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Chapter 1

Introduction

The precise description of the optical properties of a solid is a very compli-
cated task. One has to consider a system of many interacting electrons includ-
ing various non-trivial quantum effects, such as the formation of electron-hole
pairs caused by an incident light wave. The study of such an optically driven
excitation in a semiconducting polymer is, e.g., important for technological
applications to light-emitting diodes. In any case, optical properties of solids
give a broad field of investigating the role of the interaction of electrons and
holes and related phenomena.

Generally, there are three ways of treating a many-particle system. The
first one is to use the concept of Green’s functions, and quasi-particles provid-
ing a systematic scheme of studying interacting particles. A Second approach
is directly wave function based and very limited to few particle systems. The
third approach is based upon the idea of describing the system’s observables
by means of the density alone. Such an approach is verified in the so-called
density functional theory1 (DFT) which is not as demanding as the latter
Green’s function based approach but unfortunately does not provide us with
excited state energies caused by the interaction with a light wave. It is the
development of time-dependent density functional theory which combines
the simplicity of density functional theory with the possibility to study time-
dependent perturbations. Within this theory the relevant quantum effects
of the many-particle system are cast into a functional of the density, the so-
called exchange-correlation kernel, which is formally known to exist, but has
to be approximated. The afore mentioned Green’s function based approach

1Walter Kohn was awarded the Nobel Price in Chemistry 1998 for the development
of density functional theory.
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2 CHAPTER 1. INTRODUCTION

on the other hand is more involved in the formalism as well as the actual
approximations to the interactions among the quasi-particles. However, the
construction of approximated quantities therein seems to be mainly guided
by means of physically interacting particles, in contrast to DFT where a
functional of the density has to be designed, most importantly, for the total
energy. It shall be the goal of this work to apply both, the Green’s function
based approach as well as time-dependent density functional theory to pro-
totypical semiconductors and insulators, as well as to study low-dimensional
systems such as polymers by means of the latter theories.

This thesis is organized as follows. In Chapter 2 the general concepts and
implications of the quantum theory of a many-particle system is reviewed.
It is targeted towards the description of one and two-particle excitations.
The concept of Green’s functions is introduced, which allows for the evalua-
tion of the relevant observables in the system under study. First the Dyson
equation is presented as equation of motion for the one-particle Green’s func-
tion. In this context the self-energy is introduced bearing all exchange and
correlation effects of the interacting system. After presenting the so-called
GW approximation (Hedin 1965) for the self-energy we proceed to derive
the equation of motion for the two-particle correlation function, which is
called the Bethe-Salpeter equation (BSE). The latter is capable of describing
excitations involving two particles, an electron and a hole, triggered by an
electromagnetic wave as perturbation.

Chapter 3 presents the basic formalism of density functional theory (DFT)
being an effective theory for describing the ground state properties of an in-
teracting many-electron system. The fundamental theorems (Hohenberg &
Kohn 1964, Kohn & Sham 1965) are reviewed and approximations to the
functionals of the density, i.e., to the exchange and correlation effects are
discussed. An extension of DFT for the description of the time-evolution of
a many-particle system, called time-dependent DFT (Runge & Gross 1984)
is introduced in Chapter 4. Within the linear response framework a Dyson
equation is formulated bearing all the information of the much more compli-
cated Bethe-Salpeter equation concerning charge neutral excitations. As in
the case of DFT the TDDFT formalism also contains an unknown functional
of the density, the so-called exchange-correlation kernel which is discussed in
the context of relevant approximations to it.

In Chapter 5 we try to unify the formalism of DFT and many body per-
turbation theory (MBPT). A relation between the density functional for the
potential in DFT and the electron self-energy is shown. This idea is pro-
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moted to the time-dependent case, where the exchange-correlation kernel is
linked to the effective two-particle interaction entering the BSE (Reining
et al. 2002, Adragna et al. 2003, Sottile et al. 2003, Marini et al. 2003,
Bruneval et al. 2005).

The optical properties of periodic solids are the subject of Chapt. 6. We
present the macroscopic dielectric function (MDF) from the self-consistent
field method (Adler 1962, Wiser 1963) within the random phase approxima-
tion. Moreover, the MDF is formulated within the framework of the BSE as
well as TDDFT linear response.

In Chapter 7 we briefly review the LAPW method, whereas in Chapter 8
the actual implementation of BSE and TDDFT within the LAPW framework
is presented. All the expressions are derived which are necessary to calculate
the macroscopic dielectric function.

Finally, in Chapter 9 the dielectric function of two inorganic semiconduc-
tors, namely GaAs and Si, is discussed in both the BSE and the TDDFT
formalism. Furthermore LiF is studied as an example for strongly bound
excitons. At the end of this thesis two polymers, namely poly-acetylene and
poly(phenylene-vinylene) serve as examples for low-dimensional systems to
study electron-hole correlations.

The appendices in this work provide supplementary in-depth information
being too specialized to be included in the main text. They cover aspects
of the second quantization, details on MBPT as well as conventions of the
Fourier transform. A list of publications which have been composed during
the development of this work are given at the end of this document.



4 CHAPTER 1. INTRODUCTION



Chapter 2

Many Body Quantum Physics

2.1 Introduction

Although the final aim of this work is to describe the properties of a system
consisting of many interacting particles by means of an effective one-particle
model, we shall start here to review the basic concepts and conclusions of
quantum mechanics of a many body system. We are doing this because we
belief that the concept of quasi-particles and effective interactions is closer to
our physical picture and understanding as non-interacting effective particles,
to be described in Chapt. 3.

Studying an interacting many-electron system, especially for the case of a
larger number of electrons, as present in larger molecules or in the unit cell of
a solid, is a complicated task. The calculation of the exact many-body wave
function Ψ(r1, . . . , rN) is truly out of reach for the systems mentioned above.
An early approximation to the wave function in terms of a product of single-
particle wave functions ψj(rj) has been proposed by Hartree. In this case a
local potential, the so-called Hartree potential accounts for the interaction of
one electron with the electron density distribution of the remaining electrons.
However, a product of single-particle wave functions violates the fermionic
nature of the electrons. One way to overcome this problem is to extend the
approximation of the many-body wave function to a Slater determinant of
single-particle wave functions. In this case, we also obtain a set of single-
particle Schrödinger equations, but with a non-local potential, the so-called
Hartree-Fock potential, containing the Hartree potential.

Going back to the original problem of an interacting many-electron system

5



6 CHAPTER 2. MANY BODY QUANTUM PHYSICS

there is no way of calculating relevant properties out of the wave function in
practice. However, one has found a way to reduce the fully interacting system
to an interaction of a small number of particles with the remaining system
which we know as Green’s function theory. Therein, we extract information
from the system by the concept of quasi-particles. Such a quasi-particle,
also called a dressed or screened particle, contains the information about the
interaction with other particles at least within the vicinity of the test particle
under consideration. This has lead to a framework in terms of one- and two-
particles propagators (Green’s functions) from which the expectation values
of all one- and two-particle operators can be calculated. The one-particle
propagator is, for instance, used to describe excitations in a system due to
the addition or removal of a particle, whereas the two-particle propagator is
able to describe optical excitations, as they include two particles, an electron
and a hole in the excitation process. It is important to note that the many-
body effects are mainly contained in the so-called self-energy, which is the
most important quantity within this framework, as well as in all effective
interactions, like for instance the effective two-particle interaction appearing
in the Bethe-Salpeter equation. Many-body perturbation theory provides
therefore a systematic way of approximating the self-energy and the effective
interactions with the help of Feynman diagrams, which depict physically
meaningful interaction processes of the particles with themselves or with
other particles. As a motivating example we look at the above mentioned
Hartree and Hartree-Fock approximation from the point of view of MBPT.
In Fig. 2.1 the two terms of the irreducible self-energy are shown, where the
first one is the Hartree term and the second one the Fock term. The solid
lines in this figure indicate the one-particle Green’s function, whereas the
wiggly line denotes the bare Coulomb interaction.

Figure 2.1: Diagrammatic expansion of the self-energy within the Hartree-Fock
approximation. Figure taken from Reference (Schöne 2001).

This chapter is based upon the concept of second quantization which
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is the prerequisite of the field-theoretical approach of many-body theory.
A short collection of some important aspects therein can be found in Ap-
pendix A. Using the second quantization allows us, therefore, to study a
system with a not a priori specified number of particles. The main part of
this chapter is to introduce the equation of motion for the one- and two-
particle Green’s function (the Dyson equation and Bethe-Salpeter equation)
finally by functional-derivative techniques. In general, we follow Fetter
and Walecka (Fetter & Walecka 1971) and to some extent Zagoskin
(Zagoskin 1998) and Economou and (Economou 2006).

2.2 Green’s Functions

2.2.1 One particle Green’s Function

We continue our discussion on the properties of a many-particle system with
the definition of the one-particle Green’s function. For the details of the
derivations we refer to (Fetter & Walecka 1971, Schöne 2001, Economou 2006,
Zagoskin 1998, Mattuck 1992). As our aim is to study electronic systems we
will restrict ourselves in the following to the fermionic case. Additionally,
the case of zero temperature is considered. The one particle Green’s function
G(r, t; r′, t′) is defined as

−iG(r, t; r′, t′) =
〈
T̂
[
ψ̂(r, t)ψ̂†(r′, t′)

]〉
|ψ0〉

. (2.1)

Here, T̂ is the time-ordering operator that orders a product of operators in a
way that operators at later times stand left of all operators at earlier times.
For each transposition of field operators starting from the original ordering
a factor of −1 is multiplied to the product - a fact that reflects the fermionic
nature of the particles. The average is taken at the Heisenberg ground state,
as well as the field operators are in the Heisenberg picture. Eq. (2.1) is now
rewritten with the help of the time-ordering operator as

iG(r, t; r′, t′) =
〈
ψ̂(r, t)ψ̂†(r′, t′)

〉
|Ψ0〉

θ(t− t′) (2.2)

−
〈
ψ̂†(r′, t′)ψ̂(r, t)

〉
|Ψ0〉

θ(t′ − t).

Let us now shed some light on the very abstract and general definition of the
Green’s function - at least from the point of view of the levels of the many-
particle system. The insertion of a complete set of eigenstates between the
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field operators of Eq. (2.2) and working out the time-dependence of the field
operators yields (Fetter & Walecka 1971)

iG(r, t; r′, t′) = (2.3)∑
n

[
θ(t− t′)e−i[E−En(N+1)](t−t′)〈Ψ0|ψ̂(r)|ΨN+1

n 〉〈ΨN+1
n |ψ̂†(r′)|Ψ0〉

−θ(t′ − t)ei[E−En(N−1)](t−t′)〈Ψ0|ψ̂†(r′)|ΨN−1
n 〉〈ΨN−1

n |ψ̂(r)|Ψ0〉
]
.

Finally, a Fourier transform with respect to t− t′ leads to the expression

G(r, r′;ω) =
∑
n

[
〈Ψ0|ψ̂(r)|ΨN+1

n 〉〈ΨN+1
n |ψ̂†(r′)|Ψ0〉

ω − [En(N + 1) − E] + iδ
(2.4)

+
〈Ψ0|ψ̂†(r′)|ΨN−1

n 〉〈ΨN−1
n |ψ̂(r)|Ψ0〉

ω + [En(N − 1) − E] − iδ

]
,

where the limit δ → 0, δ > 0 is assumed. This result is called the Lehmann
representation of the Green’s function and is remarkable, since all the energy-
dependence is found in the denominators of both terms in the above expres-
sion for the Green’s function. We will now try to identify the energy differ-
ences there as the excitation energies of the system. Let us assume that the
Heisenberg ground state |Ψ0〉 corresponds to a system with N particles. As
a consequence, the states |ΨN±1

n 〉 must correspond to systems with N + 1
and N − 1 particles, respectively. The denominator of the first term can be
rewritten as

ω − [En − E] = ω − [En(N + 1) − E(N)] (2.5)

= ω − [En(N + 1) − E(N + 1)] − [E(N + 1) − E(N)]

since the energy En is related to the N + 1 particle system. If we introduce
the chemical potential

µ(N) = E(N + 1) − E(N) (2.6)

and the n-th excitation energy

Ωn(N) = En(N) − E(N) (2.7)
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we can rewrite the Green’s function in the Lehmann representation as

G(r, r′;ω) =
∑
n

[
〈Ψ0|ψ̂(r)|ΨN+1

n 〉〈ΨN+1
n |ψ̂†(r′)|Ψ0〉

ω − µ− Ωn(N + 1) + iδ
(2.8)

+
〈Ψ0|ψ̂†(r′)|ΨN−1

n 〉〈ΨN−1
n |ψ̂(r)|Ψ0〉

ω − µ+ Ωn(N − 1) − iδ

]
where we have assumed the chemical potential µ to be independent of the
number of particles of the system if this number is very large (e.g. in a solid
N ∼ 1023), i.e. µ(N) = µ(N − 1) = µ.

The Green’s function is neither analytic in the upper nor in the lower half
plane of the complex numbers with respect to the energy argument ω. In
some cases it is helpful to work with the so-called retarded Green’s function
(Fetter & Walecka 1971) GR(r, t; r′, t′), defined as

iGR(r, t; r′, t′) =
〈
{ψ̂(r, t), ψ̂†(r′, t′)}

〉
|Ψ0〉

θ(t− t′). (2.9)

with a corresponding Lehmann representation

GR(r, r′;ω) =
∑
n

[
〈Ψ0|ψ̂(r)|ΨN+1

n 〉〈ΨN+1
n |ψ̂†(r′)|Ψ0〉

ω − µ− Ωn(N + 1) + iδ
(2.10)

+
〈Ψ0|ψ̂†(r′)|ΨN−1

n 〉〈ΨN−1
n |ψ̂(r)|Ψ0〉

ω − µ+ Ωn(N − 1) + iδ

]
.

It differs merely in the sign of the infinitesimal δ in the second term from
the original (time-ordered) definition of the Green’s function. All poles lie in
the lower half plane rendering GR analytic in the upper half plane. From the
structure of the denominators we also see that the poles correspond to the
excitation energies of the N -particle system due to a change of the particle
number by ±1.

These findings show that spectroscopic experiments in which a change in
the particle number by ±1 appears like photoemisson and inverse photoemis-
son are described by the one particle Green’s function. However, excitations
generated by the interaction of radiation with the system causing, e.g., inter-
acting particle-hole pairs are not captured by the concept of the one-particle
Green’s function. It would be tempting to look at absorption as a combi-
nation of photoemission and inverse photoemission, but finally, the electron



10 CHAPTER 2. MANY BODY QUANTUM PHYSICS

does never leave the interacting system and therefore the processes cannot
be decoupled (Onida et al. 2002). It will be the two-particle Green’s function
that will be in charge of describing absorption processes.

2.2.2 Relation to Observables

Before we finish this section, let us annotate the relation of the Green’s
function to the observables of our system. Let Â be a one particle operator
which is given in the second quantization as

Â =

∫
d3r ψ̂†(r)A(r)ψ̂(r). (2.11)

It is now possible to express the expectation value of this operator with
respect to the ground state |Ψ0〉 with the help of the Green’s function

〈Â〉 = −i
∫

d3r lim
r′→r

A(r)G(r, t; r′, t′). (2.12)

The application of this rule for the expectation value of an operator together
with the commutation relations, Eq. (A.36), allows us to give an expression
for the density n(r)

n(r) = 〈ψ̂†(r)ψ̂(r)〉 = −iG(r, t; r, t+) (2.13)

where we have introduced the quantity t+ meaning that a limiting procedure
limt′→t,t′>t is thought to be present for the expression in which t+ appears.
Therefore, the particle density is just given by the diagonal of the Green’s
function. Another important quantity, the current density j(r), is obtained
from the general formula (2.12). Starting form the operator of the current
density ĵ(r) (Fetter & Walecka 1971), given by

ĵ(r) =
1

2i

(
[∇ψ̂†(r)]ψ̂(r) − ψ̂†(r)[∇ψ̂(r)]

)
, (2.14)

we apply a so-called hair-splitting trick (Zagoskin 1998) in order to place the
gradients in front of the Green’s function

j(r) = −1

2
lim
t→0−

lim
r→r′

[∇r′ −∇r]G(r′, t; r, 0). (2.15)
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The total energy of an interacting many-particle system is also accessible
through the Green’s function and we just denote the result (which follows
from a lengthy but straightforward algebra)

E = 〈H〉 = − i

2

∫
d3r lim

t′→t+
lim
r′→r

[
i
∂

∂t
+ h(r)

]
G(r, t; r′, t′) (2.16)

with the single particle Hamiltonian from Eq. (A.1), see Appendix.

2.2.3 Physical Interpretation

The Green’s function G(r, t; r′, t′) in the form of Eq. (2.2) can also be un-
derstood in terms of adding and removing particles to the system. Let us
consider the first term ψ̂(r, t)ψ̂†(r′, t′). The second field operator ψ̂†(r′, t′)
acts as the creation of a particle at position r′ and time t′ whereas the first
field operator ψ̂(r, t) removes the particle at position r and time t. In between
the two processes the particle propagates through time from t′ to t. Analo-
gously, the second term of Eq. (2.2) can be interpreted as a hole traveling
back in time from t to t′ (Feynman 1949b, Feynman 1949a). This inter-
pretation supports the understanding of the Lehmann representation where
the excitation energies correspond to a system with one particle added and
subtracted, respectively.

2.2.4 Two Particle Green’s Function

We have noted at the end of Section 2.2.1 that the one-particle Green’s
function is not capable of describing charge-neutral excitations, e.g. the
interaction of a particle-hole pair with the many-body system. The concept of
the one-particle Green’s function (2.1) can be extended to any finite number
of particles, say n. The n-particle Green’s function is defined as (Zagoskin
1998)

inG(n)(r1, t1, . . . , rn, tn; r
′
1, t

′
1, . . . , r

′
n, t

′
n) (2.17)

=
〈
T̂
[
ψ̂(r1, t1) . . . ψ̂(rn, tn)ψ̂

†(r′n, t
′
n) . . . ψ̂

†(r′1, t
′
1)
]〉

where creation and annihilation processes of n particles appear. Most widely
used in many body theory is – apart from the one-particle Green’s function
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– the two-particle Green’s function G2, given by

i2G2(r1, t1, r2, t2; r
′
1, t

′
1, r

′
2, t

′
2) =

〈
T̂
[
ψ̂(r1, t1)ψ̂(r2, t2)ψ̂

†(r′2, t
′
2)ψ̂

†(r′1, t
′
1)
]〉
.

(2.18)
We will see in the remaining part of this chapter that the two-particle Green’s
function is part of the particle-hole correlation function which is the key-
ingredient for studying two-particle excitation processes like absorption.

2.3 Equation of Motion for the One Particle

Green’s Function

Now, we will study a system being subject to an external time-dependent
(non-local) perturbation u(r, r′, t) and our aim is to learn how the Green’s
function is changing with respect to a variation of this perturbation, i.e.
how the system will change from its ground state to an excited state. This
method is also called the functional-derivative method. In this section we
shall follow the ideas of Baym and Kadanoff (Baym & Kadanoff 1961,
Baym 1962) as well as Schwinger and Martin (Schwinger 1951, Martin &
Schwinger 1959). A more detailed review of the subject is found in Strinati
(Strinati 1988).

The Hamiltonian of our system is now given by

Ĥtot = Ĥ + Ĥ ′, (2.19)

where Ĥ is the Hamiltonian of Eq. (A.37) and H ′ contains the perturbation

Ĥ ′ =

∫
d3r

∫
d3r′ ψ̂†(r)u(r, r′, t)ψ̂(r′). (2.20)

As it is explained in Appendix A it is useful to include the time-dependence
of the state vector |Ψ〉 entirely in the operators which lead us to the Heisen-
berg picture. For studying the dependence of a many-body system on a per-
turbation where the solution to the unperturbed system is (at least formally
assumed to be) known, however, the so-called interaction picture is used to
describe state vectors and operators. In our notation the field operators are
defined for the Heisenberg picture Eq. (A.38) but now the Hamiltonian Ĥ
is merely a part of the total Hamiltonian corresponding to the unperturbed
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system. In this picture both, the operators and the state vectors, are time-
dependent, if the perturbation is so.

We proceed to define the time-evolution operator1 Ŝ(t2, t1)

Ŝ(t2, t1) = T
[
e−i

R t2
t1

dt Ĥ′
I(t)
]
, (2.21)

and the S-operator
Ŝ = Ŝ(∞,−∞), (2.22)

where Ĥ ′
I is the Hamiltonian Ĥ ′ in the interaction picture

Ĥ ′
I =

∫
d3r

∫
d3r′ ψ̂†(r, t+)u(r, r′, t)ψ̂(r′, t). (2.23)

Note that the creation operator acts at infinitesimally larger time t+ as
the annihilation operator, since the Hamiltonian Ĥ ′

I will be used in a time-
ordered product which is not defined for operators at equal times. We shall
drop the explicit reference of the latter operator to the interaction picture
for the rest of this chapter. In addition, it is more convenient to employ the
following short-hand notation for the sake of a simpler and more compact
writing

1 → {r1, t1} (2.24)

1+ → {r1, t
+
1 }

d(1) → d3r1dt1

δ(1, 2) → δ(r1 − r2)δ(t1 − t2).

Moreover, the Coulomb potential that we are using here is instantaneous in
time

v(1, 2) = v(r1, r2)δ(t1 − t2). (2.25)

Now we are in the position to define the generalized single- and two-
particle Green’s functions (Strinati 1988) as

iG(1, 2) =
〈N |T [Ŝψ̂(1)ψ̂†(2)]|N〉

〈N |T [Ŝ]|N〉
(2.26)

1The time-ordered exponential is to be understood in the way that the time-ordering
acts upon the corresponding series expansion of the exponential function. Therefore, this
expression is purely formal.
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and

i2G2(1, 2; 1′, 2′) =
〈N |T [Ŝψ̂(1)ψ̂(2)ψ̂†(2′)ψ̂†(1′)]|N〉

〈N |T [Ŝ]|N〉
, (2.27)

respectively. Here, |N〉 denotes the ground state of the unperturbed N-
electron system. If the perturbation u is allowed to vanish, we arrive at the
expressions for the ordinary single- and two-particle Green’s functions Eqs.
(2.1) and (2.18). Differentiating Eq. (2.26) with respect to t1 we obtain –
after lengthy algebra – an equation of motion for the generalized Green’s
function[

i
∂

∂t1
− ĥ(1)

]
G(1, 2) = δ(1, 2) +

∫
d(3)u(1, 3)G(3, 2)

− i

∫
d(3) v(1, 3)G2(1, 3

+; 2, 3++),

(2.28)

where we have used the notation

u(1, 2) = u(r1, r2, t1)δ(t1 − t2). (2.29)

From Eq. (2.28) we see that the equation of motion (EOM) for the single-
particle Green’s function also contains the two-particle Green’s function. The
reason for that is found at the EOM for the field operators Eq. (A.39) which
has to be used to express the time-derivative of the field operators in Eq.
(2.28). The term containing the Coulomb potential in (A.39) generates two
additional field operators. As a consequence, the EOM for the n particle
Green’s function involves the n + 1 particle Green’s function. In this way a
whole hierarchy of equations, involving higher order Green’s functions can
be derived (Mattuck & Theumann 1971, Mattuck 1992) which we annotate
for the sake of simplicity in the absence of perturbation[

i
∂

∂tj
− ĥ(j)

]
Gn(1, . . . , n; 1′, . . . , n′) =

n′∑
l′=1′

δ(j, l′)(−1)j+l
′
Gn−1(1, . . . , ĵ, . . . , n; 1′, . . . , l̂′, . . . , n′)

− i

∫
d(1̄) v(j, 1̄)Gn+1(1̄, 1, . . . , n; 1̄+, 1′, . . . , n′),

(2.30)

where ĵ stands for omitting the variable j.
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2.3.1 Dyson Equation

The EOM for the single-particle Green’s function, Eq.(2.28) is not suitable
for application to real problems since it is coupled to a higher order Green’s
function after all. Our aim is therefore to somehow get rid of this two-particle
Green’s function. To this end, let us consider the variation of G(1, 2) with
respect to the perturbation u. Starting from the definition of the Green’s
function, Eq. (2.26), we evaluate the variation of the latter as

δG(1, 2) = (−i)δ 〈N |T [Sψ̂(1)ψ̂†(2)]|N〉
〈N |T [S]|N〉

(2.31)

= (−i)〈N |δT [Sψ̂(1)ψ̂†(2)]|N〉
〈N |T [S]|N〉

−G(1, 2)
〈N |δT [S]|N〉
〈N |T [S]|N〉

,

since all the time-dependence is contained in the S-operator through the
time-dependent potential u. A procedure sketched in Ref. (Strinati 1988)
finally leads to the desired result

δG(1, 2)

δu(r, r′; t)
= −G2(1, r

′t; 2, rt+) +G(1, 2)G(r′t, rt+). (2.32)

The two-particle Green’s function comes into play through the variation of
the S-operator providing an additional product of two field operators. For
the case of the derivation of the Dyson equation we now assume u to be a
local perturbation

u(1, 2) = u(1)δ(1, 2). (2.33)

Doing so and using Eq. (2.32) enables us to rewrite the EOM for the single-
particle Green’s function as[

i
∂

∂t1
− ĥ(1) − u(1)

]
G(1, 2) = δ(1, 2)

− i

∫
d(3) v(1, 3)

[
G(1, 2)G(3, 3+) − δG(1, 2)

δu(3)

]
.

(2.34)

From the last equation we recognize the expression for the Hartree potential
(the electrostatic potential an electron feels due to the presence of the other
electrons) which we will now include into the total classical potential, V by

V (1) = u(1) − i

∫
d(2) v(1, 2)G(2, 2+). (2.35)
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By virtue of the latter, the EOM reads[
i
∂

∂t1
− ĥ(1) − V (1)

]
G(1, 2) = δ(1, 2) + i

∫
d(3) v(1, 3)

δG(1, 2)

δu(3)
. (2.36)

Right now, the form of the EOM is not suitable to take the limit u → 0.
But let us apply the functional derivative identity Eq.(B.6) to the variation
of the Green’s function, yielding[

i
∂

∂t1
− ĥ(1) − V (1)

]
G(1, 2) = δ(1, 2) (2.37)

− i

∫
d(3, 4, 5) v(1, 3)G(1, 4)

δG−1(4, 5)

δu(3)
G(5, 2).

It is now convenient to introduce the self-energy operator

Σ(1, 2) = −i
∫

d(3, 4) v(1, 3)G(1, 4)
δG−1(4, 2)

δu(3)
. (2.38)

Note that the self-energy arising from this definition is also called mass
operator and does not contain the Hartree-part

ΣH(1, 2) = −iδ(1, 2)

∫
d(3) v(1, 3)G(3, 3+). (2.39)

When it is necessary we will explicitly denote if we use the self-energy Σ or
if we include the Hartree-part and use Σ′ = Σ + ΣH in place. Note that
other authors (Baym & Kadanoff 1961) start from a different definition of
the self-energy (including the Hartree part)

Σ′(1, 2) = −i
∫

d(3, 4) v(1, 3)G2(1, 3; 4, 3+)G−1(4, 2), (2.40)

which is equivalent to our definition by virtue of Eq. (2.32). With the help
of the self-energy, the EOM is finally cast in the following form[

i
∂

∂t1
− ĥ(1) − V (1)

]
G(1, 2) −

∫
d(3) Σ(1, 3)G(3, 2) = δ(1, 2). (2.41)

This equation expresses Dyson’s equation for the Green’s function in a dif-
ferential form and reveals the self-energy as an energy-dependent effective,
non-local single-particle potential.
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To finish this section, we shall reformulate the Dyson equation in an
integral form. In the absence of the interaction v among the electrons the
zeroth-order Green’s function on the Hartree level (in the presence of the
Hartree- and the external potential) satisfies the equation (Fetter & Walecka
1971) [

i
∂

∂t1
− ĥ(1) − V (1)

]
G0(1, 2) = δ(1, 2). (2.42)

By virtue of Eq. (B.5) (see Appendix B) we identify the inverse of G0 as

G−1
0 (1, 2) =

[
i
∂

∂t1
− ĥ(1) − V (1)

]
δ(1, 2). (2.43)

With the help of the identity stated above the EOM is recast as∫
d(3)G−1

0 (1, 3)G(3, 2) = δ(1, 2) +

∫
d(3) Σ(1, 3)G(3, 2). (2.44)

Multiplying the last equation with G0(4, 1) (G−1(2, 5))and integrating over
1 (2) leads to the well-known formulations of the Dyson equation in terms of
the irreducible self-energy Σ

G(1, 2) = G0(1, 2) +

∫
d(3, 4)G0(1, 3)Σ(3, 4)G(4, 2) (2.45)

G−1
0 (1, 2) = G−1(1, 2) + Σ(1, 2). (2.46)

The propagation of the electron G is now governed by the free propagation
G0 plus a term Σ including exchange- and correlation effects. In practice
the exact expression for the self-energy is not known and has therefore to be
approximated. We will investigate such an approximation in the following
section.

The Dyson equation can also be obtained for the case of a non-local
perturbation u as introduced in Eq. (2.29) and with the help of the Green’s
function G0 at the independent-particle level[

i
∂

∂t1
− ĥ(1)

]
G0(1, 2) = δ(1, 2). (2.47)

The derivation for the Dyson equation differs only by the fact that the per-
turbing potential and the Hartree potential are not present for G0 but the



18 CHAPTER 2. MANY BODY QUANTUM PHYSICS

perturbing potential appears explicitly in the expression for the Dyson equa-
tion and the contribution of the Hartree potential is included in the self-
energy. We denote the result for the inverse Green’s function

G−1
0 (1, 2) = G−1(1, 2) + u(1, 2) + Σ(1, 2). (2.48)

This relation will be used in the derivation of the Bethe-Salpeter equation.
Finally, for the sake of a practical application, Dyson’s for the Green’s

function, Eq. (2.45), shall be reformulated in terms of the so-called quasi-
particle wave functions. To this end, the Lehmann representation of the
Green’s function, Eq. (2.8), is slightly modified (Schöne 2001) by introducing
the Lehmann amplitudes

ψm(r) = 〈Ψ0|ψ̂(r)|ΨN+1
m 〉

ψ∗
m(r) = 〈ΨN+1

m |ψ̂†(r)|Ψ0〉
(2.49)

for Ω̄m > µ and
ψm(r) = 〈ΨN−1

m |ψ̂(r)|Ψ0〉
ψ∗
m(r) = 〈Ψ0|ψ̂†(r)|ΨN−1

m 〉
(2.50)

for Ω̄m ≤ µ, where the modified excitation energies are introduced for the
N ± 1 particle systems as

Ω̄m =

{
µ+ Em(N + 1) − E(N + 1), N + 1 particles

µ− Em(N − 1) + E(N − 1), N − 1 particles
(2.51)

and
Ωm = Ω̄m − µ. (2.52)

With the help of the Lehmann amplitudes ψm(r) and the excitation energies
Ω̄m we may readily express the Green’s function as

G(r, r′;ω) =
∑
m

ψm(r)ψ∗
m(r′)

[
θ(Ω̄m − µ)

ω − Ω̄m + iδ
+

θ(µ− Ω̄m)

ω − Ω̄m − iδ

]
. (2.53)

Note that the structure of this equation for G is similar to the one of the
Green’s function for non-interacting particles (Fetter & Walecka 1971)

G0(r, r′;ω) =
∑
m

φm(r)φ∗
m(r′)

[
θ(εm − εF )

ω − εm + iδ
+

θ(εF − εm)

ω − εm − iδ

]
, (2.54)
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where the φm and εm are the single-particle wave functions and energies stem-
ming form the single-particle Hamiltonian, Eq. (A.1). For this reason the
Lehmann amplitudes are called quasi-particle wave functions. They are or-
thonormal and form a complete set of basis functions. For the non-interacting
Green’s function, Eq. (2.54), the following equation is easily obtained[

ω − ĥ(r)
]
G0(r, r′;ω) = δ(r − r′). (2.55)

A combination of the above equation and the Dyson equation for ω = Ωm

finally leads to the Dyson equation for the quasi-particle wave function

ĥ(r)ψm(r) +

∫
d3r′ Σ(r, r′; Ωm)ψm(r′) = Ωmψm(r). (2.56)

The second term in this equation represents a non-local and energy-dependent
operator acting on the wave function. Hence, this eigenvalue problem is quite
complicated to solve, since the eigenvalues Ωm also enter the expression for
the self-energy.

2.3.2 Hedin’s Equations

From the Dyson equation, Eq. (2.45), it is clear that from the knowledge
of the self-energy Σ the full interacting Green’s function can be calculated.
It shall be the aim of this section to light the way towards a self-consistent
scheme which allows for the determination of the self-energy (Hedin 1965,
Hedin & Lundquist 1969, Strinati 1988). We start by introducing the scalar
irreducible vertex function

Γ̃(1, 2; 3) = −δG
−1(1, 2)

δV (3)
(2.57)

= δ(1, 3)δ(2, 3) +
δΣ(1, 2)

δV (3)
, (2.58)

where the second equation is found by expressing G−1 with the help of the
Dyson equation, Eq. (2.46), and by using the definition of the total classical
potential V , Eq. (2.35). By using the chain rule for functional differentiation,
the identity, Eq. (B.6), we obtain an integral equation for Γ̃

Γ̃(1, 2; 3) = δ(1, 3)δ(2, 3) +

∫
d(4, 5, 6, 7)

δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ̃(6, 7; 3),

(2.59)
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where the limit u → 0 can be taken explicitly. We proceed to define the
inverse (longitudinal) dielectric matrix ε−1 as

ε−1(1, 2) =
δV (1)

δu(2)
. (2.60)

It accounts for the change in the total classical potential due to changes in the
external potential. By using the definition of the potential V , the dielectric
matrix is expressed as

ε−1(1, 2) = δ(1, 2) +

∫
d(3) v(1, 3)χ(3, 2). (2.61)

In Eq. (2.61) the polarizability χ of the system has been introduced as a
variation of the average particle density n which is known from Eq. (2.13).

χ(1, 2) =
δn(1)

δu(2)
. (2.62)

The variation of the density with respect to the external potential is a mea-
sure for the polarization of the system and hence the polarizability χ is
connected to the density-density correlation function from linear response
theory through the relation

χnn(1, 2) = −i〈N |T [Ŝn̂′(1)n̂′(2)]|N〉
〈N |T [Ŝ]|N〉

, (2.63)

with the density deviation operator n̂′ defined as

n̂′(1) = n̂(1) − 〈n̂(1)〉 . (2.64)

This latter connection will be investigated in more detail in the next chapter.
By virtue of the bosonic character of the density deviation operators, we
conclude that the polarization χ̂ is symmetric with respect to their arguments

χ(1, 2) = χ(2, 1). (2.65)

Now, we are in the position to single out the term of χ which is irreducible
with respect to the bare Coulomb interaction, by using the definition of the
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inverse dielectric matrix

χ(1, 2) =

∫
d(3)

δn(1)

δV (3)

δu(3)

δV (2)

=

∫
d(3)

δn(1)

δV (3)
ε−1(3, 2)

=

∫
d(3)

δn(1)

δV (3)

[
δ(3, 2) +

∫
d(4) v(3, 4)

δn(4)

δu(2)

]
.

(2.66)

With the definition of the irreducible polarizability

χ̃(1, 2) =
δn(1)

δV (2)
, (2.67)

we can further write for the last equation

χ(1, 2) = χ̃(1, 2) +

∫
d(3, 4) χ̃(1, 3)v(3, 4)χ(4, 2). (2.68)

Through utilizing the identity Eq. (B.6) the irreducible polarizability is con-
nected to the irreducible vertex function as follows

χ̃(1, 2) = −i
∫

d(3, 4)G(1, 3)G(4, 1)Γ̃(3, 4; 2). (2.69)

As in the case of the full polarizability also the irreducible one is symmetric
with respect to its arguments

χ̃(1, 2) = χ̃(2, 1), (2.70)

which we deduce from Eq. (2.68). The dielectric matrix is now connected to
the irreducible polarizability

ε(1, 2) = δ(1, 2) −
∫

d(3) v(1, 3)χ̃(3, 2), (2.71)

which follows from the definition of the total classical potential. It is further
convenient to define the dynamically screened Coulomb interaction W as

W (1, 2) =

∫
d(3) ε−1(1, 3)v(3, 2). (2.72)
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The screened interaction is related to the polarizability of the system through
Eq. (2.61)2

W (1, 2) = v(1, 2) +

∫
d(3, 4) v(1, 3)χ(3, 4)v(4, 2). (2.73)

The above equation provides a formal solution for W and, in addition, shows
that the screened interaction obeys the symmetry condition

W (1, 2) = W (2, 1). (2.74)

Another relation for the screened interaction is found by connecting it to
the irreducible polarization. This is achieved, if we multiply Eq. (2.72) with
ε(4, 1), integrate over 1 and use the relation between the dielectric matrix
and the irreducible polarizability, Eq. (2.71)∫

d(1) ε(4, 1)W (1, 2) =

∫
d(1, 3) ε(4, 1)ε−1(1, 3)v(3, 2)∫

d(1)

[
δ(4, 1) −

∫
d(5) v(4, 5)χ̃(5, 1)

]
W (1, 2) = v(4, 2). (2.75)

By rearranging the terms of the above equation, we obtain

W (1, 2) = v(1, 2) +

∫
d(3, 4) v(1, 3)χ̃(3, 4)W (4, 2). (2.76)

This integral equation can be seen as an alternative definition of W . Finally,
we relate the self-energy to the irreducible vertex function and the screened
interaction by using the chain rule of the functional differentiation and the
relation between the inverse dielectric matrix and the screened interaction

Σ(1, 2) = −i
∫

d(3, 4, 5) v(1+, 3)G(1, 4)
δG−1(4, 2)

δV (5)

δV (5)

δu(3)
(2.77)

= i

∫
d(3, 4, 5) v(1+, 3)G(1, 4)Γ̃(4, 2; 5)ε−1(5, 3).

Combining the inverse dielectric matrix and the Coulomb potential we obtain

Σ(1, 2) =

∫
d(3, 4)W (1+, 3)G(1, 4)Γ̃(4, 2; 3). (2.78)

2In fact, the screened interaction potential W was introduced exactly in that way by
Hubbard (Hubbard 1957, Hedin 1965).
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By putting together a selected set of equations derived so far (Eqs. (2.78),
(2.76), (2.69), (2.58)) for the determination of the self-energy Σ, we end up
with the so-called Hedin’s equations, which we want to denote explicitly

Σ(1, 2) =

∫
d(3, 4)W (1+, 3)G(1, 4)Γ̃(4, 2; 3) (2.79)

W (1, 2) = v(1, 2) +

∫
d(3, 4) v(1, 3)χ̃(3, 4)W (4, 2) (2.80)

χ̃(1, 2) = −i
∫

d(3, 4)G(1, 3)G(4, 1)Γ̃(3, 4; 2) (2.81)

Γ̃(1, 2; 3) = δ(1, 3)δ(2, 3) +
δΣ(1, 2)

δV (3)
. (2.82)

This coupled set of equations together with Dyson’s equation has to be solved
iteratively and is conserving the total energy, the momentum, as well as
the angular momentum (Baym & Kadanoff 1961, Baym 1962). In practice,
approximations have to be employed, especially to the vertex function.

2.3.3 The GW Approximation

The famous GW approximation (Hedin 1965, Hedin & Lundquist 1969) rep-
resents the coarsest approximation to the irreducible vertex function, namely
it consists of neglecting the variation of the self-energy with respect to the
total classical potential V rendering it into the product of two delta functions

Γ̃GW(1, 2; 3) = δ(1, 3)δ(2, 3). (2.83)

As a consequence, the remaining Hedin’s equations reduce to a simpler form,
which we shall denote here

Σ(1, 2) = iG(1, 2)W (1, 2) (2.84)

W (1, 2) = v(1, 2) +

∫
d(3, 4) v(1, 3)χ̃(3, 4)W (4, 2) (2.85)

χ̃(1, 2) = −iG(1, 2)G(2, 1) (2.86)

Γ̃GW(1, 2; 3) = δ(1, 3)δ(2, 3). (2.87)

The self-energy is now simply a product of the Green’s function and the
screened interaction, therefore called GW approximation (GWA). Arising
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from this approximation, the irreducible polarizability is a product of two
Green’s functions with their arguments interchanged, expressing the random
phase approximation (RPA) for the latter quantity. It is therefore commonly
denoted as χ0(1, 2).

2.4 Equation of Motion for the Two Particle

Green’s Function

2.4.1 The Bethe-Salpeter Equation

Having already assessed the equation of motion for the field operators and
the one-particle Green’s function, we want to extend this idea also to the two-
particle Green’s function. To this end, the two-particle correlation function
L is readily introduced3

L(1, r′t; 2, rt+) = −G2(1, r
′t; 2, rt+) +G(1, 2)G(r′t, rt+) (2.88)

By virtue of Eq. (2.32) we can rewrite this expression for L as a variation of
the Green’s function

L(1, r′t; 2, rt+) =
δG(1, 2)

δu(r, r′, t)
. (2.89)

By using the relation Eq. (B.6) and Dyson’s equation for the inverse Green’s
function, we express the correlation function L as

L(1, r′t; 2, rt+) = −
∫

d(3, 4)G(1, 3)G(4, 2)
δG−1(3, 4)

δu(r, r′, t)
(2.90)

= −
∫

d(3, 4)G(1, 3)G(4, 2)
δ

δu(r, r′, t)

[
G−1

0 (3, 4) − u(3, 4) − Σ(3, 4)
]

= −
∫

d(3, 4)G(1, 3)G(4, 2)
[
δ(r, r3)δ(r

′, r4)δ(t, t3)δ(t3, t4) +
δΣ(3, 4)

δu(r, r′, t)

]
= G(1, rt)G(r′t, 2) +

∫
d(3, 4)G(1, 3)G(4, 2)

δΣ(3, 4)

δu(r, r′, t)
.

3Note that the definition for the correlation function is not unique throughout the
literature, e.g., the original papers of Baym and Kadanoff (Baym & Kadanoff 1961,
Baym 1962) use L = +G2 − GG.
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The application of the chain rule for functional differentiation to the variation
of Σ yields

δΣ(3, 4)

δu(r, r′, t)
=

∫
d(5, 6)

δΣ(3, 4)

δG(6, 5)

δG(6, 5)

δu(r, r′, t)
, (2.91)

where the variation of G is just the correlation function L. Hence, we can
write

L(1, r′t; 2, rt+) = G(1, rt)G(r′t, 2) (2.92)

+

∫
d(3, 4, 5, 6)G(1, 3)G(4, 2)

δΣ(3, 4)

δG(6, 5)
L(6, r′t; 5, rt+).

Because of the topology of the diagrammatic structure of the above equation
it does not only hold for the limit of equal times t, t+ but also arbitrary
values t′1, t

′
2 (Strinati 1988). We proceed to introduce the effective two-particle

interaction Ξ

Ξ(3, 5; 4, 6) =
δΣ(3, 4)

δG(6, 5)
. (2.93)

With its help the equation of motion for L is expressed as

L(1, 2; 1′, 2′) = G(1, 2′)G(2, 1′) (2.94)

+

∫
d(3, 4, 5, 6)G(1, 3)G(4, 2)Ξ(3, 5; 4, 6)L(6, 2; 5, 2′).

This equation is known as the Bethe-Salpeter equation for the correlation
function L. Historically earlier, the Bethe-Salpeter equation was formulated
relativistically in context of nuclear physics for the T -matrix4 (Salpeter &
Bethe 1951). The Bethe-Salpeter equation is an equation of motion for the
two-particle correlation- or Green’s function and therefore contains all exci-
tation processes caused by two particles, especially the creation and inter-
action of particle-hole pairs5. Since in optical excitations, one electron is
transferred to a previously empty state, whereas in the original place of the
electron, there is a hole now, these pairs of electrons and holes are interacting
with one another and are therefore treated properly with the BSE and not
by extracting excitation energies from the single-particle Green’s function

4The T -matrix is defined as the solution to the equation T (1, 2; 1′, 2′) = Ξ(1, 2; 1′, 2′)+∫
d(3, 4, 5, 6)Ξ(1, 4; 1′, 3)G(3, 6)G(5, 4)T (6, 2; 5, 2′).
5Moreover, it contains all information about the linear transport in the system as well

(Martin & Schwinger 1959).
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only. At the end of this section we draw a relation between the correlation
function L and the polarizability χ by inspection of Eqs. (2.88), (2.62) and
(2.32)

χ(1, 2) = −iL(1, 2; 1+, 2+). (2.95)

An equivalent expression is found for the corresponding irreducible quantities
(see next section)

χ̃(1, 2) = −iL̃(1, 2; 1+, 2+). (2.96)

Thus, the polarizability of the system under study is just a degenerate form
of the two-particle correlation function.

2.4.2 Irreducible and Non-Interacting Correlation Func-
tions

In order to gain more insight into the two particle effective interaction,
Eq. (2.93), we shall split it into a Hartree part ΞH and an irreducible part Ξ̃,
describing the correlation effects of the two interacting particles

Ξ(1, 2; 3, 4) = ΞH(1, 2; 3, 4) + Ξ̃(1, 2; 3, 4). (2.97)

Now, from the expression of the Hartree part of the self-energy, Eq. (2.39),
we conclude that

ΞH(1, 2; 3, 4) = −iδ(1, 3)δ(2, 4)v(1, 4). (2.98)

The irreducible two-particle correlation function L̃ is defined as the solution
to the equation

L̃(1, 2; 1′, 2′) = G(1, 2′)G(2, 1′) (2.99)

+

∫
d(3, 4, 5, 6)G(1, 3)G(4, 1′)Ξ̃(3, 5; 4, 6)L̃(6, 2; 5, 2′),

while it is connected to the full correlation function L by

L(1, 2; 1′, 2′) = L̃(1, 2; 1′, 2′) (2.100)

+

∫
d(3, 4, 5, 6) L̃(1, 4; 1′, 3)ΞH(3, 5; 4, 6)L(6, 2; 5, 2′).

The system of the above two equations is equivalent to the original Bethe-
Salpeter equation, Eq. (2.94).
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By neglecting completely the Coulomb interaction between the two par-
ticles, i.e., setting the Hartree-part of the interaction kernel to zero, gives us
the irreducible correlation function for two independent particles

L0(1, 2; 1′, 2′) = G(1, 2′)G(2, 1′). (2.101)

With the help of the latter, we recast the Bethe-Salpeter equation, Eq. (2.94)
in its final form

L(1, 2; 1′, 2′) = L0(1, 2; 1′, 2′) (2.102)

+

∫
d(3, 4, 5, 6)L0(1, 4; 1′, 3)Ξ(3, 5; 4, 6)L(6, 2; 5, 2′).

2.4.3 Approximations

As we have seen in the previous sections, the effective two-particle interaction
Ξ contains a term which is given by the functional derivative of the self-energy
with respect to the Green’s function. Since in practice we cannot provide
an exact expression for the self-energy, not to mention its dependence on
the Green’s function, the part Ξ̃ has to be approximated. We know from
Hedin’s equations that they are conserving in a way that the total number
of particles, the total energy and the momentum and angular momentum is
conserved (Hedin 1965). The same conserving properties we demand from
the correlation function L and the effective interaction Ξ. In fact, one can
show (Baym 1962) that if the self-energy is Φ-derivable, i.e., there exists a
functional Φ such that

Σ(1, 2) =
δΦ

δG(1, 2)
, (2.103)

the corresponding effective interaction kernel Ξ is a conserving quantity,

Ξ(1, 2; 3, 4) =
δ2Φ

δG(1, 2)δG(4, 3)
. (2.104)

As a consequence, also the correlation function L obeys the conservation
laws.

The simplest approximation to Ξ corresponds to neglecting the variation
of the self-energy with respect to the Green’s function, i.e., taking only the
Hartree part of the interaction kernel. It is therefore referred as the Hartree
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approximation in the context of the effective two-particle interaction. This
approximation is Φ-derivable and in fact the functional takes the simple form

ΦH = −i
∫

d(1, 2)G(1, 1+)v(1, 2)G(2, 2+). (2.105)

Analogously, it can be interpreted as the independent motion of particles
in an effective potential and is the simplest approximation which is non-
perturbative. Because of the presence of the two delta functions in the BSE,
Eq. (2.102), only two variables remain to be integrated over and if we contract
1′ → 1+ and 2′ → 2+ we obtain

L(1, 2; 1+, 2+) = L0(1, 2; 1+, 2+)

+

∫
d(3, 4)L0(1, 3; 1+, 3)v(3, 4)L(4, 2; 4, 2+).

(2.106)

With the help of the relations for the polarizability, Eq. (2.95) and Eq. (2.96)
the above equation takes the form

χ(1, 2) = χ0(1, 2) +

∫
d(3, 4)χ0(1, 3)v(3, 4)χ(4, 2), (2.107)

where χ0 is the irreducible polarizability at the Hartree level. Equation
(2.107) is now recognized to be the Dyson equation for the polarizability
within the random phase approximation (Fetter & Walecka 1971). From the
simplest polarization diagram for the RPA in Fig. 2.2 we see that a virtual
electron-hole pair is created. Only independent events of virtual electron-
hole pairs appear in this approximation. Because the energy and momentum
is conserved during the interaction, the quantum-mechanical phase of the
electron-hole pair is immediately lost and does not affect another electron-
hole pair. This is the reason it is called the “random phase” approximation
(Zagoskin 1998).

A different kind of approximation is obtained if we consider the self-energy
within the GW approximation, Σ = iGW . The variation of the latter with
respect to the Green’s function gives us the expression for the irreducible
interaction

Ξ̃(1, 2; 3, 4) = iδ(1, 4)δ(3, 2)W (1, 2) + iG(1, 2)
δW (1, 2)

δG(4, 3)
. (2.108)

It contains an attractive interaction between the electron and the hole which
is proportional to the screened Coulomb interaction W . In the second term
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Figure 2.2: Diagrammatic expansion of the polarizability within the RPA. Figure
taken from Reference (Zagoskin 1998).

the variation of the screened interaction with respect to the perturbation
enters, which only plays a minor role in the description of the electron-hole
correlation (Hanke & Sham 1980, Strinati 1982, Strinati 1984). This ap-
proximation stemming from the GWA is sometimes called time-dependent
screened Hartree-Fock approximation for the interaction kernel. This can be
understood if we replace the screened interaction W by the bare interaction
v in Eq. (2.108), which would correspond to a time-dependent unscreened
Hartree-Fock approximation in the original sense. Note that the δ func-
tions in Eq. (2.108) contract different variables than in the expression for
the Hartree part of the interaction, Eq. (2.98). Therefore it is not straight
forward to map the Bethe-Salpeter equation to a 2-point equation in the
presence of the screened Fock- (correlation) term, −iδ(1, 4)δ(2, 3)W (1, 2).
However, as we will see in Chapt. 5 it is possible to obtain a Dyson-type
equation for the 2-point polarizability at the level of the BSE, although at a
high price.

If an approximate two-particle interaction of the form

Ξ̃(1, 2; 3, 4) = iδ(1, 4)δ(2, 3)W (1, 2), (2.109)

is used for the BSE, it is called the ladder approximation to the BSE6. We
arrive at this approximation by taking the first term of an expansion of
the irreducible interaction with respect to the screened interaction. In the
systems of our interest, namely those with a band gap, the density of electron-
hole pairs at the Fermi level is low and it can be shown that only the so-called
ladder diagrams (Fetter & Walecka 1971, Sham & Rice 1966) in the expansion
of the scattering matrix T are dominating. Indeed by using the screened
interaction, Eq. (2.109), in place of the irreducible one, we can restrict T to
this class of diagrams.

6Sometimes this ladder approximation to the BSE is understood as the BSE.
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Figure 2.3: Diagrammatic expansion of the polarizability within the ladder ap-
proximation. Figure taken from Reference (Zagoskin 1998).

2.5 Linear Response

The functional derivative techniques established and applied in the previous
sections deal mostly with first-order changes of the functionals under con-
sideration. In this context the polarizability χ(1, 2), Eq. (2.62), has already
been introduced and we have seen its relation to the density-density correla-
tion function, Eq. (2.63). Unfortunately, we cannot directly use this corre-
lation function to obtain information about a perturbation process, which is
switched on at a certain time. Under these circumstances, causal boundary
conditions have to be used which cannot be described in terms of time-
ordered quantities from MBPT. In this section we shall provide a formalism
for describing the linear response of a given system, being initially in its
ground state, to a time-dependent perturbation. This means we look at the
first-order change of the expectation value of an operator with respect to the
perturbing part of the Hamiltonian.

Let Ô(r, t) be a time-dependent operator. Then it can be shown that the
linear change in its expectation value is given by a Kubo formula (Fetter &
Walecka 1971, Strinati 1988)

δ〈Ô(r, t)〉 = i

∫ t

−∞
dt′ 〈[Ĥ ′

I(t
′), ÔI(r, t)]〉. (2.110)

Here Ĥ ′
I(t) is a perturbing part of the total Hamiltonian in the interaction

picture, which is switched on at a certain time, say t0. Note that also Ô is
given in the interaction picture.

As an example we consider an external scalar potential u(t) which is
switched on at t0

H ′(t) =

∫
d3r n̂(r, t)u(r, t), (2.111)
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where n̂ is the density-operator of the unperturbed system. The evaluation
of Eq. (2.110) for the expectation value of the density leads us after straight-
forward algebra to the expression7

δ〈n̂(r, t)〉 = −i
∫

d3r′
∫ ∞

−∞
dt′ 〈[n̂′(r, t), n̂′(r′, t′)]〉θ(t− t′)u(r′, t′). (2.112)

From the equation stated above a linear relation between the change in the
density and the perturbing potential can be seen. We therefore introduce
the retarded density-density correlation function or density-density response
function as8

χRnn(1, 2) = −i〈[n̂′(1), n̂′(2)]〉θ(t1 − t2). (2.113)

Here, the step function θ(t1 − t2) enforces the causality in the perturbation
process, since the knowledge of the interaction between the system and the
perturbation is only required for times after the perturbation has taken effect.
For the time-ordered correlation functions, Eq. (2.62), also the interaction at
future times has to be known, rendering it inappropriate for the description
of an experimental situation. We can circumvent this issue and still utilize
the benefits of MBPT if we compare the corresponding correlation functions
to each other in the frequency domain. To this end we introduce the general
correlation function for time-ordering and causal boundary conditions

χAB(1, 2) = −i〈T [Â′(1)B̂′(2)]〉 (2.114)

and
χRAB(1, 2) = −i〈[Â′(1), B̂′(2)]〉θ(t1 − t2). (2.115)

These functions describe the linear change of a physical quantity A due to the
coupling of a perturbation to the quantity B. The corresponding operators
Â, B̂ are assumed to be Hermitian and boson-like. Moreover, the primed
symbols denote the deviation character

Â′ = Â− 〈Â〉. (2.116)

By Fourier transforming the time-dependence we arrive at the Lehmann rep-
resentations of the time-ordered and the causal correlation functions

χAB(r1, r2, ω) =
∑
s 6=0

[
As(r1)Bs(r2)

∗

E0 − Es + ω + iδ
− As(r1)

∗Bs(r2)

−E0 + Es + ω − iδ

]
(2.117)

7Note that this linear change has the meaning of a variation only in the case of a very
small u(t).

8Sometimes the symbol χ is used for the generalized susceptibility, which is defined as
χsus = ~−1χ (Fetter & Walecka 1971).
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and

χRAB(r1, r2, ω) =
∑
s6=0

[
As(r1)Bs(r2)

∗

E0 − Es + ω + iδ
− As(r1)

∗Bs(r2)

−E0 + Es + ω + iδ

]
, (2.118)

respectively. In these expressions, the index s is labeling the eigenstates of the
unperturbed system excluding the ground state. Moreover, the amplitudes,
As and Bs are defined as the matrix elements of the operators Â, B̂ with
respect to the ground state |N〉 and the sth excited state |N, s〉

As(r) = 〈N |Â(r)|N, s〉. (2.119)

Now, the time-ordered correlation function differs from the causal one only
in the sign of the infinitesimal δ in the second denominator. We immediately
conclude from the above Eqs. (2.117) and (2.118) the following properties

χRAB(r1, r2,−ω) = χRAB(r1, r2, ω)∗ (2.120)

for real ω and more importantly

χAB(r1, r2, ω) = χRAB(r1, r2, ω) (2.121)

χAB(r1, r2,−ω) = χBA(r2, r1, ω) (2.122)

for ω > 0. It is therefore possible to obtain the time-ordered χ from standard
many-body techniques for positive frequencies and obtain the retarded χR

with the help of Eqs. (2.120) and (2.121).



Chapter 3

Density Functional Theory

3.1 Introduction

We have seen in Chapt. 2 that many body perturbation theory provides
a systematic way of approximating the interactions to arbitrary order and
to obtain the quantities of interest out of the Green’s functions. However,
there is no guarantee that higher order terms in the approximations will be
small. In some cases not only a selected number of diagrams is taken for
the approximation but infinite series are summed over without knowledge
of their convergence and it is only the agreement with the observation that
justifies the initial ansatz.

Another approach to the many-body problem, which is conceptually to-
tally different, is the idea that the framework of calculating observables
should not be based upon the complicatedN -particle wave-function or Green’s
functions but rather upon the electron density n(r). A first step towards
this idea was taken independently by Thomas and Fermi. They neglected
exchange- and correlation effects in the total energy and approximated the
kinetic energy by the one for free electrons (the energy density is readily
expressed in this case as εkin(n) ∼ n2/3). Unfortunately, this approach had
only minor success, but nevertheless it can be considered as the origin of the
density functional concept.

Finally, it is due to the work of Hohenberg and Kohn that we under-
stand how fundamental the concept of the electron density in an interacting
many-electron system is. The essence of their pioneering work (Hohenberg &
Kohn 1964) is the following statement, known as the Hohenberg-Kohn (HK)

33
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theorem: For a bound interacting many electron system there is a one to one
correspondence between the external potential and the (ground state) electron
density. This correspondence is given up to a constant which, in turn, would
only change the overall phase of the wave-function. As an immediate con-
sequence, the total Hamiltonian of the system is determined by the density,
since the operators of the kinetic energy and the Coulomb interaction are
universal to a many-electron system. Therefore it is important to note that
in principle from the ground state density alone all properties, derivable from
the Hamiltonian, are accessible as functionals of the density. For this reason
the framework is called density functional theory or DFT.

We shall approach the main theorems in a way that is inspired by the
original papers of this field. For a mathematically rigorous treatment of den-
sity functional theory we refer the reader to the textbooks of Dreizler and
Gross (Dreizler & Gross 1990) and, for a review in the spirit of mathemat-
ical rigor, including many formulations in terms of functional analysis and
the relativistic aspect of DFT, to Eschrig (Eschrig 1996). Other excellent
reviews shall be mentioned, namely the ones of Kohn (Kohn 1999), Jones
(Jones & Gunnarsson 1989), Capelle (Capelle 2006) and Perdew and
Kurth in Ref. (Fiolhais et al. 2003).

3.2 The Hohenberg-Kohn Theorem

Let us start with the proof of the theorem by Hohenberg and Kohn
(Hohenberg & Kohn 1964). We assume that the many-electron system under
consideration is in its non-degenerate ground state |Φ〉 with a correspond-
ing density n(r) = 〈Φ|n̂(r)|Φ〉, and let N be the total number of electrons.
Clearly, the density is a functional of the external potential vext. The proof of
the Hohenberg-Kohn theorem starts with the assumption that two external
potentials v1 and v2, which differ by more than a constant, lead to the same
density. From this assumption a contradiction is derived, which in turn com-
pletes the proof of the theorem. Let H1 be the Hamiltonian subject to the
external potential v1 with a ground state |Φ1〉 and energy E1. The same no-
tation is applied to the Hamiltonian H2 stemming from v2. The total energy
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E1 is given by

E1 = 〈Φ1|Ĥ1|Φ1〉 (3.1)

=

∫
d3r v1(r)n(r) + 〈Φ1|T̂ + Û |Φ1〉.

From the Ritz minimum principle we can now relate the total energies E1

and E2

E1 < 〈Φ2|Ĥ1|Φ2〉 (3.2)

= 〈Φ2|Ĥ2|Φ2〉 + 〈Φ2|Ĥ1 − Ĥ2|Φ2〉 (3.3)

= E2 +

∫
d3r n(r)[v1(r) − v2(r)]. (3.4)

By interchanging the indices 1 and 2 a similar relation is established for E2

E2 < E1 +

∫
d3r n(r)[v2(r) − v1(r)]. (3.5)

Finally, we arrive at the desired contradiction if we add the last two equations
together, leading to

E1 + E2 < E1 + E2, (3.6)

which completes the proof. Thus, we are allowed to write the external po-
tential vext as a functional of the density in a well defined way

vext = vext[n]. (3.7)

Note that the HK Theorem has been derived under the assumption of a non-
degenerate ground state. However, this constraint is not necessary as has
been demonstrated by Kohn (Kohn 1985). By looking again at the deriva-
tion of the theorem, the inclined reader might have raised two questions.
First, the potential as a functional is defined, in principle, for a certain class
of functions n(r), for some of them it could be that there is no antisymmetric
state |Ψ〉 reproducing it. This issue is addressed as the N -representability
problem and it can be shown that all non-negative functions n(r) which are
normalized to N are N-representable (Dreizler & Gross 1990, Eschrig 1996).
Second, we have assumed that for any given density there exists an external
potential reproducing the density through the solution of the Schrödinger
equation. Such a density is called v-representable, and there are in fact well
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behaved densities, adding up to the number of electrons, that do not fulfill
this criterion (Levy 1982). However, in practice it has always been possible
to achieve v-representability within the desired accuracy.

From the HK theorem it is clear that through the unique relation of the
density to the external potential and hence to the total Hamiltonian of the
system, the wave-function is (up to an overall phase factor) a functional of
the density

|Ψ〉 = |Ψ[n]〉. (3.8)

Moreover, the expectation value of every observable is a functional of the
ground state density

〈Ψ|Ô|Ψ〉 = O[n]. (3.9)

Note, that also excited-states energies and wave-functions are (implicit) func-
tionals of the density, since they are accessible through the knowledge of the
Hamiltonian. However, in practice, it will be the ground state properties
that are available through DFT.

Especially, the sum of the kinetic energy and the energy due to the mutual
Coulomb interaction is a universal functional of the density, denoted by

F [n] = 〈Φ|T̂ + Û |Φ〉, (3.10)

since it is valid for all many electron systems. Another important statement
for the total energy is the following: The total energy is a functional of the
density, with its minimum value, the ground state energy, given at the ground
state density. This statement is known as the Hohenberg Kohn minimum
principle (Hohenberg & Kohn 1964) but shall be demonstrated with the
help of the constrained search method by Levy and Lieb (Levy 1982). The
Ritz minimum principle provides us with the ground state energy E through
the minimization of the functional

E = min
{Ψ}

〈Ψ|Ĥ|Ψ〉. (3.11)

In this expression for the total energy, Ψ is the (mathematical) trial wave
function. The idea of the constrained search is to decouple the minimization
procedure into a step minimizing over all wave-functions that are related to a
certain density and another step of minimizing over the densities themselves.
Let us denote the set of all wave functions corresponding to a certain density
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n as {Ψ(n)}. We now define a density functional for the total energy as1

E[n] = min
{Ψ(n)}

〈Ψ|Ĥ|Ψ〉 (3.12)

= F [n] +

∫
d3r n(r)vext(r),

where the functional F is given by

F [n] = min
{Ψ(n)}

〈Ψ|T̂ + Û |Ψ〉. (3.13)

The total energy of the ground state is then given by minimizing the density
functional E[n], introduced above, with respect to the density

E = min
{n}

E[n]

= min
{n}

[
F [n] +

∫
d3r n(r)vext(r)

]
.

(3.14)

Thus, Eq. (3.14) expresses the HK minimum principle.

3.3 The Kohn-Sham Equations

Although the knowledge that every observable is a functional of the ground
state density alone is an exciting fact from the theoretical point of view,
the problem of how to obtain the ground state density in practice has not
been addressed so far. It was due to the work of Kohn and Sham (Kohn &
Sham 1965) to successfully map the fully interacting many-body problem to
a single-particle problem with an effective single-particle potential bearing
all the complicated structure of the mutual Coulomb interaction.

The main assumption for this mapping is that for any interacting sys-
tem, there exists an effective single-particle potential veff(r) such that the
ground state density of the interacting system equals the one obtained from
the auxiliary non-interacting system. Therefore, the density also has to be
non-interacting v-representable. As a first step towards the single particle

1This functional also depends on the explicit external potential, i.e., E = E[n, vext].
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equations, we make use of the HK minimum principle including the con-
straint of a constant number of particles by means of a Lagrange multiplier

δE[n] =

∫
d3r

δ

δn(r)

[
E[n] −

(
ε

∫
d3r′ n(r′) −N

)]
δn(r)

=

∫
d3r

[
δE[n]

δn(r)
− ε

]
δn(r) = 0.

(3.15)

It is now convenient to express the total energy of the interacting system in
the following way

E[n] = T ′[n] +

∫
d3r

∫
d3r′ n(r)v(r, r′)n(r′) +

∫
d3r vext(r)n(r) + Exc[n],

(3.16)
where T ′[n] is the kinetic energy of the non-interacting system and Exc is the
so-called exchange-correlation energy which is defined by Eq. (3.16). Insert-
ing Eq. (3.16) into Eq. (3.15) leads to∫

d3r

[
δT ′[n]

δn(r)
+ veff(r) − ε

]
δn(r) = 0, (3.17)

where the effective single-particle potential veff is defined as

veff(r) = vext(r) + vH(r) + vxc(r). (3.18)

In Eq. (3.18) the Hartree potential is clearly given by

vH(r) =

∫
d3r vext(r)n(r), (3.19)

whereas the exchange-correlation (xc) potential vxc(r) is given by

vxc(r) =
δExc[n

′]

δn′(r)

∣∣∣∣
n′=n

. (3.20)

In Eq. (3.20) the xc-energy functional has to be evaluated at the ground
state density n(r). Since for a non-interacting system subject to a single-
particle potential veff(r) exactly the same variational equation, Eq. (3.17)
can be derived, Kohn and Sham concluded that the ground state density of
the interacting system can be obtained through the solution of the following
single-particle Schrödinger equations[

−1

2
∇2 + veff(r)

]
φj(r) = εjφj(r). (3.21)
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Since the many-particle wave function for a non-interacting system is just a
single Slater determinant, the density is readily expressed as (see Appendix
C)

n(r) =
N∑
j=1

|φj(r)|2. (3.22)

The effective single-particle equations (3.21) are the Kohn-Sham equations
which have to be solved self-consistently together with Eq. (3.22). The pro-
cedure of finding a solution to the Kohn-Sham equations is the following:
We start from an initial guess for the effective potential. As a next step,
Eq. (3.21) is solved from which the single-particle wave functions φj and en-
ergies εj are obtained. From these wave functions the density is calculated
via Eq. (3.22) and again a new effective potential is constructed. Again,
Eq. (3.21) is solved and this procedure is repeated until we arrive at a con-
verged density. With the help of the ground state density, obtained from the
Kohn-Sham equations the total energy may be expressed as

E =

N(occ.)∑
j=1

εj −
1

2

∫
d3r

∫
d3r′ n(r)v(r, r′)n(r′) −

∫
d3r vxc(r)n(r) + Exc[n].

(3.23)
With the Kohn-Sham method it is possible to obtain the exact density, how-
ever, the success of this method depends on how well the xc-potential can be
approximated as a functional of the density. Since it is the functional deriva-
tive of the xc-energy one has to find suitable approximations to it which are
also not to complicated for the sake of a practical application.

3.4 The Local Density Approximation

A very simple approximation for the xc-energy functional is the local density
approximation (LDA)

ELDA
xc [n] =

∫
d3r εheg

xc (n(r))n(r). (3.24)

Here, εheg
xc is the xc-energy density (i.e., the xc-energy per particle) of the

homogeneous electron gas. Its exchange part is known analytically and
the correlation part is also known exactly for the limit of high densities.



40 CHAPTER 3. DENSITY FUNCTIONAL THEORY

For arbitrary densities, Quantum Monte Carlo simulations have been per-
formed and a parametrization of the correlation part is obtained by Ceperly
(Ceperly 1978) and Ceperly and Alder (Ceperly & Alder 1980). Trivially,
the LDA functional is exact for the homogeneous electron gas and also ex-
pected to be a good approximation only for the case of the nearly free electron
gas, i.e., for slowly varying densities as are present in metals. However, the
LDA gives ionization energies of atoms and dissociation energies of molecules,
both systems with a not too slowly varying density, within an accuracy of
about 10-20%. And more surprisingly, the LDA gives bond lengths and ge-
ometries of molecules and solids typically with a quite high accuracy of about
1% (Kohn 1999). Shortly, in the next sections, we will give a hint why the
LDA performs so well in these aspects.

3.5 The Total Energy

In this section we shall derive an expression for the total energy of an interact-
ing many-electron system and relate this expression to the results obtained
from DFT. Starting from the obvious expression of the total energy in terms
of the constituting operators in the Hamiltonian we obtain

E = 〈Ψ|T̂ |Ψ〉 + 〈Ψ|Û |Ψ〉 +

∫
d3r vext(r)n(r)

= T + U + Eext.

(3.25)

Now, the framework of density matrices2 (see Appendix C) permits us to
express the expectation values of the kinetic energy operator as

T = −1

2

∫
d3r lim

r′→r
∇2

rn1(r, r
′). (3.26)

The contribution of the Coulomb part of the total energy on the other hand
is given with the help of the pair correlation function (see Appendix C) as

U =
1

2

∫
d3r

∫
d3r′ n(r)n(r′)g(r, r′)v(r, r′). (3.27)

We proceed to introduce the exchange-correlation (xc) hole

nxc(r, r
′) = n(r′) [g(r, r′) − 1] , (3.28)

2We could equally well use the concept of the Green’s function, but following the
approach of density matrices shall be more natural here.
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which can be interpreted as a hole within the average density n(r′) if an
electron is present at r. From the properties of the two-particle density
matrix an important sum rule for the xc-hole can be derived∫

d3r′ nxc(r, r
′) = −1. (3.29)

This sum rule expresses that the lack of charge in the vicinity of the electron
at position r is exactly the charge of one electron. In this context, it is
commonly believed that an important reason for the success of the LDA
lies in the exact fulfillment of this sum rule. By means of the xc-hole the
Coulomb part of the total energy can now be split into a Hartree part EH
and an xc-part Uxc

U =
1

2

∫
d3r

∫
d3r′ n(r)n(r′)v(r, r′) +

1

2

∫
d3r

∫
d3r′ n(r)nxc(r, r

′)v(r, r′)

= EH + Uxc.
(3.30)

Summarizing the above findings, the expression for the total energy for the
interacting system is given by

E = T + Eext + EH + Uxc. (3.31)

Now, we want to draw a connection to the total energy of the non-
interacting system by means of the Hellman-Feynman theorem. The mutual
Coulomb interaction of the electrons shall now be scaled with a parameter λ
and at the same time an external potential v

(λ)
ext is chosen in a way that the

electron density of the system remains the same. Note that for λ = 1 the
fully interacting system is recovered, whereas for λ = 0 the Kohn-Sham sys-
tem is obtained. The change of the total energy subject to the λ-dependent
potential is now given by virtue of the Hellman-Feynman theorem as

∂Eλ
∂λ

=

∫
d3r

∂v
(λ)
ext(r)

∂λ
n(r) + EH + U (λ)

xc . (3.32)

Here, the xc-part of U depends on λ through the xc-hole. An integration
with respect to the interaction strength λ leads to

E − E ′ =

∫
d3r

[
vext(r) − v

(0)
ext(r)

]
+ EH + Ūxc, (3.33)
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where the E ′ denotes the total energy of the non-interacting system and
v

(0)
ext(r) corresponds to the Kohn-Sham effective potential. The xc-part Ūxc is

given in terms of an xc-hole which is averaged over all values of the interaction
strength λ.

n̄xc(r, r
′) =

∫ 1

0

dλn(λ)
xc (r, r′). (3.34)

With the help of Eq. (3.16) and the total energy E ′ of the Kohn-Sham system
we establish the important relation for the xc-energy

Exc[n] =
1

2

∫
d3r

∫
d3r′ n(r)n̄xc(r, r

′)v(r, r′). (3.35)

This relation was found independently by Harris and Jones (Harris &
Jones 1974), Langreth and Perdew (Langreth & Perdew 1975) and Gun-
narson and Lundquist (Gunnarsson & Lundqvist 1976). Finally, a com-
parison of the expressions for the total energy, Eqs. (3.16) and (3.33) yields

Exc = Ūxc = Uxc + Txc, (3.36)

where Txc = T − T ′. From this relation the xc-energy is composed of a part
containing exchange and correlation effects related to the Coulomb interac-
tion and one being the difference of the kinetic energies of the interacting and
non-interacting systems. For the pair correlation function entering Uxc it is
not difficult to find good approximations, but it is the quite large contribu-
tion of the xc-part of the kinetic energy which has turned out to be difficult
to approximate (von Barth 2004).

3.6 Beyond LDA

Besides the most obvious and simple approximation to the xc-energy, the
LDA, one can think of a local functional using not only the density but
also the spatial variations of the latter. Such an approximation is called a
generalized gradient approximation (GGA), formally given in terms of the
density and its gradients

EGGA
xc [n] =

∫
d3r g(n(r), |∇n(r)|, . . .)n(r). (3.37)
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Already in the work of Hohenberg and Kohn (Hohenberg & Kohn 1964)
a simpler version of such a general approximation is found. There, the en-
ergy is not only expanded in the density itself but also a term |∇n|2 taking
into account its variation is used. This kind of gradient expansion is called
the gradient expansion approximation (GEA), however, it did not substan-
tially improve over the LDA in its practical application. What is actually
called the GGA is related to a second order expansion of the average xc-hole
surrounding an electron. There are various parametrizations of the GGA
available, among them we mention the Perdew-Wang functional (Perdew
& Wang 1992) and as an improvement over the latter, the one proposed by
Perdew, Burke and Ernzerhof (Perdew et al. 1998). The latter func-
tional is known to improve the accuracy of bond-lengths and atomization
energies compared to the LDA (Kohn 1958).

Other attempts towards approximating Exc result into the exact treat-
ment of the exchange-part of the total energy, Ex, since it is known analyti-
cally (see Ref. (Fiolhais et al. 2003) for details). The corresponding functional
is called exact exchange or EXX functional. The advantage of the EXX is
the fact that it is self-interaction free, i.e., the self-interaction part of the
Hartree energy is exactly counterbalanced by a corresponding part in the
expression for the exchange part. This is, for instance, known to be not the
case for the LDA. On the other hand, the correlation part has to be taken
from another ansatz rendering the total expression for Exc somewhat hetero-
geneous. Finally, we mention the existence of so-called hybrid functionals,
being mostly a combination of the exact exchange functional and the GGA
functional, where the weights of the individual parts are determined by a fit-
ting parameter. In this work we shall, however, only use the LDA functional
for the xc-potential.

3.7 The Role of the Kohn-Sham Energies

In Sect. 3.3 we used an auxiliary, non-interacting system in order to obtain
the density and the total energy of the real, interacting system by means
of the Kohn-Sham equations. There, the single-particle wave functions and
energies are purely mathematical without any ad-hoc relation to the real
system. The KS wave functions φj(r) are not the same as the quasi-particle
wave functions in MBPT and the KS energies εj can not be used for the
calculation of electron removal energies as this is the case in the Hartree-
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Fock theory, i.e., there is no Koopman’s theorem in DFT. Nevertheless,
the Kohn-Sham energies are frequently used for the band structure of real
solids with remarkable success, except for the description of the band gap in
insulators and semiconductors. In these systems the gap is usually twice as
large as obtained from a DFT calculation.

We shall now investigate how the band gap is related to the Kohn-Sham
energies and what difficulties will arise in this context. The definition of the
band gap Egap is given for a system of N particles by the difference of the
ionization potential I and the electron affinity A

Egap(N) = I(N) − A(N) (3.38)

I(N) = E(N − 1) − E(N) (3.39)

A(N) = E(N) − E(N + 1). (3.40)

By inspection of the expression for the band gap, it is seen to be a ground
state quantity, depending on the total energy of systems with N , N − 1 and
N + 1 particles. The relation between the differences in the total energy
and the Kohn-Sham energies is established through Janak’s theorem, which
is discussed shortly now. The theorem states that for a Kohn-Sham orbital
φj the corresponding energy εj is related to the change in the total energy
with respect to the occupation number fj by (Janak 1978)

∂E(fj)

∂fj
= εN(fj), (3.41)

or in integral form

E(fj) − E(fj − 1) =

∫ 1

0

df εj(fj + f − 1). (3.42)

For an extended system where the number of particles is very large the Kohn-
Sham energy of the highest occupied level will be independent of adding or
removing an extra particle (Perdew & Levy 1983) and hence an application
of Janak’s theorem yields

−I(N) = εN(N − δ) (3.43)

−A(N) = εN+1(N + δ), (3.44)

where δ denotes a positive, infinitesimal fraction of a particle being added
to or subtracted from the N -particle system. Consequently, we are able to
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express the band gap (at least partially) in terms of Kohn-Sham energies

Egap(N) = ∆ε(N) + ∆xc(N). (3.45)

Here, ∆ε(N) is the Kohn-Sham gap of the N -particle system and ∆xc(N) is
the so-called xc derivative discontinuity

∆xc(N) = εN(N + δ) − εN(N − δ). (3.46)

It is given in terms of the xc-energy by (Sham & Schlüter 1983)

∆xc(N) =
δExc

δn(r)

∣∣∣∣
N+δ

− δExc

δn(r)

∣∣∣∣
N−δ

. (3.47)

As a consequence of the discontinuity, the exchange-correlation potential
shows a step each time the total number of particles passes an integer number.
Moreover, it is possible to draw a relation to many body perturbation theory
and express the discontinuity in terms of the self-energy (Sham & Schlüter
1983). Finally, it was shown by Godby that the underestimation of the band
gap within the LDA is partially due to this discontinuity (Godby et al. 1986).
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Chapter 4

Time-Dependent DFT

4.1 Introduction

Time-dependent DFT is based on the statement that the time-dependent
(td) density of an interacting quantum many-particle system determines its
external potential and hence the Hamiltonian up to a purely td function. This
fact is known as the Runge–Gross theorem (Runge & Gross 1984, Gross et al.
1996). As a consequence, every observable is a functional of the td density of
the many-body system. Moreover, it is possible to derive an effective single-
particle Schrödinger equation from an action principle yielding the same
density as the original interacting system. The effective potential entering
this time-dependent version of the Schrödinger equation contains now a time-
dependent exchange-correlation potential, which has to be approximated as
in the case of a static xc-potential.

The field of application of TDDFT is mainly divided into two different
categories. These are non-perturbative regimes (Marques & Gross 2004) and
the linear (or higher order) response framework which is valid for weak exter-
nal potentials. Within the linear response the so-called exchange-correlation
kernel will play a central role, which is given by the variation of the xc-
potential with respect to the density. Such an approach allows for the cal-
culation of quantities related to various spectroscopic experiments, including
optical spectroscopy (Reining et al. 2002), EELS, and dynamical structure
factors (Onida et al. 2002) for instance. In this work, we will specialize in
the latter approach of linear response.

Finally, we mention various review articles on which this chapter is based

47
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on. These are the ones by Gross and co-workers (Gross et al. 1996), Gross
and Kohn (Gross & Kohn 1990), Burke and Gross (Burke & Gross 1998),
Maitra and co-workers (Maitra et al. 2002) and Marques and Gross
(Marques & Gross 2004). A recent and very comprehensive work including
a basic introduction as well as advanced topics is found in Ref. (Marques
et al. 2006).

4.2 The Runge-Gross Theorem

The ground state formulation of DFT, which states that there is a one-to-
one correspondence between densities and potentials, is derived from the
Rayleigh-Ritz minimum principle for the total energy. A straight forward
extension of the Hohenberg-Kohn theorem based on this principle to time-
dependent densities and potentials is not possible, since there is no minimum
principle available in that case. However, we are able to prove a theorem sim-
ilar to the one of Hohenberg and Kohn which is not based on a minimum prin-
ciple. This theorem, which is known as the Runge-Gross theorem states that
the time-dependent density n(r, t) uniquely determines the time-dependent
external potential vext(r, t) up to a purely time-dependent function. For this
one-to-one correspondence between densities and potentials, however, two as-
sumptions have to be taken. First, only densities are considered that evolve
from a common initial state |Ψ0〉 at an initial (finite) time t0

|Ψ0〉 = |Ψ(t0)〉, (4.1)

which need not necessarily be the ground state or an eigenstate of the initial
potential v0

ext(r) = vext(r, t0). Second, the class of potentials is limited to
those being expandable in a Taylor series around the initial time

vext(r, t) =
∞∑
j=0

1

j!
vj(r)(t− t0)

j. (4.2)

In this series, the vj(r) are the Taylor coefficients, depending on the spatial
variable r. These assumptions explicitly exclude potentials, that are switched
on adiabatically at t0 = −∞.

For the proof of the Runge-Gross theorem we follow the ideas of the
original paper by Runge and Gross (Runge & Gross 1984) and to some
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extent Gross and Kohn (Gross & Kohn 1990) and Gross et. al, (Gross
et al. 1996). We start from the time-dependent Schrödinger equation

i
∂

∂t
|Ψ(t)〉 = Ĥ(t)|Ψ(t)〉, (4.3)

together with the initial condition Eq. (4.1), where the Hamiltonian Ĥ(t) is
given by a combination of Eqs. (A.37) and (A.1) (see Chapt. 2) but with a
time-dependent external single-particle potential vext(r, t). For the following,
we drop the explicit subscript of vext for convenience. We assume now that for
two external potentials v(r, t) and v′(r, t) which differ by more than a purely
time-dependent function the corresponding time-dependent densities n(r, t)
and n′(r, t) are different. Since both external potentials are expandable in a
Taylor series and differ by more than a purely time-dependent function, some
of the expansion coefficients vj(r) and v′j(r) differ by more than a constant.
As a consequence, there exists a smallest index k ≥ 0 such that

vk(r) − v′k(r) =
∂k

∂tk
[vk(r, t) − v′k(r, t)]|t=t0 6= const. (4.4)

This inequality shall be the basis to show that the current densities j(r, t)
and j′(r, t) belonging to v(r, t) and v′(r, t) are different, and second, that the
densities themselves are different. But first, we study the time evolution of
the current density by means of the equation of motion

i
∂

∂t
〈Ψ(t)|Ô(t)|Ψ(t)〉 = 〈Ψ(t)|

(
∂

∂t
Ô(t) + [Ô(t), Ĥ(t)]

)
|Ψ(t)〉. (4.5)

By combining the equations of motion for j(r, t) and j′(r, t) we obtain (see
Appendix D.1)

i
∂

∂t
[j(r, t) − j′(r, t)]|t=t0 = in0(r)∇[v(r, t0) − v′(r, t0)], (4.6)

where n0(r) = n(r, t0). If the condition Eq. (4.4) is satisfied for k = 0, the
right hand side of Eq. (4.6) cannot vanish identically, and hence the currents
become different at times infinitesimally later than t0. For k > 0 we have to
apply the equation of motion k times. After some algebra (see Appendix D.2)
we obtain(
i
∂

∂t

)k+1

[j(r, t) − j′(r, t)]|t=t0 = in0(r)∇

{(
i
∂

∂t

)k
[v(r, t) − v′(r, t)]|t=t0

}
.

(4.7)
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From the above equation we see that also for k > 0 the currents evolve
differently in time, starting from t0. So far we have shown that the current
densities stemming from two different external potentials are different. Now,
based on these findings, we shall see that also the corresponding densities
are different. To this end, we use the continuity equation

∂

∂t
n(r, t) + ∇j(r, t) = 0, (4.8)

take its k + 1st derivative and use Eq. (4.7) to obtain(
∂

∂t

)k+2

[n(r, t) − n′(r, t)]|t=t0 = −∇ [n0(r)∇wk(r)] , (4.9)

where

wk(r) =
∂k

∂tk
[v(r, t) − v′(r, t)]|t=t0 . (4.10)

It remains to show that the right hand side of Eq. (4.9) cannot vanish identi-
cally. By assuming the contrary we will now deduce a contradiction. Doing
so, we obtain the vanishing integral

I =

∫
d3r n0(r)[∇wk(r)]2 = 0. (4.11)

By virtue of the Green’s theorem (see Appendix D.3) the integral is rewritten
as

I = −
∫

d3r wk(r)∇[n0(r)∇wk(r)] +

∮
dS [n0(r)wk(r)∇wk(r)]. (4.12)

For realistic potentials stemming from some external charge density it can
be shown that they decay faster than 1/r and hence the surface integral in
Eq. (4.12) vanishes (Gross & Kohn 1990). Now the first integral in Eq. (4.12)
vanishes because of our assumption ∇[n0(r)∇wk(r)] = 0, and consequently
also the integral in Eq. (4.11) has to be zero. This is a contradiction, since
the density n0(r) is assumed to be non vanishing and positive, and wk(r) 6=
const., and hence the proof is complete.

Let us summarize what we have proved so far. Given two external, time-
dependent potentials, which differ by more than an additive and purely
time-dependent function, and a common initial state, the time-dependent
densities subject to the two different potentials are different. Hence, the
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time-dependent density uniquely determines the time-dependent potential
up to a purely time-dependent function. The effect on the wave function
of adding a purely time-dependent function to the external potential would
show up as an additional time-dependent phase factor, which cancels out in
the construction of any expectation value. As an immediate consequence,
in the presence of a time-dependent external potential, each observable is a
unique functional of the time-dependent density. The difference to a time-
dependent version of the Hohenberg-Kohn theorem is located first, in the
restriction to the class of Taylor-expandable potentials and second, in the
fact that the correspondence between potentials and densities depends on
the initial state. However, for a system evolving from its ground state, the
initial state itself is by virtue of the Hohenberg-Kohn theorem a functional of
the ground state density such that in this case the dependence on the initial
state is lifted.

4.3 The Time Dependent Kohn-Sham Equa-

tions

As in the case of ground state DFT, in practice we need an auxiliary non-
interacting system to calculate the electron density. For the time-dependent
case this system now obeys the time-dependent Kohn-Sham equations, given
by

i
∂

∂t
φj(r, t) =

[
−1

2
∇2 + veff [n](r, t)

]
φj(r, t) (4.13)

where the φj(r, t) denote the Kohn-Sham orbitals and the density n(r, t) is
given by

n(r, t) =
occ.∑
j

|φj(r, t)|2. (4.14)

By virtue of the Runge-Gross theorem, now the effective potential veff [n](r, t)
is a unique functional of the density n(r, t). We then define the time-
dependent exchange-correlation potential vxc[n](r, t) through the following
equation

veff [n](r, t) = vext(r, t) +

∫
d3r′

n(r′, t)

|r − r′|
+ vxc[n](r, t). (4.15)
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This exchange-correlation potential has a functional dependence on the den-
sity of the system at the current and at all previous times, hence including
its whole history. In principle, it also depends on the initial state |Ψ〉 (which
comes into play through the Runge-Gross theorem) and the initial Kohn-
Sham state |Φ〉. Hence, the knowledge of this functional would solve all
time-dependent (externally driven) Coulomb problems (Marques et al. 2006).
In the ground state DFT we have seen that the exchange-correlation poten-
tial is the functional derivative of Exc[n] with respect to the density. For
the time-dependent xc-potential such a generating functional would be the
exchange-correlation action Axc[n]. A possible expression for it has already
been discussed in (Runge & Gross 1984)

Axc =

∫ t1

t0

dt 〈Ψ(t)|i ∂
∂t

− Ĥ(t)|Ψ(t)〉, (4.16)

where the state |Ψ(t)〉 and the Hamiltonian Ĥ(t) are functionals of the time-
dependent density and so is the action. Consequently, the xc-potential is
expressed as (Runge & Gross 1984)

vxc(r, t) =
δAxc

δn(r, t)
. (4.17)

However, it has been shown that such an action functional leads to an
exchange-correlation kernel that violates causality (Gross et al. 1994) (see
next subsection).

For the practical applicability of the time-dependent Kohn-Sham scheme
an approximation to the exchange-correlation potential has to be used, as
we already mentioned. The simplest and straight forward approximation
is the time-dependent or adiabatic LDA (TDLDA or ALDA)1. Therein, the
exchange-correlation functional of the traditional Hohenberg-Kohn density
functional theory is used and evaluated at the time-dependent density

vALDA
xc [n](r, t) = vLDA

xc (n(r, t)) =
d

dn
[nεhegxc (n)]

∣∣
n=n(r,t)

. (4.18)

This functional depends in a very simple manner on the exchange-correlation
energy density εhegxc (n) being already present in the xc-energy of ground state
DFT, Eq. (3.24).

1Both abbreviations are used in literature for the xc-potential in the context of the
Kohn-Sham equations as well as for the xc kernel in the context of linear response (see
next section).
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4.4 Linear Response

For weak external potentials like present in optical spectroscopy a perturba-
tive approach is more suitable than the direct solution of the td Kohn-Sham
equations. From Sect 2.5 we know that the density-density response function
which is due to an external potential

vext(1) = v0
ext(r1) + θ(t1 − t0)δvext(1) (4.19)

being switched on at an initial time t0 is given by

χRnn(1, 2) = −iθ(t1 − t2)〈[n̂′(1), n̂′(2)]〉 =
δn[vext](1)

δvext(2)

∣∣∣∣
vext=v0ext

. (4.20)

This means that the density responds linearly to a change in the perturbing
potential δvext through the (density-density) response function χ:

δn(1) =

∫
d(2)χRnn(1, 2)δvext(2). (4.21)

From now on we skip the explicit superscript for the retarded response func-
tion as well as the highlighting of the density-density correlation charac-
ter unless it is necessary. As indicated in the above equation, the density
is clearly a functional of the external or total potential through the solu-
tion of the time-dependent Schrödinger equation. Now, we want to relate
the response function of the interacting system to the one of the associated
non-interacting Kohn-Sham system by means of the chain rule of functional
calculus

χ(1, 2) =

∫
d(3)

δn(1)

δveff(3)

∣∣∣∣
veff [v0ext]

δveff(3)

δvext(2)

∣∣∣∣
v0ext

. (4.22)

The variation of the effective potential with respect to the external potential
is guaranteed to exist by means of the Runge-Gross theorem and the as-
sumption of non-interacting v-representability2: The effective potential is a
functional of the density, which in turn, is a functional of the external poten-
tial. Inserting the expression for the effective potential, Eq. (4.15), into the

2As in the case of the ground state DFT it is assumed that there exists a potential for
the non-interacting Kohn-Sham system which reproduces the density of the interacting
system.
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above equation and carrying out the derivative with respect to the external
potential yields in combination with Eq. (2.67)

χ(1, 2) = χKS(1, 2) +

∫
d(3)χKS(1, 3)

δ[vH(3) + vxc(3)]

δvext(2)

∣∣∣∣
v0ext

, (4.23)

where χKS(1, 2) denotes the irreducible response function χ̃(1, 2) of the Kohn-
Sham system and is given by

χKS(1, 2) =
δn(1)

δveff(2)

∣∣∣∣
veff [v0ext]

. (4.24)

Once again, we make use of the chain rule, as we again include a variation
with respect to the density

χ(1, 2) = χKS(1, 2) +

∫
d(3, 4)χKS(1, 3)

δ[vH(3) + vxc(3)]

δn(4)

∣∣∣∣
n0

δn(4)

δvext(2)

∣∣∣∣
v0ext

.

(4.25)
Further evaluation of the variation of vH and vxc with respect to the density
finally leads to the expression (Gross & Kohn 1985, Petersilka et al. 1996)

χ(1, 2) = χKS(1, 2) +

∫
d(3, 4)χKS(1, 3)[v(3, 4) + fxc(3, 4)]χ(4, 2), (4.26)

where we have introduced the so-called exchange-correlation kernel fxc(1, 2)
which is defined as the variation of the xc-potential with respect to the
density, evaluated at the ground state density n0(r)

fxc(1, 2) =
δvxc[n](1)

δn(2)

∣∣∣∣
n=n0

. (4.27)

The equation for the response function, Eq. (4.26) is also called the Dyson-
type equation of linear response, because of its similarity to the Dyson equa-
tion for the polarizability with MBPT, Eq. (2.68). The only difference to
that equation is the presence of the Kohn-Sham response function in place
of the independent-particle one, and the appearance of an additional term
in the kernel of the integral, namely the exchange-correlation kernel. As
a functional, it depends only on the ground state density and contains all
many-body effects up to first order in the density. As in the case of the
xc-potential for the ground state, it has to be approximated in practice.
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An explicit expression for the xc kernel is, however, obtained by a formal
inversion of Eq. (4.26)

fxc(1, 2) = χ−1
KS(1, 2) − χ−1(1, 2) − v(1, 2). (4.28)

Investigations on the invertability of the response functions result into the
statement that for time-dependent potentials which are switched on at a
certain time t0 the response function is invertible, given that the potential is
Laplace-transformable (van Leeuwen 2006). This condition is much weaker
than requiring the potential to be analytic at the switch-on time as in the
case of the Runge-Gross theorem.

Looking at the Dyson equation of TDDFT, Eq. (4.26) we notice that
the response functions χKS and χ are retarded quantities. It can be shown
that in such a case, the xc kernel cannot be symmetric with respect to its
arguments. However, if we think of the xc-potential as a variation of an xc
action with respect to the density (see Eq. (4.17)) we obtain the xc kernel as
a second variation

fxc(1, 2) =
δ2Axc

δn(1)δn(2)
, (4.29)

which clearly is symmetric. This problem has been solved by van Leeuwen
by defining an action functional in the Keldysh formalism, where the xc kernel
is symmetric with respect to the Keldysh pseudo-time (van Leeuwen 1998).

In view of the further outline of this thesis we switch to an explicit for-
mulation in terms of r and t and apply a partial Fourier transform to the
Dyson equation with respect to the time

χ(r, r′;ω) = χKS(r, r
′;ω) +

∫
d3x

∫
d3x′ χKS(r,x;ω)

×[v(x − x′) + fxc(x,x
′, ω)]χ(x′, r′;ω).

(4.30)

In the frequency domain the Kohn-Sham response function can be worked
out purely in terms of Kohn-Sham orbitals φi and energies εi by means of
standard many-body techniques (Schöne 2001)

χKS(r, r
′;ω) =

∑
i,j

(fi − fj)
φ∗
i (r)φj(r)φ

∗
j(r

′)φi(r
′)

εi − εj + ω + iδ
, (4.31)

where the fi are the occupation numbers fi = θ(εF − εi). Finally, the Dyson
equation within TDDFT (4.30) can also be seen as a generalization of the
case of the random phase approximation where fxc ≡ 0.
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4.5 The xc Kernel

4.5.1 The Adiabatic LDA

Choosing the LDA functional for the time-dependent xc-potential leads us to
the adiabatic LDA kernel (ALDA kernel) (Gross et al. 1996), which is local
in space and time. In configuration space it is given by

fALDA
xc (r, t; r′, t′) = δ(r − r′)δ(t− t′)

dvLDA
xc (n)

dn

∣∣∣∣
n=n0(r)

. (4.32)

A Fourier transform of the expression for the ALDA kernel from the time to
the frequency variable gives

fALDA
xc (r, r′;ω) = δ(r − r′)

dvLDA
xc (n)

dn

∣∣∣∣
n=n0(r)

, (4.33)

expressing the static (energy-independent) property of the ALDA. The com-
bination of the LDA for the xc-potential and the ALDA kernel is sometimes
called the time dependent local density approximation (TDLDA).

Although being a very simple approximation the ALDA kernel gives re-
markably good results for the excitation spectra of isolated atoms, molecules
and clusters (Marques et al. 2006). This kind of magic (which is also present
to some extent in the LDA of the static DFT) is not fully understood yet.
However, for the application to periodic systems, this approximation is not
the method of choice as it has no long-range behavior.

4.5.2 Other Approximations

Besides the ALDA kernel, which is a pure density functional through its
dependence on the LDA exchange-correlation potential, there exist many
other approximations. Among them we mention the PGG kernel an ap-
proximation to a general TDOEP-kernel, derived by Petersilka, Gross-
mann and Gross in the context of exact exchange and time-dependent
optimized effective potentials (Petersilka et al. 1996). It is an orbital func-
tional and frequency-independent. Furthermore, there are attempts for a
self-interaction correction to the ALDA kernel resulting into the development
of the TDOEP-SIC, which should combine the advantages of the ALDA and
TDOEP. For a detailed review of possible xc kernels we refer the reader to
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the review article of Onida (Onida et al. 2002). A second class of approx-
imation is obtained through a comparison to the equations of many body
perturbation theory. The discussion of this kind of kernels shall, however, be
shifted to the next chapter, since the formalism of TDDFT and MBPT will
be strongly linked.
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Chapter 5

Linking TDDFT and BSE

5.1 Introduction

In this chapter we shall investigate the relation between the TDDFT linear
response equation and the BSE leading to approximations for the xc kernel.
Before drawing these relations we briefly look at the connection between
ground state DFT and many-body perturbation theory. It is the Sham-
Schlüter equation which relates the exchange-correlation potential vxc to the
Green’s function and the self-energy of MBPT (Sham 1985, Sham & Schlüter
1985) ∫

d(3, 4)GKS(1, 3)[Σ(3, 4) − vxc(3)δ(3, 4)]G(4, 1+) = 0. (5.1)

In practice, the equation is linearized, i.e., the true Green’s function is ap-
proximated by the Kohn-Sham one. In combination with the GW approx-
imation to the self-energy this equation has been applied in order to study
the xc-potential.

There are several attempts to use many-body perturbation theory in order
to obtain an expression for fxc reproducing the macroscopic dielectric func-
tion at the BSE level in a best possible way. They rely on either fully solving
the BSE (Del Sole et al. 2003), or by assuming fxc to be static (Reining
et al. 2002) which can be lifted by imposing the equality of the four-point
polarizabilites from TDDFT and BSE (Sottile et al. 2003). Furthermore, a
many-body analog to the xc kernel is found by equating the two-point po-
larizabilities of BSE and TDDFT (Adragna et al. 2003, Marini et al. 2003).
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5.2 The Role of fxc in MBPT and TDDFT

In the work of Bruneval and co-workers a very general relation between the
xc kernel of TDDFT and the quantities of MBPT is established (Bruneval
et al. 2005, Bruneval 2005) which is reflected in the so-called ρ/G-approach.
The same “tricks” that have been applied in Chapt. 2 are used for the deriva-
tion of an explicit expression for the xc kernel with the help of functional
derivative techniques. Hereby, the xc-potential and the effective Kohn-Sham
potential are made explicit in the Dyson equation for the Green’s function.
As central quantity the variation of the self-energy is not taken with respect
to the Green’s function as in the case of the Bethe-Salpeter equation but
the variation is performed with respect to the density, which is possible due
to the Runge-Gross theorem. Without derivation (Bruneval 2005) we note
the relation of the xc kernel to the quantities of TDDFT linear response and
MBPT

fxc(1, 2) = χ−1
KS(1, 2) − χ−1

0 (1, 2) (5.2)

− i

∫
d(3, 4, 5)χ−1

0 (1, 5)G(5, 3)G(4, 5)
δΣ(3, 4)

δn(2)
.

From the structure of Eq. (5.2) the expression for fxc is often split into two

parts, called f
(1)
xc and f

(2)
xc (Stubner et al. 2004, Stubner 2005). The first part

is given by
f (1)

xc (1, 2) = χ−1
KS(1, 2) − χ−1

0 (1, 2). (5.3)

which transforms the Dyson equation of TDDFT, Eq. (4.26), into the RPA
version of MBPT, Eq. (2.107). This can be seen by insertion into Eq. (4.26).
The first part has therefore the role of a gap-correction part of the kernel.
The second part is responsible for the particle-hole correlations in a similar
way as the part Ξ̃ of the Bethe-Salpeter kernel. It is purely expressed in
terms of MBPT quantities (not the Kohn-Sham ones)

f (2)
xc (1, 2) = −i

∫
d(3, 4, 5)χ−1

0 (1, 5)G(5, 3)G(4, 5)
δΣ(3, 4)

δn(2)
. (5.4)

It is now the variation of the self-energy with respect to the density which
plays the central role for the xc kernel. Again, by using the functional-
derivative techniques of MBPT an equation for the determination of δΣ/δρ
is found (Bruneval 2005). Using

λ = δ(1, 3)f (2)
xc (1, 2) − δΣ(1, 3)

δn(2)
(5.5)
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as a coupling parameter, one obtains for the 0-th order in λ

f (2),0
xc (1, 2) = 0 (5.6)

which means that it leads to the RPA equation, as mentioned above. The
first-order result with respect to λ is given by

f (2),1
xc (1, 2) = − i

∫
d(3, 4, 5, 7, 8, 9)χ−1

0 (1, 5)G(5, 3)G(4, 5)Ξ(3, 8; 4, 7) (5.7)

×G(7, 9)G(9, 8)χ−1
0 (9, 2)

for the general interaction kernel Ξ. In combination with theGW -approximation
for Σ and hence for Ξ the latter result is simplified to

f (2),1
xc (1, 2) =

∫
d(3, 4, 5, 9)χ−1

0 (1, 5)G(5, 3)G(4, 5)W (3, 4) (5.8)

×G(3, 9)G(9, 4)χ−1
0 (9, 2).

Since the above expression contains the inverse of the quasi-particle response
function, it has proven useful to not directly work with f

(2),1
xc but with the

related quantity T
(2),1
xc which is defined by1

T (2),1
xc (1, 2) =

∫
d(3, 4)χ0(1, 3)f (2),1

xc (3, 4)χ0(4, 2). (5.9)

Consequently, T
(2),1
xc is expressed more simply in first order as (see Eq. (2.101))

T (2),1
xc (1, 2) =

∫
d(3, 4)G(1, 3)G(4, 1)W (3, 4)G(3, 2)G(2, 4) (5.10)

=

∫
d(3, 4)L0(1, 4; 1+, 3)W (3, 4)L0(3, 2; 4, 2+). (5.11)

For the sake of completeness another relation of the xc kernel to MBPT,
which arises naturally, shall be mentioned. In the so-called ρ/G-approach

(Bruneval et al. 2005) the part of the kernel f
(2)
xc plays the role of a two-point

kernel in a Dyson equation for the irreducible polarizability2

χ̃ = χ0 + χ0f
(2)
xc χ̃ (5.12)

1The usage of the symbol T is inspired by the work of Sottile which shall be partly
discussed at a later point in this chapter.

2We allow to suppress the integrations in favor of a compact notation, where it is clear
which variables are to be integrated over.
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which is not difficult to derive from Hedin’s equation (2.58) and with the
help of the Runge-Gross theorem.

Now we summarize these findings with respect to their impact on the
Dyson equation for TDDFT linear response. On the RPA-level the two
equations are equivalent

χ = χKS + χKS(v + f (1)
xc )χ (5.13)

χ = χ0 + χ0vχ, (5.14)

and for the exact response function the following two equations

χ = χKS + χKS(v + f (1)
xc + f (2)

xc )χ (5.15)

χ = χ0 + χ0(v + f (2)
xc )χ (5.16)

and their inverse formulations

χ−1
KS = χ−1 + v + f (1)

xc + f (2)
xc (5.17)

χ−1
0 = χ−1 + v + f (2)

xc (5.18)

hold.
The considerations taken so far lay a very general framework for approxi-

mations to the xc kernel in terms of MBPT quantities and provide important
insight for other methods of approximating the xc kernels.

5.3 A Perturbative Expansion of fxc

A different approach to an expression for fxc (to be more precise, for f
(2)
xc )

is taken by Marini and co-workers (Marini et al. 2003). They impose the

existence of an f
(2)
xc which reproduces the BSE-polarizability. In the following

we omit the superscript (2) when it is not of immediate importance. The
irreducible polarization is now split into two parts

χ̃ = χ0 + δχ̃, (5.19)

where

δχ̃ = χ0fxcχ̃ (5.20)

fxc = χ−1
0 δχ̃χ̃−1. (5.21)
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By using Eq. (5.18) and Eq. (5.19) we obtain with the help of the above
equation

χ0fxcχ0 = δχ̃− δχ̃fxcχ0. (5.22)

The quantities δχ̃ and fxc are now written as series in the order of W

δχ̃ =
∑
j

δχ̃[j] (5.23)

fxc =
∑
j

f [j]
xc . (5.24)

We are using the square brackets for indicating the order of the expansion
of fxc with respect to W , in contrast to the previous section, where the ex-
pansion index in the round brackets was referring to the coupling parameter
λ (see Eq. (5.5)). From Eq. (5.22) and the latter series expansions, an iter-
ative scheme for the determination of fxc as an expansion in terms of W is
obtained (Marini et al. 2003, Marini 2003)

f [n]
xc = χ−1

0

[
δχ̃[n]χ−1

0 −
n−1∑
j=0

δχ̃[j]f [n−j]
xc

]
, (5.25)

with δχ̃[0] = 0. If we write down the above scheme explicitly for the orders 1
and 2 we obtain

f [1]
xc = χ−1

0 δχ̃[1]χ−1
0 (5.26)

f [2]
xc = χ−1

0 [δχ̃[2] − δχ̃[1]χ−1
0 δχ̃[1]]χ−1

0 . (5.27)

The first order result stated above has also been found previously by Rein-
ing (Reining et al. 2002), Adragna and co-workers (Adragna et al. 2003)
and Sottile (Sottile et al. 2003, Sottile 2003) and is exactly given by (see
Eq. (5.10))

δχ̃[1](1, 2) = T (2),1
xc (1, 2). (5.28)

Higher order results for δχ̃[n] are found more easily in Fourier space in terms
of the correlation function L0 and the matrix elements transforming from
the transition space to the G space. Such higher order expressions will
be mentioned in a later chapter being more specialized to the treatment of
TDDFT linear response in Fourier space.

These first and second order approximations have been successfully ap-
plied in the study of the optical absorption as well as the electron energy
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loss spectroscopy (EELS) of LiF and reproduce (at least in the second or-
der approximation) the result of a BSE calculation quite accurately (Marini
et al. 2003). All these expressions that we have seen so far are despite their
correct behavior with respect to the description of the electron hole interac-
tion quite difficult to evaluate. The question arises if there are simpler xc
kernels bearing the same physics. The answer is both, yes and no, as we will
see in the following.

5.4 Model Kernels

From a direct comparison of the TDDFT equations to the Bethe Salpeter
equation it can be shown there that the long-range behavior of the exact xc
kernel has the proportionality (Reining et al. 2002)

fxc(q, ω) ∼ −α(ω)
1

q2
, (5.29)

for small vectors q. With an approximation of α(ω) ≡ 0.2 for instance,
the continuum excitonic effects in bulk silicon are described very well. This
kernel which is given in real space for a frequency-independent α as

fxc(r, r
′) = − α

4π
v(r, r′), (5.30)

is also called the RORO-kernel named after the authors of the original paper
Reining, Olevano, Rubio and Onida. It is important to note that this
long-range term 1/q2 is not present in the ALDA, which explains why it does
not work for extended systems.

This idea has been developed further by Botti and co-workers (Botti
et al. 2004) in order to relate the (frequency dependent) parameter α(ω) to
macroscopic quantities of the system under study. In a static approach, α is
related to the macroscopic dielectric constant ε∞ and the kernel is called the
static long-range contribution (LRC) kernel. It was found that for a series
of simple semi-conductors, including Si and GaAs, an empirical law can be
established, relating the parameter α to the dielectric constant,

α =
4.615

εM(0)
− 0.213. (5.31)

The fitting parameters of the above equation are determined through a com-
parison to the results from the solution of the BSE. A more sophisticated ap-
proach targets towards a frequency-dependent model-kernel. Starting from
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the model of a single Lorentz oscillator for the Kohn-Sham response function
an expression for the xc kernel of the form

α(ω) = α′ + β′ω2 (5.32)

is derived. It is called the dynamical LRC kernel (Botti et al. 2005). Again,
the parameters α′ and β′ are related to macroscopic properties of the system,
namely the dielectric constant ε∞ and the plasmon frequency ωp. As in the
case of the static LRC kernel, through fitting the parameters for several
systems to the results obtained from a solution of the BSE the following
empirical law is established

α′ = 104.5
ωg

εM(0)ω2
p

(5.33)

β′ =
α′

ω2
g

, (5.34)

where ωg is an average value for the gap of the system and is to be placed
in the middle of the absorption range (Botti et al. 2005). This dynamical
model partially allows for the description of the strongly bound exciton in
LiF. The strong peak related to this exciton is present, however, at higher
energies. The price to pay for the capturing of the bound exciton is that the
overall structure of the spectrum for higher energies is completely lost. We
will present more details in one of the following chapters.

Following this way of modeling the kernel, a pure (ab-initio) expression is
dropped in favor of a very simple kernel which indeed corresponds to a simple
(frequency-dependent) rescaling of the Coulomb interaction. In general, we
cannot expect such a kernel to work equally well for all systems, since it is
purely proportional to the bare Coulomb potential.
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Chapter 6

Optical Properties of Solids

In this chapter, we provide a description for the optical response for solids
in the linear regime. Starting from basic electrodynamics, the path to the
macroscopic dielectric properties based on the wave functions and energies
of a single-particle band structure calculation is displayed. The dielectric
function has been studied from first principles within the random phase
approximation by Ehrenreich and Cohen (Ehrenreich & Cohen 1959),
Adler and Wiser (Adler 1962) and Nozieres and Pines (Nozieres &
Pines 1958b, Nozieres & Pines 1958a, Nozieres & Pines 1958c) and their
main results are shown.

In the remaining part of this chapter, we go beyond the RPA involv-
ing electron-hole correlations which are important for the excitonic effects
in semiconductors and insulators. We provide the Bethe-Salpeter equation
for periodic solids following mainly the work of Strinati (Strinati 1984),
Albrecht (Albrecht et al. 1998) and Rohlfing (Rohlfing & Louie 2000).

6.1 The Dielectric Function in Solids

We know from the Maxwell equations (see for instance (Jackson 1998)) that
the electric displacement D is related to the electric field E through the
polarization P as D = E + P. In the linear or dipole approximation we
connect the electric field and the electric displacement linearly

D(r, t) =

∫
dt

∫
d3r′ε(r, t; r′, t′)E(r′, t′). (6.1)

67
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In Eq. (6.1) the microscopic dielectric function ε(r, t; r′, t′) is in general a
tensor of rank two except the case of cubic symmetry where it is a scalar.
Since we restrict our study to solids now, a perfect crystal is assumed, the
dielectric function is symmetric with respect to a translation of both spatial
variables r and r′ (see Eq. (E.18)), and it is homogeneous in time, which is
expressed by its dependence on the time-difference t− t′

ε(r + R, r′ + R; t− t′) = ε(r, r′; t− t′). (6.2)

By Fourier transforming Eq. (6.1) we obtain

DG(q, ω) =
∑
G′

εGG′(q, ω)EG′(q, ω), (6.3)

which is a matrix equation depending on the crystal momentum q and the
frequency ω. The quantity εGG′ is therefore called the dielectric matrix.

It has to be mentioned in this context that we are studying a system
which is perturbed by a light wave which clearly constitutes a transverse
field. Therefore one has to insert a vector potential A(r, t) into the kinetic
part of the Hamiltonian p → p+A(r, t)/c. By taking only the linear terms in
1/c a term A(r, t)·p remains then as a perturbation in the total Hamiltonian,
and the dielectric properties would have to be evaluated using correlations
between currents and densities. Another complication in inhomogeneous
solids is the fact that a purely longitudinal (transversal) electric field in-
duces longitudinal and transverse currents which cannot be captured by the
longitudinal-longitudinal and transverse-transverse dielectric functions alone.
However, in the limit of very small q vectors a longitudinal perturbation given
by a scalar potential leads to the same result as a transverse one. This fact
was shown by Ambegaokar and Kohn (Ambegaokar & Kohn 1960) for
crystals with cubic symmetry and by del Sole and Fiorino (Del Sole &
Fiorino 1984) for systems with arbitrary symmetry.

6.2 The Self-Consistent Field Method

Here we want to review the results for the longitudinal dielectric response
of periodic solids in the independent particle approximation (Adler 1962,
Nozieres & Pines 1958b, Nozieres & Pines 1958a, Nozieres & Pines 1958c).
Within this approximation, the electrons and holes are treated as independent
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particles which is reflected in the self-consistent potential being the sum of an
external potential and an induced screening potential which is purely electro-
static and does not bare any exchange and correlation effects. Additionally,
the external potential is assumed to vary only on a macroscopic scale, hence
have vanishing Fourier coefficients for G 6= 0. This treatment is equivalent
to the random phase approximation in MBPT for the polarizability.

Let us consider an electronic system given by a Hamiltonian

Ĥ(t) = Ĥ0 + V̂ (t)

V̂ (t) = V̂ext(t) + V̂scr(t)
(6.4)

subject to an external potential vext(r, t) and an induced screening potential
vscr(r, t). For the derivation of the polarizability within the independent par-
ticle approximation the Liouville equation for the density operator is then
linearized with respect to the density change. For the unperturbed system,
the electrons are assumed to be described by an effective single-particle po-
tential

Ĥ0|nk〉 = εnk|nk〉, (6.5)

whereas for the external perturbation we assume a monochromatic wave with
a time-dependence

vext ∼ e−i(ω+iδ)t (6.6)

which is switched on adiabatically due to the infinitesimal δ. We denote
the result for the polarizability χ0 in terms of the single-particle states |nk〉,
energies εnk, and occupation numbers fnk which are given by the Fermi-Dirac
distribution at zero temperature. If transformed to Fourier space, χ0 is given
by

χ0
GG′(q, ω) =

1

V

∑
nmk

fnk − fmk+q

εnk − εmk+q + ω + iδ
Mnmk(q,G)M∗

nmk(q,G
′), (6.7)

where the states m and n run over both spins. In similarity to the Lehmann
representation of the response function, Eq. (2.118), the pole structure is
spotted in the denominators and the whole spectrum is a superposition of
Lorentzian peaks at the single-particle energy differences εnk − εmk+q. The
quantities Mnmk(q + G) which appear in Eq. (6.7) are defined as the q-
dependent matrix elements between the single-particles states |nk〉

Mnmk(q,G) = 〈nk|e−i(q+G)r|mk + q〉 (6.8)
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In this formulation the local field effects are already included. They are ex-
plained in the following way. An external potential which varies only on a
macroscopic scale can nevertheless induce a screening field which varies on
a microscopic (atomic) scale for an inhomogeneous system. These local-field
effects are accounted for in the formalism since the whole Fourier represen-
tation of the induced screening potential vscr is used in the derivation of
Eq. (6.7) and not only the 00 component. With the help of the relation
Eq. (2.71) in Fourier space a relation between the total and the external
potential is established

vtot
0 (q, ω) = ε−1

00 (q, ω)vext
0 (q, ω), (6.9)

which is valid since vext
G (q, ω) = vext

0 (q, ω)δG,0. From Eq. (6.9) it is seen that
the 00 Fourier coefficient of the inverse microscopic dielectric matrix relates
the macroscopic external and self-consistent potentials. Therefrom and from
the definition of the dielectric function, Eq. (2.60), the macroscopic dielectric
function εM is given by (Adler 1962)

εM(q, ω) =
1

ε−1
00 (q, ω)

. (6.10)

It is therefore not the spatial average of the microscopic dielectric function
itself, but the inverse of the average inverse microscopic dielectric function
which connects the macroscopic external and self-consistent fields. This re-
lation, Eq. (6.10), is one of the key results of this chapter since it allows
for the determination of a macroscopic quantity, which can be measured by
experiments, from a microscopic and fully ab-initio description of a crystal.
With the help of the macroscopic dielectric function a variety of other spec-
troscopically measurable quantities are obtained. Among them we mention
the loss function L(q, ω) defined by

L(q, ω) = −Im
1

εM(q, ω)
, (6.11)

which describes, for instance, the EELS.
If we neglect the induced local fields in the screening potential on the

other hand, we can denote a very simple expression for the macroscopic
dielectric function in terms of the independent-particle response function χ0

εM(q, ω) = 1 + v(q)χ0(q, ω). (6.12)
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The insertion of Eq. (6.7) into Eq. (6.12) finally gives an explicit expression
for the macroscopic dielectric function in the absence of local fields

εM(q, ω) = 1+
4π

V q2

∑
nmk

fnk − fmk+q

εnk − εmk+q + ω + iδ
Mnmk(q, 0)M∗

nmk(q, 0), (6.13)

where V denotes the crystal volume.

6.3 The Long Wavelength Limit

Since we are mostly interested in optical perturbations having wavelengths
that are much larger compared to the size of the crystal unit cell, the asso-
ciated momentum q is very small and can be treated in the limit of q → 0.
This limit has, however, to be taken analytically in the expression for the
macroscopic dielectric function since the Coulomb potential becomes singu-
lar in this case and has to be compensated by χ0. First, we investigate the
matrix elements Mnmk(q → 0, 0) within this limit. From k · p perturbation
theory we obtain for non-degenerate states

Mnmk(q → 0, 0) = δnm +
qΩ̂qPnmk

εmk − εnk
(1 − δnm), (6.14)

where Ω̂q is the unit vector in the direction of q and

Pnmk = 〈nk|v̂|nk〉 (6.15)

are the matrix elements of the velocity operator, defined as v̂ = −i[Ĥ, r̂].
This velocity operator reduces to v̂ = p̂/m for a Hamiltonian with a lo-
cal (multiplicative) potential (Levine & Allen 1989, Levine & Allen 1991,
Del Sole & Girlanda 1993). By using the analytical properties of Eqs. (6.7)
and (6.12) and the relation Im[1/(x + iδ)] = P [1/x] − iπδ(x) we obtain for
the macroscopic dielectric tensor for q → 0 without the inclusion of local
fields

εαβM (ω) = δαβ +
4π

V

∑
nmk

′ fnk − fmk

(εmk − εnk)2

Pα
nmk[P

β
nmk]

∗

εnk − εmk + ω
(6.16)

− i
4π

ω2V

∑
nmk

′
(fnk − fmk)P

α
nmk[P

β
nmk]

∗δ(εnk − εmk + ω).
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The primed summation symbol in the above equation accounts for omitting
the intra-band contributions m = n. Such a contribution is usually only
important for systems without a gap and shall not be further discussed here.
The fact that we obtain a tensor quantity εαβM starting from considerations of
a longitudinal response is justified only, as pointed out earlier, in the q → 0
limit (Ambegaokar & Kohn 1960, Del Sole & Fiorino 1984).

The matrix elements of the momentum operator will depend naturally
on the actual choice of the single particle states. One possible choice would
be the Kohn-Sham states from DFT, another one, the quasi-particle states
obtained from the Dyson equation, Eq. (2.56). Sometimes, the wave functions
of DFT and the quasi-particle ones are assumed to be almost identical and
the quasi-particle energies Enk are related to the DFT ones εnk only through
a simple scissors shift. This means that the conduction band energies are
rigidly shifted upwards by a constant value. In such a case, one would expect
to simply substitute εnk by Enk in the expression Eq. (6.16) for the dielectric
function. However, this is not sufficient, since the self-energy operator is non-
local in any case, such that the matrix elements of the momentum operator
have to be rescaled (Levine & Allen 1989, Levine & Allen 1991, Del Sole &
Girlanda 1993) in the following way

〈nk|p̂|mk〉QP =
Enk − Emk

εnk − εmk

〈nk|p̂|mk〉KS. (6.17)

The above relation is valid for general quasi-particle energies Enk and for the
case of a scissors shift the resulting dielectric function is shifted with respect
to the energy argument.

Another peculiarity which is related to the long wavelength limit is the
appearance of a divergent Fourier coefficient of the Coulomb potential in the
Dyson equation for the polarizability, Eq. (2.68). This problem can be lifted
in defining a modified polarizability χ̄ for which the polarization process
including the long-range part is neglected (Ambegaokar & Kohn 1960). In
doing so, a Dyson equation for the modified polarizability is found

χ̄ = χ̃+ χ̃v̄χ̄, (6.18)

where a modified Coulomb potential v̄ is used according to

v̄G(q) =

{
0, G = 0

vG(q), otherwise
(6.19)
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Finally, a combination of the Dyson equations for the full polarizability χ
and the modified one χ̄ yields an expression for the macroscopic dielectric
function, different but still equivalent to the one of Adler and Wiser,
Eq. (6.10)

εM(q, ω) = 1 − v(q)χ̄00(q, ω). (6.20)

We will see in the following that the above expression for the macroscopic
dielectric function is favorable in the context of the Bethe-Salpeter equation.

6.4 Excitonic Effects via the BSE

So far, the dielectric response to the external perturbation was only treated in
the random phase approximation, i.e., the correlation between the electrons
and the holes has been neglected. Furthermore, we note that the Hartree
approximation to the interaction kernel of the Bethe-Salpeter equation just
gives the RPA result as we have seen in Sect. 2.4.3. In utilizing the BSE
in the ladder approximation we will now include such correlations. The
adoption of the BSE in the context of a periodic solid has been reported
many times (Strinati 1984, Strinati 1988, Albrecht et al. 1998, Rohlfing &
Louie 2000, Arnaud 2000, Puschnig 2002) already and shall be sketched very
briefly in the following.

It has been shown already long time ago that the two-particle correla-
tion function L contains information about the excitation energies Eλ which
are caused by charge-neutral excitations of bosonic character of a bound N -
particle system (Gell-Mann & Low 1951, Sham & Rice 1966). This very
general two-particle correlation function L(1, 2; 1′, 2′) contains various cor-
relations between electrons (e) and holes (h), namely e-e, h-h and e-h cor-
relations. However, only 2 out of 6 possible combinations of splitting the
time-ordering of the field operators in Eq. (2.88) contribute to the singular-
ities at the exact excitation energies of the N particle system1, Eλ, if L is
transformed to Fourier space. Due to the appearance of the time variables in
combination with the excitation energies there is finally only one frequency
variable which is important. We arrive at this situation by first pairing the
time variables as in Eq. (2.95) and then taking the Fourier transform with
respect to the resulting relative time (Strinati 1988). In doing so, we obtain

1For other combinations, the energies related to the N±2 particle system appear which
are not relevant for neutral excitation processes, or do not lead to a pole-structure.
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a frequency-dependent correlation function L(r1, r2, r
′
1, r

′
2;ω). Furthermore,

we need to select the correlations associated to a (small) momentum trans-
fer vector q (Sham & Rice 1966), denoted by Lq(r1, r2, r

′
1, r

′
2;ω) (or short

Lq(ω)), which establishes the Bloch periodicity in each variable. The total
correlation function is hence given as a sum over all q vectors

L(r1, r2, r
′
1, r

′
2;ω) =

∑
q

Lq(r1, r2, r
′
1, r

′
2;ω). (6.21)

The same considerations apply to the correlation function L0 and the inter-
action kernel Ξ. Now the Bethe-Salpeter equation can be written in a form
depending explicitly on the q vector and the frequency

Lq(ω) = L0
q(ω) + L0

q(ω)Ξ0
q(ω)Lq(ω), (6.22)

where the spatial integrations in Eq. (6.22) are the same as in Eq. (2.102).
The special treatment of the long-range term of the Coulomb interaction can
also be introduced in the context of the interaction kernel Ξ of the Bethe-
Salpeter equation. In that case it will be defined with respect to the modified
Coulomb interaction Eq. (6.19) which we assume for the following discussion.
As a next step the terms in the BSE, Eq. (6.22), are expanded in terms of
quasi-particle wave functions ψj(r). Such an expansion for a general, Bloch-
periodic 4-point quantity is given by

Kq(r1, r2, r3, r4) =
∑

i1,i2,i3,i4

ψ∗
i1
(r1)ψi2(r2)ψi3(r3)ψ

∗
i4
(r4)K

q
i1i2,i3i4

, (6.23)

where

Kq
i1i2,i3i4

=

∫
d3r1d

3r2d
3r3d

3r4ψi1(r1)ψ
∗
i2
(r2)ψ

∗
i3
(r3)ψi4(r4)Kq(r1, r2, r3, r4).

(6.24)
The Bloch vectors kj associated to the indices ij obey the relation (Arnaud
2000)

i1 = (n1,k1), i2 = (n2,k1 − q), i3 = (n3,k3), i4 = (n4,k3 − q), (6.25)

and the numbers nj denote the indices of the corresponding bands. In the
following, we limit our discussion to the case of q → 0 since we are mostly in-
terested in optical excitations. Without derivation we provide the expansion
coefficients of the correlation function L0 in terms of single-particle states

L0
i1i2,i3i4

(ω) = −i fi1 − fi2
Ei1 − Ei2 + ω + iδ

δi1i3δi3i4 . (6.26)
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Here, the result for the retarded L0 is given, whereas the time-ordered one
is needed in MBPT. However, for positive frequencies all following consid-
erations will remain valid2. Now we transform the Bethe-Salpeter equation,
Eq. (6.22), to transition space with the help of Eq. (6.24) and write it in a
compact matrix form where the indices of the matrices consist of pairs (iaib)

L(ω) = K(ω)L0(ω). (6.27)

Here, the linear transformation K is given by3

K(ω) = [1 − L0(ω)Ξ]−1. (6.28)

Due to the occupation number difference fi1 − fi2 in L0, Eq. (6.26), the
expression for the correlation function can be expressed as

L(ω) = i[Heff − ω]−1 diag(∆f), (6.29)

with
Heff = diag(∆E) − i diag(∆f)Ξ. (6.30)

Here, diag(∆f)(i1i2),(i3i4) = ∆f(i1i2)δ(i1i2),(i3i4) is a diagonal matrix constructed
from the difference in occupation numbers, ∆f(i1i2) = fi2 −fi1 and ∆E(i1i2) =
Ei2 − fi1 . The frequency argument is now made explicit in the latter ex-
pression for L, and the spectral theorem (see Eq. (F.17) in Appendix F) is
employed for a representation of L in terms of eigenvalues and eigenvectors
of Heff which are given by

HeffAλ = EλAλ. (6.31)

The resulting expression is given by

Li1i2,i3i4(ω) = i
∑
λλ′

Aλi1i2M
−1
λλ′ [A

λ′
i3i4

]∗

Eλ − ω
(fi4 − fi3). (6.32)

As a next step, a back-transform to configuration space with the help of
Eq. (6.23), a subsequent pairing of the variables as in Eq. (2.95), and a
Fourier transform to G space provides us with χ̄GG′(q, ω). Finally, from

2For a time-ordered expression we refer the reader to Ref. (Strinati 1988).
3We now assume the general interaction kernel Ξ to be static which is valid, for instance,

in the GW approximation in combination with a static screening.
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Eq. (6.20) we obtain the expression for the macroscopic dielectric function
(Albrecht et al. 1998)

εM(q, ω) = 1 − v(q)

V

∑
λ

xλzλ
Eλ − ω

xλ =
∑
i1i2

Mi1i2(q)Aλi1i2

yλ =
∑
i1i2

Mi1i2(q)Aλi1i2(fi2 − fi1)

zλ =
∑
λ′

M−1
λλ′ [yλ′ ]

∗,

(6.33)

where the q-dependent matrix elements (see Eq. (6.8)) are given by

Mi1i2(q + G) = 〈i1|e−i(q+G)r|i2〉. (6.34)

The Bloch indices k(i) in the wave functions of these matrix elements reflect
the momentum transfer vector q since the following equality holds4

Mi1i2(q + G) = 〈i1|e−i(q+G)r|i2〉δq,k(i2)−k(i1). (6.35)

A similar expression is found for the long wavelength limit q → 0

εαβM (ω) = 1 − 4π

V

∑
λ

xλzλ
Eλ − ω

xλ =
∑
i1i2

P α
i1i2

Ei2 − Ei1
Aλi1i2

yλ =
∑
i1i2

P α
i1i2

Ei2 − Ei1
Aλi1i2(fi2 − fi1)

zλ =
∑
λ′

M−1
λλ′ [yλ′ ]

∗.

(6.36)

Here, the matrix elements Pα
i1i2

(see Eq. (6.15)) are defined as

Pα
i1i2

= 〈i1|v̂α|i2〉, (6.37)

4The δ function relating both k vectors to the q vector is defined modulo a reciprocal
lattice vector.
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and they only give a non-zero contribution for equal Bloch vectors k(i)

P α
i1i2

= 〈i1|v̂α|i2〉δk(i1),k(i2). (6.38)

The Eij which appear in Eq. (6.36) are the single-particle energies. The
expressions for the macroscopic dielectric function, Eqs. (6.33) and (6.36),
are the most important ones of this chapter and are valid in a very general
context. For a choice of DFT single particle states |ij〉 and energies εij the
rescaling of Pα

i1i2
has to be considered according to Eq. (6.17).

A second aspect comes into play for systems with a gap, where the
transitions are limited to the combinations of occupied (v) and unoccupied
(c) bands only. In this case, the size of the original Hamiltonian matrix,
Eq. (6.30), is reduced by a factor of 2, because of vanishing differences in
occupation numbers. We see this fact in considering the block structure of
the BSE Hamiltonian

Heff = Heff


v1c2, v3c4

(+) v1c2, c3v4
(#) v1c2, v3v4 v1c2, c3c4

c1v2, v3c4
(#′) c1v2, c3v4

(−) c1v2, v3v4 c1v2, c3c4
[v1v2, v3c4] [v1v2, c3v4] (v1v2, v3v4) [v1v2, c3c4]
[c1c2, v3c4] [c1c2, c3v4] [c1c2, v3v4] (c1c2, c3c4)

 ,

(6.39)
which we write in a compact form to highlight the index combinations. The
blocks for which the first two indices are of the same type (valence or conduc-
tion bands) vanish (indicated by square brackets) or are diagonal matrices
(indicated by round brackets), which we see from Eq. (6.30). Hence, the
Hamiltonian matrix is upper block diagonal and so is the matrix for the
correlation function Li1i2,i3i4(ω), Eq. (6.29). Because of the term ∆fi1i2 in
the expression for the correlation function, Eq. (6.29), only the blocks cor-
responding to the index combinations (i1i2, i3i4) = (v1c2, v3c4), (v1c2, c3v4),
(c1v2, v3c4), (c1v2, c3v4) survive in the expression for L. Therefore, only those
blocks of Heff marked with (+), (−), (#) and (#′) are relevant, since they
correspond to the equivalent blocks of L5. They denote the resonant part
(+) and the anti-resonant part (−) which can be shown to be Hermitian, as
well as the coupling parts (#), (#′) which are symmetric. The Hamiltonian
matrix now takes the form

Heff =

(
H(+)
v1c2,v3c4

H
(#)
v1c2,c3v4

H(#′)
c1v2,v3c4

H
(−)
c1v2,c3v4

)
. (6.40)

5This can be seen by investigating the inversion of a 2 × 2 block matrix.
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Another aspect concerning the size of the effective Hamiltonian is related
to the so-called Tamm-Dancoff approximation (Fetter & Walecka 1971)6.
Therein, the excited state |N, λ〉 is expanded only in electron-hole states as

|N, λ〉 =
∑
λ

Aλvc|vc〉, (6.41)

where

|vc〉 = a†vb
†
c|N〉, (6.42)

and a†v and b†c create an electron in the state v and a hole in the state c,
respectively. This procedure is justified for systems with a gap which is,
larger as the average electron-hole interaction strength. The coupling be-
tween |vc〉 and |cv〉 states lacks a diagonal contribution ∆E in the Hamilto-
nian, Eq. (6.30), and therefore would be small (Rohlfing & Louie 2000). If we

neglect the coupling blocks H
(#)
v1c2,c3v4 and H

(#′)
c1v2,v3c4 the effective Hamiltonian

can be block-diagonalized and the size of the eigenvalue problem is, again,
reduced by a factor of two.

6.4.1 The Electron-Hole Interaction

Right now, we want to approximate the effective two-particle interaction Ξ
by the ladder approximation, i.e., using the first order term in the screened
interaction W (see Eq. (2.109)), which we assume to be statically screened.
This procedure has been applied frequently and it is claimed that the dynam-
ical effects of the screening and of the one-particle Green’s function cancel
each other (Bechstedt et al. 1997). The conjecture of such a cancellation ef-
fect is, however, by no means proved in general. The effective Hamiltonian,
Eq. (6.30) splits now into two parts

Heff = Hdiag +Hx +Hdir, (6.43)

6For a more detailed discussion of the Tamm-Dancoff approximation see (Rohlfing &
Louie 2000) and references therein.
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where the individual parts are obtained from a combination of Eqs. (6.24),
(2.109) and (6.30)

Hdiag
i1i2,i3i4

= (Ei2 − Ei1)δi1i3δi2i4 (6.44)

Hx
i1i2,i3i4

=

∫
d3rd3r′ψi1(r)ψ

∗
i2
(r)v̄(r, r′)ψ∗

i3
(r′)ψi4(r

′) (6.45)

Hdir
i1i2,i3i4

= −
∫

d3rd3r′ψi1(r)ψ
∗
i2
(r′)W (r, r′)ψ∗

i3
(r)ψi4(r

′). (6.46)

In the above equations, Hdiag denotes a term which is diagonal and only
contains differences in the single-particle energies, Ej, H

x is the repulsive
exchange term, and Hdir is the attractive term describing the electron-hole
correlations of the system.

We now proceed to sketch the spin-structure of the Bethe-Salpeter equa-
tion, which has been thoroughly discussed by Strinati (Strinati 1988) and
Rohlfing and Louie (Rohlfing & Louie 2000). If the spin-orbit interaction
of the system is weak and therefore neglected in the Hamiltonian, the spins
of the electron and the hole can be treated separately, resulting into four
subspaces

{|v↑c↑〉}, {|v↑c↓〉}, {|v↓c↑〉}, {|v↓c↓〉}, (6.47)

according to the pairings of the spins for the electron-hole pairs. The block
structure of the BSE Hamiltonian now splits into 4x4 blocks according to the
subspaces of the spin-combinations, and some of these blocks vanish. Finally,
two decoupled Bethe-Salpeter equations are obtained for the so-called spin-
singlet and spin-triplet configurations. Thereby, the spin-singlet corresponds
to the subspace {

1√
2
(|v↑c↑〉 − |v↓c↓〉)

}
, (6.48)

whereas the spin-triplet configuration corresponds to the combination of
three subspaces {

1√
2
(|v↑c↑〉 + |v↓c↓〉), |v↑c↓〉, |v↓c↑〉

}
, (6.49)

Without derivation we denote the Hamiltonians for the singlet and triplet
subspaces

Hsinglet = Hdiag + 2Hx +Hdir (6.50)

Htriplet = Hdiag +Hdir, (6.51)
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where a factor of 2 now appears in front of the exchange term for the singlet
subspace, whereas it is absent for the triplet subspace. For a comparison to
the excitation spectra obtained from TDDFT, mostly the spin-singlet will be
of interest.

6.5 Excitonic Effects via TDDFT

In the case of time-dependent DFT, the formulation of the equation for linear
response (the Dyson like equation), Eq. (4.30) is readily written in Fourier
space

χGG′(q, ω) = χKS
GG′(q, ω) (6.52)

+
∑
G1G2

χKS
GG1

(q, ω)[vG1(q)δG1G2 + fxc
G1G2

(q, ω)]χG2G′(q, ω).

The response functions χ and χKS as well as the xc kernel are determined ac-
cording to the expansion Eq. (E.12). The xc kernel in Eq. (6.52) is frequency
dependent, not only for the exact expression but also for the one of Eq. (5.2),
reproducing the dielectric function on the level of the Bethe-Salpeter equa-
tion even already in the first order GW approximation with static screening
(Eq.(5.8)). In contrast, the corresponding two-particle interaction kernel of
the BSE is a static quantity (for a static screening).

For the expressions of the Kohn-Sham response function basically the
same considerations as in Sec. 6.2 apply with the difference that the single-
particle states and energies are the Kohn-Sham ones

χKS
GG′(q, ω) =

1

V

∑
nmk

fnk − fmk+q

εnk − εmk+q + ω + iδ
Mnmk(q,G)M∗

nmk(q,G
′). (6.53)

The matrix elements are the ones from Eq. (6.8) based upon Kohn-Sham
wave functions. The considerations for the long wavelength limit in Sec. 6.3
apply in the context of TDDFT as well. Consequently, Dyson’s equation is
immediately given by Eq. (6.18) with the modified Coulomb potential from
Eq. (6.19). The Kohn-Sham response function on the other hand is given
with the help of the corresponding matrix elements from Eqs. (6.8) and
(6.17), where again the Kohn-Sham wave functions and energies are used.
The long wavelength limit of the xc kernel strongly depends on the adopted
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approximationand will be discussed separately. Finally, the macroscopic di-
electric function εM is obtained in the same way as in the case of the BSE,
since in both theories, it is related to the full polarizability or interacting
response function, in the language of TDDFT linear response.
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Chapter 7

The LAPW Method

7.1 Introduction

There are different ways to solve the Kohn-Sham equations in general. Since
we are treating periodic solids a possible choice of a basis set would be plane
waves. The advantages of the latter are located in the orthogonality and the
analytical simplicity. However, the size of the basis set would be too large
when approaching the vicinity of the atomic nuclei in a crystal. Therefore,
the Coulomb potential of the nuclei is often approximated by “pseudopo-
tentials” which employ a shape approximation and thus do not have such
singularities. The pseudopotential approach is quite popular in the field of
electronic structure calculations, but suffers from the disadvantage, that it
is an approximation giving rise to an unphysical behavior in the vicinity of
the nuclei.

An early attempt for a precise description of the Kohn-Sham wave func-
tion in the entire unit cell has been proposed by Slater and is called the
APW-method (Slater 1937). It stands for augmented plane wave method,
and therein plane waves are augmented by sets of atomic-like functions. The
original APW method has the drawback of energy-dependent basis functions
and therefore, leads to a non-linear eigenvalue problem, rendering its solu-
tion computationally very demanding. As a way out of this situation, several
APW-derived methods have been established, going to energy-independent
basis functions and hence linearizing the eigenvalue problem. This is the
reason why they are called linearized APW (LAPW) methods.

83
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7.2 The Eigenvalue Problem

In order to solve the Kohn-Sham eigenvalue equations, Eq. (3.21), we refor-
mulate them in terms of a general basis for the wave function φ with the help
of basis functions φj. To this end we write the wave function as

φ(r) =
∑
j

cjφj(r). (7.1)

The eigenvalue problem is now given, by virtue of Ritz’s variational principle,
as generalized matrix eigenvalue problem∑

j

Hijc
(n)
j = ε(n)

∑
j

Sijc
(n)
j , (7.2)

which is called the secular equation of the system. In this equation, the c(n)

are the eigenvectors and the ε(n) the eigenvalues. The Hamiltonian matrix
Hij and the overlap matrix Sij are given by the following expressions

Hij = 〈φi|ĥ(r)|φj〉 (7.3)

Sij = 〈φi|φj〉, (7.4)

where ĥ(r) is the Kohn-Sham single-particle Hamiltonian consisting of the
kinetic energy operator and the Kohn-Sham effective potential, Eq. (3.18).
The overlap matrix accounts for the case of non-orthogonal basis functions.

7.3 The Basis Set

The main characteristics of the APW method and related methods is to
divide the crystal in two different types of regions. The first one, called
the muffin-tin region, consists of spheres centered around the atoms while
the remaining part of the unit cell is called the interstitial region. Inside
the muffin-tin spheres, the basis consists of atomic-like functions to account
for the rapid changes of the wave function in this area. In contrast, in the
interstitial region at some distance from the atomic sites the wave function
changes only slowly and hence plane waves are appropriate.

We proceed now to describe the APW-like basis set which we present in
the general form

φAPW
k+G (r) =


1√
V
ei(k+G)r, r ∈ interstitial∑

α,lm

fα,lmk+G(rα)Ylm(r̂α), r ∈ muffin-tin (7.5)
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Figure 7.1: The partition of the unit cell into muffin-tin spheres (α, β) and an
interstitial region (I).

where rα = r − Rα and Rα is the center of the muffin-tin sphere related to
atom α. The lm-expansion coefficients fα,lmk+G(rα) are given in terms of the
radial functions uαlp(rα, El) and so-called matching coefficients Aαlmp(k + G)

fα,lmk+G(rα) =

pmax∑
p=0

Aαlmp(k + G)uαlp(rα, El). (7.6)

In the above equation, uαlp(rα, El) denotes the p-th derivative of the radial
wave function uαl (rα, El) with respect to the energy. The radial wave func-
tions are the solutions of the radial, scalar-relativistic Schrödinger equation
(Koelling & Harmon 1977) in the radial-symmetric potential of the respective
sphere.

Now, it was the idea of Andersen (Andersen 1975) (see also Reference
(Ambrosch-Draxl 2004) for details) to use pmax = 1, i.e., , the radial function
uαl (rα, El) and its derivative with respect to the energy, u̇αl (rα, El) at a fixed
chosen energy El, called linearization energy. This way, the radial function
at the exact, at present unknown, energy E can be seen in the spirit of a
first order Taylor expansion

uαl (rα, E) = uαl (rα, El) + (E − El)u̇
α
l (rα, El). (7.7)

For higher values of pmax the so-called SLAPW-3 and SLAPW-4 methods
are obtained (Singh & Krakauer 1991). It has to be pointed out that the
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linearization energies El are neither the eigenvalues of the radial Schrödinger
equation, nor of the secular equation as it is the case in the original APW
method. They merely enter the radial equation as parameters, although
physically meaningful ones. In practice they are usually set in the middle of
the band with the corresponding l character.

The afore mentioned matching coefficients are determined by the require-
ment that the basis function has to be continuous at the boundary of the
muffin-tin sphere up to the order pmax. The coefficients are then obtained
through the set of equations

pmax∑
q=0

dp

drp
uαlq(r, El)

∣∣∣∣
r=RMT

α

Aαlmp(k
′) =

4π√
V
ileik

′RαY ∗
lm(k̂′)

dp

drp
jl(k

′r)

∣∣∣∣
r=RMT

α

(7.8)
for p = 0, . . . , pmax, where k′ = k + G.

The set of APW-related basis functions can be made more flexible by the
addition of so-called local orbitals φlo

L(r), which are defined as

φlo
L(r) =

{
0, r ∈ interstitial

vαL(rα)Ylm(r̂α), r ∈ muffin-tin of atom α,
(7.9)

where the overall index L comprises the angular momentum lm as well as
the atom index α and the matching order pmax. The functions vαs (rα) are
again linear superpositions of radial functions uαlp(rα) (and their derivatives
with respect to the energy)

vαL(r) =

pmax∑
b=0

Aαb u
α
lpb

(r, Eb). (7.10)

The matching coefficients Aαb are obtained in a similar manner as the APW
functions. A possible implementation of such conditions is given as follows

pmax∑
c=0

db

drb
uαlpc

(r, Ec)

∣∣∣∣
r=RMT

α

Aαc = eikRαδb,pmax , (7.11)

where b = 0, . . . , pmax.
Local orbitals are utilized to increase the flexibility of the basis set in two

different ways. The first one is to describe low-lying valence states (semi-core
states) properly by choosing one of the linearization energies close to the one
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of the semi-core state (Singh 1994). Adding, on the other hand, a local orbital
with the expansion energy of the APW basis function (Sjöstedt et al. 2000)
provides a way of linearizing the secular equation. This so-called APW+lo
method is an alternative to the well-known LAPW method. It is even a
more favorable choice, since it is computationally less expensive. For further
details of the basis set we refer the reader to Refs. (Singh 1994, Ambrosch-
Draxl 2004).

The expansion of the Bloch wave function φnk(r) in terms of the basis
including APW-like basis functions and local orbitals is now given by

φnk(r) =
∑
G

cnk+Gφ
APW
k+G (r) +

∑
L

cnk,Lφ
lo
L(r), (7.12)

where the coefficients cnk+G and cnk,L enter in place of the general coefficients

c
(n)
j from Eq. (7.2).

7.4 The Density and the Potential

Not only the wave function is expanded using the dual basis inside the muffin-
tin spheres and the interstitial region in order to account for the chosen
partition of the unit cell. Also the density and the effective potential are
represented in the same way. Since they have the periodicity of the unit
cell it is sufficient to expand them in a Fourier series similar to the one of
Eq. (E.14). The expansion of the valence density of the electrons is given by

nval(r) =


∑
G

nGe
iGr, r ∈ interstitial∑

αlm

nαlm(rα)Ylm(r̂α), r ∈ muffin-tin.
(7.13)

For the core electrons, only the spherically symmetric part of the density is
considered, and it is assumed to vanish outside the muffin-tin spheres

ncor(r) =

{
0, r ∈ interstitial∑

α

nα00(rα)Y00(r̂α), r ∈ muffin-tin. (7.14)

The core states of the system from which the core density is constructed, is
obtained from a solution to the Dirac equation (Greiner 2000, Itzykson &
Zuber 1980). The total density is given as a sum of the valence and the core
density.
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In virtually the same way, the effective Kohn-Sham potential is expanded

v(r) =


∑
G

vGe
iGr, r ∈ interstitial∑

αlm

vαlm(rα)Ylm(r̂α), r ∈ muffin-tin.
(7.15)

With the help of the latter representations of the wave function on the one
side and the density and the potential on the other side, the Hamiltonian
matrix elements can be obtained analytically in a straight forward way (Singh
1994). For further details on the implementation of an LAPW scheme can
be found in the book of Singh (Singh 1994).



Chapter 8

Implementation

In this chapter the focus is set on the implementation of the Bethe-Salpeter
equation and the TDDFT linear response formalism into the all-electron
LAPW code EXC!TiNG (Dewhurst et al. 2005, Ambrosch-Draxl et al. 2009).
The most important quantities from the implementation point of view are the
matrix elements of a plane wave, which we will also refer to as q-dependent
matrix element, and the ones of the momentum operator. They are involved
from the aspect of the analytic expression, and they distinguish our actual
implementations of BSE and TDDFT from other codes. Starting from the
expressions for the above mentioned matrix elements, Eqs. (6.8), (6.15) the
dielectric matrix, the screened Coulomb interaction as well as the parts of
the effective Hamiltonian matrix, Eqs. (6.46), (6.45) are displayed for the
BSE. For the TDDFT implementation, the frequency-dependent Kohn-Sham
response function, Eq. (6.7), as well as the xc kernels, Eqs. (4.33), (5.11) are
discussed. Additionally, some peculiarities concerning the solution of the
Dyson equation are shown.

8.1 Matrix Elements of the Momentum Op-

erator

For the calculation of the macroscopic dielectric function in various approx-
imations within both, TDDFT and BSE, the matrix elements of the mo-
mentum operator, Eq. (6.15), need to be calculated. They are given by the
following expression

P j
nmk = 〈nk|−i∇j|mk〉. (8.1)
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The evaluation of these matrix elements with the APW-like basis is obtained
with the help of vector spherical harmonics (Arfken & Weber 2005) and is
summarized in the following. By virtue of Eq. (7.12) the basis coefficients of
the wave functions can be pulled out of the matrix elements

P j
nmk = NΩ

∑
G′G′′

c∗nk+G′cmk+G′′P j
G′G′′k

+NΩ

∑
G′L′′

c∗nk+G′cmk,L′′P j
G′L′′k

+NΩ

∑
L′G′′

c∗nk,L′cmk+G′′P j
L′G′′k

+NΩ

∑
L′L′′

c∗nk,L′cmk,L′′P j
L′L′′k,

(8.2)

where the G vector acts as an index for the APW function and the L index
points to a local orbital. The quantities P j

G′G′′k, P
j
G′L′′k, P

j
L′G′′k and P j

L′L′′k

in the above equation are defined as

P j
G′G′′k = 〈φk+G′ | −i∇j | φk+G′′〉Ω
P j

G′L′′k = 〈φk+G′ | −i∇j | φk,L′′〉Ω
P j
L′G′′k = 〈φkL′ | −i∇j | φk+G′′〉Ω
P j
L′L′′k = 〈φk,L′ | −i∇j | φk,L′′〉Ω.

(8.3)

Now, these matrix elements can be split into contributions from the intersti-
tial and the muffin-tin region

P j
abk = P j,I

abk + P j,MT
abk , (8.4)

where a, b ∈ {G′,G′′, L′, L′′}. Here, the interstitial term is straight forwardly
given by

P j,I
abk = (k + G′)θ̃I(G − G′). (8.5)

In this expression, θ̃I(G) denotes the Fourier transform of the Heaviside step
function, which will be provided in more detail in the next subsection. The
contribution of the muffin-tin spheres is obtained as

P j,MT
G′G′′k =

∑
α

∑
lmp

Aαl′m′p′(k + G′)∗
∑

l′′m′′p′′

Aαl′′m′′p′′(k + G′′)ζα,jl′m′p′,l′′m′′p′′

ζα,jl′m′p′,l′′m′′p′′ =

∫ RMT
α

0

dr r2uαl′p′(r)u
α,j
l′′m′′p′′,l′m′(r).

(8.6)
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The quantities uα,jl′m′p′,lm(r) are the expansion coefficients of the gradient of a
radial function and a spherical harmonic

∇j[u
α
lp(r)Ylm(r̂)] =

∑
l′′m′′

uα,jlmp,l′′m′′(r)Yl′′m′′(r̂). (8.7)

They can be worked out utilizing the analytical properties of spherical har-
monics (Arfken & Weber 2005) as

uα,jl′′m′′p′′,l′m′(r) = −
[
l′′ + 1

2l′′ + 1

] 1
2
[

d

dr
− l′′

r

]
uαl′′p′′(r)C

j
l′′m′′,l′m′δl′,l′′+1

+

[
l′′

2l′′ + 1

] 1
2
[

d

dr
+
l′′ + 1

r

]
uαl′′p′′(r)C

j
l′′m′′,l′m′δl′,l′′−1.

(8.8)

The coefficients Cj
lm,l′m′ are related to the Clebsch-Gordon coefficients C(l1l2l3|m1m2m3)

as follows

C1
lm,l′m′ =

1√
2
[C(l′1l|m′ − 1m) − C(l′1l|m′1m)]

C2
lm,l′m′ =

−i√
2
[C(l′1l|m′ − 1m) + C(l′1l|m′1m)]

C3
lm,l′m′ = C(l′1l|m′0m).

(8.9)

For the other combinations of APW functions and local orbitals or for the
case of two local orbitals in Eq. (8.3) we summarize the results below. The
case of an APW function and a local orbital is given as

P j,MT
G′L′′k =

∑
l′m′p′

Aα
′′

l′m′p′(k + G′′)ζα
′′,j

l′m′p′,s′′m′′

ζα
′′,j

l′m′p′,s′′m′′ =

∫ RMT
α′′

0

dr r2uα
′′

l′p′(r)v
α′′,j
s′′m′′,l′m′(r)

vα
′′,j

s′′m′′,l′m′(r) = −
[
l′′ + 1

2l′′ + 1

] 1
2
[

d

dr
− l′′

r

]
vα

′′

s′′ (r)C
j
l′′m′′,l′m′δl′,l′′+1

+

[
l′′

2l′ + 1

] 1
2
[

d

dr
+
l′′ + 1

r

]
vα

′′

s′′ (r)C
j
l′′m′′,l′m′δl′,l′′−1.

(8.10)

The corresponding expressions for swapping the APW function and the local
orbital in the matrix element results from the Hermiticity of the momentum
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operator. Finally, for the case of two local orbitals we obtain

P j,MT
L′L′′k = ζα

′,j
s′m′,s′′m′′δα′,α′′

ζα
′,j

s′m′,s′′m′′ =

∫ RMT
α′

0

dr r2vα
′

s′ (r)v
α′′,j
s′′m′′,l′m′(r).

(8.11)

We note that in the expressions for the matrix elements given above, the local
orbital index L determines the indices α, the local orbital index for the radial
function s, and the m index. All such indices which are not summed over,
are hence determined by the L index on the left hand side of the equations.
The expressions for the matrix elements of the momentum operator are given
here in the most general form including basis function matching to arbitrary
order. They have been worked out for the LAPW and APW+lo scheme
already and can be found in Refs. (Abt 1997, Ambrosch-Draxl & Sofo 2006).

8.2 Matrix Elements of the Plane Wave

The key-ingredients of the whole BSE and TDDFT formalism are the q de-
pendent matrix elements, Eq. (6.8). They are given by a plane wave e−i(q+G)r

which is sandwiched between two Bloch functions φnk and φmk+q

Mnmk(q + G) = 〈φnk | e−i(q+G)r | φmk+q〉. (8.12)

Because of the Bloch property, this expression for Mnmk(q + G) can be
written either in terms of the periodic part of the wave functions only as a
simple Fourier transform

Mnmk(q + G) = NΩ

∫
Ω

d3r e−iGru∗nk(r)umk+q(r) (8.13)

with NΩ = V/Ω being the number of unit cells Ω in the crystal volume V
(which is the same as the number of k vectors), where the periodic parts unk
are given by

φnk(r) = unk(r)e
ikr. (8.14)

Alternatively they can be expressed as

Mnmk(q + G) = NΩ

∫
Ω

d3r φ∗
nk(r)e

−i(q+G)rφmk+q(r)

≡ NΩ〈φnk | e−i(q+G)r | φmk+q〉Ω.
(8.15)
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Using Eq. (7.5) the basis coefficients can be pulled out of the integration

Mnmk(q + G) = NΩ

∑
G′G′′

c∗nk+G′cmk+q+G′′MG′G′′k(q + G)

+NΩ

∑
G′L′′

c∗nk+G′cmk+q,L′′MG′L′′k(q + G)

+NΩ

∑
L′G′′

c∗nk,L′cmk+q+G′′ML′G′′k(q + G)

+NΩ

∑
L′L′′

c∗nk,L′cmk+q,L′′ML′L′′k(q + G)

(8.16)

with

MG′G′′k(q + G) = 〈φk+G′ | e−i(q+G)r | φk+q+G′′〉Ω
MG′L′′k(q + G) = 〈φk+G′ | e−i(q+G)r | φk+q,L′′〉Ω
ML′G′′k(q + G) = 〈φkL′ | e−i(q+G)r | φk+q+G′′〉Ω
ML′L′′k(q + G) = 〈φk,L′ | e−i(q+G)r | φk+q,L′′〉Ω.

(8.17)

The integral can be split into contributions from the interstitial and the
muffin-tin region

Mabk(q + G) = M I
abk(q + G) +MMT

abk (q + G) (8.18)

where a, b ∈ {G′,G′′, L′, L′′}.
We proceed to evaluate the interstitial contribution:

M I
G′G′′k(q + G) = NΩ

1

V

∫
Ω

d3r θI(r)e
−i(k+G′)re−i(q+G)rei(k+G′′)r (8.19)

= NΩ
1

V

∫
Ω

d3r θI(r)e
−i(G′−G′′−G)r

=
1

Ω

∫
Ω

d3r θI(r)e
−i(G′−G′′−G)r

= θ̃I(G
′ − G′′ − G)

yielding the Fourier transform of the step function of the interstitial θ̃I(G)
evaluated at the sum of G vectors, stemming from the APW expansions and
from the exponential factor. The latter expression is analytically known as

θ̃I(G) =


1 −

∑
α

4πR3
α

3Ω
G = 0

−
∑

α
4πR3

α

3Ω
j1(|G|Rα)
|G|Rα

3eiGRα G 6= 0.

(8.20)
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M I
G′L′′k(q + G), M I

L′G′′k(q + G) and M I
L′L′′k(q + G) are zero because the

local orbital basis functions vanish in the interstitial.
In order to evaluate the muffin-tin contribution we note the following

identity:∫
MT

d3r
∑
α

fα(r − Rα)e
ikr =

∑
α

eikRα

∫
MTα

d3r fα(r)e
ikr (8.21)

with the centered muffin-tin sphere MTα given by all r with r < RMT
α , and

remembering the Rayleigh expansion (Rayleigh 1870) of a plane wave in
terms of spherical harmonics and spherical Bessel functions of first kind

eigr = 4π
∑
lm

iljl(gr)Ylm(r̂)Y ∗
lm(ĝ). (8.22)

Alternatively, this expression can be rewritten in terms of −g instead of g
as

ei(−g)r = 4π
∑
lm

(−i)ljl(gr)Ylm(r̂)Y ∗
lm(ĝ). (8.23)

Using Eqs. (8.21) and (8.23) it is straightforward to derive the following
expressions for MMT

G′G′′k(q + G)

MMT
G′G′′k(q + G) = 4π

∑
α

S∗
α(q + G)

∑
l′m′p′

Aαl′m′p′(k + G′)∗ (8.24)∑
l′′m′′p′′

Aαl′′m′′p′′(k + G′′)Xα
l′m′p′,l′′m′′p′′(q + G).

The structure factors
Sα(q + G) = ei(q+G)Rα , (8.25)

occur due to Eq. (8.21) and we define the quantities X and R as follows

Xα
l′m′p′,l′′m′′p′′(q + G) =

∑
l

(−i)lRα
l′p′l′′p′′l(q + G)

∑
m

Ylm(q̂ + G)∗C l′m′

lml′′m′′

Rα
l′p′l′′p′′l(q + G) =

∫ RMT
α

0

dr r2uαl′p′(r)jl(|q + G|r)uαl′′p′′(r),

(8.26)

where the C l′m′

lml′′m′′ denote the Gaunt coefficients (Gaunt 1929). We proceed
to evaluate the expressions MMT

G′L′′k(q + G), MMT
L′G′′k(q + G) and MMT

L′L′′k(q +
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G) (which now contain contributions from the local orbitals). By following
straightforwardly the way in which Eq. (8.24) was derived, we obtain for a
combination of one local orbital and one APW-function

MMT
G′L′′k(q + G) = 4π

∑
α

S∗
α(q + G)

∑
l′m′p′

Aαl′m′p′(k + G′)∗Xα
l′m′p′,s′′(q + G)

Xα
l′m′p′,s′′(q + G) =

∑
l

(−i)lRα
l′p′s′′l(q + G)

∑
m

Ylm(q̂ + G)∗C l′m′

lml′′m′′

Rα
l′p′s′′l(q + G) =

∫ RMT
α

0

dr r2uαl′p′(r)jl(|q + G|r)vαs′′(r)δα,α′′

(8.27)

and

MMT
L′G′′k(q + G) = 4π

∑
α

S∗
α(q + G)

∑
l′′m′′p′′

Aαl′′m′′p′′(k + G′′)

×Xα
s′,l′′m′′p′′(q + G)

Xα
s′,l′′m′′p′′(q + G) =

∑
l

(−i)lRα
s′l′′p′′l(q + G)

∑
m

Ylm(q̂ + G)∗C l′m′

lml′′m′′

Rα
s′l′′p′′l(q + G) =

∫ RMT
α

0

dr r2vαs′(r)jl(|q + G|r)uαl′′p′′(r)δα,α′ .

(8.28)

Finally, for the case of two local orbitals, we arrive at

MMT
L′,L′′k(q + G) = 4π

∑
α

S∗
α(q + G)Xα

s′,s′′(q + G)

Xα
s′,s′′(q + G) =

∑
l

(−i)lRα
s′s′′l(q + G)

∑
m

Ylm(q̂ + G)∗C l′m′

lml′′m′′

Rα
s′s′′l(q + G) =

∫ RMT
α

0

dr r2vαs′(r)jl(|q + G|r)vαs′′(r)δα,α′δα,α′′ .

(8.29)

In the last three equations we used Eq. (7.9) and the fact that all indices
l,m, p and s that occur without a sum depend on the corresponding L value
for the local orbitals, e.g.

l′ = l′(L′), m′ = m′(L′), p′ = p′(L′), s′ = s′(L′).
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The calculation of these matrix elements consumes a very large, if not
the largest amount of computation time for the TDDFT and especially for
the BSE part of the implementation. It is therefore desirable to exploit the
symmetries of the system under consideration to reduce the actual num-
ber of matrix elements to be calculated. This strategy is easily worked out
(Puschnig 2002) and applied partially for the calculation of the q dependent
dielectric matrix.

8.3 Dielectric Matrix and Kohn-Sham Response

Function

The dielectric matrix at the independent quasi-particle level and the Kohn-
Sham response function are conceptually different quantities, since they in-
volve the quasi-particle wave functions and energies and the Kohn-Sham
ones, respectively. Since, we are using the Kohn-Sham wave functions through-
out the formalism as an approximation, and correct the quasi-particle ener-
gies by a simple scissor’s shift the dielectric matrix and the Kohn-Sham
response function can be discussed simultaneously. The dielectric matrix is
given with the help of Eq. (6.7) and Eq. (2.69)

εGG′(q, ω) = δGG′ − χ0
GG′(q, ω)vG′(q) (8.30)

in reciprocal space. Since we are using a static screening for the BSE, the di-
electric matrix is calculated for ω = 0 only, which we will denote as εGG′(q).
For the Kohn-Sham response function χKS

GG′(q, ω), Eq. (6.53) can be imme-
diately evaluated.

The inclined reader my have noticed that the Kohn-Sham response func-
tion for the TDDFT formalism, as well as the independent quasi-particle
polarizability for the case of the BSE has some vanishing Fourier coefficients
for the long wavelength limit q → 0. The parts χ0

00 as well as χ0
0G and

χ0
G0, which are called head and wings of the corresponding matrix in Fourier

space, are vanishing for q → 0 and G 6= 0. This fact has been pointed out
already by Pick, Cohen and Martin (Pick et al. 1970) who showed that

χ0
00(q) ∼ q2 (8.31)

χ0
0G(q), χ0

G0(q) ∼ q (8.32)
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for G 6= 0. On the other hand the Coulomb potential is singular in re-
ciprocal space for q → 0. This counterbalances the vanishing head of the
polarizability, however, one of the wings, χ0

0G, diverges as 1/q. Consequently,
the dielectric matrix has divergent terms and is non-Hermitian. It is there-
fore common to use the concept of the so-called symmetrized dielectric matrix
(Rohlfing et al. 1995), ε̃GG′(q), which we introduce as

ε̃GG′(q) =
∑
G1G2

v
− 1

2
GG1

(q)εG1G2(q)v
1
2

G2G′(q). (8.33)

The “square root” of the Coulomb potential, v
1
2

GG′(q), has the meaning of a
matrix square root and is given by

v
1
2

GG′(q) =
√
vGG′(q) =

√
4π

|q + G|
δGG′ . (8.34)

It corresponds to

v
1
2 (r, r′) =

π− 3
2

|r − r′|2
(8.35)

in real space (Rohlfing et al. 1995). The symmetrized dielectric matrix ob-
tained in this way is Hermitian and remains finite for q → 0. It is used for
inversion to obtain ε−1

GG′(q) and subsequently the screened Coulomb interac-
tion WGG′(q) as a prerequisite for the BSE.

For the Kohn-Sham response function, χKS, a similar symmetrization
procedure is used to get rid of vanishing components for the head and wings
of the corresponding matrix in Fourier space. To this end, we introduce the
symmetrized Kohn-Sham response function

χ̃KS
GG′(q, ω) =

∑
G1G2

v
1
2
GG1

(q)χKS
G1G2

(q, ω)v
1
2

G2G′(q) (8.36)

in order to exactly counterbalance the vanishing components of χKS. This
strategy will also become clear when applying this procedure to the Dyson
equation. We skip the tilde as label for the symmetrization in the following,
unless it is important.

For practical calculations it shall be mentioned that the dielectric matrix
as well as the Kohn-Sham response function converge very slowly with respect
to the number of k points used in the summation. This is particularly true for
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the head and the wings. The convergence of the body (the remaining part of
the matrix besides the head and the wings) does not depend crucially on the
k-point sampling. This finding has also been reported previously (Puschnig
2002). This convergence problem is associated with the pole structure of the
dielectric matrix or response function. Especially, the terms

1

εnk − εmk+q + ω + iδ
(8.37)

vary rapidly with respect to the k point. Since the k-point sampling has
to be moderate in view of the time consumption of the subsequent steps
towards the solution of the BSE or TDDFT response equation, an interpo-
lation method is desirable. One possible way of interpolation is the linear
tetrahedron method (Lehmann & Taut 1972) where the sub-cells of a regular
k mesh are divided into tetrahedra and the function is interpolated linearly
inside these tetrahedra. We have optionally employed this method using an
implementation by Li and Gomez-Abal (Gomez-Abal et al. 2009) based
on Ref. (Blöchl et al. 1994). With the help of the tetrahedron method it is
possible to determine the onset of the response function (the optical gap)
quite accurately, whereas for a summation including a finite broadening the
onset gets smeared out. However, the physical interpretation of a broadening
in terms of a lifetime gets lost. A second way of improving the convergence
of the response function is to employ analytic continuation techniques. They
are especially useful if a finite broadening gives strong oscillations in the re-
sponse function (Ku & Eguiluz 1999). One possible way of performing the
analytic continuation is to apply a Wick rotation to the frequency plane and
calculate χKS

GG′(q, iω) now at the purely imaginary frequencies iω. The func-
tions obtained that way are in general very smooth and well behaved. We
have implemented an analytic continuation scheme by using N -point Padé
approximants (Vidberg & Serene 1977) which have been used originally in
the context of finite temperature Eliashberg equations. This method has
proven especially powerful in the determination of the loss function (Lee &
Chang 1996, Ku & Eguiluz 1999) and is also implemented mainly for this
purpose.

8.4 Bethe-Salpeter Equation

This section is targeted to the screened Coulomb interaction on the one
hand and the detailed formalism of the effective Hamiltonian matrix for
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the Bethe-Salpeter equation on the other hand. The representation of the
dielectric function in terms of the eigenvalues and eigenvectors of the BSE
Hamiltonian is explicitly given within the approximations chosen for the
actual implementation.

8.4.1 The Screened Coulomb Interaction

We start to evaluate the screened Coulomb interaction with the help of the
symmetrized dielectric matrix

WGG′(q) = ε−1
GG′(q)vG′(q) (8.38)

= v
1
2

G′(q)ε̃−1
GG′(q)v

1
2

G′(q). (8.39)

This expression is, however, singular for q = 0 if at least one of the G vectors
vanishes. It will be the aim now to find a way to treat this singularity without
altering the BSE formalism. One very general idea is to replace the value of
WGG′(q) by the corresponding average W ′

GG′(q) over the sub-cell Vq, which
is centered at the q point and extends between the neighboring q points of
the mesh1

W ′
GG′(q) =

1

Vq

∫
Vq

d3pWGG′(p)

=
1

Vq

∫
Vq

d3p

√
4πε−1

GG′(p)
√

4π

|p + G||p + G′|
.

(8.40)

The volume of this sub-cell Vq is given by Vq = (2π)3/V . We have imple-
mented such a scheme using either an extrapolation technique in order to
find the value of the integral, Eq. (8.40), for a vanishing volume element in
q space (Rohlfing & Louie 2000), or using a Monte-Carlo integration tech-
nique (Marini et al. 2009). The detailed description of these methods goes,
however, beyond the scope of this thesis.

In practical calculations, it is too time-consuming to average all GG′

components of the screened Coulomb interaction. Only those being singular
at the Γ-point are treated this way. Additionally, for the integral in Eq. (8.40)
the inverse dielectric matrix has to be known in dependence of p throughout
the sub-cell. From its analytical properties we know the angular dependence

1We again omit the tilde for the symmetrized dielectric matrix from now on.
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at the Γ point. It is therefore more favorable to split the integration into an
angular part and a radial part∫

Vq

d3p f(p) =

∫
VΓ=Vq−q

d3p f(q + p)

=

∫
dΩ̂p

∫
dpλq(p, Ω̂p) f(q + p).

(8.41)

Here λq(p, Ω̂p) denotes the characteristic function of the sub-cell VΓ. We will
specialize our investigations for this reason to the case of q = 0 and follow
the findings of Ref. (Freysoldt et al. 2007). As further approximation we take
into account only the angular dependence of the inverse dielectric matrix

W ′
GG′(0) =

1

Vq

∫
dΩ̂p

∫
dpλΓ(p, Ω̂p)

√
4π2ε−1

GG′(Ω̂p)
√

4π2

|pΩ̂p + G||pΩ̂p + G′|
. (8.42)

Moreover, only those expressions 1/|pΩ̂p +G| are kept under the integration
sign where G = 0. Otherwise they are replaced by 1/|G|. We are now ready
to summarize the averaged screened Coulomb interaction. The head of W ′

is given by

W ′
00(0) =

1

Vq

∫
dΩ̂pε

−1
00 (Ω̂p)

∫
dpλΓ(p, Ω̂p)

4π2

p2
, (8.43)

whereas for the wings we obtain

W ′
G0(0) =

1

Vq

√
4π2

|G|

∫
dΩ̂pε

−1
G0(Ω̂p)

∫
dpλΓ(p, Ω̂p)

√
4π2

p
. (8.44)

Finally, the body of W ′ reduces to

W ′
GG′(0) =

1

Vq

4π2

|G||G′|

∫
dΩ̂pε

−1
GG′(Ω̂p)

∫
dpλΓ(p, Ω̂p). (8.45)

The angular dependent inverse dielectric matrix and characteristic function
of the domain of integration are expanded in spherical harmonics and a cutoff
is used to control the effects of the anisotropy explicitly. The details of the
evaluation of W ′

00(0) and related expressions are quite lengthy. For further
information we refer the reader to Ref. (Freysoldt et al. 2007).
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Finally, we denote a simple spherical averaging method neglecting the
variation of the interpolated function inside the sub-cell completely. The
results for averaging the divergent factors

√
4π2/q and 4π2/q2 are given by

1

Vq

∫
d3p

4π2

q2
=

2

π
V qs (8.46)

1

Vq

∫
d3p

√
4π2

q
=

1

π
V q2

s (8.47)

qs =

(
6π2

V

) 1
3

. (8.48)

The sub-cell radius qs appearing above is defined as the radius of the sphere
with the same volume as the sub-cell. This strategy has been employed
(Hybertson & Louie 1986, Puschnig 2002) for the framework of quasi-particle
energies and the Bethe-Salpeter equation, respectively. The choice of the
inverse dielectric matrix at the Γ-point is, however, not uniquely defined
within this simple approach.

8.4.2 The Direct Interaction

So far we have provided all the quantities necessary for setting up the Hamil-
tonian matrix of the Bethe-Salpeter equation. We start with the evaluation
of the direct interaction kernel, worked out already in Eq. (6.46) and we
provide the expression now in more detail, specializing to the Tamm-Dancoff
approximation described in Sec. 6.4.1

Hdir
vck,v′c′k′ = −

∫
d3rd3r′ψvk(r)ψ

∗
ck(r

′)W (r, r′)ψ∗
v′k′(r)ψc′k′(r′). (8.49)

We evaluate this term with the help of a Fourier expansion of the screened
Coulomb potential according to Eq. (E.20) with coefficients WGG′(q) which
we replace by their averaged counterparts W ′

GG′(q). In doing so, we get rid
of the divergence at the Γ-point at one hand and solve the problem of the
angular dependence on the other hand. The final expression for Hdir

vck,v′c′k has
been worked out already (Puschnig 2002), and only the result is displayed
here

Hdir
vck,v′c′k′ = − 1

V

∑
GG′

M∗
vv′k(q + G)W ′

GG′(q)Mcc′k(q + G′). (8.50)

In Eq. (8.50) q = k′ − k but mapped to the first Brillouin zone.
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8.4.3 The Exchange Interaction

The evaluation of the matrix elements of the exchange interaction kernel is
obtained in a similar, even simpler way as those of the direct interaction.
According to Eq. (6.45) they are given by

Hx
vck,v′c′k′ =

∫
d3rd3r′ψvk(r)ψ

∗
ck(r)v̄(r, r

′)ψ∗
v′k′(r′)ψc′k′(r′). (8.51)

The bare Coulomb potential is now Fourier expanded according to Eq. (E.15)
and the final result contains, in contrast to Eq. (8.50) a summation with
respect to only one G vector

Hx
vck,v′c′k′ =

1

V

∑
G

M∗
vck(G)v̄G(0)Mv′c′k′(G). (8.52)

The derivation of this expression forHx can, again, be found in Ref. (Puschnig
2002). We note that due to the presence of the modified Coulomb potential,
the term G = 0 is excluded from the summation.

For the sake of completeness we also provide the diagonal term of the
BSE Hamiltonian which reads

Hdiag
vck,v′c′k′ = (Eck − Evk)δvv′δcc′δkk′ . (8.53)

8.4.4 The BSE Eigenvalue Problem

We review the BSE eigenvalue problem of Eq. (6.31) in more detail∑
v′c′k′

Hvck,v′c′k′Aλv′c′k′ = EλAλvck, (8.54)

where the parts of the BSE Hamiltonian have already been discussed in the
previous sections. Now, the various approximations resulting from switch-
ing on or off certain terms in this Hamiltonian shall be investigated more
carefully. We start to write the effective Hamiltonian as

Heff = Hdiag + 2γxH
x + γdirH

dir. (8.55)

The factors γx and γdir allow us to choose several levels of approximation and
to distinguish between the spin-singlet and spin-triplet channels (Rohlfing
& Louie 2000). For the purpose of describing non-interacting independent
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particle transitions with the BSE both are set to zero. By only neglecting
the correlation or direct part, Hdir, in the effective Hamiltonian we arrive
at the RPA including local field effects (LFE). There are two spin-channels,
namely the singlets described by the full Hamiltonian (γx = 1, γdir = 1) and
the triplets with the exchange-part Hx being absent (γx = 0, γdir = 1).

The expression for the diagonal components of the macroscopic dielectric
tensor is finally given in the context of the Tamm-Dancoff approximation in
a simpler form2 (cf. Eq. (6.36))

εααM (ω) = 1 − 8π

V

∑
λ

|tαλ |2
[

1

ω − Eλ + iδ
+

1

−ω − Eλ − iδ

]
(8.56)

with

tαλ =
∑
vck

Aλvck
〈vk|p̂α|ck〉
εck − εvk

, (8.57)

where the index α labels the polarization and V denotes the crystal volume.

8.5 TDDFT within Linear Response

In this section we shall go into more detail as far as the linear response for-
malism of TDDFT is concerned. We point out different strategies of solving
Dyson’s equation for the response function and finally discuss the implemen-
tation of the xc kernel derived from MBPT, which has already been discussed
in a more general framework in Sec. 5.3.

8.5.1 Dyson’s Equation

For the practical solution of Dyson’s equation for χ, Eq. (6.52), we apply a
similar transform to it as already done for the Kohn-Sham response function

χ̃GG′(q, ω) = χ̃KS
GG′(q, ω) (8.58)

+
∑
G1G2

χ̃KS
GG1

(q, ω)[ṽG1(q)δG1G2 + f̃xc
G1G2

(q, ω)]χ̃G2G′(q, ω).

2Note that in this expression for the macroscopic dielectric function the spin has already
been summed over.
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Here, the quantities bearing a tilde on top are given by

χ̃GG′(q, ω) = v
1
2
G(q)χGG′(q, ω)v

1
2

G′(q) (8.59)

χ̃KS
GG′(q, ω) = v

1
2
G(q)χKS

GG′(q, ω)v
1
2

G′(q) (8.60)

ṽG(q) = v
− 1

2
G (q)vG(q)v

− 1
2

G (q) = 1 (8.61)

f̃xc
G (q) = v

− 1
2

G (q)fxc
GG′(q)v

− 1
2

G′ (q). (8.62)

This way we ensure that the equations are analytic for all GG′ vectors and
q points.

In view of the xc kernel from MBPT which is given more naturally in
terms of Txc = χ0fxcχ

0 it is more convenient to work with a symmetric form
of the Dyson equation (Sottile et al. 2003)

χGG′(ω) =
∑
G1G2

χ0
GG1

(ω)
[
χ0

G1G2
(ω) −

∑
G3

χ0
G1G3

vG3χ
0
G3G2

− T xc
G1G2

]−1

× χ0
G2G′ .

(8.63)

In both cases, the conventional and the symmetrized Dyson equation, it
is sometimes the case that the matrix which has to (at least formally) be
inverted is badly conditioned, i.e., , has eigenvalues close to zero. This can
be the case if the Kohn-Sham response function has non-trivial vanishing
eigenvalues (in its spectral decomposition) for certain frequencies (Mearns
& Kohn 1987). Additionally, if the number of G vectors is larger than the
number of transitions (vck) it can be shown that the Kohn-Sham response
function is not invertible for all frequencies (Sottile 2003). In any case, it
is safe to use a singular value decomposition as an intermediate step in the
inversion of a matrix and discard the subspace associated to vanishing or very
small singular values. However, such a way of inverting a matrix involves the
solution of an eigenvalue problem and is therefore much more time-consuming
to perform. Finally, we note that if we are only interested in the head of χ it
is sufficient to solve a linear system of equations which is less time consuming
and more stable than a direct inversion of a matrix (Sottile 2003).

8.5.2 The xc Kernel from MBPT

Here the first order expression for the xc kernel derived from many-body
perturbation theory appearing in Sec. 5.3 is reviewed in view of its practi-
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cal implementation. We mainly follow the work of Sottile (Sottile et al.
2003, Sottile 2003), Adragna (Adragna et al. 2003) and Marini (Marini
et al. 2003). We start with the first order Txc from Eq. (5.11), apply the ex-
pansion convention in transition space, Eq. (6.23), use Eq. (6.26) and finally
apply a Fourier transform according to Eq. (E.19), which yields for vanishing
momentum transfer q → 0

T xc
GG′(ω) =

∑
vck

∑
v′c′k′

Mvck(G)Wvck,v′c′k′M∗
v′c′k′(G′)

(εvk − εck + ω + iδ)(εv′k′ − εc′k′ + ω + iδ)
, (8.64)

where M is the q-dependent matrix element (see Section 8.2) and we have
used Wvck,v′c′k′ for the direct term of the BSE Hamiltonian Hdir

vck,v′c′k′ . The
above expression for Txc is quite demanding to calculate due to the structure
of the denominator. By using a partial fraction decomposition of Eq. (8.64),
however, we can rewrite it as (Marini et al. 2003)

T xc
GG′(ω) =

∑
vck

[ RGG′

vck + h.c.

ω − Evck + ∆ + iδ
+

QGG′

vck

(ω − Evck + ∆ + iδ)2

]
(8.65)

where the residuals R and Q are given by

RGG′

vck =

Evck 6=Ev′c′k′∑
v′c′k′

Mvck(G)W ′
vck,v′c′k′Mv′c′k′(G′)∗

Evck − Ev′c′k′
(8.66)

and

QGG′

vck =

Evck=Ev′c′k′∑
v′c′k′

Mvck(G)W ′
vck,v′c′k′Mv′c′k′(G′)∗, (8.67)

and Evck denotes the quasi-particle energy difference εck− εvk. The diagonal
elements of the Bethe-Salpeter kernel are approximated by a constant

∆ = Wvck,vck, (8.68)

what is justified since all the diagonal elements have almost the same value.
This fact has been observed in literature (Marini et al. 2003) and is confirmed
by our results. In Eqs. (8.66) and (8.67), W ′ is a modified Coulombic part
of the Bethe-Salpeter kernel, where the diagonal is set to zero since it merely
results in a rigid shift of the spectrum (Marini et al. 2003). This shift is taken
into account in the independent quasi-particle polarizability χ0. As already
discussed previously, it is more convenient to work with the transformed
kernel from Eq. (8.62).
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8.5.3 The ALDA xc Kernel

Finally we provide some remarks on the implementation of the ALDA xc
kernel. Since we treat the Dyson equation in reciprocal space a Fourier
transform has to be applied to the real space expression of the kernel in
Eq. (4.33). Because of its locality in real space this transform is rather easy
to perform and we obtain with the help of Eqs. (E.19) and (E.14)

fxc,ALDA
GG′ (q) =

1

V

∫
d3r e−i(G−G′)r dvLDA

xc (n)

dn

∣∣∣∣
n=n0(r)

=
1

V

∫
d3r e−i(G−G′)rfLDA(r)

= f̃LDA
G−G′ .

(8.69)

Here we have introduced the variation of the LDA xc-potential with respect
to the density

fLDA(r) =
dvLDA

xc (n)

dn

∣∣∣∣
n=n0(r)

. (8.70)

We observe that the ALDA kernel in reciprocal space is most simply given
as the Fourier transform of the xc-potential variation fLDA evaluated at the
difference of the GG′ components. It is important to note that the ALDA
kernel is independent of the q vector, but nevertheless it gives remarkably
good results on the q dependent dielectric function describing electron energy
loss spectroscopy (Weissker et al. 2006).

The actual expression for fLDA is obtained analytically in this work, stem-
ming from the Perdew-Wang parametrization of the LDA potential (Perdew
& Wang 1992). It is straight forward to derive but the expressions are lengthy
and of no immediate importance for the scope of this thesis. Since in the
LAPW formalism the LDA potential (as any other potential) is expressed
differently in the interstitial region as well as in the muffin-tin, we point out
that we have performed the Fourier transform of this mixed representation
analytically. The expressions are very similar to the case of the q-dependent
matrix elements from Sec. 8.2 and shall not be repeated. They involve spher-
ical Bessel functions of first kind and the Fourier transform of the step func-
tion. Due to the presence of only two spherical harmonics in the integrations
for the muffin-tin part, the Gaunt coefficients are not needed, rendering the
formalism simpler in this case. For the sake of completeness, we have tested
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our analytical implementation against a numerical differentiation for fLDA

and the Fourier transform and found perfect agreement.
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Chapter 9

Results

This chapter provides the application of theory and implementation described
in the previous chapters. The results presented here also include conver-
gence tests with respect to selected input parameters of the formalism. We
treat two semiconductors, GaAs and Si, as representative examples for in-
organic semiconductors. The case of an insulator showing strong excitonic
effects is discussed for the example of LiF. Such quite simple test systems en-
able us to thoroughly compare the reliability of both formalisms, the Bethe-
Salpeter equation as wells as the time-dependent DFT on the results for
the macroscopic dielectric function. Finally we target our study to more
advanced materials, being the organic semiconductors trans-polyacetylene
and polyphenylene vinylene. These two polymers allow for a study of the
electron-hole interactions in low-dimensional anisotropic systems. Whereas
the former is interesting rather from the theoretical point of view, the latter
has a technological application in organic light emitting diodes.

Here, for the first time results from the Bethe-Salpeter equation and from
time-dependent DFT are shown, which are based upon the same all-electron
code. This is the main goal of this thesis. Both two state-of-the-art methods
to describe excitonic effects in solids shall be compared using the same ground
state quantities. Therefore the larger part of this thesis has been dedicated
to the implementation of both formalisms in favor of a comprehensive study
of many different materials.

109
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9.1 The Dielectric Function of GaAs

As a starting point for this chapter GaAs is chosen as an example to test
the BSE implementation as well as various kernels. The xc kernel, derived
from MBPT, has been employed already in different groups to study simple
systems (Reining et al. 2002, Sottile et al. 2003, Sottile 2003, Marini et al.
2003, Adragna et al. 2003) including GaAs (Adragna et al. 2003). Moreover,
examples for the application of the model kernels motivated by MBPT –
Eqs. (5.30) and (5.32) – are given in Refs. (Botti et al. 2004, Botti et al. 2005).

Starting from the ground state calculation, carried out within the lo-
cal density approximation (LDA), the Kohn-Sham band structure and wave
functions are the only two ingredients needed in the TDDFT linear-response
formalism. For the BSE, the quasi-particle energies and wave functions are
required in principle. It has, however, been found to be sufficient shifting
the conduction band energies rigidly upward (scissors correction) (Godby
et al. 1988) and to use the LDA wave functions in place of the quasi-particle
ones. Although this might not hold for arbitrary complex systems it can be
regarded a reliable approximation in the case of GaAs.

For the TDDFT calculations, the Kohn-Sham response function Eq. (6.53)
is evaluated in reciprocal space. The chosen k-mesh consists of 512 off-
symmetry shifted k-points (corresponding to a 8 × 8 × 8 mesh), and an
RKmax value (product of the smallest muffin-tin radius and the plane wave
cutoff) of 6.0 is used. The aforementioned scissors shift is chosen to be 1.04
eV (Gomez-Abal et al. 2008) in order to mimic the quasi-particle band struc-
ture and is used for the response function in all cases except the RPA and
the TDLDA. Other groups have taken a different scissors shift of 0.8 eV
(Botti et al. 2004, Adragna et al. 2003), or have performed a GW calculation
(Rohlfing & Louie 1998). For the response function, the Coulomb potential,
as well as the xc kernel in Eq. (6.52), the cutoff parameter for the reciprocal
lattice vectors is taken to be 3.0 Bohr−1, corresponding to 137 G vectors.
The simple model kernels are set up with parameters α = 0.2 for the static
long-range kernel (static LRC, Eq. (5.30)) (Botti et al. 2004), while α = 0.15
and β = 7.43 are used for the dynamical long-range model (dynamical LRC,
Eq. (5.32)) (Botti et al. 2005). For the TDLDA the full self-consistent xc-
potential is used. In case of the BSE derived kernel, the matrix elements of
the screened Coulomb interaction Eq. (8.50) are required as well. As a next
step, the Dyson equation (6.52) is solved for the interacting response func-
tion, and hence the macroscopic dielectric function, Eq. (6.10), is obtained.
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For the BSE, the inverse dielectric matrix and the screened Coulomb
interaction, Eq. (8.38), is calculated on the k-mesh mentioned above, where
conduction band states up to 4.0 Hartree are included. The terms Hx and
Hc of the BSE Hamiltonian are set up according to Eqs. (8.51) and (8.50),
the eigenvalue problem is solved, and the macroscopic dielectric function
obtained as given by Eq. (8.56). In all spectra, a Lorentzian broadening of
0.15 eV is introduced in order to smear out effects of finite k-point sampling.

In the upper panel of Figure 9.1 the imaginary part of the dielectric
function is displayed for the RPA and BSE, where the latter agrees quite well
with experiment (Lautenschlager, Garriga, Logothetidis & Cardona 1987)
and almost coincides with the BSE calculation from Ref. (Rohlfing & Louie
1998).

Using the BSE result as a benchmark the various TDDFT approaches dis-
played in the lower panel can now be evaluated. The TDLDA results merely
into a slight shift towards lower energies and higher oscillator strengths,
compared to the RPA spectrum. The TDLDA calculation in Ref. (Botti
et al. 2004) shows the second peak with a larger intensity, which might be
due to a different k point sampling. The static as well as the dynamical
LRCs are very similar and come quite close to the BSE result, although they
slightly overestimate the first peak and underestimate the second one. In
Ref. (Botti et al. 2004) the oscillator strengths in the case of the static LRC
are (as mentioned already for the TDLDA) a bit higher.

Finally, the spectrum obtained by the BSE derived kernel can not be
distinguished from the one of the full BSE calculation. The spectrum given
in Ref. (Adragna et al. 2003) appears somewhat larger in magnitude than in
this work while the ratio of the two peak heights is almost the same. Also,
the overall line-shapes of the spectra are in very good agreement with data
of this work, for both, the BSE and the BSE derived xc kernel.

For the sake of a better comparison to pseudo-potential results, we mimic
one of the approximations therein, which is the frozen core. To this end
the core density of the atomic calculation is kept fixed throughout the self-
consistency cycle. A downward shift of the Ga 3d states by 20 meV is
observed, while there is no visible effect in the region of the valence- and
conduction bands. As a consequence, the macroscopic dielectric function of
this particular system is not affected by the frozen-core approximation. For
the sake of completeness, a convergence test with respect to the k mesh is
provided in Fig. 9.2. It has to be mentioned here that both the BSE as well
as the TDDFT calculation are not entirely converged with respect to the k



112 CHAPTER 9. RESULTS

0

5

10

15

20

25

30
Im

 ε

BSE
RPA
Exp.

1 2 3 4 5 6 7 8
ω [eV]

0

5

10

15

20

25

Im
 ε

TDDFT-MB
TDLDA
LRC static
LRC dyn.

Figure 9.1: In the upper panel, the macroscopic dielectric functions obtained
from the BSE (shaded area), the RPA (solid line) and experiment (circles, Ref.
(Lautenschlager, Garriga, Logothetidis & Cardona 1987)) are depicted. The lower
panel shows the results for the BSE derived kernel (TDDFT-MB, shaded area),
the TDLDA (solid line), the static LRC (gray dashed line) as well as the dynamical
LRC (dot-dashed line).
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mesh. Nevertheless, both methods are indistinguishable in line-shape for the
individual k mesh which supports the applicability of the BSE derived kernel.
Parts of the results of this section have been published in Ref. (Sagmeister
& Ambrosch-Draxl 2009).
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Figure 9.2: The macroscopic dielectric functions of GaAs from the BSE for three
different k point samplings, which are meshes of 8 × 8 × 8 (red line), 6 × 6 × 6
(black line) and 4 × 4 × 4 (black dashed line). The corresponding results for the
BSE derived xc kernel coincide with the BSE ones and hence are not displayed.

9.2 The Dielectric Function of Si

Another even more prominent example to investigate the excitonic effects
in semiconductors is bulk silicon. It has been studied widely in the con-
text of optical properties including electron-hole correlations. BSE calcu-
lations in combination with the semi-empirical LCAO method are given
in Refs. (Hanke & Sham 1979, Hanke & Sham 1980). Ab-initio cal-
culations on the optical properties derived from the BSE have been re-
ported in Refs. (Benedict et al. 1998b, Rohlfing & Louie 2000, Albrecht
et al. 1998, Arnaud & Alouani 2001, Arnaud 2000) as well as (Puschnig 2002,
Puschnig & Ambrosch-Draxl 2002a). Results from a TDDFT description of
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Figure 9.3: The dielectric function of Si obtained from the independent quasi-
particle approximation using a highly precise k point sampling (solid line). For
comparison, experimental data from Ref. (Aspnes & Studna 1983) (stars) and
Ref. (Lautenschlager, Garriga, Viña & Cardona 1987) (circles) are depicted.

the macroscopic dielectric function for q = 0 can be found in Refs. (Reining
et al. 2002, Sottile et al. 2003, Adragna et al. 2003, Botti et al. 2004, Botti
et al. 2005). Finite momentum transfer properties like the loss function or
the dynamical structure factor have been reported in Refs. (Ehrnsperger &
Bross 1997, Weissker et al. 2006).

We start our discussion in reporting the experimental findings on the
macroscopic dielectric function. In Refs. (Aspnes & Studna 1983, Lauten-
schlager, Garriga, Viña & Cardona 1987) the optical spectrum has two pro-
nounced peaks, the first one (E1) at ∼ 3.5 eV, the second one (E2) at ∼ 4.25
eV.

Next, the result for the RPA dielectric function without taking into ac-
count local field effects is provided where Eq. (6.16) has been evaluated. A
dense 20 × 20 × 20 k mesh is used which is off-symmetry shifted by a sub-
mesh shift of (0.1, 0.3, 0.5) in order to obtain crystallographically different
k points. Such a procedure turned out to improve the convergence with re-
spect to the k point sampling considerably. Moreover, the linear tetrahedron
method has been employed to further improve the accuracy of the result.
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Figure 9.4: The dielectric function of Si obtained from the BSE and the BSE
derived kernel (TDDFT-MB) (red solid line). The RPA result is given including
local field effects (black solid line) and without local field effects (dashed line).
For comparison, the results from a BSE calculation (Puschnig & Ambrosch-Draxl
2002a) as well as experimental data from Ref. (Aspnes & Studna 1983) (points)
and Ref. (Lautenschlager, Garriga, Viña & Cardona 1987) (circles) are depicted.

For the dielectric function 10 unoccupied bands have been proven sufficient
in the energy range under consideration. A simple scissor shift of 0.6 eV is
used to match the onset of the absorption to experiment. GW calculations,
on the other hand, report a scissor shift of 0.51 eV (Gomez-Abal et al. 2008)
which, for consistency, should be adopted. However, to compare our results
to literature, the shift is chosen in the afore mentioned way. In Fig. 9.3 the
corresponding data is depicted. It shows no major peak at the E1 position
and additionally, the E2 peak is overestimated and located at the wrong
position. So far the simplest approximation to the macroscopic dielectric
function, namely neglecting local field effects and the electron-hole correla-
tion has been considered, corresponding to a vanishing xc kernel. As a next
step, those two effects will be switched on, however, at the price of a smaller
k mesh.

The dielectric matrix is calculated on an 8 × 8 × 8 k mesh for 29 crys-
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Figure 9.5: The macroscopic dielectric function of Si from the BSE, the BSE
derived xc kernel, the RPA, and the RPA without local field effects (from top to
bottom). The results are displayed for three different k point samplings.



9.2. THE DIELECTRIC FUNCTION OF SI 117

tallographically inequivalent q points and the full screened interaction W
has been taken into account. The RKmax is chosen to be 6.0 and we use an
energy cutoff of 5 Hartree for the unoccupied states. For the matrix elements
of the effective Bethe-Salpeter Hamiltonian the same k mesh as for the di-
electric matrix has been used, and four valence and conduction bands have
been included. The BSE derived xc kernel is set up with the same numbers
of valence and conduction bands as for the BSE Hamiltonian. For the screen-
ing, the BSE Hamiltonian and the Kohn-Sham response function a reciprocal
space cutoff of 3.0 Bohr−1 is used. The result is depicted in Fig. 9.4 where
a Lorentzian broadening of 0.005 Hartree is chosen. It is now observed that
the inclusion of local field effects into the RPA does even worsen the agree-
ment with experiment expressed into a decrease of oscillator strengths as well
as a slight blue shift. Only in the BSE result (singlet) the peak positions
of the E1 and E2 peaks are strongly improved. Additionally, the oscillator
strengths of the two peaks perfectly match the experiment of Ref. (Aspnes
& Studna 1983). The result of the BSE derived kernel is indistinguishable
from the BSE result itself and therefore not displayed.

At this point it is important to note that the BSE result for the dielectric
function obtained so far on a 8 × 8 × 8 k mesh is not expected to be fully
converged with respect to the k point sampling. In Fig. 9.5 this statement
is illustrated by a series of calculations with increasing number of k points.
When going from a 6 × 6 × 6 to a 8 × 8 × 8 mesh there are still differences
concerning the position of the peaks as well as the distribution of the os-
cillator strengths. It would be important to perform a BSE calculation on
the 20 × 20 × 20 k mesh for which the independent particle approximation
is converged. However, such calculations are computationally extremely de-
manding and have, to the best of our knowledge, also not been performed by
other groups.

Finally we abandon the optical (q = 0) regime and take a look at the
dielectric function related to finite momentum transfer as measured in ex-
periments such as EELS. The calculations for the dielectric function are
performed within the TDDFT linear response formalism using the TDLDA
for momentum transfers vectors parallel to the [111] direction with a magni-
tude of 0.80, 1.32 and 1.59 Bohr−1. These vectors are (0.754, 0.754, 0, 754),
(1.244, 1.244, 1.244) and (1.499, 1.499, 1.499), respectively, given in terms of
reciprocal lattice vectors. For all these cases a shifted 13 × 13 × 13 k mesh
is applied, and conduction band states up to 70 eV are included. An RKmax

value of 7.0 is proven sufficient. The dielectric function for the afore men-
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Figure 9.6: The dielectric function of Si obtained from the ALDA for various
momentum transfer vectors q in [111] direction. A very similar result can be found
in Ref. (Weissker et al. 2006).

tioned momentum transfer vectors are given in Fig. 9.6. Very good agreement
with the results obtained in Ref. (Weissker et al. 2006) is found, where addi-
tionally life time broadening in the Kohn-Sham response function has been
used. Moreover, our implementation is consistent with the loss function of
Si from earlier work (Ehrnsperger & Bross 1997) (not shown here).

9.3 The Dielectric Function of LiF

We continue our study of excitonic effects for the example of LiF. It is char-
acterized by a large fundamental band gap which is obtained from GW calcu-
lations as 14.4 eV (Rohlfing & Louie 1998), 14.3 eV (Benedict et al. 1998a),
and 13.2 (Gomez-Abal et al. 2008). The static dielectric constant of 1.9 is
very small (Rohlfing & Louie 1998) resulting into a large (attractive) screened
Coulomb interaction. Such a situation gives rise to strong excitonic effects.
Looking at the optical spectrum from experiment (Roessler & Walker 1967)
in Fig. 9.7 we observe a strong excitonic peak at approximately 12.7 eV and
a rather shallow line-shape in the remaining region of frequencies up to 25
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Figure 9.7: The dielectric function of LiF obtained from the independent quasi-
particle approximation, i.e., the RPA neglecting local field effects (solid line).
The result is compared to the RPA spectrum of Ref. (Puschnig & Ambrosch-
Draxl 2002a) (dashed line) and to experimental data taken from Ref. (Roessler &
Walker 1967) (circles).

eV. The peak is far below the quasi-particle gap and therefore describing a
strongly bound exciton.

We calculate the RPA dielectric function, as for the previously studied
materials, within both the TDDFT linear response and the BSE formalism.
A 8×8×8 k is used for either the dielectric matrix, the Kohn-Sham response
function, as well as the effective Hamiltonian matrix of the BSE. Further-
more, the RKmax is chosen as 7.0, and local field effects are taken into account
up to a cutoff of 3.0 Bohr−1. For the dielectric matrix conduction band states
up to 7.5 Hartree are used, and for the BSE Hamiltonian matrix 4 valence
and 4 conduction band states are taken into account. As a broadening for
the Kohn-Sham response function as well as the BSE derived xc kernel and
the spectrum obtained from the BSE a value of 0.2 eV is used.

In our calculations the Kohn-Sham gap is corrected by a rigid shift of 5.7
eV for the BSE as well as the TDDFT calculations. As mentioned in the case
of Si recent GW calculations based on a full-potential method give rise to a
lower quasi-particle gap of 13.2 eV (Gomez-Abal et al. 2008). However, as
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Figure 9.8: In the upper panel, the macroscopic dielectric function obtained from
the BSE (thick solid line) is displayed. It is compared to the BSE calculations of
Refs. (Puschnig & Ambrosch-Draxl 2002a) (dot-dashed line) and (Marini et al.
2003) (solid line). The lower panel shows the result for the BSE derived kernel
(TDDFT-MB, solid line), which is compared to the one of Ref. (Marini et al.
2003). Experimental data from Ref. (Roessler & Walker 1967) are displayed in
both panels.
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Figure 9.9: The dependence of the macroscopic dielectric function of LiF from
the BSE (upper panel) and the BSE derived xc kernel (lower panel) on the k mesh.
Three different k point samplings are displayed.
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it is widely observed in literature we do not directly use this GW correction
as it should be the case, but the final BSE result is matched to experiment.
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Figure 9.10: The dependence of the macroscopic dielectric function of LiF on
the number of valence and conduction bands in the effective BSE Hamiltonian.
In the topmost panel, the converged result is displayed. The oscillator strengths
(bars) are plotted for comparison to the full spectrum (solid lines). The panels
below show the dielectric function for 3, 2 and 1 valence and conduction bands,
respectively.

In Fig. 9.7, the RPA result is compared to a calculation from Ref. (Puschnig
& Ambrosch-Draxl 2002a) and to experimental data from Ref. (Roessler &
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Walker 1967). We find good overall agreement of the RPA result to the one of
Ref. (Puschnig & Ambrosch-Draxl 2002a), whereas the excitonic peak below
the quasi-particle gap is completely missing, as has been already discussed
extensively in literature.

When switching on the correlations between the electrons and the holes
the shape of the spectrum changes drastically. In Fig. 9.8 (upper panel) we
observe a perfect agreement of our BSE result to experiment (Roessler &
Walker 1967) and to one of the BSE calculations (Puschnig & Ambrosch-
Draxl 2002a) for the position as well as strength of the first largest excitonic
peak. The second peak in the region between 20 and 22 eV is, however,
shifted to lower energies by 0.3 eV. This peak, does not show up in the ex-
perimental spectrum and might be an artefact related to the finite k point
sampling or other numerical issues. The main peak in the data by Marini
(Marini et al. 2003) appears at an energy lower by 0.1 eV. At this point it
should be noted that even at the level of the RPA all the results reported in
literature (see Ref. (Puschnig 2002)) exhibit pronounced differences. Hence
one cannot clearly distinguish to which extent discrepancies in the BSE spec-
tra are due to differences in the ground state or excited state calculations.

The situation for the BSE derived xc kernel (lower panel in Fig. 9.8)
is slightly different. The spectrum calculated that way is shifted to higher
energies by approximately 0.30 eV compared to the BSE calculation. In
Ref. (Marini et al. 2003), however, the discrepancy of 0.05 eV between the
full BSE calculation and the BSE derived xc kernel is not as large. A possible
explanation for this is attributed to the fact that we are only using the
resonant terms (transitions from valence to conduction bands) for the Kohn-
Sham response function as well as the BSE derived xc kernel. Another reason
could be a different k point sampling used in Ref. (Marini et al. 2003). In the
context of the exact position of the excitonic peak it is important to discuss
the effect of the k point sampling on the resulting spectrum.

In Fig. 9.9 we see that for the excitonic peak obtained from the BSE
already a sampling of 6 × 6 × 6 k points gives a converged peak position,
whereas the 4 × 4 × 4 mesh also provides a good result differing by 0.05 eV
from the converged one. For the BSE derived xc kernel we find the situation
to be different. If we go from a 4 × 4 × 4 mesh to a 6 × 6 × 6 mesh in the
peak position already shifts by 0.25 eV to higher energies. Going then to the
8×8×8 mesh affects the peak position only negligibly. Comparing the peak
positions of BSE and the TDDFT result obtained on a 4 × 4 × 4 mesh the
difference is only 0.08 eV. However, by increasing the k mesh this difference
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grows. Although both, techniques are assumed to be converged for the first
excitonic peak, they approach different values. The reason why our result for
the BSE derived kernel is not identical to the one of Ref. (Marini et al. 2003)
cannot be fully clarified, since in this reference not enough information about
the parameters of the calculations are provided.

Now, the dependence of the macroscopic dielectric function on the number
of valence and conduction bands used for the electron-hole correlations is
discussed shortly. In Fig. 9.10 it can be seen that the position of the first
strong peak is already converged if three bands are taken into account. In
using up to five bands for both valence and conduction bands, convergence
for the second peak is achieved.

10 12 14 16 18 20 22 24
ω [eV]

0

4

8

12

16

Im
 ε

LRC, static
LRC, dynamical
Exp. Roessler

Figure 9.11: The dielectric function of LiF obtained from the LRC xc kernels.
The result for the static approximation (α = 9.7) is displayed (solid line) in con-
trast to the dynamical approximation (α′ = 1.5, β′ = 25, dashed line). The
experimental result of Ref. (Roessler & Walker 1967) is shown for comparison.

Finally, the LRC model kernels are applied to LiF. It has been found by
other groups that these kernels are able to reproduce the excitonic peak to
some extent, although at the price of a parameter dependence of the kernel.
We have evaluated the LRC kernel for the static case, Eq. (5.30), with a
parameter α = 9.7 and for the dynamical case, Eq. (5.32) with parameters
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α′ = 1.5 and β′ = 25, as reported in Ref. (Botti et al. 2005). We find
the position of the excitonic peak at 13.4 eV for the static case and at 14
eV for the dynamical case. Although, from the physics point of view it is
remarkable that a strong excitonic peak can be generated by simply rescaling
the Coulomb potential in the Dyson equation for the TDDFT linear response,
the results are mostly qualitative and the choice of the average absorption
gap is ambiguous, especially in the case of strongly bound excitons. We
conclude that these model kernels are, by virtue of their semi-empirical laws,
Eqs. (5.31) and (5.33), suitable to take a first, coarse look at the optical
spectrum. However, since they are not fully ab-initio one has to take great
care to use them for predicting or explaining materials properties. In the
case of low-symmetry systems like polymers we will see in the next section
that further complications arise in combination with this type of kernels.

9.4 The Dielectric Function of Poly-acetylene

Figure 9.12: The herring-bone structure of PA being typical to polymers (left)
and one polymer chain (right). The yellow balls indicate carbon atoms whereas
the blue balls denote hydrogen atoms.

As final part of this thesis, we concentrate on organic semiconducting
polymers, starting with the most prominent example, namely bulk trans-
polyacetylene (PA). Similar to other conjugated polymers, it crystallizes in
the herring-bone arrangement (Fig. 9.12) containing two polymer chains in
the unit cell. Each of these chains consists of carbon and hydrogen atoms
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depicted in Fig. 9.12. There are two possible space groups for bulk poly-
acetylene, namely P21/a and P21/n, differing by the shift of the polymer
chains. We have restricted our study to the P21/a space group. The LDA
band structure is depicted in Fig. 9.13. It shows a large dispersion along
the kz direction (paths from Y to D and Z to Γ) whereas for the kx and
ky direction the dispersion is less pronounced. We find a Kohn-Sham band
gap of 0.27 eV in accordance with other all-electron calculations (Puschnig &
Ambrosch-Draxl 2002b). In order to mimic the quasi-particle band structure
a scissor shift of 0.74 eV (Vogl & Campbell 1990) is introduced. The macro-
scopic dielectric function parallel to the direction of the polymer chain is now
calculated within the RPA, from a solution of the BSE and from TDDFT
linear response including various xc kernels. For the LRC model kernels we
apply Eq. (5.29) for the static case as well as Eq. (5.32) for the dynamical
case. The parameter α is obtained form the semi-empirical law, Eq. (5.31),
whereas the parameters α′ and β′ are determined according to Eq. (5.33).
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Figure 9.13: The electronic band structure of PA along a path of high symmetry
points in the Brillouin zone.

As a first step, the loss function is evaluated within the RPA in order
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to obtain the plasmon frequencies which, in turn, serve as input for the
dynamical LRC kernel. The static dielectric constant which appears in the
static and dynamical LRC kernel is calculated within the RPA as well.

0 5 10 15 20 25 30 35 40
ω [eV]

0

1

2

3

4

5

Im
 (

-1
/ε

z)

5.35 eV
5.11 eV

23.3 eV

Figure 9.14: The loss function of PA as obtained from the RPA. The frequency
values denote the peaks of the spectrum.

To this end, the Kohn-Sham response function is calculated on a 4×4×48
k mesh to account for the large band-dispersion in the kz direction. Since
the features of the loss function usually appear at higher energies compared
to the optical spectra we include conduction bands up to 1.7 Hartree. As
cutoff for the LAPW basis set an RKmax value of 3.5 is chosen and for the
loss function a broadening of 0.1 eV is applied.

In the loss function in Fig. 9.14 we observe 3 main features corresponding
to the peak positions of 5.11, 5.35, and 23.3 eV, respectively. At this point
it becomes obvious that the existence of more than one plasmon frequency
renders the concept of the dynamical LRC kernel ambiguous, since it was
derived considering a single Lorentz oscillator. For this reason the influence
of the choice of the plasmon frequency will be discussed in the following.
For the dynamical LRC kernel, the average absorption gap in Eq. (5.33) is
chosen to be 1.7 eV corresponding to the middle of the absorption region in
the RPA dielectric function.
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Figure 9.15: The dielectric function of PA as obtained from the LRC kernels
compared to the RPA (shaded area). The results are given for the static LRC
kernel (blue dotted line) as well as the dynamical LRC kernel corresponding to
different plasmon frequencies (red lines).
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Figure 9.16: The dielectric function of PA as obtained from the BSE (red solid
line), the BSE derived xc kernel (red dashed line), and the RPA (black line).
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Having all relevant parameters for the evaluation of the xc kernels at
hand, the TDDFT linear response equation is solved and the macroscopic
dielectric function is obtained within the optical range. In the RPA spectrum
in Fig. 9.15 the first peak occurs at about 1.55 eV. Turning to the result
obtained from the static LRC kernel the situation is different compared to the
materials studied so far. Here, the first absorption peak is shifted to higher
energies instead of lower ones. Consequently the static model kernel leads to
negative exciton binding energies and has therefore to be discarded for this
system. The dielectric function stemming from the dynamical model kernel
is also displayed in Fig. 9.15 for different plasmon frequencies as input to the
kernel. We observe a significant dependence of the resulting optical spectra
on the plasmon energy. While for the plasmon at 23.3 eV the corresponding
optical spectrum is not much different from the RPA result, the spectra
associated to the plasmons as 5.11 and 5.35 eV, respectively, show a strong
red shift in energy by as much as 0.4 and 0.45 eV, respectively. Hence,
the spectra related to different plasmon frequencies for the dynamical xc
kernel show a shift of the main absorption peak ranging from several eV to
almost zero. Therefore, an assignment of the optical spectrum to a specific
plasmon peak in the loss function as input for the LRC model is not possible.
The results obtained so far show that the simple LRC models are not able
to describe the absorption spectrum in complex systems including excitonic
effects.

As final investigation on PA, the electron-hole correlations are included
in the optical spectrum through the solution of the Bethe-Salpeter equation
and through the BSE derived xc kernel in TDDFT. The calculation of the
dielectric matrix as well as the BSE Hamiltonian is carried out on an 4×4×32
k mesh. The dielectric matrix has been evaluated for 198 crystallographically
different q points with conduction band states up to 4.5 Hartree. For the
BSE matrix four valence and conduction band are chosen and the cutoff in
reciprocal space for the Coulomb and screened Coulomb interaction is set to
2.5. In Fig. 9.16 both results for the BSE and the BSE derived kernel, as
well as the RPA result are displayed. The main excitonic peak of the BSE
result is found at 1.2 eV whereas the peak subject to the BSE derived kernel
lies at 1.25 eV. From a comparison with the RPA, the binding energy of the
exciton is 0.35 eV for the BSE result and 0.30 for the result stemming from
the TDDFT spectrum. These findings also confirm that the BSE derived
xc kernel is able to reproduce the full BSE spectrum semi-quantitatively.
Nevertheless, a deviation of 0.05 eV corresponding to an error of 15% can be
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problematic for the interpretation of exciton binding energies.

9.5 The Dielectric Function of PPV

As last example crystalline poly(phenylene vinylene) (PPV) is investigated.
It is of recent technological interest, as it can be used for light-emitting
diodes based on polymers (Burroughes et al. 1990). Being built up by two
phenyl rings (see Fig. 9.17) the structure of PPV is more complex than the
one of PA, consisting of 28 atoms (16 carbon and 12 hydrogen atoms) in
the unit cell. It shall be noted already here, that the results are not fully
converged with respect to the k mesh and such converged results are also
not found in literature. As mentioned for the simpler materials studied in
the previous sections, such convergence studies on the k point sampling are
already very time-consuming. However, for PPV they are beyond the limit
of state-of-the-art computer ressorces.

Figure 9.17: The building block of PPV consisting of carbon (yellow) and hy-
drogen (blue) atoms.

The electronic band structure of PPV is displayed in Fig. 9.18 and has
also been studied several years ago (Costa et al. 1993). It shows a strong
dispersion along the axis of the polymer chain whereas in the perpendicular
direction it appears rather flat. In order to mimic the quasi-particle band gap
a scissor shift of 1.75 eV (Voss et al. 1991) has been applied. As in the case
of PA, the k mesh is chosen to be dense in the chain direction (4× 4× 40) to
account for the large band-dispersion. In addition, the k points are shifted
off-symmetry in order to achieve an improved sampling.

When looking at the loss function in Fig. 9.19 the structure is even more
complicated as for PA. There are now four major peaks, namely at 2.52, 3.4,
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Figure 9.18: The electronic band structure of PPV along a path including high
symmetry points in the Brillouin zone.

6.0 and 22.8 eV. The procedure to set up the LRC kernels is the same as for
the case of PA and shall not be repeated here. In Fig. 9.20 the results for the
LRC kernels as well as for the RPA are depicted. Furthermore, a calculation
from Ref. (Ruini et al. 2002) has been added for comparison. Similar to
what is observed for PA, the resulting optical spectra sensitively depend on
the plasmon energy. One of these energies, located at 2.52 eV, generates a
completely collapsed optical spectrum (not even visible in Fig. 9.20), whereas
the one at 3.4 eV lies 1.7 eV below the quasi-particle gap. The remaining
plasmon energies are either in between the RPA and the BSE result (plasmon
at 6.0 eV) or do not improve over the RPA spectrum (plasmon at 22.8 eV).
For the static LRC even a small blue shift of the spectrum is observed.

Finally, the plasmon energy entering the dynamical LRC model is cho-
sen in a way that the resulting optical spectrum matches the BSE result of
Ref. (Ruini et al. 2002), which has been adapted to the quasi-particle shift
chosen here. Only a value of 8.5 eV for the plasmon energy is able to re-



132 CHAPTER 9. RESULTS

0 5 10 15 20 25 30 35 40
ω [eV]

0

1

2

3

Im
 (

-1
/ε

z)

2.52 eV

3.4 eV

6.0 eV

22.8 eV

8.5 eV

Figure 9.19: The loss function of PPV in the RPA. The values indicate the
peak positions of the spectrum whereas 8.5 eV is the frequency for which the peak
position of the dielectric function obtained from the LRC model corresponds to
the BSE peak position.

produce the peak position of the BSE calculation, however, resulting in an
oscillator strength which is too large. From Fig. 9.19 it is evident that the
fitted value of 8.5 eV does not correspond to any particular feature of the
loss function.
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Figure 9.20: The macroscopic dielectric function of PPV for different LRC ker-
nels and the RPA. The results are given for the static LRC kernel as well as the
dynamical LRC kernel corresponding to different plasmon frequencies. For com-
parison, we display a BSE calculation taken from Ref. (Ruini et al. 2002).
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9.6 Conclusions

In general, we conclude from the findings in this chapter, that on the one hand
the simple model kernels are – although semi-empirical – suitable to describe
the excitonic effects in the semiconductors GaAs and Si. More importantly,
the xc kernel derived from the BSE performs excellently and can easily be
used in place of a full BSE calculation.

Turning to LiF, the situation changes significantly. The presence of a
large band gap together with weak screening causes strong excitonic effects.
Here, the simple model kernels are not capable to capture the bound exciton
within the desired accuracy, although a qualitative agreement is achieved
by tuning the parameters of the model kernel. The situation for the BSE
derived kernel is much better, although still a discrepancy in the excitonic
peak position is observed, but the overall agreement with the BSE result is
quite good.

Finally, turning to the organic materials, it shall be noted that neither of
the LRC model kernels is able to properly account for the excitonic effects
in the low-dimensional complex systems PA and PPV. It is rather the full
BSE calculation that still constitutes the state of the art method for an
accurate determination of excitonic effects due to electron-hole correlations.
As it is seen in the case of PA also the BSE derived xc kernel comes quite
close to the full BSE calculation. However, further theoretical improvements
on the BSE derived xc kernel are needed in order to establish it with the
same reliability as the solution of the BSE. In this context it would also
be desirable to calculate the BSE derived kernel up to second order in the
screened interaction.

Since, besides the computation time for the matrix elements of the BSE
Hamiltonian themselves, the BSE eigenvalue problem constitutes a bottle-
neck of the numerical performance, it is much more favorable to solve Dyson’s
equation in reciprocal space, despite the fact that one has to solve it sepa-
rately for each frequency. We therefore conclude that the combination of
TDDFT and the BSE derived xc kernel could be the better choice for the in-
vestigation of large systems, such as polymers and related materials, since in
this way the very time-consuming eigenvalue problem of the Bethe-Salpeter
equation is circumvented. However, at present the results are not satisfactory
enough as evidenced in the examples shown. Nevertheless, further applica-
tions of the BSE derived kernel to various types of gap systems are needed in
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order to evaluate its final role in the calculation and prediction of excitonic
effects.
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Appendix A

Second Quantization

Before discussing the second quantization we briefly review the Schrödinger
equation of a many particle system. We use atomic units throughout this
thesis. This means that ~ = 1, the electron charge e = 1, the electron mass
me = m = 1 and the Bohr radius a0 = 1. Note that e2/(4πε0) = 1 as well.

The Hamiltonian ĥ of a single particle in an external potential is given
by

ĥ(r) = t̂(r) + v̂ext(r) = −1

2
∇2

r + v̂ext(r) (A.1)

where t̂ is the kinetic energy operator and v̂ext the multiplicative operator
of the external potential. Let us now consider a system of n particles which
interact with each other via a potential v and on which an external potential
is acting:

Ĥ =
n∑
i=1

ĥ(ri) +
1

2

n∑
i 6=j

v(ri, rj). (A.2)

We can rewrite this equation in order to highlight the similarity to Eq.( A.1)

Ĥ = T̂ + ˆVext + Û (A.3)

where

T̂ =
n∑
i=1

t̂(ri) (A.4)

is the kinetic energy operator,

V̂ext =
n∑
i=1

v̂ext(ri) (A.5)
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represents the external potential for the many-particle system and

Û =
1

2

n∑
i6=j

v(ri, rj) (A.6)

is the Coulomb interaction between the particles, where

v(r, r′) = v(r − r′) =
1

|r − r′|
(A.7)

If the external potential v̂ext(r) is subject to point charges (e.g. atomic nuclei
in a solid) at positions Rl, l = 1, ..., N , (each of them is carrying a charge of
−Zle)

v̂ext(r) =
N∑
l=1

Zlv(r,Rl), (A.8)

the Hamiltonian of the interacting system is given by

Ĥ = −
n∑
i=1

1

2
∇2

ri
+

n∑
i=1

N∑
l=1

Zlv(ri,Rl) +
1

2

n∑
i6=j

v(ri, rj). (A.9)

An interaction between the nuclei has not been taken into account in our
considerations and will not be subject to further studies in this work. For
the sake of simplicity, we now omit the hat indicating an operator in the
following. The Hamiltonian given in the equations above is explicitly depen-
dent on the number of particles under consideration which does not prove to
be advantageous for the framework of many-body physics. It is the so called
second quantization (Fetter & Walecka 1971, Schöne 2001, Evertz 2004) that
naturally leads to the development of many-body perturbation theory; a
formulation that does not depend on the number of particles because the op-
erators are defined on a larger Hilbert space that indeed contains all possible
many-body Hilbert spaces Hi = ⊗i

j=1H(j) corresponding to a finite number
of particles. This large Hilbert space is called the Fock-space F

F = ⊕∞
i=0Hi. (A.10)

Let us consider a complete set of basis vectors {|i〉}i for the one particle
space. The corresponding many-particle basis for HN would be

|i1, . . . , iN〉 = |i1〉 ⊗ · · · ⊗ |iN〉. (A.11)
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We can now expand the many-particle state |Ψ〉 in terms of the basis defined
above

|Ψ〉 =
∑

i1,...,iN

ci1,...,iN |i1, . . . , iN〉. (A.12)

Since we are dealing with a system of identical particles (i.e. particles that
cannot be distinguished from one another by any kind of measurement under
the same conditions) the exchange (permutation) of any pair of particles
cannot have any effect on a measurement, implying that the wave function
can only change its phase on applying a permutation operator P to it.

P|Ψ〉 = eiλ|Ψ〉. (A.13)

In fact this phase can only be ±1 because the permutation operator is idem-
potent1. Experiments show that the phases are +1 for bosons and −1 for
fermions and from the spin-statistics theorem (Duck & Sudarshan 1998) we
know that particles with integer spin are bosons and particles with half-
integer spin are fermions. From now on we will concentrate on Fermions only,
since we want to study an electronic system. The fact that the wave func-
tion changes its sign upon permuting two particles allows only for occupation
numbers 0 and 1 (Pauli principle) and makes it necessary to symmetrize the
many-particle state accordingly. The symmetrization operator is given by

Ŝ =
∑
P

sign(P)P (A.14)

which is just the building of the Slater-determinant, and we obtain for the
symmetrized basis

|i1, . . . , iN〉Ferm = Ŝ|i1, . . . , iN〉. (A.15)

For the following we will assume the proper symmetrization of the basis.
Now, if ni are the occupation numbers of the single-particle states i, the
N -particle basis is already determined by the occupation numbers

|n1, n2, . . . ;N〉 = |i1, . . . , iN〉, (A.16)

where
∑

j nj = N .

1Note that in two dimensions the topological properties of the plane do not restrict the
phases, since exchanging two particles can be done in topologically different ways.
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A complete and orthonormal basis |n1, n2, . . .〉 for the Fock space is found
if we release the constraint that the occupation numbers have to sum up to
the fixed number N . The Fock space also includes the space of the vacuum
state H0 with the basis vector |vac〉.

Now, we introduce creation and annihilation operators â†j and âj (the hat
is usually omitted) to transform between different numbers of particles. Uti-
lizing these operators will enable us to build a basis vector from the vacuum
state and will be necessary when we study Green’s functions. The creation
operator â†j is defined via its application to an N -particle state

â†j|i1, . . . , iN〉 = δnj ,0|j, i1, . . . , iN〉. (A.17)

A particle in the state j is created only if this state was previously unoccu-
pied. If it were already occupied in the first place the result of the application
of the creation operator is zero. The purpose of the creation operator â†j is
to create a particle in a specific one-particle state |j〉. We can also write the
above definition in occupation number representation

â†j| . . . , nj, . . .〉 = δnj ,0(−1)ñj | . . . , nj + 1, . . .〉 (A.18)

where ñj =
∑

l<j nl is the number of commutations of the creation operator
in order to be placed properly within the initial sequence of Fermion states.
Repeated application of the creation operator to the vacuum state gives us
just the basis vectors in the occupation number representation

|n1, n2, . . .〉 = (â†1)
n1(â†2)

n2 · · · |vac〉. (A.19)

The annihilation operator’s action is defined via adjungation and is found to
be

âj| . . . , nj, . . .〉 = δnj ,1(−1)ñj | . . . , nj − 1, . . .〉. (A.20)

The properties of the creation and annihilation operators lead to two impor-
tant relations between them, namely the commutation relations

{â†j, â
†
j′} = {âj, âj′} = 0 (A.21)

{âj, â†j′} = δj,j′

expressed with the help of the anti-commutator {a, b} = ab+ ba.
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Let us now consider a one-particle operator t̂ which is given within a
one-particle basis {|i〉}i as

t̂ =
∑
i,j

tij|i〉〈j| (A.22)

where tij = 〈i|t̂|j〉 are the matrix elements of the operator. A many-particle
operator which is a sum of single-particle operators t̂(α) for each particle α

T̂ =
∑
α

t̂(α) (A.23)

now reads in second quantization

T̂ =
∑
i,j

tij â
†
i âj (A.24)

and, in fact, if we use an eigenbasis of t̂ the expression simplifies to

T̂ =
∑
i

tiin̂i, (A.25)

where we have introduced the particle number operator

n̂i = â†i âi. (A.26)

Note that the operator in the second quantization is expressed using the
matrix elements from the corresponding one-particle operator. In a similar
manner an expression for a many-particle operator F̂ that is written as a
sum over two-particle operators f̂ can be derived. Let

F̂ =
1

2

∑
α 6=β

f̂αβ (A.27)

where

f̂ =
∑
i,j,k,l

fijkl|i〉 ⊗ |j〉〈k| ⊗ 〈l| (A.28)

and

fijkl = 〈i, j|f̂ |k, l〉. (A.29)
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The many-particle operator F̂ then takes the form

F̂ =
1

2

∑
ijkl

fijklâ
†
i â

†
j âlâk. (A.30)

In a basis where f̂ is diagonal

〈i, j|f̂ |k, l〉 = δi,kδj,m〈i, j|f̂ |i, j〉 = fij, (A.31)

the expression for F̂ simplifies to

F̂ =
1

2

∑
i6=j

fijn̂in̂j (A.32)

for a fermionic system. A change in the one-particle basis from {|i〉}i to
{|λ〉}λ, given by

{|λ〉}λ =
∑
i

|i〉〈i|λ〉 (A.33)

leads to the transformation of the creation and annihilation operators

â†λ =
∑
i

〈λ|i〉∗â†i (A.34)

âλ =
∑
i

〈λ|i〉âi.

If we use the position basis |r〉 for the transformation and the fact that
the wave function is defined as ψi(r) = 〈r|i〉 we arrive at the so-called field
operators ψ̂†(r) and ψ̂(r)

ψ̂†(r) =
∑
i

ψ∗
i (r)â

†
i (A.35)

ψ̂(r) =
∑
i

ψi(r)âi.

They fulfill the same type of commutation relations as the creation and an-
nihilation operators â†i and âi

{ψ̂†(r), ψ̂†(r′)} = {ψ̂(r), ψ̂(r′)} = 0 (A.36)

{ψ̂(r), ψ̂†(r′)} = δ(r − r′).
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Finally, we have the tools at hand to express our Hamiltonian Eq. (A.2)
in the language of second quantization with the help of the field operators
ψ̂†(r) and ψ̂(r)

H =

∫
d3r ψ̂†(r)ĥ(r)ψ̂(r) +

1

2

∫
d3r

∫
d3r′ ψ̂†(r)ψ̂†(r′)v(r, r′)ψ̂(r′)ψ̂(r),

(A.37)
with ĥ(r) from (A.1) and v(r, r′) being the Coulomb potential. The first part
of Eq. (A.37) expresses the kinetic energy and the influence of the external
potential on the individual particles, whereas the second part contains the
interaction between the particles due to the Coulomb potential. Recalling
the field operators in the Heisenberg picture

ψ̂(r, t) = eiHtψ̂(r)e−iHt, (A.38)

an equation of motion for the field operators is found by utilizing the com-
mutation relations (A.36) in the Heisenberg picture

i
∂

∂t
ψ̂(r, t) =

[
ψ̂(r, t), H

]
(A.39)

=

[
ĥ(r) +

∫
d3r′ v(r, r′)ψ̂†(r′, t)ψ̂(r′, t)

]
ψ̂(r, t).

In the Eq. (A.39) the time-evolution of the field operators is governed by the
single-particle Hamiltonian ĥ(r) and a term containing the interaction be-
tween the particles. This term causes the relation to be a non-linear integro-
differential equation being extremely difficult to solve. A perturbative ap-
proach has to be applied to that interaction term, which we will develop in
the next sections.
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Appendix B

Functional Derivative Identities

At this place we shall review very briefly some identities related to the func-
tional calculus. A useful compilation of the latter can be found in Ref.
(Strinati 1988). Let F [g] be a functional, depending on a function g(x), so
that we can write in a more complete but sloppy way F [g(x)] which never-
theless should not be confused with F (g(x)) being the concatenation of two
functions. Let us apply a small change δg(x) to the argument function g(x)
and investigate the difference in the value of the functional

δF [g(x)] = F [g(x) + δg(x)] − F [g(x)], (B.1)

which we can approximate for a fixed g(x) to first order as

F [g(x) + δg(x)] − F [g(x)] =

∫
dy φ(y)δg(y), (B.2)

where φ(x) is the functional derivative δF [g]/δg(x) at the fixed function g(x).
Summarizing, the functional derivative of a functional F [g(x)] is defined in
the following equation

F [g(x) + δg(x)] − F [g(x)] =

∫
dy

δF [g]

δg(y)
δg(y), (B.3)

which is required to hold up to first order in δg(x). As in the case of ordinary
calculus, the same identities are valid for differentiating a product and for
the chain rule. Special care has to be taken with the case

δg(x)

δg(y)
= δ(x, y). (B.4)
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We briefly annotate a relation between the derivative of the inverse of a
functional and the functional itself. Let F [g(x)] be a functional and F−1[g(y)]
be its inverse, defined with the help of the following equation∫

dz F [g; x, z]F−1[g; z, y] = δ(x, y). (B.5)

If this equation is varied with respect to g, multiplied with F [g; z, v] and
integrated over z the following identity is obtained

δF [g;x, y]

δg(z)
= −

∫
du

∫
dv F [g;x, u]

δF−1[g;u, v]

δg(z)
F [g; v, y]. (B.6)

An equivalent expression is found when F and F−1 are swapped. Further
manipulation of Eq. (B.6) leads to the relation∫

dv
δF [g; x, v]

δg(z)
F−1[g; v, y] = −

∫
dv F [g;x, v]

δF−1[g; v, y]

δg(z)
. (B.7)
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Density Matrices

We define the one- and two particle density matrices, denoted as n1(r, r
′)

and n2(r1, r
′
1; r2, r

′
2), and the corresponding diagonals, n1(r) and n2(r, r

′) in
the following way1 (von Barth 2004, Tokatly 2005)

n1(r, r
′) = 〈Ψ|n̂1(r, r

′)|Ψ〉 (C.1)

n2(r1, r
′
1; r2, r

′
2) = 〈Ψ|n̂2(r1, r

′
1; r2, r

′
2)|Ψ〉 (C.2)

n1(r) = n1(r, r) (C.3)

n2(r, r
′) = n2(r, r

′; r, r′). (C.4)

Here, the corresponding density operators are given by

n̂1(r, r
′) = ψ̂†(r)ψ̂(r′) (C.5)

n̂2(r1, r
′
1; r2, r

′
2) = ψ̂†(r1)ψ̂

†(r′1)ψ̂(r′2)ψ̂(r2). (C.6)

We note that the density matrices (and their diagonals) are positive definite
and Hermitian as well as that the diagonal of the one particle density matrix
is trivially just the particle density

n(r) = n1(r). (C.7)

The pair-correlation function g(r, r′) is defined with the help of the two-
particle density matrix and the density itself by

n2(r, r
′) = n(r)n(r′)g(r, r′). (C.8)

1Note that in these definitions the spin has already been summed over. Otherwise each
argument of the density matrix would be augmented by a spin variable.

147



148 APPENDIX C. DENSITY MATRICES

If the electrons were completely independent, the two-particle density would
simply be the product of the two one-electron densities with a pair-correlation
function equal to unity.

We assume now that the many-body wave function is just a single Slater
determinant, defined with the help of the symmetrization operator2, Eq. (A.14)

Ψ(r1, . . . , rN) = (N !)−
1
2 Ŝ[φ1(r1) · · ·φN(rN)]. (C.9)

As a consequence, the expression for the one-particle density matrix reduces
to

n1(r, r
′) =

N∑
i=1

φ∗
i (r)φi(r

′) (C.10)

whereas the density itself is given by

n(r) =
N∑
i=1

|φi(r)|2. (C.11)

2Here, the permutations, present in the symmetrization operator, act on the indices of
the one-particle wave functions.



Appendix D

Details on the Runge-Gross
Theorem

D.1 The Time Evolution of the Current Den-

sity

In this appendix we shall work out the expectation value of the commutator
of the current and the difference in the Hamiltonian

〈Φ0|[j(r), Ĥ(t0) − Ĥ ′(t0)]|Φ0〉 = 〈Φ0|[j(r), V̂ (t0) − V̂ ′(t0)]|Φ0〉. (D.1)

This expression appears in the proof of the Runge-Gross theorem and equals
the difference in the time-evolution of the current densities subject to the
two different external potentials. Let us investigate the commutator in the
above equation in more detail by means of Eq. (2.15)

[j(r), V̂ (t) − V̂ ′(t)] (D.2)

=
1

2i
lim
r′→r

∫
d3z

[
(∇r′ −∇r)[ψ̂

†(r′)ψ̂(r)], ψ̂†(z)ψ̂(z)
]
[v(r, t) − v′(r, t)].

Further evaluation of the commutator on the right hand side of the Eq. (D.2)
leads to [

(∇r′ −∇r)[ψ̂
†(r′)ψ̂(r)], ψ̂†(z)ψ̂(z)

]
(D.3)

= (∇r′ −∇r)
[
ψ̂†(r′)ψ̂(z)δ(r − z) − ψ̂†(z)ψ̂(r)δ(r′ − z)

]
.
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Carrying out the integration in Eq. (2.15), applying the gradients and taking
the limit r → r′ finally leads to a connection to the density operator and the
gradient of the difference in the external potential

[j(r), V̂ (t) − V̂ ′(t)] = in̂(r)∇[v(r, t) − v′(r, t)], (D.4)

and we obtain the following expression for the expectation value of the com-
mutator

〈Φ0|[j(r), Ĥ(t0) − Ĥ ′(t0)]|Φ0〉 = in(r, t0)∇[v(r, t) − v′(r, t)]. (D.5)

D.2 The Iterated Equation of Motion for the

Current Density

In Eq. (4.6) in section 4.2 we have investigated the equation of motion for
the current density and drawn a connection to the external potential. Here
we shall prove that if we apply the equation of motion k-times the expression
of Eq. (4.7) is obtained. From the considerations in Sect. D.1 we note that

i
∂

∂t
j(r, t) = [ĵ(r), Ĥ(t)] = 〈in̂(r)∇w(r, t) + K̂(r)〉t, (D.6)

where K̂(r) = [ĵ(r), T̂ + Û ] is the part of the commutator corresponding
to the kinetic energy and the electron-electron interaction. By using the
equation of motion, Eq. (4.5) in combination with the previous equation we
obtain (

i
∂

∂t

)2

j(r, t) (D.7)

=

〈
i
∂

∂t
[ĵ(r), Ĥ(t)] + [[ĵ(r), Ĥ(t)], Ĥ(t)]

〉
=

〈[
i∇
(
i
∂

∂t

)
v(r, t)

]
n̂(r) + [[ĵ(r), Ĥ(t)], Ĥ(t)]

〉
.

If the equation of motion is applied another k − 1 times to Eq. (D.7) it is
given schematically by(

i
∂

∂t

)k+1

j(r, t) =
〈
uk(r, t)n̂(r) + K̂k−1(r, t)

〉
, (D.8)
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where

uk(r, t) = i∇
(
i
∂

∂t

)k
v(r, t), (D.9)

and the part K̂k−1(r, t) consists of time-derivatives up to k − 1st order of
multiple commutators of n̂(r) and ĵ(r) with Ĥ(t) and the functions ul(r, t).
Now we combine the time evolution of both systems at t = t0(

i
∂

∂t

)k+1

[j(r, t) − j′(r, t)]|t0 = 〈[uk(r, t) − u′(r, t)]n̂(r)〉t0+ (D.10)

〈K̂k−1(r, t) − K̂ ′
k−1(r, t)〉t0 .

The terms in K̂ ′
k−1(r, t) are equal to those in K̂k−1(r, t), except that H ′(t)

and u′(r, t) enter in place of H(t) and u(r, t). In the following we want to
show that the contributions of K̂k−1 and K̂ ′

k−1 are the same for t = t0. To

this end we note that the commutators in K̂ ′
k−1 are of the form

[. . . [. . . [Â, Ĥ ′(t)], . . . (∂l/∂tl)Ĥ ′(t)], . . . Ĥ ′(t)]u′j(r, t), (D.11)

where Â ∈ {n̂(r), ĵ(r)} and j, l ≤ k − 1. Since from Eq. (4.10) we know that
for l < k

wl(r) = wl = const. (D.12)

we can write for the l-th time-derivative of Ĥ ′(t)

∂l

∂tl
Ĥ ′(t)

∣∣∣
t0

=
∂l

∂tl
Ĥ(t)

∣∣∣
t0
− ∂l

∂tl
[Ĥ(t) − Ĥ ′(t)]

∣∣∣
t0

(D.13)

=
∂l

∂tl
Ĥ(t)

∣∣∣
t0
−
∫

d3r n̂(r)
∂l

∂tl
w(r, t)|t0

=
∂l

∂tl
Ĥ(t)

∣∣∣
t0
− wlN 1̂.

The second term in Eq. (D.13) does not contribute inside a commutator and
hence, the commutators in Eq. (D.11) can be factored out for the systems
subject to Ĥ(t) and Ĥ ′(t). The only thing which remains to prove is that
the uj and u′j are the same, but this is trivial since by assumption

[uj(r, t) − u′j(r, t)]
∣∣
t0

= i∇wj = 0. (D.14)

Therefore, Eq. (D.10) reduces to Eq. (4.7).
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D.3 The Surface Integral in the Proof of the

Runge-Gross Theorem

Let us note the first Green’s formula (the functions f and g depend on r)∫
V

d3r (f∇2g + (∇f)(∇g)) =

∮
∂V

dS f∇g, (D.15)

which is written for f = n0wk and g = wk (see Eq. (4.11)) as∮
dSn0wk∇wk =

∫
d3r [n0wk∇2wk + wk(∇n0)(∇wk) + n0(∇wk)2] (D.16)

=

∫
d3r [wk∇[n0∇wk] + n0(∇wk)2].

This is exactly the relation between Eq. (4.11) and Eq. (4.12).



Appendix E

Fourier Transforms in Periodic
Systems

A Fourier transform pair can be defined with two arbitrary constants a and
b as

F (y) =

√
|b|

(2π)1−a

∫ ∞

−∞
dx f(x)eibyx (E.1)

f(x) =

√
|b|

(2π)1+a

∫ ∞

−∞
dy F (y)e−ibyx (E.2)

In physics one usually uses (a, b) = (1, 1) for transforming from time to
frequency, i.e.:

F (ω) =

∫ ∞

−∞
dt f(t)eiωt (E.3)

f(t) =
1

2π

∫ ∞

−∞
dω F (ω)e−iωt (E.4)

whereas for transforming from real (coordinate) space to reciprocal space a
product of three Fourier transforms with parameters (a, b) = (−1, 1) leads to

F (k) =

∫
R3

d3r f(r)e−ikr (E.5)

f(r) =
1

(2π)3

∫
R3

d3k F (k)eikr (E.6)
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For functions that obey the Born-von-Karman boundary conditions, i.e.:
f(r + Njaj) = f(r) for j ∈ {1, 2, 3} and Nj ∈ Z, it is possible to define a
Fourier transform with parameters a and b in such a way that

F (k) =
1

V

∫
V

d3r f(r)e−ikr (E.7)

f(r) =
∑
k

F (k)eikr (E.8)

where Ω = (a1, a2, a3) is the volume of the parallelepiped spanned by the
basis vectors, V = N1N2N3Ω, the periodicity-volume and the vectors k are
restricted by the conditions for their coefficients

kj =
nj
Nj

, nj ∈ Z (E.9)

For the basis {aj} we define a reciprocal basis {bj} that we call reciprocal
by the conditions

aibj = 2πδij. (E.10)

The factor of 2π comes for convenience with the Fourier transform. Now
we decompose a vector k into a part belonging to the parallelepiped Ω (the
unit cell) and a part specifying the position of the parallelepiped inside the
volume V . In other words, one decomposes the components of k, namely kj
in the frame of the reciprocal lattice vectors into a fractional part qj and an
integer part Gj with the properties

k = q + G

|qj| < 1 (E.11)

Gj ∈ Z.

Now, we can rewrite the Eqs. (E.7)

F (q,G) =
1

V

∫
V

d3r f(r)e−i(q+G)r (E.12)

f(r) =
∑
q,G

F (q,G)ei(q+G)r. (E.13)

As we see from Eq. (E.9) there are as many q-vectors for each j-coordinate
direction as numbers Nj that define the periodicity-volume. The larger the
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volume, the more q vectors we have in the unit cell. In case of a function
with the periodicity of the unit cell, the above expression simplifies to

F (G) =
1

Ω

∫
Ω

d3r f(r)e−iGr (E.14)

f(r) =
∑
G

F (G)eiGr.. (E.15)

For a function h(r, r′) depending on two real-space arguments we can
write (by using two different Fourier transform pairs)

H(q,G;q′,G′) =
1

V

∫
V

d3r

∫
V

d3r′ e−i(q+G)rh(r, r′)ei(q
′+G′)r′ (E.16)

h(r, r′) =
1

V

∑
q,G

∑
q′,G′

ei(q+G)rH(q,G;q′,G′)e−i(q
′+G′)r′ (E.17)

If the function h is periodic with respect to a shift of both variables by the
same primitive lattice vector R

h(r + R, r′ + R) = h(r, r′) (E.18)

one can show that Eq. (E.16) depends only on one q vector:

H(q;G,G′) =
1

V

∫
V

d3r

∫
V

d3r′ e−i(q+G)rh(r, r′)ei(q+G′)r′ (E.19)

h(r, r′) =
1

V

∑
q

∑
G,G′

ei(q+G)rH(q;G,G′)e−i(q+G′)r′ (E.20)
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Appendix F

Spectral Representation of a
Non-Hermitian Operator

In order to express the macroscopic dielectric function – obtained from the
solution of the BSE – as a summation over excitons one has to employ a
spectral representation of a function of an effective Hamiltonian operator H,
which, in general, might not be Hermitian. Suppose that the operator is
non-singular (if not so we can always reduce it to a subspace where it is) and
that we have already solved the eigenvalue problem

H|λ〉 = Eλ|λ〉 (F.1)

with eigenvalues Eλ corresponding to eigenvectors |λ〉. Note that the eigen-
vectors are not necessarily orthogonal or normalized but we require them to
build a basis for the subspace where the operator is defined (which is not a
restriction as one can prove). We want to evaluate the operator

H−1(ω) ≡ (H − ωI)−1 (F.2)

in a certain basis {|a〉}, namely the {|nmk〉} basis, which is orthonormal.
The action of H(ω) upon an eigenvector |λ〉 of H is given by

H(ω)|λ〉 = (H − ωI)|λ〉 = (Eλ − ω)|λ〉 (F.3)

which follows immediately from the eigenvalue equation for H. Now we
want to identify the matrix elements of H−1(ω) within the eigenbasis {|λ〉}.
Recalling that the identity operator for a general non-orthogonal basis can
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be expressed as

I =
∑
ν,ν′

|ν〉M−1
ν,ν′〈ν

′| (F.4)

with M being the overlap matrix

Mν,ν′ = 〈ν|ν ′〉 (F.5)

we are able to write

I = IH(ω)IH−1(ω)I (F.6)

=
∑
λ,λ′

∑
µ,µ′

∑
ν,ν′

|λ〉M−1
λ,µ〈µ|H − Iω|µ′〉M−1

µ′,ν〈ν|H
−1(ω)|ν ′〉M−1

ν′,λ′〈λ
′|.

From the above equation, additionally, one can derive the spectral represen-
tation of an operator within a non-orthogonal basis, namely

H =
∑
µ,µ′

EµM
−1
µµ′|µ〉〈µ

′|. (F.7)

In contrast, a simpler spectral representation of a Hermitian operator within
an orthonormal basis of eigenvectors is given with the help of the projection
operators |µ〉〈µ|,

Hherm =
∑
µ

Eµ|µ〉〈µ|. (F.8)

A representation of our operator H in terms of projection operators is also
possible if one defines the bra vectors

〈λ̄| =
∑
λ′

M−1
λ,λ′〈λ

′|. (F.9)

Now, utilizing Eq. (F.7) and the previous equation, we express the operator
H as

H =
∑
µ

Eµ|µ〉〈µ̄| (F.10)

which is a spectral representation in terms of projection operators |µ〉〈µ̄| and
eigenvalues Eλ. But turning back to Eq.(F.6) and comparing it to Eq. (F.4)
we conclude that

δµ,λ′ =
∑
µ′

∑
ν,ν′

Mµ,µ′(Eµ′ − ω)M−1
µ′,νH

−1
ν,ν′(ω)M−1

ν′,λ′ (F.11)
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where we have used

H−1
ν,ν′(ω) = 〈ν|H−1(ω)|ν ′〉. (F.12)

With the help of Dµ,µ′(ω) = δµ,µ′(Eµ′ − ω) and by employing a short-
hand matrix notation suppressing indices we find for the matrix elements
of (H−1

µ,µ′(ω)) = M in the eigenbasis

I = MDM−1H−1M−1 = DM−1H−1 (F.13)

H−1 = MD−1.

which reads more explicitly

H−1
µ,µ′(ω) =

∑
ν

Mµ,νD
−1
ν,µ′(ω). (F.14)

For the transformation to the |a〉 basis we make use of Eq. (F.4) twice

H−1
a,a′(ω) = 〈a|H−1(ω)|a′〉 (F.15)

=
∑
λ,λ′

∑
µ,µ′

〈a|λ〉M−1
λ,µH

−1
µ,µ′(ω)M−1

µ′,λ′〈λ
′|a′〉

=
∑
λ,λ′

∑
µ,µ′,ν

〈a|λ〉M−1
λ,µMµ,νD

−1
ν,µ′(ω)M−1

µ′,λ′〈λ
′|a′〉

=
∑
λ,λ′

∑
µ′,ν

〈a|λ〉δλ,νD−1
ν,µ′(ω)M−1

µ′,λ′〈λ
′|a′〉

=
∑
λ,λ′

∑
µ′

〈a|λ〉D−1
λ,µ′(ω)M−1

µ′,λ′〈λ
′|a′〉

=
∑
λ,λ′

∑
µ′

〈a|λ〉δλ,µ′(Eλ − ω)−1M−1
µ′,λ′〈λ

′|a′〉

=
∑
λ,λ′

〈a|λ〉(Eλ − ω)−1M−1
λ,λ′〈λ

′|a′〉.

Since the |a〉-basis is orthonormal we can write

|λ〉 =
∑
a

|a〉〈a|λ〉, (F.16)

and we clearly identify 〈a|λ〉 as the expansion coefficient Aλa of the eigenstate
|λ〉 in the |a〉-basis. Finally, the desired matrix elements read

H−1
a,a′(ω) =

∑
λ,λ′

AλaM
−1
λ,λ′ [A

λ′

a′ ]
∗

Eλ − ω
. (F.17)
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It remains to show that the coefficients Aλa are in fact eigenvectors of the
matrix Ha,a′ , i.e.: ∑

a′

Ha,a′A
λ
a′ = EλA

λ
a (F.18)

but this is trivial if we multiply Eq. (F.1) with the identity
∑

a |a〉〈a| from
the left side and expand the eigenstates |λ〉 in the |a〉-basis. Note that we
did not use the concept of a function of an operator in our derivations.
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