used to describe the convergence of critical
numerical parameters. We also compared absorption spectra obtained by differ-
ent experiments. Using bulk silver as an example, we were able to quantify the
significant differences between these measurements with our fingerprints. We em-
phasized that the differences between these data cannot be understood without
more information about the samples and the conditions under which the experi-
ment was performed.

Having shown that our methods are suitable for capturing the relevant effects
to characterize data quality, we computed similarity matrices for larger datasets.
By sorting the similarity matrix of 144 calculations of h-BN with respect to the
numerical settings used, we could explicitly show the impact of the most rele-
vant parameters on the DOS, notably the number of k-points and the number of
basis functions. This allows to directly select subsets of calculations which, de-
spite employing different parameters, obtain the very similar results. By sorting
of the similarity matrix, the relationship between calculations based on different
numerical settings can be made visible.

By sorting the similarity matrix by the similarity of each entry to the rest
of the dataset, we showed that this mean similarity can serve as a measure to
identify sufficiently converged calculations. We showed this by relating clusters of
similar calculations, which formed based on the sorting, to the relevant convergence
parameters. The analysis we used for this example can be easily repeated for other
materials, potentially allowing to automatically find and classify calculations with
converged parameters. Since this approach only depends on the similarity scores,
it can be applied even if the values of important convergence parameters are not
known.
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We then showed how the concept of similarity can be used to explore and learn
from large datasets. Similar to what is known from molecular similarity searches in
drug design, similarity searches can be performed for materials data. We demon-
strated this by finding the most similar materials of GaAs from a large dataset
of ∼ 1.9 million materials. Using this material as an example, we showed that,
besides the large amount of data used in our search, highly similar materials are
often exceptional. Finally, we computed the most similar materials for all members
of the large dataset and made them available through the NOMAD Encyclopedia.

We then investigated the effect of the feature region of the spectral fingerprint on
the results of similarity searches. We showed that setting the feature region to the
valence or conduction bands individually changes which materials are found in a
similarity search. To make these results more interpretable, we developed a tool to
compute the similarity of spectra as a function of their independent variable. This
tool can be used to support qualitative comparisons of spectra through quantitative
analysis. Furthermore, it can be used to automatically discover the energy range
in which two materials are highly similar.

Clustering, applied to datasets of interoperable calculations, can be used to an-
alyze the similarities between many all materials at once. We demonstrated this
for a set of 2D materials stemming from the C2DB. Starting from a detailed anal-
ysis of the clustering process, we selected a suitable threshold for our clustering
algorithm. The latter is designed to obtain compact clusters. We analyzed the
clusters that were found, focusing on understanding the physics behind the sim-
ilarity of the electronic structure. We found that the vast majority of clusters
contain materials that differ only by isoelectronic substitutions. After classifying
these, we were able to discover the next most frequent mechanism, i.e., the sub-
stitution of surface atoms with isoelectronic surface groups (or vice versa). We
furthermore highlighted that the impact of structural patterns in materials on the
electronic structure can be large, and that these differences are not well captured
by typical search interfaces of materials databases such as the space group or the
composition. Finally, we were able to discover outliers, which could not be ex-
plained by any of the previously discussed mechanisms. These cases can serve as a
starting point for further investigations, allowing for the discovery of unexpected
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connections between otherwise distinct materials. Furthermore, our iterative ap-
proach to identify the origin of the similarity in these clusters presents itself as
a novel method to incorporate physical reasoning into material databases. This
would allow to annotate existing data, transforming material databases from pure
databases to knowledge bases.

Finally, we demonstrated the correlation between different descriptors by finding
clusters in similarity matrices computed with different fingerprints. This type of
analysis can be used for the development of novel fingerprints, or to study the
correlation of existing ones with different material properties.

To conclude, in this thesis, we discussed the key methodologies that are neces-
sary to perform similarity-based characterization of materials, and the analysis of
materials data in general. Starting from existing concepts and a background in
DFT, we established workflows for analyzing materials data. They can be applied
to datasets ranging in size from two to millions of calculations. We would like
to emphasize that all developed methods are available as open-source software,
which greatly improves their reproducibility and reusability. They are comple-
mented with extensive documentation and tutorials, allowing others to quickly
adopt similarity-based methods for their research.
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8 Outlook

Our work paves the way for future research, offering a comprehensive foundation
for advancements and novel developments of similarity-based analysis in materials
science. Despite the existence of large datasets computed with consistent settings,
the total number of consistent datasets is rather small. Thus, data quality control
and the compilation of interoperable datasets are pressing challenges. The devel-
opment of MADAS will therefore focus on this aspect. An important step in this
direction will be the design of autonomous workflows for data analytics. These
will allow to handle large amounts of data, to find precise calculations that are
representative of a specific material, and to discover outliers. A very first step can
be done by applying the workflows presented in Sec. 4.2 to other, already avail-
able datasets. Comparing the results from these analyses of different materials
can help to better understand the convergence of DFT calculations with respect
to the relevant parameters.

Several aspects of the methodology presented in this thesis can be further au-
tomated. One aspect concerns the choice of the optimal parameterization of the
material fingerprints, i.e., the number of pixels or the minimum integration in-
terval used. This would allow to, e.g., select the smallest number of pixels that
still represent the spectrum well, effectively reducing the memory footprint of the
descriptor. Doing so, will also increase the applicability of the descriptor for non-
expert users and therefore the reproducibility of scientific results. To find these
parameters, their influence on the similarity of materials can be studied, e.g., by
computing and comparing similarity matrices for given benchmark datasets. To
support this analysis, the spectral fingerprint already automatically computes sev-
eral metrics, describing, e.g., the amount of fingerprint components that are "1",
or the number of states in the histogram bins that lie outside of the grid.
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For the analysis of clusters, as presented in Sec. 5.2, several improvements
can be made. One promising concept is the automated selection of clustering
thresholds from the distribution of similarity scores within a dataset. In molecular
similarity, the use of statistical tests for this purpose has been reported.79 Using
well-defined criteria could improve the comparability of clusters obtained from
different fingerprints or with different similarity metrics.

Another interesting task is to find novel descriptors that allow for interpreting
the results of clustering. In Sec. 5.2.1, we have described how the discovered
clusters can be iteratively filtered to find all sets of clusters that can be explained
with certain descriptors. Alternatively, such descriptors can be found using ML
techniques. One option would be the usage of symbolic regression methods, such
as SISSO.72 Alternatively, techniques like inductive logic programming have been
proposed85 to generate rules that can be used to understand the formation of
clusters. Given sufficiently large datasets, rules may be found that explain the
unexpected similarity between cluster members.

To increase the range of applicability, our methodology can be extended in
different directions. Clearly, the number of available fingerprints and similarity
metrics can be increased. Promising candidates for additional similarity metrics
are, e.g., the Wasserstein distance131 or cross-correlation functions. Furthermore,
asymmetric similarity scores, such as the Tversky88 coefficient, can be used for
similarity searches. They allow to put a focus either on unique descriptor fea-
tures of the reference or of the candidate compounds.79 The performance of the
code that computes spectral fingerprints and the similarity scores between them
can be increased by implementing CPU intensive operations in a more efficient
programming language, such as C, Rust, or Fortran.

Another interesting concept that can be borrowed from molecular similarity
searching is data fusion.83,84,86 Here, the similarity score between different molecules
is computed using multiple similarity measures, either by combining the descriptor
values, or by using, e.g., weighted averages of multiple similarity scores as a new
score. This is found to increase the effectiveness of similarity searches.83 Within
MADAS, these approaches can be tested by, e.g., adding and normalizing similarity
matrices, or by introducing new fingerprint types.
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Finally, the work described here, also opens the door for completely new applica-
tions. One options is to directly infer material properties from similarity matrices
and the properties of known compounds, i.e., using supervised machine learning.
This can be achieved by using existing implementations of kernel-based machine-
learning algorithms. In preliminary tests, we found that these methods do not
reach the state-of-the-art performance of, e.g., deep learning methods. However,
relevant applications can still be found, e.g., for datasets that are too small for
other methods, or when similarity matrices have already been computed for a dif-
ferent purpose and can be reused. To improve the accuracy of predictions from
similarity-based supervised ML, the concept of data fusion, as described above,
may be used.

The examples presented in this work illustrate that measuring the similarity of
materials enables a wide variety of applications that help to address several press-
ing challenges of materials science. The methods that we have implemented can
be used by others and adapted to fit their needs. Applied carefully, they allow
researchers to better understand the data they are using and therefore improve
the reliability of results obtained with statistical methods. Doing so, is especially
challenging as ML methods are entering a wide range of scientific fields, requir-
ing experts from both ML and domain sciences to understand the details of the
respective other field. Similarity measures, bridging qualitative and quantitative
analysis of scientific results, present an efficient way of approaching this challenge.
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