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A B S T R A C T

Thermoelectrics (TE) are materials that can be used to generate elec-
tricity from waste heat. As a large portion of our energy resources is
wasted as heat (250), TE can contribute to a more sustainable use of
our energy resources, which is more urgent than ever. A key quantity
to the efficiency, and therefore the applicability, of TE is the lattice
thermal conductivity. In this work, I prove the invariance of the lattice
thermal conductivity in the context of linear-response theory (LR).
This invariance enables me to derive novel formulas for a correction
to the widely used Boltzmann-transport equation (BTE) for lattice
thermal transport in crystalline solids using LR. It turned out that
these derivations cannot be performed by a human by hand, using the
formalism I chose. To perform the necessary symbolic manipulations,
I programmed a computer algebra system (CAS), that implements LR,
starting from expectation values, over Feynman diagrams to math-
ematical formulas. The number of resulting terms turned out to be
too large for an analysis of all limiting cases. Consequently, I aimed
at evaluating all terms, with as few approximations as possible, to
generate a simple, numerical result. To do so, I developed a software
package to evaluate the formulas numerically without further approx-
imation and applied it to long-serving as well as promising new TE,
namely PbTe, Bi2Te3, SnSe, and B4C. Additionally I investigated MgO
and KF. The result can be summed up as follows:

The correction to the BTE for the lattice thermal conductivity has almost
no influence in the investigated materials at any simulated temperature.

My investigation suggests that the BTE can be used for a wide range
of materials, including the most anharmonic ones. Consequently, this
work is in agreement with the literature, that the most anharmonic
materials are exactly those with the lowest lattice thermal conductivity
(37). It suggests that future theoretic work on lattice thermal conduc-
tivity should focus to find the correct phonon-propagator of strongly
anharmonic systems.
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Z U S A M M E N FA S S U N G

Thermoelektrika (TE) sind Materialien die Elektrizität aus Abwärme
gewinnen können. Da ein großer Teil der weltweit generierten Energie
als Abwärme verloren geht (250), können TE zu einer nachhaltigeren
Nutzung unserer Energieressourcen beitragen. Eine wichtige Kenn-
größe für die Effizienz, und damit die Anwendbarkeit, von TE ist ihre
Gitterwärmeleitfähigkeit. In meiner Doktorarbeit habe ich die Inva-
rianz der Gitterwärmeleitfähigkeit im Kontext der Linear-Response
Theorie (LR) bewiesen. Diese Invarianz ermöglichte es mir, eine Kor-
rektur der weitverbreiteten Boltzmann-Transport Gleichung (BTE) für
die Gitterwärmeleitfähigkeit in kristallinen Materialien mittels LR her-
zuleiten. Diese Korrektur ist wichtig um zu beurteilen, wie genau die
BTE die Wärmeleitfähigkeit eines Kristalls vorhersagen kann. Es stellte
sich heraus, dass die Herleitung im von mir gewählten Formalismus
nicht sinnvoll durch einen Menschen per Hand durchgeführt werden
kann. Um die dafür notwendigen symbolischen Umformungen durch-
zuführen, habe ich ein Computer-Algebra System (CAS) entwickelt,
dass die LR implementiert, angefangen mit Erwartungswerten, über
Feynman-Diagramme bis hin zu mathematischen Termen. Die Anzahl
an Beiträgen zum finalen Resultat stellte sich als zu groß heraus um
Grenzfälle zu analysieren oder prüfbare Approximationen herzuleiten.
Aus diesem Grund habe ich alle Beiträge mit so wenigen Approxi-
mationen wie möglich ausgewertet, um ein einfaches numerisches
Resultat zu erhalten. Dafür habe ich eine Software entwickelt, um
diese Terme numerisch auszuwerten. Damit habe ich meine Korrektur
für altbekannte wie auch vielversprechende TE ausgewertet, näm-
lich PbTe, Bi2Te3, SnSe und B4C. Zusätzlich habe ich MgO und KF
untersucht. Das Resultat lässt sich wie folgt zusammenfassen:

Die Korrektur zur BTE für die Gitterwärmeleitfähigkeit hat in keinem der
untersuchten Materialien und bei keiner der simulierten Temperaturen einen
nennenswerten Einfluss.

Meine Untersuchung legt nahe, dass die BTE für eine große Band-
breite an Materialien sicher angewandt werden kann, auch besonders
stark Anharmonische. Folglich ist diese Arbeit in Übereinstimmung
mit der Literatur, dass die am stärksten anharmonischen Materiali-
en genau die mit der niedrigsten Wärmeleitfähigkeit sind (37). Es
scheint daher sinnvoll, dass sich zukünftige Forschung weniger auf
die Herleitung solcher Korrekturen zur BTE als vielmehr auf die kor-
rekte Berechnung des Phononpropagators in stark anharmonischen
Materialien konzentrieren sollte.
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Part I

B A S I C S





1
I N T R O D U C T I O N

To generate electricity in a reliable, safe, and sustainable fashion is a
need for our society. One possibility to do this is the conversion of
waste heat using the thermoelectric effect. Waste heat is created by
engines in cars and airplanes, powerhouse turbines, various industrial
processes such as smelting, especially in the chemical and construction
industry and even in computing centres. Hence, we lose a significant
amount of our energy resources (250) and thermoelectrics have an
enormous potential to make our use of energy resources fit for the
future.

When heat flows through a thermoelectric material, a voltage is
generated due to the diffusion of charge carriers (62, 257, 260, 297).
This effect can be used to generate electricity. The efficiency of the
conversion is good, if the thermoelectric figure of merit

ZT =
σS2

κ
T (1.1)

is large. S is the Seebeck coefficient, κ the thermal conductivity, σ
the electrical conductivity, and T the temperature. Nowadays, most
thermoelectric devices provide a figure of merit of approximately 1

(201, 257). This is too inefficient to be cost-effective in many applica-
tions (241). Would the figure of merit be 3 or higher, these devices
could be used for many more applications (167, 275). The most promis-
ing candidates to reach such a value are semiconductors, with a low
thermal but good electrical conductivity (250). The task is to find semi-
conductors that match these criteria. At this point it is important to
understand, that the thermal conductivity κ is (approximately) made
up of two components: an electronic one κe, caused by the diffusion of
charge carriers, and a lattice part κl , caused by the lattice vibrations,
the phonons:

κ = κe + κl . (1.2)

The law of Wiedemann-Franz (148, 260, 281) states, that the electronic
contribution to the thermal conductivity is proportional to the elec-
trical conductivity σ, as the diffusing charge carriers also carry heat.
This is one reason why it is not easy to optimize the figure of merit
of a material, as a good electrical conductor is also a good thermal
conductor. Despite this problem, one may find the best thermoelectrics
by searching for materials with a low lattice thermal conductivity. This
approach already led to groundbreaking findings (30, 167, 301). The
other important option would be to maximize σS2 (65, 165, 296), which
is beyond the scope of this thesis.

3



4 introduction

The lattice thermal conductivity of a material is low, if the phonons
are strongly scattered (95). In a pure crystal (without vacancies or
disorder), there are two processes responsible for this: the scattering
of phonons with phonons (anharmonicity) and electrons (electron-
phonon interaction) (88). It is known that the predominant scattering
mechanism in most crystalline systems (and especially in semiconduc-
tors) is the anharmonicity (303), and so, strongly anharmonic systems
are especially promising for thermoelectric applications. An exam-
ple is SnSe with a figure of merit of 2.6 at 930K (301). To suggest
which other materials have a low lattice thermal conductivity, high-
throughput calculations might be incredibly valuable (283). For these
high-throughput calculations it is important to have fast and accurate
theoretical methods (186).

State-of-the-art methods to calculate the lattice thermal conductivity
are the classical Green-Kubo (GK) equation (147), non-equilibrium
molecular dynamics (194), and the Boltzmann transport equation (BTE)
(95). The BTE is the most often used method, as it is, compared to the
other two approaches, numerically by far the cheapest. Traditionally,
the assumption of the BTE is, that the phonons behave as in a gas, in
which they do not scatter "too often" and behave almost like classical
particles (6). This quasiparticle picture (204) enables to treat phonon
modes (almost) independently and assign them a defined long lifetime,
which leads to the relaxation time approximation (RTA) (261). With
lifetime and dispersion (138) of the phonons, it is possible to calculate
the lattice thermal conductivity of a material (95). The BTE gives very
good results for many materials (32, 43, 150, 267, 302). However, the
interpretation of phonons as quasiparticles becomes questionable, es-
pecially in bad thermal conductors (220). A more modern BTE exists
(31, 246) that is independent of the quasiparticle picture. However,
even this BTE only constitutes the 1

st order approximation of perturba-
tion theory to Kubo’s formula for thermal conduction (147, 161), while
higher-order corrections are neglected. Such higher-order corrections
are important in other cases, such as the scattering of electrons by
impurities (166). The accuracy of approximating κl by the BTE can
therefore only be assessed if a second-order correction is evaluated
(25). The size of this correction hints when other methods, such as GK,
are inevitable to calculate the lattice thermal conductivity. Especially
in bad thermal conductors it remained unclear whether the BTE can
be trusted (32).

First expressions for higher-order corrections have been derived
already back in the 1960’s (102, 253), but with approximations that
especially limit the applicability in crystals with low lattice thermal
conductivity. First steps to implement these corrections have been
taken (31, 256). However, a full second-order approximation to Kubo’s
formula was not known before this work. Furthermore, to the best
of my knowledge, known higher-order corrections have not been
evaluated numerically, especially not for interesting thermoelectrics.
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Many materials are used and designed for thermoelectric applica-
tions. These include materials with rather simple unit cells, such as
PbTe, Bi2Te3 or the novel SnSe as well as more complex ones, such
as chalcogenides (45), clathrates (18, 63, 104, 157, 200, 275), skutteru-
dites (199, 242, 276), nanostructured materials (41, 116, 224, 278, 279,
295) and many others (27, 130, 160, 181, 277). The introduction of
nanoparticles was studied (296), alloying (14, 82) and the application
of strain (192, 293). Materials of lower dimension have been studied
(153, 300), glasses and amorphous systems (5, 77), and the effect of
polycrystallization (191).

In my PhD thesis, I derived the exact second-order approximation
to the lattice thermal conductivity for an anharmonic crystal, based
on the Born-Oppenheimer approximation (BO). I did not use any
further approximations. To perform and test all necessary symbolic
calculations in a controllable way, I programmed a computer-algebra
system. I developed software to evaluate the derived formulas and
applied it to six materials, including the thermoelectrics that are most
used and most efficient today: PbTe, Bi2Te3, SnSe, and B4C as well as
MgO and KF. These materials all have a rather simple unit cell, which
makes my calculations numerically tractable. However, they cover a
wide range of characteristics: they are good, mediocre or bad thermal
conductors, containing heavy or light atoms with large or small mass
differences.

This thesis is organized as follows: In Sec. 2, the many-body formu-
lation of quantum mechanics is recalled and necessary definitions are
made. In Sec. 3, I formally derive a comprehensive theory of lattice
thermal conduction. This theory is used to calculate a correction term
to the BTE for an anharmonic solid using a computer algebra system,
that I built (Sec. 4). In Sec. 5, the ingredients necessary to evaluate the
correction to the BTE in real crystals are presented, and in Sec. 6, the
numerical results for the systems of interest are shown. In Sec. 7, I
conclude this thesis and lay out possible future research directions.





2
E X I S T I N G M E T H O D O L O G Y

It must be possible to calculate the lattice thermal conductivity of a
crystal from how the vibrations in the material propagate. In order to
calculate this motion, the quantum many-body problem of the crystal
must be solved. However, the solution for most materials is impossible
nowadays. To approximate the solution, one can introduce the Born-
Oppenheimer approximation (BO) to model the vibrations. In this
thesis, only crystals are considered, and lattice vibrations are generally
referred to as phonons. Based on BO, the many-body formulation of
quantum mechanics is introduced using Green’s functions, and the
Matsubara technique (175) as a way to approximate solutions (Sec. 2.2).
The definition of the thermal conductivity is given in Sec. 2.3. Only
boson operators appear in the derivation, so the upcoming discussion
is restricted to bosons. At the end of this section, competing state of
the art methods are presented (Secs. 2.2.8 and 2.3.2).

If not stated differently, this thesis solely assumes anharmonic inter-
actions between phonons. However, other effects may alter the phonon
motion as well, such as dipole-dipole interactions in polar materials
(3, 59, 285, 286), electron-phonon interactions (15, 88, 254, 303), struc-
tural disorder (73), impurities (95, 282), isotopes (52, 168) or boundary
scattering in finite samples (10, 20, 158). The dipole-dipole interaction
is introduced in Sec. 5.1.3. Different methods to model the motion of
phonons and the lattice thermal conductivity are found in Refs. (54,
79, 86, 222, 234, 238, 251, 252, 256) and (31, 103, 230, 231, 253).

2.1 phonons and the anharmonic crystal

To model crystalline systems, a commonly used approximation, is
the Born-Oppenheimer approximation (BO) (23), that will be used
throughout this thesis. In BO, the motion of the nuclei and the electrons
is decoupled, by the assumption that the nuclei are much slower than
the electrons, such that the electrons follow the nuclei adiabatically.
Additionally, one assumes that the electrons remain in their ground-
state. This approximation is valid, if the difference in energy between
the first excited state of the electrons and the ground-state is large
compared to the thermal excitation energy β−1 = kBT (23). This will
be tacitly assumed throughout the text.

In BO, the energy of the crystal is a function of the displacements of
the nuclei from their equilibrium position. This function is the Born-
Oppenheimer energy surface EB. The displacements are uα

κ,p, where
the index p denotes the unit cell, κ nucleus in the unit cell and α is
the displacement direction. This convention follows Ref. (88). Then EB

7



8 existing methodology

may be Taylor-expanded around the equilibrium EB(u)u=0 = E0 ≡ 0,
u be the vector of all displacements:

EB(u) ≈
NB

∑
l=2

1
l! ∑
{κ,α,p}

[
∂lEB

∂uα1
κ1,p1 ...∂uαl

κl ,pl

]
u=0

uα1
κ1,p1
× ...× uαl

κl ,pl .

(2.1)

The summation in curly braces {...} means that all indices of the
same type that occur in the expression are summed, so for l = 2,
∑{κ} χκ1,κ2 = ∑κ1,κ2

χκ1,κ2 . The tensors

Φκ1,p1,...,κl ,pl
α1,...,αl ≡

[
∂lEB

∂uα1
κ1,p1 ...∂uαl

κl ,pl

]
u=0

(2.2)

are the interatomic force constants. Because the energy of the crystal
is invariant under rotations and translations, and as the crystal pos-
sesses a certain number of symmetry operations, the interatomic force
constants fulfill a number of interrelations (23, 71), that are summed
up in Appendix B.2.

If one truncates the Taylor expansion of EB at NB = 2, one gets
the harmonic approximation. A harmonic crystal possesses vibra-
tional eigenexcitations (more precisely collective modes (205)), called
phonons. The motion of the nuclei can then be decomposed into
eigenstates of the dynamical matrix

Dκ1,α1,κ2,α2(q) = (Mκ1 Mκ2)
−1/2 ∑

p
Φκ1,0,κ2,p

α1,α2 eiq·(Rp+τκ2−τκ1 ), (2.3)

where q denotes a crystal momentum, Mκ the mass of nucleus κ, Rp

is the location of the pth unit cell, and τκ the position of nucleus κ in
the unit cell. The dynamical matrix fulfills the well-known eigenvalue
equation (50)

∑
κ1,α1

Dκ1,α1,κ2,α2(q)e
α2
κ2,ν(q) = ω2

q,νeα1
κ1,ν(q), (2.4)

where ν is a mode index, eα1
κ1,ν(q) is the phonon polarization, and ωq,ν

is the phonon frequency. Already Born and Debye (214) argued, that a
harmonic crystal does not have a well-defined thermal conductivity,
which is why higher terms of the expansion in Eq. (2.1) must be con-
sidered. These higher, anharmonic terms lead to interactions between
the phonons, introducing decay. This is similar to other transport
problems, where the description using independent eigenexcitations
is insufficient (138, 166).

To calculate the lattice thermal conductivity of a crystalline system, I
model an interacting (bosonic) phonon system. At a finite temperature,
the states of the system can be described by a grandcanonical ensem-
ble, defined by a density matrix ρ̂ = exp(−βĤ) (124) (the phonons
chemical potential is zero), where Ĥ is the system Hamiltonian, com-
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posed of the kinetic energy of the nuclei and the potential energy of
the system V̂. This potential energy is obtained by replacing the nuclei
displacement u with the nuclei displacement operator û in Eq. (2.1)

ûα
κ,p =

√
1

2Mκ Np
∑
q,ν

exp
(
iq · (Rp + τκ)

)
eα

κ,ν(q)

√
h̄

ωq,ν
Ûq,ν,

(2.5)

where Np is the number of unit cells in the supercell used for the cal-
culations, Ûq,ν = âq,ν + â†

−q,ν is the phonon displacement operator, âqν

is a phonon destruction operator and â†
qν a phonon creation operator.

This quantization accounts for the standard procedure of interpreting
the nuclei as classical particles, but the phonons as quantized collective
excitations (88). With the creation and annihilation operators, one can
introduce the concept of second quantization, where every operator
and every state of the system can be represented by âqν and â†

qν. For
a detailed description see Ref. (203). The operators âqν and â†

qν act
on an eigenstate of the harmonic Hamiltonian Ĥ0 (i.e. NB = 2) with
nqν(≥ 0) excitations of the mode qν as follows

â†
qν|..., nqν, ...〉 =

√
nqν + 1|..., nqν + 1, ...〉

âqν|..., nqν, ...〉 = √nqν|..., nqν − 1, ...〉. (2.6)

All the eigenstates of Ĥ0 can therefore be represented by an operator
product multiplied with a state without any excitations |0, ..., 0〉 = |〉,
the vacuum. The set of all these states is the Fock space F , and F
spans the Hilbert space, as Ĥ0 is hermitean. As the Fock space is
complete, every operator may be expanded in Ĥ0’s eigenbasis

Â = ∑
ξ,γ
|ξ〉〈ξ|Â|γ〉〈γ|. (2.7)

Both |ξ〉 and |γ〉 can be generated from the vacuum state by repeated
application of a creation operator. Hence, every operator can be written
as a summed product of matrix elements times a product

â†
q1ν1

...|〉〈|âqn+1νn+1 ... (2.8)

From now on, all operators will be represented in terms of annihilation
and creation operators. The second quantization allows one to avoid
the explicit use of states in the formalism.

2.2 green’s functions

At the heart of the many-body formulation of quantum mechanics is
the Green’s function. Green’s functions G are defined in this thesis
as in Ref. (204). I follow Ref. (204) in this section. There are several
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Green’s functions that appear in the formalism. The retarded Green’s
function is defined as

Gr
ÂB̂(t− t′) = −iθ(t− t′)〈

[
Â(t), B̂(t′)

]
〉, (2.9)

where Â and B̂ are some operators in the Heisenberg picture, θ(x)
denotes the Heaviside function, [, ] is the commutator and 〈Ô〉 =
Tr(ρ̂)−1Tr(ρ̂Ô). The advanced and averaged Green’s functions are

Ga
ÂB̂(t− t′) = iθ(t′ − t)〈

[
Â(t), B̂(t′)

]
〉, (2.10)

and

GÂB̂(t− t′) =
1
2

[
Gr

ÂB̂(t− t′) + Ga
ÂB̂(t− t′)

]
. (2.11)

For example Â and B̂ may be phonon displacement operators. In this
case I speak of the phonon propagator.

The Fourier transforms of the Green’s functions can be related to an
object called the spectral density via their spectral representation 1

Gr
ÂB̂(E) =

∫
R

dE ′
SÂB̂(E

′)

E − E ′ + i0+
,

Ga
ÂB̂(E) =

∫
R

dE ′
SÂB̂(E

′)

E − E ′ − i0+
. (2.12)

0+ is a positive infinitesimal. The spectral density is then

SÂB̂(t− t′) =
1

2π
〈
[

Â(t), B̂(t′)
]
〉

=
1

2πh̄

∫
R

dESÂB̂(E) exp(− i
h̄
E(t− t′)), (2.13)

with it’s spectral representation

SÂB̂(E) =
h̄

Tr(ρ̂) ∑
γ,ξ
〈γ|Â|ξ〉〈ξ|B̂|γ〉 exp(−βEγ) [1− exp(−βE)]

× δ(E − (Eξ − Eγ)). (2.14)

In this thesis, discrete values of energies are denoted by E (eigenener-
gies with Greek subscript and Matsubara energies with no or Latin
subscript). Continuous energy variables are denoted by E . The above
relations can easily be inverted via:

1
x± i0+

= P 1
x
∓ iπδ(x), (2.15)

1 In this thesis, f (t) and f (E) are Fourier transforms of each other. The argument
signals the domain.
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where P denotes the principal value, and one finds

SÂB̂(E) =
i

2π

[
Gr

ÂB̂(E)− Ga
ÂB̂(E)

]
. (2.16)

Later in this thesis, the phonon spectral density (corresponding to
the phonon propagator) is approximated numerically. I check the
plausibility of the used approximation with spectral moments (204).
One defines the operator L̂ = ih̄ ∂

∂t and acts n times on Eq. (2.13):

1
2π
〈
[[

...
[[

Â(t), Ĥ
]

, Ĥ
]

...
]

, B̂(t′)
]
〉 =

=
1

2πh̄

∫
R

dESÂB̂(E)E
n exp(− i

h̄
E(t− t′)),

⇒ 〈
[[

...
[[

Â, Ĥ
]

, Ĥ
]

...
]

, B̂
]
〉 = 1

h̄

∫
R

dESÂB̂(E)E
n

=: M(n)
ÂB̂

, (2.17)

with M(n)
ÂB̂

being the nth spectral moment. The spectral moments can
then be calculated explicitly and compared to the moments of S .

2.2.1 Correlation functions

There is one important relation between the correlation functions in a
system, and the spectral density, that is the spectral theorem (204):

〈B̂(t′)Â(t)〉 = h̄−1
∫

R
dE

SÂB̂(E)
exp(βE)− 1

exp(− i
h̄
E(t− t′)) + d.

(2.18)

The additional constant term d vanishs for Â = B̂ = Û, as is shown
in the Appendix C. Thereby one has a direct relation between a corre-
lation function and the corresponding spectral density. This will be
used later to test the many-body theory against molecular dynamics
(MD) simulations (see Sec. 5.2.5).

2.2.2 Matsubara technique

Matsubara’s formalism for perturbation theory at finite temperatures
is based on the idea to evaluate thermal expectation values by ex-
panding only a single quantity in the perturbation (175). To do this,
Matsubara introduced a complex time variable, τ = it, which will be
a real number in the following calculations. Then, he defined the time
evolution in the Heisenberg picture with this time for an operator Â:

−h̄
∂

∂τ
Â(τ) =

[
Â(τ), Ĥ

]
(2.19)
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The Matsubara function of two operators Â and B̂ is defined as

GM
ÂB̂

(τ − τ′) = −〈Tτ

(
Â(τ)B̂(τ′)

)
〉, (2.20)

where Tτ is the Matsubara time-ordering operator, that is defined for
two operators by

Tτ

(
Â(τ)B̂(τ′)

)
= θ(τ − τ′)Â(τ)B̂(τ′) + θ(τ′ − τ)B̂(τ′)Â(τ).

(2.21)

If Tτ acts on more than two operators, it orders the operators according
to their time argument, putting the earliest rightmost. The Matsubara
function (always denoted by an M) is only defined for h̄β > τ, τ′ > 0.
It is periodic in τ − τ′: if h̄β > τ − τ′ > 0, then

GM
ÂB̂

(τ − τ′) = GM
ÂB̂

(τ − τ′ − h̄β). (2.22)

This periodicity allows one to represent the function by a Fourier
series:

GM
ÂB̂

(τ) =
1

h̄β ∑
E

exp
(
−Eτ

h̄

)
GM

ÂB̂
(E), (2.23)

where E = i 2πn
β is a Matsubara energy, n is an integer. GM

ÂB̂
(E) are the

Matsubara components:

GM
ÂB̂

(E) =
∫ h̄β

0
dτ exp

(
E
h̄

τ

)
GM

ÂB̂
(τ). (2.24)

Equation (2.23) is the analytic continuation of the function GM
ÂB̂

(τ),
especially for the case τ = 0. One can write down the spectral repre-
sentation of 〈Tτ(Â(τ)B̂(0))〉, for τ > 0:

〈Â(τ)B̂(0)〉 = 1
Tr(ρ̂) ∑

γ,ξ
〈γ|Â|ξ〉〈ξ|B̂|γ〉 exp

(
τ

Eγ − Eξ

h̄
− βEγ

)
=

1
h̄

∫
R

dE
SÂB̂(E)

1− exp (−βE) exp
(
−Eτ

h̄

)
. (2.25)

If one changes to the Matsubara component:

GM
ÂB̂

(E) = −
∫ h̄β

0
dτ exp

(
E
h̄

τ

)
〈Â(τ)B̂(0)〉

=
∫

R
dE
SÂB̂(E)
E− E , (2.26)

the retarded Green’s function can be written in terms of it’s spectral
density as well:

Gr
ÂB̂(E) =

∫
R

dE ′
SÂB̂(E

′)

E − E ′ + i0+
. (2.27)
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As a consequence, the Matsubara function can be analytically contin-
ued to the retarded function, by setting E→ E + i0+.

Finally, I want to sketch how the perturbation expansion can be
expressed using Matsubara functions. A detailed description can be
found in Ref. (204). To do this, recapitulate the equations of motion
for an operator in the Heisenberg and Dirac picture (denoted by
superscripts H and D on the operator):

ÂH(τ) = ŴD(0, τ)ÂD(τ)ŴD(τ, 0)

ŴD(τ, τ′) = exp

(
τĤ0

h̄

)
exp

(
−Ĥ(τ − τ′)

h̄

)
exp

(
−τ′Ĥ0

h̄

)
.

(2.28)

Especially, one finds an equation of motion for the time-evolution
operator ŴD(τ, τ′) that can be solved (Ĥi = Ĥ − Ĥ0):

−h̄
∂

∂τ
ŴD(τ, τ′) = ĤD

i (τ)ŴD(τ, τ′)

ŴD(τ, τ′) =
∞

∑
n=0

1
n!

(
−1

h̄

)n ∫ τ

τ′
dτ1...dτnTτ

[
ĤD

i (τ1)...ĤD
i (τn)

]
.

(2.29)

The second line is a solution to the equation in the first, where the
boundary condition ŴD(τ, τ) = I has been used. Note that

ŴD(τ1, τ2)ŴD(τ2, τ3) = ŴD(τ1, τ3). (2.30)

Most importantly, one obtains

exp
(
−τ

h̄
Ĥ
)
= exp

(
−τ

h̄
Ĥ0

)
ŴD(τ, 0)

⇒ ρ̂ = ρ̂0ŴD(h̄β, 0), (2.31)

where ρ̂0 is the density matrix of the harmonic system. This can be
used as follows: Consider the Matsubara function, for τ − τ′ > 0

GM
ÂB̂

(τ − τ′) = − 1
Tr(ρ̂)

Tr
[
ρ̂Tτ

(
ÂH(τ)B̂H(τ′)

)]
= − 1

Tr(ρ̂)
Tr
(

ρ̂ÂH(τ)B̂H(τ′)
)

= − 1
Tr(ρ̂)

Tr(ρ̂0ŴD(h̄β, τ)ÂD(τ)ŴD(τ, τ′)×

B̂D(τ′)ŴD(τ′, 0))

=− 1
Tr(ρ̂)

Tr
(

ρ̂0Tτ(ŴD(h̄β, 0)ÂD(τ)B̂D(τ′))
)

(2.32)
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where the last step is possible, because the operators are already in
correct order. Then, one obtains the perturbation expansion

GM
ÂB̂

(τ − τ′) = − 1
Tr(ρ̂)

∞

∑
n=0

1
n!

(
−1

h̄

)n ∫ h̄β

0
dτ1...dτn×

Tr
[
ρ̂0Tτ(ĤD

i (τ1)...ĤD
i (τn)ÂD(τ)B̂D(τ′))

]
.

(2.33)

The D, referring to Dirac’s picture, will be omitted from now on
for convenience. To evaluate this equation perturbatively, some more
theorems are necessary. The most important is Wick’s theorem for
thermal quantum mechanics, that allows to evaluate traces of operator
products. The idea of Wick’s theorem is, to recursively reduce the com-
plexity of a trace of operator products, down to the "simplest" possible
correlation function. For this, one defines this simplest correlation
function, as the "contraction" of two operators:

〈Tτ

(
Â(τA)B̂(τB)

)
〉(0), (2.34)

where 〈...〉(0) is the expectation value in the harmonic, non-interacting
system. Then Wick’s theorem states, that if Â1...Â2n are single creation
or annihilation operators (or a linear combination of them) then (time
arguments are omitted for convenience),

〈Tτ

(
Â1...Â2n

)
〉(0) = ∑{full contraction}, (2.35)

where "full contraction" means, that all operators are paired in all
possible ways. For example

〈Tτ

(
Â1 Â2 Â3Â4

)
〉(0) =〈Tτ

(
Â1Â2

)
〉(0)〈Tτ

(
Â3Â4

)
〉(0)

+ 〈Tτ

(
Â1Â3

)
〉(0)〈Tτ

(
Â2Â4

)
〉(0)

+ 〈Tτ

(
Â1Â4

)
〉(0)〈Tτ

(
Â2Â3

)
〉(0).

(2.36)

Wick’s theorem for this case is proven in Appendix D.

2.2.3 Feynman diagrams

It can now be used to calculate expectation values, occurring in Eqns.
(2.31) and (2.33). However, without additional theorems, the work-
load is overwhelming. These additional theorems are obtained by
introducing Feynman diagrams and related concepts of topology and
self-energy. I want to derive Feynman rules for an interacting phonon
system with the Hamiltonian

Ĥ = T̂ + V̂, (2.37)
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with

V̂ = V̂(0) + V̂(2) + V̂(3) + ..., (2.38)

where the potential energy for the n-body interaction is

V̂(n) =
1
n! ∑
{κ,α,p}

Φκ1,p1,...,κn,pn
α1,...,αn ûα1

κ1,p1
× ...× ûαn

κn,pn
. (2.39)

T̂ is the kinetic energy operator of the nuclei. I follow Ref. (267), where
V̂(n) is represented in terms of phonon displacement operators

V̂(n) =
N1− n

2
p

n!

(
h̄
2

)n/2

∑
{qν}

Φ̃(q1, ν1, ..., qn, νn)√
ωq1,ν1 ...ωqn,νn

Ûq1,ν1 ...Ûqn,νn .

(2.40)

Φ̃ are the inverse space force constants

Φ̃(q1, ν1, ..., qn, νn) = ∑
{κ,α}

n

∏
l=1

eαl
κl ,νl (ql)ϕn(q1, κ1, α1, ..., qn, κn, αn),

(2.41)

with

ϕn(q1, κ1, α1, ..., qn, κn, αn) = ∑
{p}

(Mκ1 ...Mκn)
− 1

2 Φκ1,0,...,κn,pn
α1,...,αn ×

exp

(
i

n

∑
l=2

ql · (Rpl + τκl − τκ1)

)
∆(∑

i
qi).

(2.42)

∆ is 1 only if it’s argument is a reciprocal lattice vector. I define the
momentum operator of the phonons as in Refs. (246, 253)

P̂q,ν = iωq,ν(â†
−q,ν − âq,ν), (2.43)

which will later be necessary for thermal conductivity calculations.
Another important relation is[

Ûq,ν, Ĥ
]
= ih̄P̂q,ν. (2.44)

Once Wick’s theorem has been applied to the expectation values, they
can be identified with diagrams as follows: Assume I want to compute
the expectation value

〈Tτ

(
Â(τA)B̂(τB)

)
〉(0), (2.45)

where both Â and B̂ can be represented as a monomial of phonon
displacement and momentum operators times a prefactor. One may
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Figure 2.1: Diagram corresponding to the expectation value in Eq. (2.47).
The number of loops of this diagram is 2, that is, the minimum
number of edges/lines to be removed, before the graph has no
cycles anymore. The diagram therefore belongs to the second
order of perturbation theory.

choose Â = B̂ = V̂(3). Then, the expectation value can be rephrased
using (appropriately chosen) prefactors v(3), as (τA > τB)

∑
{qν}

v(3)(q1, ν1, q2, ν2, q3, ν3)v(3)(q4, ν4, q5, ν5, q6, ν6)×

〈Ûq1,ν1(τA)Ûq2,ν2(τA)Ûq3,ν3(τA)Ûq4,ν4(τB)Ûq5,ν5(τB)Ûq6,ν6(τB)〉(0)
(2.46)

and can be contracted according to Wick’s theorem. One contribution
to this is found by contracting the operators with the indices 1 and 4,
2 and 5, as well as 3 and 6, as

∑
{qν}

v(3)(q1, ν1, q2, ν2, q3, ν3)v(3)(q4, ν4, q5, ν5, q6, ν6)×

〈Ûq1,ν1(τA)Ûq4,ν4(τB)〉(0)〈Ûq2,ν2(τA)Ûq5,ν5(τB)〉(0)×
〈Ûq3,ν3(τA)Ûq6,ν6(τB)〉(0). (2.47)

Now it is necessary to compute the fundamental correlation function
Â = Ûq,ν and B̂ = Ûq′ν′ in the non-interacting system, the "bare"
phonon propagator. This has been done in Appendix E.1. In Fourier
component representation, this is

GM,(0)
q,ν,q′,ν′(E) = h̄

(
1

E− h̄ωq,ν
− 1

E + h̄ωq,ν

)
δν,ν′δq,−q′+Rq , (2.48)

where Rq is a reciprocal lattice vector. The other fundamental contrac-
tions will later be related to the phonon propagator, which is why they
are not written down here. In general, the expectation values, built
from two operators of the type P̂ and/or Û, will be denoted by G ÂB̂.
The expectation value Eq. (2.47) may be represented by the diagram
shown in Fig. 2.1 by identifying the function v as the dots on the side
and the contractions as the lines between the dots. The diagrammatic
representation of all contractions occurring in this thesis is shown in
Fig. 2.2. The interactions used in my calculations can be displayed
with the vertices shown in Fig. 2.3, namely the 3-phonon and 4-phonon
vertices, corresponding to V̂(3) and V̂(4). One may take several steps to
simplify the perturbation expansion. To compute an expectation value
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Figure 2.2: Fundamental contractions. Later, especially for the calculation
of the thermal conductivity, the contractions may be replaced by
expectation values in the interacting system.

Figure 2.3: Interaction vertices in this theory, representing the interactions
V̂(3) on the left, and V̂(4) on the right.

〈Â(τA)B̂(τB)〉 in the interacting system, one only needs to compute
connected diagrams (204), exemplified by Fig. 2.4. The idea is, that in
Eq. (2.33), the denominator Tr(ρ̂) cancels all disconnected diagrams in
the expansion.

The prefactor of a diagram (referring to Eq. (2.33)) with n3, n4,
and n5 vertices with 3, 4, and 5 arms is always one. The vertices
can be interchanged without changing the expression in n3!n4!n5!
ways. On the other hand, the number of expressions with n3, n4,
and n5 vertices is the multinomial coefficient n!

n3!n4!n5! . Then the total
prefactor is 1

n!
n!

n3!n4!n5! n3!n4!n5! = 1. This can be generalized, for other
interactions.

To simplify further, one can use the Matsubara components of the
Green’s functions. To transfer the complex time expression, write each
propagator in terms of their Matsubara components and assign the
time dependence in the way presented in Fig. 2.5. If the propagators
are represented by their Matsubara components, all integrals from 0
to h̄β (from Eq. (2.33)) can be associated to a vertex and give a factor∫ h̄β

0
exp(h̄−1 ∑ Eiτ)dτ = h̄βδ∑ Ei , (2.49)

where δ is one, if its subscript is zero, otherwise it is zero. In the Mat-
subara representation, every vertex is said to "conserve the Matsubara

Figure 2.4: Disconnected (left) and connected (right) diagram. Â and B̂ both
contain one Û and one P̂ in the examples.
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Figure 2.5: Illustration of the relation between the complex time representa-
tion and the Matsubara component representation of a diagram.
The left vertex be at time τ1, the right one at τ2. The propagator
has the value GM(τ1− τ2) = ∑E exp(Eτ1)GM(E) exp(−Eτ2). One
can then multiply each vertex with all the exponentials that carry
its time, and assign the propagator the value GM(E).

energy". Every Green’s function is represented by its Matsubara com-
ponents. A number of summations remain, the Matsubara summations,
that will be discussed later. The number of independent Matsubara
summations is the order of the contribution. The order is identical to
the number of loops of the diagram. All contributions of order n to a
quantity are the nth order approximation to this quantity. Examples
for quantities are the self-energy, or the lattice thermal conductivity.

2.2.4 Feynman rules for the propagator

One obtains rules for the diagrams, that are the Feynman rules for the
phonon propagator in the interacting system GM

q,ν,ν′(En). The propaga-
tor is diagonal in q, without loss of generality because of translation
invariance.
• Draw all diagrams that connect two end-points corresponding

to Û operators.
• For every interaction vertex V̂(i), one obtains a factor −β.
• Every propagator carries a factor (h̄β)−1.
• The correlation function carries an overall factor (−1), from the

definition and a factor h̄β from the decomposition into Matsub-
ara components.
• Every vertex V̂(i) conserves crystal momentum (up to reciprocal

lattice vectors) and energies of the connected Green’s functions.
• The prefactor of every vertex is given in the definition of the

relevant V̂(i), without the operators. This prefactor is called v(i).
• All momenta and Matsubara energies (that the correlation func-

tion does not depend on) are integrated / summed.

2.2.5 Dyson’s equation and self-energy

A practical way to improve the approximation to GM
q,ν,ν′(En) is the

introduction of the concept of self-energy. This concept allows to con-
sider the impact of interactions, and especially decay, in the phonon
propagator. This is imperative for thermal conductivity calculations.
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Figure 2.6: Diagrammatic representation of Dyson’s equation. The double
line is the phonon propagator in the interacting system. The
simple line is the bare phonon propagator. Σ is the phonon self-
energy.

Figure 2.7: Diagrams that contribute to the self-energy.

The self-energy appears in Dyson’s equation that may be represented
diagrammatically as shown in Fig. 2.6. The double line in the figure
denotes the (dressed) phonon propagator in the interacting system
while the simple line denotes the (bare) phonon propagator in the har-
monic system. This equation can be iterated by inserting the dressed
phonon propagator on the left hand side. It is to be determined what
Σ is. In index notation Dyson’s equation reads

GM
q,ν,ν′(E) = GM,(0)

q,ν,ν′ (E) + ∑
ν′′

1
h̄β
GM,(0)

q,ν,ν (E)αΣM
q,ν,ν′′(E)GM

q,ν′′,ν′(E),

(2.50)

where α is a prefactor. This can be rephrased in matrix form

GM
q (E) =

[
1− α

h̄β
GM,(0)

q (E)ΣM
q (E)

]−1

GM,(0)
q (E), (2.51)

and I choose α = β. Then, the function ΣM
q (E) is a set of diagrams,

multiplied with β−1. This is a useful convention, as the units of the
self-energy are Joule.

The diagrams that compose Σ are called one-particle irreducible (OPI).
Recall Eq. (2.33): every diagram that contributes to G has the prefactor
1, so that all diagrams have to be counted exactly once. Self-energy
diagrams, such as those in Fig. 2.7 have the property, that one cannot
cut one particle-line to obtain two independent self-energy diagrams
- hence, they are termed OPI. A diagram such as the one in Fig. 2.8
is not a self-energy diagram, as it can be decomposed into other self-
energy diagrams. If it would be included in the self-energy, it would
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Figure 2.8: One particle reducible diagram. By removing the line in the
middle the diagram can be reduced into two independent self-
energy diagrams.

Figure 2.9: Anharmonic contributions to the self-energy, at first loop-order
perturbation theory, in diagrammatic form. Diagrams containing
electron-phonon interactions are neglected, as they will, in most
cases, not have a major impact on the phonon self-energy (143,
303). The black circles denote vertex functions, while the lines
represent propagators. The values of the diagrams are denoted
as D1, D2 and D3, from left to right. The left ’tadpole’ diagram
vanishs in crystals that possess inversion symmetry (169).

be counted twice in G. By convention, the OPI diagrams are not multi-
plied with the propagators that contract with them. A diagrammatic
approximation to Σ may be used, if the perturbation is small "enough".
What enough means, will be discussed in Appendix F.

Often, the cross-terms Σq,ν,ν′(E) with ν 6= ν′ will be neglected, so
that the functions in the above equations are simple numbers. I call
this the diagonal propagator approximation (DPA).

The self-energy and the phonon propagator have specific symmetry
properties, discussed in Appendices E.2 and E.3. In the case of an
anharmonic crystal, the self-energy contributions to first order are
given by the diagrams in Fig. 2.9. The constant contribution to the
self-energy (from the left and the middle diagram) is given by

Σc
q,ν,ν′ = D1

q,ν,ν′ + D2
q,ν,ν′ , (2.52)
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where

D1
q,ν,ν′ = −72 ∑

ν1

v(3)(q, ν;−q, ν′; 0, ν1)(h̄ω0,ν1)
−1×

∑
q1,ν2

v(3)(q1, ν2;−q1, ν2; 0, ν1)nB(h̄ωq1,ν2)

D2
q,ν,ν′ = −24 ∑

q1,ν1

v(4)(q, ν;−q, ν′; q1, ν1,−q1, ν1)nB(h̄ωq1,ν1).

(2.53)

The variable contribution to the self-energy is found from the third
diagram and can be written as (267)

DM,3
q,ν,ν′(En) = −18 ∑

q1,ν1,ν2

FM(En, ωq1ν1 , ωq−q1ν2)

× v(3)(−q, ν; q1, ν1; q− q1, ν2)v(3)(q, ν′;−q1, ν1; q1 − q, ν2),
(2.54)

with

FM(E, ω1, ω2) = ∑
σ=±1

(
nB(h̄ω1) + nB(h̄ω2)

E + σ(ω1 + ω2)
+

nB(h̄ω2)− nB(h̄ω1)

E + σ(ω1 −ω2)

)
.

(2.55)

Here, nB is the boson occupation factor nB(E) = 1
2 coth( βE

2 ). From
now on, if not mentioned differently, the propagator G means the
solution to Dyson’s equation.

2.2.6 Weak interactions and quasiparticles

In the case of weak interactions, i.e. small self-energies, the spectral
density of a phonon mode qν may be very well approximated by a
(sharply peaked) Lorentzian

Sq,ν,ν′(E) ≈
−δνν′

π
Im
(
Gr

q,ν,ν(E)
)

≈ δνν′

π
Im

(
−2h̄2ωq,ν

E2 − (h̄ωq,ν)2 + 2h̄ωq,νΣr
q,ν,ν(E)

)

≈ δνν′

π
Im

(
−2h̄2ωq,ν

2h̄ωq,ν(E − h̄ωq,ν) + 2h̄ωq,νΣr
q,ν,ν(E)

)

= − h̄δνν′

π
Im

(
1

(E − h̄ωq,ν) + Σr
q,ν,ν(E)

)

≈ h̄δνν′

π

Im(Σr
q,ν,ν(h̄ωq,ν))

(E − h̄ωq,ν)2 + Im(Σr
q,ν,ν(h̄ωq,ν))2 , (2.56)
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and one may define the lifetime of this phonon as

τq,ν =
h̄

2 Im(Σr
q,ν,ν(h̄ωq,ν))

. (2.57)

In other words, one can characterize a phonon spectral density by
the phonon frequency ωq,ν, and lifetime τq,ν. This may later be used
to simplify equations that contain the phonon spectral density or
propagator. In this case, the imaginary part of a trace self-energy
element may be interpreted as the decay rate of a phonon mode. It is
known that this interpretation holds true in the limit of long lifetimes
(205, 220).

2.2.7 Strong interactions

For many materials, such as simple cubic Ca (70) but also in presence
of strong interactions, perturbation theory may not be suitable to
model the phonon motion in the crystal. In order to model such
systems, I resort to self-consistent phonon theory (SCPT), described
by Werthamer (289) and applied for example by Tadano (267). There
exist multiple other methods to model the phonon motion in crystals,
for example the temperature dependent effective potential method
(TDEP) (113, 114), which may be more well-suited in certain materials
and will be discussed in more detail in Sec. 6.

The idea of SCPT is, that the self-energy alters the phonon prop-
agator according to Dyson’s equation. But the self-energy itself is
calculated from the phonon propagator. One may therefore solve
Dyson’s equation with the self-energy as a functional of the dressed
propagator self-consistently. If the self-energy is approximated by its
constant contributions, one needs to solve the SCP equation (267)

det
(
ω2 −Vq

)
= 0

Vqνν′ = ω2
qνδνν′ − (2ωqν)

1/2(2ωqν′)
1/2Σc

qνν′ . (2.58)

The new SCP phonon frequencies are then used to calculate the self-
energy and the equation is iterated for convergence. A self-consistent
solution may not be the physical solution. The physical solution would
be the self-consistent solution that minimizes the free energy of the
system (251).

2.2.8 Alternative methods

There are many methods to calculate the propagator, that are not
used in this thesis. These include old ones, where many of them are
not in use today, to the best of my knowledge (79, 86). There has
especially been the trial to solve ladder diagrams for the phonon
propagator (252) that are claimed to give leading contributions to the
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phonon self-energy, based on phase space arguments from Ref. (2).
There are approaches that extend many-body theory by including
second-loop-order corrections to the phonon scattering rates (234) that
are especially important at high temperatures (13). These methods
scale extremely fast with the number of nuclei in the unit cell of the
simulated material. Another idea would be to develop a cumulant
expansion for the anharmonic phonon self-energy (9, 33, 109, 145).
The quality of an approximation can be judged by the value of the free
energy it corresponds to. This value should be as small as possible
and can be calculated with a famous formula from Ref. (251).

There also exist methods to obtain better IFCs for a specific task.
For example, the temperature-dependent effective potential (TDEP)
method (113), has proven useful in strongly interacting systems. In
TDEP, a MD trajectory is created for each temperature, and then IFCs
(usually up to third order) are fitted to the DFT forces that occur in
the MD simulation. This method seems to be more stable in a strongly
interacting system, than the many-body approach presented in this
thesis. On the other hand, TDEP is numerically much more expensive,
because of the need to simulate a MD trajectory at each temperature.

2.3 lattice thermal conductivity

2.3.1 Formulation

To describe the conduction of heat or energy at the quantum level is a
formidable task for multiple reasons: Linear response theory usually
assumes a system in thermal equilibrium, for which formulas can be
derived routinely, see Refs. (144, 304, 305). This is not the case if we
consider thermal transport. Even though it is clear, that the thermal
conductivity exists in the limit of a vanishing temperature gradient
(166), the unambiguous derivation of a correlation function to be used
in Kubo’s equations (147) is non-trivial and for this reason repeated in
Appendix G.

The correlation function for the lattice thermal conductivity, per-
fectly suited for the BO approximation, was derived by Hardy (102).
His heat-flux operator is

Ĵ =
1

2Ω

{
∑

i

p̂i

Mi
(

p̂2
i

2Mi
+ V̂i) + ∑

i,j
(r̂i − r̂j)

1
ih̄

[
p̂2

i
2Mi

, V̂j

]}
+ h.c.,

(2.59)

where p̂j, r̂j and V̂j are the momentum, position, and local potential
energy operator of the nucleus j. V̂j can be altered by assigning differ-
ent portions of the interaction energy to different participating nuclei.
As a result, the heat-flux operator is not uniquely defined. Please note,
that in this thesis, the terms heat flux and energy flux are used indis-
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criminately, which is correct as transfer of matter is not considered
within the formalism (270).

The thermal conductivity can be written as (4, 161)

κij =
Ω
T

∫ β

0
dλ
∫ ∞

0
dt 〈 Ĵi Ĵ j(t + ih̄λ)〉, (2.60)

where Ĵ j is meant in the Heisenberg picture. It remained unclear so far,
under which circumstances κij is independent of the specific definition
of the V̂j. This problem is addressed in Sec. 3.1.

It has been shown for similar cases in Ref. (166) and is shown for
our case explicitly in Appendix G.2 that Eq. (2.60) can be rephrased as

κij = − 1
T

lim
E→0

1
E Im(Πij

r (E)), (2.61)

where Πij
r (E) is the Fourier transform of the retarded heat-flux auto-

correlation function

Πij
r (t− t′) = −iΩθ(t− t′)〈

[
Ĵi(t), Ĵ j(t′)

]
〉. (2.62)

This formulation will be used to derive a perturbation theory for the
lattice thermal conductivity from first principles in the next chapter.
I conclude this chapter with a brief review of the state-of-the-art
methods to measure and compute the thermal conductivity, that were
not used in my work.

2.3.2 Alternative methods

Many methods to calculate the thermal conductivity, are not used
in this thesis. These include old ones, that are, to the best of my
knowledge, not in use nowadays (112, 146, 230, 231). Again, a ladder
diagram approach to the thermal conductivity has been proposed in
Ref. (253), that aims to solve a Bethe-Salpeter equation. Investigations
on a Fokker-Planck equation have been done (298). There have been
mathematical developments (119). Hardy (103) developed a perturba-
tion expansion, that expands more than one quantity in the interaction
at once.

The most important competing method to the BTE and many-body
theory, is GK using MD (32, 93, 94). It is known that GK and the
BTE are related to the current many-body formalism as discussed
in Appendix G.2 and Ref. (244) and have been compared for many
materials (228). MD, especially when using DFT calculations for every
time step, is known to be numerically extremely expensive because the
supercells needed for the simulations must be large (for example 12×
12× 12 in silicon) (42, 245). MD can be corrected for quantum effects
as well (40). For not too high temperatures it should be possible to
use the virial approximation to the thermal conductivity (121, 230). If,
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additionally, the heat-flux is approximated as harmonic, the numerical
effort for MD calculations can be significantly reduced (32). Also,
electron-phonon interactions can be included in MD (174). MD is a
non-perturbative approach and therefore the "gold-standard", that the
results of this work can be compared to. A related approach is the
Green-Kubo modal analysis (162, 163, 249).

Non-equilibrium approaches that are conceptually quite simple
(193) turn out to be numerically extremely intensive. To the best
of my knowledge these methods are not widely used to determine
the thermal conductivity of crystalline solids (61, 107, 194). More
approaches have been attempted using many-body potentials (74) or
non-equilibrium Greens functions (247).

The theory of thermal conduction is well-understood in simple
materials like diamond (287) or silicon (72).

Thermal conductivity measurements, especially if not at room tem-
perature, are nowadays usually based on the laser-flash technique (149,
208). The results of laser-flash measurements are the ultimate reference
for any theoretic calculation. New methods are still in development
nowadays (11, 106, 159), but the laser-flash technique has proven
reliable, as it reduces the impact of Kapitza resistance at the coating-
sample-interface (133, 266, 295) and surface heat-losses through short
measuring times.
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R E S U LT S





3
T H E O RY A D VA N C E M E N T S

The aim of this thesis is to develop a methodology suited to calcu-
late the lattice thermal conductivity of promising crystalline ther-
moelectrics. These materials should have a low lattice thermal con-
ductivity (167) and are (most likely) semiconductors (257). The main
question to be addressed here is, whether the thermal conductivity can
be calculated with some type of Boltzmann transport equation (BTE),
or whether higher-order corrections are necessary for the materials
under investigation. To do so, it is first important to reason whether
the interatomic force constants are indeed everything that is necessary
to calculate the lattice thermal conductivity:

Anticipating that the BO approximation is valid, the electrons of
the system adjust adiabatically to the positions of the nuclei, and
always stay in their ground-state. The nuclei positions effectively
determine the state of the electrons. As the state of both the electrons
and nuclei is determined only by the nuclei positions, one can depict
the system as one of effectively interacting nuclei. All properties of the
system, related to the nuclei, must be calculatable from this effective
interaction, such as the lattice thermal conductivity and the energy.
The energy of the system is then determined by the displacements
of the nuclei from their equilibrium position, which is encoded in
the BO energy surface EB(u). As discussed in Sec. 2.1, this surface
may be Taylor-expanded around the equilibrium in powers of the
nuclei-displacements, and the coefficients of this expansion are the
interatomic force constants. Hence these interatomic force constants
determine the BO energy surface near the groundstate u = 0. If the
crystal is in thermal equilibrium the excited states of the system belong
to a grand-canonical ensemble (124, 139, 202), and are likely to have
an energy close to that of the groundstate. Therefore the states with
an energy near to that of the groundstate determine the motion of
the nuclei. As these states are determined by the interatomic force
constants, the latter determine all properties of the system, such as the
lattice thermal conductivity. This means that, given the interatomic
force constants, the existence of a method to calculate the lattice
thermal conductivity, without further approximation, is guaranteed.

I did not assume anything about the existence of collective vibra-
tional modes, their decay, or the interaction strength in a crystal. Not
even the periodicity of the system has been used. Accordingly, I expect
that a generalization of the method to amorphous systems should be
possible, and first steps have been done in Refs. (4, 256).

On this basis I construct a new approach to lattice thermal transport.
I use the methods of linear response and Matsubara perturbation

29
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theory as described in Sec. 2. In contrast to linear response theory in
equilibrium, the correlation function for the thermal conductivity is
not uniquely defined (see Sec. 2.3 and Appendix G). Consequently, the
first task is to prove the invariance of the lattice thermal conductivity
(Sec. 3.1). In Sec. 3.2, I assemble a new many-body methodology to
calculate thermal conductivities, entirely from first principles. To do
so, I first derive the heat-flux operator for a general crystal in the
BO approximation and then prove a few necessary identities for the
phonon propagator. To rule out further doubts on the approach, in
Sec. 3.3, I show that the theory actually recovers the BTE. Finally, I
discuss what is necessary to go beyond (Sec. 3.4).

3.1 invariance proof

The following considerations have been published in Ref. (125) and
I closely follow this reasoning. During the writing of this thesis a
similar, but not identical, consideration appeared in the literature (31).

This part was inspired by the proof of the invariance for the classical
limit of the thermal conductivity (69, 173). To prove the invariance in
the quantum case for the trace elements of the thermal conductivity
tensor, I will do the following steps. First, I will compute a quantum
Einstein relation, relating the thermal conductivity to the trace of the
product of two operators. This will enable me to use a generalized
version of the Cauchy-Schwarz inequality for matrices. Finally, I will
define two thermal conductivities, corresponding to two definitions
of the heat-flux operator Ĵ, and show that they are identical. The
invariance of the tensor κ follows from the invariance of it’s trace
elements.

The starting point of the proof is Eq. (2.60)

κij =
Ω

T Tr(ρ̂)

∫ β

0
dλ
∫ ∞

0
dt Tr

(
ρ̂ Ĵi Ĵ j(t + ih̄λ)

)
.

The vector operator Ĵ is meant in the Heisenberg-picture and can be
obtained from the volume average of a local heat-flux operator which
fulfills a continuity equation (102)

1
ih̄

[
Ĥ(x), Ĥ

]
= −∇ · ĵ(x), (3.1)

where Ĥ(x) is a local Hamiltonian density that is only constrained
by the fact that its volume integral is Ĥ. There remains a gauge
freedom to Ĥ(x), as the interaction energy can be located at any of the
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involved particles or spatial coordinates. Multiplying Eq. (3.1) with x
and integrating over space, using partial integration, leads to

1
ih̄

[
1
Ω

∫
Ω

dx xĤ(x), Ĥ
]
=

− 1
Ω

∫
Ω

dx x∇ · ĵ(x) =

1
Ω

∫
Ω

dx ĵ(x) = Ĵ. (3.2)

As the integrand x̂j(x) vanishes outside the system, the surface term
in Eq. (3.2) vanishs (102). As Ĥ(x) pertains a gauge freedom, Ĵ is not
uniquely defined. An example is Hardy’s heat-flux operator, see Eq.
(2.59), where the local potential energies V̂i are not uniquely defined:

Ĵ =
1

2Ω

{
∑

i

p̂i

Mi
(

p̂2
i

2Mi
+ V̂i) + ∑

i,j
(r̂i − r̂j)

1
ih̄

[
p̂2

i
2Mi

, V̂j

]}
+ h.c.

I define the auxiliary quantity

K̂i(t) = α
∫ β

0
dλ
∫ t

0
dt′ Ĵi(t′ − ih̄λ), (3.3)

where α is a constant. To derive the quantum Einstein relation, I want
to prove that the thermal conductivity κij is related to Re〈K̂i(t)K̂ j(t)〉.
With the aid of (112)∫ y

0
dx1dx2 f (x1 − x2) =

∫ y

−y
dγ (y− |γ|) f (γ), (3.4)

one finds

Tr
(

ρ̂(K̂i(t)K̂ j(t))
)
=

= α2
∫ β

−β
dφ(β− |φ|)

∫ t

−t
dσ(t− |σ|)Tr

(
ρ̂ Ĵi(σ− ih̄φ) Ĵ j

)
.

(3.5)

I take the limit t→ ∞ of Eq. (3.5) and apply the relation

lim
t→∞

∫ t

−t
dσ

(
1− |σ|

t

)
exp(iωσ) = 2πδ(ω). (3.6)

In the eigenfunction representation of Ĥ, I obtain

lim
t→∞

1
t

Tr
(

ρ̂(K̂i(t)K̂ j(t))
)
=

= 2πh̄α2
∫ β

−β
dφ(β− |φ|)∑

γ,ξ
exp(−βEγ) exp((Eγ − Eξ)φ)

δ(Eγ − Eξ) Ĵi
γ,ξ Ĵ j

ξ,γ, (3.7)
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where Eγ/ξ is an eigenvalue of Ĥ and Ĵi
γ,ξ is a matrix element of the

heat-flux operator between Ĥ’s eigenstates |ξ〉 and |γ〉. The integration
is straightforward due to the δ-function, leading to

lim
t→∞

1
t

Tr
(

ρ̂(K̂i(t)K̂ j(t))
)
=

2πh̄α2β2 ∑
γ,ξ

exp(−βEγ)δ(Eγ − Eξ) Ĵi
γ,ξ Ĵ j

ξ,γ. (3.8)

This limit is identical to the thermal conductivity, as defined in Eq.
(2.60), if α = (ΩkB/2Trρ̂)1/2:

lim
t→∞

1
t

Tr
(

ρ̂(K̂i(t)K̂ j(t))
)
= κij. (3.9)

This is the quantum Einstein relation, that I wanted to prove.
Now, there is just one more step needed: Assume there are two

different heat fluxes, causing two different conductivities, κii
1 and κii

2 ,
corresponding to K̂i

1 and K̂i
2, respectively. I define K̂i

2 − K̂i
1 = Ψ̂i. Then

κii
12 = lim

t→∞

1
t

Tr
(

ρ̂(K̂i
1(t) + K̂i

2(t))
2
)

= κii
1 + κii

2 + lim
t→∞

1
t

Tr
(

ρ̂(K̂i
1(t)K̂

i
2(t) + K̂i

2(t)K̂
i
1(t))

)
= 2 (κii

1 + κii
2 )− lim

t→∞

1
t

Tr
(

ρ̂Ψ̂i(t)Ψ̂i(t)
)

= 2 (κii
1 + κii

2 ). (3.10)

The last step is possible, because Ψ̂i is bounded, and t grows infinitely.
I will elaborate on this point further below. Comparing the second
with the fourth line, I find

lim
t→∞

1
t

Tr
(

ρ̂(K̂i
1K̂i

2 + K̂i
2K̂i

1)
)
= κii

1 + κii
2 . (3.11)

I use the Cauchy-Schwarz inequality

4 Tr
(

ρ̂Â2)Tr(ρ̂B̂2
)
≥ Tr

(
ρ̂(ÂB̂ + B̂Â)

)2
, (3.12)

and arrive at:

2
√

κii
1 κii

2 ≥ κii
1 + κii

2

⇒ 0 ≥ (κii
1 − κii

2 )
2 � (3.13)

The invariance of the tensor κij follows immediately from Eq. (3.13)
which is true for all directions, not just the cartesian axes. Let us
assume two different thermal conductivity tensors, κ

ij
1 and κ

ij
2 . Ac-

cording to Eq. (3.13), the diagonal values of both tensors are identical.
This holds true for all rotations in space. As both tensors are real
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and symmetric (55), their difference A is also symmetric and has an
eigenbasis. For this eigenbasis, A must be zero, according to Eq. (3.13).
As it vanishes in this basis, it vanishs in general. Therefore, κ

ij
1 = κ

ij
2 . �

Thus, it is finally clear, that the thermal conductivity does not
depend on the gauge choice of the local Hamiltonian density Ĥ(x).

I will now elaborate on the assumptions about the bounded operator
Ψ̂i and how its expectation value can be estimated. The heat-flux
operator can be changed, by changing Ĥ(x) that contains a kinetic
and a potential part

Ĥ(x) = T̂ (x) + V̂(x). (3.14)

I define the local kinetic energy of the nuclei as T̂ (x) = ∑i T̂iδ(x− ri),
where T̂i is the kinetic energy operator of nucleus i. V̂ can be defined by
considering a general many-body Hamiltonian in second quantization
in real space (139)

Ĥ = T̂ + V̂

= T̂ + ∑
n

1
n!

∫
Ω

dx1...dxn â†
x1

...â†
xn

Vn(x1...xn)âx1 ...âxn

= T̂ +
∫

Ω
dx V̂(x), (3.15)

where âx (â†
x) is a particle destruction (creation) operator. The many-

body potential function Vn is not uniquely defined. The freedom in
defining Vn leads to a gauge freedom of the heat-flux operator Ĵ. An
allowed change of Ĵ has the form:

δĴ =
1
ih̄

[
1
Ω

∫
Ω

dx x(Ĥ(x)− Ĥ′(x)), Ĥ
]

=
1
ih̄

[
1
Ω

∫
Ω

dx x(V̂(x)− V̂ ′(x)), Ĥ
]

=
1
ih̄

[
Φ̂, Ĥ

]
, (3.16)

where V̂(x) has been changed to V̂ ′(x). The operator Φ̂ is bound, be-
cause, following Ref. (4), one cannot assign local interaction energies to
particles in macroscopic distance of the interacting particles, because,
when partitioning a crystal into macroscopic chunks, the energy of
each chunk would be a measurable quantity. As a measurable quan-
tity cannot depend on the specific definition of Ĥ(x), this limits the
allowed definitions of Ĥ(x). Assuming that the interaction distance
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of particles is smaller than a (macroscopic) constant c, the operator Φ̂
can be related to the potential energy in the system

Φ̂ =
1
Ω

∫
Ω

dx x(V̂(x)− V̂ ′(x))

′ ≤′ c
Ω

∫
Ω

dx V̂(x)

= cV̂, (3.17)

where ≤ means, that one cannot shift the assigned energy further
away than the maximum distance c. Replacing K̂i with Ψ̂i in Eq. (3.5),
one finds (similar to Eq. (3.8))

lim
t→∞

1
t

Tr(ρ̂(Ψ̂i(t)Ψ̂i(t))) =

− 2πh̄α2β2 ∑
γ,ξ

exp(−βEγ)δ(Eγ − Eξ)|Φ̂i
γ,ξ |2(Eγ − Eξ)

2.

(3.18)

This is zero, because the value of Φ̂i
γ,ξ is finite. A similar consider-

ation for K̂i is not feasible, because the position x in the system is
unbounded, other than c – so the commutator in Eq. (3.2) cannot be
separated in the eigenfunction representation as for Ψ̂i. q.e.d.

3.2 perturbation theory

To present the perturbation theory, first the vertex functions are calcu-
lated, and then the elementary correlation functions. Both are neces-
sary to define Feynman rules.

3.2.1 Heat-flux vertex functions

The definition of the heat-flux operator, from Eq. (2.59)

Ĵ =
1

2Ω

{
∑

i

p̂i

Mi
(

p̂2
i

2Mi
+ V̂i) + ∑

i,j
(r̂i − r̂j)

1
ih̄

[
p̂2

i
2Mi

, V̂j

]}
+ h.c.

is to be Fourier transformed so that the heat-flux vertices can be
interpolated in reciprocal space. This reciprocal space interpolation
allows (as will be seen later) for a faster convergence of the final
result with respect to the size of the simulated (DFT) supercells. This
interpolation to a denser q-grid is possible, because the IFCs are
short-ranged. I use the following notation:

p̂α
κ,p =

√
Mκ

Np
∑
q

exp
(
iq · (Rp + τκ)

)
P̂α

q,κ, (3.19)
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ûα
κ,p =

√
1

Mκ Np
∑
q

exp
(
iq · (Rp + τκ)

)
Ûα

q,κ. (3.20)

This can be translated to the mode representation via

Âα
q,κ = ∑

ν

eα
κν(q)

√
h̄

2ωqν
Âqν, (3.21)

where Â is either Û or P̂. The Fourier transformation is performed in
Appendix H.1. The heat-flux operator can then be written as

Ĵ =
1

2Ω

[
Ĵ1 + Ĵ2 + Ĵ3 + Ĵ4

]
+ h.c., (3.22)

where the operators Ĵ1, Ĵ2, and Ĵ4 can be decomposed into a sum of
operators depending on the order of the interatomic force constant
that causes the contribution as

Ĵi,k = ∑
n

Ĵi,k
n , (3.23)

where the n runs over all positive integers. ϕn is given by Eq. (2.42),
and I use the convention ϕ1 = 0. The contributions are

Ĵi,1
n−1 =

N−n/2
p

(n− 1)!
(−i)

n− 1
n ∑

{κ,α,q}
P̂α1

κ1,q1

n

∏
l=2

Ûαl
κl ,ql

× d
dqi

n
ϕn(q1, κ1, α1; ...; qn, κn, αn),

(3.24)

Ĵi,2
n =

N−(n+1)/2
p

n!
(1− n) ∑

{κ,α,q}
P̂αn

κn,qn
Ûi

κn,q0

n−1

∏
l=1

Ûαl
κl ,ql M

−1/2
κn

× ϕn(q1, κ1, α1; ...; q0 + qn, κn, αn)

+
N−(n+1)/2

p

n!
(n− 1) ∑

{κ,α,q}
P̂κn,αn,qnÛi

κn−1,q0

n−1

∏
l=1

Ûκl ,αl ,ql M
−1/2
κn−1

× ϕn(q1, κ1, α1; ...; q0 + qn−1, κn−1, αn−1; qn, κn, αn),
(3.25)

Ĵi,3 =
1
2

N−1/2
p ∑

κ,α,{q}
M−1/2

κ P̂κiq1 P̂καq2 P̂κα(−q1−q2), (3.26)
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and

Ĵi,4
n =

N−(n+1)/2
p

n! ∑
{κ,α,q}

P̂i
κn,q0

n

∏
l=1

Ûαl
κl ,ql M

−1/2
κn

× ϕn(q1, κ1, α1; ...; q0 + qn, κn, αn).
(3.27)

For these vertices, I use the following abbreviations

Ĵi,k
n = ∑

{κ,α,q}
P̂α0

κ0,q0

n

∏
l=1

Ûκl ,αl ,ql J
i,k
n (q0, κ0, α0; ...; qn, κn, αn), (3.28)

Ĵi,3 = ∑
{κ,α,q}

Ji,3(q1, κ1, α1; q2, κ2, α2; q3, κ3, α3)P̂α1
κ1,q1

P̂α2
κ2,q2

P̂α3
κ3,q3

,

(3.29)

Ji
n(q0, κ0, α0; ...; qn, κn, αn) = ∑

k=1,2,4
Ji,k
n (q0, κ0, α0; ...; qn, κn, αn).

(3.30)

The vertex functions of the interaction are given by ϕn. The virial
approximation to the heat-flux operator is to neglect Ĵi,3 and Ĵi,4, which
is reasonable for not too high temperatures (230, 231) and is used in
some GK-MD simulations (32). Different from any other reference I
saw (e.g. (31, 217, 253)) I do not approximate the heat-flux operator as
Ĵi,1
1 .

3.2.2 Spectral densities and propagators

After the vertex functions have been transformed, there are four dif-
ferent propagators and spectral densities that occur in the calculation
after the Wick contractions have been performed. Symbolically, they
are

G P̂P̂(τ) = 〈Tτ

(
P̂(τ)P̂(0)

)
〉,

G P̂Û(τ) = 〈Tτ

(
P̂(τ)Û(0)

)
〉,

GÛP̂(τ) = 〈Tτ

(
Û(τ)P̂(0)

)
〉, and

GÛÛ(τ) = 〈Tτ

(
Û(τ)Û(0)

)
〉. (3.31)
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The corresponding spectral densities are S P̂P̂, S ÛP̂, S P̂Û , and S ÛÛ .
The interrelations between these objects are derived in Appendix E,
and are tabulated here:

Gr/a,P̂Û
q,ν,ν′ (E) = − iE

h̄
Gr/a

q,ν,ν′(E),

Gr/a,ÛP̂
q,ν,ν′ (E) = iE

h̄
Gr/a

q,ν,ν(E),

Gr/a,P̂P̂
q,ν,ν′ (E) =

E2

h̄2 G
r/a
q,ν,ν′(E)− 2ωq,νδν,ν′ ,

S P̂Û
q,ν,ν′(E) = −

iE
h̄
Sq,ν,ν′(E),

S ÛP̂
q,ν,ν′(E) = −S P̂Û

q,ν,ν′(E), and

S P̂P̂
q,ν,ν′(E) =

E2

h̄2 Sq,ν,ν′(E). (3.32)

These relations hold, importantly, for the interacting system. That
means, if the standard phonon-propagator is known, all occurring
contractions can be computed right away. The interacting phonon
propagator is obtained from Dyson’s equation, as explained in Sec.
2.2.5 (and Sec. 5.2).

The phonon propagator and spectral density, corresponding to
operators Ûqν and Ûα

qκ, can be related as well (K is G or S),

Kαα′
qκκ′(E) =

h̄
2 ∑

νν′
eα

κν(q)e
α′
κ′ν′(−q)(ωqνωqν′)

−1/2Kqνν′(E). (3.33)

Kαα′
qκκ′(E) is written in the displacement basis, while Kqνν′(E) is in the

mode basis.

3.2.3 Correlation function

To calculate Πij
M(E), first note, that the heat-flux operator is no mono-

mial in the operators Û and P̂. The heat-flux operator can be written
as

Ĵi = ∑
l

φi
lÔl , (3.34)

and Ôl is a monomial in Û and P̂. In consequence, Πij
M can be written

as a sum

Πij
M(τ − τ′) = −Ω〈Tτ

(
Ĵi(τ) Ĵ j(τ′)

)
〉

= −Ω ∑
l,l′

φi
lφ

j
l′〈Tτ

(
Ôl(τ)Ôl′(τ

′)
)
〉

= ∑
l,l′

φi
lφ

j
l′Π

M
l,l′(τ − τ′). (3.35)
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Figure 3.1: Diagrams corresponding to the correlation function Πij
M(E). The

frequency entering the external vertex to the left, is the sum of
the other frequencies at this vertex. Ĵ must be replaced by any Ôl ,
and every possible diagram has to be drawn.

The decomposition is possible for any τ − τ′, so it can be done in
general (even though Tτ is not linear). The subscripts l and l′ stand for
operators Ôl that are monomials in the momentum and displacement
operators of the phonons. The starting point for drawing diagrams
for ΠM

l,l′ is then, that the construction operators for Ôl stand to the left
and the operators for Ôl′ to the right. ΠM

l,l′(τ) can be represented by
its Matsubara components Eq. (2.23)

ΠM
l,l′(τ) =

1
h̄β ∑
{E,Ẽ}

exp

(
−h̄−1

s

∑
j=1

Ejτ

)
ΠM

l,l′(E1, ..., Es, Ẽ1, ..., Ẽs′),

(3.36)

where Ôl is a monomial of s operators. The Matsubara transform of
this object is

ΠM
l,l′(E) =

∫ h̄β

0
ΠM

l,l′(τ) exp
(

h̄−1Eτ
)

dτ

= ∑
{E,Ẽ}

δ(E−∑s
j=1 Ej)Π

M
l,l′(E1, ..., Es, Ẽ1, ..., Ẽs′). (3.37)

Hence, the diagrams that I need to draw, are connected diagrams,
as depicted in Fig. 3.1. The energies at the Ôl (Ôl′) vertex sum up
to +E (−E). The vertex of the operator Ôl does not conserve the
Matsubara energy of the connected contractions. This is very similar
to the calculation of the electrical conductivity presented in Ref. (166).

To summarize, the Feynman rules to compute the correlation func-
tion Πij

M(E) in the following way:
• An interaction vertex has the value −βϕn.
• A heat-flux vertex has the value Ji

n with n Û-arms and one P̂ or
it has the value Ji,3 and three P̂-arms.

• A propagator has the value (h̄β)−1GM,ÂB̂
q,κ,α,κ′,α′(E). It has, at the

beginning, its own Matsubara energy and momentum. Â and B̂
can be either P̂ or Û. After the application of the conservation of
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Figure 3.2: Diagrams that correspond to the BTE. The dot on the line denotes
a P̂-contraction. The propagators are dressed, such that the life-
time of the phonons is finite. The vertices to the left and right
correspond to Ĵi,1

1 .

momenta and energies at the vertices, the Matsubara energies
and momenta become dependent on each other.
• An overall factor of (−h̄β) has to be multiplied.
• Every interaction vertex conserves the crystal momentum and

Matsubara energies of the connected contractions.
• Heat-flux vertices conserve the crystal momentum of the con-

nected contractions. The sum of the energies on these vertices is
the argument of the correlation function Πij

M(E).
• All crystal momenta are to be integrated, and all Matsubara

energies (but the argument of the correlation function) are to be
summed.

A similar definition in the mode representation is equally possible.

3.3 improved boltzmann transport equation

With the aid of the Feynman rules a BTE can be obtained from the
formalism developed above. The starting point are the two diagrams
that contribute to the lattice thermal conductivity to first order, shown
in Fig. 3.2. The corresponding vertex function was calculated above
and can be written as

Ĵi,1
1 = − ih̄

2 ∑
qνν′

P̂−qνÛq,ν′ J
i,1
1 (−q, ν; q, ν′). (3.38)

In Appendix H.1.1, it is shown, that if this is approximated by diagonal
terms then

Ĵi,1
1 ≈ −

ih̄
2 ∑

qν

P̂−qνÛq,ν∂qωq,ν. (3.39)
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The task is now to evaluate the diagrams, shown in Fig. 3.2. With the
Feynman rules, I write them as

DM,ij
1 (E) = − 1

h̄NpΩcβ ∑
q,{ν}

Ji,1
1 (−q, ν1; q, ν4)J j,1

1 (−q, ν3; q, ν2)×(
∑
E1

GM,P̂Û
−q,ν1,ν2

(−E1)GM,ÛP̂
q,ν4,ν3

(E + E1)

)
.

(3.40)

Ωc is the volume of the unit cell. The second diagram is

DM,ij
2 (E) = − 1

h̄NpΩcβ ∑
q,{ν}

Ji,1
1 (q, ν1;−q, ν4)J j,1

1 (−q, ν2; q, ν3)×(
∑
E1

GM
−q,ν4,ν3

(−E1)GM,P̂P̂
q,ν1,ν2

(E + E1)

)
.

(3.41)

For DM,ij
2 (E) one of the vertex momenta is flipped (and that the vertex

function Ji,1
1 is odd under momentum inversion). Then the task is to

execute ∑E1
. For this I use Eq. (2.26):

IM,ab
qν1ν2ν3ν4

(E) = ∑
E1

Ga
−q,ν1ν2

(−E1)Gb
q,ν3ν4

(E + E1)

= ∑
E1

∫
R

dE0dE1
S a
−q,ν1ν2

(E0)

−E1 − E0

Sb
q,ν3ν4

(E1)

(E1 + E)− E1
. (3.42)

I take the sum in and execute it:

∑
E1

1
−E1 − E0

1
(E1 + E)− E1

= −β
nB(E0) + nB(E1)

E1 + E0 + E
. (3.43)

This can be analytically continued and reinserted:

Ir,ab
qν1ν2ν3ν4

(E) = −β
∫

R
dE0dE1S a

−q,ν1ν2
(E0)Sb

q,ν3ν4
(E1)

nB(E0) + nB(E1)

E1 + E0 + E + i0+
.

(3.44)

I need to take the imaginary part of the diagram, as given by Eq.
(2.61). This can be done by solely taking the imaginary part of the
denominator in the equation, see Appendix I. Then

Im(Ir,ab
qν1ν2ν3ν4

(E)) = πβ
∫

R
dE0dE1S a

−q,ν1ν2
(E0)Sb

q,ν3ν4
(E1)

× (nB(E0) + nB(E1)) δ(E1 + E0 + E)

= πβ
∫

R
dE0S a

−q,ν1ν2
(E0)Sb

q,ν3ν4
(−E0 − E)

× (nB(E0)− nB(E0 + E)) . (3.45)
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The fact that the occupation nB is an odd function has been used. If
now the limit in Eq. (2.61) is taken, one obtains (if the spectral densities
are well-behaved)

lim
E→0
−

Im(Ir,ab
qν1ν2ν3ν4(E))
E = πβ

∫
R

dE0S a
−q,ν1ν2

(E0)Sb
q,ν3ν4

(−E0)n′B(E0).

(3.46)

It is time to set a = P̂Û and b = ÛP̂ and a = ÛÛ and b = P̂P̂,
respectively and use the relations between the spectral densities:

lim
E→0
−

Im(Ir,ÛP̂,P̂Û
qν1ν2ν3ν4(E))
E =

= h̄−2πβ
∫

R
dE0E2

0S−q,ν1ν2(E0)Sq,ν3ν4(−E0)n′B(E0)

= −h̄−2πβ
∫

R
dE0E2

0Sq,ν2ν1(E0)Sq,ν3ν4(E0)n′B(E0)

= − lim
E→0
−

Im(Ir,ÛÛ,P̂P̂
qν1ν2ν3ν4(E))
E . (3.47)

In general, the BTE becomes

κ
ij
BTE =

πh̄
2NpΩc

∑
q{ν}

Ji,1
1 (−q, ν1; q, ν4)J j,1

1 (−q, ν3; q, ν2)

×
∫

R
dEE2Sq,ν1,ν2(E)Sq,ν3,ν4(E)n′B(E), (3.48)

which may also be expressed in the displacement basis.
Now, the BTE-RTA will be derived from this expression in the quasi-

harmonic limit. I assume the case of weak interaction. The only region
where the spectral density is large is near E0 = h̄ωq,ν. In this region,
one may approximate (Eq. (2.56))

Sq,ν,ν′(E) ≈
h̄δν,ν′

π

Im(Σret
q,ν,ν(h̄ωq,ν))

(E − h̄ωq,ν)2 + Im(Σret
q,ν,ν(h̄ωq,ν))2 . (3.49)

In the peak-region, one has

E2
0 ≈ (h̄ωq,ν)

2,
n′B(E0) ≈ n′B(h̄ωq,ν). (3.50)
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On top of this, I only consider diagonal terms of the heat-flux operator.
In this approximation, the integral can be carried out (if not all indices
are identical, the integral must vanish):

lim
E→0
−

Im(Ir,ÛP̂,P̂Û
qν1ν1ν1ν1(E))
E ≈

≈ −2h̄−2πβ(h̄ωq,ν1)
2n′B(h̄ωq,ν1)

∫ ∞

0
dE0Sq,ν1,ν1(E0)

2

≈ −h̄−2β(h̄ωq,ν1)
2n′B(h̄ωq,ν1)Im(Σret

q,ν1,ν1
(h̄ωq,ν1))

−1.
(3.51)

Inserting this into the equations for the diagrams leads to

lim
E→0
−

Dij
1 (E) + Dij

2 (E)
E ≈ − h̄

2NpΩc
∑
qν

(
h̄ωqν

)2 (
∂qωqν

)i (
∂qωqν

)j

× n′B(h̄ωqν)Im(Σret
q,ν,ν(h̄ωq,ν))

−1.
(3.52)

I introduce the mode heat-capacity (95)

Cq,ν = −
(h̄ωq,ν)2

T
n′B(h̄ωq,ν), (3.53)

to finally obtain the standard BTE-RTA,

κ
ij
BTE ≈

1
NpΩc

∑
qν

(
∂qωqν

)i (
∂qωqν

)j Cq,ντq,ν. (3.54)

In Ref. (244) it has been shown, that the BTE-RTA can be obtained from
a very similar formalism (102), but they did not find the improved
BTE. In contrast, Refs. (31, 246) present a formula very similar to the
one to be found in this section. However, off-diagonal elements of the
spectral density have been neglected in their derivations.

3.4 going beyond the bte

After I have shown that the above formalism correctly recovers the
BTE in the RTA, it is now the task to go beyond the BTE. Indeed, the
BTE cannot give insight whether a perturbation expansion leads to a
reasonable result. To make a more justified judgement, it is necessary
to compute higher terms of the expansion as well. If these higher
terms give a significantly smaller contribution than the BTE, it can be
claimed that the BTE yields a good approximation to the investigated
quantity, in the spirit of Ref. (25) and similar to most approaches in
condensed matter physics (108, 110) (see also Appendix F).

To obtain the second order contribution to the thermal conductivity
it is necessary to include other heat-flux and interaction vertices. These
additional vertices give rise to a plenty of different diagrams that must
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Figure 3.3: Some diagrams of the second-order correction of the lattice ther-
mal conductivity. There exist numerous other diagrams that need
to be considered for the heat-flux autocorrelation function.

be evaluated, as depicted in the Fig. 3.3. The diagrams shown there
only contain dressed propagators. All these diagrams need two Mat-
subara summations. The number of symbolic manipulations makes it
really hard for a human being to solve these diagrams explicitly by
hand. It would be an error-prone, Sisyphean task. To speed up the
development, safe effort, and improve reliability, I decided to build a
computer algebra system (CAS) to generate all contributing diagrams
and identify them with mathematical expressions. The next section of
this manuscript will guide through the functionality of the CAS.

The idea of going beyond the BTE is not new (253), but the attempt
to actually calculate all second-order diagrams, especially without an
approximation, is novel, to the best of my knowledge.





4
S Y M B O L I C D E R I VAT I O N S A N D C O M P U T E R
A L G E B R A

The CAS that I have planned and developed aims at generating equa-
tions for the lattice thermal conductivity up to second order perturba-
tion theory as well as source-code for their numerical evaluation. To
obtain these equations, I start in Sec. 4.1 with the expectation values
that contribute to Πij

M(E), according to the Sec. 3.2.3. These are then
expanded in the interaction up to second loop order using Eq. (2.33).
The expectation values are Wick-contracted by Eq. (2.35) and inter-
preted as Feynman diagrams. The set of Feynman diagrams is then
reduced in Sec. 4.2. The diagrams are transferred to mathematical ob-
jects in Sec. 4.3, using the Feynman rules, defined in Sec. 3.2.3. Finally,
the resulting term objects are manipulated to make them numerically
tractable, and they are automatically coded into Fortran. All occurring
calculations will be presented with examples, that are as simple as
possible. The corresponding beyBol package (the beyond Boltzmann
package) together with the full second order calculation is available
(126). 1

There exist many automated diagram calculators in quantum field
theory. Most of them are restricted to first loop order, for different
quantities of interest (28, 51, 68, 99). For special theories, other ap-
proaches for the generation of Feynman diagrams exist (53, 89, 135,
140), as well as general group-theoretical approaches (198). In this
work, I aim at second order at finite temperature. While I did tests on
the third order contribution, I did not attempt to solve the correspond-
ing integral, as the solution of the second order already exhausts my
computational resources and would be tiny compared to the third
order contribution.

The CAS is written in Python and uses concepts of object-oriented
programming (OOP) (178) throughout. The classes of the subsystems
are organized to mimic the construction of expressions usual to many-
body theory (see Sec. 2):
• ExpectationValue objects are created at the beginning of the

calculation, to contain all contributions up to a certain complexity
(here the second order). These ExpectationValues are stored
in an instance of a list class (ExpectationValueList) that is
responsible for executing the Wick-contractions.
• The fully contracted ExpectationValue objects are used to ini-

tialize FeynmanDiagram objects, that are stored in the Feynman-
DiagramList.

1 The source code and the full second order derivation can be obtained upon request.

45
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• Finally, Term objects are initialized using FeynmanDiagrams. All
Term objects are stored in a TermList.

While the objects, such as the FeynmanDiagrams, have methods that
manipulate themself, the corresponding list classes are used to store
the set of objects and manipulate the ensemble of objects together. The
list classes are Singleton objects.

4.1 expectation values

As a first step, I identify which expectation values can contribute to
the thermal conductivity at the given order of approximation. Those
are the expectation values that lead to terms with at most two Bril-
louin zone or Matsubara summations. The number of Brillouin zone
or Matsubara summations is just the number of loops of the corre-
sponding diagram: The number of conditions to be fulfilled by the
loop momenta is the number of vertices V = ∑n vn, where vn is the
number of each vertex type. As the diagram is connected, there is
one condition trivially fulfilled, because the others are. The number of
independent energies/momenta at the beginning equals the number
of propagators P. As each propagator connects to two vertex legs,
the number of propagators is half the number of vertex legs of the
diagram

L = P− (V − 1) = 1 + ∑
n

vn

(
ln

2
− 1
)

, (4.1)

where ln is the number of legs of a vertex. This L is just identical to the
circuit rank of the corresponding graph (i.e. the number of loops). So,
given the number of vertices vn of each type n, the number of loops is
fixed, and all combinations {v1, ...vn} that lead to L ≤ 2 are generated.

In our example of the heat-flux autocorrelation, the heat-flux vertex
has contributions of the type P̂Ûm with m ≥ 1 and P̂P̂P̂. The interac-
tions I consider stem from the third and fourth order term of the BO
surface, corresponding to Ûn, n = 3, 4. So, one contribution to Πij

M can
be written as (strongly simplified notation)〈

Tτ

(
P̂(τ)Û(τ)Û(τ)

) (
P̂(τ′)Û(τ′)

)〉
. (4.2)

This is then expanded via Eq. (2.33) - with only one contribution of
the form∫

dτ1〈Tτ

(
P̂(τ)Û(τ)Û(τ)

) (
Û(τ1)Û(τ1)Û(τ1)

) (
P̂(τ′)Û(τ′)

)
〉(0).

(4.3)

At that stage it is possible to start Wick-contracting the expectation
values, as explained in Sec. 2.2.2. In order to implement this, I resort
to an algorithm, described in Ref. (292). To represent the expectation
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value at each step of the algorithm, I define three classes, implemented
in the beyBol package:

1. A BaseOperator object (an enumerated type), that corresponds
either to Û or P̂.

2. A CompositeOperator type, that contains a list of BaseOperator
objects and an index for the time argument. It corresponds to an
interaction or a heat-flux vertex.

3. A Contraction class, that contains two BaseOperator objects
and two time indices.

One may further simplify the notation of the upper example (τ = τ0
and τ2 = τ′):

〈Tτ

(
P̂0Û0Û0

) (
Û1Û1Û1

) (
P̂2Û2

)
〉(0). (4.4)

An ExpectationValue is then initialized with two lists: one with
the contained CompositeOperator objects (here 3), and a list for the
Contraction objects, which is empty at the beginning.

One may apply the Wick-contraction algorithm of Ref. (292)
to this example. It takes the first BaseOperator of the first
CompositeOperator, and contracts it with all other BaseOperators
that appear in the expectation value. To reduce the workload, a
multiplicity is stored with the expectation value, such that identical
contractions are stored only once. For example, contracting P̂0 with
any of the Û1’s results in a contribution

3〈Tτ

(
Û0Û0

) (
Û1Û1

) (
P̂2Û2

)
〉(0)

{
〈Tτ P̂0Û1〉(0)

}
, (4.5)

where any object in the curly braces is a contraction. In the second
step one of the contributions is (by contracting the leftmost operators)

3〈Tτ()
(

Û1Û1

) (
P̂2Û2

)
〉(0)

{
〈Tτ P̂0Û1〉(0)〈TτÛ0Û0〉(0)

}
. (4.6)

The Wick contraction process is iterated until there are no operators
to be contracted (here: outside the curly braces).

At the end of the procedure, every ExpectationValue only con-
tains Contraction objects, but no CompositeOperator objects that
have a non-empty BaseOperator list. To second order in perturba-
tion theory, there is a large number of these expectation values to
handle, after the Wick contractions are finished. These fully contracted
ExpectationValues can then be used to initialize FeynmanDiagram ob-
jects.
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Figure 4.1: Diagram corresponding to the expectation value in Eq. (4.7).

4.2 feynman diagrams

To identify an expectation value with a Feynman diagram, the Wick
contractions have to be continued to the end. Say, I contracted the
above expectation value Eq. (4.6) further to find

3
{
〈Tτ P̂0Û1〉(0)〈TτÛ0Û0〉(0)〈TτÛ1P̂2〉(0)〈TτÛ1Û2〉(0)

}
. (4.7)

Then, every index can be interpreted as a vertex, and the expectation
values are the propagators, i.e. the lines between the vertices of the
diagram. The propagators are graphically represented as in Fig. 2.2
(Sec. 2.2.3), and the diagram corresponding to Eq. (4.7) is shown in
Fig. 4.1. The simple graphical form of the diagrams enables to identify
similar contributions to the perturbation expansion, via a normal
form of Feynman diagrams. As normal forms will occur later in the
manipulation of terms, I construct them here step by step.

A normal form is a unique representation of an object, such that two
objects that are similar in some sense, can be identified with each other.

For example, two diagrams are said to be similar, if there exists a
relabeling of the integrated Matsubara times such that the diagrams
are identical, except for the multiplicity. For example, they may have a
different multiplicity and different vertex labelings (time 1 in the above
example may be called time 3), but are otherwise identical. If both
these diagrams are brought to a normal form, they can be identified
with each other. Then the list of Feynman diagrams is updated, by
adding up the multiplicities, and deleting one of the diagrams from
the list. I construct now the normal form for the diagrams.

To do this, the first thing I need is to define an order relation "<" for
an object, e.g. a BaseOperator. I arbitrarily define that

P̂ < Û (4.8)

is true, while any other comparison (Û < P̂, Û < Û or P̂ < P̂) is
wrong. This can be implemented in Python, using the magic method
__lt__. In general, two objects A and B are similar, if not A < B and
not B < A.
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From the order relation of a sub-object, the order relation of a
composed object can be found, for example, as follows: A contraction,
may have the the form

〈TτÛ0P̂1〉(0). (4.9)

To define an order relation for contractions, I first define an order
relation on an operator-index set (an operator with a time argument),
that is, the index is dominant over the operator type, e.g. Û0 < P̂1 and
P̂1 < P̂2. The contraction above is identical to

〈Tτ P̂1Û0〉(0). (4.10)

To uniquely identify two contractions with the order relation, I define
a normal form of a contraction: The first operator-index set must not
be larger than the second, according to "<". Then I may define an
order relation on contraction objects (in their normal form) as: If the
first operator-index set of the first contraction O1

1 is not similar to the
first operator-index set of the second contraction O1

2, then if O1
1 < O1

2
the first contraction C1 and the second contraction C2 fulfill C1 < C2.
Otherwise if O1

2 < O1
1, then C2 < C1. If the first two operator-index

sets are similar, then I start comparing the second set. If they are
similar as well, the two contractions must be similar. As a result, I
derived an order relation for contractions. The type of comparison,
that I compare first the first elements, then the second, and so forth,
I call element-wise comparison. This is easily implemented in an OOP
language, such as Python.

The order relation of the Feynman diagrams can then be derived, by
using the order relation of the contractions. A diagram is practically
a list of contractions, and one multiplicity. The multiplicity does not
matter for the similarity. To compare two diagrams, the first step is to
order the list of contractions in each diagram, according to "<" of the
contractions. Then, two diagrams can be compared, by comparing their
contractions element-wise, which defines again an order relation. For
the similarity of two diagrams, the labeling of the vertices is arbitrary.
Then, it is possible to define a normal form of a Feynman diagram: For
each diagram D, I count the number of vertices VD of the diagram.
Then, the vertex labels may be any permutation of the set {1, ...VD}.
For each permutation p, a diagram copy Dp is generated. For each Dp
the list of contractions is ordered according to the order relation of the
contractions. The normal form of the diagram D is a diagram copy
D∗ that fulfills (not Dp < D∗) for all p. A normal form always exists,
and, if a number of permutations fulfill the upper relation, then the
resulting diagram objects must be similar, as < constitutes an order
relation.

Assume I have a set of FeynmanDiagrams, stored in the Feynman-
DiagramList. If all FeynmanDiagrams are in normal form (achieved
using the method apply_normal_form), it is possible to automatically
identify similar diagrams using "<". If two diagrams are similar, the
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multiplicity of one of them is updated to be the sum of both, and the
other diagram is deleted. After this procedure, there remain numer-
ous diagrams that vanish and are deleted, as listed in Appendix K
for different reasons. With this reduced FeynmanDiagramList, I move
forward to initialize a TermList, that contains the mathematical ex-
pressions of interest.

4.3 term objects

The Term and TermList class are by far the most complicated in
beyBol’s CAS. The Term object contains a Prefactor and multiple
lists that contain mathematical objects. The corresponding classes are
Denominator, OccupationFactor, Propagator, SpectralDensity and
Vertex such that each occurring mathematical object has its own list.

As all mathematical functions here contain an argument, I resort
to sympy (180) to manipulate the argument objects. All classes that
correspond to mathematical objects have a method to generate a LATEX-
string for themself, that enables to print the intermediate results of the
calculation. This is central to validate the CAS. To exemplify mathe-
matical manipulations, I will use the Boltzmann transport contribution
D1 whenever possible. Where it is not possible, I will use a contribu-
tion from the diagram shown in Fig. J.1 - but not to disrupt the flow
of reading, the entire corresponding calculation is moved to Appendix
J, and intermediate results may be taken from there.

4.3.1 Application of the Feynman rules

As a first step in the calculation, I apply the Feynman rules as defined
in Sec. 3.2.3. The Prefactor is generated from the Feynman rules and
the multiplicity of the FeynmanDiagram. In the case of the diagram D1,
the multiplicity of the diagram is 1. Then, the prefactor becomes

(−h̄β)(−β)0(h̄β)−2(NpΩc)
−1 =

−1
h̄NpΩcβ

. (4.11)

The propagators are then first initialized with an independent momen-
tum and Matsubara energy. At each vertex, momentum and energy
conservation is enforced (at each heat-flux vertex the sum of the ener-
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gies is the argument of the correlation function ±E). Then, in the case
of D1, the diagram value becomes

DM,ij
1 (E) = − 1

h̄NpΩcβ ∑
q,{ν}

Ji,1
1 (q, ν1;−q, ν3)×

J j,1
1 (q, ν4;−q, ν2)×

∑
En

GM,P̂Û
q,ν1,ν2

(En)×

× GM,ÛP̂
−q,ν3,ν4

(E− En). (4.12)

The Propagator objects are stored in the (private) Term member
_propagators and can be accessed by a public method. All other lists
that occur are accessed in a similar way. The Prefactor is stored as
member _prefactor.

4.3.2 Application of the spectral representation

As discussed in Sec. 3.4, it is only possible to achieve finite results for
the thermal conductivity if the calculation proceeds with dressed prop-
agators. Consequently, I apply the spectral representation Eq. (2.12)
to each propagator that occurs in the diagram, as Mahan suggests
(166). Then, all propagators are replaced by spectral densities and
denominator objects (i.e. the list for the Propagator objects is emptied,
and the SpectralDensity- and Denominator-lists are filled). In our
example, the diagram becomes

DM,ij
1 (E) =

−1
βh̄NpΩc

∫
R

dE1dE2 ∑
q,{ν}

Ji,1
1 (q, ν1;−q, ν3)×

J j,1
1 (q, ν4;−q, ν2)×

S P̂Û
q,ν1,ν2

(+E1)S ÛP̂
−q,ν3,ν4

(+E2)×

∑
E1

(E1 − E1)
−1 (E− E1 − E2)

−1 . (4.13)

4.3.3 Automated Matsubara summation

It is now possible to execute the Matsubara summation on the denom-
inator product in Eq. (4.13)

∑
E1

(E1 − E1)
−1 (E− E1 − E2)

−1 . (4.14)

In this case, the sum can be done as in Sec. 2.2.2, but here I take an
automatable approach, following Ref. (196). I adjusted the approach
slightly, to simplify the calculations of the computer algebra. The
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value of any diagram, as a function of the Matsubara energies, can be
written as

∑
{E}

f (E1...EL) = ∑
i

hi ∑
{E}

Ni

∏
Ri=1

(
L

∑
l=1

σRi
l El + aRi

)−1

, (4.15)

where σl
i is either 1, 0, or -1, al is a real number, the sum i runs over

all contributions, and hi is some function that is independent of the
Matsubara energies. At the beginning there is one contribution and all
al are linear independent. The poles of f with respect to EL are easily
found as (σRi

L 6= 0)

zRi = E(0)
L = −σRi

L

(
L−1

∑
l=1

σRi
l El + aRi

)
. (4.16)

Then, the summation yields

1
β ∑

EL

f (E1, ..., EL) = − ∑
Ri :σ

Ri
L 6=0

Resz=zRi
( f (E1, ..., z)nB(z)) . (4.17)

Equation (4.17) can always be applied, as the phonon propagator
is expected to behave like the non-interacting one for large energy
arguments (204).

The residues above can be calculated easily, as the poles are simple.
The sum of resulting terms of the Matsubara summation again has
the form of Eq. (4.15), because every denominator that has not been
removed by the residue operation carries again its own independent
aRi object. As a result, the poles of the function always remain simple,
at every step of the iteration.

In the example Eq. (4.14), I have one Matsubara energy, and two
poles. The position of the poles are

z1 = E1 and
z2 = E− E2, (4.18)

and the corresponding residues are (only taking the denominators
into account)

r1(E) = nB(E1)(E− E1 − E2)
−1 and

r2(E) = −nB(E− E2)(E− E1 − E2)
−1

= nB(E2)(E− E1 − E2)
−1. (4.19)

The Matsubara summations are completely automatized in beyBol.
The periodicity of the occupation function removes all dependencies
on other Matsubara energies immediately. At the end of the Matsubara
summation, the only remaining Matsubara energy is the argument of
the correlation function that is to be evaluated.
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4.3.4 Imaginary part

The imaginary part of Πij
r (E) can be found by taking the imaginary

part of the denominator product of the diagram value, as shown in
Appendix I.

The two resulting residues above give rise to two new Term objects,
and the analytic continuation operation is very straightforward, by
inserting E → E + i0+ (compare Eq. (2.26), and note, that Πij

r (E) is
only evaluated in the immediate vicinity of 0, which is a Matsubara
energy). As it is only necessary to take the imaginary part of the
denominator product, the imaginary part operation can be executed.
For r1(E)

Im(r1(E)) = −πnB(E1)δ(E − E1 − E2). (4.20)

In general, there may be three denominators left, giving rise to a
δ(x)δ(y)δ(z) term. In the second order example, that is presented in
Appendix J (Eq. (J.3)), one contribution has a denominator product of
the form

nB(E0)nB(E2)

(E − E0 − E1) (E0 − E2 − E3) (E + E2 − E0 − E4)
, (4.21)

and the imaginary part of this contribution is

−πnB(E0)nB(E2)δ(E − E0 − E1)

(E + E2 − E0 − E4) (E0 − E2 − E3)
+

−πnB(E0)nB(E2)δ(E + E2 − E0 − E4)

(E − E0 − E1) (E0 − E2 − E3)
. (4.22)

4.3.5 Reintegration of spectral representations

In the case of the second order (e.g. in Eq. (4.22)), there remain denomi-
nators in the product. To remove them, I use the spectral representation
of the propagators:

G ÂB̂
qνν′(E) = P

∫
R

dE1
S ÂB̂

qνν′(E1)

E − E1
=

1
2

[
Gr,ÂB̂

qνν′ (E) + G
a,ÂB̂
qνν′ (E)

]
.

(4.23)
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P denotes a principal value. Every denominator can be matched with
a spectral density, such that Eq. (4.23) can be employed. In the example
of Appendix J, one contribution is

DM,ij(E) =
1

h̄4N2
pΩ2

c

∫
R

dE ∑
{qν}

(−36) Ji
1(−q0, ν0; q0, ν2)×

v3(q0, ν1;−q2, ν4; q2 − q0, ν6)×
v3(−q0, ν3; q2, ν5; q0 − q2, ν8)×

J j
1(q0 − q2, ν7; q2 − q0, ν9)×

S P̂Û
q0,ν0,ν1

(E0)S−q0,ν2,ν3(E1)×

Sq2,ν4,ν5(E2)S ÛP̂
q0−q2,ν6,ν7

(E3)×
Sq2−q0,ν8,ν9(E4)×
−πnB(E0)nB(E2)δ(E − E0 − E1)

(E + E2 − E0 − E4)(E0 − E2 − E3)
.

(4.24)

The integration energies that can be reintegrated via Eq. (4.23) are E3
and E4. The corresponding denominators and spectral densities are
highlighted. The result is

1
h̄4N2

pΩ2
c

∫
R

dE ∑
{qν}

(36π) Ji
1(−q0, ν0; q0, ν2)×

v3(q0, ν1;−q2, ν4; q2 − q0, ν6)×
v3(−q0, ν3; q2, ν5; q0 − q2, ν8)×

J j
1(q0 − q2, ν7; q2 − q0, ν9)×

S P̂Û
q0,ν0,ν1

(E0)S−q0,ν2,ν3(E − E0)×
Sq2,ν4,ν5(E2)nB(E0)nB(E2)×

GÛP̂
q0−q2,ν6,ν7

(E0 − E2)×
Gq2−q0,ν8,ν9(E + E2 − E0). (4.25)

4.3.6 Propagator interrelations and the limit

To simplify the final equations, the next step is to use the interrelations
between the different spectral densities and propagator objects (Sec.
3.2.2). All objects that contain a P̂ operator can be transformed into



4.3 term objects 55

the phonon propagator or phonon spectral density. I switch back to
the example of D1, for conciseness. In this case, the diagram value is

lim
E→0

Im(Dr,ij
1 (E))
E =

−π

h̄NpΩc

∫
R

dE1 ∑
q,{ν}

Ji,1
1 (q, ν1;−q, ν3)×

J j,1
1 (q, ν4;−q, ν2)×

S P̂Û
q,ν1,ν2

(E1)S ÛP̂
−q,ν3,ν4

(−E1)×

lim
E→0

nB(E1)− nB(E1 − E)
E , (4.26)

and becomes

lim
E→0

Im(Dr,ij
1 (E))
E =

−π

h̄NpΩc

∫
R

dE1E2
1 ∑

q,{ν}

Ji,1
1 (q, ν1;−q, ν3)×

J j,1
1 (q, ν4;−q, ν2)×
Sq,ν1,ν2(E1)S−q,ν3,ν4(−E1)×
n′B(E1). (4.27)

Note that, for the lattice thermal conductivity κij the constant con-
tribution −2ωq,νδν,ν′ in

Gr/a,P̂P̂
q,ν,ν′ (E) =

E2

h̄2 G
r/a
q,ν,ν′(E)− 2ωq,νδν,ν′ ,

can be ignored, see Appendix L.

4.3.7 Transformation into a normal form

The Term objects that result at this point are evaluable (see Eqns. (4.27)
and (J.6)). In practice, however, it is favorable to simplify the second
order contributions further. For this, I construct a normal form for
terms, in the same spirit as for Feynman diagrams. The most important
thing to note is, that the integration energies in the final terms can
be arranged, such that the integration momenta and energies become
four-momenta like. This is an empiric observation, that I did not
manage to prove.

The precise definition of the order relations is not important for
the results and described in Appendix M. Here I present how it
is build up: I define a normal form for any sympy argument. This
enables to compare argument-dependent objects: SpectralDensities,
Propagators, and OccupationFactors (for each type independently).
For the Vertices, I use additionally the order relation defined for
the BaseOperators. Then, all objects that occur in a term possess an
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order relation. The prefactor is again not important for the similarity.
This enables an element-wise comparison of all SpectralDensities,
Propagators, OccupationFactors, and Vertices in all Terms, as for
the Contractions in FeynmanDiagram objects. To identify more terms
with each other, I use the identities of the different objects that occur
in a term. For example,
• the occupation factors nB possess odd parity,
• the Propagators and SpectralDensities are either odd or even

under combined index, momentum and energy inversion,

• the Vertex J1,i
1 that occurs in the BTE is odd in it’s momentum

argument. Other vertex arguments may be permuted if they
correspond to the same operator type (such as P̂).

It is then possible, at second order perturbation theory, to force all
objects to only have positive arguments that add up. E.g., one may
have a spectral density Sq1+q2(E1 + E2) but not Sq1−q2(E1 − E2) (196).
To further specify the normal form, and as the arguments of the
occupation functions must be linearly independent of each other
(because the al are, see Sec. 4.3.3), the energies are transformed such
that the occupation functions depend on only one integration energy.
The indices are relabelled such that the vertex indices are increasing.
Then, a contribution to the second order is, for example (see Appendix
J, Eq. (J.8))

1
h̄6N2

pΩ2
c

∫
R

dE ∑
{qν}

(36E0π(E0 + E1)) Ji
1(q0, ν0;−q0, ν1)×

J j
1(q0 + q1, ν2;−q0 − q1, ν3)×

v3(q0, ν4; q1, ν5;−q0 − q1, ν6)×
v3(q0 + q1, ν7;−q1, ν8;−q0, ν9)×
Sq1,ν8,ν5(E1)Sq0,ν1,ν4(E0)×

S (1)q0,ν9,ν0(E0)nB(E1)nB(E0)×
Gq0+q1,ν6,ν2(E0 + E1)×
Gq0+q1,ν3,ν7(E0 + E1). (4.28)

Given this normal form, it is possible to identify similar contributions
to the final result. The prefactors of the different terms (that have
not been considered in the normal form) are then added up. There
remains however a freedom to manipulate the ensemble of terms.

4.3.8 Reduction by partial integration

One may note the following about the occurring integrands: They all
vanish for large values of any integration energy Ei (as the spectral
densities become zero in my approximation, see Sec. 5.2). As a con-
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sequence, the integrand P without the derivative must fulfill (in Eq.
(4.28), the second spectral density carries a derivative)∫

R
dE1dE2

d
dEi

P(E1, E2) = 0, (4.29)

because of partial integration. This however, leaves the opportunity,
to add a specific zero to the list of all terms, trying to minimize the
total number of contributions. It turns out, that all contributions can
be written in a form, where only derivatives of occupation functions
occur, such as this one:

1
h̄6N2

pΩ2
c

∫
R

dE ∑
{qν}

(−144E1π(E0 + E1)) Ji
1(q0, ν0;−q0, ν1)×

J j
1(q0 + q1, ν2;−q0 − q1, ν3)×

v3(q0, ν4; q1, ν5;−q0 − q1, ν6)×
v3(q0 + q1, ν7;−q1, ν8;−q0, ν9)×
Sq1,ν1,ν5(E1)Sq1,ν8,ν0(E1)×

Sq0,ν9,ν4(E0)n
(1)
B (E1)nB(E0)×

Gq0+q1,ν3,ν7(E0 + E1)×
Gq0+q1,ν6,ν2(E0 + E1). (4.30)

The same code that has been used here to manipulate equations
for the thermal conductivity can be used to calculate contributions to
the phonon self-energies. Indeed, I have let this code implement the
entire second-loop order perturbation theory result for the self-energy
that has, in my implementation, about 78000 lines of Fortran code.
Neither I managed to converge the second order contribution to the
self-energy, nor I was able to check it thoroughly for correctness. The
missing self-energy of second order might lead to underestimation of
phonon linewidths, especially at high temperature (13). Decay rates of
second order perturbation theory have been calculated in Ref. (234).

4.4 validation of the computer algebra

To validate the CAS implementation, I did unit tests for most of the
source code, such that the code coverage level reaches about 90%. On
top of this, tests against the known first order contributions to the
thermal conductivity and self-energy have been performed. To make
sure, that the calculations are not wrong, the second order calculation
has been written out, step-by-step, in order to allow by-hand checks
of every calculation step. The Term objects are, for this reason named
(with a descriptive string), such that terms can be traced through the
calculation. The second order step-by-step calculation will be uploaded
to the web and one can obtain it on request.





5
I M P L E M E N TAT I O N

The task of this section is to enable the numerical evaluation of the
formulas derived with the methods described in Sec. 4. To see what is
necessary to evaluate the correction to the BTE, one can look at the
representative example Eq. (4.30):

1. The vertex functions V and J, corresponding to interaction and
heat-flux vertices, need to be evaluated for arbitrary momentum
in the Brillouin zone.

2. The phonon spectral densities and propagators must be evalu-
ated for arbitrary momentum and energy.

3. The indices of the expression must be summed.
4. The integral over all energies and momenta of the results must

be taken. To do this with reasonable resources, steps 1-3 should
be done in a short amount of time.

To calculate the vertex functions, the interatomic force constants (IFCs)
of the crystal are needed. The finite-displacement method to calculate
them is presented in Appendix B.1. With this, I will introduce the ver-
tex functions in Sec. 5.1. Symmetrized exponential functions, that I call
star functions are shown in Sec. 5.1.1, and the different implemented
options of the vertex functions and their symmetry properties are tab-
ulated in Sec. 5.1.2. Proofs of these properties are found in Appendix
B.2. Spectral densities and propagators can be calculated via Dyson’s
Eq. (2.51) from a self-energy, which is in my work solely based on
anharmonic interactions. The calculation of the self-energy, its prop-
erties, approximations, and tests are presented in Sec. 5.2. When the
self-energy, and therefore the propagators, are known, the thermal
conductivity can be calculated. The details of this implementation are
presented in Sec. 5.3.

The validation and test approach to these implementations is pre-
sented at the end of each section. For the numerical implementation,
Fortran 2018 is used (except for the optimization of the index multi-
plication scheme that uses Python).

5.1 implementation of the vertex functions

In this section, I will show how the vertex functions ϕn are calculated
for arbitrary q-values. Their properties (symmetry transformations,
translation, and permutation invariance) will be discussed. To make
the vertex functions fulfill these properties in general, it is not enough
to simply multiply the force constants with ordinary exponentials,
which can be exemplified with the dynamical matrix, that may be

59
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interpreted as the simplest vertex with two legs. The dynamical matrix
is given by Eq. (2.3), for arguments q on a grid commensurate with
the supercell in which the IFCs are calculated. There are a number
of constraints on the transformation laws of the dynamical matrix
under the space-group of the crystal (171). These transformation laws
are not satisfied for the above formula, if the argument q is off the
grid commensurate with the supercell. To achieve correct symmetry
transformations, one has to use star functions. These star functions
are used for the vertex functions V and J as well. I only show here
the list of properties that the functions must fulfill and how they
are implemented. In Appendix H.2, I show the properties of the
mathematical vertex function and its implementation.

5.1.1 Introduction of star functions

I define a star function as

θ(q, R) =
1
|S|∑S

∑
x∼SR

w(R) exp(iSq · x), (5.1)

where R is some nuclei position in the supercell, q is the crystal
momentum, S is a rotation of a symmetry operation of the crystal. |S|
is the number of symmetry operations. If x ∼ y for some vector y, then
x is the vector inside the first supercell, that can be transformed to y
by translations of the supercell. If y is at the boundary of the supercell,
the sum over all equivalent x is taken. The function w counts the
number of similar vectors to some y, and divides by it. The symmetry
operations of the crystal are found using spglib (273). By the use of
spglib (273), I avoid the use of tables of space-groups (36, 152, 210,
263). The formalism assumes, that the supercell is closed under the
symmetry operations of the unit cell, i.e. after any symmetry operation
has been applied, the supercell must still have the same shape. For
example, in a face-centered cubic (fcc) crystal, a supercell can only
be of the type n × n × n (for some n), but not 2× 3× 4. This is an
important constraint on the simulation, as otherwise, the final result of
the calculation may violate the symmetry properties of the simulated
crystal system, see Appendix H.2.

The derivative of the star function is found by the analytical deriva-
tive of θ. The star functions are identical to the exponential functions
on the q-grid commensurate with the supercell. Using a different
definition of the dynamical matrix,

Dκ1,α1,κ2,α2(q) = (Mκ1 Mκ2)
−1/2 ∑

p
Φκ1,0,κ2,p

α1,α2 θ(q, Rp + τκ2 − τκ1),

(5.2)

it fulfills the transformation laws (171) on every q-point, such that
this definition enables a symmetrized interpolation of the dynamical
matrix to the entire Brillouin zone (see Appendix H.2).
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5.1.2 Implemented vertex functions

The vertex function calculation is more involved, as the vertices must
fulfill a number of properties. These properties are easily proven
in the infinite crystal system. That my implementation fulfills these
constraints, is shown in Appendix H.2. The translation invariance of
the force constants leads to

∑
κ

ϕn(q1, κ1, α1, ..., 0, κ, α, ...) = 0. (5.3)

The transformations of the space-group force the vertex function to
fulfill, for some symmetry operation O = {S|vS}

ϕn(Sq1,O(κ1), µ1, ..., Sqn,O(κn),µn) = ∑
{α}

(
n

∏
l=1

Sµl ,αl

)
× ϕn(q1, κ1, α1, ..., qn, κn, αn),

(5.4)

which can be shown by Fourier transforming the corresponding equa-
tion for the interatomic force constants. O(κ) means the corresponding
index of the nucleus, after the transformation has been applied. Due
to the permutation invariance of the force constants one has

ϕn(qP(1), κP(1), αP(1), ..., qP(n), κP(n), αP(n)) = ϕn(q1, κ1, α1, ..., qn, κn, αn),
(5.5)

for a permutation P on the set {1, ..., n}. To obtain an interpolation of
these vertices that fulfills all these requirements, I define,

ϕ(q1, κ1, α1, ..., qn, κn, αn) = ∑
{p}

Φ0,p2,...,pn
κ1,α1,...,κn,αn ϑκ1,...,κn

p2,...,pn
(q1, ..., qn),

(5.6)

where the phase factor ϑ is a shorthand for

ϑκ1,...,κn
p2,...,pn

(q1, ..., qn) = N−1
p ∑

p1

θ(q1, Rp1)
n

∏
l=2

θ(ql , Rpl + Rp1 + τκl − τκ1).

(5.7)

Np is the number of unit cells in the supercell. With this factor ϑ, the
vertex functions fulfill all theoretical constraints exactly, see Appendix
H.2. An alternative implementation is given by

ϑκ1,...,κn
p2,...,pn

(q1, ..., qn) =
n

∏
l=2

θ(ql , Rpl + τκl − τκ1). (5.8)

This partially breaks the permutation invariance (as permuting with
the first index is not possible) and also the translation invariance, if
the first momentum argument is zero. These properties are proven in
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the Appendix H.2. In all calculations, the second interpolation scheme
is used, as it leads to good results compared to MD simulations (see
Sec. 5.2.5), and needs less computational resources.

5.1.3 Correction in polar materials

All crystals of interest for this work are polar, that is, the atoms in the
crystal carry an effective charge that leads to an interaction between
the nuclei. This changes the values of the vertex functions. For the
dynamical matrix the correction is (symmetrized for all q-points) (286)

DN
κ,α,κ′,α′(q) = 4πe

[Zκq]α [Zκ′q]α′√
Mκ Mκ′Ωcq · ε∞ · q

N−1
p ∑

p
θ(q, Rp + τκ′ − τκ),

(5.9)

where effective charges Zκ and macroscopic dielectric tensor ε∞ may
be calculated with the exciting-code (96). Corrections for higher order
vertices have been calculated in Ref. (59), but are not considered in this
work. As the heat-flux vertex is directly related to the vertex function
ϕ2 and its derivative, the heat-flux can be corrected accordingly.

5.1.4 Exploiting sparsity

Vertex functions can be calculated with two different methods in
beyBol. There is a dense implementation, that just stores the force
constants as long arrays, computes all necessary prefactors, and then
implements the definition of these vertex functions. However, in large
supercells and complicated materials, this approach is numerically
increasingly costly. Hence, beyBol has also a sparse implementation
of vertex functions that can be used for vertices of order 3 or higher.
This sparse implementation uses only non-zero interatomic force con-
stants and minimizes the number of calculations of the prefactor ϑ
that turns out to be the most costly step. Looking at (any of) the
prefactor definition(s) shows that the prefactor ϑ is independent of the
direction indices α. That means, all interatomic force constants for a
set of {p2, ..., pn, κ1, ..., κn}, can be grouped together. This grouping is
independent of the momentum arguments of ϑ - such that it can be
precomputed for each interatomic force constant and stored. As the
force constants are well approximated as short-range interactions, only
a few sets {p2, ..., pn} must be considered, and this causes a significant
speed-up.

5.2 the calculation of the self-energy

To calculate the self-energy of a phonon fast and as accurate as possible,
the first task is to understand its mathematical properties properly.
The properties of the anharmonic self-energy of the phonon system
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can be found from the properties of the phonon propagator, that have
been derived in Ref. (170). The self-energy, that is defined through
Dyson’s Eq. (2.51) has the properties (see Appendix E and Ref. (170)
for the space-group transformation laws)

Σr
qνν′(E) = Σa

qν′ν(E)∗,
Σr

qνν′(E) = Σr
−qνν′(−E)∗,

Σr
Sqνν′(E) = Σr

qνν′(E), (5.10)

for any space-group rotation S of the crystal. To calculate Σ, I use
"ordinary" diagrammatic perturbation theory in Sec. 5.2.1, and self-
consistent phonon theory on the phonon band energies in Sec. 5.2.6.

5.2.1 First-order perturbation theory

To first order, the self-energy can be calculated from the diagrams,
shown in Fig. 2.9. Reference (172) has shown, that the self-energy
can be expanded into Legendre polynomials and functions (1). In my
formulation, I define a constant and a variable contribution to the
self-energy Σc, Σv and matrices An such that

Σr
qνν′(E) = Σc

qνν′ + Σv
qνν′(E)

= Σc
qνν′ + ∑

n
An

qνν′(Qn(x) + iPn(x)), (5.11)

where x = E
Emax

for some maximum value Emax of the expansion,
which is in my case twice the maximum phonon frequency of the
material (explained below). Pn is a Legendre polynomial (that vanishs
for absolute arguments larger than 1) and Qn the respective Legendre
function. These functions can be computed from Bonnet recursion (1)
(Kn is Pn or Qn)

(n + 1)Kn+1(x) = (2n + 1)xKn(x)− nKn−1(x), (5.12)

and the start values of the recusions are

P0(x) = 1,
P1(x) = x,

Q0(x) =
1
2

log
∣∣∣∣1 + x
1− x

∣∣∣∣ ,

Q1(x) = xQ0(x)− 1. (5.13)

As the Bonnet recursion for Legendre functions becomes numerically
unstable for too large absolute values x (111, 207), I introduce a cutoff
after which the values of Qn are set to zero (usually xmax = 0.95, which
is well converged). Legendre polynomials can be obtained stably (22).
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To first order in perturbation theory, the constant contribution to
the self-energy is given in Sec. 2.2.5. The variable contribution to the
self-energy is found from the third diagram, see Eq. (2.54)

DM,3
q,ν,ν′(E) = −18 ∑

q1,ν1,ν2

FM(E, ωq1ν1 , ωq−q1ν2)

× v(3)(−q, ν; q1, ν1; q− q1, ν2)v(3)(q, ν′;−q1, ν1; q1 − q, ν2),

with

FM(E, ω1, ω2) = ∑
σ=±1

(
nB(h̄ω1) + nB(h̄ω2)

E + σ(ω1 + ω2)
+

nB(h̄ω2)− nB(h̄ω1)

E + σ(ω1 −ω2)

)
.

After analytic continuation of E to E , the imaginary part of F r can be
evaluated as

Im (F r(E , ω1, ω2)) = −π ∑
σ=±1

(nB(h̄ω1) + nB(h̄ω2))

× δ(E + σ(ω1 + ω2))

+ (nB(h̄ω2)− nB(h̄ω1))

× δ(E + σ(ω1 −ω2)). (5.14)

Because the phonon frequencies in a material are limited by a maxi-
mum value ωmax, this function can be expanded in Legendre polyno-
mials Pn, defined in the interval [−Emax,+Emax], with Emax = 2h̄ωmax,
via

Im (F r(E , ω1, ω2)) =
∞

∑
n=0

an(ω1, ω2)Pn(E/Emax) and

an(ω1, ω2) =
1

2nEmax

∫ Emax

−Emax

dE Im (F r(E , ω1, ω2)) Pn(E/Emax).

(5.15)

This means if

Dr,3
q (E) = ∑

n
An

q(Qn(E/Emax) + iPn(E/Emax)), (5.16)

one readily finds the expression for the matrices An
q to be

An
qνν′ = −18 ∑

q1,ν1,ν2

an(ωq1ν1 , ωq−q1ν2)

× v(3)(−q, ν; q1, ν1; q− q1, ν2)v(3)(q, ν′;−q1, ν1; q1 − q, ν2).
(5.17)

It is my aim to compute these matrices on a q-grid in the Brillouin
zone and then interpolate them to any q-point. Because of the possible
degeneracy of the phonon modes, this interpolation is done in the
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displacement basis (see Eqns. (E.4) and (E.26)). Accordingly, the An
q-

matrices, in the displacement basis have the form

An,αα′

qκκ′ =
2
h̄ ∑

νν′
eα

κν(q)e
α′
κ′ν′(−q)(ωqνωqν′)

1/2An
qνν′ . (5.18)

The actual calculation of the matrices An
q proceeds with the cuhre

routine (19) of the CUBA-library (100, 101). This deterministic algorithm
uses Genz-Malik rules (83) and proves extremely performant in com-
puting all elements of all An

q (n ≤ nmax = O(100)) for one q at a
time.

As the symmetry transformation laws of the self-energy imply that
the matrices An

q transform (in displacement basis) like the dynamical
matrix, I can apply the results of Ref. (171) to calculate all An

q: They
need only be calculated on symmetrically inequivalent q-points. Ad-
ditionally, on high-symmetry points in the Brillouin zone, the values
of the matrices are constrained by the small-group of the q-point. The
procedure to constrain the matrices is presented in the next section.

5.2.2 High-symmetry points

Different from the dynamical matrix, the matrices An
q are calculated

via numerical integration and are, as a result, not exact. In the perfectly
converged form, however, they are constrained by the small-group of
the point q. This group is given as this subset of symmetry operations
of the crystal, that leaves the point q invariant (modulo reciprocal
lattice vectors). This can be formulated as a commutation relation: Just
like the dynamical matrix D, any of the other matrices of interest must
commute with the transformation matrices of the dynamical matrix
that correspond to rotations that leave the q-vector invariant (see Eq.
(E.23))[

An
q, ΓS(q)

]
= 0, (5.19)

for all S in the small group of q. The same holds for the constant
contribution to the self-energy. To enforce the symmetry, I rely on
a modified algorithm from Ref. (164). As Eq. (5.19) is linear in the
elements of An

q, I can define a vectorization operation for the matrix,
such that the vector a contains all elements of An

q. Then, an operator
TS(q) corresponding to ΓS(q) can be defined such that Eq. (5.19) can
be written as

TS(q)a = 0. (5.20)

Because TS(q)†TS(q) is positive semidefinite, the sum

M(q) = ∑
S(q)

TS(q)†TS(q), (5.21)
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is positive semidefinite as well (where the sum runs over the symmetry
operations of the small group). I can calculate a set of orthonormal
vectors that span the nullspace of M(q), that is {n1, ..., nd}. Then, the
symmetry-corrected vector a is given by the calculated one ac as

a =
d

∑
l=1

acn†
l nl . (5.22)

It is clear, that the matrix An
q, reconstructed from this vector a, must

fulfill Eq. (5.19) for all symmetry operations S of the small group.
Indeed, the symmetry constraint could have been enforced using

An,c
q =

1
|S(q)| ∑

S(q)
Γ†

S(q)A
n
qΓS(q). (5.23)

In my implementation, I tested whether the matrices An
q converge

against a matrix A
n,c
q by increasing the accuracy of the integration

routine. The set of matrices on all q-points can be used, to generate
a symmetrical Fourier interpolation of the self-energy for the entire
Brillouin zone and arbitrary energies. It is thereby possible to calculate
the phonon propagator and spectral density of the crystal for all
energy and momentum arguments under the given approximation to
the self-energy.

5.2.3 Diagonal propagator approximation

The numerically most complex step is the calculation of the matrix ele-
ments of An

q for the variable part of the self-energy. The integrand has
to be evaluated at a number of q-points (Nq), for all n and all indices
ν, ν′, ν1, and ν2. As the number of modes ndof is the number of degrees
of freedom of the unit cell, the overall complexity is O(Nqnmaxn4

dof). If
one assumes, that the final propagator is diagonal in the mode basis,
contributions for all ν, ν1, and ν2 must be evaluated, leading to a com-
plexity O(Nqnmaxn3

dof), which constitutes a significant improvement,
e.g. for SnSe in the low temperature phase (referred to as Sn4Se4, with
a factor of 3× 8 = 24 times speed-up).

In this thesis, stoichiometric formulas that carry the number of
atoms in the unit cell, such as Sn4Se4, refer to structures, while those
that contain the relative amount of each atomic type (SnSe) refer to
the material.

5.2.4 Convergence tests and validation

The convergence of the self-energy is tested routinely in beyBol against
the number of evaluations of the integrand, the number of Legendre
polynomials in the expansion, and the q-grid density on which the
matrices An

q of the self-energy in the crystal are evaluated. To compare
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two different self-energy interpolations, I compare the matrix valued
functions

Iq(E) = Σc
q + i ∑

n
An

qPn(E/Emax), (5.24)

because the convolution of Pn and Qm is hard to derive (1). Two of
these functions are to be compared on a number of q-points, in the
sense of an L2 norm on the interval [−Emax, Emax]:

ε2
q = ||I1

q − I2
q||22 = n−2

dof ∑
ν,ν′

∫ Emax

−Emax

dE|I1
qνν′(E)− I2

qνν′(E)|2

= n−2
dof ∑

ν,ν′

∫ Emax

−Emax

dE|Σc,1
qνν′ − Σc,2

qνν′+

+ i ∑
n
(An,1

qνν′ − An,2
qνν′)Pn(E/Emax)|2.

(5.25)

As the Legendre polynomials are orthonormal and A0
q = 0, one has

ε2
q = n−2

dof(2Emax) ∑
ν,ν′

(|Σc,1
qνν′ − Σc,2

qνν′ |
2+

+ ∑
n
(2n + 1)−1|An,1

qνν′ − An,2
qνν′ |

2). (5.26)

This comparison is then done for a number of random q-points (Nq)
in the Brillouin zone:

ε = N−1
q ∑

q′
εq′ , (5.27)

and this is compared to the respective norm of a self-energy

ζ2
q = n−2

dof(2Emax) ∑
ν,ν′

(
|Σc,1

qνν′ |
2 + ∑

n
(2n + 1)−1|An,1

qνν′ |
2

)
, (5.28)

and the relative error ε/ζ is tested. In this fashion, the convergence
against the number of Legendre polynomials, the convergence of Σc

q
and An

q at a calculated q-point, and the density of the q-grid can
be converged at a time. I call a value ε/ζ < 0.03 converged. This is
somewhat arbitrary but consistently leads to converged results for the
thermal conductivity in aluminium. It remains questionable whether
aluminium is representative.

To visualize the above consideration, I exemplify the results with
calculations in aluminium. I calculated the self-energy at the X point
and halfway between X and Γ for the mode with the lowest frequency.
The input force constants were created with the effective medium the-
ory (EMT) calculator ASAP3 from ASE (151). In Fig. 5.1, the self-energy
for different highest orders of the Legendre polynomials are compared
at X, while in Fig. 5.2 different radial cutoffs of the force constants in
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the fits are compared. The number of Legendre polynomials should
not be increased much above 250, as for higher orders the convergence
of the parameter matrices An

q is hard to achieve. Also, in this case, the
cutoff radius for the force constants used in the calculations can be
securely set to 13 Bohr.

It turns out, that the self-energy is especially hard to converge
against the q-grid density. Grid sizes of 12× 12× 12 in PbTe or even
16× 16× 8 in Bi2Te3 show that the An

q-matrices are hard to interpolate
in inverse space. Also, the thermal conductivity calculated from these
values saturates only for these very dense q-grids. Such a very dense
q-grid corresponds to a very large effective supercell for which the
calculation is performed. The convergence of the thermal conductivity
only for the very largest effective supercells is reminiscent of the
saturation of the thermal conductivity with respect to the cell sizes
needed for MD simulations (42). On the other hand, the IFCs are
easily converged in much smaller cells. This is a hint, that the bare
interactions between the nuclei are very well localized in most systems,
but their impact on the effective phonon motion is long-ranged. The
advantage of many-body theory over MD simulations would then be
explained by the fact that the MD simulation must use DFT in the
effective supercell, while many-body theory can resort to supercells
not much larger than the range of the bare interaction.

The self-energy is rather easy to converge, compared to the spectral
density, and is smoothely dependent on the input IFCs. The spec-
tral density is not: as the phonon frequencies and the positions of
the peaks of the self-energy vary, the spectral density changes in a
strongly nonlinear fashion. This is reminiscent of the report of very
unstable BTE calculations with respect to changing input IFCs (294).
An example of this instability is shown in Fig. 5.4: the phonon fre-
quency is just at 4meV, which is nearby a strong change in the phonon
self-energy. Minor changes in the self-energy will have a large impact
on the corresponding spectral densities.

In order to validate the implementation, I compared the results of
my calculation with those of phono3py (271) with input IFCs from
EMT (128) or the case of aluminium, see Fig. 5.3. The two imaginary
self-energies are very similar. For PbTe, the real-part of the transverse-
optical (TO) phonon self-energy at the Γ-point (Fig. 5.4) is almost
identical to the result of Ref. (155) (with calculation parameters in
Appendix N).

5.2.5 Comparison to molecular dynamics

Beyond comparing similar implementations of the self-energy calcu-
lations, I also aimed at comparing the calculated spectral densities S
against results from MD. The MD simulations have been performed
with the ASAP3 calculator from ASE. To compare the spectral densi-
ties, recall the spectral theorem Eq. (2.18) that relates the phonon
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Figure 5.1: Self-energy of aluminium at the X point at 300K. The number of
Legendre polynomials nmax varies from (a) 100, (b) 250, (c) 500

and (d) 2000.
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Figure 5.2: Self-energy of aluminium halfway between Γ and X point at 300K.
The cutoff radii for the force constants are (a) 13B, (b) 15B and (c)
18B.
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Figure 5.3: Imaginary part of the self-energy, calculated and beyBol and
phono3py, respectively. beyBol expands the δ function of D3, while
phono3py uses tetrahedron integration. For completeness also the
real part is shown. The calculations have been performed at 900K.
The two imaginary part curves are multiplied with -1.

Figure 5.4: PbTe real part of the self-energy of the (ferroelectric) transverse-
optical (TO) phonon at the Γ point. My calculation parameters
can be found in Appendix N.
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Figure 5.5: Comparison of the spectral density trace elements (for mode one,
two and three) of two different q-points between the spectral
density computed from an MD run and the spectral density
computed from many body theory. The red and orange curves
are identical, by symmetry. The material is aluminium (EMT) at
900K. The logarithm of the spectral density is plotted. Only the
peak-region is important for the calculation of the lattice thermal
conductivity. The red dashed lines denote the phonon frequencies.

displacement autocorrelation function to the spectral density of the
phonons

〈Ûqν(t)Û−qν′(t′)〉 = h̄−1
∫

R
dE

Sqνν′(E)
exp(βE)− 1

exp(− i
h̄
E(t− t′)),

(5.29)

where the left side can be calculated from MD, and can then be
compared to the result from many-body theory (the constant term d is
zero in this case, see Appendix C). By inverting the spectral theorem,
I obtain two spectral densities. The spectral density encodes all the
information about the phonon motion. At high temperatures the two
spectral densities are almost identical, see Fig. 5.5.
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As the comparison shows, the qualitative similarity is crushing,
but the spectral densities are not perfectly identical. While I tested
for size-convergence, I assume that the slight difference between the
equipartition distribution of phonons in MD and the Bose-Einstein dis-
tribution in many-body theory mainly causes the discrepancy. It might
also be because higher terms of the constant self-energy contribution
have been neglected, or that the MD with its friction parameters can
never give the exact same result, no matter how small the friction is.
An alternative to be checked is, whether a simulation using TDEP may
resolve the discrepancies. As you will see, the correction to the BTE
calculation is too small to be found with such a 3% difference between
the spectral densities in both approaches, such that a direct compari-
son between the thermal conductivity results of MD and many-body
theory will not test the BTE correction (which I aimed at, first).

5.2.6 Self-consistent phonon theory

In very anharmonic materials, such as PbTe, the direct application
of first order perturbation theory may fail, when the self-energy of
the phonon does not just slightly change the phonon energy. In PbTe
for example, the direct application of first order perturbation theory
leads to an instability of the crystal for temperatures larger than 238K.
This is due to a large constant self-energy contribution, see Fig. 6.2.
The impact of thermal expansion has been neglected, see also Sec. 6.1.
To overcome this, I used self-consistent phonon theory (SCPT) (see
also Sec. 2.2.7). In SCPT, a self-consistent Dyson equation is solved.
However, the true solution of the self-consistent Dyson equation, that
minimizes the free energy of the system (251) is very hard to find in
a realistic system (262). Therefore, I rely on the principle of adiabatic
continuity (6): The dynamical matrix of the system is first calculated at
0K. The self-energy is calculated and the dynamical matrix is changed
to become the effective dynamical matrix. Then, the temperature is
increased by a step δT, and the equation is iterated once. This iteration
is performed to high temperatures. The results of the phonon bands
become reproducible for small enough temperature steps. The phonon
bands created by this procedure may not be the correct physical ones
of the real system as structural transformations, and volume changes
have not been considered.

I sum up the algorithm: In order not to recompute the vertex func-
tions ϕ in every step, the calculation is performed on a predefined
q-grid.

1. Compute all values of ϕ on a defined q-grid.
2. Start at a very small temperature (preferably 0K).
3. From the harmonic dynamical matrix, compute the constant part

of the self-energy.
4. From this self-energy, generate an effective dynamical matrix De.
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5. Compute the self-energy for this effective dynamical matrix and
update De.

6. Store De together with the temperature.
7. Increase the temperature by δT.
8. Update De for the new temperature, by computing the new

self-energy from the last effective dynamical matrix for the new
temperature.

9. Jump to step 6, and repeat until a maximum temperature Tmax
is reached.

Even in this case, the phonon bandstructure might show instabili-
ties. In this occasion (that happens in our examples only in bismuth-
telluride), the bandstructure is interpolated on a denser than the
original q-grid. On q-points, where the dynamical matrix has negative
eigenvalues, a similar, but stable dynamical matrix is constructed as
follows:

1. Calculate all the eigenvalues of the dynamical matrix.
2. If an eigenvalue is negative, take the absolute value of the eigen-

value.
3. Reconstruct a new dynamical matrix.
4. Symmetrize D to find an effective dynamical matrix with the

correct symmetry. (This uses the algorithm of Sec. 5.2.2.)
5. Jump to step 1 for the effective dynamical matrix, until the matrix

has not been changed anymore.
From the set of effective dynamical matrices, new force constants are
reconstructed in a larger effective supercell. These force constants can
then be used in the calculations. Another option to obtain better, more
physical bands, is given by a smooth interpolation scheme, proposed in
Ref. (39). Even more physical would it be to resort to density functional
perturbation theory to find the harmonic force constants on a dense
q-grid (16), or the use of TDEP. The implementation of self-consistent
phonon theory in beyBol is parallelized via the message-processing
interface (MPI).

5.3 calculation of the thermal conductivity

This section will be concerned with the calculation of the correction
term to the thermal conductivity, arising from second order perturba-
tion theory.
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5.3.1 Multiplication scheme optimization

In order to calculate the correction term efficiently, the first step is to
examine the resulting terms. One of the 32 contributions is

1
h̄6N2

pΩ2
c

∫
R

dE ∑
{qν}

(−144E1π(E0 + E1)) Ji
1(q0, ν0;−q0, ν1)×

J j
1(q0 + q1, ν2;−q0 − q1, ν3)×

v3(q0, ν4; q1, ν5;−q0 − q1, ν6)×
v3(q0 + q1, ν7;−q1, ν8;−q0, ν9)×
Sq1,ν1,ν5(E1)Sq1,ν8,ν0(E1)×

Sq0,ν9,ν4(E0)n
(1)
B (E1)nB(E0)×

Gq0+q1,ν3,ν7(E0 + E1)×
Gq0+q1,ν6,ν2(E0 + E1).

Two things must be noted here. First, the evaluation of the integrand
requires to sum up to 10 indices. The summation of all indices at
a time would of course scale to order 10 in the number of degrees
of freedom of the unit cell, ndof. To reduce the work needed for a
tensor summation is, however, a very common problem in condensed
matter physics (17, 46, 47, 117, 118). In fact, there are implementations
available such as the iTensor package (76), but these turn out not to
be flexible enough to cover all tensor multiplication cases that occur in
this work (especially when more than two objects carry an index, as
in the case of the self-energy calculation). To minimize the workload, I
implemented a (slightly generalized) version of an algorithm described
in Ref. (219), that maximally reduces the number of operations, using
a branch-and-bound technique (122) (which is necessary as the tensor
network multiplication problem is NP-hard).

To further reduce the workload in the integration routine, transposi-
tion operations for the occuring tensors in the calculation have been
minimized automatically by penalizing transpositions in the branch-
and-bound algorithm, which further increases the performance of the
final routine.

The term forms a convolution in the energy arguments, as it can
be written as g(E1)h(E1 + E2)k(E2). This is true for all terms of sec-
ond order, and the reason is that in the BO approximation the ver-
tex functions do not depend on the energies (which means that the
phonon-phonon interaction is approximated as instantaneous). In or-
der to integrate a convolution, it is possible to fast-Fourier-transform
(FFT) all the occurring functions. Because the spectral densities and
propagators that occur in the calculation have a strongly varying char-
acter around the phonon energy h̄ωqν, the number of points needed
per energy axis in the energy integration is NE = O(1000). The FFT
reduces the workload for the integration of both energies from O(N2

E )
to O(NE log(NE )) (which turns out to be practically linear). Thereby
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I won a crucial speed-up of a factor of 1000 that only enables the
calculation of the correction to the BTE.

In order to take advantage of all these in the numerical integration,
and avoid typos and coding mistakes, the code for the integrand
is written automatically. The code-writing routine proceeds in the
following steps:

1. Split every term into four components, dependent on E1, E2,
E1 + E2 and those objects independent of all of that.

2. For each energy dependent component, take energy-independent
objects to minimize the number of indices.

3. Optimize the multiplication scheme for each component, and
evaluate each object for all energy values on an equidistant grid.

4. Fourier transform each energy-dependent component (where
the component that depends on the sum of energies is inversely
transformed to the others), such that the Fourier transformed
objects depend on a parameter x.

5. Optimize the multiplication scheme for the objects that are left.
6. Find objects that have to be calculated for more than one term

and make sure they are created only once.
7. Multiply them for each Fourier argument x, and take the sum.

In this way, the overall complexity of the evaluation of the integral is
reduced to O(NqNE log(NE )n2

dof + NqNEn4
dof) (Nq being the number

of sets of {q1, q2} points that are evaluated).
Further performance gains are obtained by the use of Just-in-time

BLAS code and batched matrix multiplication routines (127). An addi-
tional speed-up is optionally obtained by using the DPA, which leads
to an overall complexity of O(NqNE log(NE )n2

dof + NqNEn3
dof) and is

very important for systems, such as Sn4Se4 or C3B12.
The whole integration is then performed by using the suave or vegas

routine from the integration library CUBA (101), that use stratified and
importance sampling techniques (226, 237). The routines interpret the
energy integrated term above as the integrand of a 6-dimensional
integral over the set {q1, q2}. The selection of point-sets {q1, q2} is
left to the CUBA library.

5.3.2 Using symmetry

The transformation rule for any space-group rotation of the crystal S
for the thermal conductivity is given by

κ = SκST, (5.30)

which is true, because the thermal gradient transforms like any normal
vector ∇T → S∇T. In other words, the thermal conductivity must
commute with all space-group rotations of the crystal. To assure the
calculated tensor fulfills this property, I use the same algorithm as
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for the matrices An
q (see Sec. 5.2.2). For example, for any fcc crystal

the thermal conductivity can be written as κij = αδij, where α is a
constant.

To further simplify the calculation, I used the fact that the correc-
tion integrand transforms under space-group operations {q1, q2} →
{Sq1, Sq2}, as a normal tensor (as every element in mode basis is in-
variant under this transformation, except for the heat-flux operators).
This means, that the final result can also be obtained by restricting
the integration of q1 to the irreducible wedge of the Brillouin zone.
Then the result κ I of this wedge and the full result are related via
κ = ∑S Sκ IST.

To restrict the integration to the irreducible Brillouin zone is, how-
ever, not as simple as for usual grid-sums (where the equivalence of
two {q1, q2} can be tested easily). These grid-sums are not preferable
for integrations in 6 dimensions, as the error of the integral scales
like O(N−1/3

q ), while that of quasi-Monte-Carlo integration scales like
O(N−1

q log(Nq)6) (29, 189, 284). As a result, it is preferable to combine
the quasi-Monte-Carlo integration technique with the restriction of
the integration region, which is possible as follows: I construct the
polytope of the irreducible Brillouin zone of the crystal. For this, I
implemented an algorithm explained in Ref. (131) (using Minkowski
reduction (195)). Then, the integrand is set to zero, if q1 does not lie
inside the polytope of the irreducible Brillouin zone.

The use of this technique is optional. The reason is, that the vari-
ability of the integrand near the boundary of the irreducible Brillouin
zone causes the integration routine to use significant resources trying
to resolve the actual contribution from this region. Many times the
integrand is a smooth function of {q1, q2} if q1 is not restricted and
therefore it is only beneficial to use the above method if the adaptive
slicing of the suave-routine exactly isolates the irreducible Brillouin
zone, which is, for example, the case in orthorhombic system, such
as Sn4Se4. It might be possible to find a continuous map of the irre-
ducible Brillouin zone polytope on the unit cube, in which case this
technique would always be beneficial as the CUBA library integrates
only on unit-cubes.

5.3.3 Convergence tests and validation

The implementation was again tested for Al against the phono3py-
code (272), which uses the relaxation time approximation and the
linearized Boltzmann transport equation (38). Additionally, the unit-
cell of aluminium was chosen to have either one or two nuclei, and
the results for the thermal conductivity have been compared. While
these two descriptions of the same system must, of course, lead to
the same results, all calculation steps are completely independent,
starting from the calculation of the IFCs. The result for the thermal
conductivity computed by beyBol is independent of that, see Fig. 5.6.
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Figure 5.6: Comparison of the thermal conductivity of aluminium calculated
with one (red) and with two (green) atoms in the unit cell. The
thermal conductivity ± the uncertainty of the integration routine
is denoted by a rhombus. The full symmetry of aluminium is not
enforced for the two-atom case, which is why different directions
have different values (that are almost identical as expected).

Additionally, the thermal conductivity is isotropic in both cases, as
expected. Therefore, the definition of the unit cell in beyBol does not
affect the final calculation result.



6
A P P L I C AT I O N S

In this section, I want to show and discuss the application of the pre-
viously introduced theory and implementation. The numerical results
of my work are presented material by material. First, the phonon
propagator is shown, with a discussion on what approximations have
been used to obtain the results, and then the thermal conductivity
calculations are presented and compared to available literature. The
results for the second-order correction are summed up in Sec. 6.8. The
calculation parameters, necessary to reproduce the results, are tabu-
lated in Appendix N. To relax the crystal structures, I used the BFGS
algorithm of FHI-aims, relaxing lattice vectors and nuclei positions
together. All IFCs have been computed using a finite-displacement ap-
proach. For all materials, DFT calculations have been performed, using
the PBEsol functional. For PbTe, I additionally performed calculations
using the LDA functional.

6.1 lead telluride

PbTe is one of the most often used thermoelectrics and has been
studied for a long time (66, 149). It crystallizes in the fcc structure. PbTe
has been reported to show characteristics of a ferroelectric instability
(7, 26, 60, 185) similar to germanium telluride (54). This is due to the
second-order Jahn-Teller effect (129, 154, 239, 265). PbTe is known to
have a high Grüneisen parameter (149). The Grüneisen parameter
describes the impact of the volume change of the crystal lattice on its
vibrations. Also, quartic anharmonicity has been reported to play a
crucial role (291).

In my calculations, the thermal expansion of the material was not
considered. The self-energy has been calculated with first-order pertur-
bation theory (Sec. 5.2.1) and SCPT (Sec. 2.2.7). The calculation of the
renormalized phonon bands with SCPT has been performed both with
LDA and PBEsol (see Appendix O). Harmonic phonon frequencies as
a function of q are shown in Fig. 6.1. The SCPT renormalized phonon
frequencies as a function of q at 238K are shown in Fig. 6.2. Note
that SCPT includes the zero-point motion of the nuclei, so that the
harmonic phonon bands are not identical to the 0K SCPT bands, even
though they are very close. With the phonon dispersion and third
and fourth-order IFCs, I calculated the phonon spectral densities (Sec.
5.2.1), which are presented for PBEsol without SCPT in Fig. 6.3. The
thermal conductivity has been calculated using the BTE as a function
of temperature for different approximations to DFT and the self-energy
and is presented in Fig. 6.4.

79
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Figure 6.1: Harmonic phonon band structure of PbTe (with PBEsol). Born
effective charges have been included as calculated in Ref. (255).

In Fig. 6.1 one can see, that the harmonic phonon frequencies in
PbTe are always real. In Fig. 6.2 this is also the case for the SCPT
phonon bands at 238K. However, in Fig. 6.2 it can be seen, that the
frequency of the acoustic phonon modes at the X point undergoes a
large renormalization and is almost zero. This is due to strong fourth-
order IFCs that lead to a large constant part of the self-energy Σc

q.
Using first-order perturbation theory, this leads to negative eigenval-
ues of the effective dynamical matrix D(q)− Σc

q at X for temperatures
above 238K. This means, in first-order perturbation theory, the crystal
structure is predicted to be unstable above 238K, and so this level
of theory cannot be used for calculations. Using SCPT, the phonon
frequency of the acoustic mode at the X point increases again for
temperatures above 238K. For comparison, a calculation of the SCPT
band structure using LDA gives a similar behavior for the acoustic
phonon frequency at the X point, becoming imaginary for tempera-
tures larger than 224K in first-order perturbation theory. In order to
compare first-order perturbation theory with SCPT at temperatures
above 238K (using PBEsol), I discarded the constant contribution to
the self-energy Σc

q in first-order perturbation theory. This is a rather
crude approximation, as Σc

q is large. Nonetheless this approximation
was used before, for example in Ref. (155).

In Fig. 6.3, the trace of the spectral density matrix TrS is depicted
as a heat-map depending on the energy E and the crystal momentum
q plotted along the standard ASE bandpath (i.e. the bandpath that
is suggested by ASE (151) for this type of crystal structure). The
harmonic phonon frequencies are shown as red lines in the same plot.
Large values of TrS are visible as bright areas and reflect renormalized
phonon frequencies. TrS is larger if the phonon lifetime is larger. I
call this type of plot a spectral density plot, and it will be shown for all
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Figure 6.2: Phonon band structure of PbTe (using PBEsol) at 238K calcu-
lated with SCPT. Born effective charges have been included as
calculated in Ref. (255).

presented materials. For Fig. 6.3 I used first-order perturbation theory.
Recall that I discarded the constant contribution to the self-energy Σc

q.
It can be seen, that the phonon lifetimes decrease with temperature.
This is expected as larger occupation numbers of the phonons tend to
increase the scattering rates. The scattering is especially strong for the
high-energy phonon modes, as they tend to have a larger scattering
phase space. At 800K, TrS does not show a well-localized maximum
for these high-energy modes anymore, and these modes lose their
band-like character.

Additionally, the renormalized phonon frequencies increase with
the temperature. At this level of theory this is expected as well: The
real part of the self-energy is the Kramers-Kronig transform of the
imaginary part

ReΣ(E) = 1
π
P
∫

R

ImΣ(E ′)
E ′ − E dE ′ = 2

π
P
∫ 0

−∞

E ′ImΣ(E ′)
(E ′)2 − E2 dE ′

where I used that the imaginary part of the self-energy is an odd
function of the energy. For negative E ′, the imaginary part is positive.
The absolute value of the imaginary part tends to be larger for energies
higher than the maximum phonon frequency of the system, as can be
seen in Figs. 5.1, 5.2 and 5.3. As higher energy excitations tend to have
a larger scattering phase space, the real part of the self-energy tends to
be negative. This tendency can be observed for the TO phonon mode
at 300K, as presented in Fig. 5.4. The renormalized phonon frequencies
are the square root of the eigenvalues of the effective dynamical matrix
D(q)−ReΣv

q(h̄ωqν), and therefore tend to be larger than the harmonic
phonon frequencies. As the imaginary part increases with temperature,
the renormalized phonon frequencies increase as well.
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In inelastic neutron scattering measurements, a satellite has been
found below the minimum of the TO-phonon mode at Γ for 300K
(60). It has been reproduced using TDEP (155, 238), but is not seen
in my calculations. In TDEP, effective third-order IFCs are obtained
by a fit to an MD trajectory. As the nuclei are displaced from their
equilibrium positions along the MD trajectory, the fitted IFCs also
contain the influence of higher-order IFCs. They are therefore different
from the IFCs obtained through the finite-displacement approach. As
especially the fourth-order IFCs are large in PbTe, it is reasonable to
expect a significant impact on the effective third-order IFCs already at
room temperature. Additionally, the spectral density is sensitive for
the small changes in these IFCs especially in the TO phonon mode
at Γ, depicted in Fig. 5.4: As the TO phonon frequency is near the
self-energy peak position, small differences of one of the two may
have a large impact on the spectral density. It is therefore reasonable
that the spectral densities calculated with IFCs from TDEP and a
finite-displacement approach show different qualitative behavior at Γ.
These qualitative deviations of the spectral densities do not impact,
however, the main conclusions of this thesis, see Secs. 6.8 and 7.

With the spectral densities, I calculated the thermal conductivity
using the BTE as a function of temperature. The results are presented
in Fig. 6.4. Experimental results are taken from Ref. (213). The thermal
conductivity is isotropic, as PbTe crystallizes in an fcc structure. To
investigate the effects of the exchange-correlation functional on the
computed conductivity, Fig. 6.4 shows SCPT results for PBEsol and
LDA. Additionally, the conductivity is presented in a calculation with
PBEsol without SCPT and discarding Σc

q, to compare to calculations
from the literature with the same approximation to Σ (255). This
result is in good agreement with other ab initio calculations (255)
and experiments (233, 259). The SCPT calculations underestimate the
thermal conductivity.

Comparing the LDA and the PBEsol calculations for low tempera-
tures, one can see that the LDA results are significantly smaller. It is
reasonable to assume that this is caused by higher phonon frequencies
obtained by the PBEsol approximation. These higher frequencies are
not obtained due to different equilibrium volumes of the unit cell, as
these were identical for both LDA and PBEsol. Note that I did relax
the lattice vectors for both cases independently. The significant differ-
ence between the results for the conductivity is still reasonable, as the
conductivity shows a strong dependence on the input IFCs (294), and
minor differences in the IFCs due to different exchange-correlation
functionals are plausible. At larger temperatures, the renormalized
phonon bands are in closer agreement and the results for the conduc-
tivity are also more similar.

The PBEsol calculation without SCPT and discarding Σc
q leads to re-

sults that are closer to experiment than those that utilize SCPT (which
includes the effect of Σc

q). However, neglecting the constant contri-
bution Σc

q is a crude approximation, as it has a large impact on the
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Figure 6.3: Renormalization of the phonon bands in PbTe for (a) 100K, (b)
300K and (c) 800K. The red line corresponds to the harmonic
phonon dispersion. As a decoration, the logarithm with base 10

of the trace of the spectral density matrix in the mode basis is
presented as background color. The value corresponds to the value
depicted by the colorbar on the right. SCPT has not been used
and the constant part of the self-energy Σc

q has been neglected.



84 applications

Figure 6.4: Lattice thermal conductivity as calculated with the BTE by differ-
ent types of calculations: PBEsol with SCPT (red symbols), LDA
with SCPT (blue symbols), and PBEsol without SCPT and discard-
ing Σc

q (yellow symbols) compared to experimental results from
Ref. (213) (green symbols). Note that LDA and PBEsol with SCPT
could not be used for calculations at 400K, as the renormalized
phonon band structures showed instabilities.

renormalized phonon frequencies. I expect that either the constant con-
tribution Σc

q is reduced by higher terms in the perturbation expansion
of the self-energy, or compensated by the thermal expansion.

The common 1/T behavior of the thermal conductivity for large
temperatures (229) is recovered for PBEsol without SCPT and Σc

q,
for all temperatures and by experiment up to 700K, while the SCPT
calculations do not. This is another hint, that SCPT is yet not enough
to quantitatively model the phonons in PbTe at higher temperatures.
Also, the SCPT phonon bandstructures of LDA and PBEsol both show
instabilities at 400K, so no conductivity calculation was performed for
this temperature. Between 700K and 800K there is an increase of the
thermal conductivity in the SCPT calculations and experiment.

The second-order correction to the lattice thermal conductivity is of
the size of 10−3W/mK, independent of the temperature. Therefore, it
has negligible effect on the thermal conductivity of PbTe. As this is a
common finding in all materials studied in this thesis, I will reason in
Sec. 6.8 why this is the case. PbTe is a role model for materials that are
strongly anharmonic, simple in structure, and containing heavy atoms.
I therefore expect that also other materials of this kind are unlikely to
have a large second-order contribution.

In future work, it could be interesting to consider the impact of
disorder, as for example thallium impurities have been reported to
enhance the power factor (115). Also alloying can increase the thermo-
electric performance further (149). Intrinsic defects can, on the other
hand, decrease the thermal conductivity (75).
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6.2 bismuth telluride

Bi2Te3 and other Bi-chalcogenides possess a special layered topological
structure. They are of interest for superconducting, thermomagnetic,
and of course, thermoelectric applications (179, 184, 197, 299). Bi2Te3 is,
together with its alloys with Bi2Se3 and Sb2Te3, the thermoelectric with
the highest performance at room temperature (264, 290). Due to its
importance for applications, the electronic and vibrational properties
have been investigated in detail (182, 258). The thermal conductivity
was measured (78, 90, 243) and computed using GK-MD simulations
(123).

In Fig. 6.5 a unit cell of Bi2Te3 is depicted, showing the characteristic
layered structure. The Bi atoms are enclosed between Te atoms in
each layer. Below this the Brillouin zone (BZ) of Bi2Te3 is presented,
with the bandpath (in red) that was used to create other plots in this
section.

In Fig. 6.6, the absolute values of the phonon frequencies as a
function of q are plotted along the ASE bandpath, presented in Fig. 6.5.
It exhibits a set of phonon bands with lower energy that is separated
by a gap from higher energy phonons, already reported in Ref. (258).
Other characteristics of this calculation also match those reported in
Ref. (258): The maximum phonon frequency is comparable and the
maxima of the phonon frequencies are at the same high-symmetry
points (Z and Γ). The group velocities of the phonons are in general
quite small, except near the Γ point. However, in my work, one can
see along the Γ-Y path near Γ, that the absolute frequency reaches
zero not exactly at Γ. This part of the bandpath is not presented in
Ref. (258). One eigenvalue of the dynamical matrix is negative for
some q values along this path, at this level of approximation. This
however means, that the crystal is not stable against distortions and
it is not possible to study an unstable crystal system with many-
body theory. To obtain this result I used the PBEsol functional, but
it also appeared in LDA calculations and with different calculation
parameters. Because of the importance of Bi2Te3 I decided to continue
with the calculations in the following way. I chose to manipulate the
phonon bandstructure of Bi2Te3 using the algorithm presented in Sec.
5.2.6. In Fig. 6.7 the resulting phonon frequencies are presented using
an effective supercell of size 5 × 10 × 10. The instability near Γ is
gone, and the bandstructure changed minimally. However, this new
dispersion does not exhibit the characteristic linear dispersion of the
acoustic phonon modes near Γ. Nonetheless, this dispersion can be
used for calculating the thermal conductivity with the BTE and the
second-order correction, to see whether the second-order correction
has an impact.

Based on this "stabilized" phonon dispersion, I calculated effective
phonon dispersions using SCPT for temperatures up to 500K. It turned
out that SCPT has no significant impact on the phonon bandstructure.
Therefore I relied on first-order perturbation theory.
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Figure 6.5: Unit cell of Bi2Te3 (top). The picture was created with VESTA
(183). Brillouin zone and bandpath used to compute the phonon
dispersion (Fig. 6.6) (bottom). Red lines denote the bandpath that
connects the high-symmetry points (red dots).

Figure 6.6: Phonon band structure of Bi2Te3 obtained with PBEsol. Note the
instability of the harmonic crystal along the Γ-Y-path near Γ.
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Figure 6.7: Phonon band structure of Bi2Te3, stabilized using the algorithm
presented in Sec. 5.2.6.

In Fig. 6.8 the spectral density plot (as explained in Sec. 6.1) of Bi2Te3
is shown for 50K and 500K. Significant broadening can be observed
especially for the higher-energy phonons, at higher temperatures. This
is as expected again because higher-energy phonons tend to have
larger scattering phase space, and because higher temperatures tend
to increase the scattering rates. In this sense, the spectral densities
exhibit a behavior very similar to those of PbTe.

In Fig. 6.9, the resulting average thermal conductivity for the in-
plane directions of Bi2Te3 is displayed, calculated by the BTE, as a
function of temperature and compared to experimental data. To the
best of my knowledge there is no other BTE calculation for the lattice
thermal conductivity of Bi2Te3 in the literature. The result slightly
underestimates the experimental values from Refs. (243, 290). This may
be a consequence of the stabilized phonon dispersion. Additionally,
the 1/T behavior of the conductivity is not met. This means, according
to Ref. (229), that the lifetimes of the phonons that carry the heat do
not significantly decrease with the temperature. There is increased
broadening of the spectral densities for the high-energy phonon modes.
Thus it can only be caused by the low-energy modes near Γ. I therefore
expect this uncommon behavior to be a result of the stabilization of
the phonon modes near Γ.

The out-of-plane thermal conductivity is overestimated (see Ap-
pendix N). The harmonic phonon dispersion can be well compared
to experiment (232). I expect scattering rates of the phonons are the
reason. These could, in my interpretation, be underestimated because
some interactions that lead to scattering of a phonon propagating
through the layers of Bi2Te3 are neglected. This is because such a
phonon is transmitted between atoms that are in a comparably large
distance. These atoms may participate in a third-order interaction that
leads to scattering. If their distance from each other is larger than the
cutoff radius, used for the calculation of the IFCs (see Appendices B.1
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Figure 6.8: Renormalization of the phonon bands in Bi2Te3 for 50K (upper
figure) and 500K (lower figure). The red line corresponds to
the harmonic phonon dispersion. As a decoration, the trace of
the spectral density matrix in the mode basis is presented as
background color. The value corresponds to the value depicted
by the colorbar on the right. Note that in this plot, values above
10000 are displayed as black.
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Figure 6.9: Lattice thermal conductivity of Bi2Te3, averaged over the in-plane
directions, calculated with the BTE (red). Experiments are shown
for comparison. Ref. [b] corresponds to Ref. (243) (green) and Ref.
[c] is Ref. (290) (blue).

and N), then this interaction is neglected. As the third-order IFCs are
the only sources of scattering at this level of approximation, this may
lead to a significant overestimation of phonon lifetimes. This argu-
ment is supported by an investigation of SnSe (156), where the lattice
thermal conductivity shrinks significantly when the cutoff radius for
the third-order IFCs is increased above a certain distance. The reason
of the high thermal conductivity in the direction perpendicular to the
layers may then be due to the fact that certain scattering processes are
not represented, as the corresponding IFCs are neglected.

Even though there is a mismatch between some theoretical expec-
tations and the result of my calculations, the predictions of the ther-
mal conductivity using the BTE are rather close to the experimental
data, and the spectral densities exhibit most characteristic behaviors.
I therefore expect that the size of the second-order correction can be
estimated.

My correction formula did not lead to a significant contribution to
the thermal conductivity in Bi2Te3. The correction is even smaller than
in PbTe, and of the size of 10−4W/mK. The result suggests that less
stiff and less anharmonic materials with less simple structure are also
unlikely to exhibit a large second-order contribution.

In future work, it should be investigated if improved force models
improve the agreement of the calculation results with experiment. The
first step would, however, be to fix the phonon dispersion with more
sophisticated methods, such as DFPT for larger supercells or TDEP.

6.3 tin selenide

Tin selenide is the best currently known thermoelectric with ZT =
2.6 (301), due to its extremely low lattice thermal conductivity. The
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origins of the extreme anharmonicity in SnSe are discussed in Ref.
(156). SnSe crystallizes at low temperatures in an orthorhombic Pnma-
structure (Sn4Se4), and at higher temperature in Cncm (Sn2Se2), with
higher symmetry. My calculations have been performed for the low
temperature phase.

In Fig. 6.10 the unit cell of this low temperature phase of SnSe is
depicted. Sn4Se4 exhibits a layered structure similar to that of Bi2Te3.
The layered structure can not be seen, because a top view is shown.
Below this, the BZ of SnSe is depicted, which is a cuboid, as the
crystal structure is orthorhombic. The bandpath is presented as a red
line, which encircles in this case exactly the irreducible BZ of the
Sn4Se4. Below this, on the bottom, the phonon frequencies of Sn4Se4
are depicted as a function of q plotted along the bandpath, in the
harmonic approximation. The phonon bandstructure is reminiscent of
Bi2Te3, in that there are higher and lower energy phonon modes that
are separated. However, in Sn4Se4 no gap in the phonon density of
states is observed. In this approximation Sn4Se4 exhibits larger phonon
frequencies than PbTe and Bi2Te3.

State-of-the-art calculations (156) rely on inelastic neutron scattering
measurements of the phonon band structure and a fit of effective
temperature dependent IFCs. The effect of the temperature dependent
phonon dispersions and thereby strongly affected phonon scattering
rates must be considered for a quantitative analysis of SnSe.

In my calculations, the thermal expansion has been neglected. I tried
to study the self-energy in Sn4Se4 with SCPT as well as first-order
perturbation theory. In my calculations, the renormalized phonon
frequencies in SCPT rapidly increased with temperature, so that the
maximum phonon frequency doubled already at 300K. I expect, as in
PbTe, that either the constant contribution Σc

q is reduced by higher
terms in the perturbation expansion of the self-energy, or compensated
by the thermal expansion. As the increase of the renormalized phonon
frequencies is too drastic to be considered reasonable, I resort to first-
order perturbation theory and discarded the constant contribution to
the self-energy Σc

q. This is a severe approximation.
The resulting spectral density plots are presented in Fig. 6.11 for

100K, 300K, and 800K. One can see very broad spectral densities
already at room temperature. At 800K, some phonon bands get so
broad that they cannot be distinguished from others anymore.

In Fig. 6.12, the in-plane thermal conductivity predicted by the BTE
is shown as a function of the temperature. There is a rather close
quantitative agreement between the experimental results and the cal-
culation. Because of the approximations, this might be coincidence.
Note that in a similar study (156), it was found that the thermal con-
ductivity is further reduced, if a larger cutoff for the third-order IFCs
is used. This may lead to a still better agreement between experiment
and calculation.
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Figure 6.10: Unit cell of Sn4Se4 (top). Brillouin zone and bandpath used to
compute the phonon dispersion (middle). Red lines denote the
bandpath that connects the high-symmetry points (red dots).
Harmonic phonon band structure of Sn4Se4 (bottom).



92 applications

Figure 6.11: Renormalization of the phonon bands in Sn4Se4 for (a) 100K, (b)
300K and (c) 800K. The red line corresponds to the harmonic
phonon dispersion. As a decoration, the logarithm with base 10

of the trace of the spectral density matrix in the mode basis is
presented as background color. The value corresponds to the
value depicted by the colorbar on the right.
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Figure 6.12: Lattice thermal conductivity for the in-plane directions (as
shown in Fig. 6.10) in Sn4Se4 calculated with the BTE (red)
and compared to experiment (green). Experimental data from
Ref. (301).

Similar to Bi2Te3, the thermal conductivity in the out-of-plane direc-
tion is overestimated. One can see in Ref. (156), that the anisotropy of
the thermal conductivity significantly depends on the third-order IFC
cutoff radius. I therefore assume that certain important third-order
IFCs have been neglected in my calculation, and this leads to this
overestimation. Nonetheless, this calls for future work, using more
sophisticated force models and larger simulation supercells.

In total, there is a good qualitative agreement with experimental
(301) and other theoretical work (156). Therefore it seems reasonable
to assume, that the order of magnitude of the second-order result
should be reliable.

Looking at Fig. 6.11 again, one can see, that the spectral densities
exhibit large values for large regions in (q, E)-space. When I then
recall a contribution to second-order, such as Eq. (4.30), it is likely that
there are regions, where all contributing functions in the product are
large. However, the second-order correction in Sn4Se4 is never larger
than 2 · 10−3W/mK. This hints that the correction does not increase in
bad thermal conductors. As even one of the most anharmonic crystals
known today does not exhibit a significant contribution, it seems
unlikely that very anharmonic systems will.

6.4 boron carbide

Boron carbides are candidates for thermoelectric applications at high
temperatures (188, 240, 288). From the manifold of possible configu-
rations, I choose the stiffest boron-carbide, B4C (176). In Fig. 6.13, it
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Figure 6.13: Unit supercell of B4C (top). On the left, the lattice vectors are
indicated. Brillouin zone and bandpath used to compute the
phonon dispersion (middle). Red lines denote the bandpath
that connects the high-symmetry points (red dots). Harmonic
phonon band structure of B4C (bottom).
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is shown that it crystallizes in a rhombohedral structure, B12C3 (176),
where the boron atoms form icosahedra, while the carbon atoms form
a line of three. Below this, the BZ is presented including special points
and the bandpath. Below this, the phonon frequencies are presented
along these bandpaths.

Because of the structure many symmetrically distinct IFCs are in-
cluded already at low cutoff-distances. The fit of the IFCs using ALM

turned out to be very memory consuming, and I had to resort to small
cutoff-distances of the third-order IFCs (6 B). The maximum phonon
frequency of B4C is very large. Many high-energy phonons have a
frequency that only slowly varies as a function of q. To compute the
self-energy, I used first-order perturbation theory. As fourth order
force constants were not fitted, the constant contribution Σc

q could not
be calculated.

The spectral density plots are displayed in Fig. 6.14 for 300K and
600K along a small part of the bandpath. Note the wiggly behavior of
the renormalized acoustic phonon frequencies near Γ. This seems to be
a sign of a not fully converged self-energy. To calculate the self-energy,
within the DPA, I used 30000 core hours. Also the spectral density of
the highest-energy phonon mode exhibits an unusual structure with
many peaks and valleys. In my opinion, this also hints at convergence
problems. These might also be caused by the large maximum phonon
frequency of the material - as then more Legendre polynomials are
needed to accurately model the self-energy. However, the spectral
density remains positive for all (positive) energy arguments. The
broadening of the spectral densities grows with temperature. This is,
as for the other materials, expected.

In Fig. 6.15, the average of the trace elements of the lattice thermal
conductivity calculated with the BTE is presented as a function of the
temperature. The predicted thermal conductivity is underestimated.
This could be a consequence of the underconvergence issues described
above. As all lattice directions lead to very similar results of the
conductivity, I plot the mean value of the trace elements of the thermal
conductivity. The typical 1/T behavior is reproduced by the simulation.
Despite slight fluctuations of the BTE result, the order of magnitude
of the second-order contribution should be trustworthy.

The second-order contribution is significantly larger in B4C than in
any other investigated material, with up to 3 · 10−2W/mK. Nonetheless
this is negligible compared to the BTE. B4C is a material made up of
light atoms in a complex unit cell, that has high phonon frequencies.
This may hint that also these materials are unlikely to have significant
second-order contribution.

Further investigations could be performed in the future, with larger
computational resources to obtain a more quantitative assessment of
the properties of B4C. Additionally different boron carbides could be
studied.
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Figure 6.14: Renormalization of the phonon bands in B4C for 300K (upper
figure) and 600K (lower figure). The red line corresponds to the
harmonic phonon dispersion. As a decoration, the logarithm
with base 10 of the trace of the spectral density matrix in the
mode basis is presented as background color. The value corre-
sponds to the value depicted by the colorbar on the right.
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Figure 6.15: Average of the trace of the lattice thermal conductivity in B4C
calculated with the BTE as a function of the temperature (red).
Experimental data from Ref. (24) (green).

Figure 6.16: Phonon band structure of KF (PBEsol).
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Figure 6.17: Renormalization of the phonon bands in KF for (a) 100K (b)
300K and (c) 900K. The red line corresponds to the harmonic
phonon dispersion. As a decoration, the logarithm with base 10

of the trace of the spectral density matrix in the mode basis is
presented as background color. The value corresponds to the
value depicted by the colorbar on the right.
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Figure 6.18: Lattice thermal conductivity of KF calculated with the BTE
(red). Experimental data indicated by [e] is taken from Ref. (141)
(green).

6.5 potassium flouride

KF is a chemical compound that has no thermoelectric applications
nowadays. Nevertheless it is a role-model as a material with a mediocre
thermal conductivity (141) where atoms have large relative mass dif-
ferences. KF crystallizes in an fcc structure.

In Fig. 6.16, the phonon bands are presented. The maximum phonon
frequency of 56THz is moderate. I used first-order perturbation theory
to calculate the self-energy of this material. In Fig. 6.17, the spectral
density plots are displayed for 100K, 300K, and 900K. The renormal-
ized phonon frequencies grow slowly with increasing temperature.
The broadening of the spectral densities is rather small, and grows as
well. These observations are, as for the other materials, expected (see
discussion in Sec. 6.1).

In Fig. 6.18 the thermal conductivity calculated with the BTE is
presented as a function of temperature. The only reference calculation
(141), at 300K, is in good agreement. This should be, as the refer-
ence calculation was performed with PBEsol using FHI-aims (using
GK-MD). The expected 1/T dependence of the conductivity can be
observed. As all theoretical expectations are met, it is reasonable to
assume that the phonon propagator was modelled accurately. There-
fore I expect, that the correction can be calculated quite accurately. It
turns out that the second-order correction, with less than 10−4W/mK,
is also in this material negligible. We observe with this example, that
also a material with nuclei of largely different mass does not exhibit a
significant second-order correction.
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Figure 6.19: Phonon band structure of MgO (PBEsol).

6.6 magnesium oxide

MgO is a material with a high lattice thermal conductivity and low
electrical conductivity. It is stable at high temperatures and used as
refractory. It is a role model as a good thermal conductor, to calculate
the correction to the BTE at high temperatures (e.g. 3000K). MgO
crystallizes in an fcc structure.

In Fig. 6.19 the phonon frequencies are presented as a function of q.
The maximum phonon frequency of the material is large, with 128THz.
I used first-order perturbation theory to compute the self-energy in
MgO.

In Fig. 6.20, the spectral density plots for MgO are shown. The renor-
malized phonon frequencies increase significantly with temperature.
The broadening is not very large, but also increases with temperature.
Both these observations are, as for the other materials, expected (see
discussion in Sec. 6.1).

In Fig. 6.21 the lattice thermal conductivity calculated with the BTE
is presented as a function of the temperature. Another calculation
(141) with GK-MD agrees very well with the result of my calculation
at room temperature. Especially at low temperatures, the agreement of
the calculation with experiment is good. At high temperatures, there
is a discrepancy between my calculation and the experiment. This is
reasonable because the effect of fourth order IFCs on the phonon decay
is probably not negligible anymore (13, 234). The 1/T dependence can
be observed in experiment (136), but not in my BTE calculation. This
may be due to the high phonon frequencies in the material, so that the
mode heat-capacity of the high-energy phonon modes saturates only
for high temperatures.

As most theoretical expectations are met, it seems reasonable to
assume that the phonon propagator was modelled accurately in
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Figure 6.20: Renormalization of the phonon bands in MgO for (a) 300K (b)
900K and (c) 3000K. The red line corresponds to the harmonic
phonon dispersion. As a decoration, the logarithm with base 10

of the trace of the spectral density matrix in the mode basis is
presented as background color. The value corresponds to the
value depicted by the colorbar on the right.
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Figure 6.21: Lattice thermal conductivity in MgO calculated with the BTE
(red). Reference [e] is Ref. (141) (GK-MD) (green) and experi-
mental data is taken from Ref. (136) (blue).

this system. Therefore the second-order correction can be evaluated
rather accurately. Also in this material it is negligible, being less than
10−2W/mK. I conclude that also a material with a large thermal con-
ductivity may not exhibit a significant second-order correction.

6.7 failed attempts

I describe here also attempted calculations that failed. They give a
hint, what may be improved in the future.

6.7.1 Silver chloride

AgCl serves in AgCl-electrodes. These are common reference elec-
trodes in electrochemistry. AgCl can be used to manufacture pho-
tographic paper. It has no specific thermoelectric application but is
known for its low thermal conductivity.

In Fig 6.22, the phonon bandstructure in the harmonic approxi-
mation is shown. The behavior of the absolute frequencies is caused
by large intervals along the bandpath where the eigenvalues of the
dynamical matrix become negative. These intervals are so large, that
I did not renormalize the phonon frequencies, as this would mean a
drastic manipulation of the phonon band-structure.

At higher pressure, the bands of AgCl may become stable using the
harmonic approximation. But then, there is no chance to compare to
the MD calculations of Ref. (141) under normal conditions anymore.
For this reason, I did not perform further analysis for AgCl.
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Figure 6.22: Harmonic phonon band structure of AgCl.

Figure 6.23: Unit cell of La3Te4. The coordination polyhedron of a La-atom
is shown.
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Figure 6.24: Phonon band structure of La3Te4.

Figure 6.25: Renormalization of the phonon bands in La3Te4 for 300K. The
red line corresponds to the harmonic phonon dispersion. As
a decoration, the logarithm with base 10 of the trace of the
spectral density matrix in the mode basis is presented as back-
ground color. The value corresponds to the value depicted by
the colorbar on the right.



6.8 second order correction 105

6.7.2 Lanthanum telluride

La3−xTe4 is a promising high-temperature thermoelectric (280) known
to have a low lattice thermal conductivity (177). Up to 1/9 of the La
atomic positions in the crystal structure can be vacant (177) and these
vacancies can lead to increased phonon scattering. I tried to study
La3Te4.

In Fig. 6.23 the body-centered cubic crystal structure of La3Te4 is
depicted, where a coordination polyhedron of a La atom is highlighted.
In Fig. 6.24, the phonon bands are presented. To compute the self-
energy, I used first-order perturbation theory discarding the constant
contribution to the self-energy Σc

q. In Fig. 6.25, the resulting spectral
density plots are presented. They exhibit circular features, that are not
seen in other spectral density plots. This is due to a lack of convergence,
as the spectral density changes sign. This change in sign should not
occur, as it signals that the imaginary part of the self-energy has the
wrong sign which in turn means, that causality is violated.

Nonetheless, thermal conductivity calculations, using the BTE and
the correction to the BTE, have been performed (see Appendix N). The
results for the BTE are, however, unrealistically low. To investigate this
material, larger computational resources are necessary (I used 30000

core hours, with the DPA).

6.8 second order correction

The results for the correction to the BTE can be summed up as follows:
The correction to the BTE for the lattice thermal conductivity has almost

no influence in the investigated materials at any simulated temperature.
The precise numerical results can be found in Appendix N, in Tables

N.16, N.17, N.18, N.20, N.22, N.24, and N.26. The correction never
overcomes the value of 3 · 10−2W/(mK). Before performing these
calculations, I did not find an convincing argument, hinting at the
size of the correction term. In the view of the results, I may, however,
give possible reasons. Lets recall the contribution to the lattice thermal
conductivity, Eq. (4.30), from Sec. 4
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1
h̄6N2

pΩ2
c

∫
R

dE ∑
{qν}

(−144E1π(E0 + E1)) Ji
1(q0, ν0;−q0, ν1)×

J j
1(q0 + q1, ν2;−q0 − q1, ν3)×

v3(q0, ν4; q1, ν5;−q0 − q1, ν6)×
v3(q0 + q1, ν7;−q1, ν8;−q0, ν9)×
Sq1,ν1,ν5(E1)Sq1,ν8,ν0(E1)×

Sq0,ν9,ν4(E0)n
(1)
B (E1)nB(E0)×

Gq0+q1,ν3,ν7(E0 + E1)×
Gq0+q1,ν6,ν2(E0 + E1).

Three reasons, that may cause the small size of the correction, are:
• The correction term contains two integrals over energies E , and

the integrand is only non-zero within the range [−Emax, Emax].
For the BTE, there is only one such integral. For the correction
there are two. As the value of an integral is proportional to
the size of the integration region, the correction is of the order
of E2

max/Ha2, while the BTE is of the order Emax/Ha. As the
phonon frequencies are very small compared to a Hartree the
correction should be smaller.
• For the trace elements of the thermal conductivity tensor, the

integrand of the BTE is positive everywhere - which may not be
the case for the correction.
• If one assumes the virial approximation (that is supposed to

be reasonable for crystalline solids), the correction to the BTE
contains at least two anharmonic force constants. Their value in
natural units (Ha B−n) is probably much smaller than 1.

One more observation can be made: the correction is significantly
smaller in bad thermal conductors, such as SnSe. I want to give
a possible reason here: If one recalls Eq. (4.30), the integrand is a
product of spectral densities and vertex functions. In a bad conductor,
the vertex functions are larger than in a good one. But at the same time,
the scattering rates for the phonons rise (proportional to the square
of the anharmonic vertices), which leads to a stronger broadening of
the spectral densities in their peak-region. If the contribution of the
correction to the thermal conductivity is dominated by those peaks in
the integration region, then the broadening of the spectral densities
would decrease the correction to the thermal conductivity. As there are
at least three spectral densities, but at most two anharmonic vertices,
the broadening of the spectral densities may dominate the increase
of the anharmonic vertices, and therefore the correction to the BTE
is dwarfed even further in strongly anharmonic materials. This trend
would only be stopped, if further damping of the spectral densities is
no longer possible (as there are spectral moments that must be fulfilled)
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such that the contribution grows with the anharmonic vertex functions
only. This regime seems not to occur in any of the investigated crystals.

I use a simple model now, to check when the correction to the BTE
may become important. This is superior to the artificial increase of the
temperature or anharmonic IFC strength, as in this case perturbation
theory would break down. Consider a model where the spectral
density is maximally flattened with one parameter (Em)

Sq,ν,ν′(E) = cq,ν,ν′sgn(E)θ(Em − |E|), (6.1)

where sgn is the sign function. By fitting cq,ν,ν′ to the first spectral
moment, I find

cq,ν,ν′ =
2h̄ωq,νδν,ν′

E2
m

. (6.2)

This model is physical, as the behavior of the phonon propagator at
large energies is not changed:

Gq,ν,ν′(E) = cq,ν,ν′ [log(1− Em/E) + log(1 + Em/E)]
= O(E−2) for large E . (6.3)

This model is non-perturbative, and Em is not related to the maximum
phonon frequency of the system. Inserting this into Eq. (4.30) or any
other term of second-order, the scaling with respect to Em becomes

c(Em)
nE2

mE
p
mnB(Em)n

(1)
B (Em), (6.4)

where n is the number of spectral densities and propagators in the
term, which is 3, 4, or 5. E2

m comes from the integration, and E p
m from

the prefactor (p is at least 2 and at most 6). However, the p = 6
term corresponds to kinetic energy transport due to the motion of the
nuclei, which should be small, and therefore, in practice the maximum
p is 4. For small Em, the correction scales in between E−3

m and E−9
m .

In comparison, the BTE scales like E−2
m . That means, if Em is really

small, the correction becomes more important. The correction should
also matter more in this model, when the temperature is increased (as
it carries two instead of one occupation factor). Larger anharmonic
vertex functions would increase the correction in this model, as well
as larger phonon frequencies. Whether there are physical conditions
that can be described with this model is unclear, to the best of my
knowledge. Nonetheless, it shows that, mathematically, it should be
possible to obtain a large correction term.





7
C O N C L U S I O N S A N D O U T L O O K

In this work, I investigated the lattice thermal conductivity of crys-
talline solids by means of many-body theory. I was able to derive a
BTE from the definition of the lattice thermal conductivity as well as a
new second-order correction without any but the BO approximation. I
did not further approximate the phonon propagator or the heat-flux
operator to derive both formulas. To model the phonons in the crys-
tals, I calculated the phonon propagator with perturbation theory and
SCPT. The thermal conductivity was evaluated with the BTE and my
new correction for interesting thermoelectrics, PbTe, Bi2Te3, SnSe and
B4C and other materials, MgO and KF. The beyBol package that I
developed for these calculations will be available online (126).

My results show that the second-order correction is for all investi-
gated materials negligible compared to the BTE. This suggests that the
BTE is a very good approximation to the lattice thermal conductivity,
given the correct phonon propagator, because the perturbation expan-
sion constitutes an asymptotic series, and therefore it is unlikely that
higher terms of the expansion would be meaningful and significant
at a time (see Appendix F). This means that vertex corrections for
phonon thermal transport as suggested in Refs. (31) and (253) are
likely to be negligible as well, as they constitute a further approxi-
mation to the correction. This is different from electronic transport
(223). These considerations are especially applicable for the most an-
harmonic solids. This work agrees with the literature (37), stating that
more anharmonic materials generally have a lower lattice thermal
conductivity, as the correction is not larger in materials with stronger
phonon-phonon scattering. Hence, if it is possible to obtain a realistic
phonon propagator for a strongly anharmonic thermoelectric, the BTE
might well be sufficient to model the thermal conductivity, and there
is no need for numerically intense MD simulations. This may facili-
tate high-throughput calculations of the lattice thermal conductivity.
Whether it is possible to obtain the phonon propagator in strongly
anharmonic systems by numerically less intense methods remains,
however, unclear.

The materials, studied in this thesis, cover a wide range of character-
istics. The most efficient and most used thermoelectrics, known today,
have been modelled. However, what all modelled materials have in
common is, that they have rather small unit cells, so the numerical
calculations remained feasible. In future work, more complicated sys-
tems might be investigated with faster and more stable calculation
methods. Such methods might be the singular value decomposition of
tensors (for the correction calculation) (12) or fast sparse multiplication
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schemes (80, 92, 97). Also graphical processing units could be useful
(134).

Structurally disordered materials such as β-ZnSb (73) may be mod-
elled using means of many-body theory (204, 248), by introducing
additional self-energy terms to account for the disorder. In the same
spirit impurities (225) and isotope mass differences (168) may be han-
dled. The theory for lattice thermal conduction that I have developed
is additionally independent of the notion of a phonon, once the vibra-
tion propagator is known. As a result, it is probably possible to extend
the theory in the spirit of Ref. (256), but this may, as usual in science,
need a bunch of new concepts (8).

The theory considered in this thesis heavily relies on the applica-
bility of the BO approximation in solids. It is, however, known that
this approximation cannot be used for all materials, and breaks for
example in graphene (221). It would be interesting to extend the cur-
rent theory beyond the BO approximation. The calculation of the
electronic contribution to the thermal conductivity and the entangled
electron-phonon thermal transport problem are other, possible exten-
sions of this work, that would introduce the effects of electron-phonon
coupling (88).



Part III

A P P E N D I X





A
G E N E R A L D E F I N I T I O N S

In my notation I follow Giustino (88), who defines the ion index as
{κ, α, p}, where κ is the index of the nucleus in the unit cell, α is
any Cartesian direction and p is the index of the unit cell itself. The
following equations are important.

∑
ν

(
eα

κ,ν(q)
)∗ eα′

κ′,ν(q) = δκ,κ′δ
α,α′ (A.1)

∑
κ,α

(
eα

κ,ν(q)
)∗ eα

κ,ν′(q) = δν,ν′ (A.2)

(
eα

κ,ν(q)
)∗

= eα
κ,ν(−q) (A.3)

p̂α
κ,p =

√
Mκ

Np
∑
q,ν

exp
(
iq · (Rp + τκ)

)
P̂α

q,κ (A.4)

P̂α
q,κ = ∑

ν

eα
κ,ν(q)

√
h̄

2ωq,ν
P̂q,ν (A.5)

ûα
κ,p =

√
1

Mκ Np
∑
q

exp
(
iq · (Rp + τκ)

)
Ûα

q,κ (A.6)

Ûα
q,κ = ∑

ν

eα
κ,ν(q)

√
h̄

2ωq,ν
Ûq,ν (A.7)

∑
q

exp(iq · Rp) = Nδp,0 and ∑
p

exp(iq · Rp) = N∆(q) (A.8)

Here, Np is the number of unit cells, in the considered super-cell, e is
the phonon polarization and ∆(q) is a boolean asking whether q is a
reciprocal lattice vector.
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I N T E R AT O M I C F O R C E C O N S TA N T S

b.1 calculation of the interatomic force constants

The interatomic force constants (IFCs) are the derivatives of the Born-
Oppenheimer surface, see Sec. 2.1.

To obtain a reasonable approximation to the IFCs I use the density
functional theory (DFT) (48, 120, 211) and a finite displacement ap-
proach (209, 274). DFT is not guaranteed to obtain the correct physical
IFCs. It is however a standard method in modern materials science
and is usually a good model for the electronic properties of a system
(see Appendix O). The DFT calculations must run in supercells that
are a set of repeated unit cells. In these supercells some atoms are
displaced. These displacements from the equilibrium position lead to
forces on all atoms of the supercell, that can be calculated within DFT.

To obtain the IFCs I rely on Tadano’s ALM code (268), and so I follow
here the reference. Tadano defines the vector b = ∂EB

∂Φ where Φ is
the vector of IFCs. Then, the IFCs Φ are adjusted to minimize the
difference with respect to the forces calculated by DFT (FDFT):

||FΦ − FDFT||2 =

∣∣∣∣∣∣∣∣∂b
∂u

Φ− FDFT

∣∣∣∣∣∣∣∣
2

, (B.1)

and the matrix ∂b
∂u depends on the configuration u. The vector Φ is

then chosen to minimize the error with linear regression techniques.
ALM also provides a tool to choose configurations u, such that the fit
error of the IFCs is minimized and the symmetries of the IFCs are
taken into account (ALMs suggest method). I interfaced my code with
the ALM system and used the atomic simulation environment (ASE)
(151) to generate input files and read output files for the DFT code
FHI-aims (21, 105). More explicitly, the geometry.in file is written,
and the aims.out file is read. After the DFT calculations have been
performed, the forces are read from the aims.out file, so they can be
used by ALMs optimize method to obtain a list of IFCs. This list of IFCs
is written into input files for the beyBol system.

To reduce the number of necessary DFT calculations, the symmetry
of the crystal is exploited (see Appendix B.2) and assumptions are
made about the IFCs: IFCs of order 3 and higher are not taken into
account, if the distance between the interacting atoms is larger than a
cutoff distance rmax, depending on the atom types in the interaction. A
further reduction of the number of calculations is achieved by limiting
the interactions to a number of mo particles (for each order of the IFCs
independently), where mo can be lower than the order of the respective
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IFC. The information about the cutoff-distances and excluded multi-
body interactions is called the force model of the calculation. The
parameters of the force model have to be converged with respect to
the self-energy and thermal conductivity, which can lead to a large
number of DFT calculations, especially in complex, low-symmetry
crystals. The computational expense of the DFT calculations easily
outweighs all forthcoming calculations. As the same IFCs that my
system needs are necessary to evaluate the BTE in the RTA, I conclude
that my system is computationally only marginally more expensive
than the older BTE.

An alternative approach to calculate the IFCs of a crystal is given
by density functional perturbation theory (16, 58, 91), which has not
been used in this work. In most implementations, only second order
IFCs can be calculated (VASP (98), siesta (81), FHI-aims (21)) and only
the d3q package (212) of QuantumEspresso (84, 85) is able to calculate
third order constants. Higher-order constants have, to the best of my
knowledge, not been computed using density functional perturbation
theory.

In finite-displacement approaches compressed sensing techniques
(64, 268, 302) for the solution of Eq. (B.1) have been proposed, to
further reduce the number of DFT calculations necessary. However, it
is known in the literature, that the result of the thermal conductivity
is very sensitive on the accuracy of the forces (down to 1µeV/Å) (294)
so that usual fit errors of about 2% as given by compressed sensing
approaches (302) are hardly recommendable for this study. More on
this topic, and an explanation why the results are so sensitive is given
in Sec. 5.2.

b.2 properties of the interatomic force constants

In this Appendix, the properties of the IFCs due to the invariances
of the crystal energy are summed up (23). There is permutation in-
variance, as EB is a continuous function, and so, derivatives can be
interchanged:

Φκ1,p1,...,κn,pn
α1,...,αn = Φ

κP(1),pP(1),...,κP(n),pP(n)
αP(1),...,αP(n)

, (B.2)

for any permutation P of the set {1, ..., n}. The translation invariance
guarantees a vanishing net force on the unit cells:

∑
κi ,pi

Φκ1,p1,...,κn,pn
α1,...,αn = 0, (B.3)
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for any i in the set {1, ..., n}. The space-group symmetries lead to more
relations: If one has a symmetry operation that leaves the crystal lattice
invariant O = {S|vS} in Seitz notation, then

ΦO(κ1),O(p1),...,O(κn),O(pn)
α1,...,αn = ∑

{µ}

(
n

∏
l=1

Sµl
αl

)
Φκ1,p1,...,κn,pn

µ1,...,µn , (B.4)

where O(p) is the unit cell that the nuclei from unit cell p with index
κ is mapped to by the operation, and O(κ) is the new nuclei index.
Rotation invariance has not been used in this thesis (but is used by
ALM (268)).





C
VA N I S H I N G C O N S TA N T T E R M

According to Ref. (204), the constant term in the spectral theorem
reads (for the phonon case)

lim
E→0
EGqνν′(E) = 2h̄d, (C.1)

and d is to be calculated. Now Gqνν′(E) is well behaved at E = 0:

Gqνν′(0) =
∫

R
dE ′
Sqνν′(E ′)
E ′ , (C.2)

and the phonon spectral density is an odd function, such that the
integrand is finite everywhere, and so is G as the integration domain
is finite. Then, the above integral is finite and so is Gqνν′(0). As a result,
d = 0.
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N O N - Z E R O T E M P E R AT U R E W I C K T H E O R E M

I follow here Ref. (204). The proof of Wick’s theorem works as follows:
be Â1(τ1)...Â2n(τ2n) already time ordered (without loss of generality),
then the times of the operators are τ1 > τ2... > τ2n. The time evolution
of a creation or annihilation operator is

Âi(τi) = γi(τi)α̂i, (D.1)

where α̂i may be a creation or annihilation operator, and γi(τi) =
exp(σi

Ei
h̄ τi), with σi = ±1 with positive sign for a creation operator.

The time evolution of a contraction is trivial

〈Âi(τi)Âj(τj)〉(0) = γi(τi)γj(τj)〈α̂iα̂j〉(0)

= γi(τi)γj(τj)

[
α̂i, α̂j

]
1− γi(h̄β)

, (D.2)

where the second line follows after computing all relevant expectation
values, and the combination of the result. [...] means the commutator.

〈Â1(τ1)...Â2n(τ2n)〉(0)
γ1(τ1)...γ2n(τ2n)

= 〈α̂1...α̂2n〉(0)

= ∑
i=2...2n

〈α̂2...[α̂1, α̂i]...α̂2n〉(0)

+ 〈α̂2...α̂2nα̂1〉(0). (D.3)

α̂1 can be commuted with ρ̂0 by noting that α̂1ρ̂0 = γ1(h̄β)ρ̂0α̂1. Then

〈Â1(τ1)...Â2n(τ2n)〉(0)
γ1(τ1)...γ2n(τ2n)

(1− γ1(h̄β)) = ∑
i=2...2n

〈α̂2...[α̂1, α̂i]...α̂2n〉(0)

⇒ 〈Â1(τ1)...Â2n(τ2n)〉(0) = ∑
i=2...2n

〈Â2...Âi−1Âi+1...Â2n〉(0)×

× 〈Â1Âi〉(0). (D.4)

The time arguments in the last line have been omitted for convenience.
The expectation value is zero if the number of operators is odd, as
the free Hamiltonian Ĥ0 commutes with the number operator of all
particles. Another important fact is that Wick’s theorem applies to
operators of the type

Â = ξ1α̂ + ξ2α̂†, (D.5)

which is easily seen by decomposing the expectation value into the
composing creation and annihilation operators and recollecting terms
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thereafter. The example used in this thesis, are the displacement and
momentum operators of the phonons Û and P̂.



E
S P E C T R A L D E N S I T Y A N D P R O PA G AT O R

e.1 non-interacting propagator

As a starting point of the calculation, the non-interacting propagators
of the theory are computed. Those can be easily found from the
fundamental contractions (166)

αq,ν,q′,ν′(τ) = 〈â†
q,ν(τ)âq′,ν′〉(0)

= exp(ωq,ντ)nB(h̄ωq,ν)δν,ν′δq,−q′ and

βq,ν,q′,ν′(τ) = 〈âq,ν(τ)â†
q′,ν′〉(0)

= exp(−ωq,ντ)(nB(h̄ωq,ν) + 1)δν,ν′δq,−q′ , (E.1)

where nB is the boson occupation factor. This result is obtained from el-
ementary statistical mechanics. Writing this in Matsubara components
(Eq. (2.33)) results in

αq,ν,q′,ν′(En) =
∫ h̄β

0
dταq,ν,q′,ν′(τ) exp(i

En

h̄
τ)

=
−h̄

En + h̄ωq,ν
δν,ν′δq,−q′ and

βq,ν,q′,ν′(En) =
h̄

En − h̄ωq,ν
δν,ν′δq,−q′ . (E.2)

The phonon propagator is therefore

GM,(0)
q,ν,q′,ν′(En) = αq,ν,q′,ν′(En) + βq,ν,q′,ν′(En)

= h̄
(

1
En − h̄ωq,ν

− 1
En + h̄ωq,ν

)
δν,ν′δq,−q′ . (E.3)

As the propagator is diagonal in the momentum, the second momen-
tum argument is usually omitted in this thesis.

e.2 general properties

The propagator and spectral density (K is G or S) in displacement and
in mode basis relate as

Kαα′
qκκ′(E) =

h̄
2 ∑

νν′
eα

κν(q)e
α′
κ′ν′(−q)(ωqνωqν′)

−1/2Kqνν′(E). (E.4)
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All occurring spectral densities can be related to the phonon spectral
density, using

[
Ûq,ν, Ĥ

]
=
[
Ûq,ν, Ĥ0

]
= ih̄P̂q,ν, use Eq. (2.14):

S ÛP̂
q,ν,ν′(E) =

h̄
Tr(ρ̂) ∑

α,β
〈α|Ûq,ν|β〉〈β|P̂−q,ν′ |α〉 exp(−βEα)×

[1− exp(−βE)] δ(E − (Eβ − Eα))

=
−i

Tr(ρ̂) ∑
α,β
〈α|Ûq,ν|β〉〈β|

[
Û−q,ν′ , Ĥ

]
|α〉 exp(−βEα)×

× [1− exp(−βE)] δ(E − (Eβ − Eα))

=
−i

Tr(ρ̂) ∑
α,β
〈α|Ûq,ν|β〉〈β|Û−q,ν′ |α〉 exp(−βEα)×

[1− exp(−βE)] (Eα − Eβ)δ(E − (Eβ − Eα))

=
iE
h̄
Sq,ν,ν′(E). (E.5)

Similarly, one obtains

S P̂Û
q,ν,ν′(E) = −

iE
h̄
Sq,ν,ν′(E) and

S P̂P̂
q,ν,ν′(E) =

E2

h̄2 Sq,ν,ν′(E). (E.6)

From the spectral representation of the propagator

Gr,ÂB̂
qνν′ (E) =

∫
R

dE ′
S ÂB̂

qνν′(E ′)
E + i0+ − E ′ , (E.7)

one can then derive the relations between the corresponding propaga-
tors.

Gr,P̂Û
q,ν,ν′(E) = −

i
h̄

∫
R

dE ′
E ′Sqνν′(E ′)
E + i0+ − E ′

= − iE
h̄

∫
R

dE ′
Sqνν′(E ′)
E + i0+ − E ′ +

i
h̄

∫
R

dE ′Sqνν′(E ′)

= − iE
h̄
Gr

q,ν,ν′(E). (E.8)

The last step is possible because S is odd in its energy argument.

Gr/a,ÛP̂
q,ν,ν′ (E) = iE

h̄
Gr/a

q,ν,ν(E), (E.9)
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and the slightly more involved

Gr,P̂P̂
q,ν,ν′(E) = h̄−2

∫
R

dE ′
(E ′)2Sqνν′(E ′)
E + i0+ − E ′

=
E2

h̄2

∫
R

dE ′
Sqνν′(E ′)
E + i0+ − E ′ − h̄−2

∫
R

dE ′(E + E ′)Sqνν′(E ′)

=
E2

h̄2 G
r
q,ν,ν′(E)− 2ωq,νδν,ν′ . (E.10)

It was used again, that S is odd. Additionally, the first spectral moment
has been used

2h̄ωq,νδν,ν′ =
1
h̄

∫
R

dEESq,ν,ν′(E). (E.11)

This can be calculated easily using Eq. (2.17) and[
Ûqν, Ĥ

]
=
[
Ûqν, Ĥ0

]
= ih̄P̂qν and (E.12)[

Ûqν, P̂q′ν′
]
= 2iωq,νδq,−q′δνν′ . (E.13)

The first phonon spectral moment is calculated routinely in my imple-
mentation to test the results.

Two properties of Sq,ν,ν′(E) are the behavior under reflection of E
and q:

Sq,ν,ν′(−E) =
h̄

Tr(ρ̂) ∑
α,β
〈α|Ûq,ν|β〉〈β|Û−q,ν′ |α〉 exp(−βEα)×

× [1− exp(βE)] δ(−E − (Eβ − Eα))

=
h̄

Tr(ρ̂) ∑
α,β
〈α|Ûq,ν|β〉〈β|Û−q,ν′ |α〉 exp(−βEα)×

× exp(β(Eα − Eβ)) [exp(−βE)− 1] δ(E − (Eα − Eβ))

=
h̄

Tr(ρ̂) ∑
α,β
〈α|Ûq,ν|β〉〈β|Û−q,ν′ |α〉 exp(−βEβ)×

× [exp(−βE)− 1] δ(E − (Eα − Eβ))

=
h̄

Tr(ρ̂) ∑
β,α
〈α|Û−q,ν′ |β〉〈β|Ûq,ν|α〉 exp(−βEα)×

× [exp(−βE)− 1] δ(E − (Eβ − Eα))

= −S−q,ν′,ν(E), (E.14)
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and under complex conjugation I have:

(Sq,ν,ν′(E))∗ =
h̄

Tr(ρ̂) ∑
α,β

(〈α|Ûq,ν|β〉〈β|Û−q,ν′ |α〉)∗ exp(−βEα)×

[1− exp(−βE)] δ(E − (Eβ − Eα))

=
h̄

Tr(ρ̂) ∑
α,β
〈α|Ûq,ν′ |β〉〈β|Û−q,ν|α〉 exp(−βEα)×

[1− exp(−βE)] δ(E − (Eβ − Eα))

= Sq,ν′,ν(E). (E.15)

These properties mean for the averaged propagator (that is the average
between retarded and advanced propagator)

(Gq,ν,ν′(E))∗ = Gq,ν′,ν(E),
Gq,ν,ν′(E) = G−q,ν′,ν(−E). (E.16)

Maradudin (170) has proven another powerful property of the phonon
propagator:

GM
q,ν,ν′(τ) = 〈TτÛq,ν(τ)Û†

q,ν′(0)〉

= 〈TτÛq,ν(0)(Ûq,ν′(τ))
†〉

= 〈TτÛ−q,ν′(τ)Û†
−q,ν(0)〉 = GM

−q,ν′,ν(τ). (E.17)

This property implies for the Matsubara function

GM
q,ν,ν′(E) = GM

−q,ν′,ν(E). (E.18)

By analytic continuation to the advanced and retarded Greens function,
and subtraction of both one finds for the spectral density

Sq,ν,ν′(E) = S−q,ν′,ν(E) = −Sq,ν,ν′(−E), (E.19)

and, as a result, all even moments of the distribution vanish. On top
of this, one has for the averaged propagator

Gq,ν,ν′(E) = Gq,ν,ν′(−E). (E.20)

Reference (170) has shown, that the phonon propagator in the mode
basis, transforms like a scalar under space-group operations of the
crystal:

GSq,ν,ν′(E) = Gq,ν,ν′(E), (E.21)

for any space-group rotation S. Recall the transformation law of the
phonon polarization vectors (171)

eν(Sq) = ΓS(q)eν(q), (E.22)
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where e is the vector version of the phonon polarization e and the
matrix ΓS is defined in Ref. (171)

Γκακ′α′
S (q) = Sαα′δκ′,O(κ), (E.23)

where O(κ) is the index of the nucleus κ after the space-group trans-
formation O (including a potential translation). Then, I find, that the
phonon propagator in the displacement basis transforms just like the
dynamical matrix, as

GSq(E) = ΓS(q)Gq(E)Γ†
S(q). (E.24)

e.3 properties of the self-energy

As discussed above, the interacting propagator in matrix form is, in
my work, obtained by using Dyson’s Eq. (2.51), as

[
Gq(E)

]−1
=
[
G(0)q (E)

]−1
− Σq(E). (E.25)

The task is to prove the properties of the self-energy Σ in the dis-
placement basis from the properties of the phonon propagator G. This
is useful, because in displacement basis the self-energy can be inter-
polated (because of the absence of the impact of degeneracy in the
definition of Σ’s elements).

The two representations are related

Σαα′
qκκ′(E) =

2
h̄ ∑

νν′
eα

κν(q)e
α′
κ′ν′(−q)(ωqνωqν′)

1/2Σqνν′(E), (E.26)

which follows directly from Dyson’s equation. In what follows, the self-
energy is assumed to be in displacement basis, if not stated differently.

By the transformation law of the phonon propagator

GSq(E) =
[[
G(0)Sq (E)

]−1
− ΣSq(E)

]−1

= ΓS(q)Gq(E)Γ†
S(q)

= ΓS(q)
[[
G(0)q (E)

]−1
− Σq(E)

]−1

Γ†
S(q)

=

[
ΓS(q)

[
G(0)q (E)

]−1
Γ†

S(q)− ΓS(q)Σq(E)Γ†
S(q)

]−1

=

[[
G(0)Sq (E)

]−1
− ΓS(q)Σq(E)Γ†

S(q)
]−1

, (E.27)

and by comparing the first and the last line, one can see that the
self-energy transforms like the dynamical matrix

ΣSq(E) = ΓS(q)Σq(E)Γ†
S(q). (E.28)
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Maradudin et. al (172) have studied how to compute the self-energy
of a phonon - to understand neutron scattering. Their result for the
one-loop self-energy can be applied also to higher-order calculations.
The self-energy of a phonon Σq(E) can be separated in a term constant
in E and a varying part:

Σq(E) = Σc
q + Σv

q(E). (E.29)

The second term is a function that is analytic in the upper half complex
plane, and obeys

lim
|E |→∞

|EΣv,α,α′
q,κ,κ′(E)| ≤ C, (E.30)

where C is a constant. This can be shown order by order in perturbation
theory, and is an important general constraint to the self-energy (2).
For this reason, the variable part of Σq(E) obeys Kramers-Kronig
relations, and the imaginary part and real part are Hilbert-transforms
of each other.

This turns out to be a useful result, because of Maradudin et. al’s
(172) work: In the calculation, the (analytically continued) energy E
appears only in denominators. For this, one can write

1
E + i0+ − α

= P 1
E − α

− iπδ(E − α). (E.31)

The argument, α, is bounded, by a multiple of the maximum phonon
frequency. Hence, the self-energy can be expanded by functions, that
build a complete orthogonal system on [−1,+1], such as Legendre
polynomials. The other part can then be computed immediately, as the
Hilbert-transform of the Legendre polynomial is a Legendre function
of the second kind.

The self-energy then reads in matrix form

Σv
q(E) = ∑

n
An

q (Qn(E/Emax) + iPn(E/Emax)) . (E.32)

What are the properties of the parameter matrices An? Again from
the spectral representation one finds

Gr
q(E) = Gr

q(−E)†, (E.33)

and therefore

Σr
q(E) = Σr

q(−E)†. (E.34)
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This yields

Σv
q(E) = ∑

n
An

q (Qn(E/Emax) + iPn(E/Emax))

= Σv
q(−E)†

= ∑
n
(An

q)
† (Qn(−E/Emax)− iPn(−E/Emax))

= ∑
n
(An

q)
†
(
(−1)n+1Qn(E/Emax)− (−1)niPn(E/Emax)

)
.

(E.35)

Then by comparing lines 1 and 4, one finds

An
q + (−1)n(An

q)
† = 0, (E.36)

which means, that for odd n the parameter matrix is Hermitian, and
for even n it is anti-Hermitian. It turns out that in perturbation theory,
all An

q with even n vanish.
The symmetry transformation laws of the An

q follow directly from
those of the self-energy, such that all matrices An

q transform under the
space-group like the dynamical matrix, which is explained in detail in
Ref. (171), and used in Sec. 5.2.





F
L I M I T S O F P E RT U R B AT I O N T H E O RY

The perturbation theory in this thesis is not a Taylor-expansion with
a well-defined convergence radius, but instead an asymptotic series,
which is proven by an argument by Dyson (67): assume I have the
Hamiltonian of the harmonic crystal Ĥ0. Now I add a term α ∑NB

n=3 V̂(n)

to this Hamiltonian (up to some even number NB), where α is some
real parameter. The eigenstates of the system as a function of α can not
be interpreted in the sense of a Taylor expansion in the parameter α,
because, if the result would exist for any positive value of α then there
would be a continuous transformation to the result for −α. But the
potential energy for large displacements is dominated by the highest
term. That means, if the crystal is stable for +α it cannot be stable for
−α, and so the series cannot be interpreted as a Taylor series (as for
−α the series cannot converge, no matter how small α is, see Fig. F.1).

Indeed the perturbation expansion constitutes an asymptotic series.
These series do not possess these continuous transforms (by Stokes
phenomenon (190)). The treatment of asymptotic series (that usually
do not converge) is often encountered in engineering and physics and
some observations have been made in practice (25):

• One (usually) cannot guarantee convergence of the series against
the correct result.
• The best approximation to the correct result is obtained by trun-

cating the series at the smallest term.
• The size of the error of the approximation is usually of the order

of the smallest term.

It is possible to construct examples where these observations are
invalid. But in practice, this behavior is especially encountered in
quantum electrodynamics (269) and also for simple mathematical
models like the Stieltjes integral.

Therefore, it is expected that, if the first term of a perturbation
expansion is much larger than the second, the correct result of the
approximated quantity is close to the first term with an uncertainty of
the size of the second term.

While this cannot be guaranteed, it still motivates this work to obtain
a second order correction to the thermal conductivity of crystals. The
size of the second term of the expansion gives a hint on how good the
first order approximation (the BTE) actually is.
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132 limits of perturbation theory

[a]

[b]

Figure F.1: Illustration of the potential energy as a function of the displace-
ment of some nucleus, when the Taylor expansion of the BO
surface is truncated at some term. This illustrates the argument
by Dyson. In the case (a) of positive α the perturbation expansion
has the chance to converge - but in case (b), for negative α the
actual ground-state is not close to the equilibrium (as for large
displacements lower energies can be achieved). This means, for
arbitrarily small −α the series can never converge. Consequently,
the expansion cannot be a Taylor expansion.



G
D E R I VAT I O N O F T H E T H E R M A L C O N D U C T I V I T Y

The aim of this section is to clarify what assumptions underlie the
formalism presented in this thesis and how it relates to the classical
limit of the thermal conductivity. For this I derive the definition of the
thermal conductivity, following the path of Onsager (206) and Kubo
(147). De Groot has clarified many arguments concerning the thermal
conductivity (55, 57), and Luttinger (161) defended the formalism
against questions of Prigogine (227) and Cohen (49). To the best of my
knowledge, the formalism is generally accepted nowadays (4, 31).

I consider an adiabatically insulated and aged system. The important
quantity to be studied is the rate of change of the entropy (55, 57). I
use the assumption on the regression of fluctuations, sometimes called
Onsagers assumption (206): The fluctuations of a thermodynamic
quantity are governed by the same law, as the quantity itself. This is
an assumption, as noted by Casimir (34). It is likely to hold true, if the
transport equations are linear in the perturbations.

In equilibrium, the entropy of the system is extremal. For the clas-
sical case, this can be mathematically written as follows: assume one
considers the deviations αi of all thermodynamic observables of a
system from their equilibrium value. If these deviations are small, one
can assume that the entropy can be written as

S ≈ S0 +
1
2 ∑

i,j

∂S
∂αi∂αj

αiαj =: S0 +
1
2 ∑

i,j
βi,jαiαj. (G.1)

Over time spans that are large compared to molecular collision times,
but small compared to the relaxation time of a fluctuation, the rate
of change of the fluctuations is linear in the fluctuations if these are
sufficiently small (55):

∂αi

∂t
= −∑

j
λi,jαj. (G.2)

If one introduces thermodynamic forces

Ai = −k−1
B

∂S
∂αi

= ∑
k

βi,kαk, (G.3)

one finally obtains the relation between the forces Ai and the regres-
sion of the deviations αi:

∂αi

∂t
= ∑

j
Gi,j Aj, (G.4)
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where G is the matrix of transport coefficients. This is the basis for
further manipulation - one can, for example, multiply with αl and
average over configuration space to obtain G (147). To generalize this
to the quantum case, the values αi may be replaced by expectation
values of operators:

αi(t) = Tr (ρ̂(~α|t)α̂i) /Trρ̂. (G.5)

Then, the quantized version of Eq. (G.4) would be

αi(t + ∆t)− αi(t) = Tr ((ρ̂(~α|t + ∆t)− ρ̂(~α|t))α̂i) = ∑
l

Gi,l
∂S
∂αl

∆t.

(G.6)

The entropy of a system in quantum mechanics (von Neumann en-
tropy) has the form (132)

S = − kB

Trρ̂
Tr (ρ̂ log ρ̂) . (G.7)

Kubo argued that, if the quantum version of the theory shall have a
similar shape as the classical expression, where ∂S

∂αl
is linear in the α’s,

then, the density matrix has to have the form (147)

ρ̂(~α|t) = exp

(
−βĤ − β ∑

j
Ajα̂j

)
, (G.8)

with Aj being some coefficient. The task is now to derive a couple
(Aj, α̂j) that matches these conditions for thermal transport, and ad-
ditionally agrees with the experimental observations. The operator
Ajα̂j = Ĥ′ is called the effective perturbing Hamiltonian. To find such
an operator, I follow Allen and Feldman (4) and Mori et. al (56, 187).
(Luttinger derived the formula also, but using a gravitational field
ansatz (161).) Their ansatz is to write the density matrix as

ρ̂ = exp
(
−
∫

Ω
β(x)Ĥ(x)dx

)
= exp(−β(Ĥ + Ĥ′))

→ Ĥ′ = −kBβ
∫

Ω
δT(x)Ĥ(x)dx, (G.9)

where β = (kBT)−1, Ω is the crystal volume. Ĥ(x) is the Hamiltonian
density, whose volume integral is the system Hamiltonian Ĥ. Ĥ will
not be specified in the argumentation. Ref. (4) then considers the local
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conservation of energy, by introducing a local heat-flux operator ĵ(x, t),
that fulfills

d
dt
Ĥ(x, t) +∇ · ĵ(x, t) = 0

⇔ Ĥ(x, t) = −
∫ t

−∞
∇ · ĵ(x, t′)dt′. (G.10)

For convenience, I write Ĥ(x, 0) = Ĥ(x). Inserting Eq. (G.10) into Eq.
(G.9) one obtains

Ĥ′ = −kBβ
∫

Ω
δT(x)Ĥ(x)dx

= kBβ
∫

Ω

∫ 0

−∞
δT(x)∇ · ĵ(x, t)dtdx

= −kBβ
∫

Ω

∫ 0

−∞
∇T(x) · ĵ(x, t)dtdx

= −kBβ∇T
∫

Ω

∫ 0

−∞
ĵ(x, t)dtdx. (G.11)

Let us assume that the interaction and kinetic energy in the system is
associated to the nuclei. In this case, the volume integral of the local
heat-flux was found by Hardy (102) and is

Ĵ =
1
Ω

∫
Ω

ĵ(x)dx

=
1

2Ω

{
∑

i

p̂i

Mi
(

p̂2
i

2Mi
+ V̂i) + ∑

i,j
(r̂i − r̂j)

1
ih̄

[
p̂2

i
2Mi

, V̂j

]}
+ h.c.

(G.12)

Here, r̂i and p̂i are the position and momentum operator of nucleus i,
Mi is its mass, and V̂i the potential energy associated to the nucleus.
The potential energy can be distributed arbitrarily between the nuclei,
so that the heat-flux operator is not unique. The origin of this peculiarity
is, that the Hamiltonian density Ĥ(x) is not unique in an interacting
system, as the interaction potential depends on more than one particle
coordinate. It will be shown in Sec. 3.1, that the thermal conductivity
does not change, if the potential energy is distributed in a different
way. In fact, no observable should be dependent on such a reshuffling:
The Hamiltonian density may be changed in a microscopic volume,
but on any mesoscopic volume, the energy of the crystal has to stay
the same, as it is measurable.

A concise way to write the flux operator Ĵ is in terms of an operator
P̂, which I call the „energetic polarization“, as

Ĵ =
1

ih̄Ω

[
P̂, Ĥ

]
↔ Ĵ(t) =

1
Ω

d
dt

P̂(t)

if P̂ =
1
2 ∑

k

(
p̂2

k
2Mk

+ V̂k

)
r̂k + h.c. (G.13)
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P̂ may be interpreted as an energetic polarization, similar to an elec-
trical one (137, 235, 236). With this operator P̂, inserted in Eq. (G.11) I
find the perturbing Hamiltonian to the system is

Ĥ′ = −kBβ∇T · P̂. (G.14)

I have set P̂(−∞) = 0, for convenience. This is possible, because one is
only interested in the difference between two operators P̂(t) and P̂(t′),
see below. Here, the perturbing Hamiltonian has the form Ajα̂j with
Aj = −kBβ∇T and α̂j = P̂, as formulated by Kubo above. This is an
important result, because now I can use the mathematical machinery
of linear response to obtain the thermal conductivity κij as a response
of the system to the perturbing Hamiltonian Ĥ′.

To clarify, that I actually derive the thermal conductivity that an
experimentalist means, consider: According to Onsagers assumption,
one finds the heat flux 〈Ĵ〉 proportional to the derivative of the entropy
S:

S = − kB

Trρ̂
Tr(ρ̂ log(ρ̂))

= kBβ〈Ĥ〉 − k2
Bβ2∇T · 〈P̂〉

⇒ ∂S
∂〈P̂〉

= −k2
Bβ2∇T = k2

B∇β. (G.15)

This can be cast in Onsagers assumption (147)

〈P̂〉(∆t)− 〈P̂〉(0) = G
∂S

∂〈P̂〉
∆t

⇒ 〈Ĵ〉 = − k2
Bβ2

Ω
G∇T. (G.16)

Hence, the heat flux is proportional to the thermal force, which is
FT = −k2

Bβ2∇T. G is positive definite here, as the change in entropy
from Eq. (G.15) is positive

dS
dt

= Ω〈Ĵ〉 · FT = k4
Bβ4∇TG∇T ≥ 0. (G.17)

The proportionality constant k2
Bβ2

Ω G between heat-flux 〈Ĵ〉 and temper-
ature gradient ∇T is defined as thermal conductivity κij.

g.1 linear response formula

The thermal conductivity κij can be obtained from the standard formal-
ism for linear response, using the perturbation Hamiltonian Ĥ′ from
Eq. (G.14). In analogy to Nolting’s derivation of the electrical conduc-
tivity (204, pg. 121), the system is perturbed by a force f(t) = kBβ∇T,
which couples to an operator P̂, such that Ĥ′ = −f(t) · P̂. The heat-
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flux operator is related to the coupling operator by Eq. (G.13). Then,
after the perturbation is turned on, the heat-flux is (assuming a linear
response)

〈 Ĵi(t)〉 = −1
h̄ ∑

j

∫
R

dt′ f j(t′)G
r,ij
Ĵ,P̂
(t, t′), (G.18)

where the average 〈Ĵ〉 is computed in first order of the perturbation
and Gr,ij

Ĵ,P̂
(t, t′) is the retarded Greens function defined by

Gr,ij
Ĵ,P̂
(t− t′) = −iθ(t− t′)〈

[
Ĵi(t), P̂j(t′)

]
〉. (G.19)

The thermal conductivity is defined by

κij(E) = − 1
h̄T

Gr,ij
Ĵ,P̂
(E). (G.20)

It can be shown (204), that this Fourier transformed Greens function
can be written as a flux-flux correlation function plus a fully imaginary
term

Gr,ij
Ĵ,P̂
(E) = −ih̄Ω

Gr,ij
Ĵ,̂J
(E)

E + i0
−
〈
[

Ĵi, P̂j
]
〉

E + i0
. (G.21)

The flux-flux correlation function ΩGr,ij
Ĵ,̂J
(E) will from now on be called

Πij
r (E). As I am interested in the real part of the DC conductivity, it

follows (166, pg. 212)

κij = − 1
T

lim
E→0

1
E Im(Πij

r (E)). (G.22)

To evaluate the retarded Greens function Πij
r (E), I will compute its

twin, the Matsubara function Πij
M(E), see Secs. 3, 4 and 5, and analyti-

cally continue this function, see Sec. 2.2.2.

g.2 classical limit

In this section I will show the equivalence between Eq. (G.22) and the
result of Refs. (4, 147). Then, I will show, that the classical limit of Eq.
(G.22) is indeed the GK equation.
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the equivalence of Eq. (G.22) with the result from Refs. (4, 147)
is best shown by writing both results in terms of eigenfunctions. I start
with the formula from Refs.(4, 147):

κij =
Ω
T

∫ β

0
dλ
∫ ∞

0
dt〈exp(λĤ) Ĵi exp(−λĤ) Ĵ j(t)〉

=
Ω

TTrρ̂

∫ β

0
dλ
∫ ∞

0
dt ∑

γ,ξ
Ĵi
γξ Ĵ j

ξγ exp(−βEγ) exp(λ(Eγ − Eξ))×

× exp(i(Eγ − Eξ)t− 0+t)

=
Ω

TTrρ̂

∫ β

0
dλ ∑

γ,ξ
Ĵi
γξ Ĵ j

ξγ exp(−βEγ) exp(λ(Eγ − Eξ))×

× 1
i(Eγ − Eξ)− 0+

. (G.23)

I only ask for the real part of this

κij =
πΩ

TTrρ̂

∫ β

0
dλ ∑

γ,ξ
Re( Ĵi

γξ Ĵ j
ξγ) exp(−βEγ) exp(λ(Eγ − Eξ))×

× δ(Eγ − Eξ)

=
πΩβ

TTrρ̂ ∑
γ,ξ

Re( Ĵi
γξ Ĵ j

ξγ) exp(−βEγ)δ(Eγ − Eξ). (G.24)

The step from Eq. (G.23) to (G.24) is indeed accurate, as the term from
the imaginary part of Ĵi

γξ Ĵ j
ξγ cancels precisely against the term with

interchanged indices. Now compare to Eq. (G.22). The time-correlation
function reads

Πij
r (t− t′) = −iΩθ(t− t′)〈

[
Ĵi(t), Ĵ j(t′)

]
〉

= −iΩθ(t− t′)〈
[

Ĵi(t− t′), Ĵ j(0)
]
〉

=
−iΩθ(t− t′)

Trρ̂ ∑
γ,ξ

exp(−βEγ)

× {exp(i(Eγ − Eξ)(t− t′)) Ĵi
γξ Ĵ j

ξγ

− exp(i(Eξ − Eγ)(t− t′)) Ĵ j
γξ Ĵi

ξγ}. (G.25)

Now I switch indices in the second line to obtain

Πij
r (t− t′) =

−iΩθ(t− t′)
Trρ̂ ∑

γ,ξ

(
exp(−βEγ)− exp(−βEξ)

)
×

× exp(i(Eγ − Eξ)(t− t′)) Ĵi
γξ Ĵ j

ξγ. (G.26)
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Then, the Fourier transform is

Πij
r (E) = −

Ω
Trρ̂ ∑

γ,ξ

(
exp(−βEγ)− exp(−βEξ)

) Ĵi
γξ Ĵ j

ξγ

E + (Eγ − Eξ) + i0+
.

(G.27)

The imaginary part of this function is (the term Im( Ĵi
γξ Ĵ j

ξγ) cancels
against its index-interchanged twin)

Im(Πij
r (E)) = −

πΩ
Trρ̂ ∑

γ,ξ

(
exp(−βEγ)− exp(−βEξ)

)
×

× δ(E + (Eγ − Eξ))Re( Ĵi
γξ Ĵ j

ξγ)

= −πΩ
Trρ̂

(1− exp(−βE))∑
γ,ξ

exp(−βEγ)

× δ(E + (Eγ − Eξ))Re( Ĵi
γξ Ĵ j

ξγ). (G.28)

Then, use that limE→0(1− exp(−βE))/E = β, to obtain for κij

κij =
πΩβ

TTrρ̂ ∑
γ,ξ

Re( Ĵi
γξ Ĵ j

ξγ) exp(−βEγ)δ(Eγ − Eξ). (G.29)

which is identical to Eq. (G.24).

the classical limit of this formalism indeed gives the GK
formula. This is now trivial: Start at Eq. (G.23)

κij =
Ω
T

∫ β

0
dλ
∫ ∞

0
dt〈exp(λĤ) Ĵi exp(−λĤ) Ĵ j(t)〉, (G.30)

and assume that β is small (which is true in the classical limit). Then
exp(±λĤ) ≈ 1:

κij ≈ Ω
kBT2

∫ ∞

0
dt〈 Ĵi Ĵ j(t)〉. (G.31)

Now, one can just use the correspondence principle (202, pg. 120):
the trace of the operators becomes a phase space integral, and the
operators the corresponding phase-space functions:

κij ≈ Ω
kBT2

∫ ∞

0
dt〈Ji J j(t)〉c. (G.32)
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where 〈...〉c is a phase-space average. Now, its just important to inter-
pret the operator Ĵ. Here, Eq. (G.13) gives insight:

Ĵ(t) =
1
Ω

d
dt

P̂(t),

with P̂ =
1
2 ∑

k
Ĥk r̂k + h.c. (G.33)

Here, Ĥk is the local Hamiltonian of lattice point k. The classical
heat-flux is defined as (32)

J(t) =
d
dt ∑

k
Ekrk, (G.34)

where Ek is the local energy of lattice point k. Therefore, Ĵ is the
manifest quantization of the classical heat-flux J, and the GK formula
(32, 93, 94) is the classical limit of the methodology, described in this
thesis.
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V E RT E X F U N C T I O N S

h.1 heat-flux vertices

The task of this section is to rephrase the heat-flux operator Ĵ in terms
of the interaction vertex ϕn. This turns out to always be possible, such
that the theoretical formulation used in this thesis is independent of
the definitions of phonons, given a vibration or phonon propagator.
This propagator, however, is of course calculated by perturbation
theory, where the non-interacting phonon system is the starting point
of the perturbation expansion. The heat-flux operator was first derived
by Hardy, to be

Ĵ =
1

2Ω

{
∑

i

p̂i

Mi
(

p̂2
i

2Mi
+ V̂i) + ∑

i,j
(r̂i − r̂j)

1
ih̄

[
p̂2

i
2Mi

, V̂j

]}
+ h.c.

(H.1)

I want to Fourier-transform this operator. The indices of the nuclei
i and j may be identified with {κ, p}, where κ is the index of the
nucleus in the unit cell and p is the index of the unit cell itself. To

start, I will derive the commutator
[

p̂2
i

2Mi
, V̂j

]
(where i 6= j is assumed,

as the prefactor is zero otherwise). I define the local potential energy
V̂j = ∑NB

n=2 V̂(n)
j as (NB is the order at which the Taylor expansion of

the BO surface is truncated)

V̂(n)
κ,p =

1
n!

∗
∑
{κ,α,p}

Φκ1,p1,...,κ,p
α1,...,αn ûα1

κ1,p1
× ...× ûαn

κ,p. (H.2)

The asterisk means, that the pair (κ,p) is not summed. Then, the
commutator becomes[

p̂α
κ,p, V̂(n)

κ′,p′

]
=

1
n!

∗∗
∑
{κ,α,p}

Φκ1,p1,...,κ′,p′
α1,...,αn ûαn

κ′,p′

[
p̂α

κ,p, ûα1
κ1,p1

...ûαn−1
κn−1,pn−1

]
.

(H.3)

Here, the ∗∗ denotes that no summation takes place over κ, α, p, κ′, p′.
The commutator can be evaluated[

p̂α
κ,p, ûα1

κ1,p1
...ûαn−1

κn−1,pn−1

]
=

n−1

∑
i=1

[
p̂α

κ,p, ûαi
κi ,pi

] n−1

∏
l=1,l 6=i

ûαl
κl ,pl

= −ih̄
n−1

∑
i=1

δκ,κi δ
α,αi δp,pi

n−1

∏
l=1,l 6=i

ûαl
κl ,pl . (H.4)

141
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Reinserting this into Eq. (H.3) I find

[
p̂α

κ,p, V̂(n)
κ′,p′

]
=
−ih̄
n!

n−1

∑
i=1

∗∗
∑
{κ,α,p}

Φκ1,p1,...,κi−1,pi−1,κ,p,κi+1,pi+1,...,κn−1,pn−1,κ′,p′
α1,...,αi−1,α,αi+1...αn ×

× ûαn
κ′,p′

n−1

∏
l=1,l 6=i

ûαl
κl ,pl . (H.5)

IFCs are derivatives of the Born-Oppenheimer energy surface EB. As
a consequence, I can change the index i to be just n− 1, as EB is a
smooth function.[

p̂α
κ,p, V̂(n)

κ′,p′

]
=
−ih̄
n!

n−1

∑
i=1

∗∗
∑
{κ,α,p}

Φκ1,p1,...κn−2,pn−2,κ,p,κ′,p′
α1,...αn−2,α,αn ûαn

κ′,p′

n−2

∏
l=1

ûαl
κl ,pl

=
−ih̄

n((n− 2)!)

∗∗
∑
{κ,α,p}

Φκ1,p1,...κn−2,pn−2,κ,p,κ′,p′
α1,...αn−2,α,αn ûαn

κ′,p′

n−2

∏
l=1

ûαl
κl ,pl

(H.6)

1
ih̄

[
p̂2

κ,p

2Mκ
, V̂(n)

κ′,p′

]
= ∑

α

p̂α
κ,p

2Mκ

1
ih̄

[
p̂α

κ,p, V̂(n)
κ′,p′

]
+ h.c. (H.7)

I want to calculate the contribution to the heat-flux operator Ĵ in
terms of phonon operators P̂α

q,κ, such that the vertex function can be
interpolated as a function of its momenta in the Brillouin zone. The
prefactor of the commutator is (r̂κ,p − r̂κ′,p′) = (xκ,p − xκ′,p′) + (ûκ,p −
ûκ′,p′), where x denotes the equilibrium position of a nucleus. Then,
the contributions to the heat-flux are

Ĵ =
1

2Ω

[
Ĵ1 + Ĵ2 + Ĵ3 + Ĵ4

]
+ h.c., (H.8)

with

Ĵi,1
n−1 =

1
(n− 1)!

n− 1
n ∑

{κ,α,p}

(
xi

κn pn
− xi

κ1 p1

)
Φκ1,p1,...κn,pn

α1,...αn

p̂α1
κ1,p1

Mκ1

n

∏
l=2

ûαl
κl ,pl

=
N−n/2

p

(n− 1)!
n− 1

n ∑
{κ,α,q}

P̂κ1,α1,q1

n

∏
l=2

Ûκl ,αl ,ql

n

∏
l=1

M−1/2
κl
×

×∑
{p}

(
xi

κn pn
− xi

κ1 p1

)
Φκ1,p1,...κn,pn

α1,...αn exp

(
i ∑

l
ql · (Rpl + τκl )

)
,

(H.9)
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where Rpl + τκl = xκl pl , and because the quantity must be invariant un-
der lattice translations, one can require that ∑l ql = 0, (see Appendix
H.3). This leads, by comparison, to

Ĵi,1
n−1 =

N−n/2
p

(n− 1)!
(−i)

n− 1
n ∑

{κ,α,q}
P̂κ1,α1,q1

n

∏
l=2

Ûκl ,αl ,ql×

× d
dqi

n
ϕn(q1, κ1, α1; ...; qn, κn, αn).

(H.10)

The second contribution, where the equilibrium positions x are re-
placed by the displacement operators û, gives the contribution

Ĵi,2
n =

1
n!
(1− n) ∑

{κ,α,p}
Φκ1,p1,...κn,pn

α1,...αn

p̂αn
κn,pn

Mκn

(
ûi

κn,pn
− ûi

κn−1,pn−1

) n−1

∏
l=1

ûαl
κl ,pl .

(H.11)

For each term in the difference, I obtain a term. The first is

ψ1 =
1
n!
(1− n) ∑

{κ,α,p}
Φκ1,p1,...κn,pn

α1,...αn

p̂αn
κn,pn

Mκn

ûi
κn,pn

n−1

∏
l=1

ûαl
κl ,pl

=
N−(n+1)/2

p

n!
(1− n) ∑

{κ,α,q}
P̂κn,αn,qnÛκn,i,q0

n−1

∏
l=1

Ûκl ,αl ,ql M
−1/2
κn

n

∏
l=1

M−1/2
κl

×∑
{p}

Φκ1,p1,...κn,pn
α1,...αn exp(i(q0 + qn) · (Rpn + τκn)) exp(i

n−1

∑
l=1

ql · (Rpl + τκl ))

=
N−(n+1)/2

p

n!
(1− n) ∑

{κ,α,q}
P̂κn,αn,qnÛκn,i,q0

n−1

∏
l=1

Ûκl ,αl ,ql×

×M−1/2
κn

ϕn(q1, κ1, α1; ...; q0 + qn, κn, αn), (H.12)
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and the other contribution is

ψ2 =
1
n!
(n− 1) ∑

{κ,α,p}
Φκ1,p1,...κn,pn

α1,...αn

p̂αn
κn,pn

Mκn

ûi
κn−1,pn−1

n−1

∏
l=1

ûαl
κl ,pl

=
N−(n+1)/2

p

n!
(n− 1) ∑

{κ,α,q}
P̂κn,αn,qnÛκn−1,i,q0

n−1

∏
l=1

Ûκl ,αl ,ql M
−1/2
κn−1

×
n

∏
l=1

M−1/2
κl ∑

{p}
Φκ1,p1,...κn,pn

α1,...αn exp(i(q0 + qn−1) · (Rpn−1 + τκn−1))×

× exp(i
n

∑
l=1;l 6=n−1

ql · (Rpl + τκl ))

=
N−(n+1)/2

p

n!
(n− 1) ∑

{κ,α,q}
P̂κn,αn,qnÛκn−1,i,q0

n−1

∏
l=1

Ûκl ,αl ,ql×

×M−1/2
κn−1

ϕn(q1, κ1, α1; ...; q0 + qn−1, κn−1, αn−1; qn, κn, αn).
(H.13)

The final result is the sum of these contributions. The third term is
found as

Ĵi,3 = ∑
κ,α,p

p̂i
κp

Mκ

p̂α
κp

2Mκ

=
1
2

N−3/2
p ∑

κ,α,p,{q}
M−1/2

κ P̂κiq1 P̂καq2 P̂καq3×

× exp(i(q1 + q2 + q3) · (Rp + τκ))

=
1
2

N−1/2
p ∑

κ,α,p,{q}
M−1/2

κ P̂κiq1 P̂καq2 P̂κα(−q1−q2), (H.14)

where the last step is possible, as the sum of momenta can be forced
to vanish: q1 + q2 + q3 = 0. And the last term (for potential energy
transport) is

Ĵi,4
n =

1
n! ∑
{κ,α,p}

Φκ1,p1,...κn,pn
α1,...αn

p̂i
κn,pn

Mκn

n

∏
l=1

ûαl
κl ,pl

=
N−(n+1)/2

p

n! ∑
{κ,α,q}

P̂κn,i,q0

(
n

∏
l=1

M−1/2
κl

Ûκl ,αl ,ql

)
M−1/2

κn
×

×∑
{p}

Φκ1,p1,...κn,pn
α1,...αn exp(i

n−1

∑
l=1

ql · (Rpl + τκl ))×

× exp(i(q0 + qn) · (Rpn + τκn))

=
N−(n+1)/2

p

n! ∑
{κ,α,q}

P̂κn,i,q0

n

∏
l=1

Ûκl ,αl ,ql M
−1/2
κn
×

× ϕn(q1, κ1, α1; ...; q0 + qn, κn, αn). (H.15)
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h.1.1 Phonon group velocities

The task here is to show that

Ĵi,1
1 =

−i
2 ∑
{κ,α},q

P̂κ1,α1,−qÛκ2,α2,q
d

dqi Dκ1,α1,κ2,α2(q) (H.16)

can be rephrased approximately in terms of phonon group velocities
in the mode basis. This was done by Hardy (102), before.

Ĵi,1
1 =

−ih̄
4 ∑
{κ,α,ν},q

P̂−qν1Ûqν2(ωqν1 ωqν2)
−1/2eα1

κ1ν1
(−q)eα2

κ2ν2
(q)×

× d
dqi Dκ1,α1,κ2,α2(q). (H.17)

Recall the eigenvalue equation of the dynamical matrix

∑
κ2,α2

Dκ1,α1,κ2,α2(q)e
α2
κ2,ν(q) = ω2

q,νeα1
κ1,ν(q). (H.18)

This can be rephrased, using Eq. (A.2), by multiplying with
(
eα1

κ1,ν(q)
)∗

and summing over κ1, α1:

∑
κ1,α1,κ2,α2

Dκ1,α1,κ2,α2(q)e
α2
κ2,ν(q)

(
eα1

κ1,ν(q)
)∗

= ω2
q,ν. (H.19)

If one considers ωq,ν as a continuous function of q, one finds

∑
κ1,α1,κ2,α2

∂qDκ1,α1,κ2,α2(q)e
α2
κ2,ν(q)

(
eα1

κ1,ν(q)
)∗

+

∑
κ1,α1,κ2,α2

Dκ1,α1,κ2,α2(q)∂qeα2
κ2,ν(q)

(
eα1

κ1,ν(q)
)∗

+

∑
κ1,α1,κ2,α2

Dκ1,α1,κ2,α2(q)e
α2
κ2,ν(q)∂q

(
eα1

κ1,ν(q)
)∗

= 2ωq,ν∂qωq,ν. (H.20)

In line 2 and 3 of the above equation, one can multiply the dynamical
matrix with the non-differentiated eigenvectors.

ω2
q,ν ∑

κ2,α2

∂qeα2
κ2,ν(q)

(
eα2

κ2,ν(q)
)∗

+

ω2
q,ν ∑

κ1,α1

eα1
κ1,ν(q)∂q

(
eα1

κ1,ν(q)
)∗

= ω2
q,ν∂q ∑

κ,α
eα

κ,ν(q)
(
eα

κ,ν(q)
)∗

= ω2
q,ν∂q1 = 0. (H.21)
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This then leads to

∑
{κα}

eα1
κ1ν(−q)eα2

κ2ν(q)
d

dqi Dκ1,α1,κ2,α2(q) =

=
d

dqi ∑
{κα}

eα1
κ1ν(−q)eα2

κ2ν(q)Dκ1,α1,κ2,α2(q). (H.22)

Then, for the diagonal term of this heat-flux contribution I find

Ĵi,1
1 ≈ −

ih̄
2 ∑

qν

P̂−qνÛq,ν∂qωq,ν. (H.23)

h.2 implementation of the dynamical tensor

The dynamical tensor that I construct may be defined as

ϕn(q1, κ1, α1, ..., qn, κn, αn) = ∑
{p}

Φ0...pn
κ1α1...κnαn ϑκ1,...κn

p2...pn
(q1, ..., qn).

(H.24)

Two implementations of ϑ are given. First the rigorous one via

ϑκ1,...,κn
p2,...,pn

(q1, ..., qn) = N−1
p ∑

p1

θ(q1, Rp1)
n

∏
l=2

θ(ql , Rpl + Rp1 + τκl − τκ1).

(H.25)

This is derived directly from the definition of the vertex function:

ϕn(q1, κ1, α1, ..., qn, κn, αn) = N−1 ∑
{p}

Φp1...pn
κ1α1...κnαn

n

∏
l=1

exp(iql · (Rpl + τκl )).

(H.26)

Now use translation invariance

ϕn(q1, κ1, α1, ..., qn, κn, αn) = N−1 ∑
p1

∑
{p}

Φ0p2−p1...pn−p1
κ1α1...κnαn ×

×
n

∏
l=1

exp(iql · (Rpl + τκl ))

= N−1 ∑
p1

exp(iq1 · Rp1) ∑
{p′}

Φ0p′2...p′n
κ1α1...κnαn×

n

∏
l=2

exp(iql · (Rp′l
+ Rp1 + τκl − τκ1))

= ∑
{p}

Φ0...pn
κ1α1...κnαn ϑκ1,...κn

p2...pn
(q1, ..., qn), (H.27)
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where the last step is true on the q-grid commensurate with the
supercell. There is also a simpler implementation for ϑ, that varies less
with its arguments:

ϑκ1,...,κn
p2,...,pn

(q1, ..., qn) =
n

∏
l=2

θ(ql , Rpl + τκl − τκ1). (H.28)

The properties that the ϑ must fulfill are simply found:

translation invariance leads to the requirement that

∑
κ

ϕn(q1, κ1, α1, ..., 0, κ, α, ...) = 0. (H.29)

This is manifestly true, for the rigorous implementation, and for the
simple implementation for all momentum arguments, except the first
one. (The function ϑ is a constant, independent of the l-indices if
ql = 0.)

symmetry operations give, for an operation O = {S|vS}, the
relation

ϕn(Sq1,O(κ1), α1, ..., Sqn,O(κn), αn) = ∑
{p}

Φ0,p2,...,pn
O(κ1),α1,...,O(κn),αn

×

× ϑ
O(κ1),...,O(κn)
p2,...,pn (Sq1, ..., Sqn)

= ∑
{ν}

(
n

∏
l=1

Sνl ,αl

)
ϕn(q1, κ1, ν1, ..., qn, κn, νn)

= ∑
{ν}

(
n

∏
l=1

Sνl ,αl

)
∑
{p}

Φp1...pn
κ1ν1...κnνn ϑκ1,...κn

p2...pn
(q1, ..., qn). (H.30)

So, if the sets of points p and O(p) are identical, i.e. if the supercell
is closed under all operations of the space-group, then one can obtain a
condition that guarantees correct space-group transformations of ϕn:

ϑ
O(κ1),...O(κn)
O(p2)...O(pn)

(Sq1, ..., Sqn) = ϑκ1,...κn
p2...pn

(q1, ..., qn). (H.31)

I apply this rule explicitly to both definitions of ϑ. First, in the rigorous
case

ϑ
O(κ1),...,O(κn)
O(p2),...,O(pn)

(Sq1, ..., Sqn) = N−1
p ∑

p1

θ(Sq1, Rp1)×

×
n

∏
l=2

θ(Sql , S(Rpl + τκl − τκ1) + Rp1).

(H.32)
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If the two sets of points Rp1 and SRp1 are identical, this is manifestly
identical to ϑκ1,...κn

p2...pn (q1, ..., qn), because

θ(Sq, Sx) = θ(q, x). (H.33)

The simple case is, with this equation, manifestly transforming cor-
rectly. The nuclei-masses can be ignored in this multiplication, because
the symmetry operations can only transform nuclei of the same type
onto each other.

permutation invariance is almost a tautology, given the per-
mutation invariance of the IFCs. The simplified implementation breaks
the permutation invariance with respect to the first index for all ver-
tices with more than two momentum arguments.

h.3 using translation symmetry

Consider a general physical quantity, that depends on multiple unit
cell indices p, Ψp1...pn . This might be a contribution to the heat-flux
operator or whatever other quantity. The Fourier transform is

ψ(q1...qn) = N−1
p ∑
{p}

Ψp1...pn exp(i ∑
l

ql · Rpl ). (H.34)

Because of the translation symmetry, a shift of the lattice by a lattice
vector must leave ψ invariant, or it must be zero because otherwise
ψ = αψ with α 6= 1. This means in turn, that exp(i ∑l ql · Rp) = 1 for
every lattice vector Rp, and that means, that ∑l ql must be a reciprocal
lattice vector Rq, that fulfills

Rpi · Rq = 2πnδi,j, (H.35)

with n ∈ Tr̂. I reinsert this consideration into the above formula

ψ(q1...qn) = N−1
p ∑

p1

∑
{p}

Ψp1...pn exp(i
n

∑
l=2

ql · (Rpl − Rp1))∆(∑
l

ql).

(H.36)

I used that exp(iRq · Rp1) = 1, and ∆(x) is one if the argument is a
reciprocal lattice vector, and otherwise zero. By translation invariance

ψ(q1...qn) = N−1
p ∑

p1

∑
{p}

Ψ0p2−p1...pn−p1 exp(i
n

∑
l=2

ql · (Rpl − Rp1))∆(∑
l

ql).

(H.37)
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The summation can be shifted p′l = pl − p1 such that

ψ(q1...qn) = N−1
p ∑

p1

∑
{p}

Ψ0p2...pn exp(i
n

∑
l=2

ql · Rpl )∆(∑
l

ql)

= ∑
{p}

Ψ0p2...pn exp(i
n

∑
l=2

ql · Rpl )∆(∑
l

ql),

(H.38)

with the constraint that the set of unit-cell positions contains the origin.





I
I M A G I N A RY PA RT

It is the task of this section to reason, why, for the imaginary part of
the diagram, it is enough to take the imaginary part of the product of
denominators. This was motivated by the cutting rules for Feynman
diagrams in quantum field theory (44).

A diagram consists of vertices and propagators. Propagators have
a start and an end index νs

n and νe
n. Every vertex has the property

that under inversion of all momenta q it becomes its own complex
conjugate. This is easy to see for the phonon vertices. Recall the
properties of the boson spectral densities:

S ÂB̂
q,ν,ν′(E) = −(S ÂB̂

−q,ν,ν′(−E))∗, (I.1)

where Â and B̂ can be P̂ or Û. For the propagators one has

GM,ÂB̂
q,ν,ν′ (E) = (GM,ÂB̂

−q,ν,ν′(−E))∗ = GM,B̂Â
−q,ν′,ν(−E). (I.2)

Every diagram, that contributes to the correlation function, has the
form:

DM
12(E) = ∑

{q,ν}
∑
{Ep}

JL(q1
1ν1

1 , ...ql1
1 νl1

1 ) JR(q1
2ν1

2 , ...ql2
2 νl2

2 )×

×
nv

∏
v=3

Φ̃(q1
vν1

v , ...qlv
v νlv

v )
np

∏
p=1
GM,Âp B̂p

qp,νs
p,νe

p
(Ep(E)), (I.3)

where nv is the number of vertices and lv the number of legs of the
vertex v. np is the number of propagators. JL/R denotes the left and
right heat-flux vertex. The energies at the heat-flux vertices sum to
±E, so that the Matsubara energies Ep of the propagators depend on
E. The sums of all DM

12 and DM
21 are related: According to Eq. (2.33),

one has for the correlation function in total:

GM
21(τ − τ′) = − 1

Tr(ρ̂)

∞

∑
n=0

1
n!

(
−1

h̄

)n ∫ h̄β

0
dτ1...dτn

× Tr
[
ρ̂0Tτ(V̂D(τ1)...V̂D(τn)ÂD(τ′)B̂D(τ))

]
,

while

GM
12(τ − τ′) = − 1

Tr(ρ̂)

∞

∑
n=0

1
n!

(
−1

h̄

)n ∫ h̄β

0
dτ1...dτn

× Tr
[
ρ̂0Tτ(V̂D(τ1)...V̂D(τn)Â(τ)B̂(τ′))

]
,
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which implies in the time domain

GM
21(−τ) = GM

12(τ). (I.4)

This implies for the Fourier decomposition:

GM
12(τ) =

1
h̄β ∑

E
exp(− iEτ

h̄
)GM

12(E) = GM
21(−τ)

=
1

h̄β ∑
E

exp(
iEτ

h̄
)GM

21(E)

=
1

h̄β ∑
E

exp(− iEτ

h̄
)GM

21(−E), (I.5)

or, by inversion, simply GM
21(−E) = GM

12(E). As the correlation func-
tion is the sum of all diagrams, the sum of all the diagrams fulfills
∑D DM

21(−E) = ∑D DM
12(E). Lets return to Eq. (I.3) and take the com-

plex conjugate:

(DM
12(E))∗ = ∑

{q,ν}
∑
{Ep}

JL(−q1
1ν1

1 , ...− ql1
1 νl1

1 ) JR(−q1
2ν1

2 , ...− ql2
2 νl2

2 )×

×
nv

∏
v=3

Φ̃(−q1
vν1

v , ...− qlv
v νlv

v )
np

∏
p=1
GM,Âp B̂p
−qp,νs

p,νe
p
(−Ep(E)).

(I.6)

After this, invert E, q:

(DM
12(−E))∗ = ∑

{q,ν}
∑
{Ep}

JL(q1
1ν1

1 , ...ql1
1 νl1

1 ) JR(q1
2ν1

2 , ...ql2
2 νl2

2 )×

×
nv

∏
v=3

Φ̃(q1
vν1

v , ...qlv
v νlv

v )
np

∏
p=1
GM,Âp B̂p

qp,νs
p,νe

p
(Ep(E)).

(I.7)

This step is possible, because at first, every propagator has its own
independent energy, but the vertex functions carry a prefactor of the
type

d(E +
np

∑
p=1

σ1
pEp)d(−E +

np

∑
p=1

σ2
pEp)

nv

∏
v=3

d(
np

∑
p=1

σv
p Ep), (I.8)

where d(x) is one if x = 0 and otherwise it is zero and σv
p is either

+1, 0 or −1. Now, if the energy arguments of the propagators are all
inverted and the energy E is inverted, this prefactor remains the same,
as d is symmetric in its argument.

Then, I find that the sum of all diagrams

∑
D

DM
12(E) + DM

21(E) ∈ R ∀E, (I.9)
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where E can be any Matsubara energy. On top of that

∑
D

DM
12(E) + DM

21(E) = ∑
D

DM
12(E) + DM

12(−E). (I.10)

Now, consider

DM
12(−E) = ∑

{q,ν}
∑
{Ep}

JL(q1
1ν1

1 , ...ql1
1 νl1

1 ) JR(q1
2ν1

2 , ...ql2
2 νl2

2 )

×
nv

∏
v=3

Φ̃(q1
vν1

v , ...qlv
v νlv

v )
np

∏
p=1
GM,Âp B̂p

qp,νs
p,νe

p
(−Ep(E)),

(I.11)

and insert the spectral representation for the propagators Eq. (2.26):

DM
12(−E) = ∑

{q,ν}
∑
{Ep}

JL(q1
1ν1

1 , ...ql1
1 νl1

1 ) JR(q1
2ν1

2 , ...ql2
2 νl2

2 )

×
nv

∏
v=3

Φ̃(q1
vν1

v , ...qlv
v νlv

v )
np

∏
p=1

∫
R

dEp

S Âp B̂p
qp,νs

p,νe
p
(Ep)

−Ep(E)− Ep

= ∑
{q,ν}

∑
{Ep}

JL(q1
1ν1

1 , ...ql1
1 νl1

1 ) JR(q1
2ν1

2 , ...ql2
2 νl2

2 )×

×
nv

∏
v=3

Φ̃(q1
vν1

v , ...qlv
v νlv

v )
np

∏
p=1

∫
R

dEpS
Âp B̂p
qp,νs

p,νe
p
(Ep)

(
1

Ep(E)− Ep

)∗
,

(I.12)

which is true for all Matsubara frequencies Ep, that are fully imaginary.
Under summation (for Matsubara energies):

DM
12(E) + DM

12(−E) = 2 ∑
{q,ν}

JL(q1
1ν1

1 , ...ql1
1 νl1

1 ) JR(q1
2ν1

2 , ...ql2
2 νl2

2 )×

×
nv

∏
v=3

Φ̃(q1
vν1

v , ...qlv
v νlv

v )×

×
np

∏
p=1

∫
R

dEpS
Âp B̂p
qp,νs

p,νe
p
(Ep)Re

(
FM(E, E1, ..., Ep)

)
.

(I.13)

Here I defined

FM(E, E1, ..., Ep) = ∑
{Ep}

np

∏
p=1

1
Ep(E)− Ep

×

× d(E +
np

∑
p=1

σ1
pEp)d(−E +

np

∑
p=1

σ2
pEp)

nv

∏
v=3

d(
np

∑
p=1

σv
p Ep).

(I.14)
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The d functions of the vertices have been taken into the Matsubara
sum above. DM

12(E) + DM
12(−E) is real. This means, I can divide by two,

and add the complex conjugate, or:

DM
12(E) + DM

12(−E) = Re( ∑
{q,ν}

JL(q1
1ν1

1 , ...ql1
1 νl1

1 ) JR(q1
2ν1

2 , ...ql2
2 νl2

2 )×

×
nv

∏
v=3

Φ̃(q1
vν1

v , ...qlv
v νlv

v )
np

∏
p=1

∫
R

dEpS
Âp B̂p
qp,νs

p,νe
p
(Ep))×

×
(
FM(E, E1, ..., Ep) +FM(−E, E1, ..., Ep)

)
,

(I.15)

where in the last line, I have reinserted the meaning of the real part of
the Matsubara sums, and the real part operation Re acts on all objects
that occur before the Matsubara sum. This representation and the
representation without the real part operation need to be completely
identical for all complex values E→ z in the complex plane, as the set
of Matsubara energies contains an accumulation point and the analytic
continuation of the correlation function Πij

M(E) (Πij(z)) is analytic at
the accumulation point (190) (i.e. for large absolute values z):

Πij(z) =
1

Tr(ρ̂) ∑
γ,ξ
〈γ| Ĵi|ξ〉〈ξ| Ĵ j|γ〉

exp(−βEξ)− exp(−βEγ)

Eγ − Eξ − z
,

(I.16)

where Eγ denotes an eigenenergy of the system, corresponding to
the eigenstate |γ〉. If the contribution of the states of extremely high
energy to the correlation function can be neglected (which should
be possible if perturbation theory is ever to be applicable (218)), the
function becomes zero if |z| → ∞, and is therefore analytic near the
accumulation point ∞.

Under analytic continuation the sum of diagrams acquires an imag-
inary part, which is

Im(Dr
12(E) + Dr

21(E)) = 2 ∑
{q,ν}

JL(q1
1ν1

1 , ...ql1
1 νl1

1 ) JR(q1
2ν1

2 , ...ql2
2 νl2

2 )×

×
nv

∏
v=3

Φ̃(q1
vν1

v , ...qlv
v νlv

v )
np

∏
p=1

∫
R

dEpS
Âp B̂p
qp,νs

p,νe
p
(Ep)×

× ImF r(E , E1, ..., Ep). (I.17)



J
A S E C O N D O R D E R C O N T R I B U T I O N

I exemplify here the calculation of a second order diagram. For brevity,
the mode basis has been chosen. Any index ν may also be interpreted
as combined index κα. I use the diagram shown in Fig. J.1, which has
the value

DM,ij(E) =
1

h̄4β2N2
pΩ2

c
∑
{qν}

∑
{En}

(−36) Ji
1(−q0, ν0; q0, ν2)×

v3(q0, ν1;−q2, ν4; q2 − q0, ν6)×
v3(−q0, ν3; q2, ν5; q0 − q2, ν8)×

J j
1(q0 − q2, ν7; q2 − q0, ν9)×

G P̂Û
q0,ν0,ν1

(E0)G−q0,ν2,ν3(E− E0)×

Gq2,ν4,ν5(E2)GÛP̂
q0−q2,ν6,ν7

(E0 − E2)×
Gq2−q0,ν8,ν9(E + E2 − E0). (J.1)

Figure J.1: Second order example diagram.
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In order to use the Matsubara summation technique, I apply the
spectral representation of the propagators Eq. (2.26):

DM,ij(E) =
1

h̄4β2N2
pΩ2

c

∫
R

dE ∑
{qν}

(−36) Ji
1(−q0, ν0; q0, ν2)×

v3(q0, ν1;−q2, ν4; q2 − q0, ν6)×
v3(−q0, ν3; q2, ν5; q0 − q2, ν8)×

J j
1(q0 − q2, ν7; q2 − q0, ν9)×

S P̂Û
q0,ν0,ν1

(E0)S−q0,ν2,ν3(E1)×

Sq2,ν4,ν5(E2)S ÛP̂
q0−q2,ν6,ν7

(E3)×
Sq2−q0,ν8,ν9(E4)×

∑
{En}

(E0 − E0)
−1 (E− E0 − E1)

−1×

(E2 − E2)
−1 (E0 − E2 − E3)

−1×
(E + E2 − E0 − E4)

−1 . (J.2)

Executing the Matsubara summation leads to a total of 12 contribu-
tions:

β−2 ∑
E0,E2

(E0 − E0)
−1 (E− E0 − E1)

−1 (E2 − E2)
−1×

(E0 − E2 − E3)
−1 (E + E2 − E0 − E4)

−1 =

nB(E0)nB(E2)

(E− E0 − E1) (E0 − E2 − E3) (E + E2 − E0 − E4)
+

−nB(E0)nB(E0 − E3)

(E− E0 − E1) (E0 − E2 − E3) (E− E3 − E4)
+

nB(E0)nB(E0 + E4)

(E− E0 − E1) (E0 + E4 − E− E2) (E− E3 − E4)
+

−nB(−E1)nB(E2)

(E− E0 − E1) (E− E1 − E2 − E3) (E1 + E2 − E4)
+

nB(−E1)nB(−E1 − E3)

(E− E0 − E1) (E− E1 − E2 − E3) (E− E3 − E4)
+

−nB(−E1)nB(E4 − E1)

(E− E0 − E1) (E4 − E1 − E2) (E− E3 − E4)
+

nB(E3)nB(E0 − E3)

(E− E0 − E1) (E0 − E2 − E3) (E− E3 − E4)
+
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−nB(E3)nB(−E1 − E3)

(E− E0 − E1) (E− E1 − E2 − E3) (E− E3 − E4)
+

nB(E3)nB(E2)

(E2 + E3 − E0) (E− E1 − E2 − E3) (E− E3 − E4)
+

−nB(−E4)nB(E0 + E4)

(E− E0 − E1) (E0 + E4 − E− E2) (E− E3 − E4)
+

nB(−E4)nB(E4 − E1)

(E− E0 − E1) (E4 − E1 − E2) (E− E3 − E4)
+

−nB(−E4)nB(E2)

(E + E2 − E0 − E4) (E4 − E1 − E2) (E− E3 − E4)
. (J.3)

Consider the first term only and take the imaginary part (after analytic
continuation)

−πnB(E0)nB(E2)δ (E − E0 − E1)

(E + E2 − E0 − E4) (E0 − E2 − E3)
+

−πnB(E0)nB(E2)δ (E + E2 − E0 − E4)

(E − E0 − E1) (E0 − E2 − E3)
. (J.4)

It is now possible to remove the rest of the denominators by reintegra-
tion, see Sec. 4.3.5. In our example I obtain (for the first contribution
of the formula above, where E3 and E4 can be reintegrated)

1
h̄4N2

pΩ2
c

∫
R

dE ∑
{qν}

(36π) Ji
1(−q0, ν0; q0, ν2)×

v3(q0, ν1;−q2, ν4; q2 − q0, ν6)×
v3(−q0, ν3; q2, ν5; q0 − q2, ν8)×

J j
1(q0 − q2, ν7; q2 − q0, ν9)×

S P̂Û
q0,ν0,ν1

(E0)S−q0,ν2,ν3(E − E0)×
Sq2,ν4,ν5(E2)nB(E0)nB(E2)×

GÛP̂
q0−q2,ν6,ν7

(E0 − E2)×
Gq2−q0,ν8,ν9(E + E2 − E0). (J.5)

The next task is to apply the limit necessary to calculate the contribu-
tion to the thermal conductivity. Afterwards the interrelations between
the spectral densities and propagators are applied. I only consider
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the term, that is proportional to the derivative of S−q0,ν2,ν3(E − E0) at
E = 0:

1
h̄6N2

pΩ2
c

∫
R

dE ∑
{qν}

(−36E0π(E0 − E2)) Ji
1(−q0, ν0; q0, ν2)×

v3(q0, ν1;−q2, ν4; q2 − q0, ν6)×
v3(−q0, ν3; q2, ν5; q0 − q2, ν8)×

J j
1(q0 − q2, ν7; q2 − q0, ν9)×

Sq0,ν0,ν1(E0)S (1)−q0,ν2,ν3
(−E0)×

Sq2,ν4,ν5(E2)nB(E0)nB(E2)×
Gq0−q2,ν6,ν7(E0 − E2)×
Gq2−q0,ν8,ν9(E2 − E0). (J.6)

Then I observe, that the integration energies fulfill the same kinetics as
the momenta (and Matsubara energies). To simplify I define a normal
form, that enforces all momenta and integration energies to sum up.
A detailed description is found in Appendix M and Sec. 4.3.7. Then,
all arguments of the contributing propagators and spectral densities
can be made positive

1
h̄6N2

pΩ2
c

∫
R

dE ∑
{qν}

(36E0π(E0 + E1)) Ji
1(q0, ν2;−q0, ν0)×

J j
1(q0 + q1, ν7;−q0 − q1, ν9)×

v3(q0, ν1; q1, ν4;−q0 − q1, ν6)×
v3(q0 + q1, ν8;−q1, ν5;−q0, ν3)×
Sq1,ν5,ν4(E1)Sq0,ν0,ν1(E0)×

S (1)q0,ν3,ν2(E0)nB(E1)nB(E0)×
Gq0+q1,ν6,ν7(E0 + E1)×
Gq0+q1,ν9,ν8(E0 + E1), (J.7)

which is one part of the result of the diagram in Fig. J.1. For the final
contributions, partial integration can be applied, see Sec. 4.3.8. For
some reason, the final terms always have derivatives on the occupa-
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tion functions. For example, a final contribution (that the above term
contributes to) is

1
h̄6N2

pΩ2
c

∫
R

dE ∑
{qν}

(−144E1π(E0 + E1)) Ji
1(q1, ν0;−q1, ν1)×

J j
1(q0 + q1, ν2;−q0 − q1, ν3)×

v3(q0, ν4; q1, ν5;−q0 − q1, ν6)×
v3(q0 + q1, ν7;−q1, ν8;−q0, ν9)×
Sq1,ν1,ν5(E1)Sq1,ν8,ν0(E1)×

Sq0,ν9,ν4(E0)n
(1)
B (E1)nB(E0)×

Gq0+q1,ν3,ν7(E0 + E1)×
Gq0+q1,ν6,ν2(E0 + E1). (J.8)

Only terms of the kind g(E0)h(E0 + E1)k(E1) remain in the final ex-
pressions of the second order, which is used in Sec. 5.3.1. You can
obtain a full, explanatory step-by-step calculation of the entire second
order contribution to the lattice thermal conductivity together with all
contributing diagrams, upon request (126).





K
E X C L U D E D D I A G R A M S

Three types of diagrams are excluded before they are transferred to
terms: Diagrams that contain sub-diagrams that are already included
via Dyson’s equation for the propagator are excluded, see Fig. K.1. An-
other type of diagram that is not included, is a disconnected diagram,
as no energy can flow through it, see Fig. K.2. The third excluded
diagram type are those that contain equal-time P̂Û propagators, see
Fig. K.3. In terms of Matsubara sums, this diagram is proportional to

I = ∑
E
G P̂Û(E), (K.1)

but the sum can be taken for negative E as well - which must be
identical, but is at the same time −I by the symmetry of G P̂Û , and so
I = 0, which is why the entire diagram has no contribution.

Figure K.1: A diagram that contains a sub-diagram that is already included
in the propagator. The smaller bubble is already contained in
the propagator line on top, so this diagram does not need to be
included in the expansion anymore.
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Figure K.2: A disconnected diagram is a diagram where not all vertices can
be reached from all other vertices by travelling over connecting
propagators.

Figure K.3: A diagram that contains a vanishing equal-time P̂Û contraction
(the right bubble).



L
C O N S TA N T I N G P̂ P̂

Recall the relations of the propagators:

Gr/a,P̂P̂
q,ν,ν′ (E) =

E2

h̄2 G
r/a
q,ν,ν′(E)− 2ωq,νδν,ν′ .

For the lattice thermal conductivity κij the constant contribution
−2ωq,νδν,ν′ in G P̂P̂ can safely be ignored. I will reason here for this:
Consider we just created terms from diagrams. There are four options
how many G P̂P̂-objects appear in a term, namely up to three (as there
are at most 6P̂ to contract).

If there are no G P̂P̂ objects, the constant cannot matter, of course.

If there is one G P̂P̂, the Feynman rules can be applied in such a way,
that only this G P̂P̂-object depends on the argument of Πij

M(E). Then
Eq. (2.12) is applied to this object and the Matsubara summation is
performed. Then there are two cases to consider: First, the residue
operation removed the denominator that originally belonged to the
G P̂P̂. Then, the corresponding spectral density has no denominator to
apply Eq. (4.23), and the contribution does not contain any G P̂P̂ in the
end. Secondly, if the denominator of the spectral density remained
untouched by the Matsubara summation, the imaginary part operation
will remove the denominator, as it is the only object dependent on the
argument of Πij

r (E). This means, for terms with one G P̂P̂, the constant
contribution does not matter.

For two G P̂P̂ objects the constant is also irrelevant: In order to have
two G P̂P̂, at least one contribution Ĵ3 is necessary. Now, if there is one
Ĵ3, there can be at most two G P̂P̂ objects, where one of them is the only
object dependent on a Matsubara energy Ei. After Eq. (2.12) has been
applied, the Matsubara summation must remove the corresponding
denominator, according to Eq. (4.17). Therefore no reintegration takes
place, and a spectral density occurs in the final term. For the other G P̂P̂

object, the reasoning of above applies. If one evaluates the expectation
value 〈Ĵ3(τ)Ĵ3(τ′)〉, there cannot be two G P̂P̂(τ− τ′), because the third
P̂-pair would contract with a self-energy contribution. This is already
included in the propagator itself, and therefore discarded.

For the term with three G P̂P̂ objects, either one or three connect the
two vertices. In the case of one, the reasoning for one and two G P̂P̂

objects applies. If there are three connecting G P̂P̂, there is only one
diagram, shown in Fig. L.1. Here, the constant contribution does not
matter either, because the two Matsubara summations remove two
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Figure L.1: Diagram with three G P̂P̂ propagators.

denominators, and the imaginary part operation takes the last. So
there are no denominators left to reintegrate.

In total, the constant contribution of G P̂P̂ cannot contribute to κij.



M
N O R M A L F O R M O F A T E R M

Even though the precise definition of the normal form does not affect
the results of the calculation, the normal form is listed here to rule out
any questions on what is done in the CAS system, described in Sec. 4.

1
h̄4N2

pΩ2
c

∫
R

dE ∑
{qν}

(−144E1π(E0 + E1)) Ji
1(q0, ν0;−q0, ν1)×

J j
1(q0 + q1, ν2;−q0 − q1, ν3)×

v3(q0, ν4; q1, ν5;−q0 − q1, ν6)×
v3(q0 + q1, ν7;−q1, ν8;−q0, ν9)×
Sq1,ν1,ν5(E1)Sq1,ν8,ν0(E1)×

Sq0,ν9,ν4(E0)n
(1)
B (E1)nB(E0)×

Gq0+q1,ν3,ν7(E0 + E1)×
Gq0+q1,ν6,ν2(E0 + E1). (M.1)

The normal form is constructed from the order relations of all con-
tributing quantities, the spectral densities S , phonon propagators G,
vertices V and J and occupation functions. The first thing, that all
quantities share, are their arguments. Arguments are compared by
comparing the variables and prefactors used in them. I arbitrarily
define

E0 < E1,
−q1 < 0q1 < +q1. (M.2)

This does not mean anything for the numerical calculation and is only
a symbolic comparison within the CAS. The arguments can then be
compared element-wise. If two arguments can be compared like this,
the larger one is written on the left. For vertices, additionally, the order
relation of the operators P̂ and Û is taken into account and dominant
over the argument order, i.e.

JÛP̂ < J P̂Û (M.3)

no matter what the argument is. Indices are also compared element-
wise by comparing the strings of the variables in the sense of Python’s
default __lt__ for strings, but are dominated by both other __lt__’s.
An occupation with a derivative is always larger than one without
a derivative. As all lists in the term objects can be compared, the
terms can be compared by element-wise comparison of these list. The
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prefactor does not matter for the term-’<’. To obtain the normal form,
every renaming of the integration energies and momenta is tested and
the smallest term in the sense of ’<’ is chosen as the normal form of
the term.



N
C A L C U L AT I O N PA R A M E T E R S A N D R E S U LT S

This section aims at tabulating reproducible results for the calculations
of the thermal conductivity. All calculations, where the DFT functional
has not been named explicitly, have been done with the PBEsol im-
plementation of FHI-aims. The force models for the materials can be
found in table N.2, the lattice vectors and the nuclei positions for each
material in its own table, and are all fully relaxed using the BFGS
implementation of FHI-aims. The general calculation parameters are
in tables N.3, N.4 and N.5.

Table N.1: Calculation parameters for the electronic structure. All calcula-
tions have been performed with "light" atom settings of FHI-
aims. Other parameters always had the same value, for all DFT
calculations: sc_acc_forces was set to 10−6, sc_acc_rho was set to
10−4 and sc_init_iter was set to 10. The version of FHI-aims was
12/24/2017. If "Zora?" is true, the parameter "relativistic" was set
to "atomic_zora_scalar", otherwise "relativistic" was not specified
in control.in. The parameter k-grid corresponds to the setting of
k_grid in the control.in file. All these specifications are for the
supercell calculations.

Zora? k-grid

PbTe yes 2x2x2

Bi2Te3 yes 2x2x2

SnSe yes 3x3x3

KF no 3x3x3

MgO no 3x3x3

La3Te4 yes 3x3x3

B4C no 4x4x4
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Table N.2: The force models used for the different calculations in the ma-
terials. Distances are in Bohr. r(i)c is the cutoff radius for the ith

order IFCs used in the ALM fit. The cutoff radii are in my calcu-
lations independent of the atom types. n(i)

max corresponds to the
maximum number of interacting atoms included. For PbTe, both
the LDA and PBEsol calculations have been performed with the
same parameters. NSC is the size of the supercell (in directions
according to the definition in Sec. 6), and nDFT is the number of
DFT calculations necessary to realize this force model. C3B12 has
not been calculated with the possible number of IFCs, because the
fit in ALM was not possible (as the amount necessary amount of
RAM exceeded my resources).

KF MgO PbTe Bi2Te3 SnSe La3Te4 B4C

r(3)c 11.0 11.0 20.0 11.2 11.2 13.0 11.0

n(3)
max 3 3 3 3 3 3 3

r(4)c 11.0 11.0 10.0 5.6 5.6 6.5 5.5

n(4)
max 2 2 2 2 2 2 2

NSC 4x4x4 4x4x4 4x4x4 2x4x4 2x3x3 2x2x2 2x2x2

nDFT 191 417 243 536 958 1045 3544

Table N.3: Calculation parameters for the self-energy. All integrations have
been performed with the cuhre routine with a cubature rule of
degree 11. Neval is the maximum number of integrand evaluations
used (that was always completely used). nmax is the number of
the Legendre polynomials used in the expansion, so if nmax = 300,
P300 is the last used polynomial. Nq denotes the size of the q-grid
on which the self-energy is computed. Zκ? says yes, if effective
charges (and the dielectric tensor) have been calculated and used
to obtain LO-TO splitting. ’Off-d.’ is yes, if the DPA has not been
used, otherwise it is ’no’. The same setting has then been used
for the thermal conductivity calculations in the material. ’Shifts’
is true, if the constant part of the self-energy has been calculated.
’SCPT’ is true, if self-consistent phonon theory was applied and
A2 is set true, if the the second algorithm from Sec. 5.2.6 has
been used. The self-energy as calculated here, is used in this same
manner for the thermal conductivity calculations.

KF MgO PbTe Bi2Te3 SnSe La3Te4 B4C

Neval 40000 40000 40000 30000 30000 20000 20000

nmax 300 300 300 240 240 240 240

Nq 12x12x12 12x12x12 12x12x12 16x16x8 6x12x12 8x8x8 8x8x8

Zκ? no no yes no no no no

Off-d. yes yes yes no no no no

Shifts yes yes yes yes no no no

SCPT no no yes yes no no no

A2 no no no yes no no no
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Table N.4: Parameters of the BTE calculation for each material, given the self-
energy from table N.3. r is the relative error that the CUBA routines
tried to achieve. Neval is the number of q-points the integrand
is evaluated on. NE is the number of energies the integrand is
evaluated on for a certain q point. ’Int’ is the integrator from
CUBA used in the calculation. ’Pts’ gives the number of points the
integrand is evaluated at in any iteration. ’RNG’ is the random
number generator. In the cases used here, only the Sobol quasi-
random number generator is used, as implemented in CUBA. ’F’
is the flatness parameter used in suave calculations. Nnew is the
number of new evaluations of the integrand used in the suave
integration.

KF MgO PbTe Bi2Te3 SnSe La3Te4 B4C

r 0.05 0.05 0.05 0.05 0.05 0.05 0.05

Neval 30000 30000 30000 30000 30000 30000 30000

NE 1024 1024 1024 1024 1024 1024 1024

Int vegas vegas vegas suave suave vegas vegas

Pts 1024 1024 1024 1024 1024 1024 1024

RNG sobol sobol sobol sobol sobol sobol sobol

F 20 20

Nnew 128 128

Table N.5: Parameters of the BTE correction calculation for each material,
given the self-energy from table N.3. r is the relative error that
the CUBA routines tried to achieve. Neval is the number of q1, q2
point sets the integrand is evaluated on. NE is the number of
energies the integrand is evaluated on each axis (N2

E evaluations
in total) for a certain q1, q2 point set. ’Int’ is the integrator from
CUBA used in the calculation. ’Pts’ gives the number of points the
integrand is evaluated at in any iteration. ’RNG’ is the random
number generator. In the cases used here, only the Sobol quasi-
random number generator is used, as implemented in CUBA. ’F’
is the flatness parameter used in suave calculations. Nnew is the
number of new evaluations of the integrand used in the suave
integration.

KF MgO PbTe Bi2Te3 SnSe La3Te4 B4C

r 0.3 0.3 0.3 0.3 0.05 0.3 0.3

Neval 100000 100000 100000 100000 30000 8192 8192

NE 1024 1024 1024 1024 1024 1024 1024

Int suave suave suave suave suave suave suave

Pts 128 128 128 128 128 128 128

RNG sobol sobol sobol sobol sobol sobol sobol

F 20 20 20 20 20 20 20

Nnew 128 128 128 128 128 128 128
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Table N.6: Face-centered cubic lattice structure, where d is a constant. x, y
and z correspond to the respective components of the vectors. The
nuclei in the unit cell are always at (0, 0, 0) and (0.5, 0.5, 0.5)d.

x y z
a 0 d d
b d 0 d
c d d 0

Table N.7: Lattice parameters of fcc crystals that calculations have been per-
formed for. In PbTe both LDA and PBEsol were relaxed with the
same lattice parameter. The values are given in Å.

Material d
AgCl 2.73476186

KF 2.65636874

MgO 2.11315

PbTe 3.25685

Table N.8: The lattice vectors of Bi2Te3, as used in the calculations. x, y and z
correspond to the respective components of the vectors. All values
are given in Å. The nuclei positions are given in table N.9.

x y z
a -2.16132552 -3.74352512 0

b 2.16132592 -3.74352581 0

c 0 -2.4008157 9.94443426

Table N.9: Absolute positions of the nuclei in the Bi2Te3 calculations. x, y
and z correspond to the respective components of the position.
All values are given in Å. The corresponding lattice vectors are
given in table N.8.

x y z type

9.36E-06 -4.90170292 7.94414947 Bi

3.72E-06 -4.98614427 2.0002647 Bi

-1.174E-05 -7.37E-06 1.971E-05 Te

2.89E-06 -7.40657749 6.20340789 Te

-3.44E-06 -2.48130123 3.74102677 Te
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Table N.10: The lattice vectors of SnSe, as used in the calculations. x, y and
z correspond to the respective components of the vectors. All
values are given in Å. The nuclei positions are given in table
N.11.

x y z
a 11.4314830575263 0 0

b 0 4.17724931369833 0

c 0 0 4.28743757980503

Table N.11: Fractional positions of the nuclei in the SnSe calculations. x, y
and z correspond to the respective components of the position.
The corresponding lattice vectors are given in table N.10.

x y z type

0.360004252078553 0.25 0.021305888545553 Se

0.139995747921454 0.75 0.521305888545545 Se

0.639995747921447 0.75 0.978694111454433 Se

0.860004252078566 0.25 0.478694111454455 Se

0.119867679287597 0.25 0.072883065159428 Sn

0.380132320712398 0.75 0.572883065159424 Sn

0.880132320712388 0.75 0.927116934840576 Sn

0.619867679287602 0.25 0.427116934840576 Sn

Table N.12: The lattice vectors of La3Te4, as used in the calculations. x, y and
z correspond to the respective components of the vectors. All
values are given in Å. The nuclei positions are given in table
N.13.

x y z
a -4.76385243 4.76385243 4.76385243

b 4.76384012 -4.76384012 4.76384012

c 4.76384459 4.76384459 -4.76384459
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Table N.13: Absolute positions of the nuclei in the La3Te4 calculations. x, y
and z correspond to the respective components of the position.
All values are given in Å. The corresponding lattice vectors are
given in table N.12.

x y z type

2.38205251 3.57299827 0.0001386 La

7.14589868 1.19112072 0.0001347 La

0.00012757 2.38206353 3.5730441 La

0.00012751 7.14591037 1.19109088 La

3.57301544 0.00013668 2.38205829 La

1.19108991 0.00014141 7.14591019 La

0.73719666 0.73719349 0.73719727 Te

0.73719756 -0.73691473 4.0269169 Te

-0.73693631 4.02692894 0.73720105 Te

4.0269071 0.73719338 -0.73693319 Te

3.11911855 3.1191307 3.1191177 Te

-1.64473213 1.64500631 6.40885234 Te

6.40882757 -1.64471476 1.64499904 Te

1.64498924 6.40884575 -1.644724 Te

Table N.14: The lattice vectors of B4C, as used in the calculations. x, y and
z correspond to the respective components of the vectors. All
values are given in Å. The nuclei positions are given in table
N.15.

x y z
a 2.81302994 1.6241038 4.02636052

b -2.81302994 1.6241038 4.02636052

c 0 -3.24822016 4.02637733
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Table N.15: Absolute positions of the nuclei in the B4C calculations. x, y and
z correspond to the respective components of the position. All
values are given in Å. The corresponding lattice vectors are given
in table N.14.

x y z type

-1.39808009 0.80766117 4.34251686 B

0 -1.61390342 4.34252838 B

1.39808009 0.80766117 4.34251686 B

-1.39808089 -0.80672919 7.73707188 B

0 1.61483641 7.73705961 B

1.39808089 -0.80672919 7.73707188 B

-0.91041851 0.52606638 1.3759307 B

0 -1.05081397 1.37596034 B

0.91041851 0.52606638 1.3759307 B

-0.91041863 -0.52513401 10.70365783 B

0 1.05174696 10.70362846 B

0.91041863 -0.52513401 10.70365783 B

0 0.00046561 6.03979512 C

0 0.0004517 4.70596034 C

0 0.00048166 7.37362853 C

Table N.16: Results of the BTE calculations κBTE and the correction κCorr in
MgO. The uncertainties ∆BTE and ∆Corr stand next to them, with
the same units. The uncertainty only includes the uncertainty of
the integration as reported by the CUBA library, and nothing else.
As MgO crystallizes in an fcc structure, the thermal conductivity
is isotropic.

T[K] κBTE [W/(m K)] ∆BTE κCorr [mW/(m K)] ∆Corr

300 77.3 1.6 -1 77

600 44.2 0.8 11 28

900 30.8 0.3 3 21

1200 24.8 0.3 -3 13

1500 21.3 0.3 3 9

1800 19.5 0.2 -1 6

2100 17.4 0.2 4 5

2400 16.4 0.2 6 6

2700 15.4 0.2 2 3

3000 14.9 0.2 2 3
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Table N.17: Results of the BTE calculations κBTE and the correction κCorr
in KF. The uncertainties ∆BTE and ∆Corr stand next to them,
with the same units. Constant contributions to the self-energy
have not been considered in this calculation. The uncertainty
only includes the uncertainty of the integration as reported by
the CUBA library, and nothing else. As KF crystallizes in an fcc
structure, the thermal conductivity is isotropic.

T[K] κBTE [W/(m K)] ∆BTE κCorr [µW/(m K)] ∆Corr

100 14.05 0.2 79 41

300 4.82 0.07 9 55

500 3.02 0.04 -0.5 12

700 2.32 0.03 0.05 1

900 1.91 0.03 0.0007 0.09

1100 1.62 0.02 0.002 0.02

Table N.18: Results of the BTE calculations κBTE and the correction κCorr in
PbTe. All BTE results are in units [W/(m K)], the correction is in
units [mW/(m K)]. The superscript refers to the used functional.
If a † is displayed, SCPT as described in Sec. 5.2.6 was applied.
The uncertainties ∆BTE and ∆Corr stand next to them, with the
same units. The uncertainty only includes the uncertainty of the
integration as reported by the CUBA library, and nothing else. As
PbTe crystallizes in an fcc structure, the thermal conductivity is
isotropic. At 400K I did not obtain stable phonon bands with
SCPT.

T[K] κPBEsol
BTE ∆PBEsol

BTE κLDA
BTE † ∆LDA

BTE κPBEsol
BTE † ∆PBEsol

BTE κPBEsol
Corr † ∆PBEsol

Corr

100 4.26 0.03 2.74 0.03 4.36 0.04 0.5 1.3

200 2.29 0.02 1.48 0.02 1.98 0.02 0.2 0.9

300 1.61 0.02 0.69 0.01 0.66 0.01 0.9 0.4

400 1.25 0.01

500 1.034 0.007 0.336 0.009 0.269 0.008 0.6 0.1

600 0.878 0.006 0.212 0.008 0.192 0.007 0.4 0.08

700 0.755 0.006 0.172 0.007 0.176 0.007 0.29 0.05

800 0.660 0.005 0.253 0.008 0.199 0.007 0.9 0.5
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Table N.19: Results of the BTE calculations κBTE in Bi2Te3. All BTE results
are in units [W/(m K)]. The uncertainties ∆BTE stand next to
them, with the same units. SCPT was used to obtain the results,
as described in Sec. 5.2.6. The uncertainty only includes the
uncertainty of the integration as reported by the CUBA library,
and nothing else. The superscript denotes the tensor element.
The corresponding lattice vectors are tabulated in table N.8.

T[K] κxx
BTE ∆xx

BTE κ
yy
BTE ∆yy

BTE κzz
BTE ∆zz

BTE

50 2.24 0.03 0.95 0.01 2.58 0.06

150 1.14 0.02 1.096 0.009 1.41 0.03

250 1.01 0.01 0.987 0.02 1.45 0.04

350 0.89 0.01 0.88 0.01 1.41 0.04

500 0.74 0.02 0.81 0.02 1.42 0.04

Table N.20: Results of the correction calculations κCorr in Bi2Te3. All results
are in units [10−4W/(m K)]. The uncertainties ∆Corr stand next to
them, with the same units. SCPT was used to obtain the results,
as described in Sec. 5.2.6. The uncertainty only includes the
uncertainty of the integration as reported by the CUBA library,
and nothing else. The superscript denotes the tensor element.
The corresponding lattice vectors are tabulated in table N.8.

T[K] κxx
Corr ∆xx

Corr κ
yy
Corr ∆yy

Corr κzz
Corr ∆zz

Corr

50 3 17 1 50 2 25

150 3 0.6 4 1 3 1

250 2.8 0.3 1.5 1.4 2.1 0.6

350 3.9 0.5 3 1 3 1

500 2.4 0.3 2 1 2.1 0.8
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Table N.21: Results of the BTE calculations κBTE in SnSe. All BTE results are
in units [W/(m K)]. The uncertainties ∆BTE stand next to them,
with the same units. Constant contributions to the self-energy
have been ignored in these calculations. The uncertainty only
includes the uncertainty of the integration as reported by the
CUBA library, and nothing else. The superscript denotes the tensor
element. The corresponding lattice vectors are tabulated in table
N.10. As Sn4Se4 has orthorhombic symmetry, only the diagonal
elements of the thermal conductivity can be non-zero.

T[K] κxx
BTE ∆xx

BTE κ
yy
BTE ∆yy

BTE κzz
BTE ∆zz

BTE

100 6.3 0.05 2.65 0.1 1.94 0.07

200 3.07 0.04 1.52 0.03 1.08 0.04

300 2.45 0.03 1.13 0.03 0.81 0.03

400 2.14 0.03 0.84 0.02 0.64 0.02

500 1.67 0.01 0.69 0.01 0.55 0.01

600 1.34 0.01 0.56 0.02 0.37 0.01

700 1.28 0.01 0.55 0.02 0.41 0.01

800 0.978 0.007 0.49 0.01 0.35 0.01

900 1.08 0.01 0.44 0.01 0.326 0.008

Table N.22: Results of the correction calculations κCorr in SnSe. All correction
results are in units [mW/(m K)]. The uncertainties ∆Corr stand
next to them, with the same units. Constant contributions to
the self-energy have been ignored in these calculations. The
uncertainty only includes the uncertainty of the integration as
reported by the CUBA library, and nothing else. The superscript
denotes the tensor element. The corresponding lattice vectors are
tabulated in table N.10. As Sn4Se4 has orthorhombic symmetry,
only the diagonal elements of the thermal conductivity can be
non-zero.

T[K] κxx
Corr ∆xx

Corr κ
yy
Corr ∆yy

Corr κzz
Corr ∆zz

Corr

100 2 1 -2 2 -0.2 2

200 0.3 0.3 -0.6 0.5 -0.1 0.3

300 0.05 0.2 -0.09 0.3 -0.02 0.3

400 0.3 0.3 -1.2 0.3 -0.8 0.4

500 0.3 0.2 -0.7 0.3 -1 0.3

600 0.3 0.1 -0.2 0.1 -0.2 0.1

700 0.08 0.07 -0.2 0.2 -0.3 0.2

800 0.46 0.08 -0.2 0.2 -0.3 0.1

900 0.13 0.07 -0.6 0.2 -0.3 0.1
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Table N.23: Results of the BTE calculations κBTE in La6Te8. All BTE results
are in units [W/(m K)]. The uncertainties ∆BTE stand next to
them, with the same units. Constant contributions to the self-
energy have been ignored in these calculations. The uncertainty
only includes the uncertainty of the integration as reported by
the CUBA library, and nothing else. The superscript denotes the
tensor element. The corresponding lattice vectors are tabulated
in table N.12. As lanthanum telluride almost crystallizes in a bcc
structure, the diagonal elements of the thermal conductivity are
almost identical, which is why I display also the average of them
κBTE. The results of the self-energy calculations in La3Te4 seem
not to be trustworthy, such that this result can not be considered
trustworthy and is presented only for completeness.

T[K] κxx
BTE ∆xx

BTE κ
yy
BTE ∆yy

BTE κzz
BTE ∆zz

BTE κBTE

300 0.118 0.004 0.113 0.003 0.118 0.004 0.116

600 0.044 0.001 0.044 0.001 0.044 0.001 0.044

800 0.03 0.001 0.0298 0.0008 0.0286 0.0008 0.0295

1000 0.0212 0.0007 0.0212 0.0007 0.0210 0.0007 0.0211

1200 0.0153 0.0006 0.0156 0.0006 0.0148 0.0004 0.0152

1400 0.0115 0.0003 0.0123 0.0004 0.0123 0.0004 0.0120

1600 0.0095 0.0004 0.0088 0.0002 0.0085 0.0002 0.0089

Table N.24: Results of the correction calculations κCorr in La3Te4. All correc-
tion results are in units [mW/(m K)]. The uncertainties ∆Corr
stand next to them, with the same units. Constant contributions
to the self-energy have been ignored in these calculations. The
uncertainty only includes the uncertainty of the integration as
reported by the CUBA library, and nothing else. The superscript
denotes the tensor element. The corresponding lattice vectors
are tabulated in table N.12. The results of the self-energy cal-
culations in La3Te4 seem not to be trustworthy, such that this
result can not be considered trustworthy and is presented only
for completeness.

T[K] κxx
Corr ∆xx

Corr κ
yy
Corr ∆yy

Corr κzz
Corr ∆zz

Corr

300 0.12 0.02 0.08 0.02 0.12 0.03

600 0.03 0.01 0.08 0.02 0.07 0.03

800 0.031 0.003 0.033 0.006 0.040 0.004

1000 0.018 0.002 0.019 0.004 0.015 0.004

1200 0.012 0.001 0.014 0.002 0.013 0.002

1400 0.011 0.001 0.014 0.002 0.015 0.002

1600 0.004 0.001 0.007 0.001 0.003 0.001
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Table N.25: Results of the BTE calculations κBTE in B4C. All BTE results are
in units [W/(m K)]. The uncertainties ∆BTE stand next to them,
with the same units. Constant contributions to the self-energy
have been ignored in these calculations. The uncertainty only
includes the uncertainty of the integration as reported by the
CUBA library, and nothing else. The superscript denotes the tensor
element. The corresponding lattice vectors are tabulated in table
N.14. As measurements would usually not distinguish the lattice
directions, I display also the average of the thermal conductivity
κBTE.

T[K] κxx
BTE ∆xx

BTE κ
yy
BTE ∆yy

BTE κzz
BTE ∆zz

BTE κBTE

300 12.7 0.6 12.4 0.5 13.7 0.6 12.9

600 6.2 0.3 6.1 0.2 6.6 0.2 6.3

800 4.9 0.1 5.2 0.2 5.7 0.1 5.3

1000 4.6 0.2 4.2 0.1 5.0 0.2 4.6

1200 3.7 0.1 3.8 0.1 4.2 0.1 3.9

1400 3.16 0.08 3.11 0.09 3.9 0.1 3.39

1600 3.1 0.1 2.8 0.1 3.1 0.1 3.0

1800 2.74 0.09 2.8 0.1 3.4 0.1 2.98

2000 2.7 0.1 2.7 0.1 3.3 0.1 2.9

Table N.26: Results of the correction calculations κCorr in B4C. All correction
results are in units [mW/(m K)]. The uncertainties ∆Corr stand
next to them, with the same units. Constant contributions to
the self-energy have been ignored in these calculations. The
uncertainty only includes the uncertainty of the integration as
reported by the CUBA library, and nothing else. The superscript
denotes the tensor element. The corresponding lattice vectors are
tabulated in table N.14.

T[K] κxx
Corr ∆xx

Corr κ
yy
Corr ∆yy

Corr κzz
Corr ∆zz

Corr

300 5 2 15 6 21 44

600 2.8 0.8 6 1 7 5

800 5.4 0.6 7 0.8 7 4

1000 5.9 0.6 14 1 15 7

1200 4 1 7 2 16 8

1400 12 1 11 2 33 8

1600 10.2 0.8 9.30 0.09 24 4

1800 11 1 14 2 20 5

2000 11 1 11 1 17 2



O
D E N S I T Y F U N C T I O N A L T H E O RY

DFT is a very effective methodology for modelling materials, that can
be used for a wide range of materials. Even though it does not provide
an exact solution to the quantum mechanical many-body problem
it is especially suited to reliably calculate vibrational properties of
materials (87). For simplicity I assume here that the nuclei in the
material are clamped at fixed positions. The basic idea of DFT is
then based on the Hohenberg-Kohn theorem (120), which states that
the ground-state energy of a material is uniquely determined by
the electron density in the material, and that the electron density is
uniquely determined by the external potential that is the sum of the
nuclei Coulomb potentials. Hence, the ground-state energy can be
interpreted as a functional of the ground-state electron density. The
minimization of this functional then finds the ground-state electron
density of the inspected material. Unfortunately, the exact functional
that has to be minimized is not known, and therefore approximations
to this functional have been constructed. More explicitly, the problem
boils down to find an exchange-correlation potential Vxc in the Kohn-
Sham equation (142)[

−∇
2

2
+ Vn(r) + VH(r) + Vxc(r)

]
φi(r) = Eiφi(r) (O.1)

where Vn is the Coulomb potential of the nuclei, VH is the Hartree-
potential, that is generated by the electrons, φi is the Kohn-Sham
wavefunction and Ei is the Kohn-Sham eigenenergy. This equation has
to be solved self-consistently. The wavefunctions and eigenenergies do
not have a direct physical meaning.

There are multiple famous approximations to Vxc. For this work I
used the local density approximation (LDA) (35, 215) and the PBEsol
functional (216). More accurate approximations are known. In the
LDA, Vxc is calculated from the local exchange potential, which the ho-
mogeneous electron gas would have at the same density. In PBEsol, the
gradient of the electron density is also taken into account. Both func-
tionals have been scanned for numerous materials and have proven
useful and accurate in many occasions. However, as the thermal con-
ductivity is very sensitive on the IFCs used in the calculation, the
choice of the approximation has still significant impact on the final
result of the thermal conductivity, see Ref. (294) or Sec. 6.1.

179





bibliography 181





B I B L I O G R A P H Y

1. M. Abramowitz, I. A. Stegun,
Handbook of mathematical functions (National Bureau of
Standards Applied Mathematics series 55, 1965).

2. A. A. Abrikosov, L. P. Gorkov, I. E. Dzyaloshinski,
Methods of Quantum Field Theory in Statistical Physics,
vol. 40.

3. S. L. Adler, Physical Review 126, 413 (1962).

4. P. B. Allen, J. L. Feldman, Physical Review B 48, 12581 (1993).

5. P. B. Allen, J. L. Feldman, J. Fabian, F. Wooten,
Philosophical Magazine B 79, 1715–1731 (1999).

6. A. Altland, B. Simons, Condensed Matter Field Theory
(Cambridge University Press, 2010).

7. J. An, A. Subedi, D. J. Singh, Solid State Communications 148,
417–419 (2008).

8. P. W. Anderson, Science 177, 393–396 (1972).

9. F. Aryasetiawan, L. Hedin, K. Karlsson,
Physical Review Letters 77, 2268 (1996).

10. M. Asheghi, Y. K. Leung, S. S. Wong, K. E. Goodson,
Applied Physics Letters 71, 1798–1800 (1997).

11. T. Baba, A. Ono, Measurement Science and Technology 12,
2046 (2001).

12. R. Badeau, R. Boyer,
SIAM Journal on Matrix Analysis and Applications 30,
1008–1021 (2008).

13. M. Balkanski, R. F. Wallis, E. Haro, Physical Review B 28, 1928

(1983).

14. A. Banik, B. Vishal, S. Perumal, R. Datta, K. Biswas,
Energy & Env Sci 9, 2011–2019 (2016).

15. J. Bardeen, D. Pines, Physical Review 99, 1140 (1955).

16. S. Baroni, S. De Gironcoli, A. Dal Corso, P. Giannozzi,
Rev. Mod. Phys. 73, 515 (2001).

17. G. Baumgartner, D. E. Bernholdt, D. Cociorva, R. Harrison,
S. Hirata, C. C. Lam, M. Nooijen, R. Pitzer, J. Ramanujam,
P. Sadayappan, presented at the SC’02: Proceedings of the 2002

ACM/IEEE Conference on Supercomputing, pp. 5–5.

18. M. Beekman, G. S. Nolas, Journal of Materials Chemistry 18,
842–851 (2008).

183



184 bibliography

19. J. Berntsen, T. O. Espelid, A. Genz, ACM TOMS 17, 437–451

(1991).

20. C. M. Bhandari, D. M. Rowe,
Journal of Physics. C: Solid State Physics 11, 1787 (1978).

21. V. Blum, R. Gehrke, F. Hanke, P. Havu, V. Havu, X. Ren,
K. Reuter, M. Scheffler, Computer Physics Communications
180, 2175–2196 (2009).

22. I. Bogaert, B. Michiels, J. Fostier,
SIAM Journal on Scientific Computing 34, C83–C101 (2012).

23. M. Born, K. Huang, Dynamical theory of crystal lattices
(Clarendon press, 1954).

24. M. Bouchacourt, F. Thevenot, Journal of Materials Science 20,
1237–1247 (1985).

25. J. P. Boyd, Acta Applicandae Mathematica 56, 1–98 (1999).

26. E. S. Božin, C. D. Malliakas, P. Souvatzis, T. Proffen,
N. A. Spaldin, M. G. Kanatzidis, S. J. L. Billinge, Science 330,
1660–1663 (2010).

27. S. R. Brown, S. M. Kauzlarich, F. Gascoin, G. J. Snyder,
Chemistry of Materials 18, 1873–1877 (2006).

28. F. Buccioni, J.-N. Lang, J. M. Lindert, P. Maierhöfer,
S. Pozzorini, H. Zhang, M. F. Zoller,
The European Physical Journal C 79, 866 (2019).

29. R. E. Caflisch, Acta numerica 7, 1–49 (1998).

30. T. Caillat, J.-P. Fleurial, A. Borshchevsky,
Journal of Physics and Chemistry of Solids 58, 1119–1125

(1997).

31. G. Caldarelli, M. Simoncelli, N. Marzari, F. Mauri, L. Benfatto,
arXiv preprint arXiv:2202.02246 (2022).

32. C. Carbogno, R. Ramprasad, M. Scheffler,
Physical Review Letters 118, 175901 (2017).

33. F. Caruso, F. Giustino, The European Physical Journal B 89, 238

(2016).

34. H. B. G. Casimir, Reviews of Modern Physics 17, 343 (1945).

35. D. M. Ceperley, B. J. Alder, Physical Review Letters 45, 566

(1980).

36. D. J. Chadi, M. L. Cohen, Physical Review B 8, 5747 (1973).

37. C. Chang, L.-D. Zhao, Materials Today Physics 4, 50–57 (2018).

38. L. Chaput, Physical Review Letters 110, 265506 (2013).

39. A. S. Chaves, A. Antonelli, D. T. Larson, E. Kaxiras,
Physical Review B 102, 125116 (2020).
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53. P. Cvitanović, B. Lautrup, R. B. Pearson, Physical Review D 18,
1939 (1978).
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