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A607, compared to their simplified equivalents used in our simulations. . 62

5.2 The electronic configuration of elements iron, chromium, and nickel, ac-
cording to the default definitions in the EMTO code. n indicates the
principle quantum number, and κ stands for the relativistic quantum
number (see Tab. 5.3). For better readability, core states have been
highlighted by gray background. . . . . . . . . . . . . . . . . . . . . . . 69

5.3 The derivation of the relativistic quantum number and the maximum
occupations of electronic states per spin. Indicating the principle, the
azimuthal, and the spin quantum numbers respectively by n, 0 ≤ l < n
and s = ±1/2, the orbital and the relativistic quantum numbers are
defined as j = l + s/2 and κ = −s(j + 1/2), respectively [10]. . . . . . . 69

5.4 The calculated equilibrium lattice spacing and the bulk modulus of three
phases, compared to available experimental data. Note that the fcc
lattice parameter afcc, is derived using the equilibrium volume of every
phase. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

xxi



LIST OF TABLES

5.5 Comparison of the magnetic moments of iron, calculated in the DLM
paramagnetic state of the A607 alloy using the LSDA and the GGA
functionals. The LSDA magnetic moments have been obtained according
to the minimum total energy of the system, normalized to the total
energy of the corresponding nonmagnetic state, ∆EFe = EFe(mFe) −
EFe(0)(see Fig. 5.12). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.6 Experimental values of Mγ→α′
s and Aα

′→γ
s , measured for alloys with

chemical composition similar to A607. For accurate composition of other
elements, see Appendix B. . . . . . . . . . . . . . . . . . . . . . . . . . . 99

B.1 Abrassart1973 [11]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . 122
B.2 Bampton1978 [12]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . 124
B.3 Behjati2011 [13]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . 125
B.4 Breedis1964 [14]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . 126
B.5 Breedis1971 [15]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . 126
B.6 Fawley1968 [16]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . 127
B.7 Gallagher1970 [17]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . 128
B.8 Guy1983 [18]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
B.9 Knutsson2008 [19]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . 129
B.10 Latanision1971 [20]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . 129
B.11 Lecroisey1970 [21]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . 130
B.12 Lecroisey1972 [22]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . 130
B.13 Ledbetter1984 [23]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . 131
B.14 Li2000 [24]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
B.15 Martinez1992 [25]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . 131
B.16 Ojima2009 [26]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . 132
B.17 Olson1976 [27]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
B.18 Petrov1985 [28]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . 136
B.19 Petrov1985 [28]: Fe-Mn . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
B.20 Petrov1993 [6]: Fe-Mn . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
B.21 Petrov2003 [29]: Fe-Cr-Mn . . . . . . . . . . . . . . . . . . . . . . . . . 138
B.22 Petrov2003 [29]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . 138
B.23 Petrov2003 [29]: Fe-Mn . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
B.24 Shin2001 [30]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
B.25 Silcock1966 [31]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . 139
B.26 Singh1985 [32]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
B.27 Swann1963 [33]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . 140
B.28 Tavares2000 [34]: Fe-Cr-Ni . . . . . . . . . . . . . . . . . . . . . . . . . . 141

xxii



Glossary

DAPI 4’,6-diamidino-2-phenylindole; a flu-
orescent stain that binds strongly to
DNA and serves to marks the nucleus
in fluorescence microscopy

DEPC diethyl-pyro-carbonate; used to
remove RNA-degrading enzymes
(RNAases) from water and labora-
tory utensils

DMSO dimethyl sulfoxide; organic solvent,
readily passes through skin, cryopro-
tectant in cell culture

EDTA Ethylene-diamine-tetraacetic acid;
a chelating (two-pronged) molecule
used to sequester most divalent (or
trivalent) metal ions, such as calcium
(Ca2+) and magnesium (Mg2+), cop-
per (Cu2+), or iron (Fe2+ / Fe3+)

xxiii



GLOSSARY

xxiv



1

Introduction

The aim of this chapter is defining the required terms, introducing the topic and its
importance, and explaining the motivations for this study. We start by explaining the
geometry of close-packed lattices and then introduce a variety of faults and defects
related to it. Later, a connection between these faults and plasticity of materials is
explained, which shows the importance of the topic. The motivation of the work is also
explained at the end.

1.1 Close-packed Stacking

In geometry, close-packing of equal spheres is a dense arrangement of congruent spheres
in an infinite and regular lattice. The term can be used in crystallography by using the
hard spherical ball representation for atoms, and considering the same radius for them.
A close-packed structure is then constructed by stacking the close-packed atomic layers
on top of one another. The close-packed layers in the stack define atomic positions
which can be labeled by A, B and C (see Fig. 1.1(a)). Atomic positions which lie
within the same layer have the same label. Labeling the atomic layers finds a meaning
only when their stacking orders is considered. Although, in general, atomic positions
of different labels may feel different environments, we will notice two structures where
all atomic positions, disregarding their labels, are exactly equal.

The close-packing criteria requires that no two layers of the same label, such as AA,
are stacked in juxtaposition to one another. This restriction, places the atomic spheres
on the vertices of regular tetrahedrons, whose sides equal the interatomic distance a
(see Fig. 1.1(b)). The distance between two consecutive atomic layers, the single-layer
thickness, equals the height of the mentioned tetrahedron and found as d = a

√
2/3.

Since every tetrahedron contains only 1/3 of an atom, the lattice volume per atom

equals Vp.atom = 3Vtetrahedron =
√

2
4 a

3. The packing fraction, the fraction of space
occupied by atomic spheres, is calculated by dividing the actual volume of a sphere
of diameter a, i.e., V0 = 4π

3 (a/2)3, by the lattice volume per atom Vp.atom. It is
quite straightforward to show that any stacking sequence where consecutive layers are
of different labels forms a close-packed structure with packing fraction of π/

√
18 ≈

1
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A
B
C
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A AA

A AA

B

B B
C

C

C

(a) (b)

Figure 1.1: (a) Top view of a close-packed layer where different stacking positions have been
highlighted. Considering the given layer as A, atoms in the second layer would occupy either B
or C positions. (b) The geometry of the stacking positions in a close-packed structure presented
as a regular tetrahedron of sides a.

(a) (b) (c)

Figure 1.2: (a) Top view of a two-layer close-packed structure, where the first and the second
layers occupy A and B positions, respectively; (b) Given two-layer stacking as AB, the third
layer can occupy the same stacking positions as of the first layer, leading to an hcp structure
with ABABAB sequence. (c) Here the third layer occupies C positions. If the forth layer
occupy the same stacking positions as of the first layer, the result would be an fcc structure
with · · ·ABCABC · · · sequence.

0.74048, which is the maximum for a lattice of equal atoms.

Given a layer A, a hexagonal close-packed (hcp) structure is generated by stacking
the atomic layers in · · ·ABABAB · · · (or equally · · ·ACACAC · · · ) order, where every
second layer has the same label (see Figs. 1.2(a) and 1.2(b)). In an infinite hcp structure,
all atomic positions are surrounded by the same environment; hence they are exactly
equal. The periodicity of this structure along the stacking direction equals two atomic
layers. The primitive cell of this structure is found as a rhombus-based prism of base
sides a and hight c, where c = 2d = a

√
8/3, α = β = 90◦, and γ = 120◦ (see

Fig. 1.3). With volume of a3/
√

2, the cell contains two atoms. The conventional unit
cell, however, is a hexagonal-based prism which is simply three times as big as the
primitive cell. According to the primitive lattice vectors, the close-packed layers lie
within the {001} planes (or {0001}, using four-index scheme). In this lattice, both

2
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(a) (b) (c)

Figure 1.3: (a) Comparison of the conventional hexagonal cell (gray cage) and the primitive
cell (highlighted by green color) of the hcp structure. In order to make permutation symmetries
apparent, the Miller indices for this lattice are usually presented in [hkil] scheme, where i =
−(h+k) (highlighted by blue color). (b) Atomic positions in the primitive cell colored regarding
to their stacking positions. (c) Atomic positions in the conventional cell.

primitive and conventional cells have the same set of lattice vectors, where the stacking
direction is indicated by [001] ([0001]).

The face-centered cubic (fcc) structure is, however, determined by · · ·ABCABC · · ·
sequence, which may equally be represented by · · ·ACBACB · · · , where every third
layer has the same label (see Fig. 1.2(c)). Although the periodicity of this structure
along the stacking direction equals three atomic layers, by choosing a tilted axis for
the third lattice vector, ~c, it is possible to find a primitive cell so that its height would
be equal to only one atomic layer (see Figs. 1.4(a) and 1.4(b)). This unit cell is a
rhombohedron of sides a, angles α = β = γ = 60◦, and volume a3/

√
8 which contains

only one atom. The symmetry of the structure allows us to comprise the same unit
cell using a different set of lattice vectors, where all three lattice vectors are equal
along the stacking direction (see Figs. 1.4(c)). The conventional unit cell is a cube of
sides ac = a

√
2, where a is the side of the primitive cell and equals to the interatomic

distance (see Figs. 1.4(d) and 1.4(e)). It is four times as big as the primitive cell and
hence contains four atoms. Using the lattice vectors of the cubic cell, the close-packed
layers and the stacking direction are defined by {111} and [111] indices, respectively.

When studying the {111} planes, the two mentioned cells for the fcc structure may
not be the best possible choices. In such a case, a cell whose vectors are either parallel
or normal to the plane is usually more favored. One possible cell with this feature is
a rhombus-based prism, similar to the primitive cell of the hcp structure, whose base
sides and height are a and c = a

√
6, respectively (see Figs. 1.4(g) and 1.4(h)). The cell

is extended along the [111] direction up to three atomic layers, and hence it contains
three atoms.

3
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 1.4: (a) The primitive cell of the fcc structure. (b) Atomic positions in the primitive
cell. (c) The primitive cell is chosen so that all lattice vectors are equal along the stacking
direction. (d) The conventional cubic cell of the fcc structure (highlighted by green) compared
to the primitive cell (transparent rhombohedron). (e) Atomic positions in the cubic cell. The
cell contains four atoms. (f) For better imagination of atomic positions in the cubic cell, the
{001} plane of the cell has been highlighted. (g) Yet another unit cell for the fcc structure with
emphasize on the stacking in the [111] direction. Note that the directions shown in this picture
are based on the lattice vectors of the cubic cell. (h) Atomic positions in the hexagonal cell.
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(a) (b) (c) (d)

Figure 1.5: (a) The view of a perfect fcc structure when looking along the [01̄1] direction.
The stacking sequence for the perfect structure has been highlighted by yellow. (b) Twinning
appears when the stacking order along the [111] direction is reversed. The reversed sequence
has been highlighted by turquoise. (c) An intrinsic SF is generated by removing one atomic
layer from the perfect sequence. (d) An extrinsic SF which is generated by inserting one atomic
layer into the perfect sequence.

1.2 Geometry of the Stacking Faults in fcc Crystals

A stacking fault (SF) represents an interruption in the perfect stacking sequence of the
close-packed layers. The exact explanation of lattice faults is dependent on the crystal
structure. Here we discus a variety of faults in a lattice with the fcc structure.

Using the lattice vectors of the cubic cell of the fcc structure, the stacking direction is
indicated by [111], and consequently, the close-packed layers lie within the {111} planes.
These planes are also the glide planes and the coherent twin planes. A twinning might
be considered as 180◦ rotation of one crystal half in the {111} plane, or equivalently, as
a mirror plane reflection about the {111} plane (see Fig. 1.5(b)). Therefore, it would
change the stacking of the close-packed layers to

†
· · ·ABCABCACBACBA · · ·,† (1.1)

where daggers denote the twin plane and also the center of the fault.
In the fcc structure, stacking faults are classified as intrinsic or extrinsic. Geometri-

cally, an intrinsic stacking fault (ISF) simply corresponds to removing a layer from the
perfect sequence (see Fig. 1.5(c)). However, the normal sequence remains unchanged
on either sides of the faults right up to the fault plane. The corresponding stacking

5
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sequence can be expressed as

· · ·ABCABC BCABC · · ·, (1.2)

where the vertical lines denote the center of the fault. On the other hand, the geometry
of the extrinsic stacking fault (ESF) corresponds to inserting one additional layer into
the perfect sequence (see Fig. 1.5(d)). It would generate a stacking sequence in the
form of

· · ·ABCABCBABCABC · · ·, (1.3)

where the vertical double-lines show the inserted layer.
One may consider other faults, containing two consecutive layers of the same label,

like

· · ·ABCABC CABCABC · · ·. (1.4)

Such a configuration can simply be generated by removing two consecutive layers from
the perfect sequence, i.e., AB here. The configuration breaks the close packing at the
place of the fault, so it is not energetically favored. To preserve the close packing, the
fault can always be converted to the ESF by deforming one of the layers in the vicinity
of the fault to another type, like

· · ·ABCABC CABCABC · · · =⇒ · · ·ABCABCBABCABC · · ·
↓
B

(1.5)

or

· · ·ABCABC CABCABC · · · =⇒ · · ·ABCABACABCABC · · ·
↓
A

(1.6)

A SF can also be generated by a shearing operation on the {111} planes. This
explanation is more close to nature, where the stacking faults are mainly produced in
materials due to shear stresses. Focusing on one of the {111} planes in an fcc structure,
an ISF can be produced by displacing all the layers above the plane by the lattice vector
1
3 [2̄11]. Such a displacement causes the transitions A→ B, B → C and C → A for all
layers above the mentioned plane (see Fig. 1.6(a)). This process is expressed as

· · ·ABCABCABCABC· · · =⇒ · · ·ABCABC BCABCA · · ·.
↓ ↓ ↓ ↓ ↓ ↓
BCABCA

(1.7)

Once more applying the same shearing operation on this structure would produce an
ESF:

· · ·ABCABC BCABCAB· · · =⇒ · · ·ABCABCBABCABC · · ·.
↓ ↓ ↓ ↓ ↓ ↓
ABCABC

(1.8)
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Figure 1.6: (a) Projection of the atomic layers of types A, B, and C, and the displacement
direction, [2̄11], for the A → B, B → C, and C → A transitions within the {111} plane. The
smaller rhombus depicts the base of the hexagonal unit cell of the fcc structure, while the larger
rhombus shows the base of a 2× 2 cell. (b) Definition of lattice and displacement vectors lying
in the {111} plane using the conventional unit cell.

For further convenience, the parameter u is defined as the displacement along the
[2̄11] direction. The periodicity of the lattice along the [2̄11] direction is defined as
the shortest non-zero displacement which leaves the structure unchanged. Here, this
displacement is denoted by u[2̄11]. The required displacements corresponding to the

transitions A → B and A → C are u = 1
3u[2̄11] and u = 2

3u[2̄11], respectively (see
Fig. 1.6).

1.3 Stacking-Fault Energy

A SF rearranges the close-packed layers in a lattice and, thus, changes the total energy
of the crystal. This energy change is defined as the stacking-fault energy (SFE), which
is a material property on a very small scale, and usually denoted by γSFE (or γISFE,
to avoid confusion with the extrinsic stacking-fault energy) in units of milli-Joules per
square meter (mJ/m2).

While the SFE corresponds to a displacement of u = 1
3u[2̄11], the generalized

stacking-fault energy (GSFE), often called the γ-curve, is defined as a function ex-
pressing the energy dependence of the crystal on all variant displacements along the
[2̄11] direction. A typical γ-curve is presented in Fig. 1.7. The SFE is the value of
the γ-curve at u = 1

3u[2̄11], and is a local minimum for materials with stable fcc phase.
In the figure, γu denotes the barrier which must be overcome to create the ISF. γmax

corresponds to a transition of A → C, where two consecutive layers of the same type
stack on top of each others. Thus, the curve shows a high maximum here.
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Figure 1.7: A typical γ-curve, corresponding to variant displacements along the [2̄11] direction
in an fcc structure. For every point on the curve, the corresponding displacements can be found
in the depicted unit cell at the bottom of the figure.

The γ-surface is even more general, and expresses the energy dependence of the crys-
tal on all possible displacements within the {111} plane, disregarding their directions.
It is a function of two variables, f(x, y), spanning the entire {111} plane.

The SFE influences the preference of mechanisms through which the plastic de-
formation occurs in fcc metals. In order to explain it, we first discuss shortly about
dislocations in fcc crystals. Dislocations are linear defects around which some of the
atoms of the crystal lattice are misaligned. The direction of a dislocation is defined
by dislocation line, whose unit vector is usually denoted by t̂. There are two primary
(basic) types of dislocations: edge dislocation and screw dislocation. For these primary
dislocations, the dislocation line is a straight line resulting to a constant dislocation
vector t̂. However, in more general cases, i.e., common mixed dislocations combining
aspects of both types, the dislocation vector may vary with position: t̂ = t̂(~r). For
an infinite lattice with a single dislocation of primary types, moving along the disloca-
tion line preserves the same surrounding environment. In the core on any dislocation,

8
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(a) (b)

Figure 1.8: (a) A perfect crystal lattice with a simple cubic unit cell. (b) Rearrangement of
atomic positions around an edge dislocation, where the inserted extra layer has been highlighted
by green.

atomic bonds are not in an equilibrium configuration, and thus the crystal energy and
entropy change by introducing such defects.

The edge dislocation can simply be considered as termination of one atomic plane
in the middle of crystal. Obviously, it can also be considered as insertion of an ex-
tra half-layer between other atomic layers. A schematic edge dislocation is presented
in Fig. 1.8(b), where the inserted half-layer has been highlighted by green. The sur-
rounding planes do not remain straight, but instead, bend around the edge in order to
fill the newly created vacancies, resulting in reordering the crystal structure in either
sides. Here, the dislocation line passes atomic position at the edge of the terminated
layer (pink line in the figure). Compared to a perfect crystal (Fig. 1.8(a)), the crystal
lattice is distorted around the dislocation line. The direction and the magnitude of
this distortion is denoted by Burgers vector, ~b, which is necessarily a lattice vector for
perfect dislocations. Since magnitude of Burgers vector, b, is a measure for the strength
of the dislocation, or the amount of elastic deformation in the core of the dislocation,
~b is usually the shortest translation vector of the lattice. For an edge dislocation, the
Burgers vector is always perpendicular to the dislocation line (see Fig. 1.8(b)).

As already mentioned, dislocations change the crystal energy, which is usually ex-
pressed as the energy change per length of dislocation, E = U

L . This energy change is
sum of two parts, i.e., the elastic and the non-elastic parts. The elastic energy is due
to the elastically strained bonds at further distances with respect to the dislocation
line. The non-elastic energy is the result of distorted atomic bounds close to the dis-
location line, where the elasticity theory can not be applied. The dependence of E on
the magnitude of Burgers vector may be with a reasonable approximation expresses as

E = αb2 (1.9)
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(a) (b) (c) (d)

Figure 1.9: Slip movement of an edge dislocation in a simple cubic lattice.

where α is almost constant with respect to b and is a property of crystal. This equation
shows that dislocations would energetically prefer to have the shortest possible Burgers
vectors. That is why there are no dislocations with Burgers vectors larger than the
smallest crystal translation vector; a dislocation with larger Burgers vector simply
splits to two or more dislocations with shorter Burgers vectors.

Dislocations can slip in planes containing both the dislocation and the Burgers
vectors. Such a plane is called slip plane or glide plane. For an edge dislocation,
the dislocation and the Burgers vectors are perpendicular, so there is only one plane in
which the dislocation can slip. In every step of a dislocation slip, around the dislocation
line, atomic bounds break on one side of the defect, and new bounds form on the other
side, resulting in the movement of the extra layer for one Burgers vector. Thus a
series of single slips can move two crystal halves with respect to each other, pushing
the dislocation out of structure (see Fig. 1.9). The required activation energy for
dislocation slip may be provided by shear stress. In fcc structures, slip occurs within
the close-packed {111} planes and along the <110> directions [35], which include the

the shortest lattice vectors, a =
√

2
2 ac, and hence the shortest Burgers vector.

Suppose that the close-packed layers shown in Fig. 1.10(a) correspond to two ad-
jacent layers in an fcc structure, where the atoms in blue and red are originally in
sites C and A respectively. A perfect edge dislocation requires the translation of an
atom in site A to the nearest site of the same type. In the figure, this nearest site
is chosen along the [1̄01] direction whose corresponding Burgers vector is denoted by
~b = ac√

2
ê[1̄01], where ac denotes the lattice parameter and ê[1̄01] stands for the unit vec-

tor along the [1̄01] direction, both defined for the cubic unit cell. As it is shown in
Fig. 1.10(b), the symmetry of the {111} plane provides an alternative path for the mo-
tion: from A at origin to a site of type B along the [2̄11] direction with Burgers vector
~b1 = ac√

6
ê[2̄11], and then from B to A at destination with ~b2 = ac√

6
ê[1̄1̄2]. This results in a

crystal with two dislocations, bordering an area where atoms have been displaced from
their original stacking positions. Regarding to our discussion in previous section, an
intrinsic stacking fault occurs in this area. The Burgers vectors associated to these two
dislocations, ~b1 and ~b2, are not translation vectors of the fcc lattice. Generally such
dislocations are called partial dislocations, and necessarily border a two-dimensional
defect, usually a stacking fault. Partial Burgers vectors and stacking faults thus may
exist if the packing of atoms defining the crystal has additional symmetries not found in
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Figure 1.10: (a) Top view of the {111} plane of an fcc structure, as a slip plane for an edge
dislocation along the [12̄1] direction. Note that a perfect edge dislocation in this lattice requires
insertion of two atomic layers, which have been highlighted here. (b) The Burgers vector of
the perfect edge dislocation can be split into two shorter Burgers vectors, along [2̄11] and [1̄1̄2]
directions.

the lattice. These additional symmetries can appear where multiple atoms with proper
symmetrical arrangement are placed in a lattice point.

The dissociation of a perfect dislocation to partials, as was explained here, sub-
stitutes the Burgers vector ~b with two shorter vectors ~b1 and ~b2. These two vectors
are inclined at 60◦ to one another, hence their corresponding partials repel each other.
Although the crystal restores its perfect lattice arrangement behind the partials, a
ribbon of stacking fault is created as partials move apart. These partial dislocations
with Burgers vectors of length ac√

6
along the <112> directions and glissile on the {111}

planes are called Shockley partials [35]. The procedure of dissociation of a perfect edge
dislocation to extended dislocation consisting of two Shockley partials and an enclosed
stacking fault is presented in Figs. 1.11 and 1.12. Fig. 1.11 depicts the perfect edge
dislocation with dislocation and Burgers vectors along [12̄1] and [1̄01] directions, re-
spectively. In the figure, all atomic sites are indicated as spheres painted according to
their stacking position along the {111} direction. For better imagination of the lattice
periodicity along the [1̄01] direction, only every second atomic plane is depicted. The
inserted extra atoms and their layers are highlighted. Fig. 1.12 depicts the Shockley
partials separated by distance d. Here, beside the inserted extra atoms, those atomic
sites which are displaced due to the SF are highlighted too. Close to the slip plane,
atomic bounds which are distorted due to the SF are highlighted by turquoise color.

The procedure of Shockley-partials separation influences the total energy of crystal
by three terms. First of all, since in the fcc lattice b = ac√

2
and b1 = b2 = ac√

6
, and
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(a)

(b)

Figure 1.11: (a) A perfect edge dislocation in an fcc structure, as it is looked at along the
dislocation line. (b) The same dislocation, as it is looked at from top.

hence b2 > b21 + b22, the dissociation of Shockley partials lowers the dislocation energy
(see Eq. 1.9). This energy change is not dependent on the distance d between partials.
The second term is based on the interaction between two partials. Partials repel each
other, and the interaction energy decreases by a factor of 1/d. Based on this term
alone, the partial dislocations would maximize the distance d. The third term altering
the total energy is the energy increment upon the stacking fault which is stretched out
by the dissociation of partials. This term is proportional to the SFE as the energy
change per area, and the total area of the SF, which increases by d. Based on this
term alone, the partial dislocations would minimize the distance d. In total, the crystal
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(a)

(b)

Figure 1.12: (a) Dissociation of a perfect edge dislocation to two Shockley partials, as it is
looked at along the dislocation line. (b) Top view of the Shockley partials.

energy decrease by the partial dissociation, while the distance d is determined by an
equilibrium between other two terms. This equilibrium d is mainly depend on the SFE,
so that for a lower value of the SFE a larger separation between Shockley partials is
expected.
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1. INTRODUCTION

1.4 The Importance of the SFE

Plastic deformations in fcc metals may occur through different mechanisms including
partial and perfect dislocation gliding, twinning (resulting in the twinning induced
plasticity, TWIP), and phase transformation (resulting in the transformation induced
plasticity, TRIP). The SFE is a crucial parameter for understanding plastic deformation
of fcc metals, since it governs the activation of these mechanisms. Although dislocation
gliding is present everywhere, it is the dominant mechanism where the SFE is quite
high. The TWIP mechanism generally occurs in stable austenite where the Gibbs free
energy of the martensitic transformation (∆Gγ→ε, where γ and ε stand for austenite
and martensite phases with fcc and hcp structures, respectively) is positive and the
stacking fault energy fcc is in moderate range. The TRIP mechanism, on the other
hand, is revealed in metastable austenite where the mentioned ∆Gγ→ε is negative and
the stacking fault energy is rather low, which implies preferential formation of the
hexagonal close packed ε phase [36, 37, 38].

The role of the SFE in behavior of fcc alloys under mechanical stresses has quan-
titatively been studied for high-manganese steels. Frommeyer et al. [36] have re-
ported the dominance of the phase transformation for γSFE ≤ 16 mJ/m2, and twin-
ing for γSFE ≈ 25 mJ/m2. Grässel et al. [37] reported the dominance of the phase
transformation for γSFE ≤ 20 mJ/m2 and twining for γSFE > 20 mJ/m2. Allain
et al. have reported that martensitic transformation is the dominant mechanism at
low values of the SFE, i.e., γSFE ≤ 18 mJ/m2, twining occurs for moderate values,
12 < γSFE ≤ 18 mJ/m2, and for higher values dislocation gliding is favored [38].

1.5 The SFE Measurements

There is no direct way for measuring the SFE. However, several experimental methods
have been used to determine the stacking fault energy. The most direct methods involve
observation (by electron microscopy) of dislocation nodes, loops, and tetrahedra. Less
direct methods include the measurement of x-ray texture, third-stage single-crystal
work-hardening rates, and combined x-ray measurements of stacking-fault probability
and dislocation density [9].

Not only the the measurement method, but also the sample preparation may strongly
influence the experimental results. Bampton et. al have reported that different heat
treatments applied to samples highly scatter the SFE values measured by observation
of dislocation nodes. However, they show that the SFE values measured by observation
of isolated dislocations are not dependent on these heat treatments [12]. The experi-
mental values for the SFE are highly questionable since their reported ranges are too
broad. For instance, Reed and Schramm [9] have summarized the reported SFE for
five fcc metals, Ag, Au, Cu, Al, and Ni. Considering only the most direct methods
and omitting others, they came up with average SFE for every element, as presented
in Tab. 1.1.

As it is obvious from table, even the most consistent measurements result in a very
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1.5 The SFE Measurements

Table 1.1: The SFE measurements, summarized by Reed and Schramm [9].

Metal
Average Range ∆
[mJ/m2] [mJ/m2] [%]

Silver (Ag) 22 16–31 −27–+41
Gold (Au) 50 42–61 −16–+22
Copper (Cu) 62 48–85 −23–+37
Aluminum (Al) 183 110–210 −34–+15
Nickel (Ni) 220 160–300 −27–+36

brad range, sometimes more than 35% variance with respect to the average value. Be-
cause of these controversies among published results and also technical difficulties which
are present in the measurement processes, a theoretical approach for evaluating the SFE
is highly motivated. Moreover, at the moment in many fields of industry, empirical ap-
proaches are employed in order to estimate the SFE and predict the plastic behavior
of materials. A theoretical study would lead to a phenomenological understanding of
the topic, which is of great importance for designing new materials.
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2

Metallurgy

2.1 Iron

Steels are mainly consist of iron, thus a good starting point for understanding steels
is studying solid iron. With [Ar].3d6.4s2 ground state electron configuration, the four
unpaired 3d electrons are responsible for atomic magnetic moments of iron. At room
temperature, these magnetic moments are aligned parallel within ferromagnetic do-
mains, resulting in the well known ferromagnetic properties of iron. The lattice struc-
ture of iron at these temperature is the body-centered cubic (bcc), so called ferrite and
denoted as α-iron.

As temperature increases, the random thermal agitation of atoms decreases the
alignment within each domain. At the Curie temperature Tc = 770 ◦C = 1043 K, the
ferromagnetic phase transfers to the paramagnetic phase, where magnetic moments
are totally random oriented. Although the lattice structure remains unchanged, the
new phase is historically known as β-iron. The bcc structure remains stable until
temperature reaches Tα↔γ = 912 ◦C = 1185 K, at which the structure transfers to
fcc, so called austenite and denoted as γ-iron. The fcc lattice of austenite is more
dense than the bcc lattice of ferrite, resulting in higher density of austenite by 2%. At
higher temperature, i.e., T γ↔δ = 1394 ◦C = 1667 K, the fcc lattice transfers to the
paramagnetic bcc structure, which is denoted as δ-iron. Finally, at Tc = 1538 ◦C =
1811 K, this δ-iron is melted.

2.2 Carbon Steels

Carbon steel is steel where the main interstitial alloying constituent is carbon. The
American Iron and Steel Institute (AISI) defines carbon steel as the following [39]:

Steel is considered to be carbon steel when no minimum content is spec-
ified or required for chromium, cobalt, columbium (niobium), molybdenum,
nickel, titanium, tungsten, vanadium or zirconium, or any other element to
be added to obtain a desired alloying effect; when the specified minimum
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2. METALLURGY

for copper does not exceed 0.40 percent; or when the maximum content
specified for any of the following elements does not exceed the percentages
noted: manganese 1.65, silicon 0.60, copper 0.60.

Carbon steels, due to their wide range of strength, hardness, and ductility as well
as their lower costs, are by far the most frequently used steels. Variations in carbon
content have a great effect on mechanical properties of alloy. The addition of intersti-
tial carbon up to 2 wt.% combined with an appropriate heat treatment increases the
strength and hardness of steels and decreases its ductility. Higher carbon concentra-
tions, however, decrease the strength and hardness. Moreover, regardless of the heat
treatment, interstitial carbon decreases the melting point of steels [40].

Generally speaking, carbon steels contain up to 2 wt.% total alloying elements and
can be subdivided into low-carbon steels, medium-carbon steels, high-carbon steels,
and ultrahigh-carbon steels. Beyond this, an alloy of iron and carbon with carbon
content within the range of 2–4 wt.% is called cast iron. The classification of carbon
steels based on their carbon content is as the followings [39]:

• Low-carbon steels contain up to 0.30 wt% C. While their low carbon content
disables hardening through heat treatment, it enables excellent formability in cold
working.

• Medium-carbon steels are similar to low-carbon steels except that the carbon
ranges from 0.30 to 0.60 wt%. This level of carbon content allows hardening
through heat treatment. They make a balance between ductility and strength
and have good wear resistance.

• High-carbon steels contain from 0.60 to 1.00 wt% C, which makes them very
strong.

• Ultrahigh-carbon steels are experimental alloys containing 1.0 to 2.0 wt% C.
They can be tempered to great hardness.

2.2.1 Thermodynamics of Carbon Steels

The addition of carbon significantly alters the phase stability of iron. Here we present
the principle phases in carbon steels.

2.2.1.1 Carbon Steel: Ferrite (α)

In an iron-carbon alloy, the ferrite phase is a solid solution of iron and carbon with
iron atoms arranged in a bcc lattice and carbons occupying interstitial vacancies. In
the bcc structure, there are two types of interstitial vacancies, octahedral vacancies
and tetrahedral vacancies. An Octahedral vacancy is an irregular octahedron, whose

faces are isosceles rectangles of base abcc and equal sides
√

3
2 abcc (see Fig. 2.3(a)). The

same triangles can compromise an irregular tetrahedron, so called tetrahedral vacancy
(see Fig. 2.3(b)). Using the hard ball representation for atoms, the vacancy radius is
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Figure 2.1: (a) Equilibrium phase diagram for the iron-carbon alloys in a wide range of con-
centration and temperature. The picture is a reproduction of the original diagram from Binary
Alloy Phase Diagrams[1]. (b) The phase diagram for a range of lower carbon concentrations.
The diagram was taken from Materials Science and Metallurgy [2].
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Figure 2.2: The Fe-C phase diagram for low carbon contents.

defined as the radius of the largest sphere which can be placed at the vacancy without
overlapping with other atomic spheres. Taking into account that the radius of atomic

spheres in a bcc structure is
√

3
4 abcc, the ratio between the vacancy radius and the

radius of iron atoms is found 2√
3
− 1 ≈ 0.1547 and

√
5
3 − 1 ≈ 0.2910 for octahedral and

tetrahedral vacancies, respectively. Although the radius of the tetrahedral vacancy is
larger than that of the octahedral vacancy, experimental [41] and ab initio [42] studies
show that carbon prefers to accommodate in tetrahedral sites. The metallic radius of
iron and the covalent radius of carbon are 1.24 Å and 0.77 Å, respectively [43], thus
the radius of a carbon atom is estimated to be 0.62 of that of iron atoms. It shows that
both sites, in their initial configuration, are far too small for accommodating carbon.
However, after relaxation of atomic forces, carbon atoms prefer to stay in distorted
octahedral sites where they have only two iron atoms close to them, rather than four
close iron atoms in the tetrahedral sites [42].

The small size of the octahedral vacancies makes it difficult to accommodate carbon
atoms, thus the solubility of carbon in α-iron is very low, maximum 0.0218 wt.%
(0.1013 at.%) at 727 ◦C. This limited solubility restricts the existence of the pure
α-phase of the carbon steel in a very small area in the phase diagram (see Feg. 2.2).
The α-ferrite is relatively soft and is ferromagnetic at temperatures below 768 ◦C [44].

As carbon concentration increases, a mixture of different phases like ferrite, cemen-
tite, pearlite, and ledeburite becomes stable. Cementite, also known as iron carbide,
is a chemical compound of iron and carbon, with the formula Fe3C, containing 6.67%
carbon by mass. Since it is a chemical compound, unlike solid solutions, its carbon
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(a) (b) (c)

Figure 2.3: (a) An octahedral vacancy in a bcc structure, forming an irregular octahedron.
An interstitial site is defined at its center, depicted by a green small sphere. (a) A tetrahedral
vacancy in a bcc structure, forming an irregular tetrahedron. An interstitial site is defined at
its center, depicted by a blue small sphere. (c) In every cubic unit cell of the bcc structure,
there are six octahedral vacancies, three with centers lying on cell faces, and the other three
with centers on the middle of the cell sides. There are also 12 tetrahedral vacancies, all with
centers on the cell faces.

(a) (b) (c)

Figure 2.4: (a) An octahedral vacancy in an fcc structure, forming a regular octahedron. An
interstitial site is defined at its center, depicted by a green small sphere. (b) A tetrahedral
vacancy in an fcc structure, forming a regular octahedron. An interstitial site is defined at its
center, depicted by a blue small sphere. (c) In every cubic unit cell of the fcc structure, there
are four octahedral vacancies, one entirely confined at the center of cell, and others with centers
on the middle of cell sides. There are also eight tetrahedral vacancies, entirely confined in the
cell.
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(a) (b)

Figure 2.5: (a) The unit cell of cementite with 12 iron and four carbon atoms. (b) Repetition
of the unit cell along x-axis shows prismatic vacancies occupied by carbon. One prism has been
highlighted for better imagination.

content is always fixed. It means that, in the phase diagram, the pure cementite phase
exists only in a very narrow region, more accurately a vertical line, at carbon concentra-
tion of 6.67 wt.%. Cementite has an orthorhombic crystal structure, with 12 iron and
four carbon atoms in unit cell (see Fig. 2.5(a)). Experimental [45] and theoretical [46]
studies show that the interstitial carbon prefers to occupy prismatic vacancies rather
than octahedral vacancies (see Fig. 2.5(b)). Mechanically, cementite is a very hard and
brittle material, whose presence may greatly enhanced the strength of some steels [44].

Pearlite, also known as eutectoid steel, is a two-phases structure, composed of alter-
nating layers of ferrite and cementite. Ferrite layers are much thicker than cementite
layers, with the relative layer thickness of approximately 8 to 1 [44]. In an iron-carbon
alloy, during slow cooling pearlite forms by a eutectoid reaction as austenite is below the
eutectoid temperature, 727 ◦C. At temperatures below this, an iron-carbon alloy forms
a mixture of ferrite and pearlite in the left side of eutectoid point (xC < 0.77 wt.%)
and a mixture of pearlite and cementite in the right side of the point (xC > 0.77 wt.%).
Mechanically, pearlite has properties intermediate between the soft, ductile ferrite and
the hard, brittle cementite [44].

Ledeburite is a mixture of austenite and cementite, and forms at temperatures below
1148 ◦C in iron-carbon alloys. As temperature decreases, the austenite is converted into
pearlite at temperatures below 727 ◦C.

2.2.1.2 Carbon Steel: Austenite (γ)

In an iron-carbon alloy, the austenite phase is a solid solution of iron and carbon with
iron atoms arranged in an fcc lattice, and carbons occupying interstitial vacancies. The
mentioned octahedral and tetrahedral vacancies are present in the fcc structure too,
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however, here both are regular bodies of sides afcc

√
2

2 (see Fig. 2.4). While the packing
of atoms in the fcc lattice is denser compared to the bcc structure, the vacancies in
the fcc lattice are larger too. Taking into account that the radius of atomic spheres

in an fcc structure is
√

2
4 afcc, the ratio between the vacancy radius and the radius of

iron atoms is limited to
√

2 − 1 ≈ 0.4142 and
√

3
8 − 1

2 ≈ 0.1124 values for octahedral

and tetrahedral vacancies, respectively. Unlike the bcc lattice, in the fcc structure,
carbon accommodates in the larger vacancy. Experimental observations [47] as well
as theoretical studies based on molecular dynamics [48] and ab initio calculations [42]
agree in the fact that, in fcc iron, interstitial carbon prefers octahedral over tetrahedral
coordination.

Because of larger holes between iron atoms in the fcc structure, austenite holds more
carbon than ferrite. However, still the addition of carbon expands the lattice. According
to the phase diagram, austenite can holds a maximum of 2.11 wt.% (9.11 at.%) of carbon
at 1148 ◦C, which is almost 100 times bigger than the maxim carbon content in ferrite.
As carbon content increases further, a mixture of austenite, ledeburite, and cementite
is formed.

2.3 Stainless Steels

Stainless steels, also known as inox steels, are generally defined as corrosion resistant
iron-based alloys with a minimum of about 11 % chromium content by mass (according
to the European standard EN10088) [3, 49]. The chromium content in these steels
combines with oxygen and forms a thin, invisible layer of chrome-containing oxide.
Due to the ability of the chromium atoms and oxide molecules to pack together tightly,
such a layer with a thickness of only a few atoms protects the steel underneath from
further oxidation. Although stainless steel does not corrode, rust or stain with water
as ordinary steel does, it is not fully stain-proof, most notably under low oxygen, high
salinity, or poor circulation environments [citation]. Stainless steels are usually used
in applications where both the properties of steel, i.e., strength and fabricability, and
resistance to corrosion are required.

Austenitic stainless steels, also known as 300 series, have an fcc crystal structure.
Carbon is usually kept to low levels (C < 0.08 w.%) in these grades, while chromium
content ranges from 16 to 28 w.% and nickel content ranges from 3.5 to 32 w.%. This
chemical composition allows them to maintain an austenitic structure from cryogenic
temperatures up to the melting point of the alloy. These alloys cannot be hardened
through heat treatment. The key properties of these types of stainless steel are excellent
corrosion resistance, ductility and toughness [49]. The most widely used steel in this
category, is the 304 grade, containing 18–20 w.% Cr and 8–12 w.% Ni, which possesses
an excellent combination of mentioned properties.
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Figure 2.6: The iron-chromium phase diagram taken from Binary Alloy Phase Diagrams [1].

2.3.1 Thermodynamics of Stainless Steels

In stainless steels, the result of the large number of alloying elements in relatively high
concentrations is that these alloys can have many stable phases concurrently. Here we
introduce the principal phases found in stainless steels.

Md30=413-462(C+N)-9.2(Si)-8.1(Mn)-13.7(Cr)-9.5(Ni)-18.5(Mo)

2.3.1.1 Ferrite (α)

Crystallographic structure of a solid may vary with temperature. For example, many
metals, included iron, have a less-dense bcc structure at high temperature and trans-
form to a denser fcc structure at lower temperatures. However, iron has the curious
characteristic of transforming from fcc back to the low-density bcc at still lower tem-
peratures (see Fig. 2.6). This is a result of the unpaired 3d orbital electrons (those
that give rise to ferromagnetism) that are not given up as valence electrons, causing
repulsive forces between atoms and requiring a more widely spaced structure. This
sequence of phase transitions shows that the free energies of both structures are close
to each other [3].

The basis of stainless alloys is, of course, iron. Alloying elements that promote one
structure over the other can therefore change which one predominates. The element
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which provides the corrosion resistance in stainless steels, chromium, has bcc structure
and hence has the characteristic of stabilizing the bcc phase. As chromium is added to
iron, the temperature range over which austenite is stable grows smaller until, at about
12% chromium, ferrite becomes stable at all temperatures. This is, coincidentally,
the approximate level of chromium needed to keep alloys from rusting under ambient
conditions, but this effect is not related to whether the structure is bcc or fcc [3].
The iron-chromium phase diagram (Fig. 2.6) shows the composition and temperature
regions where ferrite (α), martensite (α′), austenite (γ), and sigma phase (σ) are stable.

Although chromium is the principal ferrite-promoting alloying element, silicon, alu-
minum, molybdenum, tungsten, niobium, and titanium all favor ferrite. However, they
do not produces the quality of corrosion resistance. On the other hand, carbon, ni-
trogen, manganese, nickel, and copper are austenite-promoting alloying element and
expand the temperature range over which austenite exists. Elements that are insoluble
in iron at austenite-forming temperatures, such as the impurities phosphorus, sulfur,
and oxygen, have no influence on which phase is favored. At lower temperatures,
the ferrite-promoting elements also promote the formation of intermetallic compounds
generally composed of iron, chromium, and some of those alloying elements.

Carbon and nitrogen re quite soluble in molten iron-chromium alloys and are fairly
soluble in ferrite at high temperatures. However, this solubility decreases exponentially
with temperature so that it is essentially zero at room temperature. Since these ele-
ments have small atomic sizes compared to iron and chromium, after dissolving they
diffuse into interstitial sites within the bcc matrix. Such interstitial solute atoms pro-
foundly distort the structure. The fcc structure is denser than the bcc and hence can
provide roomier interstitial spaces. This causes that these interstitials are much more
soluble in the fcc structure, and stabilize it over the bcc. To preserve the ferrite struc-
ture, carbon and nitrogen must be eliminated. There are still additional reasons to
eliminate carbon and nitrogen in stainless steels. During cooling as these elements
become less and less soluble, they must precipitate. The most thermodynamically fa-
vorable form in which they can precipitate is as a compound of chromium, with which
they are very reactive. This occurs at the grain boundaries, where nucleation is favored,
and depletes those regions of chromium, rendering them less corrosion resistant. A sec-
ond effect is a loss of toughness due to these precipitates. The diffusion rates of carbon
and nitrogen in ferrite are too high to prevent this precipitation by quenching. Even
modern refining methods can not reduce the concentration of carbon and nitrogen to
low enough levels. So, to avoid the detrimental effects of chromium carbide and nitride
formation in ferrite, other benign carbides and nitrides such as those of titanium or
niobium are allowed to form preferentially. This approach is called stabilization and is
used for most ferritic alloys today. The older approach, is to permit chromium carbides
and nitrides to form but then to perform a subcritical anneal to re-homogenize the
chromium and coarsen the precipitates so that they have only a small negative effect
on mechanical properties. Moreover, in ferritic alloys, stabilizing makes it much easier
to keep chromium from segregating. It maintains the homogeneity of the alloy, which
is essential for a proper corrosion resistance.
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The bcc structure of ferrite allows more rapid diffusion than does the fcc structure
of austenite. This is true for both the interstitial diffusion of the elements helium,
boron, carbon, nitrogen, and oxygen and the substitutional diffusion of all other el-
ements. The rate of diffusion of all elements, both interstitial and substitutional, in
ferrite is about two or three orders of magnitude higher than in austenite. The practi-
cal implication of this is that precipitation reactions generally cannot be suppressed by
quenching in ferrite if they involve interstitial elements, whereas they can be in austen-
ite. Intermetallic phases can form more rapidly in ferrite. This becomes an issue only
when total chromium plus molybdenum exceeds about 20%, above which the sigma (σ)
phase appears.

Ferrite has a greater thermal conductivity and lower thermal expansion than austen-
ite. Its strength decreases with temperature more than that of austenite, but the good
match in thermal expansion between the ferrite and its oxide still makes it an excellent
high-temperature material. Ferrite has very nearly the same corrosion resistance as
austenite, but since ferrite can hold no nitrogen in solution, it cannot benefit from this
element.

2.3.1.2 Austenite (γ)

The second major constituent phase of the stainless steel alloy system is austenite
which has an fcc atomic structure. The fcc structure is common in many transition
metals to the right of iron in the periodic table. As stated, the fcc structure should
be considered normal for metals well below their melting temperature as it is a denser
structure. The presence of the bcc structure relates to the unpaired 3d electrons, which
provide ferromagnetism. Adding elements to iron that causes pairing of the 3d electrons
diminishes ferromagnetism and promotes the fcc structure. Nickel and manganese are
the most prominent alloying elements that do this, but the interstitials carbon and
nitrogen are the most powerful austenite stabilizers on a percentage basis. Their use
is limited by their solubility and their tendency to form precipitating compounds with
chromium. Manganese acts largely through its ability to promote nitrogen solubility.

Since all stainless steels contain principally iron and chromium, the addition of a
substantial amount of austenitizing elements is necessary to transform the structure to
austenite. As a rule of thumb, iron alloys require about 17% chromium and 11% nickel
(or its equivalents) to remain austenitic at room temperature. One percent nickel can
be replaced by about 2% manganese as long as nitrogen is present to maintain the same
phase stability. The omnipresent carbon and nitrogen have an effect 30 times that of
nickel, so even in the small amounts in which they are normally present, they have a
significant effect.

In an alloy, the phase with the lowest free energy is most favored, but others may
have low enough free energies that permit them to exist. Transition from one metastable
phase to the equilibrium state, the one of the lowest energy, may require atomic re-
arrangements to reach the equilibrium compositions on an atomic scale. If diffusion
is too sluggish for these rearrangements to take place, the structure may retain the
prior metastable configuration indefinitely. That is why most stainless steels are used
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18.8 25.5

9.0
7.2 A911
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Figure 2.7: Schaeffler-Delong constitution diagram showing phases present in as-solidified
stainless steels at room temperature as a function of composition. In this diagram, Cr, Mo, Si,
and Nb push the system toward the ferrite phase (Cr-like effect), while Ni, Mn, and C push it
toward the austenite phase (Ni-like effect). The diagram has been taken from M. F. McGuire,
Stainless Steels for Design Engineers, 2008, p 12 [3].

in the metastable condition. For example, the common alloy 304 (also called 18-8 due
to 18 w.% Cr and 8 w.% Ni) is normally used in the fully austenitic condition. It
would rather be partly ferritic, but the substitutional diffusion of chromium in austen-
ite which is required to form a ferrite phase of a separate composition is so slow that it
can not occur in terrestrial time frames. However, if energy is applied by mechanical
shear, the austenite can transform to the lower free-energy martensite phase without
diffusion [3].

The structure of final product can be influenced by various parameters like heat
treatment and mechanical working. That is why samples of the same chemical com-
position may be found in different phases, or they may even have different lattice pa-
rameters in the same phase. These conditions requires different sets of phase diagrams
according to different production processes. Here we present two sets of diagrams:
The Schaeffler-Delong constitution diagram which is used for predicting the metastable
phases in rapidly solidified (as-solidified) stainless steels, and the equilibrium pseudo-
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Figure 2.8: The equilibrium pseudo-binary phase diagram evaluated by Thermo-Calc software,
where the concentration of iron has been selected according to the A607 alloy.

binary phase diagrams for specific concentration of iron.
The Schaeffler-Delong constitution diagram predicts the presence of different metastable

phases in stainless steels at room temperature. An example of such diagram for weld
metals is presented in Fig. 2.7. Since welds solidify relatively rapidly, no carbides or in-
termetallic phases form, and only ferrite, austenite, and martensite will be present. The
horizontal axis depicts the concentration of a group of alloying elements which would
push the system toward the ferrite phase. The main element in this group is chromium.
However, to some extends, the chromium content may be replaced by other elements
while maintaining the ferrite-preferring effect. For example, 1.0 % of chromium can be
replaced by 1.0 % of molybdenum (Mo), 0.67 % of silicon (Si), or 2.0 % of niobium (Nb).
Thus in the diagram, the parameter Creq. is defined which denotes the sum of concentra-
tions of all ferrite-preferring elements in the alloy: Creq. = Cr+Mo+1.5×Si+0.5×Nb. In
a similar way, the vertical axis depicts the concentration of a group of alloying elements
which would push the system toward the austenite phase. In the diagram, these effects
are summarized in the parameter Nieq. which is defined as Nieq. = Ni+30×C+0.5×Mn
[3]. Considering rapid solidification and neglecting other alloying elements else but
chromium and nickel, the diagram shows that A607 alloy would solidify as a mixture
of three phases, i.e., austenite, martensite, and more than than 10 % ferrite.

However, the equilibrium phase diagrams show different phase combinations for two
mentioned alloys. In Fig. 2.8 a phase diagram is presented where the iron contents is
kept according to A607. On this diagram, the chemical composition corresponding to
A607 has been depicted by a vertical line.
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Theoretical Background

In the condensed matter physics and chemistry, we are interested to find the structure of
materials in a scale which is small enough to allow us to ignore the internal structure of
particles. Considering such scale, material can be considered as a system of nuclei and
electrons. Generally, finding the structure of this system is a difficult task because of
two reasons: first, the particles must be treated using the lows of quantum mechanics,
rather than classical physics, and second, the number of particles in a small piece
of material is so high making it impractical to study them individually. It is for this
second issue that the structure of matter is known as the quantum many-body problem.
In this chapter a very short review is presented on the theoretical background of the
computational methods we have used in this study. For compiling the text, except the
references which are explicitly cited, some parts of the PhD theses written by Peter
Puschnig [50], Oleg Peil [51], Tetyana Khmelevska [52], and Philip Peter Rushton [53]
have been reviewed.

An exact solution of the mentioned quantum many-body problem can be obtained
using the Schrödinger equation [54, 55]. For any non-relativistic time-independent
system, this equation is given as

ĤΨ(r1, r2, r3, . . . , rN ) = EΨ(r1, r2, r3, . . . , rN ), (3.1)

where Ĥ, Ψ(r1, r2, r3, . . . , rN ), and E are the Hamiltonian, the many-body wavefunc-
tion and the total energy of the system, respectively. Since the particles are interacting
according to the Coulomb low, the Hamiltonian can be expressed as

Ĥ = −
M∑

i=1

~2

2mZi

∇2
Ri
−

N∑

i=1

~2

2me
∇2

ri +
1

4πε0

M∑

i=1

M∑

j>i

ZiZj
|Ri −Rj |

− 1

4πε0

N∑

i

M∑

j=1

eZj
|ri −Rj |

+
1

4πε0

N∑

i=1

N∑

j>i

e2

|ri − rj |
, (3.2)

where M and N are the number of nuclei and electrons in the system, mZ , Z, and R
are the mass, the charge, and the position of the nuclei, me, e, and r represent are the
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mass, and charge, and the position of an electron. The first two terms in 3.2 are the
kinetic energy contributions from the nuclei and the electrons, respectively, while the
rest are the Coulombic potential energy terms arising from the ion-ion repulsion, ion-
electron attraction and the electron-electron repulsion, respectively. The Schrödinger
equation 3.1 is simply too difficult to solve directly with this Hamiltonian in its exact
form. The goal of this chapter is to introduce some practical methods which would
solve the Schrödinger equation by approximating the Hamiltonian 3.2.

The nuclei are of order ∼ 103 times heavier than the electrons, so can be considered
to be stationary with respect to the electrons. This approximation is the first simplifi-
cation to the mentioned many-body problem, and is known as the Born–Oppenheimer
approximation, after their work published in 1927 [56]. Based on this approximation,
nuclei are considered at fix positions, and their effect is taken into account by a con-
stant term related to their interactions among themselves, and a fixed external potential
acting on electrons. This simplifies the full many-body Hamiltonian 3.2 as

Ĥ = Enuc. −
N∑

i=1

~2

2me
∇2

ri −
1

4πε0

N∑

i

M∑

j=1

eZj
|ri −Rj |

+
1

4πε0

N∑

i=1

N∑

j>i

e2

|ri − rj |
, (3.3)

where Enuc. is the electrical potential energy stored in the fixed arrangement of nuclei.
Although the Born–Oppenheimer approximation simplifies the Hamiltonian by reduc-
ing the many-body (electrons and nuclei) problem to the many-electron problem, it
is still impractical to solve the Schródinger equation in a solid containing N ∼ 1026

electrons and consequently 3N variables.
In order to find an accurate enough solution for the many-electron problem, a

number of methods have been developed, where the real system is approximated by
a simplified virtual system with practical solution. In 1927, by approximating the
many-electron wavefunction Ψ as a product of single-electron wavefunctions ψ, Hartree
[57, 58] proposed one of the earliest and the most simple approximate solutions to the
problem,

Ψ(x1,x2, . . . ,xN ) = ψ1(x1)ψ2(x2) . . . ψN (xN ) (3.4)

where xi represent the pair (ri, si), in which ri and si are the position and the spin of
the ith electron in system. Although this methods uses the Pauli exclusion principle
[59] forbidding the presence of two electrons in the same quantum state, the many-
electron wavefunction does not obey the Fermi statistics [60], which requires it to be
antisymmetric with respect to the electron and the position exchanges. Later, in order
to respect the principle of antisymmetry of the wavefunction, a new approximation was
introduced where the many-electron wavefunction is considered as a Slater determinant
[61] composed of many single-electron wavefunctions

Ψ(x1,x2, . . . ,xN ) =
1√
N !

∣∣∣∣∣∣∣∣∣

φ1(x1) φ2(x1) · · · φN (x1)
φ1(x2) φ2(x2) · · · φN (x2)

...
...

. . .
...

φ1(xN ) φ2(xN ) · · · φN (xN )

∣∣∣∣∣∣∣∣∣
. (3.5)
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This definition ensures the antisymmetry of the many-electron wavefunction with re-
spect to any electron or position exchange. The present method was published by Fock
[62], and is known as the Hartree–Fock approximation. Since a single Slater deter-
minant results in poor description of the system, a better approximation is achieved
by constructing the many-electron wavefunction as a linear combination of multiple
Slater determinants describing also the excited configurations. However, considering
the computational efficiency, this method is not practical for solids.

In the late 1920s, Thomas and Fermi [63, 64] established a theory where, for the first
time, the electron density, n(r) was chosen as the main unknown variable, instead of
the many-electron wavefunction. This choice simplifies the problem significantly, as the
degrees of freedom are reduced dramatically from 3N to 3, i.e., the x, y, z coordinates
of the system. Later, in 1960s, the electron density became the basis of the density
functional formalism which is described in this chapter. In the rest of this chapter we
use atomic units, whereby ~ = e = me = 4πε0 = 1.

3.1 Hohenberg-Kohn Theorems

Density functional theory (DFT) is based on two simple, but extremely important, the-
orems known as Hohenberg-Kohn Theorems [65]. Here we present these two theorems
as stated in the book authored by Martin [66]. Their proof can be found in the book.

• Theorem 1. For any system on interacting particles in an external potential
Vext(r), the potential Vext(r) is determined uniquely, except for a constant, by
the ground state particle density n0(r).

It is then concluded from this theorem, that all properties of the system are completely
determined given the ground state density n0(r) [66].

• Theorem 2. A universal functional for the energy E[n] in terms of the density
n(r) can be defined, valid for any external potential Vext(r). For any particular
Vext(r), the exact ground state energy of the system is the global minimum value
of this functional, and the density n(r) that minimizes the functional is the exact
ground state density n0(r).

From this theorem, it can be concluded that the functional E[n] alone is sufficient to
determine the ground state energy and density [66].

Although the Hohenberg-Kohn theorems proof the existence of an exact solution
for the ground state of the system, they do not offer an approach for its calculation.
In 1965, about one year after the work by Hohenberg and Kohn [65], Kohn and Sham
[67] proposed a simple method for the DFT calculations which is described in the next
section.
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3.2 The Kohn-Sham Formulation

In this section, we shortly discuss the method proposed by Kohn and Sham [67], in
order to find the system ground state. The many-electron system is an interacting
system, where the interactions originate from the Coulomb law, from the Pauli exclusion
principle, and from the antisymmetry of the many-electron wavefunction. However,
in the Kohn-Sham formulation, the full interacting system with the real potential is
mapped onto a fictitious non-interacting system, with the same ground-state density as
of the real system. The same ground-state density of these two systems assures that the
Kohn-Sham method is still exact. In this non-interacting system, the electrons move
within an effective single-particle potential vKS(r), known as “Kohn-Sham” potential.
This simplification greatly facilitates the calculation.

Kohn and Sham [67] suggested to write the energy functional in the form of

F [ñ(r)] = T [ñ(r)] +
1

2

∫
ñ(r)ñ(r′)

|r− r′| d
3r d3r′ + Exc[ñ(r)] (3.6)

where the T [ñ(r)] is the kinetic energy functional for the non-interacting electrons,
the second term is is the electro-static Hartree energy, and Exc[ñ(r)] is the so-called
exchange-correlation energy functional. Note that, F [ñ(r)] is purely related to the
system of electrons, i.e., it is independent of the external potential. By applying the
Hohenberg–Kohn minimum principle, Kohn and Sham introduce an approach which can
find the ground-state properties of the system in through a self-consistent algorithm.
Following the detailed approach as presented in the book authored by Parr and Yang
[68], the ground-state energy of the electronic system is finally found in the form of

E =

N∑

i=1

εi + Exc[n(r)]−
∫
vxc(r)n(r)d3r − 1

2

∫
n(r)n(r′)

|r− r′| d
3r d3r′, (3.7)

where εi is the eigenvalue associated to the single electron state ψi, n(r) is the elec-
tron density, Exc[n(r)] is the exchange-correlation energy functional, and vxc(r) is the
derivation of the exchange-correlation energy with respect to the electron density:

n(r) =
N∑

i=1

|ψi(r)|2 (3.8)

and

vxc(r) =
δ

δñ(r)
Exc[ñ(r)]

∣∣∣∣∣
ñ(r)=n(r)

(3.9)

All many-body effects can be taken into account in the calculation of the ground state if
the exact form of Exc[n(r)] is known. Thus, the usefulness of the Kohn–Sham formalism
is entirely depend on whether good approximations of the Exc[n(r)] are available or not.

As presented here, the Kohn-Sham formalism reduces the problem of minimizing
the energy functional to the problem of solving a set of single-electron Schrödinger equa-
tions. Various approaches have been developed in order to solve these single-electron
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equations, differing mainly in the choice of the basis set for the single-particle orbitals.
As a sequence of the choice, they are different in performance as well [66]. In solid state
calculations, two basic classes of methods are used: Hamiltonian methods, based on
the direct diagonalization of the Hamiltonian; and Green’s function techniques relying
on the multiple-scattering formalism. In the remaining part of these two approaches
are shortly discussed.

3.3 The APW+lo Method

In order to solve the Kohn–Sham equations for an electronic system, the wavefunction
must be expanded using an appropriate basis set. Generally, a good basis set must be
simultaneously unbiased, simple, and efficient. Unbiased means that the basis set must
not assume any preconceptions of the form of the problem. Simplicity requires the ease
of implementation, which would require less technical efforts. And finally, the efficiency
is determined by the number of the basis functions which are required in order to get
accurate enough representation of the expanded wavefunction.

When studying periodic crystals, planewaves ei(k+K)·r are a natural choice of basis
functions, as they are compatible with the periodic boundary conditions. Here, k de-
notes a vector in the first Brillouin zone, and K is a reciprocal lattice vector. Moreover,
planewaves are unbiased and technically very simple to implement. Using planewaves
basis set, any eigenfunction of a periodic Hamiltonian can be expanded as

Ψn
k(r) =

∑

K

cn,kK ei(k+K)·r. (3.10)

Despite the above mentioned advantages of the planewaves, they are not efficient, par-
ticularly when trying to construct the quick oscillations of the wavefunction near the
nucleus. In order to describe the quick changes of the wavefunction in this regions, a
large number of basis functions are needed which increases the computational burdens
significantly.

One solution to this problem is using pseudopotentials which, in a region close to
the nucleus, approximate the quickly changing real potential with a smooth virtual
potential in order to reduce the number of required basis functions [69, 70, 71]. Despite
to their efficiency, pseudopotential approaches are not a relevant choice when studying
material properties which involve core electrons.

The augmented plane wave (APW) [72, 73, 74] method is another attempt to over-
come the efficiency problems associated with the planewave basis set. In this approach,
the unit cell is partitioned into two regions: the muffin-tin region which is a spherical
space centered at the nucleus with radius RMT, and the interstitial region (I) which
is generally known as the spaces far from the nucleus. In the interstitial region, where
electrons are far away from nucleus, electrons are almost free, and hence can be easily
described using the planewave basis set. On the other hand, in the region near the
nucleus, electrons behave almost as if they were in an isolated atom, and therefore can
be described well using the atomic orbitals. The crystal wavefunction is expanded in
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terms of the APW basis functions φkK

Ψn
k(r) =

∑

K

cn,kK φkK(r, ε), (3.11)

where [74]

φkK(r, ε) =





∑

l

l∑

m=−l
Aα,Klm Uαl (r, ε)Ylm(r̂) r′ < RαMT

1√
V
ei(k+K)·r r ∈ I

(3.12)

Here, V is the unit-cell volume, and r′ = r−rα where rα is the atomic position of atom α
within the unit cell. Uαl (r, ε) is the numerical solution to the radial Schrödinger equation

at the energy ε. The coefficients Aα,Klm are chosen such that the atomic functions, for all
l,m components match the planewave with k + K at the muffin-tin sphere boundary
RαMT.

Inside the muffin-tin sphere, an accurate description of the Kohn–Sham orbital
ψi(r) requires the coefficient ε to be selected equal to the energy eigenvalue εi of ψi(r).
Therefore, for every energy eigenvalue εi a different energy-dependent set of APW
basis functions must be found. This leads to a nonlinear eigenvalue problem which is
computationally very demanding, and hence known as the main drawback on the APW
method [74].

A successful attempt to improve the APW method was the linearization by Ander-
sen [75], which led to the first implementation of the linearized augmented plane-wave
LAPW method [76]. In the LAPW method the energy dependence of the radial func-
tions inside each sphere is linearized by adding a second term to the radial part of the
basis functions [74]

φkK(r, ε) =





∑

l

l∑

m=−l

[
Aα,Klm Uα1l(r, ε) +Bα,K

lm U̇α1l(r, ε)

]
Ylm(r̂) r′ < RαMT

1√
V
ei(k+K)·r r ∈ I

(3.13)

Here, U1l is the solution to the radial Schrödinger equation at a fixed linearization
energy ε1l, and U̇1l is its energy derivative computed at the same energy. The LAPW’s,
as defined above, are sufficiently flexible basis which can describe eigenfunctions with
energy eigenvalues around the linearization energy. Therefore, the ε1l values can be
kept fixed and all energy eigenvalues can be obtained with a single diagonalization,
resulting in a significant efficiency improvement [74].

However, LAPW’s, are not suited for treating states that lie far from the lineariza-
tion energy. Furthermore, the linearization is not sufficiently accurate for broad valence

34



3.3 The APW+lo Method

bands if the partial wave shows a large energy variation inside the muffin-tin sphere.
To improve the linearization, Singh [77] introduced local orbitals (LO’s) to augment
the LAPW basis set for certain l values [74]

φLO(r) =





[
Aα,LO
lm Uα1l(r

′) +Bα,LO
lm U̇α1l(r

′) + Cα,LO
lm Uα2l(r

′)

]
Ylm(r̂) r′ < RαMT

0 r ∈ I
(3.14)

An LO is constructed by the LAPW radial functions at the energy ε1l and a third radial
function Uα2l(r

′) at a second energy ε2l, chosen to most efficiently improve the lineariza-
tion. The three coefficients are determined by the requirements that the LO’s should
have zero value and slope at the muffin-tin sphere boundary and the normalization.
LO’s were found to be more efficient in improving the linearization than alternative
methods with APW’s having continuous second and third derivatives [77].

Later, Sjöstedt et al. [78] suggested an important modification of the LAPW
method. They introduced an APW+lo basis, where the APW’s, Eq. 3.12, are eval-
uated at a fixed energy and flexibility is added by including another type of local
orbitals (denoted as lo’s) combining a U and U̇

φlo(r) =





[
Aα,lolm Uα1l(r

′) +Bα,lo
lm U̇α1l(r

′)

]
Ylm(r̂) r′ < RαMT

0 r ∈ I
(3.15)

The lo’s are evaluated at the same fixed energy as the corresponding APW’s. The
two coefficients are determined by the normalization and the condition that φlo(r)(RMT)
has zero value. In this version, the U̇l is independent from the PW’s and only included
for a chosen set of “physically important” l-quantum numbers.

Koelling and Arbman pointed out that LAPW converges somewhat slower than the
APW method with respect to the number of basis functions [76]. The LAPW basis
functions are required to be differentiable at the muffin-tin boundary and are therefore
not optimally suited for describing the orbitals inside the sphere. Such constraints
are not introduced on the APW basis set when the energy derivatives are included in
form of local orbitals [78]. In the APW+lo method, the energy derivative term is only
included in a few lo’s and not in every PW, as in LAPW. It is therefore not obvious
that the linearization of the APW+lo basis is as accurate as the LAPW scheme in all
cases. However, Madsen et al. shown that the results calculated with the APW+lo
basis set can be as accurate as those obtained using the LAPW basis set [74].

Generally, considerable computational savings can be achieved by employing an
APW+lo basis set. It is has also been reported that results obtained with the APW+lo
converge faster and often more systematically towards the final value. Thereby, accurate
calculations can be performed at a much lower cost than with the LAPW basis set [74].

The FP-LAPW and the FP-APW+lo method are among the most accurate ab-
initio methods [79]. These two methods have been implemented in the WIEN2k code
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[79, 80]. We use the version 8.3 of this code in order to simulate the iron–carbon system.
As carbon occupies interstitial sites, relaxations of atomic forces becomes significantly
important. The WIEN2k code is capable of doing this task.

3.4 The EMTO Method

In this section we would try to shortly introduce the exact muffin-tin orbitals (EMTO)
method, which is based on Green’s function formulation. The text is a short summary
of a more detailed discussion presented in the PhD theses by Oleg Peil [51] and Tetyana
Khmelevska [52].

When disordered alloys are interested, Green’s function technique becomes an es-
sential approach as it allows to construct models of a disordered state of alloys in a
systematic way [51]. The single-electron Green’s function is defined as

[
− 1

2
∇2 + v(r)− ε

]
G(r, r′, ε) = −δ(r− r′), (3.16)

where G and δ are the Green’s function and the Dirac delta function, respectively. Note
that, here the spin indices have been ignored for simplicity. The Green’s function can
be explicitly represented in terms of the corresponding single-electron wave functions
of the original Kohn-Sham equation as

G(r, r′, ε+ iξ) =
∑

k

φk(ε, r)φ∗k(ε, r)

ε+ iξ − εk
. (3.17)

Once the Green’s function is given, different quantities can be calculated. For instance,
the electron density is obtained as

n(r) = − 1

π

∫ εF

dε Im
(
G(r, r′, ε)

)
, (3.18)

where the upper limit of the integral is specified by the Fermi energy εF.
The Korringa-Kohn-Rostocker (KKR) method [81, 82] is a very efficient way of

calculating the Green’s function using the multiple-scattering formalism [83]. In this
approach, each site is treated as a scattering center, and the solution of the original
equation is obtained by demanding the self-consistency of the scattering at all sites.
The scattering centers are defined by dividing the space into the atomic Wigner-Seitz
(WS) cells. The solutions of the Schrödinger equation inside the cells are treated as
outgoing waves. Then, the self-consistent scattering implies that the outgoing wave for
a given site cancels all the waves incoming from other sites.

In the original and in many modern implementations of the KKR method, the
full potential is approximated by a so-called muffin-tin potential representing a sum
of spherical potentials within spheres of radius SMT (muffin-tin radius) centered at
atomic sites, and a constant potential in the remainder of space [81]. The cancellation
of scattering waves is satisfied at the muffin-tin spheres, resulting thus in a solution of
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the Schrödinger equation smooth in the entire space. The muffin-tin potential is very
well justified on physical grounds in homogeneous systems with close-packed structures,
but can give erroneous results in open structures with anisotropic distortions, where
the full potential must be considered. A general formulation of the KKR for the case
of potentials of arbitrary shape is possible within the full-potential (FP) KKR scheme
[84, 85, 86, 87]. Calculations with FP-KKR are quite demanding, although affordable
with modern computers.

The exact muffin-tin orbital (EMTO) method [88] belongs to the family of KKR
methods. The main idea of the EMTO approach is to use large overlapping muffin-tin
spheres instead of non-overlapping ones, which greatly improves the representation of
the full potential in terms of the muffin-tin potential.

The method described here allows one to calculate the Green’s function of a system
with a periodic potential. However, disordered alloys are not translationally invariant
and the method is not directly applicable. The point is that to represent a disordered
alloy, a very large supercell with randomly distributed atoms in it has to be considered
[89, 90]. On the other hand, one can use the one-electron Green’s function, which is
a self-averaging quantity, and find an average Green’s function of an alloy considered
as a one-component effective medium having translational symmetry of the underlying
lattice.

The simplest consistent method of performing configurational averaging of the
Green’s function is the coherent potential approximation (CPA) [91, 92, 93] which
reduces a multi-component disordered alloy to a translationally invariant system with
a single component representing an effective medium. The major property of the ef-
fective medium is that its scattering properties are the same as those of the original
components on average.

Studying the paramagnetic state on an alloy requires the simulation of a system of
local magnetic moments with random orientations. In order to calculate the effects of
magnetic disorder on the electronic structure, a mean-field like approximation called
disordered local moment (DLM) [94] approach can be applied. The idea of the DLM
formalism is to represent magnetic disorder within the CPA by treating magnetic metals
as a pseudo-binary alloy, M↑1−xM↓x, where 1 − x is the concentration of atoms of sort
M with positive spin moment M↑ and x of those with negative moment M↓. The case
of x = 0 describes a ferromagnetic solution, while x = 0.5 represents a state with
positive and negative local moments equipartitionally distributed on the all magnetic
sites (DLM state), thus modeling a paramagnetic state of a magnetic metal in an alloy
analogy [52].

The EMTO method, in combination with the CPA and the DLM approaches pro-
vide an excellent tool in order to investigate the random alloys with any arbitrary
compositions in the paramagnetic state. However, this approach does not allow to re-
lax the atomic forces, which can be existing due to atomic size mismatch. Although
these forces are not severe when calculating substitutional alloys composed of atoms
of similar sizes, it becomes extremely important in the case of interstitial compounds,
where the lattice around the interstitial atom is significantly distorted.
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4

Fe–C Through the LAPW
Method

4.1 Introduction

As it was partially explained in Chap. 2, carbon steels have numerous applications
in different fields of industry, which leads to a great interest to shed light on the
mechanisms relevant for their plastic deformation behavior. The plastic deformation of
fcc materials is strongly governed by the SFE, as discussed in Chap. 1. This chapter is
dedicated to evaluation of the SFE and the γ-surface in austenitic carbon steels.

Experimental observations [47] as well as theoretical studies based on molecular
dynamics [48] and ab initio calculations [42] agree that, in fcc iron, carbon occupies
interstitial sites, preferring octahedral over tetrahedral coordination. However, con-
cerning the influence of carbon on the SFE in austenitic steels, experimental studies
give controversial answers. An early work by Schramm and Reed [4] suggests a linear
dependence of the SFE on the elemental compositions of Ni, Cr, and C in the form of

SFE [mJ/m2] = 4 + 1.8xNi − 0.2xCr + 410xC, (4.1)

where x denotes the concentration of the respective element in weight percent. This
result, exhibiting a strong dependence of the SFE on xC, was based on measurements
on samples with a maximum of 0.036% carbon concentration. Later, Brofman and
Ansell [5] included newer experimental data from samples with carbon concentrations
up to 0.29% and came up with the following modification,

SFE [mJ/m2] = 16.7 + 2.1xNi − 0.9xCr + 26xC, (4.2)

indicating a carbon dependence which is 15 times smaller. Considering that in this
class of steels we deal with carbon concentrations of the order of 0.1, and that the
magnitude of the SFE is 15–60 mJ/m2, the influence of carbon on the SFE lies within
the typical experimental accuracy of ±15–20 mJ/m2 [16]. In other words, the latter
measurements suggest that the SFE is very small and its dependence on the carbon
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concentration is very weak. The diversity of experimental results does not only exist
for the magnitude of the SFE, but it is also found in the behavior of this quantity when
carbon is added. For instance, while above mentioned works predict a linear increase,
Petrov [6] reported that the SFE decreases for small carbon content, while it increases
for higher concentrations. This controversy in the existing literature suggests that
presently the influence of carbon on the SFE is difficult to determine experimentally,
and insight from theory, in particular from first principles, is highly desirable.

A strong influence on the SFE of fcc iron in the presence of interstitial atoms has
already been shown by earlier theoretical studies. For instance, Kibey and coworkers
[95] have found nitrogen to significantly alter the γ-surface. Moreover, for carbon
concentrations up to 1.33 w%, Abbasi et al. [7] have reported the SFE to linearly
increase with a slope of 340 mJ/m2 per weight-percent carbon. However, the γ-surface
has not been computed for the iron-carbon system so far.

In this chapter, we present the generalized stacking-fault energy evaluated by means
of ab initio calculations within the framework of density functional theory (DFT) [65,
96], applying the all-electron full-potential linearized augmented planewave plus local-
orbital (FP-LAPW+lo) method as implemented in the WIEN2k package [97].

We study the influence of interstitial carbon on the γ-surface of fcc iron by adopting
a supercell approach including the explicit ISF. We find that the γ-surface and the SFE
strongly depend on the carbon concentration, and we analyze in detail how they are
affected by the position of carbon atoms with respect to the stacking-fault plane.

We simulate the SF by utilizing the supercell technique. Compared to SFE cal-
culations based on the ANNNI model [98, 99], this approach allows the calculation of
the γ-surface and the relaxation of the atomic positions around the interstitial atoms
and the fault. On the other hand, chemical and magnetic disorder can not be easily
accounted for.

The former restriction is not severe in this case since experimental [100] and ab ini-
tio [42] studies show that the carbon–carbon interaction for interstitial carbons in fcc
iron is repulsive, supporting the implicit assumption of a homogeneous carbon distribu-
tion by the supercell approach. Concerning magnetic effects, we note that a comparison
between magnetic (ferromagnetic) and non-magnetic calculations resulted in only small
differences in terms of relative changes of the SFE as a function of carbon concentra-
tion [7]. We therefore consider the Fe–C model system in the non-magnetic state. We
note that for accurate computation of the absolute values of the SFE, the paramagnetic
state must be taken into account [8, 101]. However, the treatment of magnetic disorder
in combination with (i) large supercells and (ii) the need for local lattice relaxations,
is unfortunately, out of reach within present day ab initio methodologies.

4.2 Methodology

We evaluate the SFE and the γ-surface explicitly, which requires finding the energy
difference between two structures with proper carbon concentration, where one of them
includes a SF and the other one has bulk fcc structure. For this purpose, we calculate
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Figure 4.1: Optimization of cell dimensions for Fe3C.

the total energy of every system utilizing the supercell method. Since every point on
the γ-curve corresponds to a specific displacement in the crystal lattice, our approach
requires many supercells. These supercells are constructed using blocks of bulk with
perfect structure. The bulk itself requires relaxations in order to find the relevant
lattice parameters and atomic positions. Once the energy differences are calculated,
a relevant two-dimensional function is fitted to them in order to comprise the entire
γ-surface. In this section we explain these steps in more detail.

4.2.1 Bulk Crystal Structures

Experimental data for the lattice parameter of austenite are available only for temperature-
ranges where the phase becomes stable, well above the room temperature. However,
the DFT simulations are performed for zero Kelvin, thus use equilibrium lattice param-
eters in our simulations. We calculate the equilibrium lattice parameters and atomic
positions for austenite with different carbon concentrations, i.e., pure iron, Fe24C, and
Fe3C, corresponding to 0.00, 0.89, and 6.67 weight percent of interstitial carbon, re-
spectively. The equilibrium volume for pure iron is calculated in the primitive unit-cell
of the fcc structure where no force relaxation is required. For Fe3C and Fe24C, however,
hexagonal unit-cells are utilized, where both parameters a and c are optimized inde-
pendently. Moreover, since there are variable internal positions in these two cells, all
atomic forces are relaxed in every step of the cell optimization. More technical details
are found in the following:

• Fe: The structure of this element is fcc with only one atom in the unit cell, and
hence no freedom for internal positions. Thus the relaxation of atomic forces is
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not needed and only finding the equilibrium volume is required. We calculate
the total energy for a limited number of unit-cells with slightly different lattice
parameters. The equilibrium lattice parameter is then found by fitting the Mur-
naghan’s equation of state to these calculated points (see Fig. 4.1).

• Fe24C: For this compound the unit-cell is hexagonal which contains six nonequiv-
alent iron atoms and one carbon atom. There are eight degrees of freedom for
the unit-cell shape and the internal positions: the lattice parameters a and c,
and the internal positions of the six nonequivalent atoms. In order to find the
equilibrium configuration, we construct a limited number of unit-cells, where the
cell parameters a and c have independently been changed. The total energy is
calculated for these structures after the relaxation of atomic forces. The equilib-
rium parameters a and c are then found by fitting a two-dimensional polynomial,
f(x, y), to the calculated points, (a, c, E).

• Fe3C: For this compound the structure is hexagonal which contains two nonequiv-
alent iron atoms. It has three degrees of freedom: the unit-cell dimensions, a and
c, and the internal position of the iron atom which is placed inside the unit-cell.
The equilibrium parameters a and c are found as it was explained for Fe24C.

The summary of the results are presented in Tab. 4.1.

Table 4.1: The equilibrium volumes for bulk structure of different compounds investigated in
this work. Vcell denotes the unit-cell equilibrium volume, Vatom stands for the volume per iron
atom, and ∆V shows the change in the volume by adding carbon, compared to the volume for

pure iron: ∆V =
(Vatom)composite−(Vatom)Fe

(Vatom)Fe
× 100 in %.

compound lattice type
atoms a c Vcell Vatom ∆V
Fe C [a.u.] [a.u.] [a.u.3] [a.u.3] %

Fe fcc 1 0 6.524 6.524 69.42 69.42 0.00
Fe24C hexagonal 24 1 9.351 22.905 1734.40 72.27 4.10
Fe3C hexagonal 3 1 4.955 11.810 251.11 83.70 20.57

4.2.2 Supercells for the Stacking-Fault Simulations

The principle of supercell constructing for the γ-surface simulations was mentioned in
chapter 1: in an fcc structure, a stacking fault can be created by fixing the atomic layers
below the fault, and sliding all upper layers along the [2̄11] direction (see Fig. 1.6(a)).
The displacement vector must span every point in {111} plane in order to evaluate the
entire γ-surface. Among different available approaches for applying this principle, we
construct our supercells in a special way by considering two facts: first is that when
using the supercell methods for calculating the energy differences between different
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structures, for reducing the probability of occurring errors, it is highly recommended
to use the same basis sets in all calculations. The second is that in the WIEN2k package,
relaxing the atomic forces in the direction of lattice vectors is more straightforward than
other directions. In this section we explain our method and compare it with other often
used methods.

(a) (b) (c)

Figure 4.2: Bulk unit-cells which are used for constructing supercells with an ISF; (a) shows
the bulk unit-cell for pure iron, and (b) for Fe3C. (c) depicts the unit-cell for Fe24C with a
highlighted octahedral site for better imagination.

(a) (b) (c) (d)

Figure 4.3: Schematic representation of three possible supercells for γ-surface calculations.
(a) depicts the tilted, (b) the single-shift supercell, and (c) and (d) show side and top views of
the triple-shift supercell, respectively. The gray cages show the supercells including one ((a)
and (b)) or three ((c)) SFs, while the boxes in different colors represent building blocks with
bulk structure.

There are different ways to construct a supercell for simulating an explicit ISF in
fcc structures. Here we explain three possible supercells which are suitable for ab initio
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simulations of the ISF based on DFT codes using periodic boundary conditions. Perfect
bulk unit-cells are shown in Fig. 4.2 and supercells with ISFs are represented in Fig. 4.3.
Fig. 4.3(a) shows the smallest possible supercell, denoted by us as tilted supercell, which
contains only one bulk slab. Since the cell vector ~c is tilted, a displacement appears
between the bulk layers of the cell and its periodic image. In Fig. 4.3(b), another
possible supercell is depicted containing two bulk slabs which are slided with respect
to each other. In order to ensure periodic boundary conditions in z-direction, sufficient
vacuum has to be added such to prevent any interaction between the slabs and their
periodic images. We call it here single-shift supercell. Figs. 4.3(c) and 4.3(d) depict
a third possibility for choosing a supercell. It is a supercell with three bulk slabs
containing three SFs with displacement vectors of identical magnitude but different
directions, namely [2̄11], [12̄1] and [112̄], respectively. Thus, the resulting displacement
vector adds up to zero ensuring periodic boundary conditions. We call it here triple-
shift supercell. Unlike the two former supercells where only one ISF is associated with
every cell, the triple-shift supercell contains three ISFs per unit-cell (see Fig. 4.3(c)).

Tab. 4.2 summarizes the main features of these supercells. The tilted supercell
exhibits the smallest cell, i.e., its volume is three times smaller than that of the other
two supercells, which clearly reduces the computational cost. However when structures
along the γ-surface are considered, the cell shape and consequently the basis set changes
for tilted supercell, while the other two supercells have fixed shape and dimensions.
Thus, the tilted supercell requires higher energy cut-offs and denser k-meshes to ensure
convergence of results. Moreover, since in the tilted supercell the cell vector ~c is not
perpendicular to the fault plane, atomic force relaxations with the constraint that only
the component perpendicular to the SF plane is relaxed, is not straightforward. These
two drawbacks led us to discard the tilted supercell for our studies of the γ-surface.
Concerning the single-shift supercell, it requires an additional vacuum layer which
introduces surface effects, and also decreases the symmetry. The triple-shift supercell
does not suffer from any of these difficulties. In fact, for Fe24C, the single-shift supercell
has 50 non-equivalent atoms, while the triple-shift supercell has only 25. Thus, we chose
the triple-shift supercell for all our computations.

4.2.3 Interstitial Carbon

We use the · · ·AcBaCbAcBaCb · · · scheme for labeling the position of octahedral in-
terstitial sites with respect to the atomic layers. Here, capital letters denote atomic
positions and lowercase letters mark octahedral vacancies. The usage of the same letter
in upper and lower case (for instance A and a) indicates that their corresponding sites
are on top of each other when viewed along the <111> direction (see Fig. 4.4).

While in the perfect fcc structure all octahedral vacancies are naturally identical,
they must be differentiated according to their distance from the fault plane in presence
of a SF. We indicate this distance by the parameter d (see Fig. 4.4). For instance, d = 0
represents an octahedral vacancy positioned within the fault plane. Similarly, d = 1
denotes such a vacancy separated from the fault plane by one atomic layer, and so
on. A carbon atom has different effects on the γ-curve, when positioned at octahedral
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Table 4.2: Comparison of possible supercells

property
tilted

supercell
single-shift
supercell

triple-shift
supercell

supercell height L 2L+ lvacuum 3L

symmetry very low low high

fixed
supercell shape

× X X

straightforward
relaxation

× X X

sites with different values of d, while all possible octahedral sites belonging to the same
parameter d have identical energy due to translational symmetry. Thus, the ideal su-
percell for computing the γ-curve for a homogeneous distribution of interstitial carbons,
should simultaneously include carbon atoms at all kinds of octahedral sites. Such a su-
percell requires extending along the {111} plane, so that the single-layer concentration
of carbon, θ, is fixed for all layers. The supercell concentration of carbon, x, is then
found equal to θ, since x =

∑
d θd/

∑
d (see Fig. 4.5(a)). This ideal supercell would,

however, be huge and computationally impractical for low carbon concentrations. By
assuming that carbon atoms influence the γ-curves independently from each other, one
can investigate their impact within smaller cells, each of which including only one or a
few carbon atoms (see Fig. 4.5(b)). The γ-curve is then calculated for every such small
cell, and finally an average over all individual γ-curves is taken (see Fig. 4.5) according
to

γav =

dmax∑
d=0

γd

dmax + 1
, (4.3)

where γd denotes the γ-curve obtained for a cell with an octahedral carbon at a distance
d from the fault plane, and dmax is the maximum distance considered.

When calculating γ-surfaces, iron atoms within two atomic layers next to the SF
plane are allowed to move perpendicular to the plane. However, carbon atoms in this
region are fully relaxed in all directions.

4.2.4 Interpolation of the γ-surface

The complete γ-surface requires the evaluation of the energy differences for a two-
dimensional grid of points in the {111} plane. However, by considering the symmetry
of the surface, the problem can be reduced to the evaluation of the so-called γ-curve,
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Figure 4.4: Labeling of octahedral sites with respect to atomic layers and the SF plane (gray
plane). Large spheres and capital letters denote the stacking of the atomic layers in a perfect
fcc lattice, while small black spheres and lower-case letters indicate the interstitial sites at the
center of octahedral vacancies. For better imagination, every octahedral vacancy is highlighted
by a cage, whose color corresponds to the stacking position of its site. The distance between a
site and the SF plane is indicated by the parameter d.

which depicts the energy change versus displacement in the [2̄11] direction. The en-
ergy differences between the perfect structure and structures with SFs are calculated
for displacement vectors of different sizes, 0 to u[2̄11], along the [2̄11] direction (see
Fig. 1.6(a)). The γ-curve and, consequently, the γ-surface are then interpolated using
a Fourier series taking into account the symmetry properties of the surface, thereby
recovering the full two-dimensional dependence of the γ-surface.

The general form of the two-dimensional Fourier expansion for a function f(x, y) is
given by

f(x, y) =
∑

m,n∈Z
Cmne

i 2πx
a
mei

2πy
b
n, (4.4)

where m and n are integer numbers, Cmn denote expansion coefficients, and a and b
are the periodicities along the x and y-axes, respectively. For expanding the γ-surface
in the {111} plane of an fcc structure, we select the x and y-axes along [2̄11] and [01̄1],
respectively. This choice requires a = b

√
3. Since the γ-surface is a real function and

obeys the symmetries of the structure, the expansion should have the following features:

• a three-fold rotational symmetry of the {111} plane,

R[111](240◦)f(x, y) = R[111](120◦)f(x, y) = f(x, y),
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(a) (b)

Figure 4.5: (a) A supercell, where carbon atoms are distributed as homogeneous as possible
among all layers. (b) The supercell is split into smaller cells, each containing only one carbon
atom.

• reflection symmetry with respect to the x-axis,

f(x,−y) = f(x, y),

• and real value,
f∗(x, y) = f(x, y).

By applying these criteria to Eq. 4.4, f(x, y) is obtained as

f(x, y) = (4.5)

∑

n∈Z
n≥0
n=2l

′
{

p0n

[
cos(

2πy

b
n) + 2 cos(

2πx
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3n

2
) cos(

2πy

b

n

2
)

]}
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where pmn and qmn are constants. The prime sign of
∑′ means that every pair of

integer numbers (m,n) can appear in the arguments of sin and cos only once. In other
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words, once m and n have values m0 and n0, they will not take any of the values
m0+3n0

2 , m0−n0
2 , m0−3n0

2 , and m0+n0
2 . pmn and qmn are found by fitting the function f

to a number of total energies obtained by DFT calculations. For more details of the
derivation of this equation, see Appendix A.

4.3 Computational Details

As it was already mentioned, we apply the all-electron full-potential augmented planewave
plus local-orbital (FP-APW+lo) method as implemented in the WIEN2k package [97].
Since the method is among the most accurate first principle methods, we selected it to
provide a benchmark for further studies. In our work, the exchange-correlation effects
are treated within the generalized gradient approximation (GGA) according to Perdew,
Burke and Ernzerhof [102].

In ab-initio electronic-structure methods, there is a set of computational parameters
(convergence parameters) which can affect the accuracy of calculation on one hand, and
of course, the computational costs on the other hand. Therefore they should be selected
carefully to have reasonable and accurate enough results and also to minimize the
computational effort as much as possible. To achieve these two purposes, convergence
tests are required before starting heavy simulations. The aim of this section is to
explain the optimizations which are applied in this part of the work. However, for a
quick reference, all computational parameters are summarized in Tab. 4.3.

Table 4.3: Cell dimensions together with convergence parameters as used in our calculations.
In all cases, muffin-tin radii RMT of 1.6 and 1.4 a.u. were chosen for Fe and C, respectively.

Lattice parameters

lattice a b c cell volume RKmax Rmin
MT matrix k-mesh

type [a.u.] [a.u.] [a.u.] [a.u.3] size kx× ky × kz

Bulk

Fe fcc 4.613 4.613 4.613 69.42 9.00 2.0 125 15× 15× 15
Fe3C hexag. 4.955 4.955 11.810 251.11 7.00 1.4 580 15× 15× 5
Fe4C cubic 6.520 6.520 6.520 277.11 7.00 1.4 811 15× 15× 15
Fe24C hexag. 9.351 9.351 22.905 1734.40 7.00 1.4 2604 8× 8× 2

γ-curve
Fe hexag. 4.613 4.613 67.799 1249.46 8.00 1.6 2921 11× 11× 1
Fe3C hexag. 4.955 4.955 70.860 1506.67 7.00 1.4 3377 10× 10× 1
Fe24C hexag. 9.351 9.351 68.714 5203.46 6.50 1.4 9596 4× 4× 1

4.3.1 Number of k-points

The electron density is usually denoted by ρ and obtained from the equation

ρ(r) =
∑

n∈occ.

∫

Ω
dk|ψnk(r)|2, (4.6)
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Figure 4.6: Total energy versus the number of the k-points for Fe4C. A homogeneous k-mesh
in all directions has been used. The inset depicts a zoom into a larger scale.

where k is the reciprocal space vector, ψn is the wavefunction corresponds to the nth
orbital, Ω is the volume of the Brillouin zone (BZ), and the summations is performed
over all the occupied states. The ψn are found from the Kohn-Sham equation

Hψnk(r) = εnkψnk(r) (4.7)

in which εn is the eigenvalue corresponding to the nth orbital. In practice, the numerical
evaluation of the integral requires a proper k-mesh sampling in the BZ. The Kohn-Sham
equation (Eq. 4.7) must be independently solved for every k-point in the mesh. Solving
this equation is usually the most time-consuming part of the DFT calculations, so the
computational cost of the calculations scales linearly with the total number of k-points.
However, reducing the number of k-points in the mesh affects the accuracy of results.
Therefore, a compromise between the accuracy and the number of k-points becomes
important. This is usually done by finding the smallest mesh of k-points which can
guarantee the required accuracy of results.

The required accuracy is usually defined corresponding to the goals of the calcula-
tions. Moreover, the system specifications (unit-cell shape and size, symmetry, atoms,
. . . ) and calculation type (magnetic fashion, desired properties, . . . ) can influence the
optimized k-mesh. We perform some tests for Fe4C in order to find an optimum k-mesh
for the bulk calculations. We evaluate the dependence of the total energy on the num-
ber of k-points as plotted in Fig. 4.6. For this cubic system, a k-mesh of 15× 15× 15
guaranties the required accuracy. For other concentrations, the commensurate k-mesh
is selected by comparing the unit-cell shape and size to those of Fe4C.
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4.3.2 Number of Basis Functions

The Kohn-Sham equation (Eq. 4.7) is a differential eigenvalue equation which can
numerically be solved by using the variational principle. In this approach, the wave-
function is expanded into a proper basis set, and the solution is equal to finding the
expansion coefficients so that the comprised wavefunction minimizes the total energy
of system. In the LAPW method, the unit-cell is divided into non-overlapping atomic
spheres centered at the atomic sites (muffin-tin spheres), and the interstitial region.
Different basis sets are then employed for these two regions in order to expand the
wavefunction. In the muffin-tin spheres a linear combination of atomic orbitals is ap-
plied as the basis sets, while in the interstitial region planewaves are used. A planewave
basis is defined as

φkn ∝ eikn.r, (4.8)

where kn = k + Kn; Kn are the reciprocal lattice vectors and k is the wave vector
inside the first BZ. A trial wavefunction in the interstitial region is expanded into this
basis set according to the linear variation method,

ψk =
∑

n

cnφkn , (4.9)

and the coefficients cn are determined by the Rayleigh-Ritz variational principle. Tech-
nically, the expansion must be truncated at a certain knmax = k + Knmax . A bigger
basis set (with higher number of terms) produces more accurate results at the cost of
extra computational resources. Therefore selecting a reasonable upper bound for the
expansion to keep a compromise between the accuracy and efficiency becomes impor-
tant. In the WIEN2k package, this upper bound is controlled by the cutoff parameter
RmtKmax, where Rmt is the smallest atomic-sphere radius in the unit-cell and Kmax is
the magnitude of the largest K vector in the expansion.

The applied optimization method is explained in the following:

• Bulk: The lattice parameter and the bulk modulus are calculated for Fe4C bulk
using different values of RKmax. The results are shown in Fig. 4.7. Any RKmax

larger than or equal to 7.00 gives required accuracy for both desired parameters
(see Table 4.3).

• Slab, Fe3C: For this structure, the k-mesh and RKmax are optimized simulta-
neously. Some points on the γ-curve are calculated using a k-mesh of 10× 10× 1
and RKmax = 7.0. The calculations are repeated using a 15 × 15 × 1 k-mesh
and RKmax = 8.0. Since no significant difference in the γ-curve is observed the
smaller values are selected (see Fig. 4.8 and also Table 4.3).

• Slab, Fe24C: For this concentration which has larger unit-cell, the effect of
RKmax on the atomic forces in the slab is investigated. The results are shown in
Fig. 4.9 (see also Table 4.3). Here RKmax = 6.5 leads to reasonable results.
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Figure 4.7: The dependence of the Lattice parameter, a, and bulk modulus, B, of Fe4C on
the values of RKmax. Here RKmax = 7.0 is enough for required accuracy.

4.3.3 Number of Layers in Slab

In order to evaluate the γ-curve for an fcc structure, two halves of the perfect crystal
must be shifted along the {111} plane. Technically, this can be managed by constructing
a supercell including two or more slabs of perfect bulk and possibly a vacuum region,
where every slab is displaced along the {111} plane with respect to its neighbors.
While using slabs with small number of atomic layers, L, are computationally favored,
for keeping the accuracy of the results, L must be big enough so that the layer in
the center of slab would feel an environment quite similar to that of the perfect bulk.
A compromise between accuracy and performance can be found by investigating the
influence of the number of layers on the γ-curve. Some points on the γ-curve are
calculated using slabs with different number of layers, i.e., L = 3, 6, 9, 12, as shown in
Fig. 4.10. Since no significant change is found in the results going from L = 6 to 9 or
12, we select L = 6.

4.4 Results

4.4.1 The γ-curve of Fe

For non-magnetic pure iron at 0 K, DFT predicts the hcp phase to be energetically
more stable than fcc [103]. Therefore, an fcc structure exhibiting an ISF is energetically
more favorable than a perfect fcc structure since the · · ·ABCAB|ABC · · · stacking

51



4. Fe–C THROUGH THE LAPW METHOD

0 2 4 6 8 10 12 14 16 18

u (1/18 u[211])

0

500

1000

E
ne

rg
y 

(m
J 

/ m
2 )

10x10x10 k-mesh, RKmax = 7.0
15x15x15 k-mesh, RKmax = 8.0

_

Figure 4.8: γ-curve in Fe3C for two different sets of k-mesh and RKmax.
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Figure 4.10: The dependence of the γ-curve on the number of atomic layers, l, between two
consecutive SFs.

sequence of the former resembles an hcp-like stacking (ABAB) which appears close
to the fault plane. This is reflected in our results which produce negative values of
the γ-curve around u = 6

18u[2̄11] (see Fig. 4.11(c)). Our SFE of −450 mJ/m2 is in
good agreement with the work of Abbasi and coworkers [7], who found values between
−452 and −464 mJ/m2 for different unit-cell choices. The first peak in the curve,
i.e., at u ≈ 3

18u[2̄11], describes the energy barrier which must be overcome in order to

create an ISF. The second peak at u = 12
18u[2̄11] corresponds to a configuration with

an · · ·ABCAB|BCAB · · · stacking sequence, which strongly violates the close-packing
and, thus, is energetically very unfavorable. To preserve the close-packed stacking, the
displacement can transform to an extrinsic SF by shearing one layer with respect to
the entire crystal [35].

4.4.2 The γ-surface of Fe24C

The supercell of Fe24C along the [2̄11] direction is twice as long as that of Fe and Fe3C
(see Fig. 1.6(a)). Hence, differences in the γ-curve between the first and the second half
of this periodicity may arise due to the presence of carbon. However, when analyzing
the γ-curve along the full doubled unit-cell, our calculations show that the second half
of the curve, i.e., u[2̄11] < u < 2u[2̄11], is only slightly different than its first half, i.e.,
0 < u < u[2̄11], particularly when carbon is not placed in the fault plane. For this
reason we present only the first half of the γ-curve here. This has the advantage that
the horizontal axes in all presented γ-curves are of the same length and scale.
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Figure 4.11: (a) The γ-curve for different positions of carbon with respect to the fault plane
and their average, all calculated for Fe24C. (b) The same for Fe3C. (c) Comparison of the
averages with pure Fe.

In Fig. 4.11(a), we present the γ-curves for carbon atoms positioned at various
octahedral vacancies, corresponding to distances from the fault plane 0 ≤ d ≤ 3. The
results for d = 0 (dashed black curve) yield a very large energy for u = 6

18u[2̄11] since
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(a) (b) (c) (d) (e)

Figure 4.12: Carbon diffusion in Fe24C along the {111} plane. Spheres with pale and deep
colors denote atomic layers belonging to fixed and shifted crystal halves, respectively. When a
carbon atom is located in the SF plane, shifting the atomic layers requires an iron atom to pass
on top of the carbon. The resulting configuration is highly unstable, thus the carbon diffuses
to a new vacancy, which has just been created due to the shift.

this point corresponds to an unfavorable configuration in which an iron atom sits on
top of the interstitial carbon. The creation of the SF, on the other hand, leads to new
octahedral vacancies, which can be occupied by small interstitial atoms like carbon
(see Fig. 4.12). Thus, the diffusion of carbon into this new interstitial site at the fault
plane decreases the energy considerably, as indicated by the solid black curve. We
further observe that the second peak in the curve with d = 0, is somewhat lower than
the corresponding peak in the other ones. This can be explained by considering the
fact that this peak is due to repulsion between iron atoms in two consecutive atomic
layers, which is reduced when the distance between iron layers is increased through
the presence of carbon. Focusing on the d-dependence at u = 6

18u[2̄11], i.e., the ISF,
we observe a monotonic behavior when increasing the carbon distance from d = 0 to
d = 2, so that the curve corresponding to d = 2 is similar to the γ-curve for pure
iron. However, the curve for d = 3 breaks this monotonicity which was assigned to
Friedel-like oscillations [7]. Such oscillations appear in the charge density when an
impurity is doped in a cloud of electrical charges. Here, the cloud is the body of the
metal, and the impurity is the carbon atom. In order to visualize these oscillations,
we calculate the charge densities for three supercells, including iron, carbon, and iron–
carbon systems. The changes in the charge density is found by subtracting the charge
densities of iron and carbon systems from the charge density of the iron–carbon system.
These differences are presented in Figs. 4.13 and 4.14, for the two mentioned structures,
i.e., d = 2 and d = 3, respectively. The dependence of the SFE on the distance of the
carbon atom from the fault plane is summarized in Fig. 4.15. It demonstrates that,
the closer the carbon atom is positioned with respect to the fault plane, the higher is
its influence on the SFE.

As explained in Sec. 4.2.3, we are interested in the γ-curve for a homogeneous carbon
distribution. Therefore, we have to average over the results for various carbon positions
characterized by their distances d from the fault plane in an appropriate manner. The
Fe24C supercell, which has been utilized in this work, contains six types of interstitial
octahedral sites, i.e., 0 ≤ d ≤ 5, while the γ-curve is calculated explicitly only for four
sites with d up to 3. The effect of the other two layers, i.e., d = 4, 5, on the γ-curve
is taken into account by approximating their contribution by the mean value of the
curves for d = 2 and d = 3. Using this mean value, we simulate the environment far
from the fault plane, smearing out the above mentioned oscillations. In short, using
γ4 = γ5 = (γ2 + γ3)/2, the general behavior of the γ-curve for Fe24C is found from the
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Figure 4.13: The difference in the charge density due to doping a carbon atom in d = 2
positions.
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Figure 4.14: The difference in the charge density due to doping a carbon atom in d = 3
positions.
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Figure 4.15: Dependence of the SFE on the distance of carbon from the fault plane for Fe24C.
For definition of d, see Sec. 4.2.3.

following expression

γFe24C1
av =

γ0 + γ1 + 2(γ2 + γ3)

6
. (4.10)

Using the approach described in Sec. 4.2.2, we can reconstruct the full two-dimensional
γ-surface by making use of the symmetry properties of the crystal. It is presented in
Fig. 4.16 for a rectangular area within the {111}-plane.

4.4.3 The γ-curve of Fe3C

Fe3C, or iron carbide, is a chemical compound of iron and 6.67 w% of carbon. At low
temperatures, it is found in an orthorhombic crystal structure, known as cementite.
It contains two kinds of vacancies, with octahedral and prismatic environment. A
prismatic vacancy is formed by six iron atoms which are located at the vertices of a
triangular prism. DFT calculations show that carbon prefers to occupy the prismatic
vacancy rather than the octahedral one [46].

As we are interested in the austenitic phase, our approach to calculate the γ-curve
for Fe3C is, like the case of Fe24C, based on an fcc structure where carbon occupies
octahedral sites. When introducing a staking fault, two possible interstitial carbon sites
must be distinguished which we characterize by the distance from the fault plane as d =
0 and d = 1. For d = 0, we calculate a value of 3877 mJ/m2 at u = 6

18u[2̄11], as shown in
Fig. 4.11(b). Diffusion of interstitial carbon along the {111}-plane into another possible
interstitial site decreases this value to 1091 mJ/m2. In contrast to all other curves, the
case of d = 0 at u = 12

18u[2̄11] has a deep minimum instead of a high maximum. The
reason is that in the corresponding configuration, · · ·ABCAB|BCAB · · · , iron atoms
around the SF are all located at vertices of triangular prisms with bases parallel to the
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Figure 4.16: The γ-surface for Fe24C.

fault plane. Every second prism contains a carbon atom in its center, providing six
Fe-C bonds. Thus, the observed deep minimum results from the fact that for Fe3C the
cementite structure, described above, is more stable than austenite.

The average SFE for Fe3C is presented by the red solid curve in Fig. 4.11(b). It
shows a positive SFE, indicating that for this concentration the fcc structure is more
stable than the hcp structure.

4.5 Discussion

In Fig. 4.17, our results about the influence of carbon on the SFE in fcc iron are
summarized and confronted with available experimental and other theoretical results.
As already mentioned in Sec. 4.1, experimental data are controversial: While a common
behavior is that the SFE increases with carbon concentration, there is a large spread
in the magnitude of the effect. Our calculations show that the SFE increases from
−450 mJ/m2 for pure iron to −116 mJ/m2 for Fe24C with 0.89 w% of carbon. Thus,
for carbon concentrations between 0 and 0.89 w%, the SFE dependence on the carbon
concentration can be approximated by 376 mJ/m2 per weight percent of carbon. This
value is in good agreement with recently published results by Abbasi et al. [7] and also
compares well with experiments by Schramm and Reed [4]. Our results for Fe3C, i.e., in
the limit of very large carbon concentrations, show that the dependence of the SFE on
the carbon concentration levels off at large carbon content. Although our calculations
have been performed for zero Kelvin, we expect the fcc phase to become stable for
carbonic steels with about 2 w% of carbon.

The barrier height at u ≈ 3
18u[2̄11] increases with the carbon content. In contrast,

at u = 12
18u[2̄11] the curves for Fe24C and Fe3C show different behavior. There are two
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Figure 4.17: Carbon-induced change in the intrinsic SFE, ∆SFE, as a function of carbon
concentration. Note that the values are normalized to the value of the intrinsic SFE for pure
iron. Our calculations are compared to experimental [4, 5, 6] and the DFT [7] results.

competing phenomena affecting the total energy at this point: the distance between
iron layers and the presence of a carbon at a prismatic site. For all values of d, the
small inter-layer distance around the fault plane increases the total energy. Since the
increase in cell volume per iron atom upon adding carbon is 4.1 % and 20.6 % for Fe24C
and Fe3C, respectively (see Tab. 4.3), Fe24C is more affected than Fe3C. Occupation
of prismatic sites by carbon decreases the energy. The possibility of occupying such
site, which only occurs for d = 0, is 1

12 and 1
6 for Fe24C and Fe3C, respectively. This

confirms its more significant influence on the γ-curve of Fe3C. As a result of these
counteracting effects, we observe a high maximum for Fe24C and a local minimum for
Fe3C at u = 12

18u[2̄11].
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5

Fe–Cr–Ni Through the EMTO
Method

5.1 Introduction

Stainless steels, their classifications, and their properties were partially discussed in
Chap. 2. The importance of this class of steels in many applications arises a great
motivation for finding efficient producing and shaping methods. Shaping steels under
shear stresses involves plastic deformations, a process where the SFE has a well-known
influence [36, 37, 38]. The SFE in turn depends on temperature and on the composition
of alloy (see Appendix B for experimental reports, and [8, 104, 105] for theoretical
references), making it particularly important when considering the thermal treatments
and shaping of the metal at high temperatures.

In this work, we study the influence of temperature on the SFE of a ternary alloy
with Fe0.716Cr0.200Ni0.084 composition. In order to do so, using DFT and the EMTO
method described in Sec. 3.3, the SFE is calculated in the temperature range of 273–
1273 K (0–1000 ℃). The chromium and nickel contents in this alloy are similar to those
in the commercial product known as Böhler1 A607. However, as shown in Tab. 5.1, this
commercial alloy contains small amounts of additional elements which are not taken
into account in our simplified calculations. For brevity, in this document, the code
A607 is used in order to point to the simulated compound, while the corresponding
alloy with real composition is referred by its full name, Böhler A607 (see Tab. 5.1).

Our simulations are performed for random alloy in paramagnetic austenitic phase
at the mentioned temperature range. As it was discussed with more details in Sec. 2.3,
at room temperature, stainless steels might be found in a variety of stable or metastable
phases, depend on their composition and heat treatment. However, most of stainless
steels, including 18/8 class containing around 18wt.% chromium and 8wt.% nickel,
are designed to maintain their paramagnetic fcc phase (γ-austenite) in their service
condition. As a member of this class, A607 is also known as an austenitic stainless steel,

1Böhler Special Steels, A-8605 Kapfenberg, Austria
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whose fcc structure has been proven with the X-ray diffraction (XRD) measurements
on the Böhler A607 alloy.

Briefly speaking, in this work, we use the axial next-nearest-neighbor Ising (ANNNI)
model [98, 99] in order to expand the SFE in terms of the free energies of bulk with
fcc, hcp, and double-hcp (dhcp) crystal structures (see Fig. 5.1 and Sec. 5.2). These
free energies are dependent on the lattice parameter which is obtained from experimen-
tal thermal expansion data measured using the XRD technique, and on the thermal
excitation of the local magnetic moments which is evaluated by running a Monte-
Carlo simulation on the system energy maps calculated using the DFT techniques (see
Sec. 5.4.2. The DFT calculations are performed using the exact muffin-tin orbitals
(EMTO) method [106] and the locally self-consistent Green’s function (LSGF) meth-
ods [107], where random alloy and paramagnetic state are modeled using the coherent
potential approximation (CPA) [93] and the disordered local moment (DLM) [94], re-
spectively.

Table 5.1: The atomic and mass concentrations of the commercial alloy, Böhler A607, com-
pared to their simplified equivalents used in our simulations.

alloy unit Cr Ni Mn Mo C Fe

Böhler A607
wt. % 18.00 9.00 ≤2.00 — ≤0.03 70.17

at. % 19.97 8.47 ≤2.01 — ≤0.14 69.41

Simulated A607
wt. % 18.80 8.91 — — — 72.29

at. % 20.00 8.40 — — — 71.60

5.2 Methodology

Stacking faults are irregularities in the stacking of layers of atoms in a crystalline solid,
and hence change the total energy of the system. These changes, compared to the
crystal total energy, are generally very small, presented in the unit of mJ/m2. While
the SFE can be accurately and explicitly calculated using the first-principles techniques
[7, 95, 108], these methods are quite cumbersome, since they require large supercells.
A more efficient solution, which is going to be explained here, is to expand the SFE
in terms of the free energies of bulk unit-cells with fcc, hcp, and dhcp structures (see
Fig. 5.1).

In the fcc lattice, an ISF, which corresponds to the removing of one atomic layer
from the perfect ABCABCABC · · · structure, may be represented as the arrangement
of atomic layers with the repeat unit of ABCBC(ABC)n (n = 0, 1, 2, · · · ), consisting
of N layers (N = 5, 8, 11, 14, · · · ) in the limit N →∞. We can now apply the ANNNI
model to this representation, where the analogue of the Ising spin Si for layer i, has a
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...ABC...
(a)

...AB...
(b)

...ABAC...
(c)

Figure 5.1: Primitive cells of three crystal phases used in the ANNNI model. Atoms are
painted corresponding to their stacking position along the [111] direction. (a) depicts the
primitive cell of the fcc structure with only one atomic site. The cubic cell is shown for a better
imagination of the lattice. (b) shows the primitive cell of the hcp structure containing two
non-equivalent atoms (two atomic sites). (c) represents the primitive cell of the dhcp structure
with four non-equivalent atoms (four atomic sites).

value +1 (−1) if the next layer with index i+ 1 does (not) conform the ideal stacking
sequence. This idea results in the following expression for the Helmholtz free energy of
any arbitrary stacking sequence [99]:

F = F0 − J1

∑

i

SiSi+1 − J2

∑

i

SiSi+2 − J3

∑

i

SiSi+3 − · · · , (5.1)

where F0 is the energy contribution disregarding all interactions between layers, and
thus is the same for any arbitrary stacking sequence. The parameters Jn(n = 1, 2, 3, · · · )
may be interpreted as interaction energies between two layers that are nearest neighbors
(J1), next-nearest neighbors (J2), . . . . It is expected that the magnitude of Jn decreases
for increasing n. In the ANNNI model, by definition, all Jn with n ≥ 3 are neglected
[98].

In the limit of large N , the above equation suggests the following expressions for
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the Helmholtz free energies of the stacking sequences with different repeat units [99]:

ABC Ffcc = J0 −J1 −J2 −J3 −J4 − · · · ,
AB Fhcp = J0 +J1 −J2 +J3 −J4 + · · · ,
ABAC Fdhcp = J0 +J2 −J4 + · · · ,
ABCBC(ABC)n FISF = J0 −N−4

N J1 −N−4
N J2 −N−4

N J3 −N−4
N J4 − · · · ,

(5.2)

where the energies are normalized to a unit cell in one layer, and J0 is the energy per
unit cell in one layer if the interactions between layers are disregarded. Using the first
three equations, J0 is found as

J0 =
Ffcc + Fhcp + 2Fdhcp

4
+O(J4). (5.3)

The energy difference between a structure with an ISF and the fcc bulk structure, both
of the same thickness equal to N layers, is defined as

lim
N→∞

N{FISF − Ffcc} = 4{J1 + J2 + J3 + J4 + · · · }
= −4{Ffcc − J0}
= Fhcp + 2Fdhcp − 3Ffcc +O(J4).

(5.4)

Since the number of atomic sites per volume is equal in bulks with ideal fcc, hcp, or
dhcp structures (see Fig. 5.1), we can rewrite the above equation in the terms of the
Helmholtz free energies per atomic site, F . Finally, by neglecting all Jn with n ≥ 4
according to the definition of ANNNI model, and by considering the dependence of the
Helmholtz free energies on temperature, the SFE is expressed as

SFE(T ) ≈ F hcp(T ) + 2F dhcp(T )− 3F fcc(T )

A
, (5.5)

where A is the area in a close-packed layer occupied by a single atomic site, and its

value can simply be obtained in terms of the fcc lattice parameter: A =
√

3
4 a

2
fcc.

The Helmholtz free energy is defined as

F (T ) = E(T )− TS(T ), (5.6)

where E and S are the total energy and entropy per site, respectively. The entropy is
calculated by accounting all available excitations which may occur in the microscopic
configuration (microstate) of the system. Particularly, in an alloy, as a crystalline
solid with nonzero density of states at its Fermi level, microstate might change due to
different excitations: the configurational excitations, considered as the interchange of
positions between atoms of different types, the vibrational excitations, defined as small
displacements of atoms around their lattice sites, the magnetic excitations, which are
fluctuations in the size or the orientation of the atomic magnetic moments, and, finally,
the electronic excitations, which are changes in the electronic structure of the metal as
electrons are excited to levels higher then the Fermi level. Depends on the diffusion
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rate, for very fast diffusions in solids, the configurational excitations occur in the time
scale of 10−5 or 10−4 seconds, while the the atomic vibrations are in the time scales
of 10−11 10−10 seconds. The magnetic excitations are faster then the vibrations, and
the electronic excitations are the fastest in the list. The large differences between these
time scales allow to apply a course-graining method in order to calculate the excitations
independently, which finally results in their separate contributions to the total entropy
of the crystal [109]:

S = Sconf. + Smag. + Sel. + Svib., (5.7)

where all terms are related to a single site in the lattice.

For the vibrational entropy, there are currently no available theoretical tools to
determine it accurately in paramagnetic random alloys, and thus we do not include it
in our calculations. However, considering its contribution to the free energy differences
between the fcc and the hcp phases, i.e., ∆Fvib. = F hcp

vib. −F fcc
vib., it is estimated that this

simplification may introduce an error of 2 mJ/m2 in the SFE [8], which is rather small.

Considering totally random alloys, the configurational entropy depends only on the
chemical composition [110]:

Sconf. = −kB

∑

i∈{elements}

ci ln(ci), (5.8)

where ci denotes the atomic concentration of element i. The assumption of the random
distribution of all atoms on a sublattice is best in situations when (a) the temperature
is very high, so the atoms are indeed randomly distributed on the sublattice; (b) the
temperature is very low, and only a few antisite atoms are present [110]. For other
situations, particularly when temperature is not very high or when chemical composi-
tions of elements in an alloy are not very small, this assumption is not entirely correct,
since atoms show certain preferences when interacting with their neighbors. In a solid
solution, these atomic interactions can express the local tendency for preferences of
like or unlike neighbor pairs, which is known as short-range order (SRO). The SRO
might be better understood compared to the long-range order (LRO), a crystal char-
acter which precisely specifies the properties (the position and the type) of atoms in
the entire lattice by knowing them at a single lattice point. This term might also be
pointed as the chemical or the atomic SRO (LRO) for the sake of distinguishing from
its analogue in magnetism, i.e. the magnetic SRO (LRO).

In an ordered alloy, the SRO can change with some independence of the LRO,
resulting in changes in the configurational entropy. Particularly at high temperatures,
where the LRO vanishes, considerable SRO exists, increasing its importance in the
entropy calculations. Additional to the entropy, the total energy E(T ) also changes
due to the SRO, resulting in further changes in the free energy. In order to take the
SRO into account, some corrections to the CPA approximation and the configurational
entropy equation, Eq. 5.8, are required. However, at the moment, the effect of the
atomic short range order is neglected in our work by approximating the alloy as a fully
random configuration of atoms. Such an assumption results in equal configurational
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entropies for all phases with the same chemical compositions, canceling each other out
in Eq. 5.5.

In a system of localized magnetic moments of the same size and completely disor-
dered orientations, i.e., the ideal paramagnetic state, the magnetic entropy is evaluated
using the mean-field expression [111]

Smag. = kB

∑

i∈{elements}

ci ln
(
mi(T ) + 1

)
, (5.9)

where mi(T ) is the average (over time and space) local magnetic moments of element i,
and is obtained using statistical approaches where the thermal excitations of magnetic
moments are taken into account (see Sec. 5.4.2). Similar to the existence of the atomic
SRO even at temperatures where the atomic LRO has already vanished, the magnetic
SRO might exist in a paramagnetic state. However, its influence on the accuracy of the
final results is not as large as that of the atomic SRO [citation].

The electronic entropy can be calculated using the Fermi-Dirac distribution for the
occupation of valence states, as implemented in the Mermin functional [66, 112]. This
approach is already available in the EMTO code, and we use it in order to calculate
the electronic entropy. However, as we will present in Sec. 5.4.6.1, the influence of the
electronic entropy on the final SFE is very small, and hence an be safely neglected.

The total energy is calculated using the DFT approach, where the system is consid-
ered in its ground state at 0 K. Hence, the temperature dependence of the total energy
is taken into account via the lattice parameter, a(T ), and the average local magnetic
moments, mi(T ) (here i ∈ {Fe, Cr, Ni}):

E(T ) = E[a(T ),mi(T )]. (5.10)

The first principles evaluation of the lattice parameter as a function of temperature
requires the calculation of vibrational excitations for the random alloy in the paramag-
netic state. Such calculations are not straightforward, since no relevant computational
tools are available yet. Despite these complexities in the theoretical approach, the lat-
tice parameter can easily be measured at different temperatures. Thus, we obtain the
temperature dependence of the lattice parameter using the XRD measurements of the
thermal expansion of the alloy.

The thermal dependence of the local magnetic moments is difficult to be measured.
However, considering the thermal excitation of the individual moments through sta-
tistical methods, it is possible to calculate the average magnetic moments at different
temperatures. We will present this approach in Sec. 5.4.2.

As a summary of our methodology, the he necessary steps for evaluating the SFE
can be listed as the following:

• Magnetic moments calculations: In this step, for every element in every
phase, we calculate the average magnetic moments as a function of temperature
(see Sec. 5.4.2 for details). The calculations are broken into two major parts:
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1. The DFT calculations: In this part the dependence of the total energy of
the system on the local magnetic moments of every element is obtained(see
Sec. 5.4.2.1).

2. The Monte-Carlo calculations: A set of simulations with magnetic Hamil-
tonians are performed on the system energy maps calculated in part 1, and
the temperature dependence of the average magnetic moments is found (see
Sec. 5.4.2.2).

• Constrained DFT calculations: In this step, according to Eq. 5.10, for differ-
ent temperatures, the experimental lattice parameter and the magnetic moments
from the previous step are used in DFT calculations in order to find the total
energy as a function of temperature. These calculations are called constrained,
because all magnetic moments are fixed (see Sec. 5.4.3 for details).

• Free energy evaluation: Using the results of the previous steps, according to
Eqs. 5.6 and 5.9, the Helmholtz free energy is evaluated for all phases at different
temperatures by subtracting the magnetic entropy from the total energy. Finally,
using these free energies in the ANNNI model gives the SFE as a function of
temperature (see Sec. 5.4.3 for details).

5.3 Computational Details

In a simulation, the accuracy of the final results is influenced by two major choices: the
physical model, and the computational method. The physical model, using available
theories, tries to approximate the real interactions between the individual parts of a sys-
tem. In order to get a correct physical description of the system, these approximations
must be as sophisticated as possible. In other words, the more detailed interactions
are considered in the model, the more accurate results can potentially be obtained.
However, it is possible, specially when investigating the difference between properties
of two systems, that the shortcomings of the applied physical model are hidden as the
errors in calculations cancel each other out. Practically, when developing a physical
model, very often, a compromise is necessary between the importance of the present
interactions and the complexities of their accounting. In fact, by such a compromise,
the physical model defines the limit of accuracy and the reliability of the final results.
We discussed our physical model in the previous section.

Considering the chosen physical model to be sufficiently accurate, the computational
method calculates the system properties in the frame of this model. Here also, by
setting proper computational parameters, a compromise is achieved between the desired
accuracy and the required numerical efforts. The subject of this section is to discuss
the most important computational parameters we have in out simulations.
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Figure 5.2: k-mesh optimization for the fcc structure of A607 alloy

5.3.1 Number of k-points

The SFE is usually expressed in the unit of mJ/m2, and its value has been reported in
the range of 10–50 for stainless steels with composition close to A607 (for a summary
of experimental values, see Appendix B and Fig. 5.19). Considering the geometry of
the {111} surface of an fcc structure, we find that

1 mJ/m2 = 1.98641346× 10−6a2
fcc Ry/site, (5.11)

where afcc stands for the fcc lattice parameter in the unit of Angstrom (Å). Speaking
about the The equation suggests that, in order to get the SFE with an accuracy of
1 mJ/m2, the differences between the free energies of the three phases must be calcu-
lated with the accuracy of 10−6Ry/site. Using the Eq. 5.9, it is found in a similar way
that the local magnetic moments must be obtained with the accuracy of 10−3µB. The
number of k-points is one of the parameters affecting the accuracy of results, and hence
must be selected carefully. We calculate the total energy and the local magnetic mo-
ments for different k-meshes to obtain the smallest mesh which guaranties the desired
accuracy. As presented in Fig. 5.2, for the A607 alloy with the fcc structure, a k-mesh
of 31 × 31 × 31 results in converged values for both energy and magnetic moments.
Using these informations, the commensurate sets of k-meshes for hcp and dhcp are
found 30× 30× 16 and 30× 30× 8, respectively.

5.3.2 Core-electrons Treatment

There are two possible treatments for core electrons, the soft-core approach versus
the simplified frozen-core approximation. In the frozen-core approximation, the wave
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5.3 Computational Details

Table 5.2: The electronic configuration of elements iron, chromium, and nickel, according to
the default definitions in the EMTO code. n indicates the principle quantum number, and κ
stands for the relativistic quantum number (see Tab. 5.3). For better readability, core states
have been highlighted by gray background.

26Fe: 1s2 2s2 2p6 3s2 3p6 4s2 3d6

n 1 2 2 2 3 3 3 3 3 4

κ −1 −1 1 −2 −1 1 −2 2 −3 −1

occupation 2 2 2 4 2 2 4 4 3 1

24Cr: 1s2 2s2 2p6 3s2 3p6 4s1 3d5

n 1 2 2 2 3 3 3 3 4
κ −1 −1 1 −2 −1 1 −2 2 −1

occupation 2 2 2 4 2 2 4 4 2

28Ni: 1s2 2s2 2p6 3s2 3p6 4s2 3d8

n 1 2 2 2 3 3 3 3 3 4

κ −1 −1 1 −2 −1 1 −2 2 −3 −1

occupation 2 2 2 4 2 2 4 4 4 2

Table 5.3: The derivation of the relativistic quantum number and the maximum occupations
of electronic states per spin. Indicating the principle, the azimuthal, and the spin quantum
numbers respectively by n, 0 ≤ l < n and s = ±1/2, the orbital and the relativistic quantum
numbers are defined as j = l + s/2 and κ = −s(j + 1/2), respectively [10].

orbital l
j = l + s/2 κ = −s(j + 1/2) max. occupation

s = −1 s = +1 s = −1 s = +1 s = −1 s = +1

s 0 1/2 −1 2

p 1 1/2 3/2 1 −2 2 4

d 2 3/2 5/2 2 −3 4 6

f 3 5/2 7/2 3 −4 6 8
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functions of the core electrons are assumed not to be affected by different surrounding
environments. Based on this assumptions, the lowest atomic orbitals are kept exactly
as they are in isolated atoms, and are constrained to remain doubly-occupied by the
inner-shell electrons. Unlike this, in the soft-core approximation, all electrons (including
both core and valance electrons) are calculated through the self-consistent approach.
Tab. 5.2 presents the electronic configurations of iron, chromium, and nickel atoms,
where core states are indicated by gray background. Note that, these are the default
values defined in the EMTO code we use in this work, and might be changed by user.
In the table, electronic states are split according their relativistic quantum number,
κ, which is derived using the azimuthal and spin quantum numbers, i.e. l and s
respectively (see Tab. 5.3).

The frozen-core approach might speed up the calculation, but in the price of losing
accuracy, as it approximates the core orbitals with atomic orbitals. This simplification
affects the physical description of the system, as it neglects all changes which might
appear in the core states. Moreover, it has already been reported that when atoms
are brought together to form molecules or solids the change in the kinetic energy of
the core electrons can be an order of magnitude larger than the change in total energy
[113]. Generally, if no sufficient corrections are applied, it is recommended to avoid
this approximation where an accuracy higher than 0.1 eV is desired [113]. We apply
the soft-core approximation in order to get a better description of interactions between
atoms in the alloy.

5.3.3 Screening Parameters

For every element in the system, a pair of screening parameters must be given: ascr

which is related to charge transfers in the system, and bscr which is related to the
electrostatic energy. The influence of bscr is small compared to that of ascr [citation],
thus we investigate the effect of ascr only. While in the new LSGF-EMTO method they
are calculated self consistently, in the version of the EMTO code we use in this work
they must be given as input parameters. Since it could be time-consuming to calculate
them, we used values suggested by Prof. Andrei Ruban, the developer of the code.

As a convergence test, we calculate the influence of the screening parameters on
the equilibrium volume and the magnetic moments of the A607 alloy in the fcc phase.
The results of these tests are presented in Fig. 5.3. Our calculations show that scal-
ing all screening parameters uniformly shifts the entire E-V curve along the energy
axis, where a set of larger screenings results in the lower total energy, and vise versa.
The equilibrium volume has reverse relation with the uniformly scaled screenings: it
increases 0.06% for scaling factor of 0.7, and decreases 0.13% for scaling factor of 1.3.
Such small changes might be considered as negligible. Moreover, the local magnetic
moments presented in Fig. 5.3(b) show only small changes due to the uniform scaling
of the screening parameters. Further investigations by calculating the same quantities
for the hcp and dhcp phases, show that the total-energy shifts are equal for all three
phases. As presented in Fig. 5.4, when evaluating the SFE, these changes cancel each
other out, leaving the SFE unchanged.
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5.4 Results

The behavior of the E-V curve and the magnetic moments versus the non-uniform
scaling of the screening parameters is presented in Fig. 5.5, where these two quantities
are plotted for scaling factors of 0.8, 1.0, and 1.2. Similar to the case of the uniform
scaling, the changes in the equilibrium volume are negligible. For the magnetic mo-
ments, although our results show an increase of up to 0.2 µB in the local magnetic
moments of iron at smaller lattice volumes, changes at equilibrium volume are negli-
gible. The interesting result which is found by analyzing the equilibrium energy E0 is
the fact that, despite to their concentrations, the total energy is mainly affected by the
screening parameter of chromium, then nickel, and finally iron. This result is plotted in
Fig. 5.6, where scaling factor are distinguished by different colors. The curly brackets
and their labels in the figure indicate categories of calculations with the same screening
for the specified atom type.

We can finally conclude that, as long as the screening parameters are not selected too
far from their correct values, they are not affecting the accuracy of the SFE significantly.
A set of screenings with less than ±10% errors might be consider accurate enough for
the SFE calculations.
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Figure 5.3: For the fcc phase of A607 alloy, (a) and (b) show the effect of uniform scaling of
all screening parameters on the E-V curve, and on the local magnetic moments, respectively.

5.4 Results

5.4.1 Volume Effects

In order to investigate the properties of bulk materials, we evaluate the dependence of
the total energy and the local magnetic moments on the volume. We simulate random
alloys in the paramagnetic state, where the chemical composition is set according to
the mentioned A607 alloy. These simulations are repeated for the three phases which
are present in the ANNNI model, i.e., fcc, hcp, and dhcp (see Fig. 5.7(a)). By using
the ideal c/a ratio for the hcp and dhcp phases, and the same lattice parameter a for

71



5. Fe–Cr–Ni THROUGH THE EMTO METHOD

3.44 3.48 3.52 3.56 3.60

Lattice parameter[Å]
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-2.0

-1.0

0.0

1.0

2.0

3.0

E
n

er
gy

[m
R

y/
si

te
]

0.8, 0.8, 0.8

1.0, 1.0, 1.0

1.2, 1.2, 1.2

0.8, 0.8, 1.0

0.8, 0.8, 1.20.8, 1.0, 0.8
0.8, 1.0, 1.0

0.8, 1.0, 1.2

0.8, 1.2, 0.8

0.8, 1.2, 1.0

0.8, 1.2, 1.2

1.0, 0.8, 0.8
1.0, 0.8, 1.0

1.0, 0.8, 1.2
1.0, 1.0, 0.8

1.0, 1.0, 1.2

1.0, 1.2, 0.8

1.0, 1.2, 1.0

1.0, 1.2, 1.2

1.2, 0.8, 0.8
1.2, 0.8, 1.0

1.2, 0.8, 1.2
1.2, 1.0, 0.8
1.2, 1.0, 1.0

1.2, 1.0, 1.2

1.2, 1.2, 0.8
1.2, 1.2, 1.0

(a)

3.44 3.48 3.52 3.56 3.60

Lattice parameter[Å]
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Figure 5.5: For the fcc phase of A607 alloy,
(a) and (b) show the effect of non-uniform
scaling of all screening parameters on the E-
V curve, and on the local magnetic moments,
respectively.
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Figure 5.7: In the A607 alloy, as the lattice parameter changes, (a) shows the changes in
the total energy, and (b) depicts the behavior of the local magnetic moment of all elements.
Both parameters have been calculated using the soft-core approach and the GGA functional.
The green vertical line indicates the measured fcc lattice parameter at room temperature, as
presented in Fig. 5.10
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all three phases, we ensure the equal inter-atomic distances and also the same volume
per site for all of them.

The equilibrium lattice parameter is obtained by fitting the Murnaghan equation of
state [114] to a number of total energies calculated for different volumes, as presented
in Fig. 5.7(a). Our results show, for the A607 alloy in the paramagnetic state at 0 K
equilibrium, that hcp is found as the most stable phase among the three studied phases,
followed by dhcp and finally fcc. It is also found that the equilibrium volume is smaller
for the more stable phases. As the volume increases from the equilibrium, the phase
stability in the paramagnetic state changes so that the fcc phase first overtakes the dhcp
phase, and later overtakes the hcp phase, resulting in an hcp→fcc phase transition.

In metallurgy, the higher stability of the hcp phase at low temperatures, with respect
to the fcc phase, is a well-known fact which results in the cryogenic transition of γ-
austenite to the ε-martensite (a paramagnetic [11] hcp phase) on cooling [115]. The
ε-martensite is usually considered as an intermediate phase which transforms to the
more stable α′-martensite with ferromagnetic body-centered tetragonal (bct) structure
[11, 13, 116, 117, 118, 119]. The overall γ → ε → α′ transition is called martensitic
transformation. The formation of α′-martensite is a subsequence of the presence of
carbon in the alloy. In fact, at very low temperatures, the most stable phase of the
high-purity Fe–Cr–Ni alloys is the α-ferrite with ferromagnetic bcc structure. Since
the carbon solubility in the bcc phase is very low, the unit cell is expanded along
one of its sides, resulting in body-centered tetragonal structure. With higher carbon
concentrations, more interstitial sites are filled, and the tetragonality increases [115].

When cooling austenite, the martensitic transformation starts as temperature reaches
the martensite start temperature, Ms. However, the transition may also occur at higher
temperatures, if mechanical stresses are applied to the material, for example during the
process of cold work. In the absence of these mechanical stresses, Ms may be estimated
using Eichelman and Hull empirical equation1 [115]

Ms [K] = 1578− 41.67xCr − 61.11xNi − 33.33xMn

−27.78xSi − 1667(xC + xN), (5.12)

where xi denotes the concentration of element i in the unit of weight percent. Substi-
tuting the chromium and nickel concentrations in the equation, Ms is estimated about
250 K (−23 ℃) for the A607 alloy, explaining its fcc structure at room temperature and
its hcp structure at low temperatures. This agrees with the results of our ground-state
DFT calculations, where, at 0 K, the paramagnetic hcp phase is found more stable than
the paramagnetic fcc phase.

1As mentioned in the book STEELS: Processing, Structure, and Performance [115], the equation
has originally been published in 1953 by Eichelman and Hull [120]. Since we did not have access to the
original article, we took the equation from this book in the form of

Ms [◦F] = 75(14.6 − xCr) − 110(8.9 − xNi) − 60(1.33 − xMn) − 50(0.47 − xSi) − 3000[0.068 − (xC + xN)]

and converted it from Fahrenheit unit (◦F) to Kelvin (K).
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Experimental data shows that stainless steels with composition close to A607 may
have a mixture of different phases, depending on their production conditions like cool-
ing rate. The equilibrium phase diagram predicts that this alloy may contain γ, α,
and σ phases at room temperature (see Fig. 2.8). However, as the alloy is found in
austenite phase at high temperatures, the full austenite phase can be maintained by
rapid cooling to room temperature (for instance, by quenching in water) [121]. These
statements emphasizes the importance of the production process. As a direct experi-
mental evidence, we can refer to our XRD measurements on samples of Böhler A607,
where only the presence of fcc phase was observed. We can compare our ab-initio lat-
tice parameter with its corresponding experimental value measured for the fcc lattice at
298 K (25 ℃), presented in Fig. 5.10. Our theoretical value, afcc,DFT

A607 = 3.522 Å, agrees

with the measured value, afcc,EXP
A607 (T = 298 K) = 3.592 Å, within 2%.

In Fig. 5.7(b), the magnetic moments in the DLM state are plotted versus the lattice
parameter for all elements in the three phases. The plot shows that, in all three phases,
chromium and nickel remain nonmagnetic in the entire range of the lattice parameter.
However, the magnetic moment of iron shows a direct dependence on the lattice spacing,
so that while it remains negligible for smaller volumes, it increases significantly with
the lattice parameter, introducing a low-spin to high-spin magnetic transition. In
different phases, this transition occurs at different volumes, so that at a certain lattice
parameter, an iron atom has quite different magnetic moments in different phases.
As a result of this behavior, iron is already magnetic at the equilibrium volume of
the fcc and dhcp phases, while it is still nonmagnetic at the equilibrium volume of
the hcp phase. In the limit of large volumes, however, all three phases exhibit the
same magnetic behavior. In all three phases, unlike their equilibrium volumes, iron
atoms have significant magnetic moments between 1.55µB and 1.85µB at the lattice
parameter measured at room temperature. It shows that the usage of the theoretical
lattice parameter can lead to an unrealistic description of the magnetic configuration
of the alloy, resulting in wrong values for the SFE.

Delczeg et al. have recently calculated the equilibrium lattice parameters for the
paramagnetic state of Fe–Cr–Ni alloys using a method similar to what we use here, i.e.,
the EMTO approach [122]. For Fe74Cr18Ni8 alloy, they have reported 3.605 Å for the
fcc lattice parameter at 0 K equilibrium, which, compared to our result, is closer to the
room-temperature experimental value.

The difference between this value and our result comes from the different treat-
ments applied for core electrons. While we use the soft-core approach, they have
used frozen-core approximation, a simplified description of core electrons that results
in larger equilibrium lattice parameters at 0 K which are closer to experimental data
[122, 123, 124], but can not be justified theoretically. A comparison between the soft-
and the frozen-core approaches is presented in Fig. 5.8, where the equilibrium volume
and the local magnetic moments are plotted for the fcc phase of A607 alloy. More
detailed informations, including the experimental values for the room-temperature lat-
tice parameter and the bulk modulus are given in Tab. 5.4. Our results show that
the equilibrium volume and the bulk modulus calculated using the soft-core approach
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0.0

0.5

1.0

1.5

2.0

M
ag

n
et

ic
m

om
en

ts
[µ

B
]

F
e

in
fc

c

Cr and Ni

Soft
Frozen

A607

(b)

Figure 5.8: Comparison of the physical properties of the A607 alloy, calculated using the
soft-core and the frozen-core approaches. As the lattice parameter increases, (a) presents the
changes in the total energy, while (b) shows the behavior of the local magnetic moments.
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Figure 5.9: A607 alloy: as the lattice parameter changes, (a) shows the changes in the
total energy, and (b) depicts the behavior of the local magnetic moment of all elements. In
these calculations the frozen-core approximation has been applied. Compared to Fig. 5.7,
these approximation results in a significant shift in the equilibrium lattice parameter, while the
behavior of the magnetic moments remain almost unchanged.
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Table 5.4: The calculated equilibrium lattice spacing and the bulk modulus of three phases,
compared to available experimental data. Note that the fcc lattice parameter afcc, is derived
using the equilibrium volume of every phase.

phase
afcc [Å] B [GPa]

soft-core frozen-core experiment soft-core frozen-core experiment

fcc 3.522 3.598 3.592 172.2 164.9 ∼160.0 [23]

hcp 3.488 3.558 — 271.5 152.2 —

dhcp 3.501 3.588 — 178.2 153.0 —

are respectively smaller and larger then those coming through the frozen-core approx-
imation. This suggest that the frozen-core approximation, compared to the soft-core
approach, underestimate the strength of atomic interactions in the metal.

Despite significant difference in the equilibrium volumes calculated using the two
core-electron treatments, Fig. 5.8(b) shows that both approaches result in very simi-
lar values calculated for the magnetic moments. In the first look, it might point the
dominance of the valence states in the magnetization of elements, as these states are
equally calculated in both approaches. However, unless it is proven using other meth-
ods, a question rises here: If the frozen-core approximation can describe the magnetic
structure of the system in similar manner as it is done by the soft-core approach,
why it results in different equilibrium volume? To answer this question, whether the
mentioned magnetic makeup is correct, or it is just an accident, or it is a bug in the
implementation of the frozen-core approximation in the code, further investigations are
required.

The E-V curves calculated for three phases using the frozen-core approximation
are presented in 5.9. These results show that, using the frozen-core approximation,
the most stable phase at 0 K equilibrium is hcp, followed by fcc and dhcp. This is
different than the order we found using the soft-core approach: hcp, dhcp, and fcc (see
Fig. 5.7). Moreover, compared to Fig. 5.7, Fig. 5.9 shows that, at 0 K equilibrium,
the energy differences between the three phases become smaller when the frozen-core
approximation is applied. These differences become of particular importance when
investigating the SFE which, in the absence of the entropy at 0 K, is calculated as

SFE(T = 0 K) =
Ehcp + 2Edhcp − 3Efcc

A
, (5.13)

resulting in values of −126 mJ/m2 and 6 mJ/m2 for soft- and frozen core approaches,
respectively. Finally, in the hcp phase, Fig. 5.9 shows a kink in the E-V curve at
afcc ≈ 3.53 Å, which can be related to a low-spin to high-spin magnetic transition of
iron atoms. Although the same transition is observed in all phases in Figs. 5.7(b) and
5.9(b), except the hcp phase with frozen-core approximation, it never results in a visible
change in the corresponding E-V curves.

Our methodology of the SFE evaluation requires the accurate values of the differ-
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T =573 K

a=3.602 Å
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Figure 5.10: The thermal lattice expansion data for the A607 alloy, as measured using the
XRD method during heating process. The temperature range is divided into four intervals,
where the lattice parameter at the middle of every interval is used in the LSF calculations.

ences between free energies of the mentioned three phases, which depend highly on
the correct values of the total energy as well as of the local magnetic moments. Both
of these parameters are significantly affected by volume. When considering the tem-
perature dependence of the SFE, the process becomes more challenging as all values
are needed as a function of temperature. However, the temperature dependence of the
lattice parameter can not be evaluated easily, as there is no available methodology to
evaluate the vibrational free energies in paramagnetic random alloys. In order to sur-
mount this difficulty, we have measured the thermal lattice expansion of Böhler A607
to provide the temperature dependence of the lattice parameter of A607 alloy. The
XRD experimental lattice parameters are presented in Fig. 5.10.

5.4.2 Longitudinal Spin-Fluctuations

In order to describe the thermal excitation of the local magnetic moments in the
paramagnetic DLM state, we use a simple model based on the unified itinerant mag-
netism theory [125]. While the theory includes both transverse and longitudinal spin-
fluctuations on equal footing, we assume in our simplified model that the transverse
spin-fluctuations, i.e., the fluctuation in the orientations of the magnetic moments, al-
ways follows the completely disordered configuration, as described in the DLM state.
For evaluating the longitudinal spin-fluctuations (LSF), i.e., the fluctuation in the size
of the magnetic moments, a classic Monte-Carlo simulation is performed over a mapping
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of the system energetics, calculated using the EMTO method for relevant configura-
tions.

Ruban et al. [126] have introduced a magnetic Hamiltonian which, taking into
account the LSF, can give a quite accurate representation of the energy of the classical
magnetic state, as well as the values of the magnetic moments in the state. Their
Hamiltonian for a system consist of identical atoms is defined as

Hmag. =
∑

i

J (0)(M̄) +
∑

i

J (1)(M̄,Mi) +
∑

ij

J
(2)
ij (M̄,Mi,Mj) ~Mi · ~Mj , (5.14)

where the vector quantity ~Mi is the local spin moment of an atom in position i, whose
length Mi can have any positive value. M̄ = 〈Mi〉 = 1

N

∑
iMi denotes the average

value of the local magnetic moments in the system. J (0)(M̄) is the zeroth-order term
defined as the energy of a homogeneous DLM state representing a system of randomly
oriented spins with a fixed value of the magnetic moments M̄ . J (1)(M̄,Mi) is the on-site
term, the LSF energy, which is the energy required to change the size of the magnetic
moment of the atom in position i, from the corresponding DLM value M̄ to Mi. Fi-

nally, J
(2)
ij (M̄,Mi,Mj) is the pair exchange interaction parameter, which describes the

magnetic interaction between atoms in positions i and j, with local magnetic moments
Mi and Mj embedded in the DLM effective medium.

Using a similar approach, Reyes-Huamantinco et al. have recently calculated the
single-site LSF for the paramagnetic iron-manganese binary alloys [101]. However, they
assume that the free energy is dominated by single-site magnetic fluctuations in the
paramagnetic DLM state, thus they define a Hamiltonian which includes only the first
term of Eq. 5.14. Following their approach, we can rewrite the Hamiltonian for an alloy
as

Hmag. =
∑

s

csJs(ms), (5.15)

where s stands for the elements in the alloy (s = Fe, Cr, and Ni here), cs is the
concentration of element s, ms is the spatially-averaged local magnetic moments of
element s, and, finally, Js(ms) is the energy required to excite these averaged moments
from 0 to the value ms in the DLM paramagnetic state. In fact, Js(ms) in Eq. 5.15
corresponds to J (0)(M̄) in Eq. 5.14. Note that, while the Eq. 5.14 includes terms
related to all individual atoms in the system (expressed by summation

∑
i), the Eq. 5.15

contains only the single-site terms, which might be considered as an average over all
atoms. That is why the summation

∑
i has disappeared in the Eq. 5.15.

5.4.2.1 DFT Calculations of the LSF Hamiltonian

Generally, by expressing the total energy of system as a function of magnetic moments,
the magnetic Hamiltonian provides an insight into the magnetic characteristic of the
system. In our simplified model, this Hamiltonian contains only those parameters
which are related to the homogeneous DLM state, as presented in Eq. 5.15. In order
to calculate these parameter for our ternary system, we start with the methodology
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Figure 5.11: The overall behavior of the Hamiltonian parameters Js(ms) versus the size of the
magnetic moments ms, as calculated using four experimental lattice parameters in the A607
alloy. For a closer view of the region around the horizontal axis, see Fig. 5.12.

developed by Reyes-Huamantinco et al. [101], and expand it to include the thermal
lattice expansion of the alloy.

The parameters are calculated using the EMTO method, where the cell volume
and consequently the atomic distances are adjusted based on the experimental lattice
parameters measured for Böhler A607 alloy, as presented in Fig. 5.10 (see Sec. 5.4.1
for a discussion about the relevant choice of the lattice spacing). In order to do so,
taking only the heating branch of the lattice thermal expansion curve, the desired
temperature range 273 K–1273 K (0 ℃–1000 ℃) is divided into four intervals, whose
middle values are selected for our calculations (see Fig. 5.10). The total energy is
evaluated via the self-consistent DFT calculations, where the magnetic moments of
the element s ∈ {Fe,Cr,Ni} are fixed to the value ms ∈ {0.00, 0.25, 0.50, · · · , 4.00 µB}
and the moments of the other elements, i.e., s′ 6= s, are allowed to relax. In this
calculations, the exchange-correlation (XC) effects are approximated using the local
spin density approximation (LSDA) [127], since it has been reported in the cases of bcc
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Table 5.5: Comparison of the magnetic moments of iron, calculated in the DLM paramagnetic
state of the A607 alloy using the LSDA and the GGA functionals. The LSDA magnetic moments
have been obtained according to the minimum total energy of the system, normalized to the
total energy of the corresponding nonmagnetic state, ∆EFe = EFe(mFe)−EFe(0)(see Fig. 5.12).

GGA LSDA

TXRD aXRD
fcc phase mFe mFe ∆EFe

[K] [Å] [µB] [µB] [mRy]

fcc 1.805 1.339 −1.288
298 3.592 hcp 1.512 0.379 −0.004

dhcp 1.725 1.152 −0.616

fcc 1.863 1.413 −1.597
573 3.602 hcp 1.610 0.756 −0.066

dhcp 1.792 1.251 −0.855

fcc 1.951 1.523 −2.154
873 3.619 hcp 1.748 1.081 −0.305

dhcp 1.891 1.392 −1.316

fcc 2.023 1.613 −2.724
1173 3.634 hcp 1.854 1.279 −0.647

dhcp 1.972 1.504 −1.809

iron [128] and bcc chromium [129] to result in more realistic magnetic moments with
respect to the generalized gradient approximation (GGA) [102]. This approach gives
the total energy of system Es(ms) as a function of the magnetic moments of element s.
The Hamiltonian parameters are obtained by normalizing these energies to the energy
of nonmagnetic state: Js(ms) = Es(ms)− Es(0).

For the A607 alloy, we present the overall behavior of Js(ms) in Fig. 5.11, while a
more detailed presentation with focus on a small region around the horizontal axis is
available if Fig. 5.12. For any of the elements chromium and nickel, our results show
almost the same behavior of the the total energy, where it monotonically increases
with the magnetic moments. It suggest that chromium and nickel are nonmagnetic
at the equilibrium DLM state, as it was also mentioned when discussing the volume
effects in Sec. 5.4.1. On the other hand, it shows that when enough energy is provided,
for instance in the form of thermal energy, these two elements can excite to magnetic
states. This behavior demonstrates the itinerant nature of the electron magnetism in
chromium and nickel. However, the steeper curve of nickel shows that there are more
available states with larger variety of magnetic moments for chromium than for nickel.

In the case of iron, unlike chromium and nickel, the energy curve always passes a
shallow minimum as the magnetic moments increase from zero. These minimums and
their corresponding magnetic moments are presented in Tab. 5.5, also indicated on the
horizontal axes in the figures. First of all, a minimum in the energy curve shows that
iron is magnetic at the equilibrium DLM state, indicating the Heisenberg nature of
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Figure 5.12: The dependence of the Hamiltonian parameters Js(ms) on the size of the mag-
netic moments ms, as calculated using four experimental lattice parameters in the A607 alloy.
As the graph zooms in on a small region around the the horizontal axis, the minimum of curves
JFe(mFe) are unveiled.

its electron magnetism. Secondly, the small depth of this minimum indicates the low-
energetic accessibility of spin fluctuations with a large variety of the magnetic moments,
which reflects the itinerant nature of the magnetism in this element. Although both
Heisenberg and itinerant types of magnetism are present in iron, later we will see that
the Heisenberg type is dominant.

We can also compare these curve with E-V curves, presented in Fig. 5.7. For an
easier comparison, see the GGA and the LSDA magnetic moments in Tab. 5.5. We find
that the energy minimums in the JFe occur at magnetic moments which are smaller
then their corresponding values calculated in Sec. 5.4.1. These differences are partially
due to the different exchange-correlation approximations applied in the two series of
calculations, i.e., the GGA-PBE functional used in the calculations of volume effects,
while the LSDA functional was selected for the LSF calculations.

On the horizontal axes, as the volume increases (for instance, by moving from
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Figs. 5.12(a) to Figs. 5.12(d)), the positions the these minimums get closer to each
other, suggesting that the equilibrium states of three phases converge at larger volumes.
Moreover, they are deeper when calculated with larger lattice spacing. Generally, a
deeper minimum shows that the magnetic moments of the system are more localized,
and hence it is more difficult for them to be excited to states with higher energy,
indicating the weak itinerant nature of the system. Based on the same argument, in our
Fe–Cr–Ni alloy, the fcc and the hcp phases demonstrate the weakest and the strongest
itinerant magnetism, respectively. Finally, the relatively small slope of all energy curves
around their minimum emphasizes the strong possibility of the spin fluctuations in this
alloy, which are necessary to be taken into account in order to get an accurate physical
description of the system.

We can also plot the related magnetic moments which evidence the correlations
between the magnetic moments of different elements in the alloy (see Figs. 5.13 – 5.16).
In all cases, the magnetic moments of chromium (red curves) and nickel (blue curves)
remain unchanged as the moments of any other element increase. On the other hand,
magnetic moments of iron (black curves) exhibit only a week correlation with moments
of other elements, where they increase with chromium moments, but decrease as nickel
moments increase. This indicates that the magnetic interactions among different species
are generally weak.
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Figure 5.13: The correlation between mag-
netic moments in A607 alloy, using the lattice
parameter at 298 K.
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Figure 5.14: The correlation between mag-
netic moments in A607 alloy, using the lattice
parameter at 573 K.
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Figure 5.15: The correlation between mag-
netic moments in A607 alloy, using the lattice
parameter at 873 K.
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Figure 5.16: The correlation between mag-
netic moments in A607 alloy, using the lattice
parameter at 1173 K.
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5.4.2.2 Monte Carlo Calculations

As it was already mentioned, once the system energetics are known, a Metropolis Monte-
Carlo technique can be used in order to obtain the temperature-dependence of the local
magnetic moments. In this approach, a system of randomly oriented spins is considered
whose configuration is progressively altered by changing the size of its individual spins
in a random manner. After the change applied, the total energy is calculated using a
classical magnetic Hamiltonian, where the dependence of the total energy on the size
of the magnetic moments has been defined using the energetics of the paramagnetic
random alloy, Js(ms), calculated using the EMTO method (see the previous section).
A change in the system configuration is always permitted, if it lowers the system total
energy, i.e., it results in a negative ∆E, defined as ∆E = Eafter − Ebefore < 0, where
Eafter and Ebefore are the system total energies after and before the change, respectively.
Otherwise, when ∆E > 0, the changed configuration might be accepted depend on the
excitation probability, which is defined as e−∆E/T . As it is obvious from this definition,
when ∆E > 0, a configuration with larger ∆E/T has lower chance to be accepted.
The process is repeated for many times, so that the changes in total energy, ∆E,
become very small, showing that the current configuration is already very close to the
equilibrium configuration with the lowest energy. Once this conditions is satisfied, the
spatial average of the magnetic moments is calculated.

The algorithm starts with the highest temperature in the desired range, and while
decreasing the temperature step by step, tries to find the equilibrium configuration of
the magnetic moments. The outputs related to the four selected experimental lattice
parameters are presented in Fig. 5.17, where different phases are distinguished with
their corresponding colors.

For the DLM paramagnetic state, our results predict that, in all three phases, iron
holds significant magnetic moments at 0 K, evidencing the contribution of localized d-
electrons to its magnetism. This behavior is a characteristic of systems which follow
the Heisenberg model of magnetism. However, as temperature rises, the magnetic
moments of iron grow, which is a characteristic of the itinerant magnetism [126]. So we
can conclude that, the electron magnetism in iron forms as a mixture of both Heisenberg
and itinerant types. The itinerant nature of magnetism is stronger in the hcp phase,
followed by dhcp and fcc, as determined by the slope of their corresponding curves,
particularly at lower temperatures. In the entire temperature range, the fcc phase has
the largest magnetic moments of iron, followed by dhcp and hcp, same as for iron in
Fe–Mn alloys [101]. Chromium and nickel, on the other hand, find significant magnetic
moments only due to the thermal excitation of their spins, indicating the pure itinerant
nature of their electron magnetism.
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Figure 5.17: The dependence of the magnetic moments on the temperature, calculated for
the A607 alloy, using four different experimental lattice parameters.
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5.4.3 The SFE Calculations

Once the temperature dependence of the lattice parameter (through the XRD mea-
surements) and of the local magnetic moments (through the Monte-Carlo step of the
LSF calculations) are known, we can perform a set of constrained DFT calculations
in order to find the free energy of every phase as a function of temperature. These
calculations are called constrained because the magnetic moments of all atom types
are fixed to their corresponding values evaluated using the Monte-Carlo method (see
Subsec. 5.4.2.2). The SFE is then evaluated using these free energies, as expressed in
the Eq. 5.5.

In Fig. 5.18(a), the SFE’s are presented according to five sets of the LSF calcula-
tions. The first set uses the theoretical equilibrium volume, while the other four sets
utilize the measured lattice parameters at 298, 573, 873, and 1173 K (25, 300, 600,
and 900 ℃, respectively). For every set, in order to find the SFE at all temperatures
in the range, a third order polynomial is fitted into the calculated points. All curves
are ascending, which exhibit an increase in the SFE with temperature. Moreover, it
is found that using a larger volume in the LSF calculations results in a larger SFE’s.
The colored curves are more reliable in a temperature range around the point at which
their corresponding lattice parameters have been measured. These ranges and their
corresponding data points are highlighted in Fig. 5.18(b). The overall temperature
dependence of the SFE can be found by fitting a third order polynomial into these
highlighted points. We find that, for the A607 alloy, the SFE almost linearly increases
with the temperature:

SFEA607(T ) = 1.296×10−8 T 3 − 3.924×10−5 T 2 + 1.006×10−1 T − 3.530×101 (5.16)

where T and SFEA607 are in Kelvin and mJ/m2, respectively.

Generally, finding a trusted experimental value for the SFE is quite challenging.
As presented in Tab. 1.1, uncertainties up to 30% have been reported in the case of
pure metals, making it difficult to fully rely on an individual experimental value. One
must also take into account that, when measuring the SFE in alloys, the problem be-
comes even more elaborate due to complexities which are a part of the nature of the
composition compared to a pure material. Particularly for steels, comparing the calcu-
lated SFE’s with experimental values is not a straightforward task, since experimental
samples always contain small fractions of other elements, making them different from
the simulated systems. Moreover, the process of sample preparation alters its final
microstructure, a property which highly governs the SFE measurements, and hence
significantly changes the measured results, even for samples with equal chemical com-
positions. For instance, for plain carbon steels in the γ-phase at high temperature, the
SFE has been measured between 70 mJ/m2 and 100 mJ/m2 (almost 50% deviation),
based on the material grain size [130]. Specially when the temperature dependence of
the SFE is intended, some irreversible changes may be introduced in samples as they
are heated up or cooled down again (see the references of the reported experimental
results).
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Figure 5.18: (a) The temperature dependence of the SFE, evaluated for A607 alloy. Different
curves correspond to different volumes used in the LSF calculations. Using the experimental
lattice parameter (colored curves) instead of the equilibrium value (black curve) increases the
SFE significantly. (b) The temperature interval is divided into 4 regions (see Fig. 5.10), where
the most relevant points of every curve is selected. The overall behavior of the SFE is found
by fitting a third order polynomial to the selected points.
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Figure 5.19: Comparison between our results and available experimental and theoretical SFE’s
for A607 alloy. Experimental data are presented for alloys where the deviation of the chemical
composition from our A607 is in the range of ±4 at.%, ±2 at.%, and ±2 at.%, respectively for
iron, chromium, and nickel. However, the accurate composition of these alloys are presented in
Appendix B. The black curve presents the temperature dependence of the SFE, calculated for
Fe74Cr18Ni8 [8]. Room temperature has been indicated by a vertical line at 298 K (25 ℃).

Experimental values for the SFE can be found in Appendix B, where a summary
of a review on relevant publications is presented. In order to compare our results with
available experimental values, we select only those alloys where the deviation of the
chemical composition from our A607 is in the range of ±4 at.% for iron and ±2 at.%
for chromium and nickel. Although we ignore the presence of any other elements, we
omit alloys where the summation of all ignored concentrations exceeds the limit of
±2 at.%. Our calculated SFE and the measured values for these selected alloys are
presented in Fig. 5.19. The black curve in the figure demonstrates the theoretical re-
sults published by Vitos et al. [8], where they have calculated the temperature and
composition dependence of the SFE using an approach very similar to ours. However,
their applied approximations and some computational details are different than ours,
as they have applied the frozen-core approximation and the SC-LSF scheme. These
differences will later be discussed in this section. Our results and Vitos’s results agree
in the prediction of the direct temperature dependence of the SFE, specially at higher
temperatures where both curves increase with almost the same slope. At lower temper-
atures, including room temperature, the curve calculated by Vitos has greater slope.
However, the main difference between these two theoretical results comes from their
different SFE-intercept, a constant which shifts the entire curve along the vertical axis,
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i.e., SFE-axis. While Vitos has found a positive SFE at room temperature which
successfully reproduces the existing experimental values, our calculations result in a
negative SFE at room temperature, which is approximately 15 mJ/m2 lower than the
lowest measured value.
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Figure 5.20: Comparison between the SFE results, as the LSF calculations are performed
using the LSDA (dashed curves) or the GGA (solid curves) functional. Like in the Fig. 5.18(a),
red curves correspond to a set of calculations where the lattice parameter measured at 298 K
(25 ℃) is utilized in the LSF evaluation.

Vitos et al. have applied the GGA functional in order to approximate the exchange-
correlation effects in the free energy calculations, as well as in the evaluation of the ther-
mal excitation of the magnetic moments. In fact, the applied self-consistent schema of
the LSF calculations evaluates these thermal excitations and the free energy simultane-
ously, making it impossible to use different exchange-correlation terms in them. Dislike
this approach, we calculate the LSF prior to the free-energy calculations, which allows
us to chose different computational parameters for these separated tasks. As it was
already mentioned in Sec. 5.4.2.1, we use the LSDA functional in the LSF calculations,
while utilizing the GGA functional in the free-energy calculations.

In order to find the origin of the difference between our results and Vitos’s report, we
recalculate the thermal excitation of the magnetic moments using the GGA functional.
Our SFE results for both functionals are presented in Fig. 5.20, where the dashed
and solid curves indicate the usage of the LSDA and GGA functionals in the LSF
calculations, respectively. Compared to graphs if Fig. 5.18(a), we have recalculated
the LSF only for the lattice parameter measured at 298 K (25 ℃). Using the GGA
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Figure 5.21: The main components of the SFE, calculated for A607. The thermal excitation of
the magnetic moments are taken into account using the LSDA exchange-correlation functional
in the LSF calculations.

functional in the LSF calculations introduces a significant shift to the entire curve, for
almost 20 mJ/m2 toward the higher values. At room temperature, this results in very
good agreement with experimental data and Vitos’s report. For higher temperatures,
as presented in Fig. 5.18(b), further calculations using relevant lattice parameters in
the LSF step are required. However, comparing the enhanced slope of the overall curve
to the slope of the curve utilizing a@ 298 K (green dashed curve compared to the red
dashed curve in Fig. 5.20), we expect that the same improvement will occur here.

5.4.4 The SFE Components

As a result of the ANNNI model, the SFE is affected by every contribution to the free
energies, which are in turn derived by subtracting different entropy contributions from
the total energy (see Eqs. 5.6 and 5.7). We already mentioned in Sec. 5.2 that, in
our SFE calculations, we consider the magnetic and the electronic contributions to the
entropy. In Fig. 5.21, we present three main components of the SFE, i.e., the differences
in the total energies

∆E = Ehcp + 2Edhcp − 3Efcc, (5.17)

the differences in the electronic free energies

∆Fel. = ∆E − T∆Sel. = ∆E − T (Shcp
el. + 2Sdhcp

el. − 3Sfcc
el. ), (5.18)
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and the differences in the magnetic entropies

T∆Smag. = T (Shcp
mag. + 2Sdhcp

mag. − 3Sfcc
mag.). (5.19)

By increasing from −18 mJ/m2 at 298 K (25 ℃) to 37 mJ/m2 at 1273 K (1000 ℃),
the total-energy contribution, ∆E plotted in green, governs both the value and the
temperature dependence of the SFE. The effect of the electronic-entropy contribution
can be estimated by comparing the electronic-free energy, ∆Fel. plotted in red, to the
total energy. The small difference between these two curves indicates the tiny effect
of the electronic-entropy contribution on the SFE, which might safely be ignored. The
magnetic-entropy contribution, T∆Smag. plotted in blue, changes from −9.6 mJ/m2 at
298 K (25 ℃) to −18.9 mJ/m2 at 1273 K (1000 ℃). By changing less than 3 mJ/m2

within a range of 600 K, it forms almost a plateau at the first half of the temperature
range. Including this term in our calculations, shifts the entire SFE curve toward higher
values. Although it slightly increases the slope of the SFE curve, the main influence of
the magnetic-entropy contribution must be considered as an improvement in the SFE
value rather than in the SFE temperature dependence.

However, the contribution of the magnetic entropy to the free energy is not the
only way through which the local magnetic moments influence the final results. As the
thermal expansion is taken into account, the local magnetic moments change due to
the lattice expansion, resulting in further changes in the total energy. Such changes
can appear even when the electronic structure is calculated for the ground state of the
system according to 0 K, at which no thermal excitation exists.

In order to investigate this effect, we calculate the ∆E for A607 alloy in two dif-
ferent conditions: 1) in the DLM state at 0 K, where no thermal excitation of the
magnetic moments exists, and 2) in the DLM state at finite temperatures, where the
thermal excitations of the magnetic moments are taken into account by calculating the
fluctuation of spins. The only difference between these two states is the different size of
the local magnetic moments, coming from the itinerant nature of electronic magnetism
in the Fe–Cr–Ni alloy. For the ground state at 0 K, as it was shown in Fig. 5.7(b), when
the lattice parameter falls in the range of afcc = 3.5920 Å to afcc = 3.6425 Å, chromium
and nickel preserve their nonmagnetic state, while the finite magnetic moments of iron
grow with the lattice spacing. Considering the thermal expansion data presented in
Fig. 5.10, the mentioned lattice parameter range corresponds to the temperature range
of T =298 K to T =1273 K (25 ℃ to 1000 ℃). The thermal excitations of the magnetic
moments in this temperature range have been presented in Fig. 5.17. The magnetic
moments of iron atoms in this figure are almost equal to their corresponding values
calculated at 0 K (see Fig. 5.7(b)) which shows the dominance of the Heisenberg na-
ture of its electron magnetism. However, despite to their nonmagnetic state at 0 K,
chromium and nickel exhibit significant spin polarization in this temperature range
(mCr ∼ 0.6− 0.7µB and mNi ∼ 0.3µB), showing the dominance of the itinerant nature
of their electron magnetism. These excited magnetic moments are responsible for the
difference between two curves in Fig. 5.22. Despite this difference, both curves show
quite similar temperature dependence of ∆E, emphasizing the higher influence of the
lattice expansion compared to the thermal excitations of the magnetic moments.
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Figure 5.22: The main components of the SFE, calculated for A607. Dashed curve demon-
strates our results where the thermal excitation of the magnetic moments are taken into account
using the LSDA exchange-correlation functional in the LSF calculations. Square symbols rep-
resent the results of a similar approach, where the GGA functional is applied instead of the
LSDA in the LSF calculations. Solid curve corresponds to the ground-state calculation at 0 K,
using the GGA exchange-correlation functional.
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Figure 5.23: The temperature dependence of the magnetic moments, calculated for A607 using
different approaches. Calculated using the lattice parameter measured at 298 K (25 ℃), dotted
and dashed curves demonstrate the thermal excitation of the magnetic moments evaluated using
the LSDA and GGA functional in the LSF calculations, respectively. The solid curves, presents
the ground-state magnetic moments at 0 K, calculated using the GGA functional for different
lattice parameters, which are related to temperature using the thermal expansion date.
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When calculating the ∆E, further investigations by looking at the magnetic mo-
ments presented in Fig. 5.23, show that the magnetic moments of iron have larger
influence compared to those of chromium and nickel. Comparing the results coming
from LSDA-LSF and GGA-LSF, respectively dotted and dashed curves in the figure,
while nickel magnetic moments are not affected by the exchange-correlation functional,
iron and chromium find larger moments as the LSDA functional is replaced by GGA.
This increase is more pronounced at lower temperatures, resulting in a larger split be-
tween the room-temperature results (see Fig. 5.22). At 0 K, while nickel and chromium
remain nonmagnetic regardless of the lattice parameter, the magnetic moments of iron
are found larger then their corresponding values using the GGA-LSF. As the volume
increases, they grow faster than the GGA-LSF moment grow with temperature, mak-
ing the split between to class of results larger at higher temperature (volumes). The
good agreement between the ∆E values resulted from the GGA-LSF or ground-state
calculations (respectively square symbols or solid curve in Fig. 5.22), and the nonmag-
netic state of chromium are nonmagnetic in ground-state, suggest that the behavior
of the ∆E is mainly characterized by the magnetic moments of iron. On the other
hand, concerning these results, we may conclude that, at least for Fe–Cr–Ni alloys, the
evaluation of the thermal excitation of the magnetic moments is not the crucial part of
the SFE calculation, as the temperature dependence of iron magnetic moments as the
main contributers can simply be calculated using the lattice thermal expansion data.
This results can provide a solution for applications where an approximation of the SFE
is sufficient.

As a summary of the discussion, we present the two main components of the SFE,
i.e. ∆E, T∆Smag., in Fig. 5.24, where the dashed curves and square symbols indicate
the implementation of the LSDA and GGA in the LSF calculations, respectively, and
the solid curves correspond to the 0 K ground state calculations. First of all, comparing
the SFE’s calculated using the LSDA-LSF and the GGA-LSF, we found that the latter
results in very good agreement with the experimental results, which is due to the larger
magnetic moments resulted from the GGA. All the three classes of results mentioned
in the figure emphasize on the fact that, the SFE is dominantly governed by the total
energy difference, ∆E, which is in turn highly dependent on the lattice parameter.
Moreover, comparing the two magnetic phenomena, the change in the magnetic mo-
ments due to a pure lattice expansion, and the change in the magnetic moments due
to thermal excitation (magnetic-entropy contribution), we found that they are almost
equally importance in the SFE calculations (in the figure, look at the differences of the
∆E curves which are coming from the first phenomenon, and the T∆Smag. curves which
are resulted from the second). Considering the significant effort required for evaluation
of these thermal excitations, it might be omitted when an approximation of the SFE is
sufficient.

These findings about the magnetic effects are clearly contrasting with earlier results
published by Vitos et al., where the temperature dependence of the SFE in Fe–Cr–Ni
alloys is solely determined by the magnetic-entropy contribution [8]. They have not
mentioned whether have included the thermal expansion in their calculations or just

96



5.4 Results

3.590 3.601 3.612 3.623 3.634 3.645

Fcc lattice parameter [Å]
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Figure 5.24: The main components of the SFE, calculated for A607. Dashed curves demon-
strate our results where the thermal excitation of the magnetic moments are taken into account
using the LSDA exchange-correlation functional in the LSF calculations. Square symbols rep-
resent the same approach, except the implementation of the GGA functional instead of the
LSDA in the LSF calculations. Solid curves correspond to the ground-state calculation at 0 K,
using the GGA exchange-correlation functional.

have omitted. However, using the same approach as ours, Reyes-Huamantinco et al.
have recently calculated the influence of different contributions on the temperature
dependence of the SFE for Fe–Mn alloys, where their results are fairly similar to our
findings [101]. Our results, together with the publication by Reyes-Huamantinco et al.,
suggest that in order to find the correct behavior of the SFE versus temperature, the
thermal expansion must be taken into account as the crucial effect. Of second order of
importance, is the contribution of the magnetic moments in the total energy and also
the magnetic-entropy contribution if the free energy. Finally, the electronic entropy
may be safely omitted.

5.4.5 The hcp→fcc Driving Force

Now that the free energies are available for both fcc and hcp phases, we can calculate
the driving forces for the hcp↔fcc transformations, a pair of parameters demonstrating
the tendency of the system to form one phase over the other one. Generally, these
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Figure 5.25: The differences between the free energies of the hcp and dhcp phases with respect
to the free energy of the fcc phase, calculated for A607 alloy.

parameters are defined as the difference between the free energies of the two phases,
with the expression of

∆F fcc→hcp = F fcc − F hcp (5.20)

for the forward fcc→hcp transformation, and similarly, with the expression of

∆F hcp→fcc = F hcp − F fcc (5.21)

for the reverse fcc→hcp transformation. In Fig. 5.25, we present these differences
for both hcp and dhcp phases, i.e., ∆F hcp→fcc (the red curve) and ∆F dhcp→fcc =
F dhcp − F fcc (the blue curve). A positive ∆F hcp→fcc indicates that the system would
prefer the fcc phase over the hcp, and vice versa.

As the temperature changes, the free energies change differently, causing the driving
forces to find negative, zero, or positive values. Theoretically, the hcp↔fcc transfor-
mations may happen as two phases reach their thermodynamical equilibrium. This
equilibrium occurs at a temperature indicated by T fcc,hcp

0 , where the free energies of
the two phases become equal, and consequently ∆F hcp→fcc = ∆F fcc→hcp = 0. However,
in the real world, due to the existence of non-chemical energy barriers such as interfa-
cial and elastic energy, these transformations occur when their corresponding driving
forces find certain positive values [30]. That is why a significant temperature gap is ob-
served between the starting points of the austenite-to-martensite transformation during
cooling, and its reversed form, i.e., the martensite-to-austenite transformation during
heating.
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Table 5.6: Experimental values of Mγ→α′
s and Aα

′→γ
s , measured for alloys with chemical

composition similar to A607. For accurate composition of other elements, see Appendix B.

Cr Ni Mγ→α′
s Aα

′→γ
s notes and reference

[wt%] [wt%] [K] [ ℃] [K] [ ℃]

18.00 7.00 193 −80 — — Abrassart1973 [11]

20.00 8.00 294 21 — — Behjati2011 [13]

18.00 10.00 264 −9 — — Behjati2011 [13]

20.00 10.00 261 −12 — — Behjati2011 [13]

17.30 11.00 223 −50 — — Breedis1964 [14]

18.03 7.94 — — 813 540 Guy1983 [18]

17.55 7.67 — — 723 450 Knutsson2008 [19]

18.34 8.53 — — 710 437
average over five measurements,

Tavares2000 [34]

Average: 247 −26 727 454

The experimental measurements for the α′-martensite start temperature, Mγ→α′
s ,

and the austenite start temperature, Aα
′→γ
s , are presented in Tab. 5.6 for alloys with

chemical composition close to that of A607. The average of values in the table is in good

agreement with the empirical formula presented in Eq. 5.12, which estimates the Mγ→α′
s

temperature about 250 K (−23 ℃) for A607. For Fe–18.8wt.%Cr–11.5wt.%Ni, which
has slightly higher amount of nickel, Singh has observed that the ε and α′-martensites
are stable up to 473 K (200 ℃) and 673 K (400 ℃), respectively [32]. Summarizing
these data, and keeping in mind that the hcp ε-phase is an intermediate phase in γ ↔ α′

transformations, one can conclude that the temperature at which the free energies of

ε and γ phases become equal, T γ,ε0 , is somewhere between Mγ→α′
s and Aα

′→γ
s . Using

the average values in Tab. 5.6, the middle point of the [Mγ→α′
s , Aα

′→γ
s ] temperature

interval is 487 K (214 ℃). Based on our calculations, the free energies of the fcc and

hcp phases become equal at T fcc,hcp
0 = 563 K (290 ℃) (see Fig. 5.25). This value is

in adequate agreement with the discussed experimental values, and also with the γ–ε
equilibrium temperature of 521 K (248 ℃), calculated using Thermo-Calc.
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5.4.6 Approximations and Approaches

Here we present a systematic study of the influence of different approximations and
effects on the SFE results. For brevity and clarity, first we would prefer to explain all
terms which appear in plot labels and legends:

• Analytical LSF: An approach for evaluating the magnetic free energy, where
the magnetic fluctuations are accounted using the Monte-Carlo results (see Sub-
sec. 5.4.2.2) through the Eq. 5.9. This is our default approach of LSF calculations,
if nothing is mentioned explicitly.

• Self-consistent LSF (SC-LSF): Another approach for evaluating the magnetic
free energy, where the magnetic fluctuations are calculated self-consistently, as
implemented in the EMTO code.

• Constant a: If the label is used without SC-LSF, it means that the DFT cal-
culations in the latest step have been performed with fixed lattice spacing for
the entire temperature range, omitting the thermal expansion. However, it must
be noted that the thermal expansion has been considered when evaluating the
temperature dependence of magnetic moments using the analytical LSF. If the
label is used in combination with SC-LSF, it means that the thermal expansion
has been omitted completely. The constant lattice spacing is obtained using the
experimental fcc lattice parameter measured at 298 K.

• Variable a: This label means that the thermal expansion has been taken into
account every where in calculations. This is our default method, if nothing is
mentioned explicitly.

• Frozen core: This label indicates the application of the frozen-core approxi-
mation, only in the DFT calculations in the latest step. In this approximation,
the core states in a crystal are approximated with their atomic equivalents in an
isolated atom, and remain unchanged while valence states are calculated through
the self-consistent approach.

• Soft core: This label indicates that all electronic states, including core and
valence states, have been calculated self-consistently. This is our default choice,
if nothing is mentioned explicitly.

• Electronic entropy (Sel.): This label indicates that the contribution of the elec-
tronic entropy has been accounted when calculating the free energy. By default,
this contribution is not taken into account, unless explicitly mentioned.

5.4.6.1 The Electronic Entropy

As it was mentioned in Sec. 5.2, the electronic entropy influences the SFE through
its contribution to the free energy. In the EMTO code, for a certain temperature,
the electronic entropy may be taken into account by implementing the Fermi-Dirac
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distribution of electrons. In Fig. 5.26 we present the contribution of the electronic
entropy to the temperature dependent SFE, where the dashed or solid lines respectively
indicate our final results without or with accounting this effect. As shown in the figure,
the electronic entropy has a very small effect, ∼ 2 mJ/m2, when the SFE is calculated
using the analytical approach for the LSF. More accurately speaking, including the
electronic entropy increases the SFE at the first half of the temperature range, while
decreasing it at the other half. For this calculations, the electronic entropy might be
safely omitted.

On the other hand, when the SC-LSF approach is applied for evaluating the mag-
netic excitations, the electronic entropy has more pronounced effect, ∼ 5 mJ/m2 at its
maximum, on the final results and increases the SFE everywhere in the temperature
range.
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Figure 5.26: Changes introduced in the SFE, as the electronic entropy is taken into account in
the free energy calculation. The curves show that the electronic entropy does not significantly
affect the final results.

In a similar way, the contribution of the electronic entropy to the temperature de-
pendent DF is presented for two cases: calculations with default settings (Fig. 5.27(a)),

and with SC-LSF (Fig. 5.27(b)). Our results show that T fcc,hcp
0 is shifted toward higher

temperatures, as the electronic entropy is included in the free-energy calculations. Like
the case of the SFE, the shift is larger when the SC-LSF approach is applied.
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Figure 5.27: Changes introduced in the differences between free energies of hcp and dhcp
phases with respect to the free energy of the fcc phase, as the electronic entropy is taken into
account. In every plot, the dashed lines indicate the results without accounting the electronic
entropy. (a) Calculations with default settings. (b) Calculations with SC-LSF approximation.

5.4.6.2 The Thermal Expansion

In a crystalline solid, lattice vibrations can be excited as a consequence of temperature
rise. In most crystals, these excitations result in an increase in the lattice spacing,
known as thermal expansion. While the evaluation of expansion coefficients is quite
cumbersome, their measurement is rather easy. Thus we use the experimental data in
order to include the thermal expansion in our calculations.

The correct physical description of a crystalline material is highly dependent on
its lattice spacing. In the first-principle calculations, this fact can be observed by
calculating the volume dependence of the main physical properties, like total energy,
phase stability, local magnetic moments, density of states, band structures, . . . . . . (see
Sec. 5.4.1). Of special importance in our study, is the total energy, which is highly
dependent on the lattice spacing in all systems, including nonmagnetic materials. Ad-
ditional to this effect, in the case of magnetic materials, a change in the lattice spacing
may alter the local magnetic moments (see Sec. 5.4.1), resulting into further changes
in the total energy. Moreover, when the free energies are interested, these changes in
the local magnetic moments affect the magnetic entropy (see Eq. 5.9), which in turn
influences the free energy (see Eqs. 5.6 and 5.7). These effects emphasizes the impor-
tance of the lattice spacing in our SFE evaluations, since the applied ANNNI model is
based on the differences of free energies. In our calculations, the thermal expansion is
included by providing the relevant lattice parameter according to the temperature at
which the SFE is calculated.

In Fig. 5.28, we present the influence of the thermal expansion on the temperature
dependence of the SFE in A607 alloy. Moreover, the influence of the thermal expansion
on differences between the free energies of three phases is presented in Fig. 5.29. When
calculating the LSF using the self-consistent approach, all one needs to enter in the
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input file of the EMTO code is the relevant lattice parameter and the temperature.
The local magnetic moments, and consequently, the magnetic entropy and the free
energy are calculated self-consistently. In this case, if the lattice expansion is omitted,
the only difference which remains between a systems configurations at two different
temperatures would be its magnetic state. Since the effect of magnetic excitations
on the temperature dependence of the SFE is relatively small, it results in a very
week temperature dependence of the SFE, which is presented by the small slope of
corresponding curves in Figs. 5.28 and 5.29(c).

When calculating the LSF using the analytical approach (see Sec. 5.4.2), the thermal
expansion must be considered in two steps, first when calculating the LSF, and second
when calculating the total energy (see Sec.5.4.3). However, here we present the influence
of the thermal expansion on the second step only, as it has already been taken into
account when evaluating the fluctuation of magnetic moments. We found that the
thermal expansion is equally important for both soft-care and frozen-core treatments,
as it leads to significant increase in the slope of the SFE curve (see Fig. 5.28), or

results in big shifts in the fcc–hcp equilibrium temperature, T fcc,hcp
0 (see Figs. 5.29(a)

and 5.29(b)). Thus we conclude that the thermal expansion is a crucial effect which
must be taken into account in order to understand the correct electronic structure and
physical properties of an alloy at finite temperatures, particularly the phase stability,
transformation temperatures, and the temperature dependence of the SFE.
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Figure 5.28: Changes introduced in the SFE, as the thermal expansion is taken into account
in the free energy calculation. The curves show that the thermal expansion is an essential effect
which must be considered in order to find the correct temperature dependence of the SFE.
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Figure 5.29: Changes introduced in the differences between free energies of hcp and dhcp
phases with respect to the free energy of the fcc phase, as the thermal expansion is taken into
account. In every plot, the dashed lines indicate the results without accounting the thermal
expansion. (a) Calculations with default settings. (b) Calculations with frozen-core approxi-
mation. (c) Calculations with frozen-core approximation and SC-LSF.
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5.4.6.3 The Frozen-core Approximation

In order to investigate the influence of the frozen-core approximation, we recalculate our
results by applying this approximation. The SFE and the free energies are presented
in Figs. 5.30 and 5.31, respectively. In all figures, the dashed curves indicate the
results of calculation with default settings (soft core, here), while the solid curves show
the outputs of with the frozen-core approximation. In summary, these informations,
together with the magnetic moments presented in Sec. 5.4.6.3, show that the frozen-
core approximation has only a small influence on the final results. On the other hand,
we found that the application of this approximation does not improve the performance.
Thus, we did not find any motivation for using this approximation.
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Figure 5.30: The influence of the frozen-core approximation on the SFE, calculated for two
systems, including and excluding the thermal expansion (green and red curves, respectively).
The curves show just a slight change in the SFE introduced by the approximation.
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Figure 5.31: Changes introduced in the differences between free energies of hcp and dhcp
phases with respect to the free energy of the fcc phase, as the frozen-core approximation is
applied. In every plot, the dashed lines indicate the results without the approximation. (a)
Calculations with default settings. (b) Calculations with constant spacing.
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5.4.6.4 The Self-consistent LSF

As mentioned in Sec. 5.4.2, the thermal excitation of the local magnetic moments can
be evaluated by running a Monte-Carlo simulation on a relevant energy map of sys-
tem, calculated for all phases and elements using DFT techniques. As discussed there,
this approach, so-called analytical approach, is able to simulate the itinerant nature
of the chromium and nickel electronic magnetism, and hence can calculate the signifi-
cant temperature-induced grow in the local magnetic moments of these two elements.
These magnetic moments can later be used in order to calculate the contribution of
the magnetic entropy to the free energy. The other method for accounting this entropy
contribution is so-called the self-consistent LSF approach, where the magnetic entropy
is obtained using the magnetic moments calculated through the ground-state DFT cal-
culations. In Fig. 5.32, we present a comparison between the temperature dependence
of the magnetic moments, calculated using the two mentioned methods.
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Figure 5.32: The temperature dependence of the magnetic moments, calculated for A607 using
different approaches. The Dashed curves demonstrate the thermal excitation of the magnetic
moments evaluated using the analytical approach, where the solid curves present the results of
SC-LSF approach.

As it is clear in the figure, the SC-LSF approach does not really account the thermal
excitation of the magnetic moments of chromium and nickel, so that they maintain
their 0 K nonmagnetic state even at high temperatures, resulting to an underestimated
magnetic entropy. This underestimation is observed in the temperature dependence of
the SFE presented in Fig. 5.33, as the slope of a curve calculated using the SC-LSF
(any of dashed curves) is smaller then that of the corresponding curve calculated using
the analytical LSF (a solid curve of the same color).
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Figure 5.33: Comparison of the SFE’s, as the LSF is considered using the analytical (dashed
lines) or self-consistent (solid lines) approaches.
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Figure 5.34: Changes introduced in the differences between free energies of hcp and dhcp
phases with respect to the free energy of the fcc phase, as the magnetic fluctuations are ac-
counted through the self-consistently. In every plot, the dashed lines indicate the results with
analytical LSF evaluation. (a) Calculations with default settings. (b) Calculations with frozen-
core approximation. (c) Calculations with frozen-core approximation and constant spacing.
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5.4.6.5 The Exchange-correlation Functional

As mentioned before, we use the LSDA exchange-correlation functional when calculat-
ing the thermal excitation of magnetic moments (see 5.4.2.1). However, when evaluating
the free energies through the constrained DFT calculations, we use the GGA functional
(see 5.4.3). Beside this LSDA-LSF+GGA-FE combination, which is our default set-
tings where nothing else mentioned, we have performed tests with other choices like
LSDA-LSF+LSDA-FE and GGA-LSF+GGA-FE. The SFE and the driving forces are
respectively presented in Fig. 5.35, where dashed and solid curves indicate the LSDA-
LSF+GGA-FE and the LSDA-LSF+LSDA-FE combinations, respectively. The SFE
curves show that a better agreement with experimental results is obtained when the
GGA functional is used in the free energy calculations. This difference is also observed
in the driving force curves, presented in Fig. 5.36, where using the LSDA functional
underestimates the free energies of the hcp and the dhcp phases with respect to the fcc
phase, resulting in wrong phase stabilities in a wide temperature range.

A further investigation on the main components of the SFE, i.e. ∆E and T∆Smag.

can unveil the origin of the difference. As presented in Fig.5.37, the values of T∆Smag.

are found very similar when calculated using the both XC functionals (compare blue
curves with blue symbols in the figure). On the other hand, the differences between
total energies, ∆E, are strongly dependent of the XC functional applied in the final
DFT calculations. In summary, we can say that the best agreement with experimental
results is obtained when the GGA functional is applied in both the LSF and the total-
energy calculations.
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Figure 5.35: The dependence of the SFE on the exchange-correlation functional applied in
the free energy calculations. The SFE’s evaluated using the GGA (dashed curves) functional
agree with experimental results better than those calculated using LSDA (solid curves).
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Figure 5.36: Changes introduced in the differences between free energies of hcp and dhcp
phases with respect to the free energy of the fcc phase, as the exchange-correlation effects in
the final DFT step are approximated using the LSDA functional, instead of the GGA. In every
plot, the dashed lines indicate the results with the GGA functional. (a) Calculations with
default settings. (b) Calculations including the electronic entropy, using the SC-LSF approach.
(c) Calculations with frozen-core approximation and the SC-LSF approach.
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5.5 Conclusion

Finally, we would like to make a conclusion out of our results in this chapter. As the
results were discussed in intensively, we just keep is as short as possible:

• When calculating the SFE using the ANNNI model, our results for the Fe–Cr–Ni
alloy shows that a deviation of maximum ±10% in the value of the screening
parameters can still results in accurate enough results.

• Our results show that the frozen-core approximation, compared to the soft-core
approach, underestimate the strength of the atomic interactions in the metal, as
it results in larger equilibrium volume and smaller bulk modulus. However, the
magnetic moments are found very similar in both approaches.

• Our results on the thermal excitation of magnetic moments show that, at 0 K, iron
holds significant magnetic moments, while chromium and nickel are nonmagnetic.
As temperature rises, all three elements increase their moments. It shows the
dominance of the itinerant nature of the electron magnetisms in chromium and
nickel, and the dominance of the Heisenberg nature of the electron magnetisms
in iron.

• We found that, for the A607 alloy in the range of 298 K–1273 K (25 ℃–1000 ℃),
the SFE almost linearly increases with temperature with the slope of 0.1 mJ/m2/K.

• Our SFE calculations show that, in order to get good agreement between DFT
results and experimental data, the thermal excitation of magnetic moments must
be calculated using the GGA functional.

• We also found that the thermal lattice expansion is by far the main parameter
influencing the temperature dependence of the SFE. The electronic entropy is
very small, and hence can be neglected. The main contribution of the magnetic
entropy to the SFE is shifting the entire curve toward larger values.

• For the applications where an approximation of the SFE is sufficient, the thermal
excitation of the magnetic moments can be skipped, by taking the magnetic
moments calculated versus the volume.

• The SC-LSF approach might be used in order to include the thermal excitation
of the magnetic moments. While its results are similar to analytical approach, it
require less computational efforts.

• We found that the LSDA functional predicts the phase stability of the steel in-
correctly, resulting in significantly underestimated SFE. In order to find better
agreement with experimental results, we would recommend to use the GGA func-
tional in the entire calculations.
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Appendix A

Fourier Expansion in {111}-Plane
of the FCC Structure

In this chapter we presents some analytical calculations to find a suitable Fourier ex-
pansion for SFE. This expansion will be used to fit the calculated points and find
γ-curve.

A General Form of the 2-Dimensional Fourier Expansion
with 3-fold Rotational Symmetry

The general form of the Fourier expansion in 2 dimensions is

f(x, y) =
∑

m,n∈Z
Cmne

i 2πx
a
mei

2πy
b
n, (A.1)

which a and b are the lattice parameters in direction of x and y axes, respectively.
The (111)-plane in the FCC structure has 3-fold rotational symmetry. It means if we
rotate any point of this plane around the symmetry axes with an angel of an integer
factor of 120◦, the function f(x, y) must remain without any change. Suppose a point
of coordinates (x, y) in the plane, after rotation we have

Rz(θ) =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
(A.2)
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(
−1

2 −
√

3
2√
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2 −1
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)
(A.3)
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, (A.4)

(
x′′

y′′

)
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=

(
−1

2x+
√

3
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)
. (A.5)

115



A. FOURIER EXPANSION IN {111}-PLANE OF THE FCC
STRUCTURE

Now we can replace this values in eq. A.1. Replacing the values of eq. A.4 we will reach

f(x′, y′) =
∑

m′,n′∈Z
Cm′n′e

i 2πx′
a
m′ei

2πy′
b
n′ (A.6)

=
∑

m′,n′∈Z
Cm′n′e

i 2π
a

(− 1
2
x−
√

3
2
y)m′ei

2π
b

(
√

3
2
x− 1

2
y)n′

In FCC plane, we know that a =
√

3b, so we can write

f(x′, y′) =
∑

m′,n′∈Z
Cm′n′e

i 2πx
a

(− 1
2
m′+ 3

2
n′)ei

2πy
b

(− 1
2
m′− 1

2
n′). (A.7)

In comparison with eq. A.1, we can find that the necessary condition for equivalence is

Cm′n′ = Cmn if





m = −m′+3n′

2

n = −m′−n′
2

(A.8)

or in reverse direction

Cm′n′ = Cmn if





m′ = −m+3n
2

n′ = m−n
2

(A.9)

Repeating this calculation with the values of eq. A.5, we will reach

Cm′′n′′ = Cmn if





m′′ = −m−3n
2

n′′ = −m+n
2

(A.10)

This conditions necessitate that m±3n and m∓n be even, which is equal to m+n = 2l
(l is an integer number). If we continue this series of indexes, we can write

θ = 120◦ θ = −120◦

m n m n

−m+3n
2

m−n
2 −m−3n

2 −m+n
2

−m−3n
2 −m+n

2 −m+3n
2

m−n
2

m n m n

It shows several important facts:

1. These series are finite and after 3 sentence they will repeat. It cause to an ability
to cut series in some points with exact symmetry.

116
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2. These series are close. It means that different triplet groups of indexes don’t have
any common member; or in the other words, each index contributes only in one
group.

3. The members of the series for θ = 120◦ and θ = −120◦ are completely same, only
the order of members are different.

Now we have the most general form of a function with 3-fold symmetry in (111)-
plane

f(x, y) =

′∑

m,n∈Z
m+n=2l

Cmn

{
ei

2πx
a
mei

2πy
b
n (A.11)

+ ei
2πx
a

(−m+3n
2

)ei
2πy
b

(m−n
2

)

+ ei
2πx
a

(−m−3n
2

)ei
2πy
b

(−m+n
2

)
}

We have used the
∑′ instead of the

∑
in this formula.

∑′ means the summation will
not do over the all of the integer numbers, but, summation will only do over the integer
numbers which have not been manifested in the previous terms. We will use this sign
in the same meaning in the following of this text.

B Additional Reflective Symmetry Respect to X-axes

Another restriction for the function f(x, y) in the FCC structure (111)-plane is the
reflective symmetry respect to x axes. In the other word, if we replace the y with −y,
the function f(x, y) must not senses any change. So we can write

f(x, y) = f(x,−y) (A.12)

which cause to

Cm,−n = Cm,n (A.13)

and leads to

f(x, y) =

′∑

m,n∈Z
n≥0

m+n=2l

Cmn

{
ei

2πx
a
m cos(

2πy

b
n) (A.14)
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)
}
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C Additional Condition to Guarantee the Real Values for
f(x, y)

Now there is only one restriction: “f(x, y) must be real”. Cmn’s are generally complex
and we can write

Cmn = p− iq, p, q ∈ R (A.15)

Replacing this form in eq. A.15, and using the Euler’s formula we can find that the
necessary condition for reality of f(x, y) is

C−m,n = C∗m,n. (A.16)

This relation gives C0n = C∗0n, and it means that C0n is real, so we can derive that
q0n = 0.

Now we reach the form

f(x, y) =
′∑

n∈Z
n≥0
n=2l

{
(A.17)
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We can write above relation in the terms of constants p and q
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f(x, y) =
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D Suitable Fourier Expansion of f(x, y) for Our Works

Regarding to the best results of fitting of FP-LAPW data to the Fourier expansion,
we have found that a suitable approximation with a small cutoff of 2 can be employed
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instead of infinite expansion. We can write this series in the form

f(x, y) = p00 (A.19)
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a
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a
) cos(
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b
)
]
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) cos(
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)
]
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) cos(
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)
]
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− sin(
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a
) cos(
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)
]
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+ sin(
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)
]
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a
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b
)
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.

We can rewrite this relation in the term of the trigonometry parts

f(x, y) = p00 + p02 cos(
4πy

b
) + 2p02 cos(

6πx

a
) cos(

2πy

b
) (A.20)

+ (p11 + p20) cos(
4πx

a
) + p22 cos(

8πx

a
)

+ (q20 − q11) sin(
4πx

a
)− q22 sin(

8πx

a
)
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b
)

+ 2(q11 − q20) sin(
2πx

a
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b
)

+ 2p22 cos(
4πx

a
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4πy

b
)

+ 2q22 sin(
4πx

a
) cos(

4πy

b
)
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Table B.1: Abrassart1973 [11]: Fe-Cr-Ni

name method Fe Cr Ni C Al Si Mn Nb Mo Ms T SFE Md

Steel 1 exp 74.82 18 7 0.18 — — — — — 193.15 ± 5 287.55 17.7 353.15 < x < 363.15

Steel 1 exp 74.82 18 7 0.18 — — — — — — 288.85 16.5 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 288.85 19.8 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 289.55 22.8 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 291.75 18.3 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 292.65 12.5 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 292.95 21.3 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 293.15 24.4 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 293.45 17.3 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 293.65 22.6 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 296.75 23.5 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 297.45 19 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 383.55 31.9 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 385.95 33.4 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 386.35 30.4 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 387.15 32.1 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 389.65 27.4 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 393.95 19.8 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 393.95 20.7 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 396.35 29.6 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 398.75 26.3 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 398.85 31.8 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 399.05 32.9 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 400.35 28.9 —

Continued on next page
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Table B.1 – continued from previous page

name method Fe Cr Ni C Al Si Mn Nb Mo Ms T SFE Md

Steel 1 exp 74.82 18 7 0.18 — — — — — — 400.45 30.1 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 402.95 32.1 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 404.65 30.2 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 472.55 51.2 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 472.65 49.8 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 473.85 24.9 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 475.35 28.5 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 476.15 50.5 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 493.05 43.7 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 493.05 43.7 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 497.15 43.6 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 498.25 45.6 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 498.25 45.6 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 505.85 49.4 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 505.85 49.4 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 510.05 49.5 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 597.25 49.1 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 597.25 49.1 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 597.65 41.2 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 597.85 37.7 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 597.95 50.4 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 601.55 49.6 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 602.15 48.1 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 604.95 50.5 —

Continued on next page
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Table B.1 – continued from previous page

name method Fe Cr Ni C Al Si Mn Nb Mo Ms T SFE Md

Steel 1 exp 74.82 18 7 0.18 — — — — — — 604.95 50.5 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 605.05 49.7 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 605.85 49 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 610.35 49.6 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 610.45 50.8 —

Steel 1 exp 74.82 18 7 0.18 — — — — — — 610.85 48.6 —

Steel 2 exp 75.84 15.5 4.2 0.13 0.17 0.16 1.2 0.1 2.7 273.15 < x < 283.15 ± 5 — — 393.15

Table B.2: Bampton1978 [12]: Fe-Cr-Ni

name method Fe Cr Ni C Si Mn Mo T SFE

16/14 exp 69.67 16.2 14 0.02 0.01 0.08 0.02 298.15 23 ± 5

16/22 exp 62.9 16.21 20.77 0.01 0.01 0.08 0.02 298.15 31 ± 5

21/14 exp 64.97 21.1 13.8 0.02 0.01 0.08 0.02 298.15 18 ± 4

21/22 exp 56.89 21 22 0.01 0.01 0.07 0.02 298.15 33 ± 5

26/22 exp 52.96 25.85 21.07 0.01 0.01 0.08 0.02 298.15 35 ± 5
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Table B.3: Behjati2011 [13]: Fe-Cr-Ni

name method Fe Cr Ni C N O Si P S Mn Mo Ms T DFε→γ T SFE T
γ,α′
0 T DFα

′→γ

16/12 exp 71.9942 16 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 77.1 891.6

16/12 exp 71.9942 16 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 123.3 947.9

16/12 exp 71.9942 16 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 203.1 1029.1

16/12 exp 71.9942 16 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 213.2 1110

16/12 exp 71.9942 16 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 223.2 1155.9

16/12 exp 71.9942 16 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 232.9 1172

20/10 exp 69.9942 20 10 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 4.1 645.8

20/10 exp 69.9942 20 10 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 77.2 689.6

20/10 exp 69.9942 20 10 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 203.1 778.1

20/10 exp 69.9942 20 10 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 233.2 857.4

20/10 exp 69.9942 20 10 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 253 903.8

20/10 exp 69.9942 20 10 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 293.2 921

20/12 exp 67.9942 20 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 4.1 532.5

20/12 exp 67.9942 20 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 133 576.8

20/12 exp 67.9942 20 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 203.1 692

20/12 exp 67.9942 20 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — — — — 223.2 720

20/08 exp 71.9942 20 8 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 294 294 2346 293 16 ± 1.9 634 294 1130

20/08 exp 71.9942 20 8 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — 294 16 — — —

18/10 exp 71.9942 18 10 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 264 294 2379 293 22 ± 2.3 587 294 1130

18/10 exp 71.9942 18 10 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — 264 20 — — —

20/10 exp 69.9942 20 10 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 261 294 2426 293 20 ± 2.1 550 294 921

20/10 exp 69.9942 20 10 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — 261 18 — — —

16/12 exp 71.9942 16 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 231 294 2432 293 28 ± 2.9 552 294 1172

16/12 exp 71.9942 16 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — 231 24 — — —

18/12 exp 69.9942 18 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 220 294 2479 293 26 ± 2.9 510 294 950

18/12 exp 69.9942 18 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — 220 21 — — —

20/12 exp 67.9942 20 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 216 294 2508 293 24 ± 2.7 464 294 720

20/12 exp 67.9942 20 12 0.0004 0.001 0.001 0.002 0.0001 0.0001 0.001 0.0002 — — — 216 19 — — —
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Table B.4: Breedis1964 [14]: Fe-Cr-Ni

name method Fe Cr Ni Ms T SFE

Fe-19Cr-11Ni exp 69.5 19.3 11.2 225.15 298.15 12.7

Fe-17Cr-11Ni exp 71.7 17.3 11 223.15 298.15 17.7

Fe-16Cr-12Ni exp 71.9 16 12.1 214.15 298.15 22.2

Fe-13Cr-14Ni exp 72.8 13 14.2 183.15 298.15 33.1

Fe-11.5Cr-15Ni exp 73.4 11.5 15.1 173.15 — —

Fe-11.5Cr-16Ni exp 72.4 11.5 16.1 77.15 < x < 143.15 — —

Fe-10Cr-16Ni exp 73.4 10.4 16.2 208.15 298.15 42.6

Fe-10Cr-16Ni exp 73.4 10.4 16.2 77.15 < x < 143.15 — —

Fe-7.5Cr-19Ni exp 73.2 7.5 19.3 238.15 — —

Fe-5Cr-23Ni exp 71.9 4.8 23.3 258.15 — —

Fe-3Cr-27Ni exp 70.2 2.8 27 77.15 < x < 143.15 — —

Fe-2Cr-30Ni exp 68 1.9 30.1 77.15 < x < 143.15 — —

Fe-33Ni exp 66.9 — 33.1 173.15 — —

Table B.5: Breedis1971 [15]: Fe-Cr-Ni

name method Fe Cr Ni T SFE

1 exp 69.5063 19.2551 11.2387 300 13

Continued on next page
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Table B.5 – continued from previous page

name method Fe Cr Ni T SFE

2 exp 71.7291 17.2592 11.0117 300 18

3 exp 71.9295 16.0171 12.0534 300 22

4 exp 72.5882 12.9756 14.4362 300 33

5 exp 73.39 10.4267 16.1833 300 43

Table B.6: Fawley1968 [16]: Fe-Cr-Ni

name method Fe Cr Ni C N T SFE

1 exp 69.989 20 10 0.006 0.005 298.15 23 ± 4.025

2 exp 64.979 20 15 0.018 0.003 298.15 32 ± 5.6

3 exp 59.979 20 20 0.015 0.006 298.15 40 ± 7

4 exp 54.985 20 25 0.009 0.006 298.15 38 ± 6.65

5 exp 49.983 20 30 0.011 0.006 298.15 34 ± 5.95

6 exp 69.984 10 20 0.012 0.004 298.15 53 ± 9.275

7 exp 64.976 15 20 0.019 0.005 298.15 40 ± 7

8 exp 54.973 25 20 0.022 0.005 298.15 45 ± 7.875

9 exp 49.959 30 20 0.036 0.005 298.15 57 ± 9.975

10 exp 69.944 20 10 0.012 0.044 298.15 23 ± 4.025

Continued on next page
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Table B.6 – continued from previous page

name method Fe Cr Ni C N T SFE

11 exp 64.955 20 15 0.01 0.035 298.15 34 ± 5.95

12 exp 59.931 20 20 0.018 0.051 298.15 38 ± 6.65

13 exp 54.958 20 25 0.009 0.033 298.15 38 ± 6.65

14 exp 49.961 20 30 0.01 0.029 298.15 34 ± 5.95

15 exp 69.975 10 20 0.012 0.013 298.15 48 ± 8.4

16 exp 64.977 15 20 0.012 0.011 298.15 44 ± 7.7

17 exp 54.936 25 20 0.017 0.047 298.15 47 ± 8.225

19 exp 59.97 20 20 0.027 0.003 298.15 43 ± 7.525

20 exp 49.94 20 30 0.05 0.01 298.15 47 ± 8.225

Table B.7: Gallagher1970 [17]: Fe-Cr-Ni

name method Fe Cr Ni T SFE

exp 72.4 18 9.6 298.15 40.7

exp 67.9 18 14.1 298.15 40.9

exp 62.8 18 19.2 298.15 48.8
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Table B.8: Guy1983 [18]: Fe-Cr-Ni

name method Fe Cr Ni C N Si P S Ti V Mn Co Mo Aα
′→γ
s Aα

′→γ
f

18/8 exp 72.524 18.03 7.94 0.039 0.011 0.2 0.01 0.006 0.1 0.04 1.08 0.01 0.01 813.15 ± 10 923.15 ± 10

18/12 exp 68.588 17.97 11.9 0.013 0.01 0.32 0.009 0.005 0.1 0.04 1.03 0.01 0.005 743.15 ± 10 883.15 ± 10

Table B.9: Knutsson2008 [19]: Fe-Cr-Ni

name method Fe Cr Ni C N Si Mn Co Cu Nb Mo Aα
′→γ
s Aα

′→γ
f

AISI 301 exp 72.215 17.55 7.67 0.095 0.022 0.55 1.23 0.1 0.25 0.008 0.31 723.15 873.15

Table B.10: Latanision1971 [20]: Fe-Cr-Ni

name method Fe Cr Ni C T SFE

18.3Cr-10.7Ni exp 70.995 18.3 10.7 0.005 298.15 18.2 ± 1

18.3Cr-10.7Ni exp 70.995 18.3 10.7 0.005 408.15 27.6 ± 1.2

18.3Cr-10.7Ni exp 70.995 18.3 10.7 0.005 598.15 30.4 ± 1.6

18.7Cr-15.9Ni exp 65.395 18.7 15.9 0.005 298.15 24.9 ± 1

18.7Cr-15.9Ni exp 65.395 18.7 15.9 0.005 408.15 28.8 ± 1.1

18.7Cr-15.9Ni exp 65.395 18.7 15.9 0.005 598.15 31.8 ± 1.4
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Table B.11: Lecroisey1970 [21]: Fe-Cr-Ni

name method Fe Cr Ni C Ms T SFE Md

1 exp 68.09 17.8 14.1 0.01 < 4.15 298.15 45 223.15

2 exp 71.59 15.9 12.5 0.01 < 178.15 298.15 24 273.15

Table B.12: Lecroisey1972 [22]: Fe-Cr-Ni

name method Fe Cr Ni C Ms T SFE Md

0-31 exp 69.18 — 30.8 0.02 248.15 — — 278.15

0-31C exp 69.06 — 30.8 0.14 228.15 — — 273.15

0-25 exp 75 — 25 — 383.15 — — —

7-20 exp 73.296 6.7 20 0.004 4.15 < x < 77.15 — — > 298.15

7-19 exp 73.494 6.9 19.6 0.006 248.15 — — > 333.15

7-18C exp 74.65 7.2 18 0.15 77.15 < x < 183.15 — — 268.15

5-17C exp 77.95 4.5 17.3 0.25 183.15 — — 323.15

16-13 exp 71.59 15.9 12.5 0.01 178.15 298.15 22 353.15

16-11 exp 73.296 15.5 11.2 0.004 253.15 — — 423.15

16-11B exp 73.397 15.6 11 0.003 263.15 — — 423.15

16-11C exp 73 15.7 11.2 0.1 4.15 — — 333.15

18-12 exp 70.192 17.8 12 0.008 208.15 298.15 30 323.15
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Table B.13: Ledbetter1984 [23]: Fe-Cr-Ni

name method Fe Cr Ni Mn Bfcc

monocrystal exp 71 19 10 — 160

polycrystal exp 70.8 18.6 9.3 1.3 158.2

Table B.14: Li2000 [24]: Fe-Cr-Ni

name method Fe Cr Ni C Ms Mγ→ε
d Mγ→α′

d

exp 74.82 18 7 0.18 356.15 420.15 360.15

Table B.15: Martinez1992 [25]: Fe-Cr-Ni

name method Fe Cr Ni C N Al Si P S Mn Cu As Nb Mo Sn T SFE

A exp 69.2916 14.4 15.1 0.02 0.0084 0.005 0.59 0.006 0.013 0.53 0.02 0.002 0.002 0.01 0.002 298.15 45.5 ± 7.5

B exp 68.7459 14.7 15.1 0.02 0.0081 0.005 0.48 0.006 0.012 0.43 0.04 0.001 0.44 0.01 0.002 298.15 27.5 ± 4.5

C exp 68.7869 15.1 14.1 0.02 0.0071 0.005 0.53 0.006 0.012 0.52 0.01 0.002 0.89 0.01 0.001 298.15 23 ± 4

D exp 67.7459 14.6 14.8 0.02 0.0081 0.005 0.57 0.006 0.012 0.47 0.01 0.002 1.74 0.01 0.001 298.15 21.5 ± 3.5
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Table B.16: Ojima2009 [26]: Fe-Cr-Ni

name method Fe Cr Ni C N Si Mn Mo T SFE

316L exp 65.6457 17.35 12.95 0.015 0.0193 0.43 1.3 2.29 298.15 14.2

SUS310S exp 53.899 25.1 19.8 0.048 0.023 0.33 0.8 — 298.15 30.9

SUS310S-N exp 52.377 25 21.1 0.048 0.325 0.31 0.84 — 298.15 42.9

HNS exp 69.731 23.09 4.16 0.019 1 — — 2 298.15 22.3

10Cr-20Ni exp 70.15 10 19.81 0.01 — 0.01 0.01 0.01 298.15 35.6

15Cr-10Ni exp 75 14.98 9.98 0.01 — 0.01 0.01 0.01 298.15 15.2

15Cr-15Ni exp 69.72 15.15 15.09 0.01 — 0.01 0.01 0.01 298.15 27.8

15Cr-20Ni exp 65.05 15.06 19.85 0.01 — 0.01 0.01 0.01 298.15 31.4

15Cr-25Ni exp 60.37 15.13 24.46 0.01 — 0.01 0.01 0.01 298.15 36.9

18Cr-12Ni exp 70.65 18.13 11.18 0.01 — 0.01 0.01 0.01 298.15 19.3

20Cr-10Ni exp 70.87 19.13 9.96 0.01 — 0.01 0.01 0.01 298.15 19.7

20Cr-15Ni exp 64.81 20.06 15.09 0.01 — 0.01 0.01 0.01 298.15 21.8

20Cr-20Ni exp 60.37 19.7 19.89 0.01 — 0.01 0.01 0.01 298.15 27.5

20Cr-25Ni exp 55.45 20.09 24.42 0.01 — 0.01 0.01 0.01 298.15 36

25Cr-15Ni exp 59.93 25.07 14.96 0.01 — 0.01 0.01 0.01 298.15 26

25Cr-19Ni exp 56.62 24.56 18.78 0.01 — 0.01 0.01 0.01 298.15 28

25Cr-25Ni exp 51.61 24.84 23.5 0.01 — 0.01 0.01 0.02 298.15 30.1

132



Table B.17: Olson1976 [27]: Fe-Cr-Ni

name method Fe Cr Ni C T SFE

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 158.6 13.7

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 159.1 9.4

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 166.2 9.6

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 181.3 14.8

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 183.6 10.8

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 185.3 12.5

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 215.9 18.3

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 216.6 17.1

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 225 18.2

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 225.4 16.1

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 264.9 20.3

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 266 19.2

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 266.2 20.8

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 273.8 25.5

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 297 19.6

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 297.7 21.6

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 297.9 20.7

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 297.9 24.4

Continued on next page
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Table B.17 – continued from previous page

name method Fe Cr Ni C T SFE

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 298 20.1

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 298 26.1

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 298.4 23.4

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 329 31.1

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 333.8 25

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 334 24

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 335.2 20.5

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 373 25.2

Fe16Cr13Ni exp 71.59 15.9 12.5 0.01 373.6 26.3

Fe18Cr12Ni exp 70.192 17.8 12 0.008 94.3 10.8

Fe18Cr12Ni exp 70.192 17.8 12 0.008 94.3 11.9

Fe18Cr12Ni exp 70.192 17.8 12 0.008 181.3 16.1

Fe18Cr12Ni exp 70.192 17.8 12 0.008 182.5 17.3

Fe18Cr12Ni exp 70.192 17.8 12 0.008 220.5 20.6

Fe18Cr12Ni exp 70.192 17.8 12 0.008 223.1 18.8

Fe18Cr12Ni exp 70.192 17.8 12 0.008 235.2 23.4

Fe18Cr12Ni exp 70.192 17.8 12 0.008 236.5 17.4

Fe18Cr12Ni exp 70.192 17.8 12 0.008 275.1 20.5

Continued on next page
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Table B.17 – continued from previous page

name method Fe Cr Ni C T SFE

Fe18Cr12Ni exp 70.192 17.8 12 0.008 275.3 25.3

Fe18Cr12Ni exp 70.192 17.8 12 0.008 291.1 28.9

Fe18Cr12Ni exp 70.192 17.8 12 0.008 291.1 30

Fe18Cr12Ni exp 70.192 17.8 12 0.008 291.2 28.2

Fe18Cr12Ni exp 70.192 17.8 12 0.008 292.4 19.5

Fe18Cr12Ni exp 70.192 17.8 12 0.008 292.9 22.8

Fe18Cr12Ni exp 70.192 17.8 12 0.008 293 24.5

Fe18Cr12Ni exp 70.192 17.8 12 0.008 333.6 28.1

Fe18Cr12Ni exp 70.192 17.8 12 0.008 334.2 33.2

Fe18Cr14Ni exp 68 18 14 — 107.9 23.3

Fe18Cr14Ni exp 68 18 14 — 118.6 23.3

Fe18Cr14Ni exp 68 18 14 — 152.9 25.7

Fe18Cr14Ni exp 68 18 14 — 157.7 27.8

Fe18Cr14Ni exp 68 18 14 — 157.7 28.8

Fe18Cr14Ni exp 68 18 14 — 184.2 26

Fe18Cr14Ni exp 68 18 14 — 184.2 26.8

Fe18Cr14Ni exp 68 18 14 — 216.1 29.7

Fe18Cr14Ni exp 68 18 14 — 216.8 28.5

Continued on next page
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Table B.17 – continued from previous page

name method Fe Cr Ni C T SFE

Fe18Cr14Ni exp 68 18 14 — 241.3 32.3

Fe18Cr14Ni exp 68 18 14 — 261.2 35

Fe18Cr14Ni exp 68 18 14 — 298.5 35.2

Fe18Cr14Ni exp 68 18 14 — 298.7 42.1

Fe18Cr14Ni exp 68 18 14 — 299.2 34

Table B.18: Petrov1985 [28]: Fe-Cr-Ni

name method Fe Cr Ni T SFE

exp 72.5298 16.8828 10.5874 298.15 16

exp 67.3201 16.8395 15.8404 298.15 28

exp 62.137 16.7965 21.0666 298.15 35

exp 75.3949 14.0397 10.5654 298.15 16

exp 70.6132 18.7847 10.6021 298.15 20

exp 65.7981 23.5628 10.6391 298.15 25

exp 69.7691 9.28008 20.9508 298.15 60

exp 65.0089 13.9681 21.023 298.15 40

exp 60.2158 18.6885 21.0957 298.15 35

exp 55.3893 23.4417 21.1689 298.15 45
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Table B.19: Petrov1985 [28]: Fe-Mn

name method Fe Mn T SFE

exp 85.2076 14.7924 298.15 25

exp 80.2607 19.7393 298.15 28

exp 75.3058 24.6942 298.15 27

exp 70.3427 29.6573 298.15 42

Table B.20: Petrov1993 [6]: Fe-Mn

name method Fe Mn C T SFE

exp 77.78 22 0.22 298.15 32.4

exp 77.17 22 0.83 298.15 22.6

exp 76.28 22 1.72 298.15 32.8

exp 74.79 22 3.21 298.15 33.6
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Table B.21: Petrov2003 [29]: Fe-Cr-Mn

name method Fe Cr Mn N T SFE

Fe-15Cr-17Mn exp 67.94 15 17 0.06 298.15 24 ± 1.2

Fe-15Cr-17Mn-0.2N exp 67.77 15 17 0.23 298.15 25.1 ± 1.2

Fe-15Cr-17Mn-0.5N exp 67.52 15 17 0.48 298.15 21.1 ± 1.1

Fe-15Cr-17Mn-0.9N exp 67.11 15 17 0.89 298.15 41.6 ± 2

Table B.22: Petrov2003 [29]: Fe-Cr-Ni

name method Fe Cr Ni C N Mn T SFE

Fe-18Cr-10Ni exp 70.4 17.8 10.6 — — 1.2 298.15 25 ± 1.2

Fe-18Cr-10Ni-0.05C exp 70.64 17.9 10.5 0.06 — 0.9 298.15 30 ± 1.4

Fe-18Cr-10Ni-0.1C exp 71.11 18.1 10.1 0.09 — 0.6 298.15 34 ± 1.5

Fe-18Cr-10Ni-0.15C exp 70.69 18.1 10.6 0.11 — 0.5 298.15 39 ± 1.8

Fe-18Cr-16Ni-10Mn exp 55.79 18.5 16.1 — 0.01 9.6 298.15 44 ± 2

Fe-18Cr-16Ni-10Mn-0.1N exp 55.73 18.5 16.1 — 0.07 9.6 298.15 47 ± 2.3

Fe-18Cr-16Ni-10Mn-0.2N exp 55.59 18.5 16.1 — 0.21 9.6 298.15 55 ± 2.7

Fe-18Cr-16Ni-10Mn-0.3N exp 55.49 18.5 16.1 — 0.31 9.6 298.15 62 ± 3

Fe-18Cr-16Ni-10Mn-0.4N exp 55.4 18.5 16.1 — 0.4 9.6 298.15 65 ± 3.2

Fe-18Cr-16Ni-10Mn-0.5N exp 55.26 18.5 16.1 — 0.54 9.6 298.15 53 ± 2.6
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Table B.23: Petrov2003 [29]: Fe-Mn

name method Fe Mn C T SFE

Fe-22Mn exp 77.97 22 0.03 298.15 29 ± 1.4

Fe-22Mn-0.1C exp 77.87 22 0.13 298.15 23 ± 1.2

Fe-22Mn-0.3C exp 77.67 22 0.33 298.15 26 ± 1.3

Fe-22Mn-0.7C exp 77.31 22 0.69 298.15 29 ± 1.5

Table B.24: Shin2001 [30]: Fe-Cr-Ni

name method Fe Cr Ni C N Si P S Mn Mo Md

304 exp 71.524 18.07 8.5 0.05 0.037 0.56 0.025 0.004 1.05 0.18 322

Table B.25: Silcock1966 [31]: Fe-Cr-Ni

name method Fe Cr Ni C N O Si P S Mn Co T SFE

A1 exp 68.674 15.3 15.9 0.02 — 0.03 — 0.004 0.012 0.06 — 298.15 23 ± 4.6

A2 exp 55.103 15.8 23 0.007 6 0.03 — 0.01 0.01 0.04 — 298.15 28 ± 5.6

Continued on next page
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Table B.25 – continued from previous page

name method Fe Cr Ni C N O Si P S Mn Co T SFE

A10 exp 42.39 15.3 15 0.006 7 0.04 — 0.01 0.014 0.04 20.2 298.15 12 ± 2.4

A55 exp 64.228 15.9 15.8 0.017 4 0.01 0.04 0.002 0.002 0.001 — 298.15 21 ± 4.2

A57 exp 52.857 15.4 24.7 0.011 7 0.01 0.015 0.002 0.002 0.003 — 298.15 30.5 ± 6.1

A71 exp 65.272 15.5 15.8 0.004 2 0.013 1.4 0.008 0.003 — — 298.15 11 ± 2.2

A203 exp 64.35 16 10.1 — — — — — — — 9.55 298.15 8 ± 1.6

Table B.26: Singh1985 [32]: Fe-Cr-Ni

name method Fe Cr Ni C Si Aα
′→γ
s Aε→γs

304 exp 68.63 18.8 11.5 0.07 1 673 473

Table B.27: Swann1963 [33]: Fe-Cr-Ni

name method Fe Cr Ni C N T SFE

Tab1:line1 exp 74.4 17.6 7.9 0.06 0.04 298.15 7 (+1.6/− 1.7)

Tab1:line2 exp 69.676 17.6 12.7 0.02 0.004 298.15 15.1 (+1.8/− 1.6)

Tab1:line3 exp 64.366 17.8 17.8 0.03 0.004 298.15 19.1 (+1.6/− 1.1)

Continued on next page
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Table B.27 – continued from previous page

name method Fe Cr Ni C N T SFE

Tab1:line9 exp 74.83 17.9 7.1 0.06 0.11 298.15 5.9 (+1.2/− 1.2)

Tab1:line10 exp 68.96 18.1 12.8 0.02 0.12 298.15 12.6 (+1.8/− 1.5)

Table B.28: Tavares2000 [34]: Fe-Cr-Ni

name method Fe Cr Ni C Si S Aα
′→γ
s A50α

′→γ Aα
′→γ
f

exp 72.946 18.34 8.53 0.066 0.1 0.018 718.15 ± 5 838.15 ± 5 997.15 ± 5

exp 72.946 18.34 8.53 0.066 0.1 0.018 713.15 ± 5 832.15 ± 5 978.15 ± 5

exp 72.946 18.34 8.53 0.066 0.1 0.018 706.15 ± 5 822.15 ± 5 967.15 ± 5

exp 72.946 18.34 8.53 0.066 0.1 0.018 708.15 ± 5 828.15 ± 5 969.15 ± 5

exp 72.946 18.34 8.53 0.066 0.1 0.018 706.15 ± 5 846.15 ± 5 983.15 ± 5
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