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Summary

Big Data - the raw material of the 21st century — is exploited by methods of machine learning in
many branches of scientific research. Also current computational material science already has
shifted to the era of data-driven approaches and machine learning methods have proven as useful
tools for the prediction of a large number of material properties. They may surrogate very effortful
calculations based on density functional theory, provide a better understanding of known materials
or even help to discover new materials. Here, an essential role is played by the descriptor, a desirably
interpretable set of material parameters.

This PhD thesis develops an approach to find descriptors for periodic multi-component systems
where also atomic disorder influences the physical characteristics. We process primary features of
one-atom, two-atom and tetrahedron clusters by an averaging scheme and combine them further
by simple algebraic operations. Several methods of compressed sensing are used to identify an
appropriate descriptor out from the matrix of the candidates generated that way. Furthermore, we
develop elaborate cross-validation based model selection strategies that may lead to more robust
and ideally better generalizing descriptors. Additionally, we study several error measures which
estimate the quality of the descriptors with respect to accuracy, complexity of their formulas and
the capturing of disorder effects. These generally formulated methods were implemented in a
partially parallelized Python program.

Actual learning tasks were studied on the problem of finding models for the lattice constant and
the energy of mixing of group-IV ternary compounds in zincblende structure where an accuracy
of 0.02 A and 0.02 eV is reached. We explain the practical preparation steps of data acquisition,
analysis and cleaning for the target properties and the primary features, and continue with extensive
analyses and the parametrization of the developed methodology on this test case. As an additional
application we predict lattice constants and band gaps of octet binary compounds. The respective
descriptors are assessed quantitatively by the error measures and, finally, their physical meaning is
discussed.






Zusammenfassung

Big Data — der Rohstoff des 21. Jahrhunderts — wird bereits mittels Methoden des maschinellen
Lernens in vielen Bereichen der Wissenschaft zu Nutze gemacht. Mittlerweile befindet sich auch
die rechnergestiitzte Festkorperphysik im Zeitalter datengetriebener Forschung und Methoden des
maschinellen Lernens haben sich bereits als hilfreiche Werkzeuge zur Vorhersage einer Vielzahl
von Materialeigenschaften erwiesen. Somit kénnen aufwendige Berechnungen mittels Dichte-
funktionaltheorie umgangen werden und bereits bekannte Materialien besser verstanden oder
sogar neuartige entdeckt werden. Eine zentrale Rolle spielt dabei der Deskriptor, ein moglichst
interpretierbarer Satz von Materialkenngrof3en.

Diese Arbeit entwickelt einen Ansatz zur Auffindung von Deskriptoren fiir periodische Multikom-
ponentensysteme, deren Eigenschaften auch durch atomare Unordnung beinflusst wird. Primére
Features von Einzel-, Paar- und Tetraederclustern werden iiber die Superzelle gemittelt und dann
weiter algebraisch kombiniert. Aus der Matrix der so erzeugten Kandidaten wird mit verschiedenen
Methoden der Dimensionalitidtsreduktion ein geeigneter Deskriptor identifiziert. Weiterhin stellt
diese Arbeit Strategien vor, wie hier bei der Modellfindung Kreuzvalidierung eingesetzt werden
kann, sodass stabilere und idealerweise besser generalisierbare Deskriptoren gefunden werden
konnen. Es werden aullerdem verschiedene FehlermaRe untersucht, die die Qualitit der Deskrip-
toren in Hinblick auf Genauigkeit, Komplexitidt der Formeln und Beriicksichtung der Unordnung
charakterisieren. Diese allgemein formulierten Methoden wurden in einer teilweise parallelisierten
Python-Software implementiert.

Als konkrete Problemstellungen werden Modelle fiir die Gitterkonstante und die Mischenergie von
terndren Gruppe-IV Zinkblende-Legierungen "gelernt", die eine Genauigkeit von 0.02 A bzw. 0.02 eV
erreichen. Die vorbereitenden Schritte der Datenbeschaffung, -analyse, und -bereinigung werden
im Hinblick auf die Zielgro3en als auch auf die priméren Features erldutert, sodass dann umfas-
sende Analysen und die Parametrisierung der entwickelten Methodik an diesem Testdatensatz
durchgefiihrt werden kénnen. Als weitere Anwendung werden Gitterkonstante und Bandliicken von
bindren Oktett-Verbindungen vorhergesagt. Die jeweils ermittelten Deskriptoren werden mit den
FehlermaBen quantitativ bewertet und ihre physikalische Relevanz wird abschliefend disktutiert.
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Chapter 1

Introduction and Motivation

The highly industrialized society relies on the steady discovery of new materials that are required to
fulfill or improve very specific technological functionalities for sustainable energy supply, health
applicances or IT hardware [2]. Solid state physics itself has laid the foundations to a rapid increase
of computational power over the last 60 years which now allows for replacing expensive experiments
of materials science by simulations. Here, in particular software based on density functional theory
(DFT) [3}/4] is very successful such that today in every second terabytes of material data are produced
around the globe by various such codes. That way, computational materials science already has
entered the era of big data [5], facing the challenges of how to effectively store, organize and
share the data [6]. But big data also offers the opportunity to be distilled to knowledge that allows
for gaining a deeper understanding of existing materials and for even predicting new materials
of tailored characteristics. For this, very effective methods of data analytics are necessary that
use well-understood approaches of machine learning and adapt them to actual material science
problems [7].

Over the last decade, progress has been made towards a data-driven materials’ science, both by a
variety of approaches and for a wide range of properties [7H9]. Some promininent examples here are
the classification of crystal structures by a neural network [10], the generation of structure-energy-
property landscapes for molecular crystals [11] or the prediction of electronic band gap energies and
energies of formation for transparent conducting compounds [12]. They demonstrate that machine
learned models may reach high accuracy in property prediction and material classification.

A critical role here plays the numeric representation of the materials: it carries information on
their important characteristics in a more or - preferentially - less abstract way and is the base
for the machine learning. An approach to generate interpretable material representations was
recently developed in Refs. [1}[2,[13] that combines symbolic regression [14}[15] with compressed
sensing [16}[17]. In these works, simple atomic and dimer features were combined algebraically to
a huge data matrix of candidate expressions for a property prediction task on a data-set of octet
binary semiconductors. An optimal descriptor - a low-dimensional linear combination of such
expressions - was extracted by the compressed sensing methods LASSO+¢, and, as an improvement
to that, SISSO.
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This thesis directly continues with these works by addressing the following issues:

1. How can complex multi-component systems effectively be represented by features in the de-
scriptor approach?
So far, the descriptors were constructed for the octet binary materials that have a simple, two-
atomic unit cell. Hence, a method has to be defined how to featurize materials with several
atomic species and a large unit cell such that the algebraic combinations of primary features
are still interpretable. In particular, effects of symmetrically invariant atomic arrangements
have to be considered by an appropriate materials representation. This concerns also the
determination of a set of physically relevant, domain-specific primary features.

2. How can the methods of feature selection and descriptor assessment be improved?

In Refs. [1} 2], the descriptors were identified in a straight-forward manner using the total
dataset. This is not optimal with respect to robustness and generalizability of the model and
may be improved by selection strategies that exploit the data in a statistical way by cross-
validation. Equally, the present scheme to evaluate a found descriptor by cross-validation has
to be formulated more rigorously. Also there is need to define additional measures that allow
to assess also the complexity of the symbolic expressions of the descriptor, and its ability to
consider effects of disorder.

3. What can be learned from applying the methodology to actual material science problems?

Generally formulated machine learning methods need to be confined and analyzed on
specific and appropriate material test cases. These are an ab-initio data-set of group-IV
ternaries, materials influenced both by composition and atomic arrangement, and the octet
binaries of Ref. [1] for our research questions. We aim at finding descriptors for their lattice
constant, energy of mixing and band gap that, at the same time, provide an accurate property
prediction and are physically interpretable.

Working along these issues, the manuscript of this thesis is structured the following: in Chapters[2]
and [3|we present the background in theory of statistical learning and theoretical solid state physics.
An overview of current research on machine learning in computational materials science and the
relevant, already existing practical and theoretical concepts are given in Chapter[4] In Chapter
we propose the developed methodological contributions, i.e. a feature engineering scheme,
cross-validation based selection strategies and additional measures for descriptor quality. Essential
aspects on the implementation of the developed Python code are explained in Chapter[6} Chapter
presents the steps of generating DFT data for the primary features and the target properties.
Analyses of the methodology on actual learning tasks and the resulting descriptors are the topic of
Chapter[8] Finally, Chapter[9|presents the conclusions and also limitations of this thesis, and gives
an outlook for continuing research.
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Chapter 2

Background in Statistical Learning
Methods

In this work, we apply machine learning methods to quantitatively predict materials properties. This
chapter explains the baselines of the underlying mathematical methods, for which the term statistical
learning is more common. After a few introductory remarks and a differentiation of important terms
in Sec. Sec.|2.2 explains several linear regression methods. These are linear least square regression
and some closely related extensions to it, as well as some algorithmic linear approaches. In Sec.
we address kernel ridge regression and symbolic regression, two methods that extend regression to
account for non-linearities. Finally, Sec. covers the important theoretical background on model
evaluation, different error metrics and cross-validation.

2.1 Introductory Remarks and Terminology

Machine Learning (ML) is currently booming in many fields of technology and science and com-
prises the wide field of computational methods to infer knowlegde from data. It aims at finding
statistical models by algorithms based on training data that generalize to samples out of the training
data. Examples of its various applications are the automatized recognition of hand-written text [18],
the detection of prostate cancer in medical imaging [19], the training of a personalized spam filter
[20] or the optimal prediction of a prize in stock trading [21].

The term "machine learning" itself goes back to the computer science pioneer Arthur Samuel at the
end of the 1950s, after the earliest developments like the first artificial neural network had happened
[22]. These had the main idea to mimic biological learning by experience in brains by computer
algorithms, what essentially describes what machine learning is. Further historical landmarks are
the research on Bayesian methods in the 1960s, the invention of error-back propagation for neural
networks in the 1980s and the win of a machine learned program over human players in the game
Go in 2015 [23]. The increased amount of data and the advances in CPU power after the turn of the
millennium paved the way to the ongoing boom of machine learning.

Roughly, machine learning algorithms split into two branches [7]: (1) Supervised learning which
is to derive a relation between the input data and a target. It requires a pairwise structure of the
data, {x;, P;}, where each point in the input space is equipped by a target value. Both regression (see
below) and classification are part of this branch. (2) Unsupervised learning aims at exploring the
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structure hidden in the data, such as different clusters. Here, data comprises just the input points
{x;}, without a target.

There are several terms that are very closely related to machine learning where it is difficult to draw
a hard line between them. Statistical Learning is used basically synonymeously with a somewhat
stronger accent on the underlying mathematical methods, which is why we prefer it in this Chapter.
Artificial Intelligence (Al) acts as a broader umbrella term [24] comprising any kind of mimicking
intelligent behaviour by technology. It subsumes machine learning as the subcategory of intelligent
algorithms. Data Science [25] puts the focus on all aspects of data analysis, in particular on data
mining, i.e. to gain insight in typically huge data itself. It also includes hard tasks like data gathering
and cleaning. Compressed sensing [16,[17] are techniques to acquire signals that have a sparse input
in a large space of input basis. It is closely related to dimensionality reduction, the extraction of a
low-dimensional, ideally meaningful representation of the data from a high-dimensional space [26].

2.2 Linear Regression Methods

In this work, our main interest is to find linear models f(X) = Xc that predict some target property
P e RV, X e RN*M is called the input or data matrix and c € RM is the coefficient vector which is to
be determined. In general, it is not expected to find a model that does the prediction in an exact
manner, so we are seeking for an approximation to P that is in some sense optimal. The M columns
x; of the input matrix X might contain different types of values, each one per material sample. In
addition, we always will assume that X contains a "0th" column full of ones, i.e. X9 =1 (hence

RNX(M+1

actually X e )). The corresponding coefficient cy then expresses an absolute offset term, or

equivalently, the bias of the linear model.

2.2.1 Linear Least Square Regression

A very common and simple approach to obtain a linear model, i.e. to determine the coefficients
¢, is linear least square regression [27,128]. This approach finds the ¢ that minimize the sum of the
squared residuals between the target P and the linear model Xc. Formally, this means to solve

N M
argmin L(c) = argmin, Z (P; — Z Xij cj)2 =argmin_ [P —Xcllg. 2.1)
i=1 j=1

The argument of the minimization is the so-called objective or cost function L(c), and the sum of
squared residuals equivalently can be expressed as |... ||, using the Euclidean or ¢,-norm (cf. Eq.
[2.7). Tt is straightforward to solve this problem by expressing L(c) as

L©) = (P-Xo) ' (P -Xc). (2.2)

Basic calculus gives the two conditions

oL T
—=-2X"P-Xc)=0 (2.3)
oc
and
FL _ 2X'X >0 (2.4)
dcocT '
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on the minimizing c¢. The second is fulfilled if all the columns of X are linearly independent or,
equivalently, if the Gramian matrix G = X X e RM*M s positive definite. From a statistical point of
view, this means that X does not contain any columns that are linearly correlated to each other. In
this case, the first condition yields the unique solution

c=Xx)x'p. (2.5)

There are two important interpretations of this solution. On the one hand, it is minimizing the
mean square error (MSE) that the model makes in predicting P. This can be simply seen from its

definition
1

N 1
errvse = — | 3 (P; — (X)))? = L@©. (2.6)

i=1

The MSE is probably the most common measure for the quality of the model’s prediction, giving
relatively higher weight to larger deviations by the squaring. In order to use the same dimension
as the target property, usually the root mean square error (RMSE) is reported which is simply the
square root of the MSE. On the other hand, the solution can be interpreted in a geometric way. The
columns of the input matrix X span a subspace of R"Y. The model f(X) =X-¢ = XX'X)"'X'P = HP
then can be seen as the orthogonal projection (expressed by H) of P into this subspace. Note further
that the minimization problem[2.1]is convex. This is a favourable property as convex optimization
problems can be solved for large dimensions in an efficient way, and there exist also a lot of solution
algorithms for this type of problems [2].

2.2.2 Regularization

In this work, the data matrices X typically will have many more columns than target observations, i.
e. M > N. Although being computationally feasible, LLSR has two main drawbacks in this case.
These arise from the high number of free parameters c;, equal to the matrix size M. On the one
hand, this may adapt the model too closely to the target data at the cost of its generalizability, i. e.
it may lead to overfitting (cf. Sec. 2.4.1). On the other hand, the interpretability is reduced with
every additional degree of freedom. Besides that, if X is large and even contains highly correlated
columns, the Gramian matrix G might be close to singular, i.e. ill-conditioned. This will result in an
instable solution of Eq. [2.1] (Ref. [29]).

To overcome these drawbacks one usually makes use of a so-called regularization of the minimiza-
tion problem. In a very general sense, this means to extend the original objective function L'(c) by a
regularization term R(c),

argmin, (L'(c) + R(0)).

R(c) penalizes the model parameters ¢ with the intention to shrink some of the parameters c;
towards zero. This will stabilize the solution and make it less prone to be overfitted. If the regular-
ization even achieves c; = 0 for some i, it serves to select some of the variables (for which c; # 0),
which crucially improves the model interpretability.

Commonly, the regularization term R(c) penalizes the size of the parameters by some type of
¢ p-norm of the parameters. For an arbitrary vector ¢ and p € R, this is defined as

; /p)
lell, = (Z chl’”) . 2.7)
=1
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In the case that p > 1, the ¢,,-norm satisfies the triangle inequality

I+, <lixll, + [yl 2.8)

such that R(c) = ||c|| p is convex. This is beneficial since, for typical similarly convex choices of L' (c)
like the root mean square error, the total optimization problem becomes convex, and there exist
efficient solution algorithms to handle this type of problems [28], even for very large matrices and
numbers of parameters.

2.2.3 The ¢y-problem

As explained above, regularization is able to improve the interpretability if it leads to variable
selection such that the linear model depends on a small number k of columns of X only, i.e. the
minimizing ¢ contains only k non-zero components. The straight-forward choice to achieve such a
dimensionality reduction thus is to use the counting-norm or £y-norm for R(c). This is defined byE]

lclo=card({j €{1,...,N}:cj #0}), (2.9)

simply counting the number of non-zero coefficients. A vector ¢ with up to k non-zero elements,
i.e. l[cllg < k, is called k-sparse.

The minimization problem hence turns into the so-called ¢y-problem
argmin,Sy, (c) = argmin, ([P —Xcll5 + A llcllo) (2.10)

that formally will produce a k-sparse solution. Here, the hyperparameter A € Rj balances between
the two demands of model accuracy (given by the MSE or ¢, term) and sparsity (given by the ¢,
term). The larger A is chosen, the more components of the minimizing coefficient vector c will be
zero. Obviously, in the limiting case of A = 0 the solution is identical to the one from linear least
square regression.

For larger A, the solution to Eq. [2.10|technically is obtained by solving Eq. [2.1]at first for all possible
j such that |icllp = 1, then for all j, k such that ||c[ly = 2 etc., and to each time select the linear model
of minimal MSE. As the number of combinations grows very quickly with the sparsity, this naive
algorithm is computionally very costy. Unfortunately however, it cannot be improved much: there
exists a proof that the £(-problem is NP-hard [16}/30] and thus cannot be solved in an effective way
in general.

In this context, it is useful to bring Eq. that is in Lagrangian form (with the multiplier 1) to the
equivalent problem
argmin, (||P —Xcllg) subjectto [lcllo <A (2.11)

with the constraint written explicitly. If, for instance, A = 3, this expresses the seek for a model with
minimal quadratic error under the constraint that up to 3 coefficients are non-zero. From this,
the solution algorithm - to perform LLSR of all 1-dimensional, 2-dimensional and 3-dimensional
models and then pick the best one — can be seen more clearly. Hence, its computation time has the

INote, that the term is mathematically imprecise since it actually does not satisfy all requirements of a norm.
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upper limit

M M

Q
<Y Nj*- (2.12)
j=1 j

Ty, < NQ?* -
Q

where the first factors result from the dominating multiplication X”X in LLSR [31], and the second
from the number of combinations where obviously the largest contribution is at j = Q.

2.2.4 Ridge Regression

To avoid solving the computationally problematic £y-problem explicitely, it might be approximated
by using the ¢,-norm for the regularization instead. This approach is called ridge regression [27]
and is expressed by the minimization problem

argmin, (|P —Xc|3 + Allcll3).

or
argmin, (|[P—Xcll5) subjectto lcll, <A

in Lagrangian form. Although the ¢, regularization generally does not provide a sparse solution,
it leads to a shrinking of the coefficients towards zero and towards each other — with the larger A,
the smoother and simpler the model. Ridge regression will increase the bias of the LLSR model to
reduce its variance (cf. Sec.[2.4.1). Interestingly, its solution can be expressed in the closed form

c= XX+ AD"'X'P. (2.13)

2.2.5 Least Absolute Selection and Shrinkage Operator (LASSO)

Alternatively, a regularization by the ¢;-norm can be used to approximate the £y-problem (Eq. [2.10).
This reads as
argmin,Sy, (c) = argmin, (IIP - Xcllg +Allcl 1) ) (2.14)

and is usually referred to as linear least square and regression operator [32], in short LASSO. The
choice of p =1 plays a special role since, on the one hand, it still guarantees the convexity of the
optimization problem as the limiting case of the triangle inequality Eq. On the other hand, it
also promotes sparse solutions which only is achieved if p < 1.

This can be understood easily in a geometric interpretation of LASSO. For this, also the minimization
problem of LASSO is recast to its Lagrangian form with the constraint

lelly <A

that restricts c to the square-like ¢;-unit-balls. Figure on the left illustrates this for a two-
dimensional problem with the two free parameters c¢; and ¢, in comparison to ridge regression on
the right. Here, the red elliptical lines indicate the contours of the pure mean square error with the
linear least square solution ¢ sg in the middle. The square-like blue area marks the #;-constraint
region of LASSO, the spherical blue area the #,-constraint region of ridge regression. The point
where the concentric ellipses touch the constraint first marks the solution of the two regularized
problems. Importantly, only for the square-like LASSO constraint this may happen at one of the

9



Chapter 2. Background in Statistical Learning Methods

axes. In that case, one of the coefficients is zero, i.e. LASSO provides a 1-sparse solution or selects
one of the variables.

Figure 2.1: Contours of the objective function (the mean square error, red) and the respective
constraint regions (blue) in the plane of the coefficients c¢; and ¢, for a two-dimensional problem.
On the left, LASSO with the square-like ¢y-contraint, on the right, ridge regression with the elliptical
¢ -constraint. crysg marks the solution of a pure linear least square regression, without a constraint.
Figure adapted from [27].

LASSO is only an approximation to the exact £y-problem but it has been studied extensively when
the two solutions will coincide. Going into the details is out of the scope of this work, we here refer
to 216} [33] for a further reading. As an important result, the research on this question revealed an
upper limit of the column number M of X at which LASSO (Eq. yields reasonable solutions to
the ¢y-problem. This reads as

N

with a constant C > 0 that, in practice, is chosen within 4 < C < 8 [16]. M will correspond to the
number of generated candidate features in Sec. and hence Eq. will limit the size of the
feature space.

By contrast to ridge regression, the objective function in the minimization problem of LASSO (see
Eq. is not differentiable due to the ¢;-term. Therefore, the problem cannot be solved in
a closed form, and also standard solvers including the first derivative are not applicable. As the
problem is still convex, it can be tackled by optimization techniques of convex analysis. The two
methods being important within the scope of this thesis are coordinate descent and least-angles
regression (LARS).

Coordinate Descent: The standard way to solve the LASSO problem is the coordinate descent
algorithm [34] which iteratively minimizes its objective function Sy, (c). It successively optimizes
all directions of ¢ but only with respect to one c; at the same time at one step of the iteration. A
straightforward implementation is be outlined the following:

10
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1. Start with an initial guess cy.

2. Determine c; by solving

1

c; = argminSgl(c‘é,...,c}_l,d,c1 ek (2.16)

i+17°°
deR I

for each component d = c; from j =1 to j = N separately and one after each other.

3. Iterate analogously for i — i + 1 to yield c;+1.

W~

. Stop if sufficient convergence is achieved.

This variant is called cyclic as it cycles over the columns at each iteration in step 2 according to their
order in X. Importantly, it depends on the order of the coefficients c, i.e. of the columns of X, such
that a change in order may lead to a different solutionE]

Least-angles Regression: Least-angles regression (LARS) [35] is a powerful linear regression
method on its own. Similar to OMP (Sec. is relies on the correlation between features
and a residue but does the update of the solution in in a direction equi-angular between the fea-
tures once two or more columns have the same correlation with the residue. Let us outline the
steps of the algorithm where it is assumed that the matrix X already has been standardized to its
mean and standard deviance [27]:

1. Initialize the residual by R=P — P and all coefficients by cy,...,cpm = 0.
2. Find the feature x; with highest correlation (cf. Eq. ) with the residual R.

3. Increase c; from 0 in the direction of sign({R,x;)) until another column k has the same
correlation with the current residual.

4. Update c; and ci in the direction of their LLSR solution until a third column x; is equally
correlated with the current residual.

5. Iterate until convergence in number of features or accuracy of the model is reached.

The selection of features here is defined by the non-zero coefficients where, if a ¢; eventually turns
back to zero at step 4, the referring feature is discarded. Importantly — and by contrast to coordinate
descent — LASSO-LARS is independent from the order of columns in X because the correlation of all
features is considered at step 2.

2.2.6 Matching Pursuit (MP)

As an alternative approach to solve the ¢, problem, in [36] an iterative scheme called matching
pursuit (MP) was proposed. The basic idea is to successively decompose the target vector P in
columns of X. Importantly, it is not assumed that X is orthogonal, i.e. in other words that it might

2 Alternatively, the iteration can follow a random order at every step which often markedly fastens the convergence —
but equally is affected by the column order of X.
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Chapter 2. Background in Statistical Learning Methods

contain redundant or correlated features. Allover this work, correlation is meant as linear correlation
which can be expressed by the Pearson coefficient of correlation,

cov(v;v;) (i =) (vj—pp))
0i0j B 0i0j .

pi,j =pv;,vj) = (2.17)
for two arbitrary vectors v; and v; with variance o; and ;. In the special case that v; and v; are
standardized to have zero mean and variance 1, this definition simply reduces to the standard
scalar product (v;,v;) which we assume for the rest of this section. Note, that correlation is also
investigated graphically in correlation plots, plotting the target versus the prediction. Here, the case
of a perfect correlation p; j = 1 corresponds to all points lying exactly on the bisector, elsewise they
are spread to some extent.

The algorithm of MP has a step-wise approach which makes it greedy. It can be sketched by:

1. Initialize the residue R,, with the target property P for n = 1 and the set of selected column
indices to I, = @.

2. Determine the index y, = argmax|(R,,X;)| = argmax|p(Ry,x;)| and add it to I,,.
jel, jel,

3. Update the residue R;+1 = Ry, — Xy, ¢, where ¢, = (Rp, Xy,).

4. Iterate n— n+ 1 until a convergence criterion (such as a threshold in error or the size of I,,) is
reached.

That way an Q-dimensional linear model Z?:l x;c; is determined. Note, that step 3 means to find
the vector that is mostly aligned with R, from an alternative geometric point of view.

2.2.7 Orthogonal Matching Pursuit (OMP)

MP can be easily extended to the dimensionality reduction method orthogonal matching pursuit
(OMP) [37,138]. It modifies the MP algorithm at step 3 such that the coefficients of all columns in
the current I, are updated in every iteration. This is done by linear least square regression (cf. Sec.
with a temporary matrix X, reduced to the current column selection I,,. The new residual
then is obtained by subtracting this fit at each step, i.e. R,41 =P — Z?: 1 XiCi

As explained in Sec. a LLSR fit is equivalent to an orthogonal projection of the target property
into the linear subspace spanned by X. In this case, the current residue R, is projected in the
subspace of X,,. After subtracting the current model, the next residual R4, is orthogonal to X;, —
from this reason, this modification is called orthogonal matching pursuit. If the matrix X offers a
suitable variety of columns, each next selected column x;,,; will lie mostly aligned with R+, and
hence almost orthogonal to all previous columns. This can often result in a markedly improved
model performance, compared to MP, and reduce the redundancy in the selected columns.

2.2.8 Sure Independence Screening (SIS)

The idea of matching pursuit — to pick columns based on their absolute correlation with the target
P — can be generalized also in another direction. Instead of choosing only a single column, one can
instead select a set of the features with highest correlation. This is the idea of sure independence
screening (SIS, [39]) that builds the basis of the dimensionality reduction method SISSO (cf. .
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In a more rigorous way, it can be formulated the followingﬂ

* Calculate the absolute correlations |p ;| = [(P,x;)| for all j.
¢ Choose a model size Qgis = a M where 0 < @ < 1 such that Qg5 € N.

* Determine a model by Zsis = {1 < j < M :|p | is among the Qg;s largest of all p}.

Following this approach, the dimensionality can be tackled down from a probably huge size M
to a much smaller size Qgis. The name of the method derives from the so-called sure screening
property [39] that guarantees that all important features will be present after the screening with a
probability tending to one, i.e.

P(@y, € Dsis) — 1forM — oo (2.18)

where 9, denotes the exact sparse model from a combinatorial #y-search (cf. Sec. [2.2.3). Note
finally, that the algorithmic complexity to solve SIS is of the order O(N - M), i.e. proportional to the
size of X.

2.3 Regression beyond Linearity

2.3.1 Kernel Ridge Regression

All regression methods explained so far considered linear models, f(X) = X: ¢, which often is a too
strong restriction on the model structure [40]. One very common method that goes beyond this
limitation is kernel ridge regression (KRR, [27,!40,41]), that combines ridge regression (see Sec.
with the so-called kernel-trick. It constructs the model by

N
f& =) cix(x;,X) (2.19)
i=1

where x (x;,X) denotes some type of kernel function [42]. A very common choice for x that we also
apply in this work is the Gaussian kernel or radial basis function kernel (rbf),

2
Ixi =i
KX, Xj)=exp|————— 2.20
(x; X]) XP( 202 ( )
where o € R denotes the width of the kernel.
Analogously to Eq. kernel ridge regression solves the minimization problem
argminc(np—f(X)ng+AZc,-1<(x,-,x,-)c,-). 2.21)
ij
In matrix notation, this reads like
argmin, (||P - Xcll5 + Ac'Kc), (2.22)

3Note, that SIS itself is non-iterative, by contrast to MP, but also has been generalized that way.
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where we defined K e RN*N by K;. j =« (x;,x;). Also for kernel ridge regression, a solution exists in
closed form, that is given by
c=(K+AD'P. (2.23)

Importantly, the matrix to be inverted here is of dimension N x N while in LLSR it has the dimension
M x M. By consequence, while the number of free parameters of LLSR is equal to the number of
features M (c € RM), KRR has N parameters to be optimized, equal to the number of samples N
(ceRM).

KRR depends on the parameter A that balances between the quadratic error and the regularization
as well as on the parameter(s) of the used kernel, for instance the Gaussian width o. In practice,
these hyperparameters are often determined through a CV procedure before the actual model
training. Note that KRR does not favor sparsity due to the ¢,-norm, i.e. they generally depend
on the total training data. Additionally, the use of a kernel makes them more abstract than linear
methods. This will keep the models in a "black box" that strongly limits their interpretability.

2.3.2 Symbolic Regression

Symbolic regression [7, (14} [43] is another common technique in current artificial intelligence.
Similar to standard regression methods it aims at an optimal prediction of the target P from a set of
input variables {xj,...,Xps}. Its main idea is to combine these basic variables by algebraic operations
to then identify models in the form of simple and human-readable formulas of the most relevant
features and their mathematical relation. Symbolic regression could, for instance, select the two
variables x, and x5 out from many and connect them algebraically into an expression exp(xz +6- x5)
as the model.

Obviously, the number of possible such expressions that could be optimal is infinite in principle.
Thus, one typically puts restrictions on their complexity. These could truncate the layers of alge-
braic combinations up to an understandable level, or reduce the expressions to only physically
meaningful ones. However, even with these constraints, symbolic regression is computationally
costly.

Often, symbolic regression therefore is used together with genetic programming (14] but one can
also apply dimensionality reduction methods to find optimal expressions in a potentially huge
matrix X of candidates as done in this work. Balancing between predictive performance and
complexity, symbolic regression models typically follow a Pareto frontier [44] where the best models
at a given complexity follow a monotonically decreasing line.

The algebraic expressions can also be visualized hierarchically as "trees" [7] where terminal nodes
represent the considered input variables and interior ones their algebraic combination. Based
on this concept, it is common to define quantitative measures for the model complexity [43,[45]
such as the number of layers in the tree, the number of terminal nodes, or the length of the tree.
The second counts the number of considered basic variables and is also referred to as information
complexity, the third is known as expressional complexity.
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2.4 Model Evaluation

2.4.1 Estimating Model Performance

On the one hand, a machine-learned model should give optimal, interpolative fits on the data it
is trained on, on the other hand, it also should transfer well to new, unseen data, i.e. have a good
generalization ability. The latter is quantified by the generalization error or, equivalently, fest error
which formally is defined as [27]

err'®(Uy) = E[L(Pee, fXte)) U1 ] . (2.24)

This is the expectation value of the loss L (e.g. the RMSE) at applying a model f trained on a fixed
training set Uy, to input data X and target P, of an independent test set Uye. Practically, many stan-
dard techniques of statistical analysis such as cross-validation (see Sec. or bootstrapping [46]
instead access the expected generalization error or expected test error

err'® = E[L(Pee, fXe)] = E [err™®(Uy)] (2.25)

which averages also over the randomness in choosing the training set Uy, that yielded the model.
Another important statistical quantity is the training error,

1 N
err'’’ (Uy) = N Y L(P;, f;(X), (2.26)
i=1

which averages the models’ loss over all samples in a specific training set Uy,. Similarly to err’¢, the
expected training error can be defined as an average over the random choice of the training set by

err'" =E[err’ (Uy)]. (2.27)

Linear least square regression (cf. Sec. and derived generalized linear methods such as ridge
regression (Sec. [2.2.4), LASSO (Sec. and also SIS (Sec. rely on the quadratic error in
their loss function L. For this choice, a very insightful decomposition of the expected generalization
error err'’® can be derived [27]. Assuming that the target property P has a normal-distributed error
€ of variance o, this reads

err’®(x) = o2+ [E[f(xp)] - Pi]* + E[f(x) - E[f(xp)]]?

(2.28)
= Irreducible Error + Bias®> + Variance.

for a single data point x; and a single target value P;. The irreducible error is the error in the property
itself (e.g. measurement errors in experiments, the imprecision of computed data etc.) and is a strict
lower limit of model performance. This is in contrast to the reducible error expressed by the second
and the third term that results from the model’s imperfectness. The first contribution, (squared)
bias, is equal to the amount the model prediction deviates from the true value on average and
results from the simplification of reality made by assuming a specific form of the model. The second
contribution, the variance, expresses the squared deviation of the model’s prediction around its
mean, and is connected to its flexibility and its dependence on the choice of the used training data.

Let us illustrate this on a specific set-up in this thesis, to find a linear model for the band gap Eg
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El.O

5 10 15 20
flexibility / complexity

Figure 2.2: Characteristic shape of expected training and test error versus model flexibility or
complexity (on an arbitrary scale) for a numeric example. Adapted from [47].

calculated in DFT-LDA approximation. Here, the irreducible error is the difference between the
imprecise DFT calculation and the hypothetical true value. The simplification made by assuming
that the model is linear and composed of a small number of primary features corresponds to the
bias term. The variance of the model is its flexibility in the free coefficients c; to adapt to the training
data.

From Eq. it is obvious that a model will generalize well in terms of err® if it simultaneously
minimizes the Bias and the Variance term. Practically, the model has to balance between these
two by tuning its complexity — the so-called bias variance trade-off [27, 47]. Models with a low
complexity typically have a high bias but low variance as there is only a few degrees of flexibility.
Vice versa, models of higher complexity are equipped with a lower bias but a higher variance as
they are much more adaptable to the training data.

An increasing model flexibility or complexity affects the two measures for model performance,
err'” and err'¢, in a different way. Figure illustrates the typical shape of their curves for a
numeric example. Their relation err’® > err'" at any flexibility is not necessary but very common
since the model is trained to optimize err’". Note here the two limiting cases [41},/47, 48]:

« If the model is too simple, both err!” and err!" are large, i.e. the model is underfitted.

« If the complexity is too high, err” still reduces because the model can adapt more and more
to the training data. This, however, is at the cost of a high generalization error err’¢ and
called overfitting.

In practice, ones thus limits the flexibility e.g. by regularization (see Sec. [2.2.2) to achieve an optimal
generalizability.

2.4.2 Error Metrics

In this work, we use several different metrics for quantifying the deviance of the model prediction
fX) from the target P [41]. Each of them focuses on different aspects and has certain advantages
and disadvantages. Naturally, there is no general answer to the question which error metric to use.
A very common measure is the root mean square error (RMSE) that was already defined in Sec. [2.2.1}
As itincludes a squaring, it gives a relatively high weight to large differences between target and
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prediction, so in particular outliers could dominate the metric. It is a natural choice for the quality
assessment of optimization problems involving an ¢,-norm of the differences, in particular linear
least square regression (Sec. [2.2.1). Compared to the MSE, taking the root ensures that errgumsg has
the same dimension as the target P.

An alternative error metric is mean absolute error (MAE),
1 N
eITMAE = Y IPi— fiX)], (2.29)
i=1

that averages the individual absolute differences and hence gives equal, linear weight to them.
Equally, it has the same dimensions like the target. Due to its discontinuities, it is rather unusual to
use errpag as a loss function.

Often it is interesting to focus on the worst-case prediction a model does. The size of this is
quantified by the maximum absolute error (maxAE)

eITmaxAE = MaX (1P; = fi X)), (2.30)

which, obviously, also has the same dimension as P.

These three metrics allow to be compared with the absolute numbers of the target. As an alternative,
one also reports relative errors where, for instance, the individual residuals r; are divided by the
respective target value P;
ri  Pi—fiX)
rl(:_l:#, (2.31)
P; P;

before being averaged by one of the definitions above.

2.4.3 Cross-Validation

A standard technique to estimate the generalization error of a model is cross-validation (CV) [27]. By
exploiting the existing data in a statistical way; it yields an approximate for the model generalizability
to new data. In cross-validation, the data is split multiple times into training and test sets where
the former are used to adapt the model to and the latter to evaluate the generalization capability.
Averaging over the splits then yields estimates for expected training and test error.

More rigorously, the procedure is defined the following: Let {U;?,izl,...,ch} and
{U(”

tor b= 1,...,NCV} be Ny partitions of the total data of sizes Nfr and N;e each, i.e. for fixed
i)
.

by P(s) the target for s and by L a loss function. Then

i a data sample s either is in a training set UD orinatestset U ;le) Indicate by f(s|U ; ) the predic-

123

tion for sample s by the model trained on Ux),

cross-validation approximates the expected training error by

errtrziNCV 1 Y L(P(s) Fslutdy) (2.32)
NCVi:l Ni ’ tr /0

tr seUé?
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and the expected generalization or test error byﬂ

; 1 Nov
err’®=— -
Nev 21 Nf

Y LP(s), F(sIUDy). (2.33)

e seUt(f;

There are several different types of cross-validation that differ in the way the total data is repeatedly
split into training and test sets [50]. This might be done in an exhaustive or non-exhaustive, i.e.
partial manner, depending on whether all possible partitions or only some of them are considered.
The most common CV schemes are:

* V-fold CV: a general partition of the total data into V € N (approximately) equally sized
random splits {U;} is applied. Iteratively, each set once acts as test set and the remainder as
training set. Typically, values of V =5 and V = 10 are recommended [51]. This partial scheme
is fast since it involves only V iterations.

* Leave-group-out CV (LOGCV): in this equally partial CV scheme one or several groups of the
data, e.g. based on physical intuition [52], are once left out as test set.

* Leave-p-out CV (LPOCV): here, all possible subsets of the total data with exactly p € N
data points form the partition into training and test sets. A special case is leave-one-out
CV (LOOCYV) where each single data point is excluded once for testing. p is often given as
percentage proportion of the total data — for example in leave-10%-out CV (L10%OCV), the
test sets comprise 10% of the data. As LPOCV exhaustively considers all (2’) sets, the number
of iterations grows combinatorially with p and hence quickly becomes computationally
infeasible. Thus, in practice one approximates this scheme by using a fixed and much smaller
number of iterations Ncy. The partitioning then uses Ncy randomly chosen but distinct test
and training sets of size p € N and N — p each. It has to be ensured that N¢y is large enough
to provide sufficient convergence in average errors.

For learning problems with a very large space of features one typically uses two-step learning
methods [27] that at first do a pre-screening by a dimensionality reduction method .#. On the thus
obtained much smaller subset of the best features, the model & is then built by a second method
. For assessing this approach, it is essential that cross-validation (of whichever type) replicates
the total model selection .4 — .4 — @ at every individual iteration i. This means to apply
M — A to the individual training sets U x), yielding models 2, and then evaluate them on the
respective test set Ug). Approximates for the training and test errors err; and err, are obtained
by averaging over all accumulated splits (where eventually 2 # 2\)).

In a data-rich situation [27], one typically uses additionally a so-called hold-out [48] or validation
set Shoﬂ This contains some proportion of the total data that is taken apart in the very beginning
for a final estimate of model performance. It is considered neither at model fitting nor at any step
of cross-validation - in this case the CV partitions split the remaining data only. This is beneficial as
the data used for model selection and for validation is separated more strictly.

4This quantity is also frequently referred to as CV scale with the abbrevation CV (f) [49].

non

SUnfortunately, the use of the terms "hold-out", "validation" and "test set" is not uniform.
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Chapter 3

Background in Theoretical Solid State
Physics

This work applies machine learning methods to ab initio materials data. To generate this data, we
applied the codes exciting and FHIaims which both implement density functional theory (DFT).
In the following we give a brief overview of the basic principles of DFT in Sec. and a summary of
the main features of the codes exciting and FHIaims in Sec. Section[3.3 explains properties of
the electronic band structure used in the machine learning and Sec. the tight binding model by
which also some of the data was calculated.

3.1 Density Functional Theory

3.1.1 The Hohenberg-Kohn Theorems

A fundamental problem underlying the calculation of solid state systems is the solution of the
time-independent Schrédinger equation

HY = E¥ (3.1

where H is the Hamilton operator, E the energy eigenvalue and ¥ the wave-function depending on
the positions of all electrons and nuclei. From ¥ the expectation values of all observables can be
obtained. Since ¥ depends on all electronic and nuclear coordinates, solving Eq. [3.1]is demanding
and usually even impossible, and hence clever approximations are required to solve it in practice.
As afirst step, usually the so-called Born-Oppenheimer approximation [53] is applied which consists
in decoupling the motion of electrons and nuclei. This is possible due to the much smaller mass of
the electrons. Additionally, the nuclei can be considered static such that the Schrédinger equation
(Eq. reduces to an equation for the electronic wave-function, which reads

(T+ W + Dext) Ve = E¥,. (3.2)

Here, T is the kinetic energy operator of the electrons, W the electron-electron interaction operator
and Dey; the external potential due to the positively charged nuclei.

In 1964, Hohenberg and Kohn proposed two fundamental theorems which provide a dramatical
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simplification to this electronic problem [3]. The first theorem states that for a system of N
interacting electrons the external potential Dey; is fully determined by the ground state electronic
density

2 dry---dry, (3.3)

Po(l') ENel"/|q]el,0(r’---’rNel)

and vice versa. As a direct consequence from this, po(r) fully determines the electronic ground state
wave-function W . Therefore, the expectation value of any observable in the ground state can be
expressed as a functional of the density py.

In particular, this holds for the energy of the system, E = E[p], which is important for the second
theorem of Hohenberg and Kohn. This transfers the variational principle of the wave-function to
the electronic density

Ep = Ipyl?E [Pl — Eo= “}},HE (o', (3.4)

i.e. the ground state energy Ej in principle could be obtained by minimizing the energy functional
with respect to all trial electronic densities p’ keeping the number of electrons N constant. So, the
crucial statement of the theory of Hohenberg and Kohn is, that it reduces the electronic problem
of Eq. depending on all 3V electronic coordinates to a problem of just 3 spatial coordinates
(i.e. those of p(r)). Unfortunately, however, these two theorems do not have any direct practical
implication as the analytical form of the functional E[p] is unknown. Nonetheless, very accurate
approximations to it have been developed which are presented in the next section.

3.1.2 The Kohn-Sham Scheme

Only one year later, in 1965, Kohn and Sham found an ansatz how to solve the issue of the unknown
functional E[p] which is the second keystone of density functional theory [4]. The central idea
of their approach is that the electronic many-body system can be identified with a much simpler
auxiliary system of non-interacting electrons that reproduces the ground-state density pg. In
consequence, the total energy E[p] can be recast as

Elpl = Ts[pl + Whlpl + Vext[p] + Exclpl (3.5)

with the single particle kinetic energy Ts[p] and the Hartree energy Wi [p], the classical electrostatic
interaction. The additionally introduced exchange-correlation functional Exc[p] is defined to
absorb all further interactions such that the many-body system is resembled exactly, i. e. the
remainder in both kinetic energy and electron-electron interaction.

In the Kohn-Sham picture the electronic ground-state density takes the form
N 2
po@® =) |yim|, (3.6)
i=1
where the single-particle wave functions vy ; are found by solving the Kohn-Sham equations
|
—EV + vks (@) |y (@) = €;y;(1). (3.7
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3.1. Density Functional Theory

Here, the Kohn-Sham potential is given by [54]

, p) +5Exc[P]

3.8
[r—r'|  6p) 5.8

VKs(¥) = Vext (1) + VH(X) + Uxc(F) = Vext(¥) + f dr

which was derived by a variation of the total energy functional, § E[p]/6p = 0. Similar to Eq.
it comprises the external potential vex(r), a Hartree term vy (r) and the exchange-correlation
contribution vxc(r).

As the Kohn-Sham equations depend on the electronic density p(r), which by Eq.|3.6|again depends
on the Kohn-Sham orbitals 1;(r), they need to be solved in a self-consistent manner. From a
sufficiently converged solution, the total energy of the ground state is calculated as

Nel 1
Elpol=) €;i— 5[ vH (1) po(r)dr + Exclpol —f vxc (B)po(r)dr (3.9)
i=1

from which the ground state properties are determined. The Kohn-Sham scheme was proven to
yield the ground state energy of the many-body system in theory. However, an exact expression of
the exchange-correlation potential Exc[p] is not known and hence efficient approximations to it
are necessary. There have been many different approximations developed so far, on different levels
of accuracy and complexity [55]. The simplest of them, the local-density approximation, was used
to generate the data in this work and will be outlined in the following.

3.1.3 The Local Density Approximation

This approach to approximate the exchange-correlation potential Exc[p] was already proposed in a
seminal work of Kohn and Sham [4]. Here, the electron density p(r) is assumed to behave locally
like a homogeneous electron gas. In LDA, Exc is split further into its exchange and correlation
contributions Ex(p) and Ec(p)E] For the former part, an analytical expression is given by [56H58]

Ex(p) = fex(p(r))p(r)dr (3.10)

where €,(p(r)) is the exchange energy density of the homogeneous electron gas

1/3 L
€x(P(1‘))=—Z(;) p(r)s. (3.11)

By contrast, in the analogous expression of the correlation energy

Ec(p) = fec(p(r))p(r)dr, (3.12)

there is no analytical expression for the correlation energy density e.(o(r)). It was estimated
numerically with a high precisicion by Monte Carlo simulations [59] from which several analytical
parametrizations have been developed [60, 61]). In this work we use the parametrization by Perdew
and Wang (LDA-PW) [62].

LDA provides reliable approximations for systems with a slowly varying electronic density like
metals. Due to the fullfillment of certain sum rules, LDA has given good results also in cases where

I These are only functions of p now due to the assumption of locality.
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the density is not slowly varying [63]. That way, calculations based on LDA are able to reproduce
bond lengths and hence the geometries of molecular and solid bulk structures typically with ~ 1%
accuracy. While for these systems the structure of electronic bands is also reasonable [64], the
fundamental band gaps are typically underestimated by ~ 40%, the so-called band gap problem of
LDA [65]. A prominent example is the semiconducting Ge in diamond structure which LDA even
misclassifies as a metal.

3.2 Ab-initio Codes

To generate both the primary features and the target DFT data for the machine learning, the ab-
initio codes exciting [66] and FHIaims [67] were applied. Generally, the variety of DFT codes can
be distinguished by their way they expand the electronic wave-functions [68]:

1. by localized orbitals,
2. by plane waves,
3. by augmented functions.

In this classification, FHIaims belongs to class 1 as it uses numeric atom-centered orbitals. By
contrast, exciting does the expansion by plane-waves that are augmented by atomic functions
and thus belongs to class 3. We give a brief outline of both of them in the following.

3.2.1 exciting

The DFT code exciting expands the electronic wave-function in terms of augmented plane waves
(APW). The basic idea is to divide the space of the calculated material in muffin-tin (MT) spheres
centered at the atomic sites Ry, and an interstitial region (I) outside of these spheres. Formally, the
real-space Kohn-Sham wave function of the ith state and the wave vector k is expanded as

Yi®) =Y Clobea®), (3.13)
G

where C%‘G are expansion coefficients and the summation is over all reciprocal lattice vectors G. The
basis functions - the augmented plane waves - are defined by

ZlmA?n_:gula(ra)Ylm(fa) if rq<Rmt

PGrk(r) (3.14)

1 Li(G+k)
me if rel

In the muffin tins of radius Ryt (that depends on the atom species), the wave function is expanded
in terms of the radial functions u;,(r) and the spherical harmonics Y;,,(t,). In the interstitial
space, this is just a plane-wave, normalized by % The coefficients A?};;ﬁ serve to satisfy the
continuity of the APW at the borders between the muffin tins and the interstitial region.
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3.2. Ab-initio Codes

For ry < Ryt, the Kohn-Sham potential vk is adequately approximated by its spherical average
vo(r). Thus, the radial wave functions u;, () have to satisfy the radial Schrédinger equation

1d% 1+

_EF+T+VO(”_€H( (ruq(r)) =0. (3.15)

with an eigenvalue €;x. From this, the augmented plane wave basis functions are fully defined,
allowing to bring the Kohn-Sham equations (Eq. for a specific k-vector in the matrix form

HYCK = ekskck (3.16)

with the coefficient eigenvector C* specifying the expansion of Eq. Here, H* is the Hamiltonian
matrix consisting of the elements (g k(r)| — %VZ + vis(r) g +k(r)), and the overlap matrix Sk with
the elements (PG+k(¥) PG +k(T))-

Since the basis functions depend on the eigenenergies €; in the radial part, the eigenvalue problem
of Eq.[3.16]is non-linear. In exciting, there are two different strategies implemented to make it
computationally tractable. On the one hand, the radial functions are expanded by

Uia(Ta,€) = U (Tq,€1a) + (€1q — €)1 (Fa, €10) (3.17)

where €, is constant and 1, the first derivative with respect to the total energy, yielding the
classical linearized augmented plane waves (LAPW) basis set [66}[69]. On the other hand, the APWs
are considered with fixed ("frozen") energy parameters €;,, and additional radial basis functions
are introduced by

Gu®) = 8aa,0611,0mm, [auttia(Tas€1a) + budtla (Ta;€10)] Yim Ea). (3.18)

The ¢, are strictly located inside the MT of one atom and called local orbitals (LO) therefore. Here,
u = (a, I, m) denotes a certain [, m orbital of a muffin tin @, and the coefficients a,, and b, are used
to satisfy the conditions ¢, (r) = 0 at the MT boundary and [y ¢, (r) |>dr = 1 over the volume of
MT. exciting allows to freely combine these two concepts and hence has the total familiy of the
LAPW methods implemented - often referred to as the gold standard of solving the KS equation due
to their very high precision in energy [70].

Equation is solved efficiently by restricting the reciprocal lattice vectors G by the cut-off
condition |G + k| < Gpax- The number of considered G vectors that satisfy this condition determines
the number of LAPWs and in turn the size of the Hamiltonian (together with the number of local
orbitals). The cut-off parameter G« is determined by the dimensionless parameter rgkmax = Ryt-
Gmax.- Thus, for a given rgkmax, larger radii Ryt imply a smaller Gnax and a smaller Hamiltonian,
and vice versa. Note that Ryt here refers to the smallest value in case of several atomic species. The
paramter rgkmax determines the precision of the expansion in the region I [70] with typical values
between 4 (e.g. for light materials) and 9 (e.g. for a high precision in forces), and even more than 12
(e.g. for heavier elements or d-states).

Two other parameters influence the precision of exciting: (1) the mesh size (ny,, ny,, ni,) (ngridk)
of the k-point grid for integrations over the Brillouin-zone, (2) the plane-wave cut-off gmaxvr = |G|
for the expansion of the interstitial electron density and potential. Large unit cells require a smaller
ngridk, and, in comparison to insulators and semiconductors, metals typically require a larger
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ngridk, in order to accurately resolve the Fermi surface. |G| commonly is set to values around
12Bohr™! and 16Bohr™!. Proper parametrization is done by convergence tests, for instance, with
respect to total energy, balancing between precision and computation time.

A main application field of exciting is the calculation of the electronic energy spectrum of pe-
riodic systems. Beyond DFT, it supports the many-body perturbation theory method GW in the
single-shot approximation Go W [71]. For further information on exciting, in particular its input
parameters, we refer to its documentation online [72].

3.2.2 FHIaims

Part of the data used for this thesis was created with FHIaims (Fritz Haber Institute ab initio molec-
ular simulations package) [67] that can be applied to both periodic bulk structures and isolated
molecules. This code uses numeric atom-centered orbitals (NAOs) as basis set for expanding the
wave function. These are defined by

u;(r)

P = Yim(Q) (3.19)

r

where i refers to an electron, Y;,,(Q) denotes the spherical harmonics and u; (r) the radial functions.
The latter are numerically tabulated from the solution of the radial Schrédinger equation on a
logarithmic grid with additionally confining them to the region of one atom. Similar to exciting,
the electronic density is determined in a self-consistent manner. Code efficiency is based on the
spatial confinement of the radial functions, the use of effective linear algebra packages and high
parallelization. Accuracy is mainly determined by the set-up of the species-dependent parameters
regarding the basis set, integration grids and the precision of the Hartree potential. The code
provides several sets of default settings from which the option tight is used in the data of this work,
providing sufficient convergence in the generic case (see the documentation of the code).

3.3 Ionization Potential, Electron Affinity, Band Gap

For a general system with N electrons, the ionization potential and the electron affinity are defined
as differences in total energies of the N-, (N — 1)- and (N + 1)-electronic system

IP=Eyn_1—-EN (3.20)

and
EA=EN—En41, (3.21)

i.e. as the energy change due to electron removal or insertion [73}[74], respectively. The fundamental
band gap of the system is then given by

Eg=1P—EA=EN_1+Ens1 —2EN. (3.22)
The Kohn-Sham gap from DFT calculations actually is the difference
Ep® = €1y — €ho (3.23)
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Figure 3.1: Left: occupied (blue) and unoccupied (green) electronic energy states of an isolated
carbon atom (from the generated data described in Sec. [7.4.1). The 2p states at the HOMO are
plotted by a dashed line to indicate the 3-fold degeneracy. The HOMO-LUMO gap, the primary
feature Eg x in Tab. is indicated by the arrow. Right: band structure along the k-path L-I'-X of
SiC (in the binary supercell of Fig. from the data described at the end of Sec. [7.2). Valence bands
(VB) and conduction bands (CB) are marked in blue and green, respectively. The fundamental band
gap is taken at the I'-point (denoted as Eg xy in Chapter.

between the lowest unoccupied (€)y) and the highest occupied state (e,), i.e. for atoms and
molecules the highest occupied and the lowest unoccupied molecular orbit (HOMO / LUMO).
Importantly, Egs is not equal to Eg due to the dicontinuity of exchange-correlation effects [73} [75].
However, if we approximate /P = —ep, and E A = —ey,, the HOMO-LUMO difference approximates
Eg [76)[77]. Fig. on the left illustrates this for the ab initio levels of an isolated carbon atom that
we use to derive the atomic HOMO-LUMO gap, the primary feature Eg x in the machine learning

input data (see Sec. and Tab.[8.2).

In the continuous band structure E(k) of bulk materials, the fundamental gap Eg is defined as the
difference between the conduction band minimum and the valence band maximum, that can be
located at different k. Instead of this, we consider the direct gap at the high-symmetry pointk =T,

r T r
E} = E{y — Byg, (3.24)

as primary feature for the group-IV ternary dataset T and as target for the octet binaries O in Chapter
This definition is indicated in Fig. |3.1|on the right for bulk silicon carbide, obtained as explained
at the end of Sec.

3.4 The Tight Binding Approach

A common model to calculate the electronic bands is the tight binding (TB) approach which is
computationally much faster than methods based on density functional theory [58, 78} [79]. It is
based on superpositions of single-atom wave-functions located at the crystal sites. This effectively
keeps the electrons localized at the atoms which is a reasonable assumption for materials like
semiconductors and insulators whereas it is less appropriate for metals.
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In the TB approach, the Hamiltonian of a crystalline system can be written as [80]

H=T+) Valt—r1,) (3.25)

n,v
where T is the kinetic energy. The second term decomposes the potential energy into the potentials

of isolated atoms, where r;,, marks the position of atom v in the unit cell n. The TB approach now

makes the ansatz )

VN

for the wave-function of atom v in the unit cell n. The sum on the right hand runs over all unit cells

Oumlr) = — Y exp’ ™ 9, (r—1,) (3.26)
n

with the atomic wave-functions 9, ,, (r — r;,)) weighted such that the Bloch condition for periodic
crystals is satisfied. 9,,,,(r —r,,) are the solutions to the Hamiltonian of isolated atoms where m
indicates the quantum number of the eigenstate. With this ansatz, the total wave-function of the
crystal is expanded as

P@® =) ComOpmk,x). 3.27)

v,m

In the basis of the wave-functions ©,,,, the Hamiltonian can be brought into matrix form
Hv’m’vm(k) = <®v’m’(k)|H|®vm(k)> (3.28)

It is found by straight-forward calculus that Hy ', (k) contains only integrals over the atomic wave
functions 9,,,,(r — r,,). The coefficients C,,, in Eq. which solve the many-body Schrédinger
equation are determined by diagonalizing Hy' /-

Unfortunately, the number of integrals in Hy p;,, (k) might be large and has to be limited in
practice. This is usually achieved by restricting the considered atomic wavefunctions to only a
few states m, for example to solely s- and p-orbitals. Alternatively, one can limit the spatial range
of interactions by, for instance, neglecting all except the nearest-neighbors’ contributions. The
number of parameters of the TB approach thus can be reduced drastically and, even more, these
are commonly fitted to match DFT results [81]. This is important for the scope of this work where
the fitting relies on on-site energies Eqg at single atomic sites as well as semi-empirical transfer
integrals. In specific, the former is done by atomic on-site energies of s- and p-states from DFT
calculations in local density approximation (LDA, cf. Sec. .
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Chapter 4

Machine Learning in Computational
Material Science

This chapter addresses the required theory in data-driven materials science, a quickly growing and
very interdisciplinary field. In Sec. we give a brief overview of the current research. Section[4.2
explains the practical steps on the path from raw data to a machine learned model. In Sec. we
present the theoretical concepts of representing materials numerically which is the basis for successful
models. Finally, in Sec. we outline the dimensionality reduction methods LASSO+¢y and SISSO
that recently were developed to find symbolic regression-like material descriptors.

4.1 Data-driven Material Science: Status Quo

Although the methods of statistical learning have been applied more to the soft-sciences chemistry,
biology and life-science first [9], they also spread to theoretical solid state physics over the last ten
to twenty years, in front of the enormous amount of available ab initio data (see Fig.[4.1). So far, the
variety of successfully applied data-science techniques and studied materials science problems
is remarkable, as summarized in the recent reviews of Refs. [7H9}82]. In this work we concentrate
on supervised learning tasks (see Sec. for quantitative materials property prediction, i.e. of
a real valued scalar target P. For this, the prediction of the lattice parameter of binary wurtzite
superlattices [83] or of GoW, band gaps of a set of inorganic compounds [84] are anong many other
examples [12}[85H87]. The lack for a direct interpretability of the model here is a common problem,
even if a high numeric precision is reached. Symbolic regression approaches are promising to
improve over this issue as demonstated for instance by the identification of structual features of
hydrogenated amorphous silicon or the rediscorvery of the Johnson-Mehl-Avrami-Kolmogorov
equation for recrystallization kinetics ([15}40]).

A too nested and hence incomprehensible model expression as in Ref. [88] can be avoided by
combining symbolic regression with compressed sensing, the idea of the work of Ghiringhelli et.
al. [1,12]. They used this approach to identify comprehensible material descriptors for predicting
the energy difference between zincblende and rocksalt structure of 82 octet binary compounds
[89,190]. Here, simple atomic and dimer features were processed to a large pool of heuristic formulas
first, as for instance EA(B) —IP(B)/r (A)?, consisting of the electron affinity EA and the ionization
potential IP of the anion A, and an atomic radius p of the cation B. The best descriptor 2, defined
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as low-dimensional linear combination of such formulas, was then extracted from the candidate
features by the method LASSO+¢ (see Sec. [4.4.1), reaching an accuracy level of 0.06 eV (RMSE).
An upfollowing work of Ouyang et. al. [91] demonstrated that the alternative method SISSO (Sec.
is able to reduce the correlation in descriptor features and to push forward the limitations on
feasible feature space size, not only for this data set [92].

125000 3000
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2100000 e ""machine learning material science" 2500
©
v n i n 2000
% 75000 e '"condensed matter big data
o 1500
'S 50000
o 1000
-g 25000
> 500

0 0
1990 1995 2000 2005 2010 2015 2020

Figure 4.1: Number of publications in data-driven material science, considering the number of
results of google scholar searches with the two terms "machine learning material science" (left axis)
and "condensed matter big data" (right axis).

Another critical step forward in computational materials science concerns a more rigorous study of
learning strategies and how to assess a model’s perfomance and generalization capabilities [8}93].
This means to further transfer established statistical learning methods to material science as done in
Ref. [48]. Very recently, the benefits of a cross-validation based feature selection were demonstrated
at predicting impurity activation energies by Gaussian Process Regression [52], an approach that
also is combinable with symbolic regression. Part of this research area is also the question, how
to best exploit data on simpler properties of a material at predicting a more elaborate one. Here,
closely related strategies like A-learning (to learn the difference between a computationally cheap
and an expensive one), multi-fidelity learning (using low-fidelity data as features for a model of
a high-fidelity approximation) or a hierarchical descriptor search (to build a feature space for a
complex property by descrittors for a simpler one) already have started to emerge [8}94} 95].

4.2 Steps from Raw Data to a ML Model

The gained experience from the pioneer works in data-driven materials science already led to
several similar attempts to outline a generic workflow to find valuable models [8,(9,[82,[96]. These
can be summarized to the four basic steps shown in the scheme of Fig.

Step 1 comprises all kind of data preparation which typically is the most technical, laborious and
time-consuming task. Both input and target data has to be acquired, for instance from public
data bases [97, 98], or generated by new calculations. Raw data needs to be preprocessed or
parsed to extract the relevant quantities and the data structure (e.g. subcategories of materials). A
manual or automated analysis of the parsed data is essential, for instance by graphically examining
crystal structures or the bands, or by checking the consistency of the ab-initio parametrization.
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Step 1: Step 2: Step 3: Step 4:

Data Preparation: Feature Engineering: Machine Learning: Model Evaluation:
e data acquisition

e data analysis ™ determine the numerical [ | ® choice of learning al-  [’| e estimate performance and
e data curing representation of the gorithm generalizability

e data organizing materials e hyperparametrization e methods: CV, hold-out, ...
e error estimation e actual model training e metrics: RMSE, MAE, ...

Figure 4.2: The four basic steps of machine learning in computational material science.

Detected outliers or erroneous data may require data cleaning, involving the repetition of some
DFT calculations or the exclusion of specific samples. At this step also the error in the data has to
be estimated since it determines the irreducible error (see Eq. that limits the further model
accuracy. In that way, clearly organized input and output data of well understood veracity [5] is
obtained.

In regard of the ab-initio data itself, one can distinguish the following hierarchical levels (modified
from Ref. [96]):

* level 0/input data: the pure chemical and geometric information

* output level 1: electronic charge density p,;, wave-functions v,;, energy levels E(k),

* output level 2: ground state energy Ey and atomic forces {Fy (i)},

* output level 3: physical properties derived from level 1 and 2 such as binding energies, energy
differences, lattice constants, band gaps or bond lengths.

Note here, that so far machine learned models predominantly have been developed to predict
properties on level 2 and 3. In this work, we use data from levels 0, 1 and 3 in the input to learn
target properties on level 3 solely, namely lattice constants, energies of mixing and band gaps.

The second step is the feature engineering which means to determine a numerical representation
(also called fingerprint) of the materials as the input for the machine learning. This has to include
physical domain expertise and strongly depends on the chosen learning algorithm. This processing
might consist of determining the atomic building blocks in the materials or involve more complex
transformations, but should require by far less cost than the generation of the target data the model
will surrogate. For quantitative supervised learning tasks, the feature engineering ends up at a data
set of the structure {s,x(s), P(s)}, i.e. alabel s for the material, a string of input numbers x(s), and
the real-valued target P(s). We address more details on this step in Sec.

The third step comprises the actual machine learning by a properly chosen learning algorithm,
such as LASSO+¢, or SISSO in this work. In preparation, the hyperparameters of the algorithm
need to be determined by numerical tests. These might be [99]: (1) numerical hyperparameters
of the representation like the width of a Gaussian Kernel, (2) structural hyperparameters of the
representation, for instance the layers of operations in symbolic regression or the type of the basis
functions in KRR, (3) hyperparameters of the ML method such as the balancing factor A of LASSO.
The actual training then yields a model 2 for the property prediction, optimal with respect to a
specific criterion. Essentially, the model also needs to be evaluated which is step 4 in the workflow.
This usually is done by cross-validation (Sec. or related techniques, or by means of graphical
methods, and uses error metrics like the RMSE to check the model performance and generalizability.
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type description interpretability | accuracy
gross level descrip- | based on simple atomic features | high low
tors (mass, period, radii...) or other

general properties (bulk modu-
lus, density), mostly used with
linear methods

molecular-fragment | based on features of larger | medium medium
descriptors building blocks (dimers, organic
groups), frequently combined
with kernel methods

fine level descriptors | capture fine structure details | low high
(< 1A), approximate electronic
density, used with neural net-
works or KRR

Table 4.1: Classification of material descriptors based on their granularity. Based on [8].

4.3 Representing Materials for Machine Learning

A crucial step in ML in computational materials science is to numerically represent a material s by
a vector of features x(s) which is the ingredient for any further supervised or unsupervised learning
task. The terminology is not that uniform here, but x(s) can be called descriptor, fingerprint or
representation more or less synonymously. The very fundamental descriptors of a material are
position and charge of the nuclei {r;, Z;} and the number of electrons N as they determine any
quantum mechanical property via the many-body Hamiltonian [13]. Surrogate ML models will
bypass the complex interdependences of the Hamiltonian but similarly will rely on the geometry
and / or the electronic properties of the atoms as the base information carried by {r;, Z;} and N
(i.e. on data on level 0). How to process these fundamental descriptors and also enrich them by
further available information to features x(s) reaches from simply determining the atomic numbers
in a material, over a statistical aggregation of atomic properties [85, [100], up to approximating
the local electronic density by radial distribution functions [101] or a smooth overlap of atomic
positions [102].

Different types of material descriptors can be classified, for instance with regard to their granularity
as in Table Here, roughly the finer and elaborate the fingerprints, the higher is the predictive
accuracy but the lower may be the human understanding gained from the model. Another criterion
is the locality: local descriptors represent only some parts of the materials (like building blocks or
building blocks in their environment) and are suitable for learning local target properties (forces
etc.). If processed further, e.g. averaged over the total material, they can also be applied to global,
extensive target properties (like melting temperatures). Global descriptors characterize a material s
as a whole and hence are used to predict global properties (like band gaps etc.). Finally, representa-
tions can be distinguished by the system they are applied to, where the main split is between finite
and periodic systems.

One can summarize a set of important requirements for material descriptors [1},[99}, 103]:

1. Invariance to transformations that keep the property P. This refers to shifts in indexing the
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atoms in the unit cell or to geometric transformations like unit cell rotations.

2. Uniqueness, i.e. any transformation that changes the property P should also be reflected by a
change in the descriptor. Otherwise, "degenerate" fingerprints x(s) = x(s’) of two systems s,
s’ that differ in P would erroneously lead to equal predictions for P.

3. Correlatedness in the sense that small vs. large changes in the descriptor should reflect small
vs. large changes in P.

4. Generality, so the descriptor should be able to encode any comparable atomistic system
instead of being too specific.

5. Simplicity, considering both computational efficiency in comparison to P, and human inter-
pretability.

Additionally, one may demand continuity and even differentiability with respect to atomic coordi-
nates, typically for the fine level descriptors of Tab. [4.1]]'

4.4 Dimensionality Reduction Methods

4.4.1 LASSO + ¢y Approach

As already explained before in Sec. an exact solution of the #y-problem is not feasible for large
matrices X, even for low-dimensional linear combinations, due to the combinatorial explosion of
computatione time. A way to overcome this problem was presented in Ref. [I] which combines the
LASSO method and an exact solution of the £y-problem, and hence is called LASSO+# or ¢1+¢
approach. The main idea is to first determine a much smaller preselection I, of the most important
features by LASSO and to then solve the ¢(-problem exactly, being feasible on the smaller set.

More in detail, the approach works the following way:

* As apreparation step, the data matrix X is standardized columnwise to its means and stan-
dard deviations to ensure that the columns approximately have the same weight in the

¢, -regularizing term | c||; in Eq.

* The preselection of the M < M most relevant features is done by sequentially applying
LASSO to X with decreasing hyperparameter A. The maximum, Ay, is chosen such that all
coefficients c; are equal to zero (none of the feature columns is selected), and then reduced
on a decreasing sequence A = (1;);en (Which is, for instance, a logarithmic grid). That
way, more and more c; will be non-zero and the referring column x; will be added to the
selection. The procedure stops when the set of selected columns, denoted by the set of
indices Iy, = {j|31; € A : ¢j # 0}, has reached a certain number M.

* On this subset of reduced dimensionality, the ¢y-problem is solved exactly (being feasible
here) to obtain the best 1,..., Qnac-dimensional descriptors {Z;}. As explained in Sec.
this is equivalent to perform LLSR of all 1,...,Qmnax-dimensional combinations of coefficients
and to pick each one with the lowest RMSE.

1 The materials representation is called exact in that case [103].
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Note, that one also could think of using LASSO alone to approximate the ¢y-problem, without the
£o-step. The optimal Q-dimensional descriptor then simply would be the first linear combination
of features with exacly Q non-zero coefficients at descreasing A. Unfortunately, it turned out that
this straight-forward approach does not work if X contains many highly correlated columns (with a
Pearson correlation close to 1) [2] which typically is also the case for the pools of candidate features
in this work. The combined ¢y+¢; approach however was demonstrated to yield the exact solution
of the ¢y-problem (at low Q where the combinatorial solution is feasible) for certain cases, and thus
to improve in this issue.

4.4.2 SISSO Approach

A closer investigation of the LASSO+¢ approach yielded that it nevertheless has problems to identify
optimal descriptors. On the one hand, this is due to a limitation of LASSO to matrix sizes of the
order of M = 10° features. Even in disregard of Eq. practically these feature space sizes exceed
the memory capabilities of standard local workstations with the used implementation of LASSOE]
On the other hand, the intended improvement over the pure LASSO for highly correlated features in
X turned out to be quite limited: the yielded descriptors {&} still can consist of highly correlated and
hence redundant features in many cases, as is demonstrated in Sec. Against this background,
Ouyang et. al. [91] recently proposed the sure independence screening and sparsifying operator (in
short, SISSO) which could improve over LASSO+¢ in these two aspects. The name derives from
combining a screening for the most relevant feature columns by sure independence screening (SIS,
cf. Sec. with an additional dimensionality reduction method, here called sparsifying operator
SO, in an iterative way. The method is sketched in Fig. and can be outlined as follows [13]:

1. SIS step for i = 1: Rank all columns by their (absolute) correlation |p| (see the definition of
Eq.[2.17) with the target P and select the Mg;s ones with highest |p| to a first subspace S;.

2. SO step for i = 1: Select the column x; from S§; with the highest |p| as 1-dimensional de-
scriptor 2. The coefficient ¢, is yielded from a linear least square regression by Eq. [2.1]to P.
Evaluate the residual by Ry =P — cx;.

3. SIS steps for i > 1: Find the Mgjs columns being highest correlated with the previous residual
R;_;. The ith subspace S; is determined by building the union of this subset of features S;
S j (here, trivially S =8).

with all previous subsets S, i.e. by S; = uJ’:Zl

4. SO steps for i > 1: Apply the sparsifying operator SO to the subspace S; to determine the
i-dimensional descriptor 2;.

The iteration is stopped if a certain stopping criterion is satisfied, like a threshold in prediction accu-
racy, or if a chosen maximum of descriptor dimension Q5 has been reached. For the sparsifying
operator SO, different choices are proposed and discussed in Ref. [91], such as the dimensionality
reduction methods LASSO and OMP (see Secs. and [2.2.7), and also SO = ¢y, i.e. an exact
combinatorial solution of the £y-problem Eq. The size of the subspaces Mgjs is determined by
the capabilities of SO, for instance for SO = LASSO, U?:lgi could contain up to 108 features. For SO
= ¢ and Qpax = 5, difficulties from a combinatorial explosion limit the feasible size of U ;:1§i toa

2Ref. [2] and this work uses the Python package sklearn.linear_model, as also addressed in Sec. m
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few tens of features. Nevertheless, Ouyang et. al. [91] demonstrated SO=¢ to surpass the other
options.

Figure 4.3: Schematic visualization of the SISSO approach. Target property P, features of X, the
bunch-like subsets S ,» and the first residual R; are visualized in a two-dimensional plane. Left:
iterations i = 1 and i = 2 of the SIS screening, right: combinatorial search for the best 2-dimensional
descriptor of SO = ¢. The purple features are combined to a two-dimensional linear combination.
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Chapter 5

Machine Learning Methodology

In this chapter, we present the machine learning methodology that was developed in this thesis. In
Sec. we explain our general approach how to obtain and assess optimal descriptors starting from
simple primary features. Section[5.2 presents the scheme to engineer a feature space,. The actual
set-up of the methods LASSO+¢ and SISSO is briefly described in Sec. Section[5.4 explains
three model selection strategies that employ cross-validation in a different way. In Sec. we
present quantitative measures to assess specific characteristics of a descriptor beyond its pure numeric
performance.

5.1 General Machine Learning Approach

Our general machine learning approach adapts the one of Refs. [I} 2] (see Sec. and is sketched
in Fig. It starts from simple primary features { fi.} which could comprise atomic data or other
properties of the materials’ constituentsE] These features are then engineered by two different steps
to a feature space that is represented in the data matrix X. First, the {f;} are processed to primary
features {F}} by an averaging scheme such that they represent a structure as a whole, not only its
constituents. Second, these are further modified and combined by various algebraic operations as
in symbolic regression (see Sec. [2.3.2). That way, a huge pool X of candidates with an analytical
formula like, for instance, (r? — di 5)/2, is obtained. Note, that we distinguish the primary features
{fx} and {Fy} in terminology by calling the former local as they are specific to a "building block" y
of the material, and the latter global since they refer to the total material.

The best descriptor 2, a low dimensional linear combination of features, is hidden in X like the
needle in a haystack. It is extracted by a learning method £ in a selection strategy .. The learning
method £ combines a dimensionality reduction method .# (for instance LASSO or OMP, see Sec.
and an exhaustive ¢(-search (see Sec.[2.2.3). The selection strategy . defines a criterion for
what actually makes the descriptor the best. Finally, the so obtained optimal descriptor of low
dimension ( is assessed with respect to its performance and generalizability by a cross-validation
procedure.

1For some examples see Tablesandand Tab. for ML on the the datasets T and O, respectively.
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Chapter 5. Machine Learning Methodology

Figure 5.1: The steps of the machine learning approach of this work: generation of a feature space X
from primary features {f;} by a feature engineering scheme (top), and the actual selection of the
best descriptor & and its assessment (bottom).

5.2 Feature Engineering

5.2.1 Generating Global Features

For very simple materials like the octet binaries of the dataset O (see Sec. [8.5.1), a local primary
feature { f} already may suffice to fully characterize a material. For example, the feature dxy, the
dimer distance, already represents a binary structure AB in total since there is only one distinct
pair of atoms in AB, e.g. dgaas would already fully characterize GaAs. For more complex systems, it
is necessary to process the local quantities {f; (y)} to global features {Fi} that equally represent a
material by a single scalar number such that a low-dimensional linear model can be constructed
from them. This is the puprpose of the scheme explained in the following. It relies on the two fun-
damental descriptors [13] of a material, {Ry, Zy}, the set of atomic positions and atomic numbersﬂ
Importantly, we use the atomic positions of the ideal structures as the relaxed ones would already
require for costly DFT calculations (see Sec. which the ML approach is desired to circumvent.

2Ref. [13] actually names position and charge of the nuclei {r;, Z;} and the number of electrons N, in the system but
we assume Y_; Z; = Ng here.
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5.2. Feature Engineering

Averaging Scheme: A straightforward approach to generate a global primary feature is by averag-
ing the local primary features {f(y)} over all the building blocks of one type y by

Fa=— Y ful). (5.1)
m yes

m denotes the number of such building blocks in the structure s and serves for normalization. For
example, Eq. [5.1|could define the average over all atoms’ orbital radii or over all tetrahedral clusters’
formation energies. For each building block in the sum, the value of f labeling this specific y will
contribute, i.e. the specific orbital radius of the atomic species at a site i or the specific formation
energy of the tetrahedral cluster of four atoms at i. This idea of averaging is closely related to
Vegard’s law (see Eq. which approximates the lattice constant a4p of a binary crystal by a linear
interpolation between the lattice constants of the respective pristine materials a44 and app. If Eq.
is applied to ax4 as a primary feature f; (i.e. the atoms « in the supercell are labeled by the
respective bulk lattice constant) it is even identical to Vegard’s law.

Raw and Central Higher Moments: As a next step, we generalize the averaging scheme by taking
the g-th raw moments F9 and the g-th central moments F9 of f, respectively. This is done by

_ 1
Fio=—23 (fen)’ (5.2)
m yes
and
) 1 1/q
Fl = Eyzﬂ(fk(y)—ak)" , (5.3)

where g € N = 2 defines the order of the moment. For the trivial case g = 1, Eq. .2]is identical to Eq.
and Eq. 5.3|equals to zero. The raw moments of Eq. 5.2] define averages of higher powers of the
local primary features which may provide insightful physical interpretations: if, for instance, f} is
an atomic radius r, Eq. |5.2|effectively means to average the surfaces of atomic spheres in case of
q = 2, and their volumes in case of g = 3. The features 72 and 7> hence can be interpreted to cover
effects of the surface or the volume of the constituting atoms on the target. The central moments of
Eq.[5.3|define averages with respect to the mean F;; and hence carry information on the shape of
the distribution of fi. For g =2, it is equal to the standard deviation of fi, for g = 3 it is related to
the skewness of fj. which is a measure for the asymmetry of a distribution. We include the power by
1/g in the definition of the central moments to ensure that they have the same dimension as the
initial properties. This is convenient in view of the further augmentation of the feature space by
mathematical operations (cf. Sec.[5.2.2).

Figures and[5.3|additionally illustrate the definitions of Egs. (top parts) and [5.3| (bottom
parts) by applying them to an exemplary structure of the group-IV ternary data set T. They serve
to get an understanding of the magnitude of the contributions and the captured characteristics
of the distribution for the different types of averages. The first one is for the case of an atomic
local primary feature (atomic radii rs and r, respectively), the second one for a pair feature (dimer
distance dxy). The columns indicate the contributions at the individual building blocks y to the
sums of Egs. [5.2]and[5.3|for g = 1 (red), g = 2 (blue) and g = 3 (green), i.e. at the individual atoms i
and for all distinctive pairs (a, 8), respectively. The dotted lines mark the resulting averages where
the operation 1/q is omitted for scaling reasons.
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Chapter 5. Machine Learning Methodology

Raw and central higher moments bring two important benefits: on the one hand, they introduce
non-linearities into the feature space. This is important because the ML approach is limited to
linear models f(X) = Xc so any non-linearity has to be included in the features themselves. On the
other hand, they are similar to a common correction scheme to Vegard’s law accounting for bowing
effects (see Eq. [7.9). While, however, Egs. and[5.3| consider higher powers of the features fj,
these bowing corrections use higher powers of the concentrations.

Nearest-neighbor Differences: In many cases, materials’ properties depend on differences in
atomic properties, both with respect to geometry and to composition. For instance, differences
in the atomic size between the components species were found to be related to deviations from
Vegard’s law [104},[105]. Stimulated by this work, we augment the pool of candidate features with
averages over nearest neighbor differences of the local primary features:

1 1
AFg=— Y |fO-fiDl=—= Y foy)=Fep. (5.4)
M y=(i j)es y=0,j)es

This is an average over all pairs of neighbors y = (i, j) in the fashion of Eq. using the special
case of pair features fj that are generated by absolute differences | Sfi(@) = fi( j)| in a single-atom
feature fy. Similarly to above, we generalize this average also by g-th raw and central moments as
in Egs. and and denote them with (AF) Zk and (AF) ?k'

We study the properties of averaged nearest-neighbor differences on a few simple examples. First,
consider a four-atomic periodic linear chain of a binary mixture AB and a local primary feature fj
with fi(A) =0 and fi(B) = 1. For varying composition from N4 = 4 to Np = 4, Tab. b.1|illustrates
the individual contributions | fi@) - fii + 1)| at the bonds (i, i + 1) and the resulting value of (AF).
Several important characteristics of (AF); become apparent here, also in regard to the requirements
on a representation (see Sec/4.3):

1. (AF)g is invariant with respect to an exchange of species A — B. This is because (AF) is only
sensitive to bonds with different species and obviously an exchange A — B does not affect
this characteristics of a bond.

2. (AF)g is invariant to shifts in atom indexing and translations of the unit cell.
3. (AF)y is sensitive to differences in atomic arrangement at fixed composition (N4, Np).

Importantly, property 1 does not generalize to systems with more than two components. This is
illustrated in Fig. (a) for a one-dimensional three-component system with a six-atomic unit
cell. We assume that fi.(A) # fi(B) # fi(C) and study an exchange of species A (black) and C
(green). This changes the total types of bonds and hence (AF). For example, the most-right bond
AB is replaced by CB in the right chain, a bond motif that is not present in the left chain. Note
further, that (AF); may capture arrangements effects but also may miss them. This is shown in
Fig. (b) for a one-dimensional two-component system of periodicity 6. Here, the two different
arrangements of the composition N4 = 2, Ng = 4 lead to the same (AF); because they have the
same types of bonds in total although they change locally. Mathematically, the map from the
arrangements of a composition to (AF)j generally is not injective and hence (AF) is not a unique
material representation. This lack of uniqueness generalizes to all averages over pairs by Egs.
and[5.2lwhich is obvious if the next-neighbor difference is interpreted as a pair features fi (i, j)

in Eq.
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5.2. Feature Engineering

Comp. | Arrangement and contributions (AF) g
(2 0 0 0
Ao N\ N\ N\ A 0
1 1 0 0
| O @002 ;
(! L M !
AoBz | U @ J ® | 4
1 0 1 0
AsBy | e O . . O ...... 5
1 0 0 1
T O oo et z
0 0 0 0
| oo 0o 0o | :

Table 5.1: Tllustration of the nearest-neighbor differences from Eq. for a binary 4-atomic linear
chain with varying composition (first column) and arrangement. The second column visualizes the
arrangement in the one-dimensional unit cell with the contributions at the four bonds (considering
periodicity), the third contains the resulting value of (AF).

@ - @0 0@ O — 00000

® @O @000 — @O0 80O

Figure 5.4: Two one-dimensional systems with a 6-atomic unit cell illustrating the limitations of
averaged nearest-neighbor differences (AF). (a) A three-component system with atoms A, B and
C in black, white and green. An exchange A — C changes the total structure of bonds and hence
(AF)g. (b) A two-component system with atoms A and B in black and white. At fixed composition,
the arrangement of atoms is varied. It changes the bonds locally but keeps their types in the total
system. Thus, (AF); does not change.
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Averages over Products: As an additional idea, the supercell averages can be generalized further
by considering nearest neighbor products, defined by

1 . ,
Fsgk=— Y. |fi@-fi()]- (5.5)
m y=0=,j)es
This definition is related to the average correlation between nearest neighbors in an atomic property
fx- We test this variant on the octet binaries O in Sec.

Discussion of the Scheme: The presented scheme of averaging f over the supercell is a somehow
natural choice to generate a global fingerprint. Its advantages become also clear if one thinks of
two different ways to define a feature space based on the local quantities { fi}:

* One could directly use the available local primary features fi(y) as columns of X. A row of X
could be defined by

(fk(71) fira) o filyn)  fily2) ) (5.6)

where y; are the distinct building blocks that are present in the total data-set. If, for instance,
[k is an atomic radius r, then the columns would refer to r(C), rs(Si), rs(Zn) etc. if atoms
of species C, Si and Zn etc. are in the considered materials set. For a specific structure s,
an entry would take the value of fi(y,) if y; € s and be equal to 0 if y; ¢ s. Obviously, it is
difficult to find interpretable low-dimensional descriptors & from this, consisting of a few
selected columns of X only: first, a descriptor component fi(y;) would be uninformative to
the physics of a structure that does not contain y; at all. Second, the selection of a column
unfavorably would be dominated by the statistically accidental majority of structures that
contain the respective y;.

¢ Alternatively, the columns of X could refer to the fi at fixed crystal sites. If the sites are
enumerated by i = 1,2,3,..., arow of X then could be defined by

(fm(l)) fily@) ... fiy) fily@) ) (5.7)

where fi and f; are different primary features and y (i) marks the building block at the site i. A
low -dimensional descriptor 2 would select a few sites i which is only physically meaningful
if the sites play a distinct role. Naturally, 2 would hardly generalize to materials of a different
material class.

Note, that our averages are either gross level or molecular- fragment descriptors by the classification
scheme of Tab. depending on whether atomic and bulk properties, or properties of small,
molecule-like clusters like dimers and tetrahedrons are considered. We further remark that our
feature engineering scheme mostly satisfies the requirements from Sec. (1) As the averages run
over all atom sites, invariance with respect to the atom indexing is satisfied. Invariance with respect
to unit cell translations and rotations is satisfied as well since these do not affect the pattern of
building blocks y. (2) Supercell averages of atomic properties lack uniqueness because they do not
consider atomic positions {r;}. If, for instance, two ternary materials of equal composition K differ
in atomic arrangement o, they will be described by the same global feature, although the target P
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5.2. Feature Engineering

might vary. As already discussed, averages over next-neighbor differences and similarly over pair
features account for such arrangement effects only partially, so they are also not strictly unique.
In Sec. [8.1.1]it is explained that averages over tetrahedron features neither are unique. (3) Single
features are not necessarily correlated to the target P, which follows from their lack of uniqueness.
The total descriptor 2 however will be correlated to P by construction as a fitted /inear model (if it
is useful)E] (4) The scheme is generalizable to any periodic system. (5) Computational simplicity is
reached, because the calculation of the local primary features and their processing are less effortful
than calculations of a total material. Simplicity in regard to human understanding is satisfied by
ordinary averages (g = 1) as they have a simple expression. Higher moments obviously might be
harder to interpretE]

5.2.2 Augmenting the Feature Space

In analogy to [I} 2] we progressively enlarged the feature space X in the manner of symbolic
regression. Global primary features are modified and combined to derived features by applying
clearly defined sets of mathematical operations @;. This augmentation of the feature space includes
non-linearities to the feature space and, as addressed in Sec. considers relations between the
primary features. We proceed in a number of combinations of increasing complexity, leading to
several tiers 9; of derived features. A scheme for this is the following:

1. First, the global primary features {Fi} are generated from the local primary features {fi} by
Egs. We call these tier 0, Jy, and build the first columns of X by them.

2. Next, X is extended by derived features following two substeps:

(a) Binary operations from 0», = {(-+-),|-—-1} are applied to all (allowed) feature pairs from
0.

(b) Unary operators from Oy, = {()"% exp(-),1/exp(),log(l - ),1/1log(l - N}, n €
{£1/3,%£1/2,4£2,+3} are applied to features from 9, and those generated in step
2 (a). These features yield tier 1, 97, which is added to X.

3. Further, all pairs of features from 9 and 97 up to now are combined by products, Gz = {(- *-)}.
This way, tier 97 is formed and also added to X.

Thus, the final feature space X is obtained from the union of all considered tiers. We add here
various remarks on the details of this scheme: (1) For simple materials where the map from local
to global primary features is not necessary, 9, consists of the primary features {f;}. (2) Step 2
(a) is intermediate and we do not include its features to X. The reason for this is that these are
linear combinations of two primary features already represented by two-dimensional descriptors
with features from P]E)E] (3) At step 2 (a) only physically meaningful combinations are considered,
for example, we include sums of two energies but exclude sums of an energy and a distance. (4)
Operations containing exp and log require dimensionless arguments. When applying them to the

3We point here at the connection between minimizing the linear correlation p i,j and the £2-norm.

“4For completeness, we note here that continuity and differentiability with respect to atomic coordinates are not given
from the trivial reason that atomic coordinates are not considered explicitly by the features.

50f course, the two-dimensional descriptor is more general: it contains also the coefficients c¢; and ¢, that typically do
not satisfy ¢; = ¢p or ¢ = —¢ equivalent to (- +-) and | - — - |, respectively.
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Chapter 5. Machine Learning Methodology

features as they are, we implicitly assume a normalization constant hence (see Sec.[8.1.2). (5) The
absolute values of differences at substep 2 make these combinations symmetric with respect to an
exchange of subtrahend and minuend. (6) For operations requiring positive arguments (log, (-)!/2
etc.) the absolute value is taken before. For (-)/3
3, the product combinations can quickly lead to a combinatorial explosion such that the size of
X becomes too large to be computationally tractable. To avoid this problem, we define a smaller

restricted tier 7, of products where one factor is taken from 9, and the other from 97.

, we actually consider sign(-)(|-)/3. (7) In step

Table[5.2|additionally illustrates this augmentation scheme by examples for the ML on the group-IV
ternaries T. These rely on the local primary features which are further explained in Tables[8.1]and
Finally, note that we generally will use the symbols J7; as a shorthand notation for feature
spaces made up from tiers up to J;.

Tier | Examples

52
90 Ars, d%y

1

Vlaxx—dxyl

, log(rp + 'r'sz)

o . exp(rs)
T2 | Z:Tds B Epy

Table 5.2: Examples for features included in the different tiers, for the ML on the dataset T. Note,
that the division in the second listed feature on 9, derives from combining (- * ) and (-)" in the
second factor.

5.3 Set-Up of LASSO and SISSO

In this work, we apply several dimensionality reduction methods .# to identify a pre-selection
Iy, of the most relevant features. Most of our analyses either use the elaborate methods LASSO or
SISSO that were explained in Secs. [2.2.5}|4.4.1]and[4.4.2] Their actual set-up in this work is described
in the following.

5.3.1 Set-Up of LASSO

Similar to Ref. [1], LASSO is applied stepwise at decreasing hyperparameter A. It is varied on the
sequence
A= {2 = iy i =1, im—2...}, i €N (5.8)

where the maximum A, = 2i»/19 (at which all ¢; have to be zero) is determined empirically, depend-
ing on the learning task. The iteration is stopped when the subset I, has reached the size M = 30.
For this value an exact solution of the ¢y-problem is still computationally feasible for descriptors
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5.3. Set-Up of LASSO and SISSO

up to the dimension Q = 5. Note, that it might happen at the decrease of A that coefficients c;
that already were non-zero for larger A flip back to zero at smaller A. By our definition, the indices
J will be kept in the preselected set Iy, in that case. Figure5.5|illustrates the progression of the
coefficients c; at the decrease of A. In this example, energy of mixing Enix of the data-set T was
learned by LASSO-LARS by descriptors {2} of dimension Q < 5. ¢; of features that are selected to
the {2} in the subsequent exhaustive ¢, search are indicated by colored lines. Three interesting
characteristics can be seen in this figure:

* Assaid above, some of the coefficients turn back to zero for decreasing A. This, for instance,
can be observed at the yellow line for a feature considered in {2} and at the green-gray line
for a feature that is just selected to I,.

* The descriptors {2} are not made up from the Q features selected to I, first. For instance,
the feature appearing as the second at log, (1) = -2 (green-gray line) is not considered in any
of {2}.

¢ The coefficient magnitude indicates the amount the corresponding feature contributes to the
prediction at a given A. This could be used to conclude on the relevance of the features, similar
to the concept of factor loading in explanatory factor analysis [106], a common method in
social sciences.

Figure 5.5: Example for the progression of the coefficients c; at feature selection with LASSO. The
hyperparameter A is decreased sequentially on the grid A, i. e. from right to left. For scaling
reasons, log, (1) is used on the x-axis, the corresponding values of 1 are indicated in the top of the
figure. Colored lines indicate coefficients of features contained in the descriptors {Z} up to Q2 = 5.
Gray lines refer to features selected to I, but not contained in {2}. The yellow and green-gray
coefficients "vanish" at decreasing A. Learning task: En,ix of T with feature space Xg » on complexity
9>, using LASSO-LARS.

5.3.2 Set-Up of SISSO

SISSO is employed only with the sparsifying operator SO= ¢, in this work. Importantly, we use
SISSO as a dimensionality reduction method .# to obtain a subset of the most important features
Iy,, i.e. as an alternative to LASSO. This is conceptually different to the original approach of Ref.
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[91] where SISSO is used as a learning method £ to directly obtain optimal descriptors. To be
consistent with .4 =LASSO, the size of I, is M = 30. To provide this, SISSO is iterated until i = Q =5
where the individual subsets S; comprise Ngjs = 6 features. From this Iy, is obtained by taking the
union of subsets, i.e. I, is equal to the fifth subspace of SISSO, I, =S5 = U ?:1§ jﬂAs an alternative
approach, we keep the subsets S; separated. This means that in the subsequent exhaustive ¢
search only features from different S; are combined, i.e. for dimension Q all index tuples from
S1 x --- x Sq are considered as candidate descriptors. While the developed code has both of these
approaches implemented (see Sec. [6.3.3), in the analyses of Chapter[8|descriptors are always found
from the union of subsets U ]5.:15 ;- Finally note that we discard the up to -dimensional descriptors
that are found at the iteration of SISSO. We only utilize the subspace Ss or the subsets {S;} for the
subsequent ¢, search, completely analogous to the other dimensionality reduction methods .# E]

5.4 Model Selection Strategies

Developing robust approaches to define what makes a model actually the best and how to assess it
is a critical step. In this section, we first describe the model selection strategy of Ref. [1] and explain
in which way its model evaluation by cross-validation can be improved. We then will develop
two more elaborate alternative strategies that include cross-validation already at model selection
in order to improve the model robustness and generalizability. Although these strategies can be
combined with any learning method £, we present them in the context of either £ =LASSO+¢, or
% =SISSO+¢. For brevity, we will often omit the descriptor dimension Q in this section: 2 has to
be understood as the set of descriptors {2, ...,Z2q}.

5.4.1 Cross-Validation for Model Validation

In the approach of Ref. [I], the optimal descriptor 22! (Q = 1,...,5) is found by applying the
learning method £ =LASSO+¢, to the total data set, including both model selection and fitting of
the coefficients (see Fig.[5.6). In a subsequent CV procedure, the LASSO+¢,, approach is repeatedly
applied in exactly the same manner to the individual training sets Ut(ri), i.e. again employing
both model selection and coefficient fitting. This yields a set of optimal descriptors {@(i)}?g’ that
generally will differ between the iterations and, in particular, will not coincide with 22! from the
total set. A statistics of the iterations i satisfying 22! = 2¥) is used as an indicator for the stability of
23 i.e. its robustness with respect to the randomness in data used for training: if it was selected in
most of the iterations, 22 is stable. If, conversely, it is selected in few iterations, there are many
alternative models of similar predictive performance and hence 22! is unstable. Table gives an
example for this procedure for predicting the lattice constant a of the data set T with the feature
space X2 on the high complexity level 9, . The 1-dimensional descriptor @fﬂ is found in 47 of the
50 iterations and hence quite stable whereas the rather unstable @211 is only found in 14 iterations,

closely followed by an alternative @; that is the best in 12 iterations.

This CV procedure is also used to estimate the expected training error err!” (Eq. [2.27) and gen-
eralization error err’® (Eq. i for the descriptor 23 1n Ref. [1], this is done by averaging the
individual training and test errors of the iterations that satisfy 22! = 2 as only in these cases the

6Note, that occasionally a feature is considered in several subsets §;. I, ¢, comprises less than M =30 in that cases.
In a very strict terminology, this approach hence is .4 + % = SISSO(¢g) + .
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N _\I;}» Ib»

Find model
on total data

. total data . .

Figure 5.6: Model selection and validation in the scheme of Ref. [1]: first, an optimal model gl g
found by applying a learning method £ to the total data set (indicated by the green box). Second, a
cross-validation run with Ncy iterations is performed (marked by the brace). In every iteration, &
is applied to the training split (marked by the blue regions). This yields the models 2!, ..., 2Ncv
and their individual training and test errors (the latter obtained on the respective test split, marked
by the red box). From this CV run, the stability of 22!! can be checked and its average errors can be
estimated.

Y

CV to validate
model stability

errors refer to 22!, However, this gives biased values of err’" and err'® because the averages are
calculated under the condition that 22!! is the best model on the respective training set Ut(rl ). For
the 4-dimensional descriptor in Table[5.3} for example, only 14 of the total 50 iterations contribute
to the estimate. Typically, the expected training error err!” will be underestimated that way.

The two following approaches could improve the estimates of expected errors by:

1. The average runs over all iterations i, regardless if 22!! or a different descriptor of the same
dimension Q) was selected. Mathematically, this number is defined by

t 1Y o) )
err'(9q)=— ) err(2,,U,), (5.9)
NCV i=1

and analogously for err*. However, this will rather estimate how far in performance a certain
feature space can get with an arbitrary Q-dimensional descriptor instead of quantifying 2!
with its specific components.

2. The average runs over all iterations i, always considering 22! from the total data set. In
mathematical terms, this reads

- _tr 1 Nev tr (@)
err (Dan) = New E err” (Zan, Uy") (5.10)
CV j=1

where 2! always is fitted to the respective training split Ut(ri).
Let us make several comments on these approaches:

 The relation between the first and the second estimate is err'"(2q) < eFr"(@,). This is
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Q | Descriptor | # training test
RMSE[mA] | RMSE[mA]
) 7k 47 37.6 38.4
2, 3 37.7 45.6
ol 30 33.9 32.6

2 ,
P, 9 33,5 38.7
2, 5 33.9 34.6
ol 17 31.4 27.5

3 :
Dy 7 31.2 33.0
2, 6 30.4 36.2
gl 14 29.3 25.8

4 :
2, 12 28.4 31.2
2, 6 28.9 32.8
5 2! 8 28.3 22.7
2, <5 27.6 28.9

Table 5.3: Stability analysis from CV (L10%OCV with N¢y = 50) for predicting a of the dataset T
(feature space X2 on complexity T, , #=LASSO-LARS). The table shows the results for descriptors
up to Q = 5. Listed are the number of CV iterations in which a descriptor was obtained as the best
and the average training and test RMSE. 9?” indicates the descriptors that were found by % on
the total data-set, @;2 and @;’2 mark the most frequent alternative descriptors. Descriptors with
fewer than 5 occurrences are not listed. Average errors are calculated by averaging over the cases
where a descriptor was the best, i.e., for instance, over 14 CV iterations for @ZH.

because in the iterations i where 2 # 22l i selected, obviously

err (@, U;i)) <err® (@ U,S?)

holds. Thus, some of the terms in Eq. [5.9]are smaller than those in Eq. which directly

implies the relation.

* The second approach estimates the expected test error similar to Eq. This number
eFr'®(Z4) has to be interpreted with caution, however: 9y is fixed a priori in all iterations,
so this procedure does not mimic the full learning by £ only on Ug) (see Sec. on CVof
two-step approaches). Moreover, the choice of 2, is already based on the total data-set, i.e.
it already has used the information in the test splits U'”. Hence, e7 (@) will not provide a
clean estimate of the generalization error.

50



5.4. Model Selection Strategies

 This concerns also the terminology: taking &, fixed actually is not a cross-validation of the
learning method £ but some kind of bootstrapping [107]. From this reason, we will refer to
the procedure of calculating e7r'® and e7r by Eq. as sanity check (SC).

« Technically, in this CV procedure the test error is calculated only for the best model 2?) at
aiteration i. Thus, the contributions err'®(Qy, Ut(r’ ) required to calculate e7r'®(2,y) by the
second approach (Eq. are missing if 2 # 2. These could be simply "patched" by
fitting Y,y to Ut(ri) and validating it on Ut(é) for that cases. Equivalently, eFr'®(2,,) can be
obtained using Ncy new partitions.

From this background, we decided to modify the approach of Ref. [I] to the following model
selection strategy .#:

. An optimal model 2! is determined by applying the learning method . to the total data set.

2. The stability is evaluated by the frequency of 2\ = 22l in a CV procedure where % is applied

to the respective training sets U, ;’r)

3. Expected training and test errors of 22! are estimated by the second approach of Eq. (i.e.

as sanity check).

4. Additionally, 23 is evaluated on a hold-out set Sy, that was excluded from the total data set

5.4.

in previous.

2 Cross-Validation for Model Selection

By contrast to the above, our new strategies (S”trcv and 5”th use cross-validation for the model

selection. Both of them consist of the same three steps that are also illustrated in Fig.

1.

Determine a pre-selection of candidate models {2}, for instance by taking the best models
at the individual iterations i from a CV procedure.

2. Calculate estimates of expected training and test error, e7r" and e7r'® by Eq. for all

candidates {2}.

3. Select the best candidate from {2/} that either minimizes e7r' for strategy ,ZSV or err for

strategy xgv, i.e. determine

argmin err (2 Y )) or argminertre(2 G )). (5.12)
) 7400

Let us explain the three steps in more detail: the first step is necessary if the number of possible

models is large or even huge (such as for the typical candidate matrices X in this work). By restricting

toa

set {27} of a manageable amount, the computational effort for the subsequent fitting step is

reduced drastically. Although the preselection could be specified manually, e. g. based on physical

intuition, here we propose to determine it by repeatedly applying the learning method £ to the

random training splits U ;lr) This is equivalent to the CV procedure for model assessment in Ref. [I]

and

strategy ., and yields a best model 2 in every iteration i - best in terms of training error

for QS”UCV and in terms of test error for ZSV The candidates {2} are then defined as the set of
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Step 1 —) Step 2 - Step 3
) fitting )
of all
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of all
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Find candidates Calcultatgz tes.tir_nates Lor Find the
on Nev splits expected training an minimizing
test error model

Figure 5.7: Scheme of the model selection strategies Sﬂtrcv and S”tgv (analogously to Fig. . In the
first step, iteratively a set of candidate models {21 is determined. In each iteration, the learning
method % is applied to the respective training set. In step 2, estimates of expected training and test
errors err' and e7r of all candidates {2} are calculated by repeatedly fitting the 20N to the
training sets, and evaluating them on the test sets. In step 3, the candidate minimizing the average
training (yth, upper path) or average test error (yt(e:v, lower path) is determined as the best model
9.

most frequent models. Note that strictly speaking this does not serve to validate a model, so the
term resampling [47,[107] procedure instead of cross-validation is better suited here. The second
step is done by again iterating over Ncy splits where all candidates are fitted to the training set
U g? by LLSR and evaluated on the test set U ;;) in every iteration. As already addressed above, we
prefer to call this procedure sanity check (SC) as the models are kept fixed in regard to the selected
components. The decisive difference between strategies va and xgv is the use of training or test
error, respectively, in the minimization of step 3.

To sum up, the three described model selection strategies differ in how they define what makes a
model the best one: in %) "best" means "best fit to a single training set"; in 919’ it means "average
best fit on several training sets"; and in xgv it means "average best generalizability to several test
sets". By construction, ,ZSV leads to more robust models compared to 2! as it considers several
fits. It is intended to reduce the influence of the actual choice of the training set, i.e. the variance
term in Eq. [47]. StCeV puts the focus on generalizability as being based on test errors, the
estimates for the generalization error. We aim at a better understanding of the differences between
these three definitions in Sec.
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5.5 Methods for Model Assessment

The following presents two approaches that go beyond purely assessing the quality of a model fit
in terms of loss: Sec. [5.5.1] presents a measure to quantify the models’ ability to capture effects
of the atomic configuration in the supercell, and Sec. proposes measures that consider
the informational and algebraic complexity of the descriptors. We point out also to Sec.
where we study several numeric examples concerning the behavior of different error metrics at
cross-validation.

5.5.1 Capturing Arrangement Effects

For materials with a derivative supercell [108] such as the group-IV ternaries T, atomic compositions
K can be realized by several, symmetrically inequivalent arrangements s. In order to measure how
well a model captures the effects of the arrangement, we define a figure of merit byﬂ

1 1

err; = —
MAE,arr NK ; Ns ( K)

Y |AkP(s) = A f(xs)]. (5.13)
seK

The outer averaging is over the total composition space, the inner over all different atomic arrange-
ments of a fixed composition. Here, Nx denotes the total number of compositions in the data set
and N;(K) the number of arrangements for that K. The summands are the absolute differences
between target and prediction, taken with respect to their within-composition mean

1
AgP(s)=P(s)—— > P(s) (5.14)

s ek
for the target and analogously for the prediction f(x;). The idea behind this is to capture only how
well f(x) matches the shape of P. Note, that all K that comprise only one arrangement s do not
contribute to erryag arr- This happens frequently in the hold-out set Sy, due to its smaller amount
of data. Thus, errpag arr(Sho) is not comparable to the value on the training data from statistical
reasons.

5.5.2 Measuring Descriptor Complexity

To assess the interpretability and simplicity of the descriptors’ symbolic representation, we intro-
duce two measures of complexity (cf. Sec.[2.3.2):

* Informational complexity Ny, : the total number of distinct local primary features f in 2,

* Algebraic complexity Nyp: the total number of operations in 9, combining the primary
features.

As a natural choice to measure the total complexity, we use the sum X = N, + Nop. Tablegives an
example of these definitions for the 1D and 2D descriptors of Ref. [2] on the octet binaries O. Note,
that by our convention N, considers the sum operations due to linearly combining descriptor
components but neglects the products by the coefficients c;. Every rise in Q trivially gives one
additional product so their contributions do not add any information to Ny ,.

8Tor the sake of readability, we will often use the abbreviation MAE,yy.
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Q components Np | Nop | Z
EA(B)-IP(B)

1| RO 3| 3 |6
EA(B)-IP(B) s (A)_rp (B)

2 T, ()2 tlena | 4| 7 |1

Table 5.4: Complexity measures Ny, and N, for the 1D and 2D descriptors reported in [2] to predict
the energy difference between rocksalt and zincblende structure of the octet binary data-set O.

It is not that straightforward to calculate N, for the descriptors constructed by the scheme of Sec.
In particular, this regards the averaging from local to global primary features, fx — Fx, and
the distinction between simple averages (g = 1), higher moments (g > 1) and nearest-neighbor
differences. We come to a more precise definition of N, that counts:

* all operations that combine global primary features Fy, i.e. all augmenting operations in the
sets O,

¢ the sum operations from linear combinations,
* all supercell averages if they involve a raw or central higher moment, i.e. g = 2,

* the nearest-neighbor differences.

Importantly, the pure averaging step f — Fy itself (i.e. g = 1) is ignored as this is done in any case.
Only if g = 2 an implicit further step of operations is performed which needs to be captured by N,.
In Sec. [8.1.2|we apply this definition to learning tasks on the ternary materials T where it can be
understood more clearlyﬂ

9We studied also tree representations of symbolic regression for the analytical expressions of the descriptors which
provide another useful perspective on Ny, and Nyp. As this goes beyond the scope of this manuscript we only point at
the example in the online material [109].
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Chapter 6

Implementation of the Machine Learning
Program

A main part of this PhD project was to develop a Python machine learning program that implements
the methodology from Chapter[5 and is applied to specific problems in Chapter|8, Here, we explain
its overall architecture and some general remarks in Sec. Important technical details on the
implementation of the feature engineering are addressed in[6.2, The implementation of the learning
process is described in Sec. Additional details are given in Appendix|[Q Parts of the program
are available online [109] where some learning runs on the data-setT can be re-run and a further
documentation can be found.

6.1 Program Structure and Workflow

The developed machine learning code implements the proposed methodology in a set of Python
modules. It can be run both on local machines and on high-end computing clusters, where in the
latter case it is able to deal with huge data matrices comprising hundreds of millions of features in
parallel. The code’s workflow is visualized in Fig. [6.1|which basically follows from the ML approach
sketched in Fig.

The most important program modules and their functionality are, in the order of their call:

* main.py: main module defining the main variables and sequentially calling the submodules
below.

* definitions.py: imports the external modules the code depends on, and defines all internal
functions and constants.

* settings.py: specifies the user-defined general preferences, settings concerning the model
selection and assessment, the set-up of the dimensionality reduction and output options.

e data.py: loads the already parsed external raw data of the primary features {f;} and the
target P and further prepares it, like generating dictionaries or converting the numeric values.

* make_samples.py: prepares and organizes the data-set of material samples {s} by generating
unique material labels, sorting and categorizing the samples and assigning samples to the
hold-out set Sy,,.

35



Chapter 6. Implementation of the Machine Learning Program

Figure 6.1: Flow diagram and structure of the developed Python code. The main scriptismain. py
which calls the described subroutines.

* feature_space_x*.py: generates the feature space represented by X in a pre-defined setup
(this is indicated by *), regarding the included local primary features, their processing to
global primary features and the scheme of algebraic augmentation.

e learning_machinery.py: performs the model selection and validation steps and gener-
ates the numeric, graphical and BIgX output of the optimal descriptors 2 and competing
alternative models.

6.2 Implementation of the Feature Engineering Approach

6.2.1 Generation of Global Primary Features

Within feature_space_x.py, the parsed primary features { f} are loaded to dictionaries {y : fi(y)},
mapping all building blocks y of a certain type to the respective features. For example, the dictio-
nary dimer_data contains the distances, binding energies, etc. of the calculated dimers, such as
dimer_datal[(’C’,’Ge’)] = (1.6,-5.1e5,...) for the dimer y=(C,Ge).

In order to calculate the averages by Eq. and 5.3} one first must identify all building blocks y
in a structure s. Identifying all atomic building blocks y = {a} in s is trivial. To find all pair clusters
v = {(a, B)} in s, we in previous determined a list of all nearest neighboring sites in the ideal lattice,
i.e. independent of a specific material. These were obtained by a brute-force search [110] iterating
over all sites i. All other sites j with the nearest neighbor distance Ry to i were kept in the list.
Periodic boundary conditions were taken into account by replicas and a shell of a small width 6
and of radius Ry was considered to provide stable numerical comparisons. At the actual run of
the code, the pair clusters y = {(a, 8)} in a specific material s are determined by occupying the sites
in the list with the respective species. If, for instance, the list species the sites (1,2,3,5) as neighbors
of site 9, then (Ge, Ge, Ge, Si) would be identified as the neighboring species of atom Sn in a
specific structure.

For the tetrahedral clusters used for the data-set T, similarly a list of all clusters {(a, 81, B2, B3, Ba)}
in the ideal structure was derived. It simply groups a center atom « and its four nearest neighbors
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def ave_feature(fk_dict,1bl,ql,q2):
# input: dictionary of primary features of one type,
# structure label 1bl, raw and central HM order ql, q2
# output: supercell average / HM

# get the building blocks in the material by a map
# considering the ideal structure

gammas = map_phi (1bl)

F = np.mean ([fk_dict[gamma]**ql for gamma in s])

if q2 == 1:
return F
else:

F = np.mean([(f_k - F)=*+q2 for gamma in s])
F = np.sign(F) * np.abs(F)=**(1./q2)
return F

Listing 6.1: Python code to calculate the supercell averages and raw or central higher moments.

Bi. A specific structure then is equipped by a list of look-up keys for the dictionary of features
like (°C?,°S1?,°8i?,°Ge’,’Ge?), in the convention to put the center atom first and then the
surrounding atoms, sorted by nuclear number.

The function ave_feature shown in Listing [6.1] uses a dictionary fk_dict = {y : fi(y)} of the
primary features and a unique label 1b1 that encodes information on the structure s, to actually
calculate the supercell averages by Eqs. and It calculates ordinary averages as well as
raw and central moments. The order of the moments is defined by the arguments g; (raw) and
g» (central) where the choice q; =1 and ¢, = 1 returns the simple average, g» =1 andany q; >1a
raw moment, and q; =1 and any ¢, > 1 a central moment. As we do not combine raw and central
moments, ¢, > 1 implies g; = 1. F in line 10 hence automatically provides the ordinary average Fg
of fi thatis required for the centralization of the central moment in line 14. The absolute value in
line 15 ensures that all values are real after the operation **(1./q2) for odd values of g». The sign
function in the same line is applied by our convention to capture the sign before ** (1./q2) in that
case.

Averages of nearest-neighbor differences by Eq. 5.4|follow the same algorithm. It is just required
to generate a dictionary of "pseudo-pair" primary features first, by calculating the absolute dif-
ferences of all pairs {(a, B) : fi@,p (@ B)} = {(a, B) : | fr(a) — fr(B)I}. For example, delta_r_d = {
(°Ge?,?8n?) : (r_d[’Ge’]- r_d[’Sn’]), ...} derives the dictionary of nearest-neighbor differ-
ences in atomic radius r4 from the dictionary r_d.

6.2.2 Feature Space Augmentation

The feature space augmentation as described in Sec. 5.2.2Jis implemented in two separate functions:
(1) the function create_features generating a single row of X up to complexity tier 97, (2) the
function calculate_prods yielding the features of 93, i.e. the combinations by products. In the
primer, the global primary features {Fj(s)} are calculated and assigned to lists according to their

1For an example of a label 1b1 of a ternary material, see Fig.
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# define a 1D shareable array for multiprocessing
x_mp = mp.Array(ctypes.c_double, (N*(M+1))))

# split samples into N_p chunks
ids_split = split_list(range(len(N)),N_p)

# calculate tier 0 and 1 in parallel

pool = mp.Pool(processes=N_p) # define pool
pool.map(create_features,ids_split) # work through samples
pool.close(); del(pool) # close & delete the pool

# construct the 2D feature matrix as an np.array
x_all = np.frombuffer (x_mp.get_obj()).reshape((N,M+1))

Listing 6.2: Parallelization of the feature space augmentation up to tier 9.

physical dimensions, e. g.
numbersl, numbers2, energiesl, energies?, ...

This considers also the higher powers of the physical dimensions that are introduced by the raw
higher moments by separate lists. Only features of the same list are then combined by the binary
operations 0, to generate well-defined and physically meaningful expressionsE] After applying
also Gy, features up to 93 are written to a slice of the shareable array x_mp required for the
parallelization (see below). If product features are included, the function calculate_prods writes
the values of the product combinations for one sample s to the respective slice of x_mp. Internally,
ititerates over a list of the index pairs (k, /) that determines the features to be combined, depending
on whether 93 or 9, is considered (see Sec. . Irrelevant combinations (k, [), such like
exp (fi) -exp (fi) !, are excluded.

Listing shows how the generation of X is parallelized. It relies on the Python package
multiprocessing (mp, [I11]) that overcomes certain burdens of the design of Python to be ef-
ficiently run on multi-core machines but brings some specialties on the sharing and exchanging
of data between several processes. This is why first the special 1D array x_mp from the ctypes
library is assigned, with the size N* (M+1) of the flattened data matrix (line 2). Next, in line 5 all
material samples are split into N, chunks, according to the degree of parallelism. A pool of working
processes, the central structure of the mp package, is defined, and the function create_features
is executed by pool.map, handling through the chunks of samples in parallel (lines 7 - 10). After
completion, the 2D array x_all of the shape (N,M+1), referring to X, is constructed from x_mp (line
13). Here, np.frombuffer(. . .) serves to retrieve the data from x_mp in a memory efficient way
without double-allocation. The parallelization of calculate_prods that is run for tier 73 or 7,
works analogously.

2 Although all powers of dimensionless numbers could be combined in regard to their physical dimension, we do not
intermix them.
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6.3 Implementation of Model Selection and Evaluation

The second core part of the code comprises all steps of model selection and evaluation, i. e. the
bottom part of Fig. As illustrated in the flow diagram of the module learning_machinery.py
in Fig. first the data matrix for the chosen learning method £ is prepared. Next, optimal
descriptors are identified by the quick model selection strategy . all gee Sec. , and then
evaluated by a sanity check and on the hold-out set. Afterwards, the computationally more costly
strategies ZICV and yth are run, providing also the data for the stability analysis of %2, Finally, the
resulting candidates and optimal models are evaluated in a comprehensive way. In the following
we will explain the important technical details of these steps.

preparation of data matrix X

model selection strategy &2

|

evaluation of 2
errors from SC,
errors on Sy,

)

model selection strate-
gies £V and #5,
CV of Al

all.

evaluation of candidates {2
and best models 22, @y, Do

Figure 6.2: Flow diagram of the submodule learning_machinery, implementing the steps of
model selection and evaluation.

6.3.1 Matrix Preparation

For all learning methods £ except for SISSO, a check-up of the matrix x_all is performed in before.
This discards all columns with non-finite entries as well as constant, i.e. non-informative, columns.
Additionally, also features that take non-finite values on Sy, are discarded because they are not
transferable. If the check-up is passed, mean p; and standard deviation o; of the respective column
are calculated to perform the standardization by

o XiTHi

X; =
Oi

(6.1)
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Data-points in Sy, are not considered in y; and o;. Note, that these preparation step are parallelized
by columns of X.

6.3.2 Implementation of LASSO

The dimensionality reduction by .4 =LASSO following the steps described in Secs. and[5.3.1]
is implemented to the function find_best_ids_LASSO_LARS (see Listing[6.3). It determines the
subset Iy, of the M most relevant features as a list using the LARS solution algorithm (see Sec.
[2.2.5). For every A € A, LASSO-LARS is run in its implementation of the machine learning library
Scikit-learn [112] with the parametrization denoted in Tab. (lines 7 and 8). Features whose
coefficients turned to a non-zero value the first time are added to I, in lines 16 - 18. Note here three
important exceptions: (1) If the fit yields already non-zero c; at 1,4, this parameter was chosen
too small and the iteration will break (line 12,13). (2) It might happen that two or more c; appear at
the same A so that eventually I, exceeds the desired M. For this case, only the M first entries of I,
are kept (line 21), although this convention adds some arbitrariness to the scheme since smaller
column indices will be favored. (3) The loop will stop at a A,,;,, even if M is not reached yet, in
order to limit the run time.

def find_best_ids_LASSO_LARS(x,P,*xkwargs):
cs, I_10 = [[],[],[]] # coefficients cs, subset I_10

# iterate at decreasing hyperparameter
for lambda_ in lambdas:
if len(set(I_10)) >= M: break # target M reached
clf = linear_model.Lassolars(alpha=2+*N+lambda_,kwargs)
clf.fit(x,P)
cs = clf.coef_|[0]

# maximum lambda too small
if lambda_ == lambdas[0] and cs.any() != O0.:
return 1

# add new index to selection
for j in range(len(cs)):
if cs[j] != 0.0 and j not in I_10:
I_10.append(j)

# reduce I_10 if M is exceeded
if len(I_10) > M: I_10 = I_10[0:M]

return I_10

Listing 6.3: Implementation of the dimensionality reduction method .# =LASSO. The code
refers to LASSO-LARS, altering line 7 to 1inear_model.Lasso changes to the coordinate descent
algorithm. The variables I_10, lambda_, lambdas and M in the code refer to I,,, A, A and M. The
hyperparameter alpha of sklearn.LassoLars corresponds to 2- N - A in our convention (see line
7). Details on the keyword arguments can be found in the code documentation.
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fit_intercept | False || max_iter 3000 fit_path | False
normalize False eps 2.22-10716 verbose True
precompute Jauto’ copy_X True positive | False

Table 6.1: Parametrization of LassoLars from the subpackage sklearn.linear_model used for
the learning tasks of this work. A documentation of the parameters is available online [113].

6.3.3 Implementation of SISSO

The SISSO approach (see Sec. [4.4.2]and also Sec. is originally implemented in a parallelized
Fortran 90 program [114]. It consists of the two modules FC for "feature construction", i.e. the
feature engineering in a approach similar to Sec. and DI for "descriptor identification”, i.e.
the model learning. At least for simple learning tasks, this code could be integrated in our Python
program by exporting the feature matrix X to a file and then run the DI module on it. At more
difficult tasks, X may exceed the size to be written in total to hard-disk and thus its highest tier must
be constructed by the FC moduleﬂ SISSO’s subsets S; that determine the most relevant features Iy,
in our set-up (see Sec. can be re-imported in our code to then determine the best models.
For our CV based strategies this has to be repeated frequently, bringing a significant overhead due
to the slow interface between the codes. Besides that, several other technical differences lead to a
cumbersome integration of the Fortran program into our code.

Hence, we developed an independent Python implementation of SISSO. It is realized in the module
SISS0_core.py with the requirements to be memory efficient, fast and parallelized such that huge
data matrices can be handled on computing clusters. This is first reached by calculating the data
matrix X only up to complexity 9. A standardization of the matrix is not necessary because this
implicitly is considered at calculating Pearson correlations (see Eq. in the subspace update.
If the product tier 9> / J, is considered - which drastically increases the size of X - the features
Xy oX; are calculated on the fly. The implementation repeatedly calculates their absolute correlation
lp((k, 1))| with the residue, required for the update of each subset § j» and directly discards them
afterwards. Only the lower tiers 9y and 97 are stored permanently in the RAM.

Our version of SISSO is parallelized (1) at the iterative search of the subsets S j» (2) at the £y-search
of the sparsifying operator and (3) at cross-validation. We outline these procedures here and refer
to Sections|C.1]and|[C.2]in the appendix for further details on (1) and (3).

1. In the search of the subsets S j» the absolute Pearson correlations |p| between features and
the target are calculated in parallel. This is done by distributing matrix columns i (for tiers
Jo/1) or pairs of columns (k, I) (for product tiers 5 / Ff?_r) to several processes.

2. Our code allows to choose whether the subsets S ;j are united or kept separated for the
subsequent ¢-step of the sparsifying operator. Only in the first option the huge number of
feature combinations requires a parallelization, namely by distributing all Q-dimensional
combinations of features to the N, processes. At a single task, a LLSR fit is performed for
one combination (i, j,...), such that a list of all quadratic losses is generated. The optimal

3The lower tiers cannot be calculated by the FC module because it does not support for all operations of our feature
engineering approach.
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Q-dimensional descriptor then is the combination of minimum loss.

3. Also at cross-validation, our SISSO implementation calculates the correlations |p| in parallel.
Here, all splits of the CV iteration are treated simultaneously which effectively extends the
learning task by one dimension. The parallelization is then done by feature index i, i. e. by
columns of X.

6.3.4 Implementation of the ¢-step

Having determined the subset I, by a method .#, the optimal descriptors are obtained by an
explicit ¢y step. Its implementation is straight-forward: for a fixed Q, the loss from LLSR fits
is sampled over the grid of all Q-combinations of indices in I, first. Here, the lists loss_grid
and ids_grid are constructed alike, by appending the respective loss and the corresponding
combination of matrix indices (i, j,...). At every iteration a temporary reduced matrix x_2 is
generated that comprises only the features (i, j,...) and an additional column full of ones to
account for the offset. The position of the minimal loss in the list 1oss_grid is determined by the
function np.argmin. Finally, it is mapped back to the best Q-dimensional combination of column
indices, i.e. the components of the optimal descriptor Zq,.

6.3.5 CV and Model Selection Strategies

The model validation and selection strategies presented in Sec. essentially rely on cross-
validation, realized as non-exhaustive LPOCV in the applications. The required N¢y partitions are
managed by an instance of the class CV_ids_class. At its initialization, all training splits U'? are
drawn randomly to the attribute lists self.ids_tr. To ensure that all U gf) are different, a new split
is generated if the present one is already contained in self.ids_tr. The corresponding test set
U'? is determined by building the complement set. To account for an eventually failed CV iteration
and to guarantee for code stability in that case, a re-draw of the partition is implemented.

Our model selection and validation scheme employs three subsequent CV procedures: (1) the sanity
check SC of the descriptors from .# %/, (2) the extensive CV including model selection required for
the stability analysis in . all gnd the identification of candidates in XEXQ and (3) the SC to calculate

average errors of the candidates tS”trCXe (see Sec. l . The implementation uses one instance of CV
partitions for step (2). A second one is used in step (1) and re-used in (3) to ensure that the average
errors of Z,; and the alternative candidates {2} are comparable and not distorted by the effects

of randomness and split re-drawing.

Sanity checks at fixed model are efficiently performed in series. The CV procedure including model
selection is parallelized, either by material sample s if .4 =SISSO or by iteration z if .4 #SISSO
(see Sec.[C.2in the appendix). For SCs, the CV and for an evalution on Sy, i.e. whenever splitted
data is used, it is important that the matrix standardization is done with respect to the mean and
standard deviation of the training samples in the respective split U ;f) only [2]. As the magnitude of
the trained coefficients c¢; depends on that standardization, test and hold-out data similarly must be
standardized by the mean and standard deviation of the training data before the model is evaluated
on them.

The results from the extensive CV (2) are grouped to categories of the same descriptor and their
frequency is counted (recall Tab. [5.3). Descriptors occurring more often than a pre-defined thresh-

62



6.3. Implementation of Model Selection and Evaluation

old N_min_CV are added to the set of candidates {2/} of strategies #" and .#SV. Individual error
data is averaged over the occurrences for a first model assessment (this was problematized in Sec.
. Training and test errors e7r' and ef7r'® by Eq. are generated for the candidates and
optimal descriptors of ¢V and #SV afterwards, by the mentioned sanity check (3).

6.3.6 Program Output

Extensive output is generated on the console, as image files and as additional text files. The first
gives information on the progress in the program run and on the timings of its main tasks. The
most important part is the information on the identified models {2} and their performance. This is
printed in the following form

Ids in descriptor | MSE (a/r) | MAE (a/r) | maxAE (a/r) | RMSE (a/r)

1395 | 0.009 19.946 | 0.077 1.141 | 0.365 55.026 | 0.097 4.466
1395 9057 | 0.005 49.968 | 0.053 1.264 | 0.254 104.681 | 0.070 7.069

where the lines refer to descriptor dimensions Q) = 1,2 etc. The first numbers are the feature indices
of the descriptor components, the following entries list the error metrics MSE, MAE, maxAE and
RMSE (see Sec.[2.4.2). These are reported both in absolute and relative values, indicated by "a" and
"r" in the table. This format is used for the results of all selection strategies. Its verbosity optionally
may be reduced. For the ternaries T, additionally MAE,,, (see Sec. is printed.

A dictionary like
Mini dictionmary:

1395 (\langle E_{g,p} \rangle_{2}+\langle E_{g,XY} \rangle_{2})A3
881 (\langle a”{XY} \rangle_{2}+\langle a”{XY} \rangle_{3})~3

on the console informs on the symbolic expressions of the components in BIEX style.

Information of the CV stability analysis as in the example of Tab. [5.3]is printed as

2D

Ids in descriptor counts
692 2193 10

2193 2764 9

2206 2257 9

2194 2257 8

on the console. It lists the component indices and the occurrence of, in this example, all 2D
descriptor candidates in descending order of counts. Ideally, the assessed descriptor should be
listed on top here, indicating the stability of its selection.
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Optionally, further statistical information on the error distributions from the CV or the sanity check
is displayed on the console as

RMSE
dim | min | 1% pctl | 25% pctl | med | 75% pctl | 99% pctl | max

1D:  0.038 | 0.038 | 0.040 | 0.040 | 0.041 | 0.042 | 0.042
2D: 0.026 | 0.027 | 0.028 | 0.029 | 0.029 | 0.030 | 0.030

Here, minimum, median and maximum values as well as the 1%, 25%, 75% and 99% percentile of
the error distributions are printed.

Graphical output for the found models is generated in three forms:

* correlation plots between the descriptor prediction and the target (see Chap. [8|for many
examples)

* heat maps of the pairwise absolute correlation |pl~, j| for the descriptor components as well as
for the features in the preselection Iy, (e.g. Fig.[8.4),

* "data plots" showing target and predicted values versus sample number (e.g. Fig.[8.16).

More details on the output including a list of all produced text files can be found in the code
documentation.

6.3.7 Implementation of Complexity Measures

The implementation of the two complexity measures Ny, and Nop defined in Sec. relies on
the list features_dict which contains BIEX expressions of the total feature space. First, Listing
illustrates how informational complexity Ny, is determined for an Q-dimensional descriptor.
It retrieves the symbolic expressions from features_dict for the component column indices i
considered in the descriptor and concatenates them to the string temp_str (lines 1 - 3). By iterating
over the list of all possible primary features primary_features = ['r_s','r_p', 'r_{XX}',...]
the primary features included in this descriptor are detected. Whenever one of them is present
once or several times, N_fk is raised by one (lines 5 - 7).

temp_str=""
for i in components: # iterate over component indices
temp_str += features_dicts[i]| # concatenate the strings

for fk in primary_features: # filter out the primary features

if fk in temp_str:
N_fk += 1 # raise by one if feature is present

Listing 6.4: Python code to calculate informational complexity Ny, .

The implementation of operational complexity Nop, as defined to work with the feature engineering
scheme of Sec. is a cumbersome programming task. We only illustrate it by Listing[6.5] that
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refers to the fifth component of the descriptor in Tab. on the left, d5, /y/ 72 + F<. Step by step,
the different operations are detected in the string of its BIEX expression. First, the higher moments
are identified (lines 5-7), then the operation '\sqrt' (lines 13 - 15), nextthe '+' (lines17 - 19)
and finally '\frac' (lines 21 - 23). N_op[4] is raised accordingly each time (the index 4 marks
the descriptor component). After a type of operations has been identified, the corresponding
symbols are removed from the string of the IKIEX expression. Lines 9 - 11 show that also further
string operations, such as removing the averaging symbols or other decorations, is necessary. A
final summation over the contributions of the descriptor components yields the actual value of Ny,
as we defined it (not shown in the example).

# initial string
"\frac{\tilde{d}_{XY}"{3}}{\sqrt[3]1{\tilde{r}_s~{2}+\tilde{r}_s~{3}}}'
>> N_op[4] =0

# identify higher moments
"\frac{\tilde{d}_{XY} }{\sqrt[3]1{\tilde{r}_s +\tilde{r}_s } }'
>> N_op[4] = 3

# remove averaging symbols and other decorations
"\frac{ {d} }{\sqrt[31{ {r}_s + {r}_s }}'
>> N_op[4] = 3

# identify '\sqrt'
‘\frac{ {d} } {r}_s + {r}_s }'
>> N_op[4] = 4

# identify '+'
‘\frac{ {d} } {r}_s {r}_s}}'
>> N_op[4] =5

# identify '\frac'

'{a} { {r}_s A{r}_s}'
>> N_op[4] = 6

Listing 6.5: Example for determining operational complexity N_op [4] for the fifth component of
the descriptor in Tab. [8.5|on the left.

65






Chapter 7

Generating Ab-initio Data

Providing reliable input and output data of an understood level of accuracy is the prerequisite for
building any machine learned model. This is the topic of this Chapter that focuses on the generation
of the ab-initio data of the group-1V ternary data set T, the main test set of the developed ML
methodology, and the required primary features. We first explain the computation, analysis, cleaning
and organizing of the data set T, and second continue with the pool of primary features for the feature
engineering. Both of these parts start with a methodological background (Secs.[7.1|and[7.3), and then
explain the actual data production and analysis (Secs.[7.2 and|7.4).

7.1 Methods for Calculating Bulk Materials

Structure Relaxation Scheme: For every structure s in the group IV zincblende ternaries data set
T, a full structure relaxation was performed. This yields the ground-state energy Ey from which the
two target values, the lattice constant a and the energy of mixing Enix are derived. A full structure
relaxation consists of both relaxing the crystal cell dimensions and the atomic positions. Fig.
shows the steps of this procedure.

atomic
(1) Initial Cell: (2) Distortions {s'}: | relaxation .
o0 (3) Energies
initial guess Vj P~ volumes Vj + AV (s') > ,
. . . i, {Eo(s)}
ideal positions ideal positions
fit
Ey(Vi
ofE0s | Fo(10)
) Y
atomic
(5) Equilibrium Cell: | relaxation | (4) Equilibrium Cell:
equilibrium volume V | equilibrium volume Vj
equilibrium positions ideal positions

Figure 7.1: Full structure relaxation procedure to determine the equilibrium volume Vj.

First, a unit cell is set up with an initial crystal volume Vj and ideal atomic positions. Several
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distorted structures {s'} are obtained by altering the volume V by V] £ AV (s). For these, atomic
positions are then relaxed from their ideal positions until a zero force configuration is reached.
This produces a set of ground-state energies {Ey(s')} to which an equation of state Ey(Vy) (EOS)
is fitted to determine the equilibrium volume V4. Finally, again atomic positions are relaxed in
this equilibrium cell. The accuracy of the thus obtained physical properties is influenced by the
parametrization (i) of the ground-state calculation at fixed atomic positions and (ii) of the atomic
relaxation module, (iii) as well as by the quality of the fit to the EOS.

Murnaghan Equation of State: For the group-IV ternaries, we use the Murnaghan equation of

state [115]
Vo) 5o
7 -
\%4

It relates the pressure P and the unit cell volume V and derives from a linear expansion of the bulk

By

PV)= B_(’) (7.1)

modulusin P, B= By + B(’) -P. Using P(V) = dE/dV and integrating over V leads to the expression

BoyVo
B,

Ey(V)=Ep+

()L K 72

B -1\V Ve B -1
0 0 0

for the total energy. It depends on four adjustable parameters, By, Bj, Eg and V; that is to be
determined. Hence, the fitting requires at least four supporting points {Ey(s)}.

Atomic Relaxation: For the atomic relaxation we use the optimization method Broyden-Fletcher-
Goldfarb-Shannon (BFGS, [66,[116,117]) in its limited memory and box variant as implemented in
exciting. It determines the atomic configuration of zero-forces by restricting the three coordinates
(i) of each atom i to a box by

I (i) — Tofgs < 1 (D) < 1 (@) + Tpfgs. (7.3)

The parameter Ty (in exciting taubfgs) determines the box width in which the coordinates
are allowed to vary at an iteration step, typically chosen in the order of 1Bohr. It relies on high
accuracy in total energy in individual DFT steps, therefore in exciting it is recommended to
use an energy convergence threshold epsengy two orders of magnitude smaller than the force
convergence threshold epsforces [118].

7.2 The Group-IV Ternary Compounds Data Set T

The data-set T comprises materials composed out of three of the four elements carbon, sili-
con, germanium, and tin. In this work, we focus on the materials C,Si,Ge;—x-y, CxSiySny_x—y,
CxGeySny_x—y and SiyGeySn;_,— in the compositional range 0.0 < x,y <0.5and x + y <1 with a
16-atomic zincblende-like supercell.

From a technological point of view, group-IV ternary materials are of interest because their physical
properties can be tailored by changing the relative concentrations. In particular the band gap and
the lattice constant are decoupled [I19], i.e. they can be tuned independently. For example, this
allows to change the gap although the lattice constant is fixed to match an underlying buffer layer
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the ternary is grown on. Group-IV ternaries are hence promising candidates for electronic, pho-
toelectronic and photovoltaic applications. Specifically, materials of the carbon-free type SiGeSn
already are used for modulators and multi-quantum-well photodiodes [120,121]. Experimentally,
they are synthesized by chemical vapor deposition [122] or molecular beam epitaxy [123], typically
as a random mixture of several compositions. The mean composition can be measured by Ruther-
ford Backscattering Spectroscopy, and lattice constants are often measured by X-ray diffraction.
For the carbon-free type SiGeSn, lattice constants are accessible in a range between 5.4A and 6.5A
which however has not been covered experimentally in total yet [124]. As a specific example with
a mean concentration similar to materials in T, for Sis; 9Gesg 9Sng.» a lattice constant of 5.6314 is
reported [80] E] Computationally, ab-initio calculations of these materials are quite costly, requiring
several DFT calculations per sample as explained in Sec. It hence is of interest to find less
demanding surrogate machine learning models.

Supercell and Atomic Occupation: The studied group-IV ternary compounds can be described
by a 16-atom supercell which derives from the two-atomic zincblende parent lattice with the unit
cell
a a a
uy, = E(O,l,l), uy, = 5(1,0,1), u; = 5(1,1,0) (7.4)

with the atomic positions
1
XA = (0)0)0)) X = Z(ly 1»1) (7-5)
for atoms of species A and B. The ternary materials are constructed by doubling this binary parent
lattice in each direction and then exchanging up to four atoms by ones of type C. Due to this

construction scheme, the numbers of atoms Ny, Np, N¢ of the types A, B and C, respectively, i.e.
the composition, are restricted by

4<N4<8 4<Np<8, 1<Nc=<4, (7.6)

or, equivalently, the concentrations (x,y,z=1-x—y) by

1 1 1 1 1
<x<-, —-<y<-, —<z<-. (7.7)
2" 4 2" 16 4

| =

The atomic positions in the supercell are denoted in Tab. Here, the two columns refer to sites
occupied by A or B atoms in the original binary parent lattice. This parent structure is also shown in
Fig.[7.2|on the left, the enumeration of sites in the supercell is sketched on the right. Based on this
enumeration scheme, the individual derivative structures can be labeled by a 16-digit occupation
vector o [125}[126]. This is explained by Fig. [7.3|and plays an important role for the implementation
of feature engineering (see Sec. [6.2.1]). Here, atom types A, B and C are represented by the digits 0,
1 and 2 that refer to Ge, C and Si atoms in the shown example.

An essential characteristic of the ternaries is that a certain composition K = (N4, N, N¢) can be
realized by several symmetrically inequivalent atomic arrangements o, i.e. K does not define a
structure s uniquely. This is illustrated by Fig. showing the supercells of the four different
arrangements of the same composition (6,7,3). Apparently, not only the composition but also
the arrangement influences the physical properties. Special attention has to be paid hence at the
construction of the candidate features. For a given compound ABC, all different symmetrically

I These values need to be doubled to refer to a 16-atomic supercell.
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invariant structures that satisfy Eq. [7.6|usually are found algorithmically. We used the tool enumlib
(108}, 127] to identify in total 52 possible structures of ABC, where some have equal K but differ in
arrangement. All these structures are listed in Tables[B.1}[B.2jand[B.3] Considering all combinations
of the elements C, Ge, Si and Sn in T, the number of hypothetical structures hence is 12-52 = 648.

A positions B positions
23] Up | us | # Uy U | us | #
0 0 0 |1 1/8 |1 1/8 |1/8| 9
0 0 |1/2 ]2 1/8 | 1/8 | 5/8 | 10
0 |1/2| 0 |3 1/8 | 5/8 | 1/8 | 11
0 |1/2|1/2 |4 1/8 | 5/8 | 5/8 | 12
/2| 0 0 |5 5/8 | 1/8 | 1/8 | 13
/2| 0 |1/2|6 5/8 | 1/8 | 5/8 | 14
/2 | 1/2| 0 |7 5/8 | 5/8 | 1/8 | 15
1/2 | 1/2 | 1/2 | 8 5/8 | 5/8 | 5/8 | 16

Table 7.1: Atomic positions in the 16-atomic supercell spanned by the unit vectors of Eq. (i.e. in
lattice coordinates). Here, A and B positions refer to the parent binary structure with A and B atoms
in alternating stacking. The fourth columns define the enumeration of the sites.

Interpolation and Vegard’s law: Physical properties P of compound alloys are often linearly
interpolated between the values Py4, Pg, ... of the constituent pristine structures [128]. For ternary
compounds with concentrations (x, y,1 — x — y), this is expressed by

Pin(x,y)=x-Pa+y-Pg+(—-x-y) Pc. (7.8)

In the specific case of the lattice constant a this relation is known as Vegard’s law [104} [129].
Similarily, the property P can be interpolated between the constituent binary components with
properties Pag, Pac and Ppc [128]. Deviations from this very idealized linear scheme can be
corrected by so-called bowing terms where the concentrations enter in quadratic or even higher
order [128]. For instance, the lattice constant of the ternary alloy GeSiSn is approximated via [130]

agesisn (X, ¥) = age + (asi — age) X + OsigeX(1 — X) + (dsn — dge) ¥ + Osnge y(1 —¥) (7.9)

where Ogige and Ogesn are empiric bowing coefficients. We adapt these linear and non-linear
approximation schemes in the developed feature engineering method of this work (see Sec. 5.2.1).
Note, that effects of the atomic arrangement, beyond the composition K, obviously are missed by
these schemes.

Volume, Lattice Constant, Energy of Mixing E,ix: The unit cell volume V and the lattice constant
a of these materials are connected by
3

a=v4-V. (7.10)
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Figure 7.2: Left: Supercell of the underlying parent binary structure AgBg with alternating packing of
atoms A in red and B in green (showing the conventional cell). It is labeled by the occupation vector
0 ="00000000111111111". Right: enumeration of atomic sites in the ternary supercell defining the
digits in the occupation vector o.

1 2 3 4 5 6 7 8§ 9 10 11 12 13 14 15 16 Sites

0 0 0o 2 2 0 0 o 1 1 1 1 1 1 1 2 Occup. vector

Ge Ge Ge Si Si Ge Ge Ge C C C C C C C Si Actualoccup.

Figure 7.3: Labeling scheme of the atomic arrangements of the ternary materials T. The top line is
the site enumeration (see Fig. on the right) and the middle line the occupation vector o where
the digits 0, 1 and 2 represent the general atom types A, B, C. The bottom line shows an example of
the actual atomic occupation by the species for the structure GegC-Sis.

This is used to derive the values of a from the equilibrium volume V}, obtained from fitting the
Murnaghan equation of states (see Sec.[7.1). A final atomic relaxation of the equilibrium supercell
(step (5) in Fig. yields the ground-state energy Ey(s) for a structure a. The energy of mixing per

atom is then obtained by
E, — Ejin(x,
Eypiy = 20 = Fiin(0.)) (7.11)
16
where Eji,(x,y) = x- Ea+y-Ep+ (1 — x — y)E¢ is the linearly interpolated ground-state energy

according to Eq.

Computational Details on the DFT Data: We started from an existing data set data set of the
group IV zincblende ternaries that was created with exciting (see Sec. [3.2.1} applied release:
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Figure 7.4: The four different atomic arrangements of the fixed composition AgB;Cs. Ar-
rangements are labeled by the occupation vectors 0002200011111112, 0000002212111111,
0000002211111211, and 0000002211111112 (from left to bottom), atoms A are plotted in green,
B in blue and C in red.

beryllium [131]) and is online accessible at the NOMAD Repository [132]. Calculations were gen-
erated by the full structure relaxation scheme explained in Sec. For each material, the lattice
constant a was varied by +2% and +4% around an initial guess ao from Vegard’s law (Eq. [7.8).
Atomic relaxation was performed with the parameters epsforce = 10~ Ha/Bohr and taubfgs =
0.3 with some exceptions addressed below. Fitting to the Murnaghan EOS was done by Powell’s
method [133] within exciting’s internal OPTIMIZE scripts, yielding Ey, V; and, by Eq. a. For
the equilibrium structures, the band structure was calculated along the path L —T'— X sampled
by 200 steps. The parametrization of the ground-state module is presented in Tab.[7.2]in the top
part, the applied muffin tin radii Ryt are in the bottom part. Atomic species were used from the
standard set for the distortions and of the smaller_core_set for the final runsﬂ Since the two
paths L—T and I' — X are calculated separately properties of the relaxed structures are present twice
in the data set. We extracted all target properties from the file INFO. OUT referring to L—T'.

ngridk ‘ rgkmax ‘ xctype ‘ nempty ‘ epsengy

Ax4x4 ‘ 7 ‘ LDA_PW‘ 9 ‘ 10~%Ha

species H C ‘ Si ‘ Ge ‘ Sn

Ryrr [Bohr] H 1.45‘ 1.65‘ 1.8 ‘ 1.9

Table 7.2: Parametrization (top) and muffin tin radii (bottom) used in the groundstate module to
generate the dataset T.

Analysis of the Initial Data Set: Before the actual ML tasks were tackled, an in-depth analysis of
the existing data set was performed to check for its accuracy and consistency. This initial data set
comprises 448 of the possible 648 structures that split into the 12 different compounds as listed
in Tab. For each of these, the 42 arrangements of Tables[B.1]and[B.2|are considered where for
some of them are no data was available. Statistically, the under-representation of materials of the

2The latter are available at [109].
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type GeSnC might introduce biases at the machine learning.

Next, we screened the data for consistency and correctness in the DFT calculations, of both the
distorted and the equilibrium structures (see Fig.[7.1). The data presented some variability with
regard to several parameters which mostly affect the target properties only in a minor way. The
variability in the energy convergence threshold epsengy (see Tab. affects the Murnaghan fits
which was further investigated (see below).

As another part of the analysis we graphically examined the convergence in atomic forces both
of the distorted and the equilibrium structures (see Fig. in the Appendix). For some of the
distorted structures, the convergence threshold epsforce of 107 Ha/Bohr is not met, and for other
structures the convergence could not be checked due to missing data on the forces.

Consequently, we also analyzed the fits of the Murnaghan EOS explicitly. For some materials these
were found to be very inconsistent. An example for this is shown in the left panel of Fig. [7.5|that is
problematic from two reasons. First, energies of the distortions exhibit a "jump" of AEy ~ 100 mHa
between the second and the third value. Second, the value of a used in the final structure (red dot)
deviates by ~ 0.7A from the actual fitted minimum (green)E]

As alast step, the atomic positions of all materials were examined visually. For several structures, we
found the displacement of the atoms from their ideal positions unreasonably large. The consistency
of the relaxation was checked for that cases. Generally, we observed the high diversity in bonding
motifs in the ternary materials in that step: a fixed type of bond (e.g. Si-C) varies between materials,
center atoms and neighboring atoms (see the two example structures in Fig. [7.6). This provided
important insights on which characteristics the material representation for the machine learning
needs to consider, or, vice versa, might miss.

Curing of the Data: Based on the data analysis, it was decided to cure the data by performing
new ab-initio relaxations for the missing and erroneous material samplesE] High care was taken to
resemble the original parametrization as close as possible. Unfortunately, the missing arrangements
similarly could not be relaxed fully. It can be concluded that these are hypothetical, energetically
very unfavorable arrangements. Most of the structures with faulty relaxations could be cured like in
the example of Fig. [7.5|on the right. Only for the three structures CgSigSng (0002200011111122),
C5Ge;Sny (0000022211111121) and C5SizSny (0000022211111121), it was not possible to obtain
reliable values of a and E,. These were excluded from T hence such that the final data set has
the size N =445. Lastly, the actual used lattice constants were then determined for all samples
by new fits to the Murnaghan EOS with an external optimizer (scipy.optimize.curve_£fit, the
non-linear least squares optimizer from the SciPy library [134]).

Organizing the Final Data Set: All materials samples were organized by unique material labels
defined by
1bl = (A, B, C, N4, N, N¢, 0). (7.12)

3Besides that, also smaller discontinuities in the Eg(V) curves were identified. We found that these result from a
changing total number of G-vectors at the different V(s) and hence a changing size of the Hamiltonian matrix. This
could be "healed" by rescaling the parameter rgkmax = Rl‘\"/[liTn -|G + k|max via rgkmax — rgkmax - [ag/ ag(s")] which will
adapt the number of G-vectors accordingly to keep the size of the Hamiltonian. Since this affects a by less than 1 mA and
Eg by less than 1 meV, significantly smaller than the reachable accuracy of the ML approach, this step is not necessary.

4still, only the 42 structures per compound from Tab. were considered.
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Figure 7.5: Total energy versus lattice constant a for the structure C4SigGeg in the arrangement
0 =1111110022202022. Blue dots indicate distorted structures s’, curves show the Murnaghan fit,
green dots mark the minimum of the fit. Energies are plotted as differences with respect to the
energy of the minimum of the fit. Left: the initial calculations with a jump in energy of AE; ~ 100
mHa between the second and the third data point. The red dot marks the lattice constant present
in the equilibrium calculation in the data that markedly deviates from the fitted minimum. Right:
updated calculations, showing that a was overestimated by ~ 0.64 initially. Note the narrower
scales for the energy and the lattice constant a for the cured relaxation.

This list contains the atomic species A, B, C, their composition (N4, N, N¢) and their arrangement
by the occupation vector ¢ and is required for the feature engineeringﬂ The order of the atom
species in 1bl follows the convention to put them in ascending order of element number which
differs from the convention in the initial data-set. Accordingly, the restrictions on compositional
space and concentrations of Egs. and change to 0 < Ny,Ng,Nc =8and 0< x,y,z
respectively. An example for a label 1bl and its transformation is given in Fig.

<1,
We further organized the total data set by sorting all materials in ascending order of their labels
1bl, defining a systematic indexing scheme. Here, each entry in the list 1bl is compared after the
other where the species are compared based on element number and the occupations o are sorted
in alphabetic order (without a physical meaning). This steps brings the 12 different combinations
of four atoms to ternaries to the four branches C,Si,Ge;—x—y, CxSiySn;—x-y, CGe,Sn;—y—y and
SixGeySn;_ -y and groups all arrangements of equal composition K together. The indexing scheme
is used in Fig. that shows the two target properties a and Epyx of the total data set. In the
inset figures arrangements of equal composition are connected by lines, illustrating the property
variability with respect to the arrangement. Additionally, the hold-out sets S, used in the ML tasks
are indicated. They comprise each ~10% of the total data and were chosen manually to represent
the two property spaces adequately. A summary of the main characteristics of the data-set T is

given in Tab.

SNote, that N4, Ng, N¢ are denoted in 1b1 for convenience although they could be derived from o.
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Figure 7.6: Bonding motifs for the samples C;SizGeg, o0 =1111111022222222 (top), and CgSigGey,
0 =1111112202000200 (bottom), of the ternary data set T. Shown are the each four bond lengths at
the eight atoms at the A positions of the parent lattice (see Fig. and Tab[7.1I). The species of the
center atoms are indicated on the axes, the species of the outer atoms by colors.

Figure 7.7: Example for a material label 1bl of a ternary sample and its transformation from the
original convention (top line) to the convention used in this work (bottom line). The species are
brought in the order of their element number which switches N4, Np, N¢ and modifies o.

Estimating the Data Accuracy: In order to determine the accuracy of the target properties a and
Enix, we consider the magnitude of the three contributions (i), (ii) and (iii) described in Sec.
The accuracy in the groundstate energy Ey at fixed atomic positions (i) was estimated to be ~ 20
mHaE] The contribution of the atomic relaxation (ii) is ~ 0.2 mHa and hence negligible Also the
contribution of the fitting (iii) since the optimizer was run in a tight parametrization. An analysis
on the EOS curvesﬁ yielded that this leads to an uncertainty Aa of a few ~ 0.01A in the equilibrium
lattice constant. This uncertainty again affects the final value of the total energy E;. From the fits
to the Murnaghan EOS, we estimate that a variation of a by +0.01A on average influences E, by
~ 1mHa. This is negligible compared to the mentioned uncertainty due to the DFT calculation

6From the relevant parameters rgkmax, ngridk and epsengy, the contribution of rgkmax here is the largest. The
number was obtained by varying this parameter between 7.0, 7.5, 8.0 and 8.5 for a representative test material.

1t was checked that the additional convergence threshold epsforce does not reduce the accuracy of Ey. For this, we
determined that Eg does not change by more than ~ 0.2 mHa right before convergence of forces at the relaxation.

80n several representative materials the standard deviance in a was determined by each 100 fits to the EOS with noise
uniformly distributed in the interval [-10Ha, 10 Ha] added to the values Ey(s').
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itself. We assume that the uncertainty in the ground state energies of the pristine materials Ey xx
equally is ~ 20mHa (see the paragraph right below) and derive by basic rules of error analysis and
Eq. that the uncertainty in the energy of mixing per atom is AEpix = 1/8-20mHa = 68 meV
or less. For the machine learning, these values for Aa and AEnix serve as approximates for the
irreducible error in the target property (see Eq. [2.28).

Figure 7.8: Target properties a (top panel) and Enix (bottom panel) versus structure index of the
data-set of zincblende group-IV ternaries T (the sorting scheme is explained in the text). Data
points used for model training (and in CV) are plotted in white or black, those in the hold-out set
Sho in red. Compositions K are linked by grey lines. Vertical dotted lines separate between the
compounds C,SiyGej—x—y, CxSiySn;_x—y, CyGe,Sn; -y and SiyGeySn;_x—y. Insets show some
parts of the data to illustrate influences of the arrangement o within one K.

Bulk Properties: The feature spaces for the ML on the data set T include also properties of pristine
and binary bulk properties. To be consistent, we newly generated the former by the same steps
as for the ternary materials, also with a 16-atomic supercell. The ab-initio calculations differed
from the parametrization of Tab. [7.2|by using Rysr = 1.35Bohr for carbon, applying the standard
species preferences and setting nempty to 5 instead.

All binary materials AB have the supercell of Fig. |7.2|on the right and were already included in the
initial ternary dataset. Hence, the data relies on exactly the same preferences of exciting as used
for T. Lattice constants axy stem from new fits to the EOS performed by us, ground-state energies
Eo,xy and the gap at I' Eg xy were taken from the relaxed initial output.
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P level N | Npo min max sdv A

a 3 445 | 44 8.708 A | 12.093A | 0.949A ~0.03A

Enix 3 445 | 43 | -0.799eV | 0.440eV | 0.314eV | ~0.068 eV

Table 7.3: Summary of the characteristics of the data-set of zincblende group-IV ternaries T. Listed
are the levels in the hierarchy of ab-initio data (see Sec.[4.2), the sizes N of the total data-set and
the hold-out sets, the minimum and maximum value, the standard deviation and the estimated
uncertainty A for the two target properties a and Epx.

7.3 Methods for Calculating Non-Periodic Structures

7.3.1 Usingexciting for Isolated Molecules

The LAPW code exciting (cf. Sec. is designed for periodic solid structures, i.e. it always
assumes a three-dimensional periodicity of a unit cell. Isolated molecule-like clusters like the single
atoms, pairs and tetrahedrons used in this work, are embedded in a sufficiently large box of vacuum
to avoid the interaction with the replica in the periodic cells. A proper choice of the box dimensions
Xvac, Yvac, Zvac is determined by numerical tests in preparatory. The groundstate calculations have
to be run with a k-grid of 1 x 1 x 1 in that case which does not allow for a parallel execution. Instead,
the computational effort that quickly grows with the box size is reduced by changing from the
standard Hamiltonian solver to the Davidson algorithm ([135], see the run-time test in Appendix

B.2).

7.3.2 Optimization Scheme

At the feature engineering for the data set T, we considered isolated dimers and regular tetrahedron
clusters at their energetic equilibrium. These structures depend on the single degrees of freedom
x = dxy or d;, respectively (see Fig.[7.10), for which the total energy E, of the groundstate has to
be minimized. This was done by combining DFT calculations at fixed geometry with an external
iterative optimizer, as illustrated by Fig.

At each iteration i of the procedure, exciting yields the total energy Ey(i) which is read in by
a Python script. The structural update then is performed by the Nelder-Mead algorithm [136],
using the implementation of the SciPy optimization sublibrary [134]. Updated values of dxy or d;
are written to a new input .xml file that exciting takes to calculate the following Ey(i + 1). The
procedure is stopped if the convergence criteria of the Nelder-Mead algorithm are satisfied. A final
ab-initio run yields the equilibrium physical properties for the feature engineering which we parse
from the file INFO.QUT.
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structure in box ground state
free parameter x )| calculation — Eo(7)
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Figure 7.9: Flow diagram of the structural optimization of dimer and tetrahedron clusters. Single
runs of exciting are combined with the external Nelder-Mead algorithm.

7.4 Generation of Local Primary Features

7.4.1 Atomic Properties

For the most basic building block - a single atom - DFT basic data was generated by exciting
calculations of the isolated atoms in a cubic box of vacuum (cf. Sec. [7.3.1). From these, the local
primary features Ey x, i.e. the ground state energy, and Eg x, i. e. the HOMO-LUMO gap as defined
in Sec. were extracted. Atomic species settings from the smallercore set were applied (see
[109]) and muffin tin radii were equal to the values used to calculate the ternary data set T (see Tab.
[7.2). rgkmax was increased to 10.0 which ensures an accuracy level at least equivalent to T where
the accuracy is determined by the smallest atom C with rgkmax = 7 and Rur = 1.45 (cf. Sec.[3.2.1).
A cubic box of edge length s = 20. Bohr = 10.58 A was used. Convergence of the properties Ey x and
Eg x with respect to s was tested for a Sn atom as this is the largest and hence most demanding
element required for this thesis (see Sec. in the Appendix). In that case Ej is converged by
~5meV and Eg x by ~ 0.1eV. This rather low accuracy has to be considered for the predictive
performance of ML models based on these features.

Tablein the Appendix lists Ey x and Eg x for the elements C, Si, Ge and Si contained in T. For
these atoms, also ionization potential IP and electron affinity E A as well as radii of the s-, p- and
d-orbitals were included to the local primary features. These radii are defined as maximum of
the valence radial probability density of s-, p- and d-wavefunctions and were calculated with the
code FHIaims. The values were taken from [I] and were performed with the LDA-PW exchange-
correlation functional [62], tight grid settings and atomic basis level tier3.

7.4.2 Dimer Properties

For pair building blocks, a pool of dimer features was calculated with exciting for all required
combinations of two atoms X, Y (comprising both homo-atomic combinations, X X, and hetero-
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atomic ones, XY). Following the scheme described above, the isolated dimers were embedded
in a box of vacuum and structurally relaxed. That way, the equilibrium dimer distance dxy, the
ground-state energy Ep xy and the HOMO-LUMO gap Eg xy (cf. Sec. were determined. dxy
was taken from the relaxation algorithm, Ep xy from INFO.QUT and Eg xy by calculating the dif-
ference between the last at least partially occupied eigenvalue and the first fully unoccupied one
from EIGVAL.QUT. The DFT parametrization was chosen as a compromise between accuracy and
efficiency as the relaxation may involve many single runs. Atomic settings from the standard set
were applied and rgkmax was set to 7. Generally, muffin tin radii of the ternary data set T, were
used (see Tab. . For some combinations XY however, smaller values of Ry;r were applied to
avoid an overlap of muffin tin regions. The Nelder-Mead algorithm was run with the parameters
xtol=10"° and maxiter=100. The size of the cubic box of vacuum was s = 15Bohr = 7.94 A for all
dimers. Convergence of the determined primary features was investigated on the computationally
most demanding dimer Sn-Sn (see Sec. [B.3]in the Appendix).

Figure 7.10: Examples of a dimer XY with dimer distance dxy (left) and a tetrahedron cluster with
bond length d,/+/3 which is equal for all bonds (right).

7.4.3 Tetrahedron Properties

Additionally, a pool of 120 tetrahedrons was generated that considers all combinations of one
center atom and four surrounding ones, required for the data-set T. The geometry was assumed
to be symmetric, i.e. atomic positions were (0,0,0), (1,1,-1), (-1,-1,-1), (-1,1,1) and (1,-1,1),
multiplied by the scaling factor d; (see Fig.[7.10). The same set-up of exciting as for the dimers
was applied, also with eventually adapted muffin tin radii Ryir. An input.xml file for one of
the tetrahedrons is listed in the Appendix in Listing[B.I] From the relaxed clusters, we took the
properties d; from the optimization as well as the ground-state energy Ej ; and the HOMO-LUMO
gap Eg ; from INFO.OUT. These values are reported in Tabs. - in the Appendix. The external
optimization was run with xtol= 107> and maxiter= 50. Convergence tests were performed on
the heaviest tetrahedron Sn-Sn-Sn-Sn-Sn as benchmarking case which is reported in Sec. [B.3]in the
Appendix.

Note that the isolated five-atomic tetrahedron clusters are highly artificial objects from a chemist’s
perspective because of their unfavourable electronic configuration. The obtained properties hence
were assumed to capture the local environment in the ternary compounds too roughly. As an
improvement, we tried to calculate the clusters with the outer atoms saturated by three hydrogen
atoms each [137], leading to stable molecules of the type of tetramethylsilane Si(CHs)s. The
increase in number of atoms and size — and hence the required box size — however resulted in an
unreasonable computational effort.
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Chapter 8

Applications: Analysis and Results

In this chapter, we apply the developed machine learning methodology to several property prediction
problems. The main analyses are done on the group-1V ternary data-set T. We first investigate the
construction of the feature space, in regard of the different types of local primary features (Sec.[8.1.1),
and the feature engineering steps (Sec. [8.1.2). In Sec. the different dimensionality reduction
methods # are analyzed where in particular LASSO and SISSO are compared. The developed model
selection strategies !, tS”tSV and ytsv are tested and evaluated in Sec. m In Sec. we present a
set of optimal descriptors for the lattice constant and energy of mixing of the ternaries T that was
identified with the confined methodology. As an additional application, in Sec. we study several
learning tasks for the lattice constant, the TB and the LDA band gap on the data set of the octet binary
semiconductors O.

8.1 Analysis of the Feature Space Construction

8.1.1 Analysis of the Selection of Primary Features

In this work, we use four different types of physical quantities to generate the candidate features for
the ternary dataset T. The corresponding lists of these local primary features are given in Tables[8.1]
and|[8.2)for the two different target properties, the equilibrium lattice constant a and the energy
of mixing Enix. They contain physical properties of single atoms, molecular dimers, tetrahedral
clusters, and pristine and binary bulk solids for all chemical species or combinations of chemical
species present in the dataset. We treat the bulk properties in the same way as single-atom and pair
properties, because they only depend on a single atom type or a pair of atoms, respectively. Global
primary features are then calculated by Egs. and[5.4} averaging over all atoms, pairs or
tetrahedrons in the supercell of a structure s. The normalization factor m is equal to 16 for atomic
and atom-centered tetrahedral building blocks for these 16-atom supercells. For pair properties, m
is equal to 32, the total number of pairs in these structures.

Dimer bond lengths dx x,xv, tetrahedral scaling factors d; and lattice constants ax x; xy were scaled
to radius equivalents. This was done to allow for a better interpretation of features that algebraically
combine these properties. Specifically, the dimer lengths were divided by 2, assuming touching
atomic spheres, and tetrahedron scaling factors d; by 2 -v/3 which derives from the tetrahedron
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shape (see Fig. [7.10) |'| Bulk lattice constants accordingly were scaled by v/3/16 considering also
touching spheres in the 16-atomic crystal structure.

The included energies are of two types: energies of formation and band-gap energies. Energies of
formation are defined as difference in ground state energy of the respective building blocks y and
all constituent, isolated atoms, Ef,, = Ep,y — Yiey Eox(i )EIWe use per-atom values, to improve the
interpretability of algebraic combinations. For isolated atoms, dimers and tetrahedrons, we use the
HOMO-LUMO or KS band gap by Eq. [3.23|while for pristine and binary materials we use the band

gap at I by Eq.

Feature (fi) | Description Xa1 | Xa2 | Xa3 | Xaa
Single-atom data

Z Atomic number x X x
P Period (in periodic table) X X X
rs s-orbital radius x x X
p p-orbital radius X x x
rd d-orbital radius x X x
axx Lattice constant of pristine material x x
dxx Bond length of homoatomic dimer X x
Pair data

axy Lattice constant of binary material X X
dxy Bond length of heteroatomic dimer x x
Tetrahedral cluster data

d; Bond length in tetrahedron X x

Table 8.1: The local primary features fj and feature spaces X, ;, i = 1 —4 used for learning the lattice
constant a of the ternaries T. The crosses indicate that a quantity is included in X, ;. Note, that
X,,1 contains only pure atomic properties and only the computationally cheapest of them. The
more expensive properties axx and dxx are excluded although they are formally treated as atomic

features in Eq.

From the local primary features listed in Tables and several feature spaces X, ; and Xg ;
(i=1,...,4) of different complexity are constructed for the two learning problems in an analogous
manner: X,/g,1 contains the single-atom features only, i.e. any average in Eq.[5.1will be over atomic
building blocks only (y = i). We do not consider bulk or dimer features here in order to include
only the computationally cheapest features. X,/ » additionally contains pair features which are
averaged over all pair building blocks y = (a, 8). X,/E,3 solely consists of tetrahedron features, with
the aim to study the predictive power of such building blocks. X,/ g 4 finally combines single-atom,
pair and tetrahedron data.

1we will refer to d; also as tetrahedral bond length which apparently transforms to the same radius equivalent.
2As, obviously, isolated atoms do not have an energy of formation, we consider only the band gap for these building
blocks.
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Feature | Description Xp1 | Xg2 | Xg3 | XEa
Single-atom data

Z Atomic number x x x
p Period X X x
Ts s-orbital radius x x x
Eg x HOMO-LUMO gap of isolated atoms X X X
E¢,p Energy of formation of pristine material x X
Eg p Gap of pristine material at the I'-point x x
Ef xx Energy of formation of homoatomic dimer X X
Eg xx HOMO-LUMO gap of homoatomic dimer x x
Pair data

Efp Energy of formation of binary material x X
Egp Gap of binary material at the I'-point x x
dxy Bond length of heteroatomic dimer x x
Ef xy Energy of formation of heteroatomic dimer X X
Eg¢ xy HOMO-LUMO gap of heteroatomic dimer X X
Tetrahedral cluster data

d; Bond length in tetrahedra X X
E¢,; Energy of formation of tetrahedra x x
Eg ¢ HOMO-LUMO gap of tetrahedra x x

Table 8.2: Local primary features fi and feature spaces Xg ;, i = 1 —4 used for learning the energy of
mixing, Enix, analogous to Tab. The quantities Z, P, rs, dxy and d; are the same as for learning
a. In addition, band-gap energies and energies of formation are considered here. Similar to X, 1,
Xg,1 contains only the computationally cheapest pure atomic features.

For predicting the lattice constants, most of the considered local primary features are distances, ex-
cept from the atomic number Z and the period P. Since d; is the only tetrahedron feature included
here X, 3 is based on a single local primary feature. For Ep, various energies are dominating the
feature space. For the following discussion, we augment the features up to complexity tier 97,
without the higher moments of Egs. and Descriptors are identified by strategy %! up to
dimension Q = 5, and the data matrices are pre-processed as described in Sec.[6.3.1]

Analysis at learning the lattice constant: The left panel of Fig. |8.1{shows training errors (RMSE)
and MAEy;; (see Eq. versus Q for predicting lattice constants using the four feature spaces
X4,1-4. Additionally, the interpolations between pristine materials axy, i.e. Vegard’s law (Eq.
[7.8), and binary materials axy (by Eq. considering pairs), as well as the average tetrahedral
bond length d, are indicated as reference lines. In the lower left figure of MAE,,;, axx indicates
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Figure 8.1: Performance of the feature spaces X,/ 1-4 with different primary features for learning
a (on the left) and Epiy (on the right) of T. Top plots: training error (RMSE from .#!!) versus
descriptor dimension Q. Bottom plots: MAE,,; (cf. Eq. vs. Q. In the left plot, black dotted lines
refer to the interpolation between pristine materials axx (Vegard’s law, Eq. and black dashed
lines to the interpolation between binary materials axy. Gray dashed lines mark a fit of averaged
tetrahedron bond length, i.e. the one-dimensional descriptor 2p = d;.

the baseline of a blindness to effects of the atomic arrangement, since it depends only on the
composition. axy captures them to some degree, i.e. it lies below, since different structures of the
same composition often differ in some bond types (this was discussed in Sec.[5.2.1]on p. [40]and
following).

In the upper panel, for all four feature spaces an increase in dimension Q naturally lowers the
training error, which is most distinctive for X, ; and least for X, 3. Except for the 1D descriptor of
Xa,1 (D1p = 1/ YTp), all models outperform Vegard’s law ax x as well as the binaries’ average axy.
Including pair quantities in addition to pure atomic features, i.e. going from X, ; to X, 2, reduces
the RMSE drastically. Adding also the tetrahedron features, by contrast, has a negligible effect
on the training error. Yet, the descriptors emerging from X, 4 are not identical to those from X, »
but contain also the tetrahedron feature d;. Looking at the 1D descriptors, the pure tetrahedron
feature space X, 3 has a much lower training error than X, ;, however still larger than that of X, 2/4.
At higher dimension, the RMSE improves only little such that the descriptors from X, 3 cannot
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compete with the others. The fitting error also remains close to the benchmarking case 21p = d;.
As d; is the only local primary feature in this case, the higher mathematical complexity of these
descriptors barely improves the descriptor performance.

MAE,,; (lower panel of Fig. also decreases with higher Q, except for X, » and X, 4 where it has a
shallow minimum at Q = 3. Interestingly, already descriptors from the pure atomic feature space
X,,1 are able to go beyond the arrangement-agnostic axx. This is the case for Q = 3 where the
descriptors include nearest-neighbor differences by Eq. If this type of features is not included,
like in the 1D and 2D descriptors, the descriptors predict a constant value for all arrangements of
fixed composition which implies that they lie on the dotted line of Vegard’s law. Minimal MAE,,;,
however, is achieved by combined atomic and pair features (X,») for all descriptor dimensions
considered. Pure tetrahedron descriptors from X, 3 give even worse capturing of arrangement
effects than Vegard’s law axx. Here, MAE,;; is almost equal for all Q and very close to Z1p = d;.
Interestingly, this baseline descriptor itself captures arrangement effects quite poorly, much worse
than axx and axy (which is in contrast to the RMSE). If one finally adds the tetrahedron features
to the atomic and pair ones (X2 — X4,4), MAE,, is found to increase, i.e. X, 4 only gives a good
training error but does not capture the arrangement effects in an optimal wayE] To conclude, it
turns out that optimal feature spaces for predicting the lattice constants of this data set should be
based on the combination of atomic and pair features. The most elementary atomic features alone
do not suffice as ingredients for &, and the tetrahedron data can be discarded.

Analysis atlearning E,ix: The right part of Fig. shows RMSE and MAE,, for learning Emix
As expected, also in this case the fitting error decreases with increasing 2 for all Xg ;. For Q =1 and
2, the descriptors constructed from basic atomic features (Xg,;) exhibit larger values of RMSE than
the ones from Xg » and Xg 4. At Q = 3, they are on the same level as Xg » and X 4, i.e. considering
more complex physical quantities here does not improve the RMSE anymore. The training errors
of pure tetrahedron descriptors (Xg 3) are the largest except for Q = 2, where Xg 3 is in line with
Xg 2 and Xg 4. Although the effect is very small, adding tetrahedron features to atomic and pair
features (X2 — Xp4) increases the RMSE, except for Q = 1 where Xg» and Xf 4 lead to identical
descriptors. The rise in RMSE at adding some columns to X is noteworthy. One would expect that a
larger feature space would at least yield the old solution that is still present in X if it does not find
an improving combination. However, this holds only for solving the £y-problem in an exact manner.
Approximating it by LASSO + ¢y may indeed raise the error. This is because it can happen that
LASSO selects some of the new columns to the preselection I,. These will replace some features
that were part of the previous descriptors since Iy, has a fixed size, M. The new features might
improve the preselection but there is no guarantee that the descriptors from the new subspace will
be better as well [

The trends of the arrangement capturing by MAE,;; in the lower right figure are less clear than
for a which we relate to the higher complexity of the target Enix (see Fig. [7.8). For Xg,1, MAE,;
improves at increasing dimension Q. As for learning a by X, 1, this is achieved by arrangement-

3This is because some features from Xg,2 might be replaced by tetrahedron features that improve the RMSE although
they are rather poor with respect to MAEyy.

4In its definition (Eq. , Epix already includes a linear interpolation as a reference. We do not use additional
references here therefore.

5As described in Sec. LASSO finds the exact solution only with high probability. Recall also Fig. it shows that
the descriptors from the subsequent ¢¢-step are not trivially constructed from the first features selected to I, and thus
demonstrates the difference between the solutions of LASSO and LASSO+¢.
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sensitive nearest-neighbor differences by Eq. 5.4]at higher Q. Descriptors from Xg,», including also
pair features, generally give the best MAE,,; (the difference to X ; at Q =5 is negligible). Adding
tetrahedron features (Xg» — Xg,4) never improves MAE,;;. Pure tetrahedron features (Xg 3) are
on the same level as Xg 24 only for Q = 1 whereas increasing Q raises MAE,;;. Thus, analogously
to the lattice constant, tetrahedron features seem to be unsuited for achieving good capturing of
arrangement effects on Epjx. In conclusion, also for the energy of mixing of this data set, optimal
feature spaces prove to be based on the combination of atomic and pair features, although the
most basic atomic features are doing quite well here. Again, tetrahedron quantities appear to be
dispensable.

Conclusions: In view of these results, we will focus on feature spaces combining atomic and
pair features (X2 and Xg ») in the following sections. Let us nevertheless add some remarks on
the tetrahedron features which may be of interest for similar machine-learning problems. The
large RMSE for predicting a mainly seems to result from constructing X, 3 only from a single local
primary feature, so the comparison to the other feature spaces appears rather unfair. However,
the fact that the reference descriptor 2,p = d; improves over axx and axy proves that this type
of features does carry some important physical information. This similarly can be seen from the
relatively good performance of the pure tetrahedron descriptors Xg 3 for Enix. A reason for the
unsatisfactory capturing of arrangement effects by tetrahedron features might be that the geometry
of the local environments in the data set often differs markedly from the very idealized regular
tetrahedron shape which is assumed for the calculated tetrahedron properties. Conceptually, one
might ask if tetrahedron-based features are unique representations of a material (see Sec.[4.3). As
we found distinct materials s, s’ with the same type of tetrahedral clusters in their supercell, and
hence the same global feature by Egs. and[5.2} they obviously are not.

8.1.2 Analysis of the Mathematical Operations

We now study how the mathematical operations used to construct the feature space X impact
the performance of the resulting descriptors. On the one hand, we analyze the effect of the tiers
Ji,1=0,1,2 as defined in Sec. On the other hand, we investigate the effect of specific
operations: higher moments by Egs. [5.2]and[5.3} nearest-neighbor differences by Eq. [5.4/and the
operations exp, 1/ exp, log and 1/log. We restrict the analysis to the learning of En,ix because the
learning of a leads to very similar results.

Analysis of Predictive Performance: Figure[8.2]shows the training error, the error on the hold-out
set and MAE,,; (on the training data) of the resulting descriptors for this learning task. We use
feature spaces based on single atom and pair primary features (Xg 2) on the three complexity levels
90,91 and F,' (we use the restricted J," explained on p. [46/due to computational limitations in
combination with the dimensionality reduction method .# = LASSO). To study the particular effect
of the mentioned operations, we skip either the higher moments, the nearest-neighbor differences
or exp, 1/ exp, log and 1/log from a feature space of complexity 97 which we indicate by PTIA, ?TIB
and 7,C, respectively.

For all dimensions Q, an increase of complexity in terms of tiers reduces the fitting error. This does
not yield overfitted models because at the same time the hold-out error (top right part of figure[8.2)
reduces as well. For 97 and ', the training error converges to ~ 0.03 eV. This means that for 7 at
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Figure 8.2: Training errors (top left), hold-out errors (top right) and MAE,,, (bottom) at different
complexity of mathematical operations for predicting Enmix. 90, 97 and J," mark feature spaces
that include features of a complexity up to tier i as defined in section[5.2} The "r" indicates that
combinations by products are included in a restrictive way. J7 A T Band g 7 € mark feature spaces
of complexity up to tier 1 with excluding either higher moments (A) or nearest neighbor differences
(B) or the operations exp, 1/ exp, log and 1/log (C), respectively. All feature spaces are based on
atomic and pair properties (Xg 2).

Q=5 and for 7, already at 2 = 3 a good model dimension is reached. For 9y, a further increase
of Q could attain even lower training errors while for 9, the expectedly increasing curve of the
hold-out error indicates that models tend to be overfitted in that case. Arrangement effects (lower
part of Fig. are, surprisingly, captured best by medium complexity tier 97, except from Q =2
where even the simplest 9 does best. However, apart from Q = 1 and, to some extent, for Q = 3,
the differences in MAE,,; between 99, 97 and 9, are rather small.

Figurealso shows the errors of the descriptors from FTIA, T, B and T, € that omit specific mathe-
matical operations. For all three types of errors plotted here, both & O'IB and f/‘lc do not differ much
from 93 in general. By contrast, J; A has markedly higher training RMSE, hold-out RMSE and
MAE,,;. First, one could argue that thls is due to the fact that the feature space of J; A contains
significantly fewer candidates compared to J; B T, €and 97 (see Tab .for the feature space sizes).
However, the feature space size is quite ummportant as long as the relevant features are contained
at all. Hence, compared to 9 E’TIA is obviously missing some important candidate features, i.e. the
higher moments accounting for non-linearities turn out to be an essential ingredient to the feature
space in this setup. Nearest-neighbor differences as well as operations containing exp and log, in
turn, can safely be disregarded in the feature space here.

Let us add two remarks to this conclusion: first, this is a quite specific finding because, for instance,
nearest-neighbor differences have proven to be beneficial when using atomic features only, in
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3

M T | M

T 105 T | 2890

g7 | 30803 | I8 | 12612

T, | 3254085 | I.© | 21284

Table 8.3: Size M(J;) of the feature spaces up to certain tiers 9;. Note that the largest M is still
below the upper boundary of Eq. (C=4,N=401,Q=5).

particular for capturing the effects of atomic arrangement (cf. Sec. [8.1.1). Here, however, pair
properties like dxy, which also carry information on the bonds, seem to replace them. Second,
operations involving exp and log functions are to some extent problematic in a general sense as
they implicitly assume some scaling constants to make their arguments dimensionless, e.g. some
u' in exp (u/u'). These are different from the coefficients c; of the linear model and thus actually
would require for an additional learning step to be determined systematically. As a result from this
analysis, only generalized averages will be included in the feature spaces for all following tasks on T,
while neither the operations exp, log etc. nor nearest-neighbor differences will be considered.

Complexity Analysis: Table[8.4)and Fig. [8.3]serve to analyze the complexity of the descriptors on
Jo, 91 and J," also by the complexity measures defined in Sec. As can be seen, descriptors
of equal Q but different tier expectedly differ in the number of considered local primary features
and hence in informational complexity Ny,. For instance, at Q = 1 the descriptors are based on
Nf =1,20r3 local primary features for 9y, 97 and Ffzr, respectively, and on Ny =2,30r5 for
Q =2 (cf. Tab. . Their training error (RMSE, left part of Fig. decreases monotonically with
Ny, i.e. the more basic information is included the better the prediction. Interestingly, the curves
of the three tiers roughly follow a common line. From this we conclude that it is rather irrelevant
whether the descriptors combine the basic quantities in a simple linear (9y) or more complicated,
also non-linear way (91, 9,"), as long as the same amount of basic information is consideredﬂ As
the RMSE improves only slightly after Ny, =5, the consideration of five primary features seems to
be sufficient for this learning task.

The RMSE as a function of algebraic complexity Ny}, (middle part of Fig. decreases substantially
first and then, from Ny, ~ 15, basically takes a converged value. Again, a common shape of the
different tiers can be observed which can be interpreted in the way that the exact type of operations,
be it only linear combinations as in 9y or also non-linear ones, is rather irrelevant as long as their
number is increasing. As an exception, the RMSE differs markedly between the tiers at Nop =~ 5
where the descriptor from 9 is best. We relate this to the difference in free parameters as the 4-

6This can be understood the following way: suppose two primary features © and v which are close to linear around
their means ug and vy (this is a common behavior of the used candidate features). Let these primary features be further
combined to a feature f(u, v) = exp(u + v). Then, for small ranges of u and v around u( and vy, f(u, v) can be linearly
approximated by the expansion f(u, v) « (84 f)(ug, vo) - u+ 0y f)(ug, vo) - v =c1-u+c2-v=g(u,v). So, arather complex
single feature — that could form a 1D descriptor - is equivalently expressed by a two-dimensional linear combination
of simpler features, i.e. a 2D descriptor. This can be called a trade-off between descriptor dimensionality and feature
complexity.
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Figure 8.3: Training error vs. descriptor complexity for the three tiers 9y, 97 and . Left: RMSE vs.
informational complexity Ny, . Middle: RMSE vs. algebraic complexity Nop. Right: RMSE vs. total
complexity X = Nf, + Nop. The curves go from Q = 1 (most left) to Q =5 (most right) dot by dot.

dimensional descriptor of 9 includes already four fitted constants c;, . 4 whereas the corresponding
one-dimensional descriptors of 97 and J," contain just one fitted constant c.

Also for Z (right part of Fig. the training errors of the three tiers approximately follow a common
curve. The common line decreases substantially first and then, from X ~ 15, it flattens, i. e. an
increase of total complexity is most beneficial at low total complexity. This uncovers a general
dependency of the fitting error on total complexity where the different tiers cover different regions
of complexity (given that the Q range is limited). Such a behavior is typical for models in symbolic
regression and matches the Pareto frontier explained in Sec. Finally, while most of the results
presented here are very similar for learning the lattice constants, the patterns of the RMSE as a
function of N e differ where only the curves of 9y and 7 share their shape. The one of Q‘zr, however,
lies below those two, i.e. including the product combinations brings some additional benefit here.

8.2 Analysis of Dimensionality Reduction Methods

8.2.1 Comparing LASSO’s Solver Algorithms

In this project, initially the coordinate algorithm in its cyclic variant was used as solver for LASSO
(see Sec. [2.2.5), as in Ref. [2]. Unfortunately, we found that in this case the feature selection of
LASSO depends on the column order of the feature matrix X. To demonstrate this explicitly, we did a
numeric test on the learning task to predict Epix of the data-set T with feature space Xg 2. The feature
selection by LASSO at decreasing hyperparameter A was run two times independently where the
order of columns in X was exchanged randomly. In both runs the first seven features selected to I,
were absolutely identical though their coefficient profiles c; (1) differed. Features 8 however indeed
represented the different physical parameters \/|Ey,, — Ef,p| and 1/3/|Eg p| (fi # f;). Obviously,
this dependency of feature selection on the order of columns is disadvantageous. The applied
cyclic iteration variant might even prefer small column indices which refer to the simpler candidate
features according to our feature engineering scheme. As explained in Sec. the alternative
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T 1D Nj | Nop | =
72

o | B2, 1|1 |2
2 F2 3

Ti | (B, +E2 ) 2 | 4 |6
72 22 7

Ty (B xx)- 7§ = d%y| 3 6 9

F; 2D Ny | Nop | =
72

T | &%y, + | Egp 2 | 2 | 4
2 2 3

T | (BL,+E2 4y + | exp(AEg,+AEgxx) | 3 | 9 |12

gy | &2 (AR 42, Emp-s d 5 | 11 |16

Ty | dxy |AEgx+Eg,] | + | Emp- VIrs—dxyl

Table 8.4: Complexity measures for 1D and 2D descriptors resulting from feature spaces Xg » on
complexity 99, 97 and 7, for predicting Enix of the ternaries T. Listed are the components of
the descriptors, the informational complexity Ny, the algebraic complexity Nyp, and the total
complexity X.

algorithm LASSO-LARS should overcome this issue. Working on the same task as above, we indeed
could not observe an influence of column order. From this background, we changed to work with
LASSO-LARS which additionally brings significant benefits in computation time (see Tab. [C.2]in the
Appendix).

8.2.2 Comparison between LASSO+/¢, and SISSO+/¢

As described in Sec. two main drawbacks of LASSO+¢ are its problems to find optimal
descriptors from a highly correlated feature space and a rather strong limitation on matrix size
which SISSO, as an alternative to LASSO, has been proven to overcome. Hence, it is interesting to
compare these two feature selection methods at identifying the descriptors. For this, we compare
first the preselected subsets Iy, and then the resulting 5D descriptors. We apply strategy % in this
subsection and study the learning of a and Enix with complexity 97, ﬂ‘zr and 9, (the size of the
feature spaces is denoted in Tab. . For predicting the lattice constant a on 7, the left part of
Fig. [8.4]shows heat maps of pairwise correlation, with LASSO in the lower-left triangle and SISSO in
the upper-right one.

Note here, that the subset I,, obtained with SISSO contains only 29 instead of 30 features. This can
happen when certain features are repeatedly selected to different subsets S j- The used feature space
complexity ," poses a challenging case for LASSO because it provides many highly correlated
candidate features. Indeed, highly correlated features dominate the LASSO subspace as is evident
from the predominance of yellow in the lower-left triangle. Importantly, there are only four pairs
weakly correlated as indicated by the four red bars in the triangle of LASSO in Fig. (left). Thus,
all possible 5D descriptors from this subspace will inevitably contain at least one highly correlated
feature pair (see below). By contrast, in the preselection obtained with SISSO, most of identified
features are low correlated (notice the predominance of red). High correlation basically is observed
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8.2. Analysis of Dimensionality Reduction Methods

only in the small yellow triangles in the heat-map. These correspond to the bunch-like subsets S i
which, by construction of SISSO (cf. [4.4.2), contain strongly correlated features.

The right part of Fig. compares mean absolute correlations m averaged over the total
preselected sets I, versus feature space complexity. This is done with the smaller (97) and the
larger feature matrix ("), respectively, for both predicting a and Epx. Clearly, in all cases the

overall correlation |pl~, j| is higher for subsets obtained with LASSO compared to SISSO. Moreover,
at increasing matrix size, the mean correlation increases for LASSO and decreases for SISSO. For
the more difficult learning task of predicting Epix, the overall correlation is lower compared to the
simpler task of learning a when using LASSO, while for SISSO it is vice versa. As a general conclusion,
SISSO selects subsets I, with less redundancy in terms of | i, |, in particular for large and highly
correlated feature spaces. This is a prerequisite for the following ¢-step to select low-correlated
descriptors.

1.0 |
0.8 / /
‘_%0'6 . LASSO
‘§0.4 $SISSO |
oo| e o .
¢ Epix
0.0

7 T, T. T,

Figure 8.4: Comparison of preselected subspaces obtained by LASSO and SISSO. Left: heat map
of the absolute correlation |p;, j| between the features in the preselected subsets I, for learning a
with feature space complexity 9,'. The plotted range of |p; ;| is between 0.8 or less (red) and 1.0
(yellow) and the axes refer to the feature index in I,,. Lower triangle: subset from LASSO, upper
triangle: subset from SISSO. The preselection from SISSO contains only 29 instead of 30 features.
Right: |p; j| averaged over the total subselection versus feature space complexity for predicting a
(left) and En;x (right). Triangles indicate the learning of @ with ' that is shown in the left plot.

In Figures|[8.5/and[8.6} the correlations of the 5D descriptors are exemplarily compared after applying
the ¢y-step to either the LASSO or the SISSO preselection. Table lists the formulas of the
descriptor components. In the heat map in Fig. pairwise correlations are compared for
predicting a on complexity level . For LASSO, note the high correlation between components
1, 2 and 3 indicated by the yellow and orange squares in the lower triangle. Here, components 1
and 2 are particularly highly correlated (| p1,2| =0.999), and also appear to have a similar algebraic
form (see Tab. [8.5). Their numerators are identical and their denominators are almost proportional
to each other. This is first because of \/@ being almost proportional to dxx, due to the narrow
range of dxx, and second because dxx = axx holds from physical reasons. So, components 1
and 2 are virtually equal after standardization and, hence, one of them can be considered as
redundant. Also for components 1 and 3 as well as 2 and 3 |p; | takes high values (|p1 3| = 0.935 and
|02,3| = 0.929). However, they seem to carry different information as can be taken from the larger
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dispersion in the middle correlation plot in Fig. (here, only the correlation for components 1
and 3 are shown - the analogous figure for components 2 and 3 is almost identical due to the high
correlation of components 1 and 2). In addition, the right part of Fig. showing the correlation
of components 1 and 4 (|p2,3| = 0.816), gives an example of relatively uncorrelated features. Let
us remark that interestingly only one pair is really strongly correlated which, as said above, is a
necessary consequence of the structure in the pre-selection. The ¢,-step itself obviously makes its
best out of the offered features. By contrast to the LASSO descriptor, the 5D descriptor from SISSO
does not contain highly correlated components.

The right part of Fig. compares the mean correlation | pi, j| of the 5D descriptors, similar to Fig.
For LASSO, increasing feature space complexity rises (in case of Enjx) or slightly drops (in case

of a) |p ij | For SISSO, |p i j| always decreases at increasing complexity. Most importantly, |p i j| ofa
SISSO descriptor is always lower than for the LASSO counterpart. In these cases SISSO is able to
identify less intercorrelated descriptors, even for large and correlated feature spaces.

Figure 8.5: Comparison of 5D descriptors obtained by LASSO and SISSO. Left: heat map of the
absolute correlation |p; ;| of the components of the 5D descriptors for learning a with feature space
complexity F,'. Lower triangle: LASSO+/,, upper triangle: SISSO+/y. Right: |p; ;| averaged over 5D
descriptor component pairs versus feature space complexity for predicting a and Ep;x.

It is also interesting to compare the predictive power of descriptors from LASSO and SISSO. For
the task of predicting a, this is shown in the left part of Fig. [8.7|with fitting error in the top panel
and hold-out error in the bottom one. Both LASSO and SISSO were applied to feature spaces
with complexity 97 and J,". In these cases, the fitting error does not differ much between LASSO
and SISSO. The hold-out error indicates that for larger Q, SISSO descriptors may be overfitted.
Additionally, results from 9 including all feature combinations by products are shown. This case
was run only with SISSO since LASSO is limited due to its high demands in terms of memory. Fitting
errors are further reduced with 95 but descriptors are overfitted for Q > 3. It seems that ~ 0.03Ais a
limit in predictive performance which is in the order of our estimation of the irreducible error (see

Tab.[7.3).

Similarly, in the right panel of Fig. [8.7|the predictive power is compared for En;y. Fitting errors of
LASSO and SISSO are close to each other for 97 and J," and approach at ~ 0.04eV at increasing
Q. The hold-out errors indicate that even for Q = 5 there is no overfitting. For 97 and Q = 3,
LASSO descriptors are slightly better than the SISSO counterparts. Also for Epiy, the feature space

94



8.2. Analysis of Dimensionality Reduction Methods

Figure 8.6: Correlation plots for the pairs of components (1,2), (1,3) and (1,4) of the 5D descriptor
from LASSO+¢, on ' for predicting a (cf. Tab. . These pairs give examples of high, medium
and low correlation in terms of the color bar in Fig.

No. LASSO SISSO
,
Vdxx \/ Th+ay
axx a7
s/1=2 _ 72 22 [3
3 75— d%y| Ta \/ %y

= _
5 dyy p3

3 /= ~ 72 4 73

F24+72 Fs+Ty

Table 8.5: Components of the 5D descriptors for predicting a with feature space complexity 7",
obtained by LASSO+¢ or SISSO+¢, respectively. The components are sorted by correlation |p|
with a in decreasing order.

complexity 9> (again only run with SISSO) reduces the fitting error without leading to overfitted
descriptors (the hold-out error seems to reach a plateau).

To summarize, in the studied cases the descriptors from LASSO and SISSO are very similar with
respect to predictive power. As expected, descriptors from SISSO benefit from less redundant
components and could handle feature matrices being too big for LASSO. Note, finally, that the
one-dimensional descriptors from LASSO and SISSO always coincide which follows by construction
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Figure 8.7: Comparison of predictive performance of descriptors up to Q2 = 5 from LASSO (red)
and SISSO (blue) at varying complexity of feature space for predicting a (left) and Eniy (right). Top
panels: training error vs. descriptor dimension. Bottom panels: hold-out error versus descriptor
dimension.

a Enix
Ji | MI) | Ji | MUI)
g1 5257 I 8736
T | 239797 | 9,7 | 572351
9, | 13820653 | 9> | 38163216

Table 8.6: Size M(J;) of the feature spaces used to compare LASSO and SISSO as well as the
model selection strategies. Note that the largest size does not exceed the upper limit of Eq.
(C=4,N=401,Q=5).

of these two methods![]

“Both LASSO and SISSO add the feature of highest correlation to I ¢, firstand LLSR will identify this as one-dimensional
solution in the £y-step (also see the discussion of Sec. 8.2.3).
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8.2.3 Further Dimensionality Reduction Methods

LASSO and SISSO are advanced dimensionality reduction methods, improving over earlier and
simpler methods. Examples for older techniques are matching pursuit (Sec. [2.2.6), orthogonal
matching pursuit (Sec. and SIS (Sec. that, in a way, can be thought of as SISSO’s
precursors. For comparison, these were implemented as well in the ML code of this thesis. Here, we
test them on the learning task of above, to predict Ep,ix of T by descriptors up to Q2 =5 extracted
from a feature space of complexity level 9.

Following the general workflow of Fig. MP, OMP and SIS were used as methods .# to find a
subset I, of the most relevant features. Also here, the subset size was set to M = 30 and the feature
matrix X was standardized to its mean and standard deviance before. Optimal descriptors then
were found by applying the ¢,-search to the training data (strategy .#?!!). Validation was performed
on the general hold-out set Sp,.

Resulting fitting and hold-out errors are shown in Fig. where we additionally plotted the
numbers of LASSO and SISSO from the previous discussion. As can be seen, the 1D solution is on
the same level of performance for all methods since it coincides. This follows from the construction
of the methods that equally select the feature of highest correlation with the target P to the subset
first. Once it is present in the subset, the subsequent ¢y-search will prefer this feature over all others
and resultitas 1D descriptorﬂ

Figure 8.8: Model performance at using the dimensionality reduction methods MP, OMP and
SIS. RMSE from 2 vs. Q (left plot) and hold-out RMSE (right plot) Enix of T, complexity J7.
Performance of LASSO and SISSO from Fig. (top right panel) is added for comparison. The
underlying numbers are reported in Tab.

For higher Q, descriptors from MP, OMP and SIS subsets differ. Although differences in training and
hold-out RMSE are small, SIS generally gives the best results. Importantly, the descriptors from the
LASSO and SISSO subsets achieve better performance (except for SISSO at Q =3 on Sy,,). Hence,

8This also can be understood from a geometric perspective: the feature of highest correlation x; has - by definition of
p - the smallest angle to P. The ¢(-search for Q = 1 will yield coefficients cj, that project all features x. to the £2-sphere
containing P. Obviously, the model ¢;x; on this sphere with the lowest £-distance to P has the smallest angle to P, and
hence i =j.
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these two newer approaches indeed prove as advancement over their precursors in this application.

It is also interesting, to study the (pairwise) correlation of features in the subsets I, from MP,
OMP and SIS as a lower number of highly correlated features is a precondition for non-redundant

descriptor components. Thus, the mean Pearson correlation |p,; j| was calculated for the three
methods which is shown in Fig. Obviously, the preselected subsets from both MP and SIS
contain on average very highly correlated features. This is an expectable result as the construction
principles of both techniques do not focus on finding orthogonal features. Accordingly, OMP
improves over both of them and even over LASSO that, as already addressed, may have problems
with a highly correlated feature space. From all methods, however, the best is SISSO, as an extension
of OMP by the selecting bunches of features in every iteration.

Figure 8.9: Comparison of mean correlation |p i j| for the subsets I,, obtained by .# = MP, OMP
and SIS on the learning task of Fig. [8.8] Values for LASSO and SISSO are equivalent to Fig. [8.4] (right
panel).

With respect to the computational effort, any improvement in feature selection comes along with
the cost of a larger execution time, as shown in Fig. In the same learning task as above, the
trends between the methods are just the other way around, compared to the mean correlation of
Fig. The best achieved feature selection is achieved by the most elaborate method SISSO and
accordingly requires the maximum in time. Importantly, the three simple methods and the "higher
level" ones LASSO and SISSO differ in mean execution time by more than one order of magnitude
(note the different scales in Fig. .

8.2.4 Comparison with KRR

For an additional comparison, we performed also a kernel ridge regression on the same ML task
as above. As explained in Sec. KRR is a conceptually different method that does not include
a dimensionality reduction or feature selection. Here, we use it as a full learning method £ by
the scheme of Fig. As it is a non-linear technique itself, we constructed the feature space X
solely using the global primary primary features as defined by Eq. A further augmentation in
the manner of symbolic regression, also by higher moments, was not applied. We did this since
KRR neither would identify special low-dimensional expressions (that could be interpreted) nor
needs for an additional consideration of non-linearity. Specifically, X was constructed from the 13
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Figure 8.10: Profiling of the dimensionality reduction methods MP, OMP, SIS, LASSO-LARS and
SISSO, and of the learning method KRR. Plotted is the mean execution time in s averaged over
10 runs of subset selection (M=30, for KRR: total training time). Learning task was Enjx from a
complexity 97 feature space. Execution times of LASSO and SISSO are plotted with respect to the
right axis. Runs were performed on a quadcore machine with Intel i5 1.6 GHz processors and 8 GB
RAM without parallelization.

local primary features listed in Tab. KRR was used with a Gaussian kernel as defined in Sec.
The model was obtained by the function sklearn.kernel_ridge of the Scikit-learn package
([112,138]). Its regularization strength alpha (&) corresponds to A in Eq. and the parameter
gamma (I') of the Gaussian kernel transforms to the widtho by I'=1/2- o2

Preliminary to the actual learning, hyperparameters a and o were determined by minimizing
errie (MSE, equivalent to RMSE) from a CV procedure. For this, a and o were varied on a 21 x 21
logarithmic grid defined by 1072° < @ < 1 and 0.1 < o < 10°. At each grid point, et was determined
by L10%OCV with Ncy = 50, i.e. by 50 individual KRR models trained for a given (a, o). Analogously
to the other learning methods, X was standardized columnwise to the mean and standard deviation.
The logarithmic heat map in Fig. shows the results of this procedure. The minimum in erry is
taken at @ =~ 1.7-10™% and o = 1.6 which is used in the following.

Fig. compares the KRR model trained with 2! with the 5-dimensional descriptors from
LASSO (on complexity 1) and SISSO (") with regard to target-prediction correlation at learning
Enix. Very interestingly, KRR performs significantly better than LASSO and SISSO, both on the
training data and the hold out set (Sy,), i.e. this improvement is not at the cost of overfitting. As
can be seen from Tab. this superiority is equally present for other error metrics - in particular
M AEy;; - and, naturally, is observed at comparing with the dimensionality reduction methods MP,
OMP and SIS as well. Finally, also with respect to the computation time, KRR "succeeds" over all
other approaches.

However, it has to kept in mind that this comparison is unfair in a threefold manner: (1) KRR is a
conceptually much simpler method because it directly fits the model without a time-consuming
iterative selection of features. (2) As addressed in Sec. the number of adaptable parameters in
KRR is equal to the number of samples N while the sparse Q2-dimensional descriptors, after the
dimensionality reduction and the ¢y-step, rely on Q) + 1 parameters only (including the offset). (3)
KRR here yields black box models while the other approaches unveil interpretable descriptors, at
the cost of higher errors.

99



Chapter 8. Applications: Analysis and Results

Figure 8.11: Heat map of logarithmic average test error log,,err, (MSE) on the grid of the two
hyperparameters a and o from learning by KRR (Epix of T). The minimum value is indicated by the
blue square.

metric KRR || LASSO | SISSO MP | OMP SIS

RMSE 0.015 0.036 | 0.041 || 0.056 | 0.053 | 0.052

pall MAE 0.008 0.026 | 0.029 || 0.043 | 0.039 | 0.040
maxAE 0.089 0.153 | 0.179 || 0.184 | 0.221 | 0.176
MAEy;; 0.005 0.015 | 0.011 || 0.010 | 0.011 | 0.010
RMSE 0.031 0.040 | 0.048 || 0.059 | 0.057 | 0.059

St MAE 0.017 0.029 | 0.037 || 0.045 | 0.041 | 0.046

maxAE 0.078 0.097 | 0.133 || 0.149 | 0.185 | 0.157

MAEg;, || 2-107* 0.042 | 0.001 || 0.001 | 0.001 | 0.001

Table 8.7: Performance of the different learning methods. Learning task: Enix of T. KRR is based on
primary features of complexity 9, all other values refer to 5D descriptors, obtained by an £y-step.
For further details, see the previous figures and Sec.[8.2.3|

8.3 Analysis of Model Selection Strategies

In this section we apply the model selection strategies Fy;, /%, and .5, described in Sec. to
the task of predicting the lattice constant a of the ternaries data-set T. We apply LASSO-LARS only
and, again, use feature spaces of complexity 7 and 9" that differ in size and degree of feature
correlation. The results are shown in Fig. where the top part refers to 97 and the bottom to J,".
In both cases, the distribution of training errors (left), the distribution of test errors (middle), and
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Figure 8.12: Comparison of correlation for models trained by KRR (left), LASSO (middle) and SISSO.
Learning task: Epix of T. KRR is based on primary features of complexity 99, 5D descriptors of
LASSO and SISSO on 97 and 97, respectively. Models were obtained by 7 and applied to the
hold-out set.

the hold-out errors (on the right) are depicted. The error distributions result from sanity checks
(SC), i.e. from CV runs with the descriptors obtained by the three strategies kept fixed. Additionally,
the averages err" and err' by Eq. are indicated. For comparison, note the errors of the
baseline 1D descriptor axx (including fitting constants ¢y and c;) of approximately 0.07 eV equally
on training, test and hold-out data.

First we observe that the strategies throughout yield different models, except for Q =1 at 97 where
identical models are found that obviously have identical errors. The training errors of all three
strategies (left panels) are not found to have a high dispersion at both complexities. This is in
accordance with our expectation since all three strategies include a fitting to one or several training
sets at some point in their construction: even in yct% the test errors are calculated for models fitted
to a training split. Mostly, the strategies %4, and 5%{, are very close in average training errors err',
with .#%, having slightly smaller values. For complexity 7,", #~, is very similar as well, for 7 and
some descriptor dimensions Q it is markedly worse, however. Also these observations are intuitive:
descriptors of 5%{, have, by their definition, lowest training errors in many CV iterations and hence
should be best here. The descriptors from .4 are fitted to the full training data once, so they should
not perform significantly worse on the partitioned training data. Models from 5’5@ are selected by

individual and average minimum test errors where they eventually accept higher training errors.

Test errors (middle panels) generally have a narrow distribution at the simple feature space on
1 (top figure) and a wide distribution at the complex feature space on J," (bottom figure). This
increase of variance is a typical behavior at rising model complexity (see Sec. and Ref. [27]).
Between the strategies no clear difference in error distributions and average errors e7r' is apparent.
In particular, we do not find less variance at %%, as a sign for an enhancement in model robustness.
The tendency of the descriptors from 95{3, to have slightly lower test errors is intuitive as they are
selected on this type of error. We do not observe a superiority of .Sﬁct{, over %, that would indicate
its better generalization we aimed at.

In the right panels of Fig. generally .SPCt{, yields the smallest hold-out errors and ., tends to
yield the largest. If this quantity is used as criterion for model generalizability, hence /Y, indeed

improves over %, while 5”5{’, does not. Analogous results for predicting Epix, which are not shown
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Figure 8.13: Training (left) and test (middle) errors from CV, and hold-out errors (right) vs. descriptor
dimension Q for the different model selection strategies. Green dots refer to .%, blue to S”trcv,
and red to yth_ Learning task: a of the ternaries T, with features of complexity 97 (top plots) and
," (bottom plots). The left and middle plots show the error distributions from SC procedures
(Ncv = 50) at fixed descriptor components as boxplots. Here, the central box marks the interquartile
range between the 1st and the 3rd quartile, the line in the middle the median, the whiskers the
range between the 1- and 99-percentile and the crosses the minimum and the maximum of the
distribution. The dots mark the averages efr' and err'® by Eq. In the right plots, errors on
Sho are plotted. Note, for comparison, the RMSE of ~ 0.07 eV of the the baseline 1D descriptor axx,
equally for training, test and hold-out data.

explicitly here, do not unveil marked differences between the strategies for any of training, test and
hold-out error.

As a conclusion, the results give some evidence for our assumption that strategy yé{/ (minimizing
the average training error) can improve descriptor generalizability, without worsening the perfor-
mance on the training data. We emphasize that the differences between the models are small here
because the used data set is very homogeneous (see Fig. [7.8). Thus, testing the strategies on more

102



8.3. Analysis of Model Selection Strategies

diverse data-sets should be an issue in future research, for example on materials differing in space
group as in Ref. [12], or with a larger variety of elements. Clearly, however, a disadvantage of the
CV-based strategies yct{/ and Sﬂct% is their higher computational effort compared to the simple A,
roughly scaling with Ncy.
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8.4 Machine Learning Results on the Group-IV Ternaries T

Based on the previous analyses, we now report a set of optimal descriptors for the two targets a
and Enpix. Very clearly, the term optimal should not be taken too literally in the sense of a final
solution to a mathematical equation. As should have become clear at this point, there are plenty
of ways to construct candidate features which are always guided by some goal with some degree
of arbitrariness. This also holds for model hyperparameters like the descriptor dimension Q. One
would, for example, select a small value of Q if simplicity is the main goal, at the expense of
accuracy (see Sec.[2.3.2). Moreover, when model complexity increases the learning methods yield
more and more competing models of virtually the same predictive power - which itself can be
defined in different ways, as was shown before. Nevertheless, we will now present some exemplary
descriptors: for a, we have selected the 3D descriptor on the very simple complexity level 9 and
the 2D descriptor on the rather complex 97, for Enix the 4D descriptor on 9y and the 2D descriptor
on 9. All of these were identified by SISSO using strategy -

The actual components of the descriptors are reported in Tab. In the two upper cases in
the table, double arrows indicate models which are virtually indistinguishable in performance
when exchanging one by the other component. The two right components, respectively, have the
advantage of reducing the computational effort to calculate the descriptors for new data because
they do not include dimer properties that derive from a different ab-initio calculation.

Complexity measures, training and test mean MAE from a sanity check, MAE and maxAE on the
hold-out set as well as MAE,,; on the total data are listed in Tab. Errors and distributions of
errors are also visualized in Fig. and Fig. shows the correlation plots for the targets a
and Epx, respectively. Before analyzing the individual descriptors, we make two general remarks:
(1) From the previous analyses we checked that the models are not markedly overfitted. (2) The
observed lower variance in training errors compared to test errors is an expected behavior as the
coefficients c; are fitted to the individual training sets in the SC procedure.

Figure 8.14: Performance of the optimal descriptors for predicting a (left) and Epjx (right) of T
obtained by descriptors of complexity 9y and 9». The boxplots (cf. the caption of Fig. show
the MAE distributions on training sets (green) and on test sets (blue) from a SC (Ncy = 50), single
dots mark the hold-out errors (red).
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Figure 8.15: Correlation plots (prediction vs. calculation) of the optimal descriptors. Results for
learning of a are shown on the left, for Enix on the right. In the two upper plots, feature space
complexity 9 was used, in the two lower ones complexity J>.

a, % Enix, J0
>3
1 axy 1 Z
2 52
2 dyy < %y 2 P
~3 2
3 @, 3 B,
73, A3
4 dyy < ayy
a, 5)]_2 Emix; %
1 vV a5 x+ay 1 1 . 1
Yreedz, Erxx+Epx  \/Epxx+Egx
\ |f§_d~§(y| 2 -3 73
2 | g 2| (Bgxx+Egn)? /|7 —dyyl

Table 8.8: Components of the optimal descriptors for predicting a and Epix on complexity levels 9
and 9. The double arrows indicate components that, when exchanged by each other, are virtually
indistinguishable in performance while requiring more (left) or less (right) computational effort to
generate the required local primary features.
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Results for learning the lattice constant: We start with the 3D descriptor for a on complexity
level 9y where axy gives essentially the same model as with dxy in the second component, with a
negligible rise in error. This is due to the high correlation of axy and dxy, and is favorable because
when being based on the bulk binary lattice constant axy as a single feature only, informational
complexity Ny and also the computational effort to calculate the descriptor is reduced. The
descriptor takes a very elegant form in the style of an expansion by a simple average and the second
and third central moments of axy. This effectively augments a pure interpolation between binaries
by some additional terms similar to bowing corrections (see Eq.[7.9). As axy was made equivalent
to an atomic radius it refers to an atomic ball with the mean radius of species A and B. The second
and third moment its radius can be interpreted to cover effects of atomic surface and volume (cf.
Sec. 5.2.1). Being based on the second and third power of a length, the higher moments can be
interpreted to account for effects of atomic surfaces and volumes. MAE,;; for this model is lower
than the benchmark of arrangement blind Vegard’s rule (MAE,,; = 0.010A). This is because ayy
(and its higher moments) include an average over pairs and thus capture the local bonding motifs
(cf. Secs. and[8.1.2). Finally, we note that the three individual components are not redundant
as they do not exhibit a high pairwise correlation (maximum |p; ;| = 0.49).

The second presented descriptor for a, the 2D descriptor on 973, has much higher informational
(N§,) and algebraic (Nop) complexity. It uses all basic properties of length dimension from our pool
of local primary features {f;}, except from rg. On the one hand, the increased complexity results
in an improved predictive performance, on the other hand, the descriptor seems to lack an easy
interpretation. One just might argue that the first component that is based on second moments
only, again accounts for atomic surface effects. Note also here that the two components are very
little correlated (|p1,2| =0.14), i.e. they are not redundant.

As can be seen in Fig. both presented descriptors for a give pretty good correlations without
any outliers. So, apart from the fact that the descriptor on complexity 97 is able to drop the errors
slightly, it hence seems to be already sufficient to stay with the descriptor on 9.

Results for learning the energy of mixing: Going over to Enix, in the 4D descriptor on complexity
9 an exchange of axy and dxy in the fourth component virtually keeps the predictive performance
equal. Choosing here axy, again, has the benefit that it reduces the computational effort to calculate
the descriptor because axy and E; j; result from the same ab-initio calculation. Alternatively
replacing the binary gap Eg ; by the dimer gap Eg xy such that the total descriptor does not include
binary properties markedly worsens the predictive power, by the way. So, it is best to stay with
the version without dimer properties. Here, the binary lattice constant and band gap involve an
average over pairs and hence enable the descriptor, up to some extent, to capture the effects of
atomic arrangements. It additionally includes the very simple properties Z and P. Besides that it
interpolates between binaries, it is hard to find an interpretation of the descriptor, in particular
to the types and exponents of the higher moments. Also here, there is no high redundancy in
components (maximum |p,~,j| =0.38).

Similar to a, the 2D descriptor on the higher complexity tier 95 improves predictive performance,
rising both in algebraic and informational complexity. As can be taken from Tab. the descriptor
relies on band gap and formation energies, on the atomic radius 5, and on the dimer distance
dxy. At first glance, one might ask if an alternative descriptor with the first component simplified
to (Ef,xx + E; 3% or (Ef xx + Eg x)*'? would have equal predictive power. Unfortunately, this
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is not the case because the simply averaged Eg x and the second higher moment E; x are not
interchangeable (their |p i j| of 0.92 is too low). The argument of the square root in the second
component, 73 - d3
bounded atoms due to the third higher moments. Besides this, however, no easy interpretation

probably expresses an effect of volume differences between isolated and

of the descriptor is eye-catching. Also here, the two components are almost uncorrelated (| p1'2| =
0.13).

The larger dispersion in the right plots of Fig. demonstrates that the learning of Eyy is more
difficult than of a and requires higher descriptor complexity (this is expectable in the light of Fig.
[7.8|where the pattern of a is more regular). Finally, Fig. shows that the 2D descriptor for Epix
captures the main features of arrangement dependency.

Conclusions on the data set T: As a general remark, descriptors on a high complexity level, as
on 9> here, appear quite technical. Mainly, we see an interpretability of the selected primary
features itself and the supercell averaging that generalizes interpolations in the style of Vegard’s
law. The further algebraic combinations rather seem to provide a good fitting by accounting for
non-linearities, instead of uncovering intelligible physical relations for these specific learning tasks.

As an extension of our research on the ternary materials, it would be interesting to find also models
for several other physical properties. Data for the bulk modulus By already has been calculated at
the Murnaghan fits on T and we expect that a feature space similar to X, » for the lattice constant
will yield useful descriptors for By as well. Further hints on how to improve upon this are provided
in the review of Ref. [9]. First work also has been done to learn band gaps at the high-symmetry
point I', both in LDA and TB approximation (the latter from additional calculations). The TB band
gap is highly correlated to a (p = 0.987) so the first searches for descriptors were promising. The
prediction of LDA band gaps of T is challenging due to their more irregular behavior, compared to
a and Enix, with a large influence of the atomic arrangement (see Fig. [B.I). For future research, we
recommend a deeper data analysis that also considers effects like band crossing and, in line with
the findings for the LDA band gap of data set O (see Sec.[8.5.3), a different material representation.
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Figure 8.16: Target property Enix of T and prediction by the optimal 2D descriptor on complexity
9, for all structures in the top panel. Samples within the same composition K are connected by
grey lines. The lower panel shows some part of the data where the capturing of arrangment effects

can be seen more clearly.

. training | test hold-out
target  complexity | Q Np Nop
MAE MAE | MAE | maxAE | MAE,,

9o 3 1 4 0.026 | 0.028 | 0.029 | 0.093 0.009
alA]

&P 2 6 18 0.019 | 0.020 | 0.021 | 0.133 0.009

9o 4 4 7 0.051 | 0.051 | 0.046 | 0.130 0.011

Emix [eV]
) 2 6 15 0.030 | 0.031 | 0.035 | 0.099 0.010

Table 8.9: Performance of the optimal descriptors for predicting a and Ep,ix. Reported are the
characteristics dimension Q, complexity measures Ny, and Nop, mean training and test MAE from
a SC procedure (Ncy = 50), MAE and maxAE on the hold-out set as well as MAE,,; on the total data

(except Sho).
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8.5 Machine Learning on the Octet Binary Compounds O

In the following, we extend the work of Refs. [I} 2] on the 82 zincblende binary compounds O by
finding also models for the equilibrium lattice constant azp as well as the TB and LDA band gap
energy EgF at the I'-point of these materials [139]. We apply the developed ML methodology from
Chap.[5 tailored to this data-set. Learning Egr on two different approximation levels allows us to
compare differences in relevant primary features and to study a multi-fidelity learning strategy (see
Sec.[4.1). All learning tasks on O are summarized in Tab.

target primary features complexity | name of feature space
ags features from Tab. m only basic | 9y X,
data and distances
g B all features from Tab.|8.11 J0, T Xg 1, Xg2
g /LDA all features from Tab.|8.11 J0, T Xg 1, Xg2
Eg’LDA VB and CB energies from TB I X7B

Table 8.10: Table of the machine learning tasks performed on the octet binary compounds O.

8.5.1 General Remarks on the Data and the Methodology

Lattice constant azg and LDA gap energy Eg LDA of the materials in O were taken from Ref. [I] were

their comupation is reported. The calculations of this data set, generated by the code FHIaims
(671, is also online accessible at [140]. Additionally, TB gaps Egr T8 were calculated by a different
code [141], using the relaxed structures from O. The materials and the target properties Egr T8 and
Egr LDA are listed in Tables - in the appendix. The band gaps are also plotted in Fig. in
the order of Tables[B.14]-[B.17} and their correlation is shown in Fig. As can bee seen, the two
approximations of Eg are quite uncorrelated — specifically, Egr T8 covers the range between 0 and 11
eV where LDA predicts a zero band gap.

The used local primary features {f}} are reported in Tab. comprising (1) basic atomic data
from the periodic table, (2) distances characterizing the isolated atoms and dimers and (3) energies
of isolated atoms and dimers. All distances and energies were calculated with the code FHIaims
and are taken from Ref. [1] where the details on the data is documented. The on-site energies E(S)S
and Egs of this data were also used as parameters for the TB calculations. The feature space Xrg is
constructed on valence band maximum and conduction band minimum energies from the same
TB calculation to generate EgF T8 that are also reported in Tables —

For all the following ML tasks, we identified descriptors up to Q = 5 by strategy .%,; with the learning
method ¥ =LASSO-LARS+/¢,. Feature matrices were standardized and screened for ill-defined
entries before the learning (see Sec. . The subset I, of preselected features was of size M = 30.
If descriptor assessment is reported in the following, the stability is checked by means of counts of
selection at an extensive CV. Model performance and over- or underfitting are studied by average
errors from a sanity check (SC). All CV procedures use the set-up of L10%OCV with Ncy = 50. A
general hold-out set Sy, to investigate the generalizability was not applied, by contrast to T.
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Figure 8.17: Tight binding and LDA band gaps at T’ (Eg T8 and Eg LDA) of the octet binary data set O

versus sample number (see Tables - for the order of samples).

8.5.2 Prediction of Lattice Constants

The feature space X, for learning of azg considers only the computationally cheap primary features
{Z,rs,rp,ra,dxx,dxy}. X, was constructed in a simplified version of the feature engineering
scheme of Sec. (1) the primary features build tier 9y, (2) 97 combines all distances by the
binary operations {(- +-),| - —- |}, (3) the unary operations {(-)",exp(-), 1/ exp(-),log(| - ), 1/1log(l - )},
ne{+1/3,+1/2,+2,+3} applied to all features of 9y and 97 form J>. In total, M = 170 candidate
features were generated that way. Note, that local primary features were included directly, without
processing them to global features. Features hence refer to specific atomic sites A or B, and are not
symmetric with respect to component switch A — B but depend on the binaries’ chemical naming
convention AB (i.e. they do not satisfy requirement 1 from Sec. [4.3).

The obtained descriptors are listed in Tab. While RMSE, MAE, maxAE from %, and SC, and CV
counts are presented in Tab. Their performance in terms of RMSE is shown in Fig. on the
left and their correlation with azg on the right (for Q = 1 and Q =5). Complexity measures N, and
Nop are reported in Tab.

For increasing Q, errors decrease as expected and converge to ~ 0.05A. Correlation improves from
p=0.975 (Q=1) to p =0.998. The identified 1D descriptor dxy is intuitive because it is obviously
related to azg. Training and test errors from SC are close to the fitting errors from %, with a low
variance and thus do not indicate overfitting. Model stability in terms of counts decreases with Q
due to the rise in number of possible models. It is noteworthy that the found 3D descriptor from
a1 is not selected in any of the CV iterations. Instead, a very similar expression is found frequently
which has the second component /75(A) + rs(B) replaced by v/75(A) + rs(B).

Either way, both of these 3D descriptors reach maximum informational complexity Ng, =5 (within
all Q) and have an elegant algebraic form that is symmetric with respect to species exchange
A < B. The second component contains the sum r¢(A) + r¢(B) that is intuitively related to the
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Figure 8.18: Correlation plot of E;TB and EL"P? of the octet binaries O including their Pearson

g
correlation p.

lattice constant in a model of touching atomic spheres. The third component 1/(Z(A) + Z(B)) can
be understood as the reciprocal value of the materials’ total mass. 4D and 5D descriptors loose
the symmetry of species exchange and become less interpretable as also indicated by a higher Nop.
Note, finally, that none of the descriptors consist of highly correlated components.

8.5.3 Prediction of Band Gaps

Predicting TB Band Gaps: Learning of the TB gap Egr 'TB was done using all primary features listed
in Tab. The feature spaces X 1/» were constructed by the scheme of Sec. Here, higher
moments were considered up to g = 3. As a modification, also nearest-neighbor products (Eq.
were included at Step 1. X ; includes features of complexity tier J¢, Xg 2 up to J7. The processing
from local to global primary features was considered here. Even for the simple materials in O this is
beneficial to predict a global property like the band gap (see Sec[4.3). For their only two-atomic
unit cell, the averaging by Egs. and 5.4]reduces to the contribution of the single pair i, j.
For the heteroatomic dimer properties (dxy, E fﬂ,, E g’(y) all central moments obviously are equal to
Zero.

The found descriptors of Xg; and X » are listed in Tables and MAE from % and MAE

distribution from a SC are presented in Fig. and Fig. on the left, correlation of the 1D
i
have simple expressions. The atomic on-site energy EYS is present for Q = 1,2,3 and 5, which is

and 5D descriptor with on the right. Per construction, the descriptors from the smaller X, ;
interesting as it is an essential parameter of the TB calculation. Vice versa, features of the type
distance are not considered at all. A closer look on the 5D descriptor that (as expected) has the best
performance unveils further important primary features. As a possible interpretation, we connect
the ionization energy I P to the gap by Eq. Also the the dimer binding energy E)%Y might be
related to the gap which would be in line with Ref. [142] that propose a linear relation between
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Feature f; | Description Feature f;. | Description
Basic properties from the periodic table Atomic / dimer energies (DFT)
Z atomic number?® Ip atomic ionization potential
g chemical group (1, ..., 8) EA atomic electron affinity
P chemical period (2, ..., 5) H, L atomic Kohn-Sham levels
Atomic / dimer distances (DFT) E(S)S, Egs atomic on-site energies

Ts s-orbital radius® Ei X E;g(y HOMO-LUMO gap of dimers
rp p-orbital radius® ES%y, E%y | binding energies of dimers
rd d-orbital radius?

dxx bond length homoatomic dimer®?

dxy bond length heteroatomic dimer®?

Table 8.11: The local primary features { fi} used for the machine learning tasks on O (except for the
feature space Xtp). Superscript a: prediction of azp uses these features only. Superscript b: dimer
distances dxx/xy were not transformed to radius equivalents here.

single bond energy and the gap. Furthermore, we find it interesting to see the very cheap properties
P and g. Overall, the model performance reaches from 1.11eVatQ =1to 0.41eV at Q =5 in terms
of MAE from ., and the correlation to the target from p = 0.836 to 0.983 (see Tab. .

Also for Xg 5, IP plays an important role. For instance, the 1D descriptor consists of IP only. At
higher Q, also the energies E9S, E%Y and the Kohn-Sham level H contribute whereas similarly none

of the distances is selected. For Q > 1, the expression ((ESOS’Z) + E%,)_3 is always present, although
itis hard to find an interpretation to it. Additionally, (IIP) + (I1g) plays an important role which is
noteworthy as it does not require any computational cost to determine the features P and g from
the periodic table. The predictive power ranges from 0.70eV (Q2 = 1) to 0.24eV (Q = 5) in terms of
MAE (2!, see Fig. on the left) and from p = 0.944 to 0.994 (see the correlation in Fig. on

the right, and Tab. [8.12).

Predicting LDA Band Gaps from Basic Atomic and Dimer Properties: By contrast to Eg;igB , the
I,LDA

calculation of the LDA gap Eg,;~ " is much more time-consuming, and hence identifying effective
surrogate machine-learning models is more desirable here. First, we worked analogously to EgéIT,B

with the same feature spaces Xg1 and X » that consider only atomic and dimer properties.

For X1 we reach MAEs from 1.32eV at Q = 1 to 0.52eV at Q = 5 and correlations with the target
from p = 0.657 to 0.942 (see Fig.[D.3). The expressions of the descriptor components are listed in
Tab. Here, the dominance of energies, in particular again of the dimer binding energy E%Y is
noteworthy [142]. The 2D descriptor does not excel in regard to model performance but we find its
very simple expression interesting. Furthermore, pair products appear frequently, and the feature
Ad;’(X (present at Q2 =4 and Q = 5) might correspond to a difference in atomic volumes as dxx is
strongly related to the atomic radius.

Working with the larger feature matrix Xg >, MAEs between 1.16eV (2 = 1) and 0.41eV (Q = 5) were
achieved where the highest gain by ~ 50% is reached from Q =1 to 2 (see Fig. on the left).
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Figure 8.19: Performance of the descriptors for azg of the data set O. Left: RMSE versus descriptor
dimension Q. Circles mark the training RMSE from %, the boxplot (see the caption of Fig.
shows the distribution of RMSE from a SC (which obviously is very narrow). Right: correlation plot
(prediction vs. target) for the 1D and the 5D descriptor including the Pearson correlation with the
target.

Correlation ranges from p = 0.719 to p = 0.964 (Fig. [D.4]on the right), which expectedly improves
over Xg 1. The algebraic form of the descriptor components in Tab. appears complex and hard
to interpret. Interestingly, the simple feature 1/+/[I1Z — TIP| seems to be responsible for the large
drop in errors, and the components at Q) = 2 are almost always present for all higher Q. Notably,
nearest-neighbor products are present in many expressions. With respect to the selected primary
features, we observe that - except from Z and P - these comprise only energies, presumably more
closely related to the gap energy than distances.

Predicting LDA Gaps from TB Data: An alternative approach was to learn Egé%,DA

tight-binding data as primary features. This way we investigate a multi-fidelity learning approach

solely from

from the easy-obtainable TB band structure to the computationally more elaborate LDA band gap.
The feature space Xtp considers the primary features { Evgm, EcBMm, E\%B, ECZB}, comprising the global
valence band maximum Eygy and conduction band minimum Ecgy as well as the energy of the
highest valence band and the lowest conduction band at the high-symmetry points Z = L, T', X
and the points U/K, belonging to the same point group [143]. These global primary features do
not require being averaged over supercells. Instead of considering the higher moments as above,
we simply raise the primary features by the powers of g =2 and g = 3. The further augmentation
applies the operations of Scheme[5.2Jup to tier J;. We stress that Xyg includes expressions of the
type |EY; — E&|, i.e. direct and indirect band gaps.

The performance of the descriptors for QO < 5 in terms of MAE and target-prediction correlation
is shown in Fig. the components of the descriptors are listed in Tab. [D.8]in the appendix. By
construction, the algebraic expressions are simple, as for instance the frequently selected feature
EéB + Eé(B. Notably, the combination IE\F,B - EEBI, i.e. the direct TB gap at I’ Egr ’TB, is not considered.
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Model performance ranges from 0.75eV at Q =1 to 0.49eV at Q =5 (MAE from .%,))), correlation
from p = 0.858 to p = 0.950. By contrast to the learning by atomic and pair features, we observe a
high dispersion of the errors.

Conclusions on Learning TB and LDA gaps: A summary of the achieved performance of the

. I, TB I,LDA . . - all
learning tasks for the gaps Eg,,~ and Eg,;;~* is presented in Tab. ‘ listing MAEs from .#%" for
Q =1,...,5 and the correlations with the target p for Q = 1 and Q = 5. From this, we draw the
following conclusions:

* Forboth types of gaps, the comparison of X¢ ; and X » demonstrates that model performance
is improved by an increase in feature complexity, with the cost of a lower interpretability.

* The frequently selected nearest-neighbor products by Eq. [5.5|proved to be a helpful ingredient
at augmenting the feature space for this learning tasks.

* With equal feature spaces Xg 1 or Xg », better predictions are reached for ELIB

gap
Egl;DA. This is remarkable, as both TB and LDA related primary features, such like on-site

energies or dimer gaps, respectively, are present in X¢ 1 and Xg ». It might result from the

compared to

conceptually simpler level of approximation that TB does, i.e. indicate that TB gaps per se
are easier to learn. We further note, that we do not observe a close similarity of the actual
features contributing to the descriptors for Egé{)B and Egé%)DA which is expectable considering
the low correlation between the two targets (see Fig. [8.18).

* Comparing the learning of EgéII;DA

both on complexity 97) does not yield a clear preference of one of the feature sets here:
whereas TB data yields better performance for Q = 1, it is slightly worse for larger Q. We

from pair and dimer data (Xg2) and from TB data (X7,

relate the unfavorable high dispersion in the MAE distribution for Xrp to the lower number
of considered local primary features and the smaller size of the feature space (3959 vs. 49121
for Xg o).

¢ Additional CV analyses (not shown) indicate that increasing the descriptor dimension Q
beyond 5 leads to a decrease in model stability and to the onset of overfitting. This is in line
with the limit by Eq. that does not make larger Q) reasonable, assuming C =4 and a
feature space size of M ~ 10000.

e Overall, the best achieved accuracy is 0.24 eV for EgréEB and 0.41eV for EgéIE,DA in terms of
MAE from 2!, It would be desirable to reduce that error, in particular for small-band-gap
materials (Egap ~ 1eV). A possible way to achieve this is the inclusion of primary features like
polarizabilities or using a representation that considers characteristics of the local electronic

density of states, such as in the c/BOP approach of Ref. [12], which we leave as an outlook.
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8.5. Machine Learning on the Octet Binary Compounds O

I, TB I',LDA
Eg"® [eV] EgP% [eV]

Q| Xg1 | Xg2 || Xg1 | Xg2 | XrB

1| 1.11 0.70 1.32 1.16 | 0.75

0.64 | 0.50 0.96 | 0.58 | 0.63

0.45 | 0.27 0.64 | 044 | 0.54

2

MAE | 3 | 056 | 033 || 0.76 | 0.49 | 0.56
4
5

0.41 0.24 0.52 0.41 0.49

1 | 0.836 | 0.944 || 0.657 | 0.719 | 0.858

5 1 0.983 | 0.994 || 0.942 | 0.964 | 0.950

Table 8.12: Summary of predictive performance for learning band gaps of O by the different learning
tasks. Reported are the MAE of descriptors from % (Q < 5) as well as the resulting target-prediction
Pearson correlation (2 =1 and 5).
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Chapter 9

Conclusions and Outlook

9.1 Conclusions

In this thesis, we developed machine learning methods for material science problems, implemented
them in a Python program and found predictive descriptors for material properties of group IV
ternary and octet binary compounds. The roadmap towards these models followed the steps of
data production and processing, feature engineering, the actual machine learning, and model
assessment.

First, we generated a well-analyzed ab-initio data-set of the group IV ternary materials and the
required data for the primary features. We then proposed a feature engineering scheme based
on symbolic regression that averages simple local primary features over the supercell and further
combines them algebraically. It hence is able to represent crystal structures with complex unit cells
where physical properties are affected both by composition and atomic arrangement.

We showed that LASSO-LARS achieves a feature selection that is independent from the column
order and could demonstrate that SISSO reduces the redundancy in descriptor components. Our
defined cross-validation based selection strategy choosing the model by mean training error could
improve the generalizability of the descriptor in a first application. For assessing the descriptor
formulas quantitatively, we proposed measures for the algebraic and informational complexity. A
newly-defined error metric is able to quantify the degree of the capturing of arrangement effects.

Data parsing, analysis and the actual learning was computationally solved in Python. The core code
provides a flexible and extensive statistical output and handles huge candidate feature matrices
efficiently. It is partially parallelized, in particular in its SISSO module.

At applying the methodology to the group-IV zincblende compounds, tetrahedron primary features
and next-neighbor differences in atomic features were found to be omittable at feature engineering.
We identified descriptors that effectively predict the equilibrium lattice constant and the energy of
mixing by a fractional cost of ab-initio calculations. With these, we achieved an accuracy of MAE=
0.02 A and MAE=0.02 eV, respectively, and discussed the meaning of their analytical formulas. The
zincblende lattice constant and the TB band-gap of octet binary materials could be learned by
descriptors that reach a precision of MAE=0.07 A and MAE=0.24 eV.

Finally, we add three general conclusions: (1) A proper understanding of uncertainties of the
target is essential to estimate the required accuracy in the primary features and the reachable
model performance. (2) The symbolic regression inspired descriptor approach worked best for
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Chapter 9. Conclusions and Outlook

geometric and rather simple learning tasks like lattice constants but got to its limits at more
complex target properties with many underlying physical mechanisms such as band gaps. Here, the
desired identification of simple formulas might be too optimistic [9] and other less coarse material
representations are better suited. (3) Physical domain knowledge is an essential prerequisite to
develop meaningful models. Without that, machine learning barely can go beyond uncovering
correlative dependencies or reaching objectives in numerical performance.

9.2 Outlook

Due its high homogeneity, the data set T, in particular the target a, puts limitations on analyzing the
CV based selection strategies. Hence, it is necessary to apply these to materials of higher variability,
for example the binary alloys of Ref. [144] or the TCOs of Ref. [12]. Here, it also is interesting to
transfer our feature engineering approach to those structures and to compare it with the ones used
in the mentioned works.

We see two open directions to improve the capturing of arrangement effects of the ternaries: (1) The
occupation vector o could be simply processed semantically, for instance by counting differences
between neighboring digits or calculating the average lengths of clusters of equal digits. This is
generalizable to the three-dimensional unit cell and will be similar to the n-gram representation of
Ref. [12]. (2) Local geometric information on the bond length d}, could be included to some of the
primary features f, i.e. they could be transformed to fi(dp). The functional form of fi(d}) can be
derived from calculations at different d},, as already done e.g. for the total energy of the tetrahedral
clusters Ej ; in Fig. The dimer distances dxy at a certain bond could be used to approximate its
length at which fi(dp) will be evaluated. Alternatively, machine-learned bond-lengths may serve as
estimates for d,.

Regarding the search through the space of algebraic combinations, efficiency could be improved by
basing this on genetic programming [14]. That way, the costly explicit calculation of the total data
matrices X and the step of dimensionality reduction could be avoided.

Finally, it would be interesting to modify the minimization problem in three directions: (1) One of
our complexity measures could be added to the regularization term such that a high complexity will
be penalized, directly favoring compact descriptors [7,45]. (2) Similarly, a regularization by MAE;;
might improve the models’ arrangement capturing. (3) As already done in the implementation
of SISSO, our CV selection strategies could be formulated also for other dimensionality reduction
methods as multi-task learning problems.
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Appendix A

Parametrization and Numerical Tests of
the Machine Learning Methods

A.1 Convergence Test for Descriptor Dimensionality Q

The model performance with respect to descriptor dimension Q was studied for learning both
target properties a and Enyix of the data set T. For this, we used feature spaces comprising atomic
and pair primary features on complexity level 97 with matrix sizes [ X, || = 5257 and [|Xg|l = 8736.
Due to the combinatorial explosion of the NP-hard ¢y-problem at increasing Q (cf. Sec.[2.2.3), the
descriptors were not obtained by £ =LASSO+¢. Instead, we used here LASSO as a single learning
method and directly take its Q-dimensional linear combinations up to Qmax = 30 as they appear at
decreasing hyperparameter A, although this is especially prone to yield highly correlated features
in the descriptor components [2}[145]. Cross-validation was performed with N¢y =50, and from
this average test and training errors were calculated. Here, err(Q) averages over all descriptors
{2 ”)}ﬁ.\g with that dimension Q, which generally do not coincide between the CV iterations. At
some increments of A, LASSO might select more than one variable. For instance, it could directly
"jump" from an Q-combination to an Q + 2-combination such that no model of dimension Q + 1 is
available for that CV iteration. The average errors for the skipped Q + 1 then consider then less than
Ncy runs. For high dimensions this can happen very frequently. We do not investigate the thus
poorly sampled averages in that cases.

The results of this convergence test are presented in Fig.[A.1|for a on the left and Enix on the right,
showing both individual and averaged training and test errors (RMSE) as functions of Q. For a,
errors decrease rapidly up to Q ~ 10, for higher Q performance improves only little. The average
test RMSE is rising for Q 2 22, indicating the onset of overfitting. But even before, from Q ~ 10 the
high dispersion of individual test errors marks a larger instability in model selection (see Sec. [2.4.1).
Also for Enjx, both training and test errors decrease quickly upto Q2 ~ 10 and seem to be converged
at Q ~ 20. From Q > 27, the overfitting regime starts. By contrast to a, the generally low scattering
of test errors indicate a high stability of the descriptors, even at large Q. Although LASSO was used
here without the ¢(-step and feature spaces were on low complexity 97, we conclude that at the
maximum descriptor dimension of Q¢ = 5 considered in this work the models from LASSO+¢
generally will not be overfit. The performance could improved by a rise in Q but for the sake of
model interpretability and due to the drop in stability, going beyond Qnmax = 5 is not reasonable.
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Appendix A. Parametrization and Numerical Tests of the Machine Learning Methods

Figure A.1: Convergence of test and training RMSE with respect to descriptor dimension Q. Shown
are individual (light colors) and averaged (dark colors) training and test RMSE from L10%0-CV
for learning a (left) and Enix (right) of T by LASSO without a subsequent ¢ search. In both cases
feature spaces with atomic and pair primary features on complexity 97 are used.

A.2 Tests for Cross-Validation

A.2.1 Convergence Test for the Number of CV Iterations Ncy

Here, we analyze the convergence of mean training and test errors from cross-validation with
respect to the number of iterations N¢y. For the tests, 500 iterations of L10%0-CV were performed
at fixed models from strategy %%, i.e. as SC, and test and training errors in the metrics RMSE, MAE
and maxAE were considered. The convergence was studied on moving averages

1 DNy
err(Noy) = — )_ err(i) A1)
Nev i3

that average the errors err(i) at the individual iterations i up to Ncy. These were analyzed for
predicting a and Eyix of the data-set T with the feature spaces X, » and Xg » on complexity 9.

Figure[A.2|shows the convergence of test RMSE for descriptors of dimension Q = 1 and Q =5 for
Enix as an example. Apparently, in both cases W}fMSE fluctuates markedly until Ncy = 15 and
reaches convergence at Ncy = 200. In all learning tasks of this work, Ncy = 50 was applied as a
feasible choice. We estimate the level of convergence at this value by comparison with the reference
value at Ncy =500, i.e. the difference of the two horizontal lines in the figures. That way, all upper
limits in error accuracy listed in Tab. [A.1|were derived considering the respective maximum within
Q=1,...,5. Importantly, mean RMSE and mean MAE of both training and test data lie below the
irreducible error in the targets of ~ 0.03A for a and ~ 68 meV for Eyx (see Tab. . An increase of
Ncy beyond 50 hence is not profitable.
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A.2. Tests for Cross-Validation

Figure A.2: Moving average of test RMSE e7 7z (Ncv) versus cross-validation iterations for de-
scriptors of dimension Q =1 (top) and Q =5 (bottom). The CV was done as L10%0-CV at fixed
descriptor components (SC). The considered learning task is Epix of the data-set T with feature
space Xg 2 on complexity 9. The green vertical lines mark Ncy = 50 that was used in this work,
the red horizontal lines indicate the corresponding value of €77 y;qg, the black horizontal lines the
converged value at Ncy = 500.

target type RMSE MAE | maxAE
4 training || 0.ImA | 0.1mA | 0.3mA
test 1.2mA | 05mA | 4.4mA

Eoi training || 0.2meV | 0.2meV | 3.9meV

test 1.7meV | 1.8meV | 6.1meV

Table A.1: Convergence levels of training and test errors from L10%0O-CV (SC) for predicting a
and Enjx of the data-set T. Reported are the absolute differences at Ncy = 50 with respect to the
reference at Ncy = 500 for training and test errrmsg, er7maE and errmaxag- For comparison, note
the uncertainties of 0.03A in a and 68 meV in Epiy.

A.2.2 Influence of Split Size p

Besides Ncy, also the influence of the CV split size p on training and test errors was studied. The
tests were done with the non-exhaustive CV scheme applied in this work with N¢y = 50 iterations
at fixed descriptors, i.e. as SC. The number of data points in the test sets was varied between 1 and
2 (LOOCV and L20CV) as well as p = 5%, 10%, 25% and 50%. As in the previous, we consider the
learning of Enyx of data-set T with the feature space Xg » on complexity 97. The distribution of the
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resulting test and training errors is shown in the boxplots of Fig.

We observe that training errors have a low variance for all split sizes p, and that their mean at a
fixed Q is not affected by the various p. By contrast, test errors have a large variance for small test
splits that decreases with increasing split size. Also their mean is affected by p at fixed Q with the
largest difference between LOOCV and L20OCV. It is additionally noteworthy that at LOOCV mean
test errors lie below the mean training errors, i.e. €rr'® < err".

The independence of training errors from split size p is a consequence of the high homogeneity
of the data set T: if the data-points are very similar even a skip of half of the data at p=50% will
yield very similar models. The decrease of test error variance as a function of p, or equivalently at
decreasing training split size 1 — p, is a usual behaviour for this CV scheme [50]. An argument why
mean test errors may lie below training errors at p = 1 (and rise with p) is given in Sec. [A.2.3|below.
We conclude from this analysis that the generally recommended and in this work applied value of
p = 10% is a proper choice. It avoids the high variance in test errors and the suspicious relation
err® <err at the smaller p. The choices p = 25% and p = 50% could work as alternatives on this
homogeneous data-set but are unusual.

0.4 r r r r r 0.4
0.3} T LOOocv 0.3 L5%0CV
S S
L0.2 ! 20.2
] Lo o) :
s o s T
x 0.1} = ‘ | H + x 0.1 -o-@ + .
I AL BY P
0.0p - - T 0.0}
1 2 3 4 5 1 2 3 4 5
dimension Q dimension Q
0.4 0.4 0.4
0.3 L10%0CV 0.3 L25%0CV 0.3 L50%0CV
S Y S
20.2 20.2 20.2
<01} om . . 0.1} e 0.1l +=+
"*"'5-0-@-.@ ""‘oé...,_.‘_ hal PO
0.0 0.0} 0.0
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Figure A.3: Box plots (see the caption of Fig. [8.13) of training (red) and test (green) RMSE from
LPOCYV as SC, at various split size p. Mean errors are indicated by filled circles. Underlying learning
task: prediction of Epjx with feature space Xg 2 on complexity 7.

A.2.3 Considerations on Error Metrics and CV

As addressed, mean test errors are observed to lie below mean training errors, i.e. err® < err",
for p =1 in Fig. This conflicts with the expectation that a model should perform better on
the training data it is fitted to, than on the test data (see Sec. [2.4.1). One might assign this to the
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small number of iterations N¢y = 50 in this non-exhaustive CV scheme. The random one-point test
sets together comprise only 50 of the 402 data-points and hence an accidental unrepresentative
sampling is likely. The findings in Fig. however contradict with this assumption. Here, the
non-exhaustive LOOCV run from Fig.[A.3]is compared to a second, independent non-exhaustive
LOOCV run, and an exhaustive LOOCV (Ncy = 402). Average test errors indeed are affected by the
different random partitions as the green curves do not coincide between the two partial runs. As
however err'¢ < ert" is observed in all three runs, this relation cannot follow from an adverse split
drawing.

Instead, the relation erTqyg < €7 Tpysps OF More general a p-dependence of the mean errgyqp,
is connected to the error metric RMSE. By its definition as square of Eq. it depends by 1/vN
on the number of data-points considered in the average. The individual errors er r}t{fv[SE(i) at the
CV iterations i and hence their average W}fMSE depend by 1/,/p on split size for RMSE. This
unfavorable behavior of €77y eg as a function of p obviously is most pronounced at small split
sizes pE] We argue hence that the combination of small split size p and the metric RMSE should
be avoided by either increasing p or using one of the alternative metrics MSE or MAE instead.
Although we found a simple numeric example, showing the strong dependence of mean RMSE
and maxAE on p, by contrast to mean MSE and MAE, providing strong proofs would be out of the
scope of this thesis. For future research, we suggest to generally favor the report of MAE because it
has the same dimension as the target and reflects only the average amount of error magnitude. By
contrast, RMSE "measures" three characteristics of a distribution of errors in a confounded way:
the average amount of error magnitude, the variance of error magnitude and the number of single
error contributions [146].

Figure A.4: Mean training and test errors vs. dimension Q from two independent non-exhaustive
LOOCYV runs (left and middle, N¢y = 50) and an exhaustive LOOCV run (Ncy = N = 402, right).
Errors are from SC with models from .# %!, Learning task: Enix of T with Xg » on 97, as in Fig.

1We neglect the influence of the squaring of residuals (P(s) — f(xs))? here.
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Appendix B. Details on DFT Calculations and the Materials

B.1 Group IV Ternaries Data Set T

No. | Ns | Ng | N¢ occupation o

01 4 8 4 | 0002022211111111

02 4 8 4 | 0002202211111111

03 5 7 4 | 0000022211111112

04 5 7 4 | 0002200211111112

05 5 7 4 | 0000022211111121

06 5 7 4 | 0002200211112111

07 5 7 4 | 0000022211121111

08 5 7 4 | 0000022221111111

09 5 8 3 0000022211111111

10 5 8 3 0002200211111111

11 6 4 | 0002200011111122

6
12 6 6 4 | 0000002211111212
6

13 6 4 | 0002200011111221

14 6 6 4 | 0000002211121211

15 6 6 4 | 0000002211122111

16 6 6 4 0000002212111112
17 6 6 4 0000002212111121
18 6 6 4 0000002212111211
19 6 7 3 0000002211111112
) 20 6 7 3 0002200011111112
21 6 7 3 0000002211111211
22 6 7 3 0000002212111111

Table B.1: Table of all structures for one ternary type (4, B, C) that are considered in the data set T
(PartI). (N4, Np, Nc) denotes the composition, the occupation vector o labels the arrangement of
the atoms in the supercell. Structures of the same composition are linked by brackets.

128



B.1. Group IV Ternaries Data Set T

No. | Ngs | Ng | N¢ occupation o

23 7 5 4 | 0000000211111222

24 7 5 4 | 0000000211112122

25 7 5 4 | 0000000211122112

26 7 5 4 | 0000000211212112

27 7 5 4 | 0000000211212211

28 7 5 4 | 0000000212212111

29 7 6 3 | 0000000211111122
) 30 7 6 3 | 0000000211112112
31 7 6 3 | 0000000211122111
32 7 6 3 | 0000000211212111
33 7 7 2 | 0000000211111112
34 7 7 2 | 0000000211112111

35 7 8 1 0000000211111111

36 8 4 4 | 0000000011121222
37 8 4 4 | 0000000011122122
38 8 5 3 | 0000000011111222
39 8 5 3 | 0000000011122112

40 8 7 1 0000000011111112

41 8 6 2 | 0000000011111122

42 6 8 2 | 0000002211111111

Table B.2: Table of all structures for one ternary type (A4, B, C) that are considered in the data set T
(Part IT). Structures 40, 41 and 42 are realized in one arrangement only.
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No. | Ny | Ng | N¢ occupation o
43 4 8 4 | 0022220011111111
44 4 8 4 | 0000222211111111
45 6 6 4 | 0000002211111122
46 6 6 4 | 0000002211112211
\ 47 6 6 4 | 0000002222111111
48 6 8 2 | 0002200011111111
49 6 6 2 | 0002200011122111
50 8 4 4 | 0000000011112222
\ 51 8 4 4 | 0000000011222211
52 8 6 2 | 0000000011122111

Table B.3: Table of the ternary structures generated by enumlib [127] that were not considered in
the initial data set.

GeSnSi | SiSnGe | CSiSn | GeCSi | SiCGe | SiGeSn

42 42 39 (37) 42 42 42

SiGeC | GeSnC | SiSnC | CGeSn | CSnSi | CSnGe

36 9 30 41 (40) 41 42

Table B.4: The 448 structures present in the initial data set T, separated by compounds. For GeSnC,
only data for 9 of the considered 42 arrangements is available. Numbers in brackets indicate the
three samples excluded from the final data set.

ep [1074 H 0.5 ‘ 1.0 ‘ 1.2 ‘ 1.3 ‘ 1.5 ‘ 2.0 ‘ 2.2 ‘ 3.0

N H 164 ‘ 1419 ‘ 79 ‘ 1 ‘ 17 ‘ 30 ‘ 1 ‘ 10

Table B.5: Statistics of er / epsforce of the ternary data set T. Considered are the distorted
structures of the initial data if the file INFO. QUT reports the atomic forces.

130



B.1. Group IV Ternaries Data Set T

Figure B.1: Band gap Egr’LDA at I of the ternary data-set T, similar to Fig. In the inlet, the
remarkable dependence on the arrangement is shown.

Figure B.2: Convergence analysis of atomic forces for the distorted and relaxed structures of the
ternary data set T. Maximum component of corrected atomic force (Hellman-Feynman forces
including incomplete basis set correction and core correction terms [66]) of the distortions in the
initial data set (top) and for the equilibrium structures after data-curing (bottom). The horizontal
line indicates the target vale ez = 10~* Ha/Bohr, being exceeded several times obviously. Red
symbols mark the indices of inconsistent data that could be corrected, yellow symbols structures
where the initial data set misses information on the atomic forces (but was kept in the data set).
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B.2 Comparison of Hamiltonian Solvers for Isolated Structures

Relaxations of dimers and tetrahedral clusters with the Nelder-Mead algorithm may involve many
single runs of exciting that are performed efficiently by altering the Hamiltonian solver to the
Davidson algorithm ([135], see Sec. . For this, the speed-up was determined for an isolated
tin atom at different box sizes s as a test system. This is illustrated by Fig. [B.3|that compares total
computation time ¢ of the default and the Davidson algorithm on a standard computer. In both
cases, t scales approximately exponentially with s. Fitted exponents are x = 0.23 (default solver)
and x = 0.1 (Davidson solver). For s = 20 Bohr which was chosen to calculate the atomic data (see
Sec. tisreduced from ~ 64,000s to ~ 274s, i.e. by more than two orders of magnitude.

10°

104

10°

107

computation time t [s]

e default
e Davidson

10 .;8::_:‘/

5 10 15 20
box size s [Bohr]

Figure B.3: Scaling of computation time ¢ with respect to box size s using the standard vs. the David-
son solver for Hamiltonian diagonalization. Test system is an isolated Sn atom (B.4). Calculation
was run on a standard computer in serial run. Lines indicate exponential fits for s > 10 Bohr.
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B.3 Convergence tests for isolated atoms, dimers and tetrahedral clus-
ters

Convergence with respect to box size s for a Sn atom

For single atom properties (cf. Sec.[7.4.1), convergence of the total energy Ey x and the HOMO-
LUMO gap Eg x with respect to box size s was tested on an isolated Sn atom. These tests are shown
in Fig. [B.4|were s was varied between 4.0 Bohr and 20.0 Bohr. We estimate from the difference with
respect to s = 17.5Bohr that Ej is converged by ~ 5meV at s = 20Bohr, the size that was applied for
all atoms. Similarly comparing 17.5Bohr and 20.Bohr, Eg x is converged by ~ 0.1eV. This rather
low accuracy has to be considered for the predictive performance of ML models based on these
features.

AE, [eV]
E [eV]

5 10 15 20 5 10 15 20
box size s [Bohr] box size s [Bohr]

Figure B.4: Influence of box size s for calculating an isolated Sn atom with exciting. Left: difference
in total energy Ey x with respect to the minimum value vs. box size. Right: HOMO, LUMO and
HOMO-LUMO gap Eg x vs. box size. Lines mark the values at the chosen box size s = 20Bohr =
10.58A.
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Convergence with respect to box size s for the Sn-Sn dimer

The influence of s on the dimer primary features dxy, Er xy and Eg xy was tested on the dimer
Sn-Sn at box sizes of 10, 15, 20 and 25 Bohr, as shown in Fig. For the equilibrium dimer
distance dxy (left panel), at each value of s 5 DFT calculations were performed, varying dxy by
+5% and +10% around an initial guess. From comparing the minima of quadratic fits of the
total energy Ej, the uncertainty in dxy is estimated by ~ 0.13 Bohr (i.e. 0.07A or +4.5%) at the
chosen value s = 15Bohr. The difference in total energy Ey (middle panel) differs by 0.7 eV between
s =15Bohr and s = 25Bohr at a guessed value for dg,s,. We could not determine how this affects
the actual primary feature Ey xy, the energy of formation (see Sec. . For the same set-up the
HOMO-LUMO gap Eg, xy varies by 0.16eV between the applied value of s and s = 25Bohr (right
panel).
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Figure B.5: Tests for the influence of the box size s for an isolated Sn-Sn dimer with exciting. Left:
total energy vs. relative dimer distance at different box sizes (10, 15, 20, and 25 Bohr). Dimer distance
is varied by +10% around an initial guess for the equilibrium value. Additionally, quadratic fits are
plotted. Energy is measured with respect to the fitted minimum (horizontal line) of s = 10 Bohr.
Vertical lines mark the minima at s = 25Bohr and s = 10 Bohr used to determine the uncertainty in
dxx. Middle: total energy E, (with respect to the minimum) versus box size s at a guessed value of
dsnsn = 2.75A. The lines indicate the applied size s = 15Bohr = 7.94A and the maximum s = 25Bohr,
and the corresponding values of Ey. Right: HOMO, LUMO and HOMO-LUMO gap Eg xy vs. box
size s. Lines again indicate s = 15Bohr and s = 25Bohr and the values of Eg xy.
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Convergence with respect to box size s for the tetrahedron Sn-Sn-Sn-Sn-Sn

Figureshows Ep,; and Eg ; as a function of scaling factor d; at the used box size of s = 15Bohr
and at s = 30 Bohr for the tetrahedron Sn-Sn-Sn-Sn-Sn as benchmarking case. In the left part, Ej ;
is fitted to a Morse potential [147] that obviously captures the behavior over d;. The difference
between the minima of the two fits is 0.014A illustrating that d, is determined accurately using
s = 15Bohr. Considering the effects of both d; and s, the uncertainty in Ey; is in the order of a
few eV. It is hard, however, to estimate how this transfers to the primary feature E £t where the
reference to the atomic energies introduces many more sources of uncertainty. From the right part
it can be be seen that Eg ; is largely influenced by both d; and s. In particular, the two minima of
the considered s differ by 0.70 eV from each other. This may limit the predictive power of models
including Eg ; as a primary feature.
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Figure B.6: Influence of the box size s for the tetrahedron Sn-Sn-Sn-Sn-Sn. Left: total energy Ej ;
(offset 839900 eV) versus scaling factor d; for s = 15Bohr (green) and s = 30 Bohr (red). Data points
are fitted to a Morse potential of which the respective minimima in d; are indicated by the vertical
lines of corresponding color. Right: gap energy Eg ; versus d; for the two box sizes s. The lines mark
the minima in d; from the right panel, and the corresponding values.
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B.4 Single Atom Data

Table B.6: List of the used single atom data. Z and P are the nuclear number and the period from
the table of elements, Eg x and Ep x the HOMO-LUMO gap and the total energy (in eV) which were
generated with the code exciting. The ionization potential IP, the electron affinity EA (in eV)
and the s-, p- and d-orbital radii (in A) result from FHIaims calculations and were taken from the
supplementary information of [1] (this is indicated by "*").

A Z | P || Egx Eo,x Ip* EA* rs* | orp* | ora®
C 6| 2| 499 -1018.81 || -10.85 | -0.87 | 0.64 | 0.63 | 1.63
Si || 14| 3| 197 -6435.56 -7.76 | -0.99 | 0.94 | 1.13 | 1.89
Ge || 32 | 4| 251 -53370.75 -7.57 | -0.95 | 0.92 | 1.16 | 2.37
Sn || 50 | 5 || 3.12 | -167992.10 -7.04 | -1.04 | 1.06 | 1.34 | 2.03

B.5 Dimer Data

A | B || dxy | Egxy Eo,xy
c| C 1.29 6.63 -2047.23
C | Si 1.69 3.89 -8884.71
C | Ge | 1.76 3.79 -58060.05
C| Sn || 1.99 3.00 | -169016.50
Si| Si || 2.26 2.71 -15723.49
Si| Ge || 2.34 2.56 -64898.94

Table B.7: List of the dimers calculated for this work and the respective primary features dxy (dimer
distance in A), Eg xy (HOMO-LUMO gap in eV) and Ej xy (ground-state energy in eV). Details on
the calculations are described in Sec.
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A | B || dxy | Egxy Eo xy
Si | Sn || 2.57 2.18 | -175855.79
Ge | Ge || 2.42 2.40 | -114073.75
Ge | Sn || 2.62 2.10 | -225030.50
Sn | Sn || 2.83 1.88 | -335986.26
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B.6 Tetrahedron Data

A|B|C|D|E d, Eo: | Eg:
c|lc|c|c|Ge|079]| -61134.40 | 0.97
clc|c|c|si|o7]| -1195961 | 1.05
cC|c|c|cC|sSn| 085]-172089.11 | 0.79
C| C| C |Ge|Ge| 086 |-117149.06 | 0.82
C| C | C |Ge|Sn| 090 | -228104.74 | 0.73
C|Cc | C|Si|Ge| 08| -67973.93 | 0.85
c|c | c|si|si|o083]| -18798.87 | 0.90
C| Cc | C|Si|Sn| 089]|-178929.42 | 0.75
C| C | C|sSn|Sn| 094|-339060.77 | 0.67
C| C |Ge|Ge| Ge| 091 |-173164.71 | 0.92
C| C |Ge|Ge| Sn | 095 | -284120.92 | 0.88
C| C |Ge|Sn| Sn | 098 |-395077.41 | 0.87
C| C | Si|Ge| Ge]| 090 -123989.41 | 0.94
C| C | Si|Si|Ge|089]| -74814.14 | 0.96
C| C | si|sSi|si]|o087]| -2563893 | 0.99
C| C | Si|Si|Sn| 093]-185770.10 | 0.90
C| C | Si|Sn|Sn| 097 |-345901.91 | 0.87
C| C |Sn|Sn|Sn| 1.01 | -506034.12 | 0.88
C| Ge | Ge | Ge | Ge || 095 | -229181.05 | 1.29
C| Ge | Ge | Ge| Sn | 098 | -340137.58 | 1.25
C| Ge|Ge|Sn| Sn | 1.01 | -451094.30 | 1.24
C|Ge|Sn|Sn|Sn | 1.03 | -562051.19 | 1.29

Table B.8: List of the calculated tetrahedron clusters used for the ternary data set T, and the physical
properties d; (bond length in A, scaled to a radius equivalent), Ey,; (ground-state energy in eV) and
Eg,: (HOMO-LUMO gap in eV). Details on the data generation are given in Sec. - Part L.
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A|B|C | D|E d; Eo: | Eg:
C Si | Ge | Ge | Ge || 0.94 | -180005.61 | 1.29
C Si Si | Ge | Ge || 0.93 | -130830.20 | 1.30
C | Si| Si| Si| Ge]| 092 -81654.82 | 1.32
C Si Si Si Si 0.91 -32479.48 | 1.34
C Si Si Si | Sn || 0.96 | -192611.09 | 1.25
C Si Si | Sn | Sn 1.00 | -352743.17 | 1.22
C Si | Sn | Sn | Sn 1.03 | -512875.57 | 1.28
C|Sn|Sn | Sn | Sn || 1.06 | -673008.18 | 1.40
Ge| C | C C C || 0.93 -61128.39 | 0.65
Ge | C C C | Ge || 1.01 | -117143.02 | 0.52
Ge| C | C C | Si || 1.00 -67967.55 | 0.54
Ge | C C C Sn 1.05 | -228099.07 | 0.46
Ge | C C | Ge | Ge || 1.07 | -173158.66 | 0.50
Ge| C | C | Ge | Sn || 1.10 | -284115.15 | 0.48
Ge | C C Si | Ge || 1.06 | -123983.08 | 0.50
Ge | C C Si Si 1.05 -74807.51 | 0.51
Ge | C C | Sn | Sn || 1.14 | -395071.85 | 0.46
Ge | C | Ge | Ge | Ge || 1.12 | -229174.88 | 0.65
Ge| C | Ge | Ge | Sn || 1.15 | -340131.63 | 0.66
Ge| C | Ge | Sn | Sn || 1.18 | -451088.53 | 0.68
Ge | C Si | Ge | Ge || 1.11 | -179999.23 | 0.65
Ge| C | Si | Si | Ge || 1.11 | -130823.59 | 0.65

Table B.9: Tetrahedron Data - Part II.
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A|B|C|D|E d; Eo: | Eg:
Ge | C Si Si Si 1.10 -81647.96 | 0.65
Ge | C Sn | Sn | Sn 1.21 | -562045.53 | 0.73
Ge | Ge | Ge | Ge | Sn || 1.19 | -396145.58 | 1.09
Ge | Ge | Ge | Sn | Sn 1.21 | -507102.41 | 1.11
Ge | Ge | Sn | Sn | Sn 1.23 | -618059.31 | 1.20
Ge | Si | Ge | Ge | Ge || 1.15 | -236014.98 | 1.05
Ge | Si | Ge | Ge | Sn 1.18 | -346971.85 | 1.07
Ge | Si | Ge | Sn | Sn || 1.20 | -457928.81 | 1.09
Ge | Si Si | Ge | Ge || 1.15 | -186839.49 | 1.05
Ge | Si Si | Ge | Sn 1.17 | -297796.33 | 1.05
Ge | Si | Si | Si | Ge || 1.14 | -137664.00 | 1.05
Ge | Si Si Si Si 1.13 -88488.52 | 1.05
Ge | Si Si Si | Sn 1.17 | -248620.81 | 1.05
Ge | Si | Si | Sn | Sn || 1.20 | -408753.27 | 1.07
Ge | Si | Sn | Sn | Sn 1.23 | -568885.86 | 1.18
Ge | Sn | Sn | Sn | Sn 1.25 | -729016.28 | 1.34
Si | C C C C || 0.89 -11954.73 | 0.66
Si C C C | Ge || 0.97 -67968.72 | 0.52
Si | C C C | Si || 0.96 -18793.28 | 0.54
Si | C C C | Sn || 1.02 | -178924.52 | 0.46
Si C C | Ge | Ge || 1.04 | -123984.02 | 0.48
Si | C C | Si | Ge|l 1.03 -74808.47 | 0.49

Table B.10: Tetrahedron Data - Part III.
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A|B|C | D|E d; Eo: | Eg:
Si| C C Si Si 1.02 -25632.93 | 0.49
Si| C C Si | Sn 1.07 | -185764.75 | 0.46
Si| C C | Sn | Sn || 1.11 | -345896.93 | 0.45
Si| C | Ge | Ge | Ge || 1.09 | -180000.05 | 0.62
Si| C Si | Ge | Ge || 1.09 | -130824.42 | 0.62
Si| C | Si | Si| Ge| 1.08 -81648.80 | 0.62
Si| C Si Si Si 1.07 -32473.20 | 0.62
Si| C | Si | Si| Sn || 1.11 | -192605.39 | 0.62
Si| C Si | Sn | Sn 1.15 | -352737.83 | 0.64
Si| C Sn | Sn | Sn 1.19 | -512870.46 | 0.68
Si | Ge | Ge | Ge | Ge || 1.14 | -236015.73 | 1.05
Si| Ge | Ge | Ge | Sn 1.16 | -346972.56 | 1.06
Si|Ge | Ge | Sn | Sn 1.19 | -457929.47 | 1.08
Si|Ge|Sn | Sn | Sn || 1.21 | -568886.49 | 1.16
Si| Si | Ge | Ge | Ge || 1.13 | -186840.26 | 1.03
Si| Si | Ge | Ge | Sn 1.16 | -297797.04 | 1.04
Si| Si | Ge| Sn | Sn || 1.18 | -408753.95 | 1.06
Si| Si Si | Ge | Ge || 1.12 | -137664.78 | 1.02
Si| Si Si | Ge | Sn 1.15 | -248621.54 | 1.02
Si| Si | Si| Si| Ge]| 112 -88489.31 | 1.03
Si| Si Si Si | Sn 1.15 | -199446.05 | 1.02
Si| Si | Si|Sn | Sn || 1.18 | -359578.43 | 1.04

Table B.11: Tetrahedron Data - Part IV.
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A| B | C|D|E d; Eo: | Eg:
Si Si | Sn | Sn | Sn 1.20 | -519710.95 | 1.14
Si |Sn | Sn | Sn | Sn 1.23 | -679843.58 | 1.30
Sn | C C C C 1.04 | -172082.95 | 0.48
Sn | C C C | Ge || 1.11 | -228098.15 | 0.41
Sn | C C C Si 1.10 | -178922.55 | 0.42
Sn | C C C | Sn || 1.15 | -339054.54 | 0.38
Sn | C C | Ge | Ge || 1.17 | -284114.05 | 0.42
Sn | C C | Ge | Sn || 1.21 | -395070.75 | 0.41
Sn | C C Si Si 1.15 | -185762.73 | 0.43
Sn | C C Si | Sn 1.20 | -345895.05 | 0.42
Sn | C C | Sn | Sn || 1.24 | -506027.60 | 0.41
Sn | C | Ge | Ge | Ge || 1.22 | -340130.38 | 0.61
Sn | C | Ge | Ge | Sn 1.25 | -451087.29 | 0.62
Sn | C | Ge | Sn | Sn || 1.28 | -562044.29 | 0.64
Sn | C Si Si Si 1.20 | -192603.27 | 0.59
Sn | C Si Si | Sn 1.24 | -352735.83 | 0.60
Sn | C | Si | Sn | Sn || 1.27 | -512868.54 | 0.63
Sn| C | Sn | Sn | Sn 1.30 | -673001.38 | 0.71
Sn | Ge | Ge | Ge | Ge || 1.26 | -396144.20 | 0.99
Sn | Ge | Ge | Ge | Sn || 1.28 | -507101.04 | 1.01
Sn | Ge | Ge | Sn | Sn 1.30 | -618057.95 | 1.03
Sn | Ge | Sn | Sn | Sn || 1.32 | -729014.92 | 1.13

Table B.12: Tetrahedron Data - Part V.
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A|B|C|D|E d, Eo: | Eg:
Sn | Si | Ge | Ge | Ge || 1.25 | -346970.45 | 0.97
Sn | Si| Ge | Ge | Sn || 1.27 | -457927.42 | 0.99
Sn | Si| Ge|Sn | Sn || 1.30 | -568884.48 | 1.00
Sn [ Si| Si | Ge | Ge || 1.24 | -297794.90 | 0.95
Sn [ Si| Si | Ge | Sn || 1.27 | -408751.86 | 0.97
Sn | Si| Si | Si|Ge]| 124/ -248619.37 | 0.95
Sn [ Si| Si | Si| Si| 1.23]|-199443.83 | 0.94
Sn | Si| Si|Si|Sn]| 126/ -359576.31 | 0.96
Sn [Si| Si |[Sn| Sn | 1.29 | -519708.90 | 0.98
Sn [Si|Sn | Sn | Sn |l 1.32 | -679841.59 | 1.10

Table B.13: Tetrahedron Data - Part VI.
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B.6. Tetrahedron Data

Listing B.1: input.xml for relaxation of a tetrahedron cluster. s denotes the box size and d the
tetrahedron scale (lines 10 to 13 and 16) which are modified by the external script. The central atom
of the cluster is at the center of the box, the outer atoms are shifted such that the shape is regular.
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B.7 Details on the Octet Binaries O - Tight Binding Data and LDA Gaps

A LB Egp | Bgp | Em| G| B | B | B | Bl | Bt | EGS
Li | F 11.866 | 11.2375 || -13.91 | 0.35 | -12.07 | -0.20 | -15.70 | 0.87 | -15.54 0.70
Li | Cl 8.5464 | 7.1724 || -10.14 | -0.81 -9.11 | -0.57 | -11.31 | -0.26 | -11.08 | -0.43
Li | Br 7.713 | 6.3326 -9.23 | -1.12 -8.35 | -0.64 | -10.29 | -0.59 | -10.05 | -0.72
Li I 6.5035 | 5.3314 -8.23 | -1.37 | -7.51 | -1.01 -9.14 | -0.97 | -8.89 | -1.04
Be | O || 10.2192 | 9.4537 || -13.76 | 0.58 | -10.76 | -0.54 | -16.99 | 1.42 | -16.12 1.11
Be 6.7458 | 5.6132 -9.74 | -1.57 -7.98 | -1.23 | -11.76 | -0.52 | -11.16 | -0.85
Be | Se 6.0793 | 5.1952 -8.97 | -2.10 -7.42 | -1.34 | -10.77 | -0.94 | -10.23 | -1.26
Be | Te 47332 | 4.5769 -8.00 | -2.51 -6.72 | -1.99 -9.49 | -1.53 -9.04 | -1.74
B | N 8.8369 | 9.4373 || -13.71 | 0.38 -9.90 | -1.06 | -17.63 | 1.65 | -16.48 1.12
B 5.4884 | 5.4587 -9.86 | -2.29 -7.40 | -1.91 | -12.37 | -0.62 | -11.63 | -1.20
B | As 4.8841 5.4978 -9.21 | -3.07 -6.99 | -2.10 | -11.47 | -1.11 | -10.80 | -1.76
C C 8.3303 | 11.2296 || -13.68 | 0.29 -9.58 | -1.25 | -17.78 | 1.91 | -16.58 1.12
Na | F || 11.3874 9.981 || -12.75 | -0.83 | -11.70 | -0.31 | -13.93 | -0.19 | -13.75 | -0.36
Na | CI 7.9016 | 7.0256 -9.61 | -1.37 -8.95 | -1.05 | -10.46 | -1.06 | -10.24 | -1.11
Na | Br 6.8668 | 6.2667 -8.80 | -1.55 -8.22 | -1.35 -9.59 | -1.23 -9.36 | -1.28
Na | I 5.8642 | 5.3459 -7.89 | -1.70 -7.42 | -1.55 -8.58 | -1.46 | -8.36 | -1.49
Mg | O 9.3487 6.923 || -11.67 | -1.16 | -9.95 | -0.60 | -13.80 | -0.10 | -13.15 | -0.41
Mg 5.7907 | 4.7234 -8.60 | -2.21 -755 | -1.76 | -9.94 | -1.54 | -9.53 | -1.64
Mg | Se 4.8065 | 4.4046 -8.00 | -2.47 | -7.05 | -2.25 -9.20 | -1.75 -8.84 | -1.86
Mg | Te 3.84 | 3.9125 -7.21 | -2.71 -6.43 | -2.59 -8.22 | -2.10 | -7.91 | -2.18

Table B.14: Tight binding band gap
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I', TB
Egap

and LDA band gap ELLDA

gap

at the high-symmetry point
I', as well as energies of the highest valence band Eyg and the lowest conduction band Ecg at the
high-symmetry points L, I', X and U/K, for the octet binary data set O. - Part I
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AL B || Egp | Bap | By | Eoy | Bm | EBE | By | Bh | Byt | EGS
Al | N 7.0863 | 5.0483 || -10.92 | -2.01 -8.55 | -1.47 | -13.49 | -0.47 | -12.73 | -0.95
Al 3.4136 | 3.5667 -7.96 | -3.44 -6.44 | -3.03 -9.60 | -2.07 | -9.11 | -2.33
Al | As 2.4652 | 3.5286 -7.56 | -3.76 -6.14 | -3.68 -9.10 | -2.20 | -8.64 | -2.50
Al | Sb 1.5251 | 3.3522 -6.86 | -3.99 -5.66 | -4.14 -8.17 | -2.57 | -7.78 | -2.80
Si | C 5.6862 | 4.5259 || -10.33 | -2.34 -7.63 | -1.95 | -13.05 | -0.54 | -12.25 | -1.16
Si | Si 2.4169 | 3.4718 -7.70 | -3.87 -5.94 | -3.53 -9.45 | -1.85 -8.94 | -2.46
K | F 10.6259 | 8.2658 || -12.18 | -1.18 | -11.53 | -0.91 | -12.90 | -0.82 | -12.82 | -0.88
K | Cl 7.5602 | 6.4702 -9.29 | -1.47 -8.86 | -1.30 -9.84 | -1.29 -9.72 | -1.31
K | Br 6.6546 | 5.8766 -8.52 | -1.58 -8.14 | -1.49 -9.03 | -1.39 -8.91 | -1.42
K I 5.7679 | 5.1195 -7.68 | -1.66 -7.36 | -1.59 -8.14 | -1.52 -8.01 | -1.53
Ca| O 8.735 | 4.8303 || -10.84 | -1.55 -9.67 | -0.94 | -12.27 | -0.79 | -11.89 | -0.99
Ca 5.6265 | 3.6001 -8.20 | -2.10 -7.42 | -1.79 -9.23 | -1.61 -8.91 | -1.69
Ca | Se 4.8432 | 3.3751 -7.66 | -2.27 -6.94 | -2.10 -8.61 | -1.74 | -8.31 | -1.82
Ca | Te 4.0321 | 2.9933 -6.95 | -2.42 -6.35 | -2.32 -7.76 | -1.98 -7.51 | -2.04
Cu| F 10.3991 5.066 || -13.10 | -1.93 | -11.81 | -1.41 | -14.85 | -1.15 | -14.30 | -1.27
Cu | C 7.5477 | 4.7088 || -10.21 | -2.08 -9.13 | -1.59 | -11.64 | -1.51 | -11.20 | -1.59
Cu | Br 6.292 | 4.4431 -9.34 | -2.36 -8.38 | -2.09 | -10.62 | -1.75 | -10.22 | -1.83
Cu| I 5.2507 | 4.3307 -8.40 | -2.52 -7.57 | -2.32 -9.51 | -1.99 -9.17 | -2.05
Zn | O 8.7487 | 7.5577 || -11.69 | -2.04 -9.95 | -1.21 | -13.83 | -0.94 | -13.18 | -1.14
Zn | S 5.3238 | 5.5213 -8.87 | -2.73 -7.64 | -2.31 | -10.39 | -1.89 -9.93 | -2.01

Table B.15: Continuing Tab. - PartII
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AL B | By | By | B | Bl | B | B By | Eh | Bg | Eg
Zn | Se 4.1937 | 5.0872 -8.23 | -3.06 | -7.13 | -2.93 -9.60 | -2.14 | -9.18 | -2.26
Zn | Te 3.2306 | 4.4883 -7.43 | -3.27 -6.50 | -3.27 | -8.60 | -2.46 | -8.24 | -2.55
Ga | N 6.3814 | 6.1068 || -10.64 | -3.06 | -8.44 | -2.06 | -13.07 | -1.43 | -12.35 | -1.78
Ga 2.6237 | 4.2522 -7.99 | -3.98 -6.45 | -3.83 -9.66 | -2.47 | -9.16 | -2.71
Ga | As 1.5756 | 4.0772 -7.57 | -4.31 -6.14 | -4.57 | -9.12 | -2.60 | -8.66 | -2.87
Ga | Sb 0.7292 | 3.4876 -6.90 | -4.45 -5.68 | -4.95 -8.23 | -2.88 | -7.83 | -3.10
Ge | Ge 0.5263 | 3.7739 -7.31 | -4.67 -5.69 | -5.16 | -8.93 | -2.22 -8.45 | -2.88
Rb | F 10.3618 | 7.461 || -12.02 | -1.32 | -11.49 | -1.12 | -12.62 | -1.03 | -12.55 | -1.08
Rb | Cl 7.4083 | 6.2946 -9.19 | -1.55 -8.83 | -1.42 -9.66 | -1.41 -9.56 | -1.42
Rb | Br 6.5556 5.76 -8.45 | -1.63 -8.12 | -1.56 | -8.88 | -1.48 | -8.78 | -1.49
Rb | I 5.6878 | 5.0612 -7.62 | -1.70 -7.34 | -1.65 -8.01 | -1.58 | -7.90 | -1.60
St | O 8.1988 | 4.4849 || -10.48 | -1.77 -9.56 | -1.36 | -11.65 | -1.18 | -11.34 | -1.30
Sr 5.3835 | 3.5067 -7.99 | -2.17 -735 | -1.97 | -8.85 | -1.79 -8.58 | -1.84
Sr | Se 4.6738 | 3.2933 -7.47 | -2.30 -6.88 | -2.21 -8.27 | -1.88 | -8.02 | -1.93
Sr | Te 3.9334 | 2.9438 -6.80 | -2.41 -6.30 | -2.37 | -7.49 | -2.07 | -7.27 | -2.11
Ag | F 9.2237 | 6.2688 || -12.50 | -2.58 | -11.63 | -2.40 | -13.75 | -2.08 | -13.36 | -2.14
Ag | Cl 6.5372 | 5.9989 -9.73 | -2.64 -8.99 | -2.45 | -10.78 | -2.24 | -10.45 | -2.29
Ag | Br 5.5274 | 5.6812 -8.95 | -2.78 -8.26 | -2.74 | -991 | -234 | -9.61 | -2.39
Ag | 1 4.6662 | 5.2786 -8.09 | -2.84 -7.47 | -2.81 -8.96 | -2.44 | -8.69 | -2.48
Cd| O 7.244 | 6.7342 || -10.97 | -2.85 -9.71 | -2.47 | -12.60 | -1.99 | -12.10 | -2.11
Cd 4.4844 | 5.3078 -8.46 | -3.18 -7.50 | -3.02 -9.69 | -2.47 | -9.31 | -2.56
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Al B | Egp | By | B | B | B | BF| Bl | B | Bg | Egt
Cd | Se 3.574 | 4.8865 -7.89 | -3.38 -7.02 | -3.44 | -9.02 | -2.60 | -8.67 | -2.69
Cd | Te 2.791 | 4.3822 -7.18 | -3.50 -6.42 | -3.63 -8.16 | -2.79 -7.86 | -2.87
In | N 4.7233 | 5.2631 -9.76 | -3.81 -8.08 | -3.36 | -11.68 | -2.37 | -11.11 | -2.62
In 1.9018 | 3.9868 -7.51 | -4.24 -6.25 | -4.35 -8.92 | -2.86 | -8.50 | -3.06
In | As 1.0542 | 3.7837 -7.15 | -4.45 -5.97 | -4.91 -8.47 | -2.92 -8.08 | -3.14
In | Sb 0.4028 | 3.5449 -6.57 | -4.50 -5.54 | -5.14 | -7.72 | -3.09 -7.38 | -3.27
Sn | Sn 0.0 | 3.2327 -6.33 | -4.76 | -5.11 | -5.11 -7.55 | -2.63 -7.19 | -3.18
B | Sb 3.348 | 4.4638 -8.24 | -3.61 -6.39 | -3.04 | -10.13 | -1.77 | -9.58 | -2.29
Cs | F 10.2284 | 6.2993 || -11.88 | -1.34 | -11.45 | -1.22 | -12.38 | -1.14 | -12.32 | -1.17
Cs | 7.3473 | 5.887 -9.10 | -1.54 -8.80 | -1.46 | -9.48 | -1.44 | -9.40 | -1.45
Cs | Br 6.5294 | 5.446 -8.36 | -1.60 -8.10 | -1.57 | -8.73 | -1.49 -8.64 | -1.51
Cs | 1 5.6888 | 4.8576 -7.55 | -1.66 | -7.32 | -1.63 -7.88 | -1.58 | -7.79 | -1.58
Ba| O 7.9759 | 3.9811 || -10.23 | -1.79 -9.48 | -1.51 | -11.20 | -1.34 | -10.95 | -1.42
Ba| S 5.3121 | 3.2461 -7.82 | -2.13 -7.30 | -1.99 -8.55 | -1.83 -8.32 | -1.87
Ba | Se 4.657 | 3.0409 -7.32 | -2.22 -6.84 | -2.18 -8.00 | -1.90 | -7.78 | -1.94
Ba | Te 3.9688 | 2.7295 -6.68 | -2.32 -6.27 | -2.30 -7.26 | -2.05 -7.08 | -2.08
Ge | C 5.0512 | 5.2772 -9.81 | -3.37 -7.36 | -2.30 | -12.28 | -1.41 | -11.56 | -1.91
Sn | C 3.3423 | 4.4081 -8.84 | -4.05 -6.86 | -3.52 | -10.87 | -2.14 | -10.27 | -2.57
Ge | Si 1.5248 | 3.5339 -7.52 | -4.28 -5.82 | -4.30 -9.21 | -2.18 | -8.71 | -2.69
Sn | Si 0.7029 | 3.3758 -6.93 | -4.47 -5.49 | -4.79 -8.37 | -2.47 | -7.95| -2.94
Sn | Ge 0.0 | 3.2708 -6.77 | -4.76 | -5.38 | -5.38 -8.16 | -2.48 | -7.75 | -3.07

Table B.17: Continuing Tab. - PartIV
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Appendix B. Details on DFT Calculations and the Materials

atom type EYS EJS
Li -2.87372 -0.97849
Be -5.60006 -2.09804
B -9.38334 -3.71510
C -13.63871 -5.41560
N -18.42010 -7.23881
0] -23.75188 -9.19678
F -29.64662 | -11.29406
Na -2.81912 -0.7176
Mg -4.78163 -1.35823
Al -7.82944 -2.78373
Si -10.87810 -4.16254
P -14.01512 -5.59628
S -17.27899 -7.10616
Cl -20.68981 -8.70047
K -2.42615 -0.69742
Ca -3.86382 -1.41468
Cu -4.85627 -0.64114

Table B.18: Atomic on-site energies

0s
ES

and

atom type EYS EJS
7Zn -6.21748 | -1.19409

Ga -9.16739 | -2.73241

Ge -11.94245 | -4.04600

As -14.69575 | -5.34066

Se -17.47846 | -6.65393

Br -20.31439 | -8.00053

Rb -2.36004 | -0.70502

Sr -3.64054 | -1.27859

Ag -4.70978 | -0.47947

Cd -5.95194 | -1.30926

In -8.47784 | -2.69690

Sn -10.80594 | -3.86649

Sb -13.07980 | -4.99107

Te -15.35110 | -6.10902

I -17.64440 | -7.23614

Cs -2.22029 | -0.54790

Ba -3.34602 | -1.11536

E,(,)S of s- and p-state used for the tight binding

calculations. The values were obtained by the code FHIaims and provided by [148].
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Appendix C

Additional Material on the
Implementation

C.1 Parallelization of the Subspace Update in SISSO

The iterative search of the subsets S j in our implementation of SISSO is illustrated in the Scheme of
Fig. Here, the two branches refer to tiers Jp,; and the product tier, respectively, and proceed
analogously. On the left, first the column indices are grouped to N;,, chunks and distributed to the
processes. A parallel execution of the function updater_1 by pool.map then yields all absolute
correlations |p(i)| to the residue. These are used to determine a ranking I, of the columns from
which the best Mgg are added to the subset S j- In the right part, illustrating the subset update
for the product tier 9, / J, first Nj, groups I}’ of index pairs (k, [) are determined. These are
distributed to the worker processes that both calculate the product feature x; ox; and its correlation
p(k, D) to the residue. Similarly, the Mgjg best features are found which - if they improve over the
features of lower tiers already present in the subset - are added to the respective S j- The procedure
stops after Q) iterations have been performed (cf. Sec.[5.3.2).
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C.2. Implementation of Cross-Validation in SISSO

C.2 Implementation of Cross-Validation in SISSO

At cross-validation, the developed implementation of SISSO basically resembles the same steps
as executed on the total data. The N¢y CV iterations z however extend the learning task by one-
dimension. The target P thus transforms to a two-dimensional matrix {P, ;} and the data matrix
into a three-dimensional matrix {x, ;. ;} (here, k denotes a sample index from the respective training
split Ugf)). The calculation of the correlations p is then executed parallelized by feature index i, i. e.
by columns of X, while the CV splits are treated simultaneously. That way, the learning task turns
into a multi-task problem £™![149] to learn Ncy models 2 at the same time. Figureon the
right illustrates this strategy of parallelization, in contrast to the other dimensionality reduction
methods .# on the left - these are parallelized by CV iteration z.

Figure C.2: Comparison of the parallelization of CV in SISSO and the other dimensionality reduction
methods .#. The scheme is analogous to Figs. [5.6|and 5.7} the green arrow marks the direction of
the parallelization. Left: if .# #SISSO, the CV iterations z are handled separately, possibly assigned
to different processes. Right: the SISSO implementation treats all CV splits, referring to the columns
in the scheme, simultaneously instead. Parallelization is realized by feature index i, i.e. by rows.
This transforms the learning to a multi-task problem £™",

C.3 Consistency Check for the SISSO Implementation

The consistency of our Python implementation with the original Fortran version of SISSO was
checked for learning the equilibrium lattice constant a of T. The used feature space was X, » (see
Table[8.1) up to complexity 7, including also next-neighbor differences, HMs and the mathemati-
cal operations containing exp and log, leading to in total M = 22960 features. No hold-out data was
considered, i.e. N =445. The feature matrix and the target a were exported to a file train.dat (size
121 MiB) by our code and then read-in by the Fortran version. No further augmentation of the fea-
ture space by the FC module was performed. The DI module was run with the sparsifying operator
SO=¢y (method="L0"’), model selection was based on the error metric RMSE (metric=’LS_RMSE’).

151



Appendix C. Additional Material on the Implementation

Single subset size was set to 6 (subs_sis=6), any other parameters were kept to their standard

values.

In a correspondent way, descriptors up to Q2 = 5 were identified by both codes on a standard
machine. Resulting component indices, RMSE and maxAE are reported in Table For up to
Q =4, identical descriptors are obtained. Only at QQ = 5, solutions differ in 3 components. Calculated
model performances both in terms of RMSE and maxAE are equal up to the level of mA. These
minor differences seem to result from the 6 decimals limit in number precision in the transfer file
train.dat. The results thus demonstrate that our implementation is consistent with the original

version.

Python
Q components RMSE | maxAE
1 | 6567 40.65 | 153.07
2 | 6567 | 15252 35.75 | 151.22
3 | 6566 | 8195 | 15252 32.19 | 149.28
4 | 6566 | 8195 | 15258 | 21624 30.20 | 154.96
5 | 6567 | 8195 | 15252 | 15258 | 19827 | 29.43 | 137.19

Fortran
Q components RMSE | maxAE
1 | 6567 40.63 | 152.82
2 | 6567 | 15252 35.73 | 151.64
3 | 6566 | 8195 | 15252 32.20 | 149.54
4 | 6566 | 8195 | 15258 | 21624 30.21 | 154.92
5 | 6566 | 8195 | 15258 | 19591 | 21624 | 28.98 | 128.38

Table C.1: Consistency check of the Python SISSO implementation (top) with the original Fortran
code (bottom). Reported are component indices of descriptors up to Q=5, RMSE and maxAE (in
mA). Learning task: a of T with M = 22960 features up to complexity J7.

152



C.4. Profiling of Parallelization

C.4 Profiling of Parallelization

In order to analyze the benefit made by the parallelized subroutines of the developed code we
denote these by

¢ P;: generation of the feature space represented by X,
e Py: preparation of data matrices X (standardization and check-up for ill-defined columns),

. . i ; (@] Cv
P5: CV procedure to find the candidate descriptors {2V'} by 7. .,

* P,: calculation of the correlations p in the SISSO approach.

For these, tests were run for which we analyzed, on the one hand, the speed-up

Tex(1)

=" C.1
= TNy (€D

where Tex (Np) is the recorded wall clock time using N, processes. On the other hand, we investi-

gated the overhead
Np ' TeX(Np)

Tex(1)

that quantifies the increased computational effort introduced by the parallelization itself.

o (C.2)

In the tests, the number of processes N, was varied between 1 and 8 where the available number
of processors, 4, was exceeded to check if a single process is requiring the full resources of one
core (disregarding other limitations such as RAM or speed of hard disk) - if so, the speed-up 7 will
decrease after N, = 4 when two processes share a processor. The results of these tests are shown in
Fig. Where in the top part 7 is plotted vs. N, and in the bottom part o vs. N,,. Subroutines P, and
P4 reach maximum speed-up for N, = 4, P; and P3 stop increasing after that value. As explained
above, this indicates that P, and P, mainly require CPU resources. In any case, the parallelization is
able to improve the efficiency by factors between n = 2.5 and i = 3. The parallelization overhead
o increases as expected markedly above Ny = 4 because in this case a single processor must
manage several processes.

Figure visualizes the speed-up 1 vs. N, for the total run of the code, i.e. parallelized and serial
parts, for the same benchmarking task. Either the dimensionality reduction method .#=LASSO-
LARS (red line) or SISSO (green line) was used for an additional comparison. For both methods, the
maximum 7) is reached at N;, = 4 (dashed lines). We find that the learning by SISSO improves the
speed-up significantly from 1 = 4/3 at LASSO-LARS to 1 = 2.0.

It is also interesting to ask for the code’s portion p that can benefit from parallelization. This is

estimated through Amdahl’s law [150]
1

- C3
1—p (C.3)
Here, p is measured in the execution time the parallelizable subroutines require on a single pro-
cessor, and an infinite parallelization is assumed, i.e. N, — co. In approximation to that, p can
be estimated from the maximum values of 7 in Fig. 4/3 and 2. This yields p = 1/4 for LASSO-
LARS and p = 1/2 for SISSO, respectively, which is as expected since only SISSO intrinsically is

parallelized.
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Figure C.3: Profiling of the parallelized subroutines P, P, P3 and P4. The top plot shows speed-up
n versus number of processes Ny, the bottom one overhead o versus N,. Tests were run on a
quadcore machine with Intel Xeon 3.30 GHz processors and 16 GB RAM. The considered learning
task is the prediction of Epix of the ternaries T by the feature space Xg » of complexity 97 (8726
features), using .# =SISSO (implying that the subroutine P; is parallelized by feature index, as
described in Sec.[6.3.3).
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o
n
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Figure C.4: Speed-up 7 of the total code vs. number of processes N,,. Feature selection is either
performed by LASSO-LARS (red) or by SISSO (green). Black lines mark the achievable improvement
in performance for Npocs = 4, ) = 4/3 for LASSO-LARS and 1) = 2 for SISSO. The tests were run on a
quadcore machine with Intel i5 1.6 GHz processors and 8 GB RAM (different from above). Details
on the learning task are given in the caption of Fig.
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C.5. Runtimes of the two LASSO solvers

C.5 Runtimes of the two LASSO solvers

Learning Task | Size of X | coord. desc. LARS
Emix, Xe,2 8726 94.04 s 6.06 s
a,Xa2 5257 311.74s 11.43 s

Table C.2: Comparison of run times (in s) of feature selection with LASSO coordinate descent
and LASSO-LARS. Runs were performed on a standard notebook computer, and the two different
algorithms use the parametrization generally applied in this project.
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Appendix D

Additional Information for ML on the
Dataset O

Learning of Lattice Constant azp

components

Q 1 2 3 4 5

1 dxy

2 | rs(A)+dxy | VVrs(B)+dxy
2 3 1
3 dXY VIs(A)+r1g(B) VAOEYA)

4 | rs(A+dyxy | rB)+dxy | logZ(A)+ZB)) | Irs(A)—dxyl’

5 | re(A)+dxy rs(B)+dxy log(|1Z(A)+ Z(B)I) | exp(—Z(A)) Irs(A) —dxy 3

Table D.1: Components for descriptors up to Q =5 for predicting the lattice constant azg of the
octet binary data-set. Descriptors are obtained on the total dataset by £ =LASSO-LARS+¢ with
Sall-
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Appendix D. Additional Information for ML on the Dataset O

RMSE [A] MAE [A] maxAE [A] cv
Q| S | SCu | SCe | Fm | SCu | SCe | all | SCy | SCe | #
1| 0.225 | 0.226 | 0.217 | 0.166 | 0.167 | 0.165 | 0.700 | 0.669 | 0.451 | 50
2 0.109 | 0.109 | 0.109 | 0.088 | 0.088 | 0.088 | 0.312 | 0.302 | 0.214 | 38
3 | 0.083 | 0.083 | 0.083 | 0.071 | 0.070 | 0.070 | 0.154 | 0.219 | 0.155 | 0
4 | 0.065 | 0.064 | 0.072 | 0.050 | 0.049 | 0.056 | 0.176 | 0.173 | 0.139 | 34
5 | 0.059 | 0.058 | 0.068 | 0.046 | 0.045 | 0.053 | 0.150 | 0.148 | 0.133 | 9

Table D.2: Performance measures for the descriptors for azg from Tab. Error metrics RMSE,
MAE and maxAE are reported for the fit (#4)) as well as averages from a sanity check (SC, see Sec.
Ncv = 50). Additionally, the last column lists the counts from a L10%OCV with Ncy = 50 in
which these descriptors are identified (by minimum training error). Lower values of test maxAE are

expectable as explained in Sec.

Q 21345
Ny, 3/5[5]5
Nop |O|4|7]9]11

Table D.3: Complexity measures Ny, (informational) and Ny, (algebraic) of the descriptors for
predicting the lattice constant azg of the binary data set O (for the definition of the complexity

measures see Sec. .

158



Learning of TB Gap at T, Eg 'T® from Feature Space Xo 1
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Figure D.1: Performance of the descriptors for predicting the TB band gap of the binary data set
with Xg 1, analogous to Fig. Left: MAE versus descriptor dimension Q. Right: correlation plot
(prediction vs. target) for the 1D and the 5D descriptor including the Pearson correlation with the

target.

components
Q| 1 2 3 4 |5
1 | E95?
2 | AE9S | P3
3| AE?S | P3| EY,
4| Z® | Ag*| IP | E%Y,
5| AEOS | B3 | [P* | EY, | Tg

Table D.4: Components for descriptors up to Q = 5 for predicting TB band gaps of the octet binary
data-set using Xg 1 (IV = 138, used learning method £ =LASSO-LARS+/, used strategy ).
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Learning of TB Gap at T, Efg 'T® from Feature Space Xg 2
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Figure D.2: Performance of the descriptors for predicting the TB band gap of the binary data set
with Xg », analogous to Fig. Left: MAE versus descriptor dimension Q. Right: correlation plot
(prediction vs. target) for the 1D and the 5D descriptor and Pearson correlation.

components
Q 1 2 3 4 5
1 | ——L
VAIP2+IIIP
2 ﬁ \/AH2+HIP
(BO2+E%3)
1 1A 1p2 1
3 M log |AIP +HIP| m
4 | —L | log|AH?+11H —L | (P-g)?
ey | || v | P8
S A 2 1 o2 | 1
5 (BT log|AH? +T1H| g | P8 ST

Table D.5: Components for descriptors up to Q = 5 for predicting TB band gaps of the octet binary
data-set using Xg» (N = 49121, used learning method £ =LASSO-LARS+/y, used strategy ).
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Learning of LDA Gap at T, Egr ’LDA, from Atomic and Pair Data X, ; (Complexity J)
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Figure D.3: Performance of the descriptors for predicting the LDA band gap E,

data set with X, 1, similar to Fig.

prediction E;-M [eV]

10

2 ] 6 8 10
target E;-'P* [eV]

I,LDA

gap  of the binary

Components
Q 1 2 3 4 5
0
1| Exy
2 | Mrs 72
0 72
3 | Exy Z HE(S)S
0 A A3
4 | Exy AdXX HE(S)S ITEA
0 A A3 8,2
5| Exy AdXX HE(SJS IMEA | Eyy

Table D.6: Components for descriptors up to Q = 5 for predicting the LDA band gap ELEPA G0
from Xg; (N =138, used learning method £ =LASSO-LARS+/, used strategy .#4y1).

gap
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Learning of LDA Gap at T, Eg ’LDA, from Atomic and Pair Data X, » (Complexity )
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Figure D.4: Performance of the descriptors for predicting the LDA band gap EgaII;DA of the binary
data set with X, », similar to Fig.

components

1 2 3 4 5

log (EA® + EY2)

1
VIIZ-TIP] \/AEgz TES

1
Ny \/AEgz—HE log (EA® + E%2)

L log(EA®+E%%) | H-TE" )3
VIIZ-T1P]| \/AEgZ_HES Xy 0S

1 /A a2 L 702 0 C g3 -
AEA“+E exp (E5,,, — H) exp(AES) —AEA3)
VIIZ-T1P]| \/AEgZ_HES XY XY XX

Table D.7: Components for descriptors up to Q = 5 for predicting the LDA band gap EgraéD 40of0

from Xg» (N =49121, used learning method £ =LASSO-LARS+/, used strategy ).
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Learning of LDA Gap at T, EgF DA from TB Data
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Figure D.5: Performance of the descriptors for predicting the LDA band gap Eg;;~ of O from pure

TB data Xtp, showing the MAE and its statistics from %) (left) and the correlation plot (right).

components
Q 1 2 3 4 5
L X
1 ECB + ECB
L X oL oL
2 ECB + ECB exp ( EVB ECB)
3 1 EX 1
(Eyg+Ecp)? CB Es—Em-
4 1 EX 1 1
(Eyg+Ep)’ CB Ep—Eg" Ecam+Egy"
L X X 1 /13 U/K3 r L \2
5 | Egg+Ecg Ecy E-EUR | *V Ecpm + Ecp (Eyp + Ecp)

Table D.8: Components for descriptors up to Q = 5 for predicting the LDA band gap Egr;lf)D Aof 0

from pure TB data, Xt (IV = 3959, used learning method £ =LASSO-LARS+¥¢, used strategy #,y).
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