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1. Introduction

1.1. Overview

Vanadium ladder compounds have been a subject of great interest in the past
ten years of solid state physics. They belong to the very active research area of
complex materials with low-dimensional features, where charge, spin and lattice
degrees of freedom strongly interact and lead to extraordinary physical proper-
ties [1, 2, 3, 4, 5]. In the following, the main features of sodium, calcium and
magnesium vanadate will be presented.

The common structural element of NaV2O5, CaV2O5, and MgV2O5 are two-
dimensional planes of V–O ladders. The rungs and legs of these ladders provide
the possibility for a hopping of electrons, while the hopping probability between
two different ladders is smaller. The upper valence bands of the three compounds
are formed by vanadium dxy states, with a small admixture of oxygen 2p orbitals.

Let us first focus on NaV2O5. In this material, one V dxy electron is shared
by the two V atoms of one rung, such that it has quarter-filled character. Nev-
ertheless, NaV2O5 turns out to be a dielectric, since the formation of a doubly
occupied and an empty rung, which would be the consequence of a hopping
along the ladder, costs more energy than it is provided by the related hop-
ping matrix element. NaV2O5 attracted special attention after the discovery
of the transition to a spin-gapped state at Tc ≈ 35 K. This phase transition
was first detected in magnetic susceptibility measurements [6] and Raman spec-
tra [7]. It is in some aspects analogous to the spin-Peierls transition in CuGeO3

at TSP = 13.5 K [8], but differs from the latter by the fact that, in addition to
spin and lattice, also the charge distribution of the system is affected. In the low-
temperature phase, ions are displaced from their original positions by distances
of the order of 0.05 Å. These displacements have been observed in x-ray diffrac-
tion [9, 10, 11, 12, 13, 14] and can be estimated from infrared [15] and Raman
spectroscopy [16]. They stabilize a phase containing zig-zag charge-ordering pat-
terns ([17, 18] and [10, 12, 13, 14, 19, 20]). Simultaneously, near Tc strong charge
fluctuations occur which are induced by dynamical phonons. As a consequence,
the spin-spin exchange J is altered [21]. Moreover, electron spin-resonance exper-
iments [22] reveal that the ordering—even at low T—is not static, but influenced
by lattice vibrations.

Surprisingly, the dielectric function changes only little when passing Tc [23],
while the Raman spectra exhibit large alterations in the electronic background [16]
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1. Introduction

and show many new peaks, which have either magnetic or phononic origin. The
same situation is found in infrared measurements for T<Tc. However, a full
understanding of these modes is still lacking.

The second vanadium compound, CaV2O5, has the same crystal structure as
NaV2O5 [24], but differs from the sodium structure due to its electronic configu-
ration. The calcium ion contributes one additional electron to the valence bands,
such that each vanadium site carries spin 1/2. This implicates that CaV2O5 can
be described by the generalized Heisenberg model of the spin-spin interaction.
One remarkable feature of CaV2O5 is the fact that it appears in a spin singlet
state with a gap of 500 K (0.05 eV) [25]. The reason for the large gap is the dif-
ference in the exchange along the legs and the rungs, respectively, which makes
CaV2O5 a system of weakly coupled dimers, with strong interaction inside the
dimer [26, 27]. The on-site energies and the hopping matrix elements influence
the band structure and, thus, indirectly determine the spin-spin exchange param-
eters. Consequently, they also affect the strength of the spin-phonon coupling.

The third considered material is MgV2O5, which is chemically equivalent to
CaV2O5, but slightly differs from a structural point of view [28]: The x-y planes
formed by the V–O ladders are the same as in NaV2O5 and CaV2O5, but go-
ing from one layer to the next in z direction, the ladders are shifted by b/2.
Thus, a different stacking of the ladder plane results. As in CaV2O5, a spin
singlet state is found in the magnesium compound. But in contrast to the for-
mer, the gap is much smaller, namely 15 K [29, 30], which is due to the fact
that in MgV2O5 the exchange coupling along the leg and along one rung are of
comparable strength [26].

A variety of experimental techniques has been used to study the vanadium
ladder compounds. They include magnetic susceptibility measurements [6, 31],
x-ray diffraction [9, 11, 13, 24, 28, 32], neutron scattering [33, 34, 35], Raman and
infrared measurements [16, 36, 37, 38, 39], optical absorption and reflection [23,
40, 41, 42, 43, 44, 45], V NMR [46, 47, 48, 49] and Na NMR [48, 49, 50, 51],
electron-spin resonance [22, 52, 53, 54], electron-paramagnetic resonance [55] and
thermal conductivity measurements [56].

1.2. Aims

A first aim of this thesis is to provide a comprehensive insight into the physical
nature of NaV2O5, CaV2O5, and MgV2O5 by calculating a large variety of struc-
tural, electronic, phononic and optical properties ab initio. The lattice geometry,
electronic structure and optical properties of all three vanadates are studied in
detail, taking into account effects due to the theoretical relaxation of the atomic
positions. The results for the three cases are compared to each other.

A second aim is to investigate the effects of lattice distortions. To do so, the
complete number of Γ point phonons is calculated and each eigenmode is carefully

2



1.2. Aims

analyzed in terms of frequency and eigenvectors. In a second step, phonons and
optical calculations are combined to obtain theoretical Raman spectra, which
facilitate the understanding of measured results and contain information about
the interplay of electrons and phonons.

The third task is to study the interplay of the lattice with electrons and spins.
This is achieved by determining the change in the electronic structure for atomic
distortions according to the obtained phonon eigenmodes, which lead to changes
in the charge transfer gap and in the hopping matrix elements.

The last goal is to tackle some of the open questions with regard to the low-
temperature phase of NaV2O5. In this context, the electric field gradients for
several candidates of the low-temperature structure are calculated ab initio and
compared to experimental data. Moreover, the atomic positions for the two low-
temperature space groups proposed in literature are relaxed, and the calculated
total energies of several structures are compared to each other.

3
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2. Crystal Structures and Symmetry

2.1. CaV2O5 and NaV2O5 (T>Tc)

Figure 2.1.: Crystal structure of NaV2O5 (high temperature phase) and CaV2O5

from a slant perspective. The figure displays four V–O ladders in
two different ladder planes. X denotes the metal atom (Na/Ca).

The crystal structure of NaV2O5
1 and CaV2O5 is presented in Fig. 2.1 from a

slant perspective and in Fig. 2.2 as a projection onto the x–z and x–y plane, re-
spectively. Structural data obtained from X-ray scattering are found in Refs. [32,
57, 58] for NaV2O5 and in Ref. [24] for CaV2O5. In order to be consistent with
the nomenclature of NaV2O5 used in Ref. [32], we label the in-rung oxygen as
”O1” and the apex oxygen as ”O3”, thus swapping the labeling used for CaV2O5

in Ref. [24]. Both compounds crystallize in the orthorhombic space group Pmmn
(no. 59), and in both cases, the unit cell contains 16 atoms, where 5 of them are
non-equivalent. Also the size of both unit cells is very similar, but slightly larger
in CaV2O5 (200.2 Å3 compared to 196.0 Å3 in NaV2O5). The increased unit-cell
volume of the Ca compound compared to the Na structure is mainly due to the

1Throughout the thesis, if not specially mentioned otherwise, ”NaV2O5” will always refer to
the room temperature structure of sodium vanadate
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2. Crystal Structures and Symmetry

Figure 2.2.: Crystal structure of NaV2O5 (high temperature phase) and CaV2O5

in the x–z plane (a) and the x–y plane (b). X denotes the metal
atoms (Na/Ca). Panel (a) shows exactly one unit cell, while the
unit cell in panel (b) is marked by a dashed rectangle. In panel
(a), the position of the apex oxygen vertically above/below the V
sites, and also the slight kink of the V–O1–V rungs, can clearly be
seen. Moreover, it shows the ”detached” location of the metal ion,
situated away from the ladder plane. Panel (b), in turn, highlights
the ladder-like arrangement of V, O1, and O2.

larger size of c, the lattice constant in stacking direction, while a hardly differs
and b is even slightly smaller. There is only one kind of V sites, which has Wyck-
off position 4f , and consequently there are four equivalent sites. The same site
symmetry is found for the in-leg oxygen O2 and the apex oxygen O3. The metal
atom (Na/Ca) and the in-rung oxygen O1 have the twofold Wyckoff position 2b
and 2a, respectively, and accordingly appear only twice in each unit cell.

As can be seen in panel (b) of Fig. 2.2, V, O1 and O2 are arranged in the forms
of ladders in the x–y plane, where the rungs are built up by V–O1–V bonds (‖ x)
and the legs by V-O2 chains (‖ y). The oxygen atom closest to V, however, is the
apex oxygen O3, which is located right above (below) the vanadium site. The
vanadium atoms can also be considered as being included in pyramids of oxygen
atoms, where the two neighboring O2 atoms on the same leg, the next nearest
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2.2. MgV2O5

O2 from the adjacent leg, and the in-rung oxygen O1 form the basal plane, and
O3 represents the apex. The metal atom Na (Ca), on the other hand, is centered
between two rungs of one ladder, but is situated away from the ladder plane in
z direction (panels (b,c)). As rods indicate in the figures, the strongest bonds
are found between V and O3, along the V–O1–V rungs and along the legs of
the ladders, while the interaction between the vanadium atoms V and the in-
leg oxygens O2 from neighboring ladders (indicated by a dashed grey line) is
considerably weaker. The metal ions, in turn, which are located in between two
ladder planes, are rather loosely bound to the rest of the crystal.

The strength of the bonds is also reflected in the bond lengths between the
different atoms. The shortest interatomic distance is found between V and the
the apex oxygen O3 (1.614 Å in NaV2O5 and 1.645 Å in CaV2O5). The next
larger distance is encountered between V and the in-rung oxygen O3, which is
1.826 Å in the sodium and 1.905 Å in the calcium compound. The larger V–O1
distance in CaV2O5 is due to the smaller angle between the two O1–V bonds in
the latter. In detail, the V–O1–V angle is 133◦ in CaV2O5, but 142◦ in NaV2O5.
Since this implies a shift of O1 in z direction, the distance between O1 and Ca is
smaller than the one between O1 and Na in the other compound. Also the inter-
ladder distance, i.e. the distance between the V atom on the leg of one ladder and
the O2 with the same y coordinate on the leg of the neighboring ladder (indicated
by grey dashed lines in Fig. 2.2), is smaller in CaV2O5. A selection of interatomic
distances together with the lattice constants is presented in Table 2.1.

2.2. MgV2O5

In order to be consistent with the nomenclature used for NaV2O5, we refer to
the in-rung oxygen as O1 and to the apex oxygen as O3, thus again swapping
the labels with respect to the reference providing the structural data (Ref. [28]).
Moreover, the coordinate system is chosen to agree with the one used for the other
vanadium structures, which deviates from the orientation in Ref. [28], where x
refers to the direction parallel to the legs, y to the stacking direction and z is
parallel to the rungs of the ladders.

The crystal structure of MgV2O5 (Ref. [28]) is very similar to the one of CaV2O5

and NaV2O5. Actually, considering one V–O oxygen layer of MgV2O5 together
with the Mg atom in between the rungs, exactly the same geometry as in the
other two vanadates is found. But contrary to the other two compounds, in z
direction the crystal does not only contain one ladder plane, but has a period
twice as large, i.e. c is about two times larger than in NaV2O5 and CaV2O5

(Tab. 2.1). This is due to the fact that, going from one x–y plane to the next
in z direction, the ladders of the next plane are shifted by b/2 with respect to
the ladders of the original plane (see Fig. 2.4). As a consequence, the Mg atom
located in the center of two rungs with respect to one ladder lies in the same x–z

7



2. Crystal Structures and Symmetry

Lattice constants

NaV2O5 CaV2O5 MgV2O5

a 11.32 11.35 11.02
b 3.61 3.60 3.692
c 4.78 4.89 9.97 (= 2 × 4.99)

vol (Å3) 196.0 200.2 405.60 (= 2 × 202.8)

Atomic positions

NaV2O5 CaV2O5 MgV2O5

(x (a) , y (b) , z (c)) (x (a) , y (b) , z (c)) (x (a) , y (b) , z (c))

V (0.0979, 0.25, 0.3929) (0.0961, 0.25, 0.3906) (0.0970, 0.25, 0.2019)

Na,Ca,Mg (0.25 , 0.75, 0.1407) (0.25 , 0.75, 0.1559) (0.25 , 0.75, 0.1132)

O1 (0.25 , 0.25, 0.5193) (0.25 , 0.25, 0.5461) (0.25 , 0.25, 0.3044)

O2 (0.0731, 0.75, 0.5123) (0.0755, 0.75, 0.5344) (0.0795, 0.25, 0.7642)

O3 (0.1146, 0.25, 0.0578) (0.1228, 0.25, 0.0602) (0.1275, 0.25, 0.0432)

Bond lengths and angles

NaV2O5 CaV2O5 MgV2O5

V–O3 1.62 1.64 1.62
V–O1 1.82 1.91 1.97

V–O2 (‖y) 1.91 1.95 1.96
V–O2 (‖x) 2.01 1.98 1.97

O1–X 2.43 2.32 2.02
O2–X 2.60 2.49 2.24
O3–X 2.55 2.54 2.06

6 (V,O1,V) 142˚ 133˚ 118˚

Table 2.1.: Structural data for NaV2O5 (T>Tc), CaV2O5 and MgV2O5 corre-
sponding to the experimental data of Refs. [32], [24], and [28], respec-
tively. The atomic positions are given in terms of the lattice constants
a,b, and c, where c of MgV2O5 is about two times larger than the one
of NaV2O5 and CaV2O5, and refer to the atom of each species with
the smallest x coordinate. X denotes the metal ion Na, Ca, or Mg,
respectively.

plane as the apex oxygens of the neighboring ladder, as it is indicated by the
dashed triangle in Fig. 2.3.

Due to the changed stacking, the space group of MgV2O5 is not Pmmn any-
more, but Cmcm (no. 63). The symmetry operations of this new space group
include the same rotations, while the corresponding shifts are different. More-
over, an additional translation by (0, 1/2, 1/2) is found. The altered space group

8



2.2. MgV2O5

Figure 2.3.: Crystal structure of MgV2O5 from a slant perspective. The triangle
indicates the x–z plane that includes both the Mg atom of the upper
layer and the two apex oxygens O3 of the lower layer. The arrange-
ment of atoms within one ladder plane is the same as in NaV2O5 and
CaV2O5 (Fig. 2.2).

Figure 2.4.: Sketch of the stacking of MgV2O5 in z direction. The dashed lines
indicate the shift by b/2 going from one ladder plane to the next in
z direction.

is also reflected in terms of the Wyckoff positions: While V, O2, and O3 have
site symmetry 8f in the magnesium compound, both, Mg and the in-rung oxygen
O2, have site symmetry 4c. In space group Cmcm the primitive cell does not
coincide with the conventional cell, which comprises 32 atoms, but it contains
only half of them, which is the same number of atoms as found in the unit cell
of NaV2O5 and CaV2O5.

9



2. Crystal Structures and Symmetry

Since Mg and the apex oxygens O3 of the next layer are located in the same
y = const plane, the distance between them (2.06 Å) is drastically reduced, i.e. it
is about 20% shorter than in NaV2O5 and CaV2O5. In fact it hardly differs
from the distance between Mg and its nearest neighbor, the in-leg oxygen O1,
which is 2.02 Å. Comparing the geometry within one layer with the one found in
NaV2O5 (CaV2O5), the most striking difference is found in the smaller V–O1–V
angle due to a larger difference in the z components of V and O1, which leads
to a noticeably increased V–O1 distance. On the other hand, Mg is closer to the
ladder plane in MgV2O5, thus leading to a decreased distance between the metal
ion and O2 (2.24 Å) compared to the other to vanadates (≈2.55 Å). Comparing
the two different V–O2 distances and the distance from V to the apex oxygen,
finally, they are quite similar to the ones in NaV2O5 and CaV2O5: While V–O3
coincides with the one in NaV2O5, the V–O2 distances along the leg and to the
O2 of the neighboring ladder, respectively, are the same as in CaV2O5.

2.3. Structure relaxation

Atom NaV2O5, T>Tc CaV2O5 MgV2O5

∆x ∆y ∆z ∆x ∆y ∆z ∆x ∆y ∆z
V 0.006 0.000 -0.003 0.020 0.000 -0.008 -0.075 0.000 0.179
X 0.000 0.000 0.004 0.000 0.000 0.016 0.000 0.000 0.174
O1 0.000 0.000 -0.013 0.000 0.000 -0.100 0.000 0.000 0.158
O2 0.008 0.000 -0.024 -0.028 0.000 -0.043 0.086 0.000 0.167
O3 0.022 0.000 -0.005 0.024 0.000 -0.036 -0.006 0.000 0.185

Table 2.2.: Shifts (Å) of the atoms from the experimental to the relaxed structure
due to relaxation of the atomic position. X refers to the metal ion Na,
Ca, or Mg, respectively. For each species of atoms, the shift refers to
the position presented in Tab 2.1

For all three structures a relaxation of the atomic positions, starting from
the experimental ones, has been performed. The relaxation procedure works
the following way: Using the force acting on each atom obtained for the starting
structure, the atoms are shifted in direction of this force and thus a new structure
is obtained. Computing the electron distribution of this second system new forces
result, which—together with the first forces and coordinates—are used to move
the atoms to a third position, etc. This way, the atoms are moved until the forces
on all atoms are smaller than a certain convergence limit, thereby minimizing the
total energy of the system. Details of the procedure can be found in Ref. [59].

Table 2.2 shows the shifts of the atoms due to relaxation of the atomic posi-
tions starting from the experimental structures. For each species of atoms, the
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2.4. Factor group analysis

reported shift refers to the position presented in Tab. 2.1. In NaV2O5 rather
small displacements are found. While the shifts for V and Na are even less than
0.01 Å, the in-rung oxygen O1 is slightly shifted in -z direction thus making the
V–O1–V angle somewhat more flat. Also the in-leg oxygen O2 is shifted in -z di-
rection, such that the kinks of the legs are flattened out to some extent. The two
apex oxygens O3 of one rung, on their part, get closer to each other by changing
their x coordinate.

The atom shifts found in CaV2O5 are in general larger than the ones of the
sodium compound. The V atom is shifted in x direction by 0.02 Å, which results
in a smaller length of the rungs. Moreover, the in-rung oxygen O1 is noticeably
shifted in −z direction, which means that the originally rather small V–O1–
V angle is considerably increased, namely from 133◦ to 137◦. A comparably
pronounced shift in −z direction is also exhibited by the in-leg oxygen O2, which
moreover is moved away from the center of the ladder. This has the effect, that
the kink of the leg is rotated from the z direction to the x direction. As for
NaV2O5, in each pair of apex oxygens the two atoms again approach each other,
while the V–O3 bonds are additionally stretched in −z direction by about 0.03 Å.

The most dramatic changes are, however, encountered in MgV2O5. In general,
all atoms listed in Table 2.2 are moved in +z direction by more than 0.15 Å, which
implies that both ladders of one unit cell are moved towards the center of the cell.
As a consequence, the distance between the legs of the neighboring ladders (V–O2
‖ x) is reduced by 0.02 Å. The z shift of the in-rung oxygen O1 is 0.02 Å smaller
compared to the displacements of the V atoms, which has the consequence that
also in this compound the V–O1–V angle gets more flat. On the other hand,
the V atoms are considerably moved away from the center of the ladder in −x
direction (∆x = −0.075 Å), such that the V–O1 distance is increased by 0.06 Å.
In other words, the rungs of the ladders are stretched. Concerning the legs of the
ladder, O2 moves in opposite direction parallel to a compared to V, while the
difference of V and O2 in terms of the z coordinate is reduced. Hence, the kinks
of the legs are another time flattened out, and consequently the V–O2 distanced
is reduced by about 0.02 Å.

2.4. Factor group analysis

A factor group analysis for the Wyckoff positions 4f (V, O2, O3), 2b (Na/Ca)
and 2a at ~q = 0 (Γ point phonons) yields the symmetry coordinates contributing
for each irreducible representation. Since there are 16 atoms in one unit cell,
there must be 45 optical phonons. The three acoustical phonons, one in B1u, one
in B2u, and one in B3u symmetry, at the Γ point represent translations of the
whole crystal.

The space group of MgV2O5 (no. 63, Cmcm) is different from the one of
NaV2O5 and CaV2O5. Nevertheless both, the number of symmetry operations
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Irrep Wyckoff position symmetry coordinate

Ag modes: 4f (8f) Q1 = x(F1) − x(F2) − x(F3) + x(F4)
Q2 = z(F1) + z(F2) − z(F3) − z(F4)

2a, 2b (4c) Q3 = z(A1) − z(A2)

B1g modes: 4f (8f) Q1 = y(F1) − y(F2) − y(F3) + y(F4)
2a, 2b (4c) —

B2g modes: 4f (8f) Q1 = x(F1) + x(F2) − x(F3) − x(F4)
Q2 = z(F1) − z(F2) − z(F3) + z(F4)

2a, 2b (4c) Q3 = x(A1) − x(A2)

B3g modes: 4f (8f) Q1 = y(F1) + y(F2) − y(F3) − y(F4)
2a, 2b (4c) Q2 = y(A1) − y(A2)

Au modes: 4f (8f) Q1 = y(F1) − y(F2) + y(F3) − y(F4)
2a, 2b (4c) —

B1u modes: 4f (8f) Q1 = x(F1) − x(F2) + x(F3) − x(F4)
Q2 = z(F1) + z(F2) + z(F3) + z(F4)

2a, 2b (4c) Q3 = z(A1) + z(A2)

B2u modes: 4f (8f) Q1 = y(F1) + y(F2) + y(F3) + y(F4)
2a, 2b (4c) Q2 = y(A1) + y(A2)

B3u modes: 4f (8f) Q1 = x(F1) + x(F2) + x(F3) + x(F4)
Q2 = z(F1) − z(F2) + z(F3) − z(F4)

2a, 2b (4c) Q3 = x(A1) + x(A2)

Table 2.3.: Symmetry coordinates for all Γ point phonons of NaV2O5 and CaV2O5

(MgV2O5), labeled according to the irreducible representation (Irrep),
as resulting from factor group analysis. F1−4 refers to equivalent atoms
belonging to the one site with Wyckoff position 4f (8f), while A1,2

refers to the atoms of the 2b and 2a sites (2c sites), respectively.

as well as the rotations they include, are the same as for the other two vana-
dates. Moreover, the number of atoms in the primitive cell is the same, such that
MgV2O5 has the same number of vibrations in each irreducible representation
and the same symmetry coordinates as the other two compounds. In detail, the
symmetry coordinates for the 8f sites (V,O2, O3) of space group Cmcm corre-
spond to the ones of the 4f sites in the space group Pmmn, while the 4c sites
(Mg, O1) have the same symmetry as the 2a and 2b sites in NaV2O5 and CaV2O5.

The factor group analysis (FGA)2 yields for NaV2O5, CaV2O5, and MgV2O5

2Mathematical and technical details about the FGA can be found, e.g., in Ref. [60],
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Γ= 8 Ag+ 3 B1g+ 8B2g+ 5 B3g+ 3 Au+ 7 B1u+ 4 B2u+ 7 B3u.

In this context, the subscript ”g” means ”gerade” (even), which indicates that
the related lattice distortions keep the inversion symmetry, while the subscript
”u” (”ungerade” = odd) indicates that inversion symmetry is destroyed.

The explicit symmetry coordinates of the individual irreducible representations
as obtained by FGA are presented in Tab. 2.3. In addition, they are visualized
in Fig. 2.5. The arrows in this figure do not represent real displacements, but
indicate the degrees of freedom and the symmetries involved in the phonons of
each irreducible representation. As it can be seen in this figure, the Ag, B2g, B1u,
and B3u vibrations are restricted to the x–z plane. In these phonon modes V, O2,
and O3 are allowed to move in both, x and z direction. In contrast, the metal
ion (Na,Ca,Mg) and the in-rung oxygen O1 in the Ag and B1u modes move only
in z direction, while in B2g and B3u symmetry only displacements along z are
allowed.

The B1g, B3g, Au, and B2u oscillations only affect the y coordinates of the
atoms, where in the case of B1g and Au phonons Na (Ca,Mg) and O1 do not
contribute.

2.5. Low-temperature structure of NaV2O5

Since Isobe et al. (Ref. [6]) discovered a spin-Peierls-like phase transition at Tc =
34 K in 1996, numerous experiments, applying different techniques, have been
aiming at understanding the low-temperature structure of NaV2O5. Isobe et al.
revealed the phase transition by measuring magnetic susceptibilities, and pro-
posed a low-temperature structure containing two kinds of V sites, V4+ and V5+,
respectively, where V4+/V5+ chains in y direction are arranged alternatingly in
the x–y plane.

While subsequent 23Na NMR [50], 51V NMR [47], and X-ray/neutron scattering
experiments [33] seemed to confirm this charge order for T<Tc, a multiplicity of
later measurements including X-ray diffraction [9, 10, 11, 12, 13, 14, 20, 61], 51V
NMR and 23Na NMR measurements [48, 49, 51], neutron scattering [35] and
Raman spectra [19] lead to a controversial discussion about the true nature of
NaV2O5 at low temperature. This discussion comprises several topics:

• the space group of the low-temperature structure, where one candidate is a
orthorhombic 2a× 2b× 4c supercell with space group Fmm2 (no. 42), and
the other candidate is a monoclinic (a− b) × 2b× 4c cell with space group
A112 (no. 5);

• the number of V sites, i.e. whether there are two ore three inequivalent
vanadium positions;
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Ref. Exp. Spacegroup V sites valences stacking order

[6] suscept. – 2 (chains‖b) 2 –
[33] X-ray/neutr. – 2 (chains‖b) 2 –
[50] Na NMR – 2 2 –
[47] V NMR – 2 2 –
[9] X-ray Fmm2 (42) ? ? A–B–B’–A’
[19] Raman B2/b (15) 2 (zig-zag) 2 –
[48] V/Na NMR – 2 2 –
[61] X-ray Fmm2 (42) 3 (zig-zag+unord.) 3 A–A–A’–A’
[10] X-ray not Fmm2 2 (zig-zag) 2 –
[51] Na NMR not Fmm2 2 2 –
[35] neutron – 2 (zig-zag) 2 –
[11] X-ray Fmm2 (42) 3 (zig-zag+unord.) 2 A–B ?
[12] X-ray Fmm2 (42) 2 (zig-zag) 〈X〉〈X〉〈Y〉〈Y〉
[13] X-ray A112 (5) 2 (zig-zag) 2 A+–B+–A−–B−

[20] X-ray (monoclinic) 2 (zig-zag) 2 AABB+ACBD
[49] V/Na NMR – 3 3 –
[14] X-ray A112 (5) 2 (zig-zag) 2 A–A–A’–A’

Table 2.4.: Structure variants for the low T phase of NaV2O5 as proposed in litera-
ture (chronological order). Column 2 indicates the kind of experiment
performed, while Cols. 3–6 show the discussed features, i.e. the space
group, the number of geometrically distinct V sites, the number of
different V valences, and the stacking order in z direction.

• the number of different V valences: variants with two valences (V4+, V5+),
three valences (V4.5+, V4+ and V5+), and other models have been presented.

• the stacking order of the V–O layers along c;

Table 2.4 presents a chronological overview of experimental findings concerning
the low-temperature structure, while in the following, the mentioned topics will
be discussed in more detail.

2.5.1. Space group and unit cell

Ref. [9] represents the first publication proposing a space group for the low-
temperature structure of NaV2O5. On the basis of synchrotron radiation X-ray
diffraction data, the authors of this reference report an orthorhombic 2a×2b×4c
supercell with space group Fmm2 (no. 42). This space group is compatible with
up to six inequivalent V and Na sites, respectively. Consistent findings in terms
of crystal symmetry are also reported in Refs. [61] and [12], which also present
X-ray diffraction measurements.
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In contrast, the X-ray data of Ref. [10] and 23Na NMR measurements in
Ref. [51], where eight different sodium sites are detected, disagree with space
group Fmm2. Furthermore, a X-ray anomalous scattering experiment presented
in Ref. [20] leads to the conclusion that the supercell for T<Tc is monoclinic,
which is supported by X-ray diffraction measurements presented in Ref. [13].
Moreover, the latter reference proposes A112 (no. 5) as new space group, which
implies a (a−b)×2b×4c supercell (Fig. 2.6) and is compatible with eight inequiv-
alent V and Na positions, respectively. This symmetry of the low temperature
phase was also confirmed by X-ray experiments published by Ohwada et al. [14].

2.5.2. Geometrical order patterns

The first references discussing the different types of V sites for low temperatures
(Refs. [6, 33]) assumed two different kinds of V atoms arranged in chains along
the legs of the V–O oxygen ladders (Fig. 2.7 C). In contrast, Raman spectra
presented in Ref. [19] contradict to a unit cell with inversion symmetry, as it
is the case in a in-line ordered system, and indicate a zig-zag charge ordering
instead (Fig. 2.7 B). The X-ray diffraction results discussed in Ref. [61] confirm
this symmetry properties, but propose three kinds of V sites, i.e. in addition to
V5+ and V4+ also V4.5+ ions . The same number of geometrically different V sites
is reported in Ref. [11], where, however, only two different V valences, i.e. V4.5+δ

and V4.5−3δ, are suggested (see Sect. 2.5.3).

Nevertheless, the X-ray experiments published after 2001 [12, 13, 14, 20] consis-
tently suggest that the low-temperature phase of NaV2O5 has only two different
V sites arranged in a zig-zag like manner.

2.5.3. Charge ordering

The discussion of the charge ordering in NaV2O5 at T<Tc is even more contro-
versial than the one regarding its geometrical properties. The first order pattern,
which suggested chains of V 4+/V 5+ ions along b (Ref. [6] 1996,Ref. [33] 1997),
was refused already quite early. After Konstantinovic et al. [19] proposed a zig-
zag like charge ordering in 1999, all models based on subsequent results include
this pattern, while some of them suggest ladders without ordering in addition.
Accordingly, Ref. [61] reports an alternation of zig-zag ordered ladders formed
by V 4+ and V 5+ ions, and unordered ladders composed of V 4.5+ sites in the x–
y plane, latter representing the same configuration as the high temperature phase.
On the other hand, Ref. [11]—while agreeing with Ref. [61] regarding the number
of inequivalent V sites—proposes only two significantly different V valences.

However, later references presenting X-ray experiments [12, 13, 20, 14] support
the model proposed by Nakao et al. [10], which only consists of ladders containing
V 4+ and V 5+ ions in a zig-zag like arrangement.
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2.5.4. Stacking in z direction

In addition to the individual charge ordering patterns, for each of these pat-
terns different stackings in c direction are possible. Lüdecke et al. [9] were the
first to propose a concrete stacking of V–O planes in z direction, presuming the
orthorhombic space group Fmm2 (no. 42) with six inequivalent V sites. They
suggested two types of layers with different atomic displacements A and B, re-
spectively, which are arranged alternatingly with layers B’ and A’, where each
atom is displaced in the inverse way with respect to its counterpart in layer A or
B, respectively, thus giving a stacking of the form A–B–B’–A’.

Boer et al. [61], on the other hand, concluded from low temperature X-ray
scattering measurements that the low-temperature structure has two crystal-
lographically independent a-b planes exhibiting almost identical displacements,
which—together with the F centering—makes them assume a stacking of the
kind A–A–A’–A’. In this stacking, V ions are arranged as 4+ 4+ 5+ 5+ along
z direction, while each layer contains as well undistorted ladders with V4.5+ ions.
In contrast to these findings, Sawa et al. [13] reported X-ray diffraction results
implying another space group than the one suggested by Refs. [9, 11], namely the
monoclinic space group A112 (no. 5). Only V4+ and V5+ sites were found, which
are always arranged in a zig-zag like manner. They suggested a stacking of the
type A+–B+–A−–B−, where in the layers A (A’) continuous chains of V4+ (V5+)
ions are present in (x,y) direction, while B and B’ are build up by pairs of V4+ or
V5+ ions, respectively. As an example, layer A is displayed in Fig. 2.6. Despite
of these differences, the arrangement of V ions as presented by Sawa et al. is in
agreement with Ref. [61], i.e. a sequence 4+ 4+ 5+ 5+ along the z axis.

In this context, it should be mentioned that Smaalen et al. [12] at the same
time reported high-resolution X-ray results suggesting that possible monoclinic
distortions must be smaller than 0.01 Å, thus implying that the unit cell is rather
the orthorhombic one proposed by Lüdecke (Fmm2). On the other hand, they
find that NaV2O5 is completely zig-zag ordered. However, this is only compatible
with space group Fmm2 if the stacking along z is disordered and comprises
stacking faults. They suggest a stacking of the type 〈X〉〈X〉〈Y〉〈Y〉. Here, 〈X〉=
〈A,D〉=〈D,A〉, and 〈Y〉= 〈B,C〉=〈C,B〉, where e.g. 〈D,A〉 denotes a structure
which is the average of the structures with layers A and D.

However, few months after Sawa, Grenier et al. [20] reported anomalous X-ray
diffraction experiments, which suggested again that NaV2O5 in its low-temperature
phase is not compatible with the orthorhombic Fmm2 space group, but should
exhibit a monoclinic unit cell. Moreover, they proposed two models for the stack-
ing in z direction, i.e. A–A–B–B and A–C–B–D, respectively. They stated that
their experimental data are well reproduced if the two patterns appear simul-
taneously. This implies that in the low-temperature phase either both domains
coexist, or one of the configurations contains stacking faults of the other one.

Finally, the monoclinic nature of the low-temperature unit cell was confirmed
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by Ohwada et al. [14] in 2005. Their resonant X-ray scattering measurements
support the findings of Sawa et al., but suggest a stacking of the form A–A–A’–
A’, which is still compatible with the results reported by the latter.

2.5.5. Electric Field Gradients and Nuclear Magnetic

Resonance – definitions and relations

One important characteristic of a solid, which is helpful to distinguish the number
of different sites occupied by a certain element from the periodic table, is provided
by the Electric Field Gradients (EFG), which is the second spatial derivative of
the Coulomb potential at the nuclear position. When EFGs, the coordinate
system is conveniently chosen in such a way that Vzz corresponds to the largest
component, and

|Vzz| ≥ |Vyy| ≥ |Vxx|.
Simultaneously, the relation

Vzz + Vyy + Vxx = 0

holds, such that Vxx and Vyy must necessarily have the opposite sign of Vzz.
Throughout this chapter, for both, theoretical and experimental results, Vzz is
taken to be positive, such that Vxx and Vyy will have a negative sign. In addition
to the components of the EFG, the asymmetry parameter η may be considered,
which is defined as

η =
Vxx − Vyy

Vzz

and can vary between zero and one. This implies, that the following relations
hold:

Vyy = −1
2
Vzz(1 + η) and Vxx = −1

2
Vzz(1 − η).

Experimentally, the EFG can be detected via its interaction with the quadrupo-
lar moment of the nucleus. Thus, for elements that have a quadrupole moment
it can be measured by spectroscopic methods which determine the quadrupo-
lar frequency, such as Nuclear Magnetic Resonance (NMR), Nuclear Quadrupole
Resonance (NQR), Moessbauer or Perturbed Angular Correlation (PAC). The
relation between the quadrupolar frequency of a nucleus, ναα, and the EFG Vαα,
is

Vαα[V/m2] =
h

eQ

2I(2I − 1)

3
× 106 ναα[MHz],

where h is the Planck constant (6.626075∗10−34 J s), e = 1.60210−19C is the ele-
mentary charge, Q is the nuclear quadrupolar moment in Barn (1 b = 10−28m2),
and I is the nuclear spin (Q and I for all elements can be found, for example,
in Ref. [62]). For vanadium, IV = 7/2 and QV = −0.052, while for sodium one
finds INa = 3/2 and QNa = 0.104.
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Figure 2.5.: Symmetry coordinates for gerade (upper panel) and ungerade modes
(lower panel) of NaV2O5 (CaV2O5) as resulting from a factor group
analysis. The subscripts indicate the numbering of the equivalent
atoms for each type of atoms. The arrows do not correspond to
real displacements. Instead, they symbolize the degrees of freedom
participating in each irreducible presentation and show the symmetry
of the displacements.
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Figure 2.6.: Unit cell choices (x–y plane) for the low-temperature structure of
NaV2O5 as presented in Ref. [13]. The thin continuous line shows
the orthorhombic unit cell, while the dashed line refers to the mon-
oclinic one. Solid and open circles represent V4+ and V5+ sites,
respectively. The displayed charge-order corresponds to layer A+ of
the cited reference.

Figure 2.7.: Candidates for ordering patterns of the V sites in NaV2O5 (T<Tc).
Empty circles correspond to V5+, grey circles to V4.5+, and black
circles to V4+ ions. (A) represents the ladder without ordering (as
in the high T structure), (B) the zig-zag charge ordering, and (C) a
structure with V+4 (V+5) chains in y direction.

19



2. Crystal Structures and Symmetry

20



Part I.
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3. DFT and the Family of APW
Methods

3.1. Density Functional Theory

3.1.1. Introduction

Traditionally, a quantum mechanical system of interacting particles is described
by the many-body wave function comprising all particles of the system. In case of
a solid, this would mean that the many-body wave function includes all electrons
and nuclei of the material under consideration. However, in most cases in solids
nuclear and electronic degrees of freedom are separable (Born-Oppenheimer ap-
proximation, see Sect. 4.1) and, therefore, the Coulomb energy of the electrons
with respect to the nuclei can be treated as external potential 1. Thus, the elec-
tronic system is described by the many-particle wave-function of all electrons
Ψ(~r1, ~r2, ~r3, ..., ~rN), where ~r1..~rN denote the electronic coordinates including the
spin, and N is the total number of electrons.

As an alternative, Thomas [63] and Fermi [64] proposed already in the years
1926–1928 a scheme to describe a solid based on the electron density of the system.
This, however, presumed uncorrelated electrons and that the kinetic energy can
be described by a local approximation using the respective free-electron result.
Even though the success of the Thomas-Fermi approach in the description of
real systems was rather limited, it represented a first attempt to describe a solid
as functional of its electron density. The so called density functional approach
has two big advantages: First, that the electron density is much easier to obtain
than the precise details of the many-body wave function Ψ. Second, the scaling
behavior is much better, such that presently systems with a number of atoms
in the range of hundreds to several thousands can be calculated. In contrast,
the computational effort of calculations describing a system by its many-electron
wave function, which can be done, e.g., by means of Slater determinants, increases
exponentially with N and is therefore feasible only for systems with little more
than ten atoms [65].

1Throughout this chapter, the validity of this approximation will be assumed
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3.1.2. The Hohenberg-Kohn theorem

The Hohenberg and Kohn theorem formulated in 1964 [66] marks the starting
point of modern density functional theory (DFT). The basic Hohenberg-Kohn
lemma states that for a system of interacting electrons in some external potential
vext(~r) a unique relation between the ground state electron density n(~r) and
vext(~r) exists, since the electron density determines the external potential uniquely
(up to an additive constant). Thus, the total energy E of the system may be
written as

E =
〈

Ψ|Ĥ|Ψ
〉

=

∫

vext(~r)n(~r)d3r+
〈

Ψ|T̂ + Û |Ψ
〉

=

∫

vext(~r)n(~r)d3r+F [n(~r)]

(3.1)
where T̂ and V̂ represent the kinetic and interaction energy operators, respec-
tively.

While the original proof still assumed a non-degenerate ground state, this re-
striction was later on lifted by Kohn [67]. Another question involved is, whether
there are well-behaved positive function n(~r), integrating up to the number of
electrons N , where no corresponding ground state potential v(~r) exists (problem
of the v-representability). In fact, Levy [68] and Lieb have shown that this is
actually the case, which, however, does not appear to limit the applicability of
DFT to real physical systems. An important consequence of the Hohenberg-Kohn
lemma is that also the many-body wave function Ψ is a functional of n(~r). More-
over, this implies that the full Hamiltonian Ĥ of the electronic system is given
be the density, and that n(~r) implicitly contains all properties derivable from Ĥ
through solution of the Schrödinger equation.

In a second step, Hohenberg and Kohn show—using a minimum principle with
respect to trial densities ñ(~r)—that the total energy E is a functional of the elec-
tron density, E = E[n(~r)], and that the ground state density minimizes E[n(~r)]:

E = min
ñ(~r)

Ev[ñ(~r)] = min
ñ(~r)

{∫

vext(~r)ñ(~r)d3r + F [ñ(~r)]

}

. (3.2)

The functional F [ñ(~r)] is defined as

F [ñ(~r)] = min
α

〈

Ψα
ñ|T̂ + Û |Ψα

ñ

〉

, (3.3)

where the minimization is done with respect to all Ψα
ñ giving the correct electron

density ñ(~r). An important point is that F [ñ(~r)] is independent of the external
potential vext(~r). Equation 3.2 is also known as the Hohenberg-Kohn minimum
principle. An alternative formulation of the minimum principle was presented by
Levy [68], who used a constrained search method.
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3.1.3. The self-consistent Kohn-Sham equations

The Hohenberg-Kohn formulation of the DFT is a strict formulation, but it does
not provide expressions for F (ñ(~r)). In order to obtain such explicit expressions,
it is useful to rewrite F (ñ(~r)) in the form

F [ñ(~r)] = Ts[ñ(~r)] +
1

2

∫
ñ(~r)ñ(~r′)

|~r − ~r′|
d3rd3r′

︸ ︷︷ ︸

EH

+Exc[ñ(~r)]. (3.4)

Here, Ts[ñ(~r)] represents the kinetic energy of the non-interacting electron system,
while the exchange-correlation functional Exc[ñ(~r)] is defined by Equations 3.3
and 3.4, i.e. it comprises all contributions left after subtraction of Ts and the
Hartree energy EH .

Now we apply the Hohenberg-Kohn minimum principle in order to obtain the
Euler-Lagrange equations for F (ñ(~r)). We perform a variation of the total energy
E with respect to the density ñ(~r), keeping the total number of electrons constant,
and get

δEv[ñ(~r)] =

∫

δñ(~r)

{

veff(~r) +
δ

δñ(~r)
Ts[ñ(~r)]

∣
∣
∣
∣
ñ(~r)=n(~r)

− ε

}

d3r = 0. (3.5)

Here, veff(~r) is defined as the sum of the external, the Hartree, and the exchange-
correlation potential,

veff (~r) = vext(~r) +

∫
n(~r′)

|~r − ~r′|
d3r′ + vxc(~r), (3.6)

where the exchange-correlation potential vxc(~r) represents the functional deriva-
tive of the exchange-correlation energy with respect to the electron density

vxc(~r) =
δ

δñ(~r)
Exc[ñ(~r)]

∣
∣
∣
∣
ñ(~r)=n(~r)

(3.7)

The Lagrangian multiplier ε assures the conservation of the number of electrons
in the variational procedure. Formally, Eq. 3.5 is identical with the result for
non-interacting particles in an external potential veff (~r). Consequently, Kohn
and Sham [69] concluded that the minimizing density n(~r) can be calculated by
solving the single-particle Schrödinger equation

[

−1

2
∇2 + veff(~r) − εj

]

ϕj(~r) = 0, (3.8)

where the density is obtained from the single particle orbital ϕj(~r) through

n(~r) =
N∑

j=1

|ϕj(~r)|2. (3.9)
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The equations 3.8 for different indexes j are known as the Kohn-Sham equations.
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3.1. Density Functional Theory

In order to solve these equations, a self-consistent procedure can be performed.
Starting from an initial guess for the effective potential veff , the Kohn-Sham
equations are diagonalized yielding the Kohn-Sham energy εj and orbitals ϕj ,
which give the density n(~r). The density, in turn, determines a new Kohn-Sham
potential veff by applying relations 3.6 and 3.7. This procedure can be repeated
until the ground state density is converged. Then, the total energy of the system
E can be calculated as

E =

N∑

j=1

εj + Exc[n(~r)] −
∫

vxc(~r)n(~r)d3r − 1

2

∫
n(~r)n(~r′)

|~r − ~r′|
d3rd3r′. (3.10)

In principle, this procedure does not involve any approximations and would
lead to exact ground state properties, if Exc[n(~r)] and vxc would be exact and
would include all many-body effects. In real life, approximations for Exc[n(~r)]
have to be used, and actually it is the effectiveness and accuracy of the functional
Exc[n(~r)] that determines how useful the Kohn-Sham equations are when they
are applied to concrete physical systems. In the following, the two most common
approximations will be introduced.

3.1.4. Approximations for Exc

Local Density Approximation

In the Local Density approximation, the value of Exc[n(~r)] from the homogeneous
electron gas with density n(~r) is used:

ELDA
xc =

∫

n(~r)εLDA
xc (n(~r))d3r. (3.11)

Exc[n(~r)] can be further split up into exchange and correlation part

ELDA
xc [n(~r)] = ELDA

x [n(~r)] + ELDA
c [n(~r)], (3.12)

where the exchange part ELDA
x , is replaced by the corresponding analytic ex-

pression
ELDA

x [n(~r)] ∝ n(~r)4/3. (3.13)

Consequently, one obtains vxc ∝ n(~r)1/3.
For ELDA

c [n(~r)], different parameterizations exist, which are all based on the
results of Ceperley and Alder [70], who obtained ELDA

c [n(~r)] from quantum Monte
Carlo simulations for the homogeneous electron gas. One of the expressions most
widely used in solid state calculations is the one suggested suggested by Perdew
and Wang [71]. Despite its simplicity, LDA is capable to describe a relatively
large number of systems with satisfying accuracy. This is also due to the fact
that, in real systems, the error in the exchange part (underestimated by typically
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O(10%)) and in the correlation part (overestimated up to a factor of 2) tend to
compensate each other [67]. Regarding the geometry of crystals and molecules,
LDA usually underestimates the bond lengths by 1% – 5%, which is the known
over-binding effect of LDA. Special care has to be taken with regard to the band
gap of insulators and semi-conductors when working with LDA. It is well-known
that the gap obtained from LDA is approximately 50% smaller than the actual
gap (see e.g. Ref. [72]).

Generalized Gradient Approximation

Some of the shortcomings of LDA can be overcome by using a modified ansatz
for Exc[n(~r)], where it does not only depend on the local electron density n(~r),
but also on gradient terms:

Exc[n(~r)] =

∫

f(n(~r), |∇n(~r)|)n(~r)d3r. (3.14)

Historically, already Hohenberg and Kohn proposed in 1965 [69] a relatively sim-
ple approach for Exc, where they expanded the exchange-correlation energy in
terms of the charge density and included the second order terms |∇n(~r)|2, called
gradient expansion approximation (GEA). However, this method was not rigor-
ously able to improve over LDA. In the following years, new attempts to improve
Exc using density gradients were made. First-principles numerical Generalized
Gradient Approximations (GGA), starting from the second order gradient ex-
pansion of GEA, were performed for systems with slowly varying density, where
spurious long-range parts were cut off. This way, unphysical contributions of the
GEA could be removed. Perdew and Wang included an analytic fit to this nu-
merical GGA in the GGA-PW91 functional [71], while a further improvement by
Perdew, Burke and Ernzerhof 1996 lead to the GGA-PBE functional published
in Ref. [73]. The latter functional has proven to be very successful for systems
with slowly varying charge density and often considerably improves the results
in terms of bond-lengths as well as atomization energies [67].

3.2. Augmented Plane Wave methods

3.2.1. The LAPW Method

After introducing DFT as a framework to tackle the theoretical many-body prob-
lem of electrons in a solid in an effective way, we are now interested in finding
a suitable method for solving the Kohn-Sham equations 3.8 in a solid. Such
a method is found in the linearized augmented plane–wave (LAPW) method
[74, 75]. The principle idea of the LAPW method is to use different basis func-
tions for different regions in the unit cell, such that the basis set is well suited for
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the problem to be studied. When looking for a complete and orthogonal basis for
all functions having lattice periodicity, plane waves are a good candidate. Thus
they can be used for describing the one–electron wave functions. Wave functions
of this type are then exact solutions of the Schrödinger equation involving a con-
stant potential. Therefore such a basis gives a good description in the region in
between the atoms, where the potential does not vary very much.

In contrast, near the atoms the potential is governed by the Coulomb interac-
tion with the nuclei and changes strongly, as visualized in Fig. 3.1. Therefore,
plane–waves are no suitable basis set for this region of the a solid, since one would
need very many of them to describe the wave function appropriately. Instead,
the solution of the Schrödinger equation in this region will be similar to wave
functions of free atoms.

Figure 3.1.: Splitting of the space into the ”muffin tin” regions around the atomic
nuclei (MT1,MT2,MT3) and the interstitial. The gray-scale-gradient
inside the muffin-tins symbolizes the change of potential in the atomic
region.

The LAPW method now combines these two properties. The unit cell is split
into two different regions (Fig. 3.1). Around the nuclear positions, atom–like
wave functions are used as basis. This region is called the atomic spheres or the
muffin–tin region. In between these spheres is the so called interstitial , where a
plane-wave expansion is used.

Due to these different descriptions of basis functions certain boundary condi-
tions have to be fulfilled: The wave function and its slope have to be continuous
on the spheres’ surfaces. This can be ensured by constructing the basis set in
such a way that the basis itself fulfills these requirements. The fact that the
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3. DFT and the Family of APW Methods

plane waves in the interstitial are continued by atom–like basis functions in the
muffin–tin spheres, leads to the term augmented plane waves, which gives the
name for this method.

It is common to abbreviate the terms interstitial and muffin tin with I and
MT, respectively. In principle there is no restriction for choosing the sphere radii
other than making the spheres non-overlapping. In practice, however, it is useful
to choose the radii as big as possible. This makes it easier to treat the leaking
wave function with a plane–wave basis set.

The basis functions φ are now chosen individually for the spheres and the
interstitial:

φ~k+ ~K(~r) =







1√
Ω
ei(~k+ ~K)~r ~r ∈ interstitial

lmax∑

l=0

l∑

m=−l

(
aa

lmul + balmu̇l

)
Ylm(r̂a) |~r − ~ra| ≤ Ra

(3.15)

Here, Ω stands for the volume of the unit cell, ~k is a vector within the first
Brillouin zone, and ~K is a reciprocal lattice vector. The parameters aa

lm(~k + ~K)

and balm(~k + ~K) ensure the desired continuity of the wave function mentioned
above. ~ra is the center of the sphere around atom a, and Ra is its radius. The
sum over the angular momentum quantum numbers l,m is restricted by a cer-
tain maximum lmax. The functions ul and u̇l are some radial functions, which
need to be explained in some more detail. They are calculated as the solutions
of a Schrödinger equation, involving just the spherical part of the potential.2

This simplification leads to the desired atom–like eigenfunctions and the result
can be written as products of radial functions ul(r) and angle–dependent spher-
ical harmonics Ylm(r̂). The radial functions ul(r) are the solutions of the radial
Schrödinger equation (regular at the origin):

[

− d2

dr2
+
l(l + 1)

r2
+ V (r)sph −El

]

rul(r) = 0 (3.16)

The functions u̇l(r) satisfy the equation

[

− d2

dr2
+
l(l + 1)

r2
+ V (r)sph − El

]

ru̇l(r) = rul(r) . (3.17)

However, there is one important difference between the solution of free atoms
and the solution of equation (3.16). Due to the fact that the volume of the
muffin–tin spheres is restricted, it can no longer be required that the functions
ul(r) vanish for r → ∞. A conclusion of this is that for any arbitrary energy El

there is a solution ul(r), which will therefore be classified as ul(r, El) or simply
ul. But if the basis functions are energy dependent, the secular equation will be

2In a relativistic approach the Dirac equation is solved instead of the Schrödinger equation.
In this case the framework stays the same, just the radial functions become spinors then.
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energy dependent as well. In this case the energy expectation value El cannot be
calculated by diagonalization. The only way to solve the secular equation is to
choose energy values and calculate the determinant of the secular matrix until it
vanishes (this is for example done in the APW method). As one would expect,
this is very expensive.

The LAPW method bypasses this problem by choosing certain values El and
solving the Schrödinger equation with these values. However, the solutions ul now
have a little drawback. The radial functions for fixed El are not able to describe
the wave function over a wide energy region. This problem can be solved by
including the energy derivative of ul, i.e. u̇l. The result is a linear approximation
for the energy dependence, which leads to the name linearized augmented plane
wave method.

The following normalization integrals are fulfilled:

∫ Ra

0

r2ul(r) ul(r)dr = 1 (3.18a)

∫ Ra

0

r2ul(r) u̇l(r)dr = 0 (3.18b)

(3.18c)

Moreover, we define:
∫ Ra

0

r2u̇l(r) u̇l(r)dr ≡ Nl . (3.19)

Note that the ul are not orthogonal, which is a consequence of choosing the
energies El instead of taking the exact solutions.

The required properties of the basis functions concerning continuous value and
slope at the sphere boundaries are guaranteed, if the coefficients alm and blm take
the following form,

aa
lm(~k + ~K) =

4π√
Ω
ilY ∗

lm(~k + ~K)al(~k + ~K)R2
ae

i(~k+ ~K)~ra (3.20a)

balm(~k + ~K) =
4π√
Ω
ilY ∗

lm(~k + ~K)bl(~k + ~K)R2
ae

i(~k+ ~K)~ra (3.20b)

al(~k + ~K) = j′l(|~k + ~K|Ra)u̇l(Ra) − jl(|~k + ~K|Ra)u̇
′
l(Ra) (3.20c)

bl(~k + ~K) = jl(|~k + ~K|Ra)u
′
l(Ra) − j′l(|~k + ~K|Ra)ul(Ra) , (3.20d)

with jl denoting the spherical Bessel functions. The prime indicates the derivative
with respect to r and terms like j′l(|~k+ ~K|Ra) should be read as d

dr
jl(|~k+ ~K|r)|r=Ra.

In order to improve upon the linearization and to make it possible to treat
semi-core and valence states within the same energy window, additional functions
at different energies can be added. This idea was introduced by D. Singh in
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Reference [76]. The so called local orbitals are linear combinations of two radial
functions at different energies and one energy derivative, and they correspond to
a given angular momentum llo. They are local in the sense they are completely
confined within the MT spheres, and that they vanish at the sphere boundary.

The wave function with index i can now be written as

ψi
~k
(~r) =

Kmax∑

~K

Ci
~k+ ~K

φ~k+ ~K
(~r) , (3.21)

where Ci
~k+ ~K

are coefficients obtained from a variation calculation. In general,

these coefficients are complex numbers, i.e. Ci ∈ C. For crystals with inversion
symmetry, however, the systems origin can always be moved to the center of
inversion, what leads to the fact that Ci ∈ R. The sum over all ~K is in principle
not limited. However, in order to do numerical calculations on a computer, some
cut–off parameter Kmax has to be introduced.

The wave functions ψi
~k
(~r) build up the charge density ρ(~r),

ρ(~r) =
∑

i,~k

ni
k|ψi

~k
(~r)|2 , (3.22)

with ni
~k

being the occupation numbers.
The ability of accurately treating valence as well as core electrons leads to the

expression all electron calculation. The valence electrons can perfectly be treated
with the method described above. They ”feel” the potential of the whole unit cell
and their quantum mechanical states are delocalized. The core electrons, how-
ever, are very deep lying levels in energy and it would not be easy to treat them
within the same picture. They are most influenced by the spherical Coulomb
potential of the nucleus. Their states are strongly localized and show no disper-
sion in reciprocal space. An atomic calculation gives a satisfying approximation
here and allows to treat them in a relativistic scheme, i.e. by solving the Dirac
equation. The core wave functions vanish outside the spheres, if the radii are
chosen big enough. The states higher in energy, the so-called semi-core states,
are typically described by local orbitals, as described above.

Also the potential V (~r) and the charge density ρ(~r) have to be expanded, where
an analogous dual representation is used:

ρ(~r) =







∑

~G

ρ ~G ei ~G~r ~r ∈ I

∑

lm

ρlm(r)Ylm(r̂) ~r ∈ MT
(3.23)

V (~r) =







∑

~G

V ~G ei ~G~r ~r ∈ I

∑

lm

Vlm(r)Ylm(r̂) ~r ∈ MT.
(3.24)
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Advantages - disadvantages:

Due to its rather sophisticated basis set, the LAPW method is not easy to handle.
The splitting of the unit cell into the interstitial and muffin–tin region complicates
the solution of integrals, i.e. matrix elements. This means, that integrals often
cannot be evaluated as easily as within other methods, which is also reflected in
the computer time and memory needed for complex materials.

On the other hand, this method provides a most powerful tool. Due to its high
accuracy it is often used as a reference for other methods. While in a plane–wave
method it is necessary to substitute the original potential by a “pseudorized”
one, the LAPW method takes the full potential into account. This means that
in comparison to the pseudo–potential method, all electrons of a material can be
treated and therefore LAPW is a real ab-initio method. As a result of that, the
physics of the core region can be examined. Also the treatment of compounds
with heavy atoms can be done straightforwardly, such that all elements of the
periodic table can be handled on the same footing.

3.2.2. The APW+lo method

Comparing LAPW to its predecessor, the APW method, which was first intro-
duced by Slater [77], two important differences are found:

• Within the APW method, no linearization of the eigenvalue problem can
be achieved. This is a major disadvantage: Since the basis functions are
energy-dependent, instead of obtaining all eigenvalues in one step by diag-
onalizing the Hamiltonian (as in the LAPW method), one has to find the
zeros of the Hamiltonian matrix as a function of energy, which is computa-
tionally very challenging.

• Within the APW method, only the basis functions themselves have to be
continuous at the muffin-tin sphere boundaries. This point actually repre-
sents an advantage of APW, since a smaller plane-wave cut-off can be used
to describe the wave functions appropriately.

Fortunately, a recently proposed method by Sjöstedt et al. [78] combines the
advantages of both, the APW and the LAPW method. It uses an energy-
independent basis, but adds local orbitals to improve the variational freedom and
to enable a linearization of the eigenvalue problem. Thus, the so-called APW+lo
consists of APW functions with fixed linearization energies

φ~k+ ~K(~r) =







1√
Ω
ei(~k+ ~K)~r ~r ∈ interstitial

lmax∑

l=0

l∑

m=−l

(
Alm(~k + ~K)ul(r, El)Ylm(r̂a) |~r − ~ra| ≤ Ra

(3.25)
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plus local orbitals analogous to the ones described in Sect. 3.2.1, which are taken
at the same linearization energy El. In fact, as already shown in Ref. [78], e.g. the
total energies of molecular O2 or bulk Cu converge faster with respect to the
plane-wave cut-off when using an APW+lo basis instead of LAPW.
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4. The Dynamics of the Crystal
Lattice - Theoretical Background

4.1. The Born-Oppenheimer approximation

The total Hamiltonian of a solid is composed by the following terms:

Ĥ = Ĥel(~r) + Ĥlat(~R) + Ĥel,lat(~r, ~R). (4.1)

Here, ~r and ~R denote the positions of all electrons and nuclei, respectively. In
this expression, Ĥel and Ĥlat contain the respective kinetic and potential ener-
gies, whereas Ĥel,lat describes the interaction between of the electrons and the
nuclei. In order to solve this many-body problem for a real compound, several
approximations have to be done.

In a first step, we consider the masses of electrons and nuclei, which differ by a
factor of 104 to 106. Correspondingly, the electrons have a much higher velocity
than the nuclei, such that they are able to follow changes of the atomic positions
virtually instantaneously. Therefore the electrons may be treated as moving in
the static field of the nuclei located at fixed atomic positions described by the
coordinates ~R,

[

Ĥel(~r) + Ĥel,lat(~r, ~R)
]

ψel = Eel(~R)ψel(~r, ~R). (4.2)

This approximation is known as the Born-Oppenheimer approximation (Refs.[79,
80]). Using Eq. 4.2, the total energies (or forces acting on each atom) for several
configurations of ”frozen” atomic coordinates can be calculated and used for the
setup of the dynamical matrix as shown in the subsequent section. Therefore
this method of calculating phonon eigenmodes is also called the ”Frozen Phonon
Approximation”. In the following we assume that for the systems under consid-
eration the requirements of the Born-Oppenheimer approximation are fulfilled.

4.2. Equations of motion

In this section, the equations of motion for a perfect crystal with periodic bound-
ary conditions at T = 0 K are derived. For a more detailed introduction to the
topic see also Refs. [81, 82]. Introducing ~Rα as the position of atom α within an
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arbitrary unit cell and ~Rn as the position vector of this unit cell, the equilibrium
position of an atom can be written as ~Rnα = ~Rn + ~Rα. If we define snαi as the
ith Cartesian component (i.e. i ∈ {x, y, z}) of the displacement vector of atom α
in unit cell n, the kinetic energy of this atom reads

T =
N∑

n=1

r∑

α=1

3∑

i=1

Mα

2

(
dsnαi(t)

dt

)

. (4.3)

Here, Mα is represents the mass of atom α, N is the total number of unit cells,
and r the number of atoms in one unit cell, such that total number of degrees of
freedom equals 3rN .

In a next step, the potential energy W , which is a function of the coordinates
of the atomic position ~x, can be written in terms of a Taylor series:

W = W (~Rnα) +
∑

nαi

[
∂W (~x)

∂snαi

]

~x=~Rnα
︸ ︷︷ ︸

=0

snαi + (4.4)

+
∑

nαi

∑

n′α′i′

[
∂2W (~x)

∂snαi∂sn′α′i′

]

~x=~Rnα
︸ ︷︷ ︸

=Φn′α′i′

nαi

snαisn′α′i′ + O(s3) (4.5)

In this equation, the force constants Φn′α′i′

nαi represent the change of the i′th com-
ponent of the force acting on atom α′ in unit cell n′, if the atom α in the unit
cell n is displaced in direction i. It can alternatively be written as

Φn′α′i′

nαi =
∂Fn′α′i′

∂snαi
=

∂Fnαi

∂sn′α′i′
. (4.6)

Since the expansion is done around the equilibrium position, where the first
derivative ofW with respect to xmust be zero, the linear term in Eq. 4.4 vanishes.

In order to formulate the equations of motion we define the Lagrange function
for our problem, L = T −W , and obtain the Euler-Lagrange equations

d

dt

∂L
∂ṡnαi

− ∂L
∂snαi

. (4.7)

Inserting the expressions for T (Eq. 4.3) and the expansion of W (Eq. 4.4) up
to second order in s into the Euler-Lagrange equations (Eq. 4.7) yields

Mα
d2snαi

dt2
= −

∑

n′α′i′

Φn′α′i′

nαi sn′α′i′ , (4.8)

where we make use of the symmetry relation Φn′α′i′

nαi = Φnαi
n′α′i′. The ansatz

snαi(t) =
1√
Mα

unαie
−iωt (4.9)
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leads to

ω2unαi =
∑

n′α′i′

Φn′α′i′

nαi√
MαMα′

un′α′i′ , (4.10)

which represents an eigenvalue equation for the 3rN eigenfrequencies ω. The
translational symmetry is accounted for by the ansatz unαi = cαie

i~q ~Rn and conse-
quently we obtain

ω2cαi =
∑

α′i′

[
∑

n′

Φα′i′

αi (n′)√
MαMα′

ei~q ~Rn′

]

︸ ︷︷ ︸

Dαi
α′i′

(~q)

cα′i′ . (4.11)

This is a formulation of the equations of motion in terms of an eigenvalue problem
with eigenfrequencies ω in 3r dimensions, where the dynamical matrix Dαi

α′i′(~q) is
a function of vector ~q.

4.3. Calculation of Γ point phonons

For the Γ point phonons (~q = 0) the dynamical matrix writes

Dαi
α′i′ =

∑

n′

Φα′i′

αi (n′)√
MαMα′

. (4.12)

Since for ~q = 0 the displacements snαi are the same for all unit cells, the
equation of motion becomes

Mα
d2snαi

dt2
= −

∑

α′i′

[
∑

n′

Φα′i′

αi (n′)

]

sα′i′ = −
∑

α′i′

√

MαMα′Dαi
α′i′(0)sα′i′ (4.13)

The phonon frequencies are now given as the square root of the eigenvalues d
of Dαi

α′i′, ωζ =
√
dζ, where ζ is the index of the eigenmode. The eigenvectors ~eζ ,

in turn, represent the displacement uα of each atom in an eigenmode in the form
~eαζ =

√
Mαu

ζ
α.

In terms of the ab-initio calculations, the force constants Φαi
α′i′ and consequently

also the dynamical matrices Dαi
α′i′ can be determined by calculating the forces

acting on all atoms due to the displacement of one atom in one direction. The
results can be improved by calculating several displacements for each degree
of freedom and fitting ∂Fαi

∂sα′i′
. Details of the fitting procedure can be found in

Ref. [81].
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4.4. Theory of raman Scattering

The aim of this section is to describe a method how to calculate Raman spectra
from observables which can be directly obtained from frozen phonon ab-initio
band structure calculations. More concretely, the calculated quantities are the
total energies per unit cell and the complex dielectric tensor, which both change
as a function of atomic displacements in the unit cell. A theoretical background
of phononic Raman scattering in solids is given e.g. in references [83, 84, 85],
while the derivation of the expression for the Raman intensity as derived here is
based on Refs. [86, 87, 88].

4.4.1. General remarks on Raman spectroscopy

Raman scattering involves the interaction of light with the atoms of a molecule or
solid where the light is inelastically scattered and thus its frequency is changed.
In the case of phonon Raman scattering, the difference in energy is due to the
interaction with a phonon, i.e. a vibrational degree of freedom. In detail, the
interaction of the light with the solid is due to a change of polarizability induced
by phononic distortions. In principle, three types of scattered light are measured:

• One part of the light that is elastically scattered and keeps its frequency.

• A part of the photons will excite phononic degrees of freedom and give rise
to atomic vibrations (Stokes scattering), thus losing part of their energy
resulting in a lower frequency.

• Some of the incoming photons will absorb the energy of a phonon and
experience an increase of their frequency (anti-Stokes scattering).

Among these three possibilities, the first one has by far the highest proba-
bility, which means that the intensity of the inelastically scattered light is very
small compared to the initial beam. Since approximately only 1 in 107 photons
is scattered and thus the intensity of the scattered photons may be as low as 10
to 100 photons per second, often a phonon counting system is used in experi-
ment. On the other hand, in most of the cases a Stokes process is more probable
than an anti-Stokes scattering, because an anti-Stokes process requires atoms to
occupy excited states, and under normal conditions the number of atoms occu-
pying an excited vibrational state is by far smaller than the number of atoms
in the ground state. However, the absolute value of the change in energy is the
same for Stokes and anti-Stokes processes, and therefore the Raman spectrum is
symmetric relative to the Rayleigh band.

In terms of the possible ~q vectors, which are defined as the difference in ~k
between the incoming and the scattered light, ~q = ~ki−~ks, only very small absolute
values of |~q| are possible in a Raman process. In Raman experiments ~ki of the
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order 105 cm−1, which is very small compared to the Brillouin zone size of about
2π
a

≈ 109 cm−1. The maximal value of q is found for back scattering with a
scattering angle of 180◦, qmax = 2ki. For this reason, Raman scattering mostly
involves the phonons at the center of the Brillouin zone, the Γ point phonons.

4.4.2. Formalism

Quantum-mechanically, the theoretical determination of the Raman efficiency S
is based on the calculation of the expectation value of the fluctuations in the
dielectric function, caused by transitions between the eigenstates |i〉 and |f〉, i.e.

〈
δεηξ, δεηξ∗〉 =

∣
∣
∣

[

εηξ
i→f

]∣
∣
∣
ωs=ωL−ωif

. (4.14)

Here, εηξ denotes the complex dielectric tensor, ωS the frequency of the scat-
tered light, ωL the incoming laser frequency, and ωif the frequency of the phonon
that absorbed/emitted the considered energy difference. In order to evaluate this
expression, an expansion of the dielectric tensor with respect to phonon displace-
ments Qω~k

(see Eq. .5.12) is needed:
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Now we assume that the transition between the many-body eigenstates |i〉
and |f〉 affects only the phononic subsystem, presuming that the system can be
split into states |µ〉 and |ν〉 depending on eigenvector displacements Q, whereas
the state |g〉 does not dependent on phononic distortions (Condon approxima-
tion). Although the Condon approximation does not really require the Born-
Oppenheimer approximation, Born-Oppenheimer naturally satisfies it. Thus we
obtain
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(4.16)
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In this expression, the phononic part (|µ〉, |ν〉) and the electronic part (|g〉) of
the matrix element can be calculated separately.

Considering only one phononic branch ω(~k), Eq. 4.16 can be further split into
one-, two-, three-, four-phononic contributions, etc. All of them must fulfill
the condition of the moment transfer to be zero (∆~k = 0), as needed for light
scattering in solids:
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In our calculations, the derivatives of the dielectric function have been obtained
by a fit of the change of εηξ

ωL
for displacements along the phonon eigenvectors,

where ωL was in an energy range between 0 and 5 eV.
The total Raman efficiency is obtained by the thermal average of intensity

contributions of all possible transitions:
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Eq. 4.18 represents the integrated line intensity of the observed Raman spec-
trum. In order to obtain an expression directly comparable to experiment, the
life-time broadening has to be taken into account, which can be realized by in-
troducing a Lorentzian term L(n). This way one obtains the spectral density
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In the first section of the present chapter, the determination of electron-phonon
and spin-phonon coupling parameters is explained. Since this method involves
the mapping of the theoretical band structure onto a tight-binding model, in the
first part of the corresponding section this mapping procedure will be described.
In the second section, the formalism for the calculation of Raman spectra based
on ab-initio calculations will be presented.

5.1. Hopping parameters

In order to extract hopping parameters from the theoretical band structure, the
bonding and anti-bonding pair of the V 3dxy bands at the Fermi level and the two
highest lying valence bands with O 2p character are mapped onto a tight-binding
model. It takes into account:

• t‖, the hopping along to the ladder

• t⊥, the hopping perpendicular to the ladder (in-rung)

• ti, which represents the inter-ladder hopping, i.e. the hopping between the
V atoms of two neighboring ladders

In this context, we restrict ourselves to the direction in ~k space corresponding
to this model, i.e. ~k ‖ y. Idealizing the situation, one can assume that both, the
bands VB1 and VB2 (Fig. 5.1) and the conduction bands next higher in energy,
CB1 and CB2, are exclusively formed by dxy orbitals. This is true in very good
approximation for VB1 and VB2, the two bands around EF , while in CB1 and
CB2 some contribution from V 3dyz states together with some O1 and O3 2py

character is present (see Sect. 8.1).
In this scenario, the dispersion of the bands at EF is given by

ε1,2(k) = εV − t⊥ + 2t‖ cos k ± ti cos
k

2
. (5.1)

Here εV represents the site energy of the dxy states, t‖ is the hopping along
the ladder, t⊥ is the in-rung hopping perpendicular to the ladder (in-rung), and
ti is the inter-ladder hopping. In this formula, the lattice constant is assumed to
be 1. The different phase related to ti is due to the fact that the electron of one
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Figure 5.1.: Schematic representation of the hopping matrix elements, the charge
transfer gap Eg, and EV O, the difference in energy between the O 2p
valence bands and the V dxy states around EF . Exemplarily, the
band structure of NaV2O5 is used for this figure. The details are
explained in the text.

rung interacts with one rung from its present unit cell at, y = +1/2, and with
one rung of the previous unit cell, at y = −1/2. Adding the two corresponding
terms, eik(+1/2) + eik(−1/2), the result is proportional to cos(k/2).

Setting k = 0 and adding the expressions for ε1 and ε2, respectively, one readily
obtains

ti =
1

2
(ε1(0) − ε2(0)) . (5.2)

Furthermore we expect that t⊥ > t‖ ≫ ti. Making use of the second part of
this inequality, t‖ ≫ ti, and subtracting the expressions for k = 0 and k = π, one
obtains

t‖ =
1

4
(ε1(0) − ε1(π)) , (5.3)

as it is shown in Fig. 5.1.
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5.2. Exchange matrix elements

The same relation holds when substituting ε1 by ε2, such that we take the
average of the two values at Γ, while at the Y point the two bands are degenerate
anyway. This gives

t‖ =
1

4

(
1

2
[ε1(0) + ε2(0)] − ε1(π)

)

, (5.4)

as it is again visualized in Fig. 5.1.
In a similar way, it can be demonstrated that

εV − t⊥ =
1

2
[ε1(π/2) + ε2(π/2)] . (5.5)

Now let us turn to the conduction bands called CB1 and CB2. Even though
these bands have a non-vanishing admixture of other states, we will apply the
same model. where we label quantities referring to these conduction bands using
the superscript C:

εC
1,2(k) = εV + t⊥ + 2tC‖ cos k ± tCi cos

k

2
(5.6)

If we take the k = ∆ = π/2 point, the tC‖ -related term vanishes, and we obtain

εV + t⊥ =
1

2

(
εC
1 (π/2) + εC

2 (π/2)
)

(5.7)

Therefore,

εV =
1

4

[
εC
1 (π/2) + εC

2 (π/2) + ε1(π/2) + ε2(π/2)
]
, (5.8)

and consequently we obtain (see Fig. 5.1)

t⊥ =
1

2

[
εC
1 (π/2) + εC

2 (π/2) − (ε1(π/2) + ε2(π/2))
]

(5.9)

Therefore, the energy difference EV O between O and V orbitals should be
determined at the k = π/2 point, but one can use Eg for this purpose also.

5.2. Exchange matrix elements

Now we want to determine the exchange parameters J⊥ and J‖ [89], where J‖ is
the interaction between the spins on the nearest-neighbor rungs and J⊥ represents
the exchange along one rung. First we will consider J‖. In order to be able to
interact, the spins of the neighboring rungs must be brought to the same orbital,
which in this case is the orbital of the in-leg oxygen O2. Since the process is
virtual, one has to bring them back to their original V orbitals again. Thus, the
considered process corresponds to a fourth-order perturbation. Due to the Pauli
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principle this process is only allowed if the two electrons form a singlet, while
for the triplet state it is forbidden. The respective correction to the energy that
selects the spin-singlet and spin-triplet states energies is of the order of t4V O/E

3
V O,

where tV O is the hopping matrix element between V and the O2 in the same leg,
and EV O is the energy separating the V states from the oxygen states about 3 eV
below EF (labeled as OB in Fig. 5.1). To be consistent with the result for t‖,
EV O is taken at the Y point, k = π/2.

Let us now have a closer look at t‖. The hopping matrix element t‖ brings an
electron from one rung to the nearest-neighbor rung via an in-leg oxygen orbital,
which is realized in two hopping steps. This is the second-order process giving
t‖ ∼ t2V O/EV O, and therefore

J‖ ∝ t2‖/EV O. (5.10)

Here, alternatively EV O may be substituted by Eg, the gap between the V 3dxy

bands and the O 2p bands at the Γ point.
The derivation of J⊥ can be accomplished in an analogous way, giving

J⊥ ∝ t2⊥/EV O. (5.11)

5.3. Electron-phonon and spin-phonon coupling

parameters

In order to obtain electron-phonon and spin-phonon coupling parameters the elec-
tronic bands for structures with the atoms displacement along the eigenvector of
a phonon mode is computed. Comparing the hopping parameters t‖, t⊥, and ti
extracted from this band structure to the ones obtained from the undistorted
system, the coupling of each matrix element to the lattice may be determined
by calculating δtσ/δQ (tσ ∈ {t‖, t⊥, ti}). In this context, Q represents a dimen-
sionless displacement factor related to the atomic displacements along a certain
phonon eigenvector ~eζ. It is defined through the relation

Q

√

h̄

Mαωζ

~eαζ = ~uα
ζ , (5.12)

where α denotes an atom involved in the eigenmode, Mα is its mass, ζ is the
index of the eigenmode, ~eαζ the corresponding eigenvector and ~uα

ζ the related

displacement. Since ~uα
ζ is proportional to ~eαζ/

√
Mα, Q is the same for all α,

i.e. it is independent from the choice of the atom.
For the exchange integrals J‖ and J⊥, instead of δJσ/δQ (Jσ ∈ {J‖, J⊥}), the

quantity δJσ/Jσ/δQ is considered. Since Jσ ∝ t2σ/EV O (Eq. 5.10) one finds

δJσ

Jσ

∝ δ (t2σ/EV O)

t2σ/EV O

=
EV O

t2σ

(
2tσδtσ
EV O

− t2σδEV O

E2
V O

)

=
2δtσ
tσ

− δEV O

EV O

. (5.13)
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5.4. Hubbard U

The Hubbard parameters U , representing the on-site Coulomb repulsion, can be
estimated from the band structure considering the change in the V bands due
to adding a small amount of positive charge to the system. More precisely, the
change in the difference between the energy of the lower bonding V 3dxy band
just below the Fermi energy (VB2 in Fig. 5.1), and the highest of the O 2p valence
bands (OB) is considered. The additional charge can either be added to the site
of the metal ion (Na, Ca), as described in Ref. [32], or it can be provided in
the form of a uniform positive background. In both cases the change in the gap
between VB1 and OB also depends on the point in veck space, where for the
second case, in our experience, a more uniform change of the gap throughout the
Brillouin zone is found.
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6. Raman–active Phonon Modes

6.1. Ag modes

6.1.1. NaV2O5

Theory Experiment
Ref. [90] Ref. [7] Ref. [91] Ref. [37] Ref. [36] Ref. [19] Ref. [16] Ref. [92]

996 970 971 969 969 970 969 970 969
512 531 530 536 534 533 535 530 533
467 449 449 452 448 447 450 450 445
414 421 420 424 423 420 420 422 422
308 300 304 306 304 301 305 304 300
232 231 230 234 233 233 231 230 234
176 175 178 179 179 177 179 178 177
111 89 88 90 90 90 89 90 –

ω Eigenvector Assignment
Vx Vz Naz O1z O2x O2z O3x O3z Refs. [37] This work

996 0.04 0.25 -0.01 0.01 0.01 -0.00 -0.05 -0.43 V-O3 stretch. V-O3 stretch.
512 0.16 -0.07 0.01 0.16 0.45 0.06 -0.05 -0.01 V-O2 stretch. V-O2 stretch.
467 0.42 -0.06 0.01 0.15 -0.21 -0.05 -0.11 0.01 V-O1-V bend. V-O1-V bend.
414 -0.19 -0.17 0.00 0.44 -0.08 -0.18 0.18 -0.14 O-V-O bend. O1z+O3-V-O2 bend.
308 0.02 0.19 -0.04 0.18 -0.07 0.39 0.19 0.09 O-V-O bend. O3-V-O2 bend.
232 0.17 0.06 0.03 -0.13 0.06 -0.16 0.42 0.00 O-V-O bend. O3-V-O2 bend.
176 -0.02 0.28 -0.40 0.10 0.04 -0.22 -0.06 0.18 Na‖c Na‖c
111 -0.04 0.30 0.42 0.13 0.03 -0.16 -0.08 0.18 chain rot. chain rot.

Table 6.1.: Upper table: Calculated eigenfrequencies (cm−1) of the Ag phonon
modes of NaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [37].

The eigenfrequencies and eigenvectors of the Ag phonon modes of NaV2O5 are
presented in Table 6.1. Figure 6.1 displays the eigenvectors in terms of arrows,
i.e. the length of the arrows is proportional to the real displacement multiplied
by the square root of the related atomic mass, |~eαζ | =

√
Mα |uζ

α|. Let us first
focus on the experimental assignment. In Ref. [90], published in 1997, the Ra-
man spectra were interpreted in terms of the space group P21mn. Accordingly
a total of 15 Raman active modes in parallel polarization were expected, and
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6. Raman–active Phonon Modes

Figure 6.1.: Ag phonons of NaV2O5 (black arrows) and CaV2O5 (red arrows),
respectively. The frequencies correspond to the ones of NaV2O5. The
arrows show the direction and magnitude of the atomic displacements
for each eigenmode.

in fact 12 different frequencies were reported. Since 1998 literature data have
consistently been discussed within space group Pmmn (no. 59), were Raman
measurements (Ref. [91]) have contributed to clarify the situation. Thus, the fre-
quencies presented in Table 6.1 assume the latter space group, where a selection
of eight frequencies from Ref. [90]) is based on the comparison with more recent
experimental results.

The theoretically obtained frequencies agree very well with their experimental
counterparts with overall deviations between 0.5 and 3.5%. Only for the eigen-
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6.1. Ag modes

mode lowest in frequency the discrepancy is greater. Conforming with Ref. [37]
the eigenvector of the 996 cm−1 mode represents a stretching of the distance be-
tween V and the apical oxygen, which is visualized by the black arrows in Fig. 6.1.
In the 512 cm−1 mode1 the O2 atoms of the two legs of one ladder oscillate sym-
metrically with respect to the ladder’s center, while the neighboring V atoms
on the same leg move against the former with considerably smaller amplitude.
Thus the experimental assignment of Ref. [37], identifying this mode as V–O2
stretching is verified, apart from an additional O1z motion found in theory. In
the same way, the assignment of the 467 cm−1 mode, interpreted as a V–O1–V
bending in Ref. [37], is verified, where we, however, also find admixtures of an
O2x movement. In the eigenvector of the 414 cm−1 vibration, the z-displacement
of the in-rung oxygen O1 is dominating, while this mode is described as pure
O3–V–O2 bending in Ref. [37]. At the same time, our theoretical frequency is
much closer to experiment (2% deviation) than the one calculated in Ref. [39]
(9% difference). For the 308 cm−1, the 232 cm−1, the 176 cm−1 and the 111 cm−1

modes, the agreement of our results with the assignment of Popovic et al. [37] is
good. However, in most of these modes we find a more pronounced involvement
of O1.

6.1.2. CaV2O5

Table 6.2 shows the Ag eigenmodes of CaV2O5, while the displacement patterns
are included in Fig. 6.1. The experimental situation turns out to be rather con-
fusing and to some extent contradictory regarding the classification of modes with
respect to their symmetry. The first publication about Raman spectra of CaV2O5

(Ref. [93]) presents polarized spectra for a polycrystalline sample, which where
measured in three different geometries, labeled as HH , V V , and HV . Taking
into account the details of the experiment as given in this reference, the presented
assignment has to be considered as a tentative one, since the polarization of the
applied laser with respect to the orientation of the crystal axes is not known.
This means, that e.g. the HH polarization does not correspond to xx, yy, or zz
polarization, but instead it is oriented in an arbitrary direction with respect to
the crystal axes. Thus, Bng peaks appear in the HH or V V spectra, while contri-
butions of Ag modes are found in the HV results. Theoretically obtained Raman
results allow a more precise interpretation of the experimental spectra. They will
be presented in Chap. 9, but some results will be used throughout the present
chapter whenever they are helpful for the assignment of modes. They show, that
the intensity of the Ag peaks is one order of magnitude larger than the one of the
Bng spectra, which implies that in the spectra in Ref. [93] obtained with parallel
polarization (HH and V V , respectively), the contribution of Ag modes must be
dominant. This means that the Ag modes can be distinguished rather clearly in

1If not explicitly mentioned, in the following sections frequencies refer to the theoretical results
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Theory Experiment
Ref. [93] Ref. [94]∗ Ref. [39]∗ Ref. [39]

900 935 932 932 932
516 542 539 539 539
446 472 470 470 470
412 421 418 422 422
307 337 335 334 ?
265 282 281 280 235.6
201 238 236 235.6 138.6
106 91 90 90 90

ω Eigenvector Assignment
Vx Vz Caz O1z O2x O2z O3x O3z Ref. [39] This work

900 0.06 0.24 -0.01 0.02 0.02 -0.02 -0.08 -0.42 V-O3 stretch. V-O3 stretch.
516 -0.01 -0.05 0.01 0.11 0.49 0.07 -0.02 0.00 V-O2 stretch. V-O2 stretch.
446 0.36 -0.16 -0.00 0.39 -0.09 -0.05 -0.08 -0.00 V-O1-V bend. V-O1-V bend.
412 -0.34 -0.12 -0.02 0.27 -0.05 -0.17 0.18 -0.13 O-V-O bend. O1z+O3-V-O2 bend.
307 0.09 0.20 -0.07 0.10 -0.01 0.20 0.39 0.05 O-V-O bend. O3-V-O2 bend.
265 0.19 -0.10 0.14 -0.18 0.09 -0.31 0.25 -0.08 O-V-O bend. O3-V-O2 bend.
201 0.02 0.21 -0.39 0.03 0.06 -0.31 -0.05 0.17 Ca‖c Ca‖ c
106 -0.05 0.32 0.39 0.15 0.01 -0.15 -0.06 0.19 chain rot. chain rot.

Table 6.2.: Upper table: Calculated eigenfrequencies (cm−1) of the Ag phonon
modes of CaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [39]. Details
are explained in the text.

experiment, even if detailed classification into xx, yy, and zz polarization is not
possible. At the same time, the results obtained from HV polarization can not
uniquely be assigned to B1g, B2g, or B3g symmetry.

The frequencies of columns two and three marked with ∗ were chosen from
the unpolarized spectra in Refs. [39] and [94] due to the comparison with the
polarized spectra of Ref. [93] and the theoretical Raman spectra. In contrast,
column four corresponds to the original assignment, which was done by comparing
the unpolarized spectra exclusively with the polarized results for NaV2O5.

For the eigenfrequencies above 400 cm−1, the agreement between theory and
experiment [39] is very good. For these vibrations, the experimental assign-
ment with respect to their symmetry is unambiguous. The lower frequency of
the apical oxygen vibration in CaV2O5 compared to NaV2O5 is due to larger
interionic distances, and hence, smaller force constants. A change of 5% can
be estimated within the simple Coulomb picture from the different Vanadium
charges in NaV2O5 and CaV2O5 (i.e. 4.5 and 4, respectively), which is in qualita-
tive agreement with experiment. For the V–O2 stretching mode, in contrast, the
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frequency in CaV2O5 hardly differs from the one in NaV2O5. In both materials
the O2 component is very dominant in the eigenvector (Fig. 6.1), while there is
a much smaller contribution of the V atoms, and the rest of the atoms hardly
contribute at all. In CaV2O5, the V component of the eigenvector is still con-
siderably smaller than in NaV2O5, such that the eigenmode represents almost a
pure oscillation of the O2 subsystem. In comparison with NaV2O5, neither the
metal atom with its different mass nor the V ion with its altered charge plays a
role in this eigenmode, which explains why the frequencies are so close to each
other.

In both, the 446 cm−1 and the 412 cm−1 modes, representing a V–O1–V
and a O1z+O3–V–O2 bending, respectively, the O1 participation is consider-
ably stronger than in NaV2O5, at the expense of the V displacement. Moreover,
the V movements have a larger z–component, reflecting the smaller V–O1–V an-
gle in the Ca compound. Again the results of both materials are close to each
other in terms of frequency.

The symmetry assignment of the phonon modes between 180–350 cm−1 is con-
sidered as a tentative one in Ref. [39], arguing that only single-crystal mea-
surements can resolve different symmetry modes in this spectral region. In this
context, the interpretation of the Raman scattering intensities as presented in
Section 9.2 together with the polarized spectra presented in Ref. [93] are helpful
for an unambiguous assignment. As reported in Ref. [93], but not correspond-
ingly interpreted in Refs. [39] and [94], respectively, theory clearly shows that the
mode somewhat above 300 cm−1 has got Ag symmetry. In fact, this O3–V–O2
bending mode is very similar to a mode of NaV2O5, both in the frequency and the
eigenvector components. The main deviation from the NaV2O5 mode consists in
a somewhat larger contribution from the apex oxygen O3.

The 265 cm−1 mode of CaV2O5 represents an O3–V–O2 bending as the 232 cm−1

vibration of NaV2O5, but it slightly differs from the latter. In detail, the O2z

and the Caz components of the eigenvector are considerably larger in CaV2O5,
while for V the direction changes clearly. Instead of oscillating towards the O2 of
the neighboring ladder, it moves more parallel to the V–O1 bond, as it is demon-
strated in Fig. 6.1. For this reason the V–O1 distance in the CaV2O5 eigenmode
changes more strongly than in the NaV2O5 counterpart, which leads to a higher
frequency. Another feature of the CaV2O5 mode are considerable eigenvector
contributions from O2 and Caz. Experimentally, a peak around 280 cm−1 can
be found in all Refs. [39, 93, 94]. Due to the peaks found in the polarized Ra-
man spectra of NaV2O5, which served as the basis for the assignment of the
CaV2O5 mode, in Ref. [39] the 280 cm−1 mode was interpreted as a B3g vibra-
tion. Its measured intensity is twice as strong as the one of the 292 cm−1 peak.
At the same time, the theoretical Raman spectra show that the Ag peak in this
frequency range is clearly dominating, while the B3g peak is still one order of
magnitude larger than a B1g and a B2g peak close in frequency. For these rea-
sons we suggest that the 280 cm−1 peak is the one with Ag symmetry, while the
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292 cm−1 has B3g character.
The 201 cm−1 mode, where Ca oscillates parallel to the c axis, is roughly 20%

higher in frequency than in NaV2O5, which caused interpretation problems in
literature. In Ref. [39], where the assignment of the CaV2O5 modes was done in
comparison with the phonons of NaV2O5, the 138 cm−1 mode of the unpolarized
spectrum was interpreted as Ag vibration since its frequency compared to that
of the (Na ‖ c) mode scales as the inverse square root of the corresponding
masses. But in Ref. [93] the 138 cm−1 peak appears in crossed polarization, which
strongly suggests that it belongs to Bg symmetry, while in parallel polarization
there are peaks only at 238 and 282 cm−1. This situation is also verified by the
theoretically obtained Raman spectra in Sect. 9.2. The measured 138 cm−1 peak
turns out to originate from both, a B1g and a B2g eigenmode. The physical origin
of the frequency shift of this Ca-dominated oscillation can be related to the larger
positive charge—and hence stronger interaction—of the Ca2+ ion compared to the
Na+ ion. This increased attraction, which in a simple Coulomb picture implies
a frequency shift by +40%, over-compensates the effect of the larger Ca mass,
which would lead to a 25% decrease of this frequency.

Regarding the lowest-frequency mode, which represents a chain rotation, theory
and experiments perfectly agree in the point that the frequencies for NaV2O5 and
CaV2O5 are almost identical. This implies a stronger inter-ladder interaction in
CaV2O5 compared to NaV2O5, since the mass of Ca and, analogously, the mass of
the rotating chain is larger in CaV2O5, which by itself would lead to a frequency
lowered by about 5%. This enhanced inter-ladder interaction of CaV2O5 is also
reflected in the larger tight binding parameter ti (see Tabs. 10.1 and 10.4).

6.1.3. MgV2O5

The eigenvectors and eigenfrequencies of MgV2O5 are shown in Table 6.3 and
Fig. 6.2, respectively. On the experimental side, only unpolarized Raman spec-
tra of MgV2O5 are available. In Ref. [93] no assignment of the symmetries is
done, therefore the frequencies of column two (marked by ∗) are selected due to
the theoretical frequencies and the theoretical Raman spectra of Chap. 9.3. In
Ref. [39], the symmetries are assigned by comparison of the unpolarized MgV2O5

spectra with the polarized NaV2O5 spectra. The result of this assignment repre-
sent the values in column three. Column four (marked by ∗∗), in contrast, shows
frequencies of the same reference, again selected in the light of the theoretical
phonon frequencies and Raman spectra. The V–O3 stretching mode (1019 cm−1)
excellently agrees with experiment, and also the assignment is unambiguous. It
represents a stretching of the strongest bond, i.e. the bond between V and the
apex oxygen O3. Also the 546 cm−1 mode is very close to the experimental
frequency, but the experimental assignment is not verified. While in NaV2O5—
which is the reference material for the assignment in Ref. [39]—the mode with the
second highest frequency can be identified as a V–O2 stretching, in MgV2O5 the
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Theory Experiment
Ref. [93]∗ Ref. [39] Ref. [39]∗∗

1019 1001 1002 1002
546 534 536 534
419 413 478 414
395 373 414 374
353 314 ? 315
310 278 (299?) 233 278 (300.5?)
250 219 – 220
104 98 98 98

ω Eigenvector Assignment
Vx Vz Mgz O1z O2x O2z O3x O3z Ref. [39] This work

1019 0.07 0.23 -0.01 0.01 0.01 0.01 -0.13 -0.42 V-O3 stretch. V-O3 stretch.
546 -0.13 -0.07 0.01 0.05 0.46 -0.11 -0.02 0.04 V-O2 stretch. leg ↔ leg
419 0.10 -0.16 -0.13 0.36 -0.11 -0.33 0.12 -0.09 V-O1-V bend. O2z+V-O1-V bend.
395 -0.33 0.17 -0.17 0.00 -0.05 0.03 0.30 -0.05 O-V-O bend. Mgz+O3-V-O2 bend.
353 0.01 0.06 -0.21 0.36 0.06 0.34 -0.16 0.10 O-V-O bend. O2-V-O1 bend.
310 0.34 0.14 -0.30 -0.15 0.14 -0.03 0.16 0.08 O-V-O bend. Mgz+O1-V-O3 bend.
250 -0.17 -0.02 -0.31 -0.15 -0.08 -0.19 -0.34 0.06 Mg‖c Mgz+O2-V-O3 bend.
104 0.00 0.37 0.15 0.12 0.01 -0.20 -0.07 0.23 chain rot. chain rot.

Table 6.3.: Upper table: Calculated eigenfrequencies (cm−1) of the Ag phonon
modes of MgV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [39]. Details
are explained in the text.

main feature of the 546 cm−1 mode appears to be an in-phase motion of the V and
O2 atom of one leg in x direction, while the two legs of one ladder oscillate against
each other and the leg of the next neighboring ladder. At the same time, each
leg shows a zigzag-like deformation in the x–y plane due to the fact that the O2
atom oscillates more strongly than the V atom. Also for the 419 cm−1 mode, the
experimental assignment has to be revised. Instead of a pure V–O1–V stretching,
which is encountered in NaV2O5 and CaV2O5, in MgV2O5 this mode represents
a more complex oscillation, with O2 moving in z direction, out-of-phase with
respect to the neighboring V, while O3 has a considerable component parallel
to the V motion. Correspondingly, the frequency differs considerably from its
counterparts in NaV2O5 and CaV2O5. The 395 cm−1 mode of MgV2O5, in turn,
is comparable with the O1z+O2–V–O3 mode found in NaV2O5 and CaV2O5,
also consisting in an O2–V–O3 bending. However, the in-rung oxygen O1 hardly
participates in this oscillation, while Mg has a considerable z component.

The 353 cm−1 mode of MgV2O5 represents an out-of-phase oscillation in z
direction of the in-rung O1 and the in-leg O2, while the V atoms virtually stay
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Figure 6.2.: Ag phonons of MgV2O5. The arrows show the direction and magni-
tude of the atomic displacements for each eigenmode.

on their positions. Instead, the Mg atoms vibrate parallel to the O2 atoms of
the same ladder, while the eigenvector components of the apex oxygen moving
perpendicular to the V–O3 bond is comparably small. The involvement of Mg on
the one hand, and the minor participation of O3 and V on the other hand, are
the main differences to the corresponding eigenmodes of NaV2O5 and CaV2O5 at
308 cm−1 and 307 cm−1, respectively, which have pronounced O2–V–O3-bending
character. In Ref. [39], there is no such Ag mode identified for MgV2O5, even
though there is a peak found at 315 cm−1. Comparison to the theoretically
obtained frequencies and the Raman spectra make it very probable that the peak
at 315 cm−1 has got Ag symmetry, both, due to its position and its intensity
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. Hence this peak was included in column four. The symmetry assignment
made in Ref. [39] may have to be revised also for the Ag mode at 310 cm−1.
First, the theoretically obtained frequency shows that there must be an Ag mode
considerably higher in frequency than 233 cm−1. Second, the Raman spectra
presented in Section 9.3 clearly show that the corresponding peak must have
strong intensity, while the peak at 233 cm−1 in Ref. [39] is rather weak. For this
reasons we claim that not the 233 cm−1, but more probably the 278 cm−1 peak
corresponds to the theoretically found Ag mode at 310 cm−1. Another candidate
could be an experimental peak at 300 cm−1, which is closer in frequency, but
its low intensity is inconsistent with the theoretical findings and suggests that
it may stem from some Bng mode. The 310 cm−1 mode represents an O1–V–
O3 bending, where Mg oscillates in phase with the apex oxygen O3. Since also
the O2 atoms contribute to this eigenmode, it has a certain similarity to the
O2–V–O3 bending mode at 232 cm−1 (265 cm−1) of NaV2O5 (CaV2O5). The
MgV2O5 Ag mode second lowest in frequency at 250 cm−1, in contrast, deviates
strongly both in frequency as in the eigenvector components from its counterpart
in NaV2O5 and CaV2O5, respectively. Instead of representing an oscillation of
the metal ion against the rest of the ladder, in MgV2O5 the Mg ion moves in
phase with its nearest neighbor, i.e. the in-leg oxygen O1 (see Fig. 6.2). The
most characteristic feature of this mode is a breathing of the pentagon formed by
the in-leg oxygen together with the two adjacent V atoms and their apex oxygens,
respectively. The O2 atoms, finally, oscillate out of phase with respect to the rest
of the ladder. These two features explain the relatively high frequency of this
mode.

The assignment of the lowest-frequency mode at 104 cm−1, finally, is un-
ambiguous. Analogous to NaV2O5 and CaV2O5—and correctly identified in
Ref. cm−1Popovic02—it can be described as chain rotation mode, where neigh-
boring ladders oscillate antisymmetrically in z direction. The higher frequency
of this oscillation compared to the chain rotation in NaV2O5 and CaV2O5, which
both have experimental frequencies of 90 cm−1, can be explained by the same
arguments as used in the discussion of the CaV2O5 mode: On the one hand,
the inter-ladder interaction is stronger than in NaV2O5, which is also reflected in
the smaller inter-ladder distance. On the other hand, the mass of the ladders is
smaller than in CaV2O5 and in fact almost the same as in NaV2O5.

6.2. B1g modes

6.2.1. NaV2O5

The B1g phonon modes of NaV2O5 are presented in Figure 6.3 and Table 6.4,
respectively. Regarding the results of Ref. [90], in spite of their interpretation
in terms of the space group P21mn, a unique relation between experiment and
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Theory Experiment
Ref. [90] Ref. [7] Ref. [91] Ref. [37] Ref. [36] Ref. [19] Ref. [16] Ref. [92]

661 678 685 684 683 683 685 692 674
283 289 292 297 294 295 293 292 288
167 172 173 175 175 174 174 173 170

ω Eigenvector Assignment
V1y O2y O3y Ref. [37] This work

661 0.13 -0.48 -0.00 V-O2 stretching V-O2 stretching
283 -0.34 -0.10 0.35 O-V-O bending O3-V-O2 bending
167 0.34 0.09 0.35 chain rotation antiparallel leg-shift

Table 6.4.: Upper table: Calculated eigenfrequencies (cm−1) of the B1g phonon
modes of NaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [37]. Details
are explained in the text.

Figure 6.3.: B1g eigenmodes of NaV2O5. The arrows show the direction and mag-
nitude of the atomic displacements for each eigenmode.

theory is possible due to the polarization of the incoming and outgoing light in the
Raman experiment. Moreover, three eigenmodes were found, which is compatible
with the space group Pmmn. Thus, the B1 modes of Ref. [90] ((ab) geometry)
directly correspond to the B1g modes. Ref. [7] (column three) does not specify
any space group and reports a fourth mode at 262 cm−1 in (ab) geometry . But
from the Raman spectra in Fig. 1 of this reference it can be seen, that the peak at
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262 cm−1 has only very small intensity compared to the other three peaks. Hence
it can be attributed either to noise or to an admixture of a B3g mode found at
the same frequency (see section 6.4.1 and, e.g., Ref. [37]). Therefore this mode is
not included in Tab. 6.4.

The theoretical frequencies of all three B1g modes are in very good agreement
with experiment with differences smaller than 3.5%. The highest-frequency mode
represents a stretching of V against the in-leg oxygen O2 in ladder direction,
where the two legs of one ladder oscillate antisymmetrically while the apex oxygen
O3 is not involved at all. This agrees with the assignment in Ref. [37]. In contrast
to this mode, in the 283 cm−1 vibration a large O3 contribution is found. In detail,
the apex oxygen O3 moves in y direction, out of phase with respect to the in-leg
atoms V and O2, resulting in an O3–V–O2 bending. This is consistent with the
description as V–O–V bending in Ref. [37]. The third B1g mode with 167 cm−1,
finally, represents an antiparallel shift of the two legs of each ladder, together
with a shearing of the apex O3, which oscillates more strongly in y direction
than V and O2. This is in contrast to the assignment of Ref. [37], which interpret
this mode as a chain rotation.

6.2.2. CaV2O5

Table 6.5 shows the theoretically obtained B1g eigenmodes of CaV2O5 together
with a comparison to experimental frequencies from literature. In Ref. [93], the
spectra with HV polarization where identified as B1g ones. But as already dis-
cussed in the context of the Ag modes, a direct assignment of the spectra with
crossed polarization to B1g, B2g, or B3g, respectively, is not possible. In fact,
these spectra represent a mixture of all Bng modes together with a participation
of the Ag phonons. For this reason, columns two and three show frequencies
from Ref. [93], where the former constitutes the original assignment, while fre-
quencies in the latter column (marked with ∗) originate from a interpretation of
the same data in view of the theoretically obtained phonon modes and Raman
spectra. Again making use of theoretical results as a point of reference, column
four (marked with ∗∗) shows a selection of the unpolarized results from Ref. [94].
Column five (marked by ∗∗) presents the B1g frequencies of Ref. [39] as chosen in
this work, where the assignment of the unpolarized Raman spectra of CaV2O5

was only done by comparison with the polarized NaV2O5 results. In contrast,
column six again presents an assignment motivated by the theoretical results for
phonon modes and Raman spectra.

The highest B1g frequency with 593 cm−1 agrees reasonably with the experi-
mental result (636–638 cm−1), where the deviation is about 7%. As in NaV2O5,
it represents a V–O2 stretching with hardly any participation of the apex oxygen
O3. Nevertheless the frequency is about 6% smaller, which is due to the greater
ionic charge of V in NaV2O5 compared to CaV2O5. As it is also the case for the
V–O3 Ag stretching mode, a difference of 5% can be estimated from a simple
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Theory Experiment
Ref. [93] Ref. [93] ∗ Ref. [94]∗∗ Ref. [39] Ref. [39]∗

593 638 638 636 636 636
253 292 – – 292 –
136 212 137 – 182 138.6

ω Eigenvector Assignment
V1y O2y O3y Ref. [39] This work

593 -0.17 0.47 0.01 V-O2 stretching V-O2 stretching
253 -0.28 -0.11 0.40 O-V-O bending O3-V-O2 bending
136 0.38 0.14 0.30 chain rotation antiparallel leg-shift

Table 6.5.: Upper table: Calculated eigenfrequencies (cm−1) of the B1g phonon
modes of CaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [39]. Details
are explained in the text.

Coulomb picture, which is in very good agreement with experiment.

Also the assignment of the 253 cm−1 mode corresponds to its NaV2O5 counter-
part: It represents a O3–V–O2 bending. Compared to the NaV2O5 mode located
at 283 cm−1, the eigenvector component of V is slightly smaller in CaV2O5, while
the apex oxygen O3 oscillates more strongly. The frequency shift of the CaV2O5

mode with respect to NaV2O5 is, again, due to the different ionic charge of V .
Even though Refs. [39] and [93] identify the 292 cm−1 mode as a B1g one, the-
oretical Raman spectra show that this peak must refer to a B2g mode with a
theoretical frequency of 259 cm−1, because its intensity is more than one order
of magnitude higher than that of the B1g mode. Also for the 136 cm−1 mode
the experimental situation appears to be confusing. Ref. [93] reports a B1g fre-
quency at 212 cm−1, in contrast to 182 cm−1 found in Ref. [39]. Considering the
theoretically obtained B1g mode and analyzing the Bng Raman spectra presented
in Sect. 9.2, the 212 cm−1 and the 182 cm−1 modes should be assigned B2g and
B3g symmetry, respectively. In turn, the B1g mode lowest in frequency is found
at 138 cm−1 in the Raman spectra of Refs. [39] and [93]. More precisely, theory
predicts peaks in both, the B1g and in the B2g Raman spectra, at almost the same
frequency, i.e. at 136 and 135 cm−1, respectively, which moreover have virtually
the same peak height. This implies that the experimental peak most probably
originates from the superposition of a B1g and a B2g peak. Returning to the dis-
cussion of B1g phonon frequencies, this means that the agreement between theory
and experiment is excellent with less than 1% difference. Just as in NaV2O5, the
136 cm−1 mode of CaV2O5 corresponds to an anti-parallel shift of the two legs
of one ladder combined with a shearing of the apex O3 with respect to the V–O2
leg. Compared with NaV2O5, the shearing is less pronounced in CaV2O5, i.e. the
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amplitude of the O3 displacement and those of the V and O2 oscillations are
more balanced.

6.3. B2g modes

6.3.1. NaV2O5

Theory Experiment
Ref. [90] [90]∗ [37] [37]∗ [36] [36]∗ [19] [19]∗ [92] [92]∗

979 970 949 954 954 951 951 954 954 954 954
683 531 693 550 683 – – 550 690 677 677
472 – 470 – – 550 477 – 474 – –
360 308 398 – – 429 392 – 393 – –
286 224 257 – 260 392 254 – 254 – 256
206 190 224 226 226 225 225 226 226 226 226
157 176 190 192 192 186 186 192 192 190 190
141 89 146 149 149 141 141 149 149 144 144

ω Eigenvector Assignment
Vx Vz Nax O1x O2x O2z O3x O3z Refs. [37] This work

979 0.04 -0.24 -0.01 -0.01 -0.01 -0.00 -0.04 0.41 V-O3 stretch. V-O3 stretch.
683 0.12 0.04 0.02 -0.65 0.14 0.02 0.01 0.01 V-O1 stretch. V-O1 stretch.
472 0.01 0.03 0.01 -0.17 -0.47 0.11 -0.02 0.00 V-O2 stretch. O2-V-O1 bend.
360 0.26 -0.17 0.04 0.10 0.05 0.16 -0.22 -0.14 O-V-O bend. O2-V-O3 bend.
286 -0.20 -0.16 -0.04 -0.05 0.05 0.33 0.26 -0.04 O-V-O bend. O2-V-O3 bend.
206 0.25 -0.13 -0.19 0.05 -0.06 -0.15 0.34 -0.07 O-V-O bend. Na-ladder shear
157 -0.04 -0.17 0.60 -0.04 -0.04 -0.14 0.07 -0.11 chain rotation Na ‖ a + chain rot.
141 -0.19 -0.27 -0.29 -0.16 -0.05 -0.18 -0.14 -0.17 Na ‖ a chain rotation

Table 6.6.: Upper table: Calculated eigenfrequencies (cm−1) of the B2g phonon
modes of NaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [37]. Details
are explained in the text.

The B2g phonon modes of NaV2O5 are shown in Figure 6.4 and Table 6.6,
respectively. The assignment of B2g phonons presented in literature is incomplete.
Instead, one to three B2g modes are missing in the different papers. Moreover,
there are inconsistencies when comparing the references to each other. Taking
into account the theoretically obtained B2g eigenvectors and frequencies together
with the computed Raman spectra, a new interpretation of the experimentally
measured spectra in xz polarization is possible. For this reason, in Table 6.6
together with the results from Refs. [90, 37, 36, 19] a second column with the
re-interpreted spectra marked with ∗ is presented.
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Figure 6.4.: B2g eigenmodes of NaV2O5. The arrows show the direction and mag-
nitude of the atomic displacements for each eigenmode.

For the highest-frequency mode the experimental situation is rather clear. Ex-
cept for Ref. [90], where a frequency of 970 cm−1 is presented, all references
report a peak at about 950 cm−1. Analyzing the peak at 970 cm−1 in Ref. [90],
it turns out that its position coincides with the position of an Ag peak, strongly
indicating that it does not belong to a phonon mode with B2g symmetry, as al-
ready discussed by Ref. [37]. For this reason the experimental frequency can be
assumed to be at 950 cm−1, which is not as close to the theoretical frequency of
979 cm−1 as 970 cm−1, but still in very good agreement. Also the displacement
pattern is unambiguous: As described in Ref. [37], the calculated eigenvectors
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clearly exhibit a V–O3 stretching.
In contrast, the assignment of the B2g mode next lower in frequency is quite

controversial. Ref. [90] presents a B2g mode at 530 cm−1, which—as already
discussed in Ref. [37]—appears to come from the Ag mode found at the same
frequency, while Refs. [37, 36, 19] report a B2g mode at 550 cm−1. In Ref. [92],
however, this B2g mode is found at 681 cm−1, which is in perfect agreement with
the theoretical frequency of 683 cm−1. Moreover, the experimental feature around
550 cm−1 is very asymmetric and smeared out, while there is a sharp peak at
683 cm−1 present in the xz polarized Raman spectra of Refs. [92] and [37]. For all
these reasons we propose that the B2g mode second-highest in frequency is located
at about 685 cm−1, while the feature at 550 cm−1 is likely to involve higher-order
terms or other mechanisms not directly related to the discussed eigenmodes. In
spite of the different frequency given in Ref. [37], its mode assignment agrees with
the theoretical eigenvector identifying the phonon mode as a V–O1 stretching.

Both, theoretical Raman spectra and experiments, agree in the point that the
O2–V–O1 bending mode at 472 cm−1 has rather low intensity. This may be the
reason why in Refs. [90] and [36] no corresponding entry is found in the tables of
B2g phonons, although —in excellent agreement with theory—peaks at 470 cm−1

and 477 cm−1, respectively, can be distinguished in the corresponding spectra. In
the B2g spectra of Refs. [37, 95, 92], on the other hand, such a peak can hardly
be identified. Regarding the atomic movements related to this eigenmode, the
V–O2 stretching reported in Ref. [37] is verified by theory, with an additional
participation of the in-leg oxygen O1, oscillating in c direction (Fig. 6.4).

The range between 390 cm−1 and 450 cm−1 again appears to be controversial
in literature. In the spectra of Refs. [37, 19, 92] only a very broad feature, but
no peaks can be distinguished between 330 cm−1 and 550 cm−1. Consequently
no B2g modes are reported for this region. Nevertheless, a calculation within a
valence shell model presented in Ref. [37] gives a mode of 382 cm−1. Ref. [90]
assigns a peak at 308 cm−1 B2g symmetry, but—as already argued in Ref. [37]—it
most probably stems from an Ag mode found at the same energy. On the other
hand, the spectra of Ref. [90] with xz polarization show a clear peak at 398 cm−1,
which is well compatible with the theoretically obtained frequency of 360 cm−1.
This also agrees with Ref. [36], which reports a B2g mode at 392 cm−1, while the
429 cm−1 mode presented in the same reference can most probably be related
to the Ag mode at 420 cm−1. In agreement with the characterization given in
Ref. [37] we find that the 360 cm−1 mode represents an O–V–O bending. A
more detailed analysis of the eigenvector allows a improved description of the
participating oxygen atoms, showing that mostly the in-leg oxygen O2 and the
apex oxygen O3 contribute to this bending mode, while the displacement of the
in-rung oxygen O1 is comparably small.

Theory also allows a more detailed analysis of the 286 cm−1 mode, again de-
scribed as O–V–O bending in Ref. [37]. Also this mode can be identified as
O2–V–O3 bending, but in comparison to the previously described mode the O3
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atom oscillates more strongly and with a larger x component, i.e. parallel to the
ladder plane. Moreover, the V oscillation changes its direction: While in the
360 cm−1 mode the V atoms move towards the O2 of the neighboring ladder, in
the 286 cm−1 mode they oscillate perpendicular to this direction. The experi-
mental situation is comparable to the one for the O1–V–O2 bending mode. The
spectra presented in Refs. [90, 37, 19, 92] show a weak peak located between
255 and 260 cm−1, but apparently this peak was not pronounced enough to be
included in the respective tables. Here, again, the theoretical eigenfrequency
together with the calculated Raman spectra, which confirm the low intensity
of the corresponding peak, allow a re-interpretation of the experimental curves
identifying the above mentioned weak features as originating from a B2g phonon
mode.

The situation is clearer for the 206 cm−1 mode. All five references [90, 37, 36, 19,
92] report a B2g mode at about 225 cm−1, which is in acceptable agreement with
theory. On the other hand, the assignment of Ref. [37], describing this mode as
O–V–O bending, is not verified by our calculations. Instead we find a movement
of all atoms in x direction, where Na oscillates out of phase compared to the
other atoms belonging to the same ladder. These displacements correspond to a
shear of Na with respect to the V–O ladders. Also for the B2g mode next lower in
frequency the experimental situation is quite clear. In all experiments (Refs. [90,
37, 36, 19, 92]) a peak at about 190 cm−1 can be found in the xz polarized spectra,
which is also interpreted as B2g mode in the last three references. Ref. [90] assigns
a peak in the xz polarized spectra at 175 cm−1 B2g symmetry, even though there is
a stronger peak 15 cm−1 above. In fact, already in Ref. [37] this 175 cm−1 peak is
interpreted as Ag feature. Also in view of the other references, the 190 cm−1 peak
is probable to be the one stemming from a B2g phonon mode. Comparing the
experimental frequency with the theoretical result (157 cm−1), a difference of 16%
is found. The calculated eigenvector somewhat differs from the mode-assignment
in Ref. [37]: While we find a weakly pronounced chain rotation as it is also
described in this references, the most striking feature of the 157 cm−1 mode is an
oscillation of Na in x direction.

In contrast to the assignment of Ref. [37], the 141 cm−1 mode turns out to
represent the chain rotation, i.e. the experimental assignment for the two modes
lowest in frequency appears to be swapped. For the lowest-frequency mode ex-
perimental and calculated frequency excellently agree. The theoretical frequency
lies at 141 cm−1, and experiments report this mode to be located between 141
and 149 cm−1. The only exception is found in Ref. [90] with the lowest B2g mode
at 89 cm−1. But—as Ref. [37] also stated for this mode—the related peak is very
likely to derive from the Ag mode at the same frequency, while the same spectra
show a peak at 146 cm−1 as well, which perfectly agrees with the theoretical and
other experimental results. Therefore we conclude that the latter peak is the one
originating from a phonon with B2g symmetry.
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6.3.2. CaV2O5

Theory Experiment
Ref. [93] Ref. [94] Ref. [39] Ref. [39]∗

842 867 – – –
652 – – –
499 – – – –
342 310 310 334 311
259 – – 311 –
219 212 211 213 213
190 182 – – 182
135 137 – – 138.6

ω Eigenvector Assignment
Vx Vz Cax O1x O2x O2z O3x O3z Ref. [39] This work

842 0.04 -0.25 -0.02 0.03 -0.03 -0.01 -0.05 0.43 V-O3 stretch. V-O3 stretch.
652 -0.21 -0.02 -0.01 0.62 -0.07 -0.07 -0.02 -0.04 V-O1 stretch. V-O1 stretch.
499 -0.01 0.03 0.02 -0.04 -0.48 0.12 -0.01 -0.02 V-O2 stretch. O2-V-O1 bend.
342 -0.33 0.18 -0.04 -0.12 -0.03 -0.21 0.18 0.15 O-V-O bend. O2-V-O3 bend.
259 -0.19 -0.23 -0.05 -0.03 0.06 0.29 0.25 -0.07 O-V-O bend. O2-V-O3 bend.
219 0.28 -0.02 -0.14 0.07 -0.07 -0.16 0.36 -0.02 O-V-O bend. Ca-ladder shear
190 -0.04 -0.28 0.39 -0.06 -0.06 -0.26 0.05 -0.15 chain rotation Ca ‖ a + chain rot.
135 -0.10 -0.24 -0.38 -0.09 -0.05 -0.20 -0.18 -0.17 Ca ‖ a chain rotation

Table 6.7.: Upper table: Calculated eigenfrequencies (cm−1) of the B2g phonon
modes of CaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [39]. Details
are explained in the text.

The eigenfrequencies and eigenvectors of the B2g phonon modes of CaV2O5

are presented in Table 6.7. On the experimental side, the number of reported
B2g modes is rather sparse. In the polarized measurements on a polycrystalline
sample reported in Ref. [93], where B2g phonon peaks are mostly found in HV
polarization, four peaks be related to B2g modes. Among these four modes, only
for one mode the measured frequency at 212 cm−1 was explicitly given in the
reference, while we determined the other three modes at 182 cm−1, 310 cm−1,
and 867 cm−1by assigning additional peaks appearing in the presented cross-
polarized spectra. In Refs. [94], where the peaks are not assigned a certain
symmetry, we identify three frequencies of the unpolarized spectra as B2g peaks.
For Ref. [39] finally, where the unpolarized spectra were assigned by comparison
to the NaV2O5 results, we present, in addition, in column five (marked with ∗) the
interpretation of this spectra in the light of theoretically obtained eigenfrequencies
and Raman spectra.
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Like its NaV2O5 counterpart, the highest frequency B2g mode of CaV2O5 rep-
resents an unambiguous V–O3 stretching. The eigenvectors of the CaV2O5 and
the NaV2O5 mode are virtually identical, with the main contributions coming
from oscillations of V and the apex oxygen O3 along the V–O3 bond. On the
experimental side little information about this B2g mode can be found. Only in
Ref. [93], in good agreement with theory a feature at 867 cm−1 can be distin-
guished, which however is very weak and not explicitly labeled in the reference.
The lower frequency in CaV2O5 compared NaV2O5, as it is the case for the Ag

V–O3 stretching mode, is due to the smaller positive charge carried by the V ion
in the former compared to the latter.

For the B2g mode at 652 cm−1 no experimental result is found at all. Similar
to the situation in NaV2O5, this mode represents a V–O1 stretching, with the
most characteristic feature being an oscillation of the in-rung O1 in x direction.
The main differences to NaV2O5 consist in a larger Vx component and a change
in the O2 movement, which has a considerable z component in CaV2O5. As
for the V–O3 stretching, also for this mode the frequency is lower compared to
the analogous NaV2O5 vibration, which can be explained again by the differently
charged V ion and by the fact that V, which has a much larger mass than oxygen,
contributes considerably more to the eigenvector.

The B2g vibration next lower in energy represents an O2–V–O1 bending mode
at 499 cm−1, where the O2x component is clearly dominating the eigenvector.
Here the theoretical eigenvectors allow to render more precisely the assignment
given in Ref. [39], where this mode is identified as V–O2 stretching. Altogether,
the eigenvector again hardly differs from the respective NaV2O5 counterpart.
Experimentally, there are no results available for this phonon mode. This implies
that its Raman intensity is quite small, which is also verified by the theoretical
Raman spectra. In terms of eigenfrequencies, the CaV2O5 mode is located lower
than the NaV2O5 mode, which can be related to the fact that both the distances
to the next V atom along the leg and the next V atom on the neighboring ladder
are smaller in CaV2O5.

In contrast to this mode, for the O2–V–O3 bending an experimental frequency
can be found in all three references. Assuming that the 334 cm−1 mode—
appearing in the tables of Ag as well as B2g modes in Ref. [39]—is in fact an
Ag feature, all three references ([93, 94, 39]) concordantly report a frequency of
about 310 cm−1, which is about 10% lower than the theoretical result of 342 cm−1.
Comparing the displacement pattern to that of the NaV2O5 O2–V–O3 bending
mode, the V components of the eigenvector are considerably larger and more
parallel to the ladder plane, while O2 has a slightly larger z component. The
eigenfrequency is distinctly lower in CaV2O5 than in NaV2O5, which another
time can be ascribed to the smaller charge of the V ion in CaV2O5, on the one
hand, and on the other hand to the fact that the heavy V has a larger contribution
to the eigenmode.

For the 259 cm−1 mode, no corresponding experimental feature can be found
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in Refs. [39, 93, 94]. The reason for this are most probably the dominant peaks of
the Ag modes at 280 cm−1 and 238 cm−1, respectively, which are likely to cover
the scattering intensity from the B2g mode, as can be seen from the theoretical
Raman spectra in Sect. 9.2. Also this mode can be described as a O2–V–O3
bending, where however the V atoms oscillate less and the O2 and O3 atoms more
intensively than in the 340 cm−1 mode. The eigenvector of this CaV2O5 mode
is quite similar to that of the NaV2O5 286 cm−1 vibration, with slightly altered
V components and a moderately enhanced O2z displacement. Again we assume
that the lower frequency in the CaV2O5 mode is due to the smaller Coulomb
force in this system.

The B2g mode next lower in energy is well documented experimentally. All
three references report phonon mode at about 212 cm−1, which excellently agrees
with the theoretical result of 219 cm−1. However, we find a somewhat different
movement of the atoms compared to the assignment of Ref. [39], where this mode
is presented as O–V–O bending. The theoretical eigenvector shows a considerable
oscillation of Ca parallel to x, which is out of phase with respect to a correspond-
ing movement of the ladder atoms O1, V, and O3 along the same direction, thus
representing a kind of shear of the Ca plane with respect to the V–O ladders.
The orientation of the ladders’ movement in x direction is even more pronounced
than in the analogous NaV2O5 mode. On the other hand, also the in-leg oxygens
O2 are considerably involved in this B2g mode oscillating perpendicular to the
ladder plane. The frequency of the CaV2O5 and the NaV2O5 mode differ only
little, indicating that competing effects widely compensate each other: On the
one hand, the ionic charge of Ca2+ is larger compared to that of Na+ and the
V–O2 distances are shorter CaV2O5. On the other hand, Ca is heavier than Na
and the V ions carry less charge in CaV2O5.

Both of the two B2g modes lowest in frequency involve rotations of the lad-
der together with a movement of Ca in x direction. In the first mode, with a
theoretical frequency of 190 cm−1, Ca moves out-of-phase with respect to the
x components of the ladder atoms V, O1, and O2. The Ca participation rep-
resents an additional feature with respect to the assignment in Ref. [39], where
this mode is solely described as a chain rotation. In terms of frequency it can
be related to an experimentally observed phonon mode found at 182 cm−1, as it
is reported in Ref. [93]. Also in the unpolarized spectra presented in Ref. [39]
a peak at 182 cm−1 can be distinguished. While this peak—in analogy to the
172 cm−1 peak of the NaV2O5 B2g mode—was interpreted as B1g peak in the cited
reference, theory implies that it is rather stemming from a B2g phonon. Thus
theory and experiment agree very well for this mode. Relating the discussed
B2g mode to the respective mode of NaV2O5, a smaller frequency is found in the
former despite of the larger Coulomb attraction implied by the stronger ionicity
of Ca2+ compared to Na+. This can be explained by the much greater mass of
Ca compared to Na together with a larger eigenvector component of the heavy
V atom in CaV2O5.
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The second chain-rotation mode in CaV2O5 is located at a theoretical frequency
of 135 cm−1. In contrast to the 190 cm−1 mode, in this mode the Ca atom
moves in-phase with the V and O atoms of the ladder, hence making this mode
even clearer a chain rotation than the previous one. Compared to the respective
vibration in NaV2O5, the x component of the metal ion is considerably larger
in CaV2O5. Taking into account that on the one hand the ratio of the Cax

component to the Nax component is 1.31, and on the other hand the ratio of
the square root of masses

√

mCa/mNa equals 1.32, the effective displacements of
the metal ion in the lowest-frequency B2g mode precisely coincide. Looking at
the V atoms, we find that their oscillation is smaller and more perpendicular to
the ladder plane in CaV2O5 compared to NaV2O5. On the experimental side,
the corresponding peak is most probably a feature found at about 138 cm−1

in both Refs. [39] and [93]. As already discussed in section 6.2.2, this feature
is in fact likely to represent a superposition of both, a B1g and a B2g peak,
at almost the same frequency and with almost the same intensity. Once more
the agreement between theory and experiment is very good, with a difference
of only 2%. Comparing the lowest-frequency B2g mode of CaV2O5 with the
corresponding mode of NaV2O5, the latter is again about 5% higher in frequency.
At the first sight, this seems to be a contradiction, since the ionic charge is larger
and consequently a larger Coulomb attraction must be present in CaV2O5. In
turn, the reduced mass of the atoms contributing to the CaV2O5 oscillation is
larger, which is due to the larger mass of Ca compared to Na together with a
larger eigenvector component of the metal ion in CaV2O5, at the expense of the
eigenvector components of the lighter oxygen atoms. The altered reduced mass
explains the lower frequency in this compound.

6.4. B3g modes

6.4.1. NaV2O5

Figure 6.5 and Table 6.8 show the B3g modes of NaV2O5 as obtained from theory.
Regarding the experimental results in Tab. 6.8, for each reference together with
the originally reported eigenfrequencies a second column with a re-interpretation
of the reported spectra in the light of the calculated eigenmodes and Raman
spectra is added. For Ref. [90], where not the actual space group Pmmn, but
the earlier proposed space group P21mn was assumed, the values reported in
Tab. 6.8 refer to the peaks measured in yz polarization and presented as phonon
modes with A2 symmetry.

Theory and the assignment in Ref. [37] accordingly identify the B3g mode at
708 cm−1 as a V–O2 stretching mode, where the in-leg oxygen O2, however, is
much more displaced than the V neighbor. Regarding the experimental frequency
of this phonon mode, Ref. [90] reporting 970 cm−1 contravenes the results of

68



6.4. B3g modes

Theory Experiment
Ref. [90] Ref. [90]∗ Ref. [37] Ref. [37]∗ Ref. [36] Ref. [36]∗ Ref. [19] Ref. [92] Ref. [92]∗

708 970 685 684 684 683 683 684 681 681
384 685 365 366 366 418 366 368 362 362
262 365 260 260 260 366 257 261 260 260
188 260 165 – 173 257 169 – – 170
136 89 135 – 140 169 137 – – 137

ω Eigenvector Assignment
V1y Nay O1y O2y O3y Ref. [37] This work

708 -0.14 -0.00 -0.04 0.48 0.00 V-O2 stretching V-O2 stretching
384 -0.30 -0.03 0.48 -0.05 0.20 V-O1-V bending O1-V-O3 bending
262 -0.28 0.05 -0.32 -0.11 0.33 O-V-O bending rung vs O3 shear
188 0.30 -0.26 0.03 0.09 0.35 Na ‖ b (ladder vs Na) ‖ b
136 -0.21 -0.55 -0.09 -0.07 -0.21 chain rotation antiparallel ladder shift

Table 6.8.: Upper table: Calculated eigenfrequencies (cm−1) of the B3g phonon
modes of NaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [37]. Details
are explained in the text.

Refs. [37, 36, 19, 92], which clearly indicate that this mode is located at about
685 cm−1. As already discussed in Ref. [37] and Sect. 6.3.1, the peak at 970 cm−1

found in the yz polarized spectra of Ref. [90] is in fact likely to stem from an
Ag mode at the same frequency. Instead we propose that in Ref. [90] the next
lower frequency at 685 cm−1 is the B3g mode highest in energy, as it is displayed
in the third column. This frequency is in good agreement with theory.

Also for the B3g mode next lower in energy the situation in literature is not
completely univocal. Ref. [36], in addition to a lower frequency of 366 cm−1, also
presents a B3g mode at 418 cm−1, which, however, is neither verified by the other
experiments nor by theory. Instead, Refs. [37, 19, 92] for the B3g mode second
highest in frequency report a value of 362–368 cm−1, which is close to the theoret-
ical eigenfrequency of 384 cm−1. Moreover, the frequency of 418 cm−1 coincides
with the location of a Ag peak, such that it is quite likely not to belong to the
B3g modes. Therefore in our assignment of the spectra of Ref. [36] in column
seven this frequency was substituted by the lower one at 366 cm−1. Concerning
the mode assignment, the theoretically calculated eigenvector suggests some al-
teration with respect to the results presented in Ref. [37]. In this reference, the
mode at 365 cm−1 is related to a V–O1–V bending, while we also find a con-
siderable contribution of the apex oxygen O3 oscillating parallel to the in-rung
oxygen, but out-of-phase with respect to the vanadium atom, which implies that
this mode represents a O1–V–O3 bending.

For the B3g eigenmode at 262 cm−1, the peak assignment with respect to the
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Figure 6.5.: B3g eigenmodes of NaV2O5. The arrows show the direction and mag-
nitude of the atomic displacements for each eigenmode.

experimental spectra is unambiguous. All Refs. ([90, 36, 37, 19, 92]) report a
corresponding mode in the range between 257 and 261 cm−1, i.e. within a few
wave numbers from the theoretically obtained values. Regarding the mode assign-
ment, the theoretically calculated eigenvector allows a more detailed specification.
While Ref. [37] speaks about an O–V–O bending, we find that this mode involves
an oscillation of the apex oxygen O3, which is antiparallel to the movement of
the ladder-atoms V and O1 such that it can be described as a shear of the O3
atoms with respect to the rest of the ladder. Also the in-leg oxygen O2 makes
some contribution to this mode, which is however much smaller than the before
mentioned eigenvector components of V, O2 and O3.

For the two B3g phonon modes lowest in energy the experimental situation
appears to be more challenging. Refs. [37, 19, 92] do not explicitly report any
frequency at all, while Refs. [90] and [36] find just one frequency located at
89 cm−1 and 169 cm−1, respectively. The theoretical B3g spectrum presented in
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Sect. 9.1 sheds light on the situation: The intensity of the B3g Raman spectra
at 188 and 136 cm−1, respectively, turns out to be very small, thus making it
difficult to identify the related peaks. Nevertheless, making use of the theoretical
results in terms of peak heights and eigenfrequencies, a new interpretation of
the experimental spectra presented in literature is possible. In fact, in three of
the references (Refs. [90, 37, 92]) additional B3g peaks at about 170 cm−1 can
be distinguished confirming the 169 cm−1 mode reported in Ref. [36], and in all
four references [90, 36, 37, 92] a peak at 135–140 cm−1 can be found, which is in
perfect agreement with the calculated eigenfrequency of 136 cm−1.

6.4.2. CaV2O5

Theory Experiment
Ref. [93]∗ Ref. [94]∗ Ref. [39] Ref. [39]∗

605 – – 636 –
392 369 – 366 366
254 292 293 280 292
195 – – - -
113 – – - -

ω Eigenvector Assignment
V1y Cay O1y O2y O3y Ref. [39] This work

605 -0.18 -0.00 -0.01 0.46 0.02 V-O2 stretching V-O2 stretching
392 -0.16 -0.11 0.59 -0.06 0.19 V-O1-V bending O1-V-O3 bending
254 -0.27 0.06 -0.20 -0.12 0.38 O-V-O bending rung vs O3 shear
195 0.24 -0.51 -0.10 0.08 0.22 Ca ‖ b (ladder vs Ca) ‖ b
113 -0.34 -0.28 -0.07 -0.13 -0.27 chain rotation antiparallel ladder shift

Table 6.9.: Upper table: Calculated eigenfrequencies (cm−1) of the B3g phonon
modes of CaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [39]. Details
are explained in the text.

The calculated eigenvectors and eigenfrequencies of CaV2O5 with B3g symme-
try are shown in Table 6.9. In Refs. [93, 94] the unpolarized spectra are presented
without a symmetry assignment such that the peak positions reported in the re-
spective columns (marked by ∗) are chosen due to the theoretical eigenmodes and
Raman spectra. Also for the results of Ref. [39], where a symmetry assignment
of the unpolarized Raman spectra was done by comparing the peak positions
with those of the polarized spectra for NaV2O5, an additional column with a
re-interpretation of the spectra in the light of theory is presented (also marked
with ∗). In general the experimental information about the B3g phonons is quite
limited. Among the five B3g modes existing in CaV2O5, only between one and
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three modes are detected, where in the latter case one of the three modes is
not verified by theory. Ref. [39] makes use of the assignment originally done for
NaV2O5 also for CaV2O5 by relating the peaks interpreted as B3g modes to the
NaV2O5 B3g mode closest in frequency. Therefore, the characterizations of these
modes do not have to apply to CaV2O5.

The B3g mode with a frequency of 605 cm−1 represents a clear V–O2 stretching,
where the in-leg oxygens O2 oscillate very strongly towards the neighboring V
atoms of the same leg, which in turn move out-of-phase with the O2 atoms, but
with considerably smaller amplitude. All other atoms do virtually not participate
in this eigenmode. Thus the eigenvector of this mode is very similar to the one
of the corresponding NaV2O5 mode and to the assignment given in Ref. [39]. On
the experimental side, only Ref. [39] presents a result, i.e. a B3g frequency of
636 cm−1. But since, on the one hand, this peak was also included in the list of
B1g modes of this reference, and on the other hand the theoretical Raman spectra
(Sect. 9.2) indicate that the B1g peak with 593 cm−1 has an intensity one order of
magnitude greater than the B3g mode, we assume that the 636 cm−1 peak stems
from a B1g vibration. Compared to the frequency of the related NaV2O5 mode
situated at about 700 cm−1, the energy of the CaV2O5 mode is much lower. In this
context, an analogous argumentation as for the V–O2 mode with B1g symmetry
applies, i.e. the lower frequency can be ascribed to the smaller charge of the V
ion in CaV2O5 compared to NaV2O5.

For the B3g mode with a frequency of 392 cm−1, the experimental situation is
comparably clear. Refs. [39] and [93] both show a peak at around 367 cm−1, which
is about 6% lower than the theoretical result. The main characteristics of this
phonon mode comprise oscillations of the in-rung oxygen O1 and the apex oxygen
O3, which together move antiparallel with respect to the V atoms. The O1y

component, however, is strongly dominating with respect to the Vy and the O3y

displacements. Thus the theoretical findings mostly verify the assignment given
in Ref. [39], extending it by the contribution of the apex oxygen atoms. Compared
to the NaV2O5 B3g mode at 384 cm−1, the V atoms participate considerably less
in the CaV2O5 eigenmode, while the O1 component is even larger. The lowered
frequency of the CaV2O5 mode with respect to its NaV2O5 counterpart can be
related to the fact, that in the CaV2O5 mode the contribution of the light O
atoms is considerably greater than in the NaV2O5 case.

Also for the B3g mode at 254 cm−1 experimental counterparts can be found.
In detail, the spectra of all references ([39, 93, 94]) contain a peak at about
292 cm−1. As already discussed in the context of the Ag phonons (Section 6.1.2),
we suppose that the 292 cm−1 peak of the unpolarized spectra in Ref. [39] is
the one with B3g symmetry. The reason for our assignment are the theoretical
Raman spectra as presented in Sect. 9.2, which show that the intensity of the
B3g peak at 254 cm−1 is about 15 times higher than the one of a B1g mode at
253 cm−1 and about seven times higher then the one of B2g peak at 259 cm−1.
In contrast, the theoretical Ag peak at 265 cm−1 is again much higher than the
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B3g peak with 254 cm−1. For this reason we identify in the spectra of Ref. [39]
the peak at 280 cm−1 as Ag mode, even though it is originally assigned B3g

symmetry. The eigenvector of the 254 cm−1 vibration shows an oscillation of the
apex oxygen O3 which is out-of-phase with respect to the V and O3 atoms of the
ladder, while the O2 component is rather small. Thus it can be characterized as
a shear of the O3 atom vs. the rung of the ladder. Thus, we provide a further
specification compared to the assignment found in Ref. [39], which describes
the B3g mode third highest in energy as a O–V–O bending. Compared to the
262 cm−1 mode of NaV2O5, the CaV2O5 phonon has a smaller O1 component,
which is compensated by a stronger movement of the apex oxygen O3. In terms
of frequency, theory finds a slightly lower frequency in the CaV2O5 case, while
the experimental frequency appears to be about 10% higher than in the Na
compound.

The B3g mode at 195 cm−1 lacks any experimental counterpart. This can be
understood taking into account the theoretical Raman spectra, which show that
the peak height for this mode is very small. As the NaV2O5 mode with 188 cm−1,
it represents an oscillation of the V and apex oxygen O3 antiparallel to the metal
atom Ca (Na). However, a much larger eigenvector component of the metal ion
is found, at the expense of a lowered V contribution. In addition, a considerable
O1 contribution in-phase with the Ca motion is present. The frequency of the
CaV2O5 mode appears to be slightly higher than the one for the corresponding
NaV2O5 oscillation. This can be attributed to the smaller contribution of the
heavy V atom in the CaV2O5 case.

For the B3g mode lowest in frequency a theoretical result of 113 cm−1 is ob-
tained. On the experimental side, no corresponding phonon mode can be found
in literature, which can probably be ascribed to the fact that an Ag mode at
a theoretical frequency of 106 cm−1 shrouds the much weaker B3g peak. The
113 cm−1 mode represents an antiparallel shift of the two ladders of one unit cell
in +y and −y direction, respectively. In comparison to the antiparallel ladder
shift in NaV2O5, the V component is considerably larger in the CaV2O5 mode,
while the Ca contribution is much smaller than the corresponding Na displace-
ment. In turn, the in-leg oxygen O2 and the in-rung oxygen O3 show an increased
component compared to NaV2O5. This implies that the ladder shift is more uni-
form in CaV2O5 than in NaV2O5, which is also one clue for the understanding
of the 15% decrease in frequency compared to NaV2O5. A second reason is pro-
vided by the stronger participation of the heavy V atoms together with the larger
mass of the metal atom in CaV2O5 (40 atomic mass units for Ca compared to a
value of 23 for Na). These two effects lead, in contrast to the larger inter-ladder
interaction as emerging from the enhanced tight binding parameter ti (see Tabs.
10.1 and 10.4), to a considerably lower frequency of the antiparallel ladder shift
in CaV2O5 compared to its counterpart in the sodium vanadate.
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7.1. B1u modes

7.1.1. NaV2O5

Theory Experiment
Ref. [36] Ref. [36]∗ Ref. [37] Ref. [38]

971 955 955 955 954
554 760 591 – 583
478 591 468 460 468
352 468 – (368) –
292 179 – – –
190 162 179 181 182
154 – 162 164 164

ω Eigenvector Assignment
Vx Vz Naz O1z O2x O2z O3x O3z Refs. [37] This work

971 -0.05 0.25 -0.01 0.01 0.01 -0.01 0.06 -0.43 V-O3 stretch. V-O3 stretch.
554 -0.35 -0.06 0.01 0.08 0.33 0.01 0.09 0.02 V-O2 stretch. V-O2 stretch.
478 -0.05 -0.22 0.01 0.35 -0.18 0.31 -0.01 -0.12 V-O1-V bend. O1-V-O2 bend.
352 0.03 0.10 -0.02 0.36 0.05 -0.32 -0.26 0.03 O-V-O bend. O1-V-O2 b. + O3x

292 0.28 -0.04 0.00 -0.01 0.33 0.18 -0.16 -0.07 O-V-O bend. rung stretching
190 -0.20 -0.10 0.18 -0.19 -0.08 0.02 -0.39 -0.10 Na ‖ c O1-V-O3 b.+ Na ‖ c
154 -0.12 0.11 -0.57 -0.07 -0.05 0.14 -0.20 0.05 Chain rotation Na ‖ c

Table 7.1.: Upper table: Calculated eigenfrequencies (cm−1) of the B1u phonon
modes of NaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [37]. Details
are explained in the text.

The eigenfrequencies and eigenvectors of the B1u modes of NaV2O5 are pre-
sented in Tab. 7.1 and Fig. 7.1, respectively. On the experimental side, only
part of the seven B1u modes resulting from theory are detected. In addition, the
interpretation of the experimental peaks as presented in Ref. [36] is not fully con-
sistent with the theoretical findings. For this reason, as in the previous sections,
a second column with a re-interpretation of experimental spectra is presented
(marked by ∗).
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Figure 7.1.: B1u eigenmodes of NaV2O5. The arrows show the direction and mag-
nitude of the atomic displacements for each eigenmode.

Analogous to the Ag and B2g modes highest in frequency, the eigenvector of
the B1u mode at 971 cm−1 represents a V–O3 stretching, which is also consistent
with the assignment given in Ref. [37]. The theoretical frequency of 971 cm−1 is
about 1.5% higher than its experimental counterpart of 955 cm−1, reported in all
three Refs. [36, 37, 38].

For the V–O2 stretching mode at 554 cm−1, the experimental situation is not
completely clear. While Ref. [37] does not present any measured frequency for
this eigenmode, Refs. [36] and [38] give a frequency of 760 cm−1 and 583 cm−1,
respectively. Thus, the theoretical findings are in favor of the results of Ref. [38],
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which are moreover supported from a calculated result included in Ref. [37], which
reports an even lower frequency for this mode, i.e. 488 cm−1. For this reason we
believe that the weak 760 cm−1 feature in the spectra of Ref. [36] (polarization
‖ c) does not originate from a B1u mode.

The B1u mode next lower in energy is located at a theoretical frequency of
478 cm−1, which is in very good agreement with the experimental value of 460–
468 cm−1, with a deviation of 2–3% only. Regarding the assignment of this
mode, the characterization as V–O1–V bending given in Ref. [37] is also verified
by theory, where, however, also a rather large O2 component is found. Theory
also allows the refinement of the mode assignment for the 352 cm−1 vibration.
While Ref. [37] reports a O–V–O bending, the theoretical eigenvector reveals
more details of this oscillation showing that it comprises both, an O1–V–O2
bending and an O3 movement in x direction. The frequency of this phonon
mode as obtained by theory is 352 cm−1. Experimentally, only Ref. [37] reports a
corresponding frequency at 368 cm−1, and even this peak is treated as not totally
unambiguous, since it coincides with a B2u peak at the same energy. Theory,
however, indicates that this feature is really stemming from a phonon mode with
B1u symmetry.

An experimental result is completely missing for the B1u mode with 292 cm−1.
Nevertheless, a calculated eigenfrequency for the eigenfrequency computed within
a valence shell model together with a mode assignment is presented in Ref. [37]. In
this context, a frequency of 277 cm−1 is presented, which is about 5% lower than
our theoretical result. Regarding the mode assignment, our calculations again
yield a more detailed determination. While Ref.[37] reports a O–V–O bending,
our eigenvector exhibits an oscillation of the two legs of one ladder against each
other, thus stretching the rungs. In addition, a small contribution of the apex
oxygen is found.

For the B1u mode at 190 cm−1, the experimental counterpart is well docu-
mented. In all three references ([36, 37, 38]) a peak at around 180 cm−1 appearing

in polarization ~E ‖ ~c is reported, which is in good agreement with theory. On
the other hand, the theoretical results suggest some modification with respect
to the mode assignment given in Ref. [37]. While the cited reference describes
this B1u mode as oscillation of Na ‖ c, we find that other contributions are
more significant in this phonon mode. As the main characteristic, we identify
a breathing-like oscillation of the two V–O3 pairs located at both ends of one
rung, which move in x direction. In addition, a considerable z component of the
in-rung oxygen O1 and the Na atom is found, where the latter, however, is not
dominant.

In turn, theory implies that the B1u mode lowest in frequency clearly involves
a Na oscillation ‖ c as its main feature. This is in contrast to the assignment
given in Ref. [37], where the respective mode is described as chain rotation. In
addition to the Na oscillation, we find a breathing-like motion of the V and O3
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atoms similar to the one described above, but with smaller amplitude. The phase
of the Na vibration with respect to the V–O3 breathing, however, is opposed to
the one found in the 190 cm−1 mode. The theoretical frequency of 154 cm−1 is
again in good correspondence with the experimental findings in literature, where
frequencies of 162–164 cm−1 are reported.

7.1.2. CaV2O5

Theory Experiment
Ref. [39] Ref. [39]∗

903 956 956
559 – 578
483 – –
348 – –
282 264 264
235 – –
195 198 198

ω Eigenvector Assignment
Vx Vz Caz O1z O2x O2z O3x O3z Refs. [39] This work

903 -0.09 0.23 -0.01 0.03 0.05 -0.01 0.10 -0.42 V-O3 stretch. V-O3 stretch.
559 -0.30 -0.02 0.02 -0.00 0.37 -0.10 0.05 0.11 V-O2 stretch. V-O2 stretch.
483 -0.15 -0.25 0.00 0.39 -0.05 0.28 0.06 -0.07 V-O1-V bend. O1-V-O2 bend.
348 0.11 0.11 -0.06 0.34 0.07 -0.25 -0.31 -0.00 O-V-O bend. O1-V-O2 b. + O3x

282 0.17 -0.08 0.04 -0.12 0.27 0.25 -0.24 -0.12 O-V-O bend. rung stretching
235 -0.30 -0.05 0.13 -0.13 -0.19 -0.02 -0.32 -0.07 Ca ‖ c O1-V-O3 b.+ Ca ‖ c
195 -0.14 0.14 -0.56 -0.06 -0.04 0.18 -0.11 0.09 Chain rotation Ca ‖ c

Table 7.2.: Upper table: Calculated eigenfrequencies (cm−1) of the B1u phonon
modes of CaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [37]. Details
are explained in the text.

Table 7.2 presents the eigenvectors and eigenfrequencies of CaV2O5 with B1u sym-
metry together experimental findings. In fact, to the best of our knowledge
only one infrared reflectivity measurement for CaV2O5 is published in literature
(Ref. [39]), which is presented in column two. Even though the measurements
were performed with unpolarized light, the same reference also ascribes both, a
symmetry and displacement pattern to its IR active modes, which is achieved
by comparison with the results for NaV2O5. Since the theoretically calculated
eigenmodes do not fully confirm the symmetry assignment of Ref. [39], in column
three (marked with ∗) a re-interpretation of the experimental spectra in the light
of the theoretical frequencies is presented.
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The B1u V–O3 stretching mode of CaV2O5 is found at a frequency of 903 cm−1,
which is about 5% lower than the experimental result of 954 cm−1. The eigen-
vector is very similar to the one of the corresponding NaV2O5 mode, with slight
variations in the V, the O2 and the O3 movements, which show an increased com-
ponent in x direction. Also the experimental frequencies are virtually identical
in both structures, which is quite surprising. In contrast, theoretical frequencies
exhibit a shift of -7% going from NaV2O5 to CaV2O5. This finding is compatible
with a lower V–O3 interaction in the latter, which is due to the decreased ionicity
of the V ion. This behavior also reflected in the diminished energies of its V–O3
stretching modes with Ag and B3g symmetry, respectively.

For the 559 cm−1 mode, no experimental counterpart is reported in litera-
ture. However, a peak located at 578 cm−1 is found in the unpolarized spectra of
Ref. [39]. Even though this peak is originally interpreted as B2u peak, the calcu-
lated eigenfrequencies indicate that it rather belongs to B1u symmetry. In turn,
we suggest that a peak found at 515 cm−1 (described as B3u mode in the same
reference) could originate from a phonon mode with B2u symmetry. (This would
imply that for the B3u mode with a calculated frequency of 479 cm−1 no peak can
be distinguished in the experimental spectra.) Compared to NaV2O5 the eigen-
vector somewhat differs. The V oscillation is more oriented in x direction, while
O2 has a larger z component, i.e. it vibrates more clearly towards the adjacent
V site of the neighboring ladder. The O1 movement is hardly present, while O3
has got a considerable contribution in z direction. The latter also explains the
comparably high frequency in CaV2O5, in spite of the smaller ionic charge on the
V sites.

An experimental result is also missing for the B1u mode at 483 cm−1. Its
eigenvector components show considerable differences to the ones of the respective
NaV2O5 mode, yet clearly representing a O1–V–O2 bending. One difference
consists in the noticeably increased Vx component in CaV2O5, while the O2x

contribution is reduced. Also the O3 participation is subject to a modification:
While in NaV2O5 the in-leg oxygens oscillate almost exclusively in z direction, the
same atoms turn out to move diagonally in CaV2O5, with the x and z component
being very similar. The higher frequency of the CaV2O5 mode compared to the
NaV2O5 case, which is again in contrast to the lower V charge, can be understood
by the fact that the V–O2 distance is changed more strongly in the former.

The B1u mode next lower in frequency is located at 348 cm−1. One more time,
no corresponding peak is found in the spectra of Ref. [39]. In terms of the eigen-
vector, the assignment given for the respective NaV2O5 vibration is verified for
the CaV2O5 mode as well, i.e. it also involves an O1–V–O3 bending in combina-
tion with an oscillation of the apex oxygen parallel to the rungs. In contrast to
NaV2O5, the V movement in CaV2O5 shows a considerable component in x di-
rection. The O3 atoms in CaV2O5 move strictly in x direction and the amplitude
of their oscillation is much larger. The eigenfrequency of the CaV2O5 oscillation
is slightly lower than for the NaV2O5 mode, with a difference of about 1.5%.
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A frequency decrease of 3% with respect to NaV2O5 is also found for the rung-
stretching mode of CaV2O5 at 282 cm−1. An analysis of the eigenvector compo-
nents reveals that the in-rung oxygens O1 have got a z component in phase with
the one of vanadium, hence the effective kinking of the rungs is only moderate.
In turn, the directions of the V, O2, and O3 displacements are changed, i.e the x
component is decreased in favor of an increase in z direction. Since this results in
a perpendicular motion of the in-leg oxygens O2 with regard to the V atoms, the
most characteristic feature consists in a bending of the legs. Compared to the
situation in NaV2O5, the apex oxygens O3 participate more intensively. Overall,
the CaV2O5 mode shows a greater intricacy compared to the NaV2O5 mode. In
this sense, theory also provides a considerable improvement of the mode speci-
fication compared to the one in Ref. [39], where this mode was identified as an
O–V–O bending. Concerning the infrared reflectivity measurements of Ref. [39],
the 282 cm−1 mode can be related to a peak detected at 264 cm−1.

The B1u mode lowest in frequency is found at 195 cm−1, which is very close to
the peak position at 198 cm−1 related to a B1u mode in Ref. [39]. However, the
theoretical frequency of a B2u mode with 196 cm−1 (Tab. 7.4) is even closer to
the experimental peak. Thus from the theoretical point of view no unambiguous
symmetry assignment of the experimental mode with 198 cm−1 can be done
without a calculation of theoretical scattering intensities. The eigenvector of this
mode is very similar to the one found in the B1u mode of NaV2O5 lowest in
energy. In fact, only the oscillation of the apex oxygen O3 differs considerably:
While in NaV2O5 this atom moves rather parallel to the ladder plane, in CaV2O5

its z component is comparable to the x displacement, i.e. it moves diagonally
in x - z direction. Regarding the frequencies, a rather large increase is found
going from NaV2O5 to the Ca compound. This tendency was already found for
the Ag phonon dominated by a Ca vibration parallel to c and can similarly be
derived from the enhanced ionic charge of Ca2+ compared to Na+.

7.2. B2u modes

7.2.1. NaV2O5

The theoretical results for the eigenfrequencies and eigenvectors of the NaV2O5 phonon
modes with B2u symmetry are presented in Tab. 7.3 and Fig. 7.2, respectively.
Experimentally, a relatively large number of infrared reflectivity measurements
can be found in literature. References [37, 40, 38] actually present a complete
table of B2u modes, while in Refs. [90, 91, 36] three of the four modes predicted
by factor group analysis are reported. Column one of the experimental data, re-
ferring to Ref. [90], contains the modes interpreted as B1 modes in this reference,
because space group P21mn was assumed for NaV2O5. They are obtained from
reflectivity spectra for ~E ‖ vecb, which implies that they actually correspond to
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Theory Experiment
Ref. [90]∗ Ref. [40] Ref. [91] Ref. [36] Ref. [37] Ref. [38]

562 587 586 582 584 582 580
386 367 371 372 365 370 366
231 – 225 – – 230.5 230
174 587 177 177 175 178 176

ω Eigenvector Assignment
. V1y Na1y O1y O2y O3y Refs. [37] This work

562 0.25 0.00 0.03 -0.43 -0.03 V-O2 stretching V-O2 stretching
386 -0.22 -0.04 0.54 -0.10 0.20 V-O1-V bending O1-V-O3 bending
231 -0.12 0.01 -0.24 -0.11 0.44 Na ‖ b O3 vs ladder shear
174 0.21 -0.60 0.02 0.11 0.11 O-V-O bending + Na ‖ b. Na ‖ b

Table 7.3.: Upper table: Calculated eigenfrequencies (cm−1) of the B2u phonon
modes of NaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [37]. Details
are explained in the text.

Figure 7.2.: B2u eigenmodes of NaV2O5. The arrows show the direction and mag-
nitude of the atomic displacements for each eigenmode.

B2u modes.

The highest calculated frequency for a NaV2O5 phonon mode with B2u symme-
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try is found at 562 cm−1, which is about 3% below the experimental value. The
corresponding eigenvector allows an unambiguous assignment as V–O2 stretch-
ing, where the V–O2 pairs constituting the legs change their bond length. All
other atoms do virtually not participate in this eigenmode. The frequency is,
however, considerably lower than the ones of the V–O2 stretching modes with
B1g and B3g symmetry, respectively, where in both cases an experimental peak
located at 685 cm−1 is reported. This can be understood by the fact that the y
displacements of the V atoms, which are much heavier than the oxygens, is much
larger in the B2u mode.

For the B2u mode second highest in energy an experimental frequency of about
370 cm−1 is presented in literature. The theoretical result for this phonon is
found at 386 cm−1, i.e. about 4% above experiment. Regarding the mode assign-
ment, theory provides a better insight into the nature of this oscillation. While
Ref. [37] speaks about a V–O1–V bending, we find an additional O3 contribution
comparable in amplitude to the O1 movement. In detail, O1 and O3 oscillate
synchronously against the V atom, while the in-leg oxygens O2 follow their V
neighbors.

A perfect agreement between theory and experiment is found for the B2u mode
next lower in frequency, where our calculations as well Refs. [40, 37, 38] report a
value of about 230 cm−1, while no corresponding peak is found in the spectra of
Refs. [90, 91, 36]. The eigenvector of this phonon mode consists in an oscillation
of the apex oxygens against V, O1, and O2, thus representing a shear of O3
versus the ladder atoms. The Na atoms, on their part, do not contribute to this
mode, which is in contrast to the assignment in Ref. [37], where a movement of
Na parallel to b is reported.

Instead, a strong oscillation of Na ‖ b is found for the B2u mode at 174 cm−1.
Here, in turn, the additional O–V–O bending described in Ref. [37] can not be
verified. In fact, V, O2 and O3 move simultaneously in y direction, why the in-leg
oxygens O1 hardly participate. As for the 230 cm−1 mode, also here an excellent
agreement between the calculated eigenmodes and experiment is found. In fact,
peaks between 175 and 178 cm−1 are detected in corresponding spectra presented
in literature.

7.2.2. CaV2O5

The B2u modes of CaV2O5 are presented in Table 7.4, which contains the eigenvec-
tors obtained from theory together with a comparison of the theoretical eigenfre-
quencies with the experimental data from Ref. [39]. In addition, column two of the
experimental results (marked with ∗) contains the peaks identified as B2u peaks
on the basis of a re-interpretation of the experimental spectra due to theory.

For the V–O2 stretching, representing the B2u mode highest in frequency, our
calculations give a result of 550 cm−1, while Ref. [39] assigns a peak at 578 cm−1

B2u symmetry. This assignment is, however, not unambiguous, since theory pre-
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Theory Experiment
[39] [39]∗

550 578.6 515
401 368.6 408
229 – –
196 122.6 198

ω Eigenvector Assignment
. V1y Ca1y O1y O2y O3y Refs. [39] This work

550 0.26 0.01 -0.01 -0.43 -0.04 V-O2 stretching V-O2 stretching
401 -0.16 -0.10 0.58 -0.13 0.19 V-O1-V bending O1-V-O3 bending
229 -0.16 0.06 -0.21 -0.13 0.43 Ca ‖ b O3 vs ladder shear
196 0.23 -0.56 -0.06 0.11 0.16 O-V-O bending + Ca ‖ b Ca ‖ b

Table 7.4.: Upper table: Calculated eigenfrequencies (cm−1) of the B2u phonon
modes of CaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [37]. Details
are explained in the text.

dicts an additional infrared active B1u phonon at 559 cm−1, which is even closer to
the 578 cm−1 peak of Ref. [39]. In this case, a somewhat lower peak at 515 cm−1

would be the best candidate for the V–O2 stretching mode. The eigenvector com-
ponents of this vibration are almost identical to the ones found for the NaV2O5

mode with 562 cm−1. A difference in frequency of about 2% is consistent with
the weaker Coulomb attraction in CaV2O5 due to the smaller charge of the V
ions.

An analysis of the spectra given in Ref. [39] in the light of theory also leads
to a new finding with regard to the B2u mode second highest in energy. In
Ref. [39] a peak at 368 cm−1 is interpreted as B2u mode, while a peak at 408 cm−1

is described as B3u oscillation. In contrast, the calculated eigenmodes imply
that this assignment is switched, i.e. the B2u mode with 401 cm−1 is related
to the peak higher in frequency, while the peak at 368 cm−1 corresponds to
the theoretical B3u frequency of 367 cm−1. The eigenvector corresponding to
401 cm−1 represents an O1–V–O3 bending, as it is also the case for the respective
NaV2O5 mode. Compared to the latter, the Vy component is smaller in the
CaV2O5 case. This also provides an explanation for the frequency increase by
about 10%, since the displacement of V, the heaviest element in the considered
compound, is replaced by components of lighter atoms. The metal ions, on their
part, participate considerably in the calcium compound, while in NaV2O5 hardly
any contribution from Na is present.

Also the ladder-shear mode comprises a change in the V and Na/Ca compo-
nents comparing NaV2O5 with CaV2O5. Here, in contrast to the previous mode,
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both, the V and the Ca contributions, are larger compared to their counterparts
in NaV2O5, at the expense of O1 and O3, which oscillate with a smaller ampli-
tude. This does, however, not affect the main characteristics of the mode, i.e. the
shear of the apex oxygens with respect to the ladder atoms. Thus, the assign-
ment of this mode in Ref. [39], where it is identified as ”Ca ‖ b” motion, is not
verified by theory. The theoretical eigenfrequency of 229 cm−1 is very close to the
result for NaV2O5, differing less than 1%. Since the lower charge of the V ions in
CaV2O5 together with larger eigenvector components of the heavier elements (V
and Ca) would imply a lowering of the frequency, a competing mechanism must
be involved. In fact, the relevant feature in this context is the slight out-of-phase
motion of Ca with respect to the ladder, which induces an increased back-driving
force in this oscillation.

Consistent with the findings for NaV2O5, the main feature of the B2u mode low-
est in frequency is an oscillation of the metal ion in y direction against the rest of
the ladder. The fact that the different metal ions—Ca2+ and Na+, respectively—
carry different electronic charges, plays an important role. It leads to a much
stronger interaction between the negatively charged oxygen atoms with the Ca
ion compared to the Na ion. As a result, the frequency of 196 cm−1 for the
CaV2O5 mode is about 12% higher than the one of the corresponding B2u mode
in NaV2O5, in spite of the larger atomic mass of Ca. The change in the eigenvec-
tor going from NaV2O5 to CaV2O5 is rather small. The main differences in the
latter consist in a stronger participation of the apex oxygens O3 together with
a non-vanishing component of the in leg-oxygen O1. Regarding the experimen-
tal results presented in Ref. [39], another time theory implicates a re-assignment
of the peak symmetries. Instead of the 122.6 cm−1 peak, we propose that the
198 cm−1 peak is the one corresponding to the B2u mode lowest in frequency,
while we suggest that the former peak is related to the B3u vibration with a
theoretical frequency of 114 cm−1.

7.3. B3u modes

7.3.1. NaV2O5

Figure 7.3 and Table 7.5 present the eigenvectors and eigenfrequencies of the
B3u modes of NaV2O5 in comparison with experimental results from literature.
The measured data presented in Refs. [90, 91, 37, 36, 38, 40] are rather hetero-
geneous and differ considerably for some of the eigenmodes under consideration.
Nevertheless, a rather large number of published infrared reflectivity spectra with
polarization ~E ‖ ~a exists. For this reason, a comparison of the different references
together with the theoretical findings allows a re-interpretation of the spectra in
Refs. [37, 40], where a second column with a new peak assignment (marked with ∗)
is added. As previously discussed, the results of Ref. [90], which where originally
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Theory Experiment
Ref. [90]∗ Ref. [40] Ref. [40]∗ Ref. [91] Ref. [36] Ref. [37] Ref. [37]∗ Ref. [38]

944 – 938 938 940 – 940 940 940
675 526 740 518 505 525 505 505 522
445 – 518 – 469 – 469 469 –
409 – – – 436 438 438 –
255 251 246 246 254 251 254 254 252
145 145 137 137 140 153 144 144 146.7
92 (90) 90 90 – (90) 138 –

ω Eigenvector Assignment
Vx Vz Nax O1x O2x O2z O3x O3z Refs. [37] This work

944 -0.04 0.25 0.01 0.01 -0.00 -0.01 0.05 -0.43 V-O3 stretching V-O3 stretching
675 -0.06 -0.07 -0.01 0.64 -0.18 0.05 -0.02 -0.03 V-O1 stretching O1 ‖ a
445 -0.27 0.05 0.02 0.19 0.36 -0.13 0.04 0.06 V-O2 stretching O2-V-O1 bend. ‖ a
409 0.11 0.21 -0.03 0.06 -0.11 -0.40 -0.09 0.11 O-V-O bending V-O2 bend. ‖ c
255 -0.12 0.11 -0.05 -0.06 -0.16 0.00 0.40 0.12 O-V-O bending V-O3 bending
145 0.13 0.01 -0.65 0.08 0.11 0.03 0.04 -0.01 Na ‖ a Na ‖ a
92 -0.01 -0.35 -0.04 -0.07 -0.03 -0.26 0.12 -0.18 chain transl. ‖ c chain rotation

Table 7.5.: Upper table: Calculated eigenfrequencies (cm−1) of the B3u phonon
modes of NaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [37]. Details
are explained in the text.

analyzed in terms of the space group P21mn. Therfore the modes measured with
light polarized ‖ ~a (originally labeled A1) are shown in column two of Tab. 7.5.

For the B3u mode highest in frequency the situation seems to be clear. Even
though not in all references a corresponding peak is detected, Refs. [91, 37, 38, 40]
consistently report a B3u mode of about 940 cm−1, which is in excellent agreement
with the theoretical result of 944 cm−1. The assignment is unambiguous: Ref-
erence [37] in agreement with theory identifies this mode as a V–O3 stretching.
Compared with the V–O3 stretching vibrations with Ag, B2g, and B1u symmetry,
respectively, the energy of the B3u mode is slightly lower.

For the B3u mode with a theoretical frequency of 675 cm−1 the comparison
with experiment turns out to be difficult, and no good agreement is found. Refer-
ence [40] reports a weak signal at 740 cm−1, which, however, is not verified by the
other experiments, such that we assume that the peak at 518 cm−1 is the one re-
lated to the B3u mode second highest in energy. Thus, among the measured peaks
on the one hand candidates with a frequency of 505 cm−1 ([91, 37, 38]), and on the
other hand peaks in the range between 518 and 526 cm−1 (Refs.[40, 38, 36, 90]),
respectively, are left. In addition, experiment shows a very pronounced and rather
broad shoulder between 550 and 620 cm−1. As stated in Refs. [90, 46] and con-
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Figure 7.3.: B3u eigenmodes of NaV2O5. The arrows show the direction and mag-
nitude of the atomic displacements for each eigenmode.

firmed by Ref. [37], it can be identified as continuum feature, also present in
the room temperature Raman spectra of NaV2O5, which possibly results from
an electronic level splitting of the V 3d states induced by the crystal field. This
means that the experimental spectra are superposed with effects not directly re-
lated to the B3u phonons, thus making the assignment of the phonon frequencies
more difficult. In terms of the eigenvector assignment, the identification as V–O1
stretching given in Ref. [37] is roughly confirmed. In fact, theory shows that the
stretching is induced by a clearly dominating O1x movement in rung direction,
such that we propose to describe the mode as an oscillation of O1 ‖ a.
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The B3u mode at 445 cm−1 agrees relatively well with the experimental find-
ings. Actually, Refs. [91, 37] both report a peak of infrared reflectivity spectra

(polarization ~E ‖ ~a) at 469 cm−1, which is about 5% above the theoretical value.
Regarding the characterization of this phonon mode, the calculated eigenvector
allows a further specification of the result presented in Ref. [37]. In detail, it
shows that the V–O2 bending takes place in the x–y plane and that also the
in-rung oxygens participate.

In contrast, the V–O2 bending with a frequency of 409 cm−1 is due to displace-
ments of the involved atoms in z direction. A stretching of the V–O3 bond is,
however, avoided since the apex oxygens, to some extent, follow the motion of
the vanadium atoms. Experimentally, this B3u mode is present in the references
(Refs. [91, 37]) reporting a peak located at 438 cm−1.

The experimental situation is even clearer for the O–V–O bending mode next
lower in frequency. All Refs. [90, 40, 91, 36, 37, 38] report a frequency between
246 and 254 cm−1, which is in perfect agreement with the theoretical result of
255 cm−1. One more time the eigenvector components obtained by theory allow
an extension of the assignment given in Ref. [37], showing that V and O3 give
the main contribution for the bending, while the in-leg oxygens O2 oscillate less
intensively. Moreover, Na and O1 have got a small x component in-phase with
V and O2.

For the B3u vibration at 145 cm−1, the measured counterparts are found in a
relatively large range from 137 cm−1 (Ref. [40]) to 153 cm−1 (Ref. [36]). However,
three of the references ([90, 37, 38]) consistently report a frequency of about
145 cm−1, which is again in excellent agreement with theory. The characterization
of this mode is unambiguous, assigning it an oscillation of Na parallel to a. In
this point the description due to theory and the one given in Ref. [37] are fully
compatible.

The B3u mode lowest in frequency appears to be more challenging in terms of
assignment. While Ref. [37] reports a chain translation parallel to the c axis, the
theoretical eigenvector gives a quite different picture. It clearly shows a chain
rotation, where each leg moves in-phase with the adjacent leg of the neighboring
ladder in c direction, but out-of-phase relative to the other leg of the same ladder.
The Na atoms, on their part, hardly contribute to this eigenmode. Concerning
measured infrared reflectivity spectra, the situation is not unambiguous. While
this mode appears in no measurement at room temperature, Refs. [90, 40, 36]
report a peak at 90 cm−1 for the spectra obtained at 40 K, which is still about
5 K above the critical temperature of the phase transition. At the other hand,
Ref. [37] presents a peak at 138 cm−1, i.e. only 6 cm−1 below the the next higher
B3u mode. This mode, however, is not measured, but obtained from a fitting
procedure of the non-polarized reflectivity spectrum. For this reason and since
also theory predicts a frequency of 92 cm−1, we assume that actually the 90 cm−1

peak detected in the experiments at T = 40K represents the lowest-energy peak
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of the B3u mode.

7.3.2. CaV2O5

Theory Experiment
Ref. [39] Ref. [39]∗

845 892 892
658 515 –
479 408 –
367 – 386
229 244 –
174 – –
114 – 122

ω Eigenvector Assignment
Vx Vz Cax O1x O2x O2z O3x O3z Refs. [39] This work

845 -0.05 0.24 0.02 -0.01 0.01 -0.00 0.06 -0.43 V-O3 stretching V-O3 stretching
658 -0.18 -0.07 -0.01 0.63 -0.10 0.01 -0.01 -0.03 V-O1 stretching O1 ‖ a
479 -0.24 0.03 0.01 0.00 0.41 -0.14 -0.02 0.05 V-O2 stretching O2-V-O1 bend. ‖ a
367 0.12 0.24 -0.03 0.06 -0.09 -0.38 -0.10 0.11 O-V-O bending V-O2 bend. ‖ c
229 -0.13 0.08 -0.09 -0.03 -0.09 -0.04 0.44 0.12 O-V-O bending V-O3 bending
174 0.20 -0.02 -0.58 0.07 0.17 0.06 0.00 -0.05 Ca ‖ a Ca ‖ a
114 -0.07 -0.34 -0.06 -0.07 -0.09 -0.28 0.03 -0.18 chain transl. ‖ c chain rotation

Table 7.6.: Upper table: Calculated eigenfrequencies (cm−1) of the B3u phonon
modes of CaV2O5 compared to experimental results from literature.
Lower table: Theoretical eigenvector components and assignment of
the phonon modes compared to the assignment of Ref. [37]. Details
are explained in the text.

Table 7.6 shows the theoretical B3u eigenmodes of CaV2O5 together with the
experimental results from Ref. [39]. In this work, unpolarized far-infrared reflec-
tivity spectra are measured and the symmetry assignment is done by relating each
peak to the peak of a polarized NaV2O5 spectrum closest in frequency. Since the
theoretical results indicate a different symmetry assignment for some of the mea-
sured CaV2O5 frequencies, in Tab 7.6 a second column with the re-interpreted
spectra in the light of theory is added (marked by ∗).

As in NaV2O5, the B3u mode highest in frequency represents a V–O3 stretching.
In fact, the respective eigenvector of both compounds is virtually identical, while
the frequency in CaV2O5 (845 cm−1) is considerably lower, which is consistent
with the findings for the V–O3 stretching modes with Ag, B2g, and B1u symmetry.
Compared to the measured peak at 892 cm−1, the calculated phonon energy is
about 5% lower.
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A frequency decrease of about 3% compared to the NaV2O5 case is found for
the V–O2 stretching mode with B3u symmetry (ω = 658 cm−1). As for the
previous mode, the smaller charge of the V ion and a hence smaller Coulomb
interaction accounts for this frequency change. The comparison with experiment
turns out to be rather difficult. The measured spectra only provide a peak at
515 cm−1, which, however, is closer to a theoretical B2u mode. Comparing the
contributions of the different atoms with the situation in NaV2O5, it turns out
that the V atoms show a noticeably larger x component at the expense of the O2
movement, where a considerable decrease in amplitude is found. Nevertheless,
the main characteristic is a very dominant motion of the in-leg oxygen in rung
direction.

The B3u mode at 445 cm−1 comprises a strong bending of the leg, caused
by displacements of V and the in-leg oxygen O2 with the main component in
x direction. As opposed to the respective NaV2O5 mode, the in-rung oxygens
do not contribute at all in CaV2O5, while O2 participates even more. Thus
we identify this mode as pure V–O2–V bending, which is in contrast to the
assignment given in Ref. [39], where a V–O1–V bending is reported. In spite of
the smaller V charge, a frequency increase from 445 cm−1 to 479 cm−1 is found
going from NaV2O5 to the Ca structure. In connection with the predominance
of the O2 and V displacements, a correlation with results for phonon modes
with other symmetries is evident, where it turns out that the V–O2 bending
involves a higher energy than oscillations changing the V–O1 bond. Regarding
the symmetry assignment, theory once more implicates interpretation of the peaks
presented in Ref. [39]. Even though in the cited reference a 408 cm−1 peak is
described as the B3u feature, we find that it agrees much better with a B2u mode
situated at 401 cm−1, as already described in Section 7.2.2.

In turn, the theoretical results indicate that the 386 cm−1 peak—associated
with a B2u mode in Ref. [39]—more probably represents the B3u mode next
lower in frequency, with a theoretical frequency of 367 cm−1. Regarding the
characterization of this eigenmode, the calculated eigenvector of CaV2O5 is dif-
ferent from the one presented in Ref. [39]. In this paper, the 386 cm−1 mode
is portrayed as V–O1–V bending, while the theoretical eigenvector represents a
V–O2–V bending in the x–y plane. In fact, its components are very similar to
the ones of the corresponding NaV2O5 mode. On the other hand, the frequency
of the NaV2O5 vibration is about 10% higher. The reason for this are both the
greater charge of the V ions in the Na compound as well as its somewhat smaller
displacements of the heavy V atoms.

A lower energy in comparison with the respective NaV2O5 mode is also found
for the V–O3 bending of CaV2O5: While for the former structure a frequency of
255 cm−1 is obtained, for the latter we find a value of 229 cm−1. This frequency
shift is not only a consequence of the smaller Coulomb interaction exerted by the
V ions, but also due to a considerable participation of Ca, with its relatively large
atomic mass. In general, several eigenvector components of the V–O3 bending

89



7. Infrared-active Phonon Modes

in CaV2O5 are slightly altered with respect to NaV2O5, yet not affecting the
main character of this eigenmode. On the experimental side, the interpretation
of the 244 cm−1 peak in the unpolarized IR reflectivity spectra as B3u mode is
not supported by theory, since a B1u mode at a theoretical frequency of 235 cm−1

fits the measurements much better (see Sect. 7.1.2).
For the B3u mode with a frequency of 174 cm−1 no experimental counterpart

is found. The main feature of this eigenmode consists in a strong oscillation of
the metal atom Ca in x direction, which is, however, reduced compared to the
Na motion in NaV2O5. In turn, the motion of both the V atoms and the in-leg
oxygens O2 is more pronounced in calcium vanadate. This feature also accounts
for the considerably higher frequency in CaV2O5, since it involves much stronger
bonds compared to the rather loosely bound metal ion.

A similar frequency shift going from NaV2O5 to CaV2O5 is also found for the
B3u mode lowest in frequency. While the corresponding eigenfrequency for the
former is about 90 cm−1, for the latter it is more than 20% higher, i.e. 114 cm−1.
This effect can be attributed to a more pronounced kink-like deformation of the
legs in the CaV2O5 eigenmode due to a different amplitude of the V and O2
oscillations. In order to understand this distortion one has to take into account
that not the eigenvector components themselves are proportional to the amplitude
of the atomic displacements, but the components weighted by the square root of
the corresponding atomic mass. Therefore a O2x component of -0.09 corresponds
to a displacement about twice as large as the one related to a Vx component of
0.07. Even though reference [39] does not explicitly report a frequency for this
mode, theory indicates that the peak located at 122 cm−1 in experimental spectra
is related to a phonon mode with B3u instead of B2u symmetry, as originally
assumed. In fact the lowest B2u mode is is found at a theoretical frequency of
196 cm−1, while the frequency of the lowest B3u mode (114 cm−1) is in much
better agreement with the discussed peak.
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8. Electronic and Optical Properties

8.1. Electronic properties

8.1.1. NaV2O5

Figure 8.1.: Brillouin zone and high symmetry points for space group Pmmn
(59), i.e. for NaV2O5 (T>Tc) and CaV2O5. The figure is taken from
Ref. [96]. The band structures presented in this section are calculated

for the ~k path Y − Γ −X − S − Γ − Z − U − R− Z − T .

The Brillouin zone of the space group no. 59 (Pmmn), including high symmetry
points, is shown in Fig. 8.1, while the band structure and atomic densities of states
(DOS) for the relaxed structure of NaV2O5 are presented in Fig. 8.2. The band
structure is characterized by two about 1 eV wide conduction bands bisected
by the Fermi level. An analysis of the electronic structure in terms of atomic
densities of states exhibits that this pair of bands is almost exclusively formed
by V states. Only a small admixture of O2 states with 2px character can be
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Figure 8.2.: Band structure and density of states of NaV2O5. The displayed en-
ergy range includes the upper valence bands with O 2p character, the
V dxy states around EF and some more conduction bands dominated
by V states, while no Na states are found in this range.

detected, which, however, is centered above EF . In detail, the bands are mainly
build up of V dxy states, as can be seen in the partial densities of states presented
in Fig. 8.3, in agreement with the findings in Refs. [97, 98, 32, 99, 100]. Actually,
the considered bands intersecting the Fermi level in ky direction originate from
the bonding combination of V dxy states. Their dispersion is due to hopping
along the ladders, while the splitting of this pair of bands at the Γ point is due
to inter-ladder hopping, as it is discussed in Sect. 5.1 and in Ref. [100]. The
inter-ladder hopping is also responsible for the band crossing of the V dxy bands
in b direction close to EF [32].

Looking at different parts of the Brillouin zone, a strong dispersion is found for
the section of the ~k path leading from the Y point to Γ and the one between X to
S, respectively. Between Y and Γ the splitting is noticeable, while the two bands
virtually coincide between X and S. The splitting increases again going from S
back to the Γ point. Continuing the ~k path from the Γ point in kz direction, the
bands hardly show any curvature and consequently keep their separation found
at Γ, which is about 0.15 eV. Moving from Z in kx direction to the U point,
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Figure 8.3.: Partial densities of states of NaV2O5, showing the orbital character
of the V 3d and the O 2p bands. In the considered energy range, no
sodium states are encountered.

the splitting reduces another time, while the bands are as dispersive as they are
between Γ and X. In effect, the features of the bands for the points lying in
the kz = π/c plane are almost identical with the ones previously found for the

corresponding ~k points in the kz = 0 plane. This means, that the band structure
of the V 3dxy bands between Z, U , R and back to Z resembles the structure
found between Γ, X, S, and Γ, while the dispersion between Z and T correlates
with the one going from Γ to the Y point. The maximum of the discussed bands
is found at X, why the minimum is located at the Γ point. The reported findings
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in terms of dispersion in a, b, and c direction, respectively, are consistent with
the descriptions in Refs. [98, 32, 99, 100]. As pointed out in Ref. [101], the two
partially degenerate half-filled narrow conduction bands crossing EF are very
similar to the corresponding bands in GeCuO3 (Ref. [102]), the first inorganic
spin-Peierls compound. The band structure also bears great resemblance to the
chemically equivalent LiV2O5 [103], even though differing due to a splitting of
the V conduction bands at X and T .

The two conduction bands next higher in energy, separated by a 0.25 eV gap
from the V 3dxy bands around the Fermi level, represent their anti-bonding coun-
terpart. Consequently, they are also dominated by V 3dxy character, with a
moderate contribution from oxygen O 2px and 2pz states. The latter are mainly
derived from the in-rung oxygen O1, but to a small extent from O2 and O3,
respectively. The dispersion of these bands is in general very flat, with weakly
pronounced maxima between Y and Γ, X and S, as well as X and Γ. The corre-
sponding maxima in the kz = π/c plane are even hardly visible. The minimum
of the higher lying conduction bands is found at S, i.e. opposite to the band
maximum of the bands around EF . As it is the case for the dispersion, also the
band splitting is very small for the anti-bonding V 3dxy bands.

The conduction bands next higher in energy appear to be detached from the
bands discussed above, resulting in a zero gap of the density of states at approx-
imately 0.85 eV. Their dispersion is noticeably larger than the one found for the
two lower lying conduction bands, and also their splitting is considerable. In
terms of band character, a strong increase of O3 2px states is found, while the
participation of O1 and O2 is minor. Also the character of the V states changes
compared to the conduction bands formerly discussed. Instead of a dxy contri-
bution, a mixture of dxz and dyz states is detected, in agreement with the results
of Ref. [32]. Also with respect to the location of the V bands higher in energy
(which are not included in Figs. 8.2 and 8.3), the results of the cited reference are
mostly verified. We find that the dxz bands are mainly situated at 0.6–2.15 eV,
the dyz bands at 0.6–1.8 eV, and the dx2−z2 and dy2 characters are located in the
range from 2.2–4.0 eV, dy2 . However, the contribution of the V dxz and d2

y states,
which is exhibited in Fig. 8.2, is not obtained in Ref. [32].

The bands 2.3 eV below the bonding V 3dxy bands consist of 2px states from
the in-leg oxygen O2 and the apex oxygen O3 together with O1 2py states, which
all contribute to a comparable extent.

Dipole transitions between the different bands will be discussed in Section 8.2.1
in comparison with optical conductivity measurements [41, 104, 40, 90, 105, 43].

The influence of the Hubbard term U on the properties of V-based ladder
compounds is widely discussed in the literature. It is important to mention that
the enhanced electron correlation when accounted for by the Hubbard parameter
reproduces the semiconducting behavior with the charge gap close to 2|t⊥| [106].
Correspondingly, the dispersion along the y-axis of the band derived from the
bonding combination of V-dxy orbitals will be π rather than 2π periodic (Sect. 5.1
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and Refs. [107, 108]). At the same time, we find that in general the physical
properties determined by the electron density are not strongly influenced by the
Hubbard repulsion and can be reliably described within DFT.

8.1.2. CaV2O5
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Figure 8.4.: Band structure and atomic densities of states of CaV2O5. The dis-
played energy range comprises the upper valence bands with O 2p
character, the V dxy states around EF and some more conduction
bands dominated by V states, while no Ca states are found in this
range.

Figure 8.4 shows the band structure and atomic densities of states, respec-
tively, for the structure of CaV2O5 with relaxed atomic positions, while Fig. 8.5
presents the densities of states in terms of orbital characters. Since CaV2O5 is
iso-structural to NaV2O5, it has the same Brillouin zone, i.e. the one presented
in Fig. 8.1. The main striking difference with respect to NaV2O5 consists in the
shifted Fermi level, which in CaV2O5 is located above the bonding V 3dxy bands,
and actually separates them from the corresponding anti-bonding states. Another
difference is found in the noticeably altered size of the band widths. Moreover,
the gaps between the two pairs of V 3dxy bands, on the one hand, and between the
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Figure 8.5.: Partial densities of states of CaV2O5, showing the orbital character
of the V 3d and the O 2p bands. In the considered energy range, no
calcium states are encountered.

lower pair of V 3dxy and the O valence bands, on the other hand, changes. While
the former gap is 0.25 eV in NaV2O5, either pairs of bands in CaV2O5 almost
touch at X, leaving only a very small gap of 0.03 eV, which is consistent with
the results of Ref. [26]. In turn, the separation between the V valence bands just
below EF and the states next lower in energy, which originate from the oxygen
atoms, is increased with respect to the sodium compound from 2.3 eV to 2.8 eV.
The band width of the V bands below (around) EF is virtually the same in both
vanadates, while their Γ point splitting is by a factor of two larger in CaV2O5

(0.5 eV compared to 0.25 eV in NaV2O5). This implies, that the inter-ladder
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hopping probability and accordingly the interaction between neighboring ladders
is higher in CaV2O5, as it is discussed in Sect. 10.2. At the same time, the band
crossing of the bonding V 3dxy bands takes place farther away from the Γ point.
For the rest, the characteristics of the discussed bands in terms of dispersion are
very similar to the ones of NaV2O5, i.e. the bands are most dispersive between
Y − Γ, less dispersive between Γ and X, and almost flat in z direction. Besides
the strongly dominating V 3dxy character, also O2 and O3 2px contribute to the
bands below EF .

Analyzing the anti-bonding conduction bands above the Fermi level, several
differences with respect to NaV2O5 are exhibited. First of all, they are not
separated anymore from higher-lying V 3d states. This may be due to a stronger
dispersion of the former states with respect to NaV2O5. The closing of this
gap is in contrast to Ref. [26], which reports a separation of the V dxy states
from the V d states higher in energy. Regarding further contributions to the
bands above EF , in CaV2O5 the O3 character is stronger than the O1 character,
which is clearly the predominating oxygen contribution of these bands in sodium
vanadate. Nevertheless, the main feature of the conduction band coincides with
the one in NaV2O5, i.e. the band is clearly characterized by V 3dxy states.

Also for the oxygen-dominated bands at about 4 eV below EF , many similarities
to its NaV2O5 counterparts are present. In an analogous way, they are build up by
O2 and O3 2px states together with an O1 2py character, while O1 2pz states can
be found just 0.25 eV below. In turn, the band dispersion is altered qualitatively
and quantitatively with respect to NaV2O5, yielding considerably larger band
widths in the calcium structure. Moreover, the maximum of the oxygen bands is
not located between Y and Γ, as in NaV2O5, but at the Γ point.

8.1.3. MgV2O5

In order to make the band structure better comparable to the one of calcium
and sodium vanadate, the same ~k path, i.e. the same Cartesian coordinates in ~k
space, as for the other two compounds was used. Accordingly, the high symmetry
points of the Brillouin zone are labeled as in the Brillouin zone for the space
group 59–Pmmn, and not according to the labels normally used for the space
group 63–Cmcm. In terms of of the standard notation for the latter space group,
on the one hand the choice of the Cartesian axes is different, namely such that
kx is parallel to the ladders, ky is parallel to the stacking and kz is parallel to
the rung direction. On the other hand, the labels for high symmetry points of
the Brillouin zone used in Fig. 8.6 differs from the standard notation, where the
relation between these two is given in Tab. 8.1

Figure 8.6 shows band structure and atomic densities of states of MgV2O5 for
the relaxed structure (upper panel) and the band structure for the system with the
experimental atomic positions [28] (lower panel). While for the crystal structure
with the experimental atomic positions we find the same band structure as in
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This work Standard notation

Y Y1

Γ Γ
X Z
S T1

Z Y2

U T2

R (1/2, 1/2, 1/2)
T (1/2,1/2,0)

Table 8.1.: Special k points used for the band structure of MgV2O5 compared
with labels (coordinates) in standard notation and axes orientation.

Ref. [26], it changes considerably for the relaxed positions. The most remarkable
difference is found in a strong change of dispersion together with a shift of the anti-
bonding pair of V 3dxy bands. On the one hand, they are completely detached
from their bonding counterparts and strongly overlap with the conduction bands
next higher in energy, while, on the other hand, the density of states vanishes at
EF . This is in contrast to the situation for the non-relaxed structure, where a
finite density of states is found at EF , as it can be seen in Fig. 6 of reference [28].
Moreover, the band width and dispersion of the anti-bonding V 3dxy changes
drastically. While for the structure with experimental atomic positions these
bands are rather flat and the band width is only about 0.3 eV, Fig. 8.7 shows
that in the relaxed structure they are strongly dispersive and spread over a range
of more than 0.7 eV.

A remarkable change in band width is also detected for the bonding V 3dxy

states just below EF . While for the un-relaxed structure it is about 1 eV, for the
system with relaxed atomic positions it is about 50% larger. In contrast, the gaps
at Γ and Z change rather little. The O 2p dominated bands 4 eV below EF show
an altered dispersion comparing the band structure of the original experimental
structure with the theoretically relaxed one. The dispersion is stronger in former
case, while in the other one a crossing of the two O 2p bands highest in energy is
detected. Nevertheless, the maximum of the O 2p bands can be found at almost
the same energy for either case.

Comparing the relaxed structures of MgV2O5 and the chemically equivalent
CaV2O5, respectively, the most striking differences consist in the much larger
band width of the pair of V 3dxy below EF in MgV2O5, and the closing of the
gap at the Fermi level.
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Figure 8.6.: Band structure and atomic densities of states of MgV2O5 for relaxed
(upper panel) and experimental [28] (lower panel) atomic positions.
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Figure 8.7.: Partial densities of states of MgV2O5, showing the orbital character
of the V 3d and the O 2p bands. In the considered energy range, no
magnesium states are present.
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8.2. Optical properties

8.2.1. NaV2O5
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Figure 8.8.: Real and imaginary part of the dielectric function of NaV2O5 in xx,
yy, and zz polarization, respectively.

Figure 8.8 shows the real and imaginary parts of the xx, yy, and zz components
of the dielectric function of NaV2O5, respectively. The imaginary part of the
dielectric function, ǫ2, is related to the optical conductivity σ by the relation σ1 ∝
ωǫ2. Comparing the theoretical results with the measured xx and yy components
of the optical conductivity presented in Refs. [41, 40, 90, 105, 43, 109] good
agreement is found. This may surprise, since the gap at EF can only be described
taking into account correlation effects and is not present in the band structure
presented in Section 8.1.1. On the other hand, the good agreement between
theory and experiment shows that our calculations describe the electronic states
very.
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Literature consistently reports a peak in the xx components of σ1 at about
0.9 eV, while the yy component shows a relatively weak peak above 1 eV and
a more pronounced peak at about 1.75 eV. These features are well reproduced
by theory. An analysis of the inter-band momentum matrix elements at different
wave vectors ky exhibits that the first peak in the xx response (at 1 eV) originates
from transitions bonding and anti-bonding bands with V 3dxy character. This
is in agreement with the findings of Refs. [41, 43]. Thus, the peak reflects the
hopping parameter within one rung of the V ladders, i.e. the peak positions
corresponds approximately to 2t‖, with some deviation due to the dispersion of
the respective bands.

The yy component (light polarized along the legs) is dominated by a double-
peak structure at 1.27 eV and 1.78 eV, respectively. It is considerably weaker
than the xx response. The analysis of the band structure reveals that the shoulder
at 1.3 eV comes from in-rung transitions. These can contribute to εyy(ω) since
at finite kx values the in-rung states are neither odd nor even with respect to the
x → −x transformation, and, therefore, can couple to light polarized along the
y-axis.

In both polarizations, the peaks occurring at higher energies (ω > 3 eV) orig-
inate from transitions between O-2p and V orbitals. For example, the broad
feature around 3 eV in the xx spectra arises from transitions between O1-2pz

states at -3.3 eV and bonding V-dxy states around EF . This finding is in contrast
to the interpretation of Ref. [41], where the peak at 3 eV is attributed to V 3dxy

→ V 3dx2−y2 transitions.
In turn, in agreement with Ref. [41], we find that the small magnitude of the

imaginary part of ǫxx (ǫyy) between 1.6 and 2.3 (2.6) eV can be related to the
wide, but flat V 3dy2 density of states in this energy region (see Fig. 8.3).

For E‖ c, the imaginary part of the dielectric tensor hardly shows any signal
up to 4 eV, which is consistent with a very weak interaction between different
V–O layers in z direction.

8.2.2. CaV2O5

The dielectric function of CaV2O5 corresponding to ~E ‖ ~a (ǫxx), ~E ‖ ~b (ǫyy), and
~E ‖ ~c (ǫzz) is presented in Fig. 8.9. The imaginary part of the calculated ǫxx

shows a pronounced feature at low energies (0.6 eV), while ǫyy has a double peak
structure below 1 eV. These findings are consistent with the measured optical
conductivity of CaV2O5 presented in Ref.[105], where maxima are found at 1 eV
(E ‖ a) and at slightly higher energies for E ‖ b. Accordingly, the theoretical
peak at 1.5 eV can be related to the shoulder of the measured spectra at about
1.7 eV.

The character of the electronic transitions responsible for the peaks in the
dielectric functions are, in general, the same as in NaV2O5. The low-energy peak
of ǫxx corresponds to transition from the bonding to the anti-bonding V states
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Figure 8.9.: Real and imaginary part of the dielectric function of CaV2O5 in xx,
yy, and zz polarization, respectively.

with dxy character, which is also described in Ref. [105]. On the other hand, the
fact that Ca provides one more valence electron to the system compared to Na has
two obvious effects: First, the optical response is stronger compared to NaV2O5.
Second, the peak present in NaV2O5 around 3 eV is missing, since the bonding
V-dxy states are occupied and thus don’t provide final states for the transitions.
At the same time, since the in-ladder hopping matrix elements are smaller in
CaV2O5 than in NaV2O5, the spectrum of unoccupied band states in CaV2O5

is denser, as can be seen in Figs 8.2 and 8.4, respectively. For this reason, the
low-energy part of the dielectric function (ω < 1 eV) of CaV2O5 shows a more
complicated ω dependence than for NaV2O5 since more inter-band transitions
are allowed at this spectral range.

Regarding the zz components of the dielectric function, some features are found
around 1 eV, which are, however, very weak. Thus the situation appears to be
comparable to the one in NaV2O5.
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8.2.3. MgV2O5
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Figure 8.10.: Real and imaginary part of the dielectric function of MgV2O5 in xx,
yy, and zz polarization, respectively.

The dielectric functions for the relaxed structure of MgV2O5 are presented in
Fig. 8.10. Due to the fact that the gap between bonding and anti-bonding states
in MgV2O5 disappears, large contributions to all three components at energies
below 0.5 eV are found. Moreover, in Im ǫxx a pronounced feature at 1.25 eV
and a weaker shoulder at 1.7 eV appears. While the former can be assigned to
bonding → anti-bonding transitions around the Γ point, the latter corresponds to
transition from the bonding V 3dxy bands to V 3dxz at about 1.2 eV (cf. Fig. 8.7).

Regarding ǫyy, the peak below 0.5 eV is strongly dominating.Yet, a shoulder at
1.1 eV and a peak at 1.7 can be detected. The shoulder at 1.1 eV can again be
assigned to transitions from bonding to anti-bonding V dxy states at the Γ point,
and also the characterization of the 1.7 eV peak is analogous to the one found
in ǫxx. With respect to the zz component, also in MgV2O5 no considerable
contributions are present in the energy range between 0.5 eV and 3.5 eV.
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9. Raman Spectra

9.1. NaV2O5

The theoretical Raman spectra of NaV2O5, calculated for a laser energy of 2.54 eV
(488 nm), is presented in Figure 9.1. Regarding experimental results, various
measurements are found in literature. In Refs. [91, 36, 92, 37, 90] polarized Raman
spectra for the laser energy used in Fig. 9.1 are presented, while Refs. [7, 19, 16]
report measurements at a laser frequency of 2.41 eV. For the results reported in
Ref. [110], finally, six different lasers with frequencies between 1.64 eV (752.5 nm)
and 2.71 eV (457.9 nm) were applied. The experimental spectra as presented in
Ref. [37] are shown in Fig. 9.2.

For the Ag spectra with xx polarization, very good agreement of theory and ex-
periment is found. As in the measured spectra, the peaks at 176 cm−1, 308 cm−1,
512 cm−1 and 996 cm−1 dominate the spectrum. Also the double peak structure
of the 414 cm−1 and the 467 cm−1 modes agree very well with experiment, while
the signals at 111 cm−1 and 232 cm−1 are found to be very weak.

A good consistency with experiment is also found with respect to the large
intensity for the 308 cm−1 and the 99 cm−1 peak in yy polarization, while the
features between 400 cm−1 and 512 cm−1 quantitatively differ from the measured
ones. Regarding the 232 cm−1 peak, the relative height is greater than the one
in xx polarization, but still smaller than the experimental one in Fig. 9.2.

The peak structure of the Ag modes appearing in zz polarization is very char-
acteristic. While all peaks between 200 cm−1 and 600 cm−1 are virtually invisible,
the V–O3 stretching mode at 996 cm−1 contributes with a very large intensity.
The chain rotation mode at 111 cm−1 and the 176 cm−1 vibration, where Na
oscillates parallel to c, show at least a small contribution. The intensity of the
former is, however, much smaller than the experimentally measured one, which
appears to be comparable to the one of the 996 cm−1 mode.

Comparing the calculated intensities obtained in the three parallel polariza-
tions, the largest peak is related to the 996 cm−1 mode with incoming and out-
going light polarized in z direction, respectively. However, in average the largest
intensities are found in xx polarization, which are almost one order of magnitude
larger than the one in yy polarization.

The spectra corresponding to crossed polarization, i.e. the B1g modes (xy),
B2g modes (xz) and the B3g modes (yz), exhibit in general much weaker signals
than the Ag modes. The xy and xz spectra show peak heights up to 0.005, while
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9. Raman Spectra

the highest peak of the B3g modes has an intensity of 0.015 sr−1cm−1. Comparing
the theoretical B1g modes with the experimental spectra taken from Ref. [37], a
very strong resemblance is encountered. Experiment and theory consistently
show that the B1g modes highest and the lowest in frequency give the largest
peak, while the O3–V–O2 bending mode at 253 cm−1 has a lower intensity.

Comparing the B2g spectra (yz polarization) and the different measured results
with each other it turns out, that the peak assignment is not unambiguous. As
already discussed in detail in section 6.3.1, our calculated Raman spectra allow
a re-interpretation of the actual B2g mode frequencies. Thus we believe that the
broad experimental feature at about 530 cm−1 (Refs. [90, 37, 36, 19, 92, 110])
does not originate from a B2g mode, and instead we suggest that the peak found
at about 685 cm−1 has B2g symmetry. In terms of relative peak heights, we find
in agreement with experiment a very strong intensity for the B2g modes second
lowest in energy and in addition considerable peak heights for the 206 cm−1 mode,
the 360 cm−1 mode (e.g. Ref. [92]) and the 683 cm−1 mode. In turn, the large
theoretical intensity of mode close to 300 cm−1 is not verified by experiment.

A new interpretation due to theory is also possible for the B3g modes of
NaV2O5. Accordingly, theory shows that also two smaller peaks located at
140 cm−1 and 176 cm−1, respectively, in the yz polarized spectra of Ref. [37],
are due to interactions with B2g oscillations. As theory exhibits, these two modes
contribute only with a weak intensity to the spectrum, but they can still be dis-
tinguished. Nevertheless, the modes at 262 cm−1, 384 cm−1, and 708 cm−1 clearly
predominate. Sect. 6.4.1 contains a further discussion of the peak assignment in
Refs. [90, 37, 36, 19, 92] in the light of the theoretically findings.

Fig. 9.3 shows the change of the dielectric function with respect to atomic
displacements along the eigenvectors, |dǫii/dQ|2, at laser energies from 1.9 eV to
3.1 eV for the Ag modes of NaV2O5. The results for |dǫzz/dQ|2 are only shown for
the 996 cm−1 mode, since for all other modes it hardly contributes throughout the
considered energy range. As it is explained in Sect. 4.4, large values of |dǫ/dQ|2 at
a certain laser energy imply resonances measuring with a respective laser. Thus,
Fig. 9.3 indicates that the laser frequencies used in References [91, 36, 92, 37, 90,
7, 19, 16], i.e. 2.41 eV (514 cm) and 2.54 eV(488 nm), respectively, are located
at energies where the system shows a rather weak response. Actually, for almost
all modes and polarizations |dǫii/dQ|2 shows a minimum between 2.25 eV and
2.75 eV. In turn, for all modes |dǫxx/dQ|2 shows a maximum around 3 eV, while
|dǫyy/dQ|2 gives the largest contributions at about 2 eV. The derivative of ǫzz

with respect to Q for the 996 cm−1 mode, finally, is relatively linear in the range
between 2.0 and 3.0 eV, but also has its largest contributions at laser frequencies
of 3. eV.

These theoretical findings are in excellent agreement with the results presented
in Ref. [110]. Even though it is not possible to compare the absolute intensities
of spectra measured with different lasers, at least relative peak heights indicate
trends in terms of resonances. In concordance with our findings, in xx polar-
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ization the low-frequency phonons show the strongest resonances when the laser
frequency is higher than 2.4 eV (514 nm). In contrast, the relative peak heights
of the Ag modes of NaV2O5 are large for low laser energies (1.83 eV – 2.4 eV),
while they decrease applying a laser frequency higher than 2.5 eV.

9.2. CaV2O5

The theoretically calculated Raman spectra of CaV2O5 for Ag modes (xx, yy, and
zz polarization), B1g modes (xy polarization), B2g modes (xz polarization), and
B3g modes (yz polarization) are shown in Fig. 9.4. Concerning the Ag modes,
as in NaV2O5 the V–O3 stretching mode strongly dominates the xx polarized
spectra. Nevertheless, the absolute peak height is by a factor of two smaller than
in the sodium compound. In yy polarization, peaks for all eight Ag modes can
be distinguished. Among these, the eigenmodes between 200 cm−1 and 310 cm−1

together with the V–O2 stretching mode at 516 cm−1 yield the largest intensities.
The peak height of the 446 cm−1 mode is already much smaller, and the 106 cm−1,
the 412 cm−1, and the 900 cm−1 modes exhibit an even weaker intensity. With
regard to the small contribution of the V–O3 vibration at 900 cm−1, calcium
vanadate actually differs from sodium vanadate, where the respective peak is
much higher.

The latter mode is also virtually absent in xx polarized spectra. While the
446 cm−1 and the 516 cm−1 mode show maximum intensities of about 0.1 sr−1cm−1,
the peak height of the V–O3 stretching mode is more than one order of magni-
tude smaller. The same is true for the Ca ‖ c oscillation at 201 cm−1 and the
O1z+O3–V–O2 bending mode at 412 cm−1. The chain rotation mode at 106 cm−1

and the the O3–V–O2 bending modes at 265 cm−1 and 307 cm−1, respectively,
have a much smaller intensity than the strongest eigenmodes, but still contribute
noticeable to the xx spectra.

On the experimental side, up to now to the best of our knowledge no polar-
ized measurements with CaV2O5 single crystals exist. As discussed in detail in
section 6.1.2, Ref. [93] presents measurements in different polarizations, but the
sample was polycrystalline. This implies that the orientation of the polarization
with respect to the crystal axes is not known, which in consequence also leads
to admixtures of contributions of non-diagonal terms in parallel polarization and
vice versa. In turn, the other two available measurements (Refs. [94, 39]) are
unpolarized, and the peak assignment was only done by relating the peaks to the
ones of polarized NaV2O5 spectra closest in energy.

In order to facilitate the interpretation of the experimental spectra in the light
of theory, unpolarized spectra—obtained from a superposition of the calculated
polarized spectra–are presented in Fig. 9.5, while Fig. 9.6 shows the experimental
results from Ref. [39]. Comparing the to figures it turns out, that the measured
peak at 138 cm−1 is apparently due to a B1g and a B2g mode, both situated
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at 135 cm−1, while the Ag mode second highest in energy is shifted to much
higher frequencies (201 cm−1) compared to NaV2O5. In an analogous way, also
the peaks at 280 cm−1 and 334 cm−1, interpreted as B3g and B2g peaks in the
reference, respectively, can be identified as originating from an Ag mode. Further
detailed discussions of the mode assignment for CaV2O5, comparing theory and
the measurements from literature, are presented in the corresponding sections of
Chap. 6.

In Fig. 9.7, the resonance behavior of the Ag modes of CaV2O5 with respect
to the laser frequency is presented. As already explained in the context of the
NaV2O5 spectra, large values for |dǫii/dQ|2 imply a strong response of the system
to a laser with the corresponding energy. As in NaV2O5, the change of ǫzz with
respect to phonon distortions is considerable only for the V–O3 stretching mode
with 900 cm−1, where this component is even dominating. In all other modes,
|dǫzz/dQ|2 hardly contributes and is therefore not included in the respective plots.
In the 900 cm−1 mode, moreover, the resonance behavior is similar to the one in
NaV2O5, i.e. |dǫzz/dQ|2 increases rather linearly with increasing laser energy.

Concerning |dǫxx/dQ|2, in the calcium compound most of the eigenmodes show
the strongest resonances for low laser energies, i.e. ωL = 2 eV, in contrast to the
situation in NaV2O5. Only for the 307 cm−1 mode the behavior is opposite,
and higher laser energies lead to a stronger Raman intensity. The situation
for the yy component is more complex than in NaV2O5. While in the latter
|dǫyy/dQ|2 shows a rather clear trend of resonances for low laser energies, in the
calcium structure strong resonances of all eigenmodes can be distinguished at
about 2.75 eV. Moreover, the eigenmodes with 307 cm−1, 265 cm−1, 412 cm−1

and 516 cm−1 show less pronounced maxima of |dǫyy/dQ|2 somewhat below or
above 2.75 eV.

9.3. MgV2O5

The calculated Raman spectra for the Ag modes of MgV2O5 at a laser energy
of 2.41 eV (514 nm) are presented in Fig. 9.8, while unpolarized measurements
for the same laser frequency (Ref. [39]) are shown in Fig. 9.9. Another time,
in the theoretical Raman spectra with zz polarization the eigenmode highest in
frequency predominates strongly, even though also the other eigenmodes can,
at least, be distinguished. In yy polarization the 310 cm−1 mode, representing
a Mgz+O1–V–O3 bending, shows the largest intensity, followed by the chain
rotation mode at 104 cm−1, the leg↔leg oscillation at 546 cm−1, and a second
bending mode at 250 cm−1. However, also the modes at 353 cm−1, 395 cm−1,
and 419 cm−1 contribute considerably. On the other hand, the V–O3 stretching
mode at 1018 cm−1 is not present in this polarization, which is similar to the
situation in CaV2O5, but in contrast to NaV2O5.

The xx polarized Raman spectra appear to be rather balanced in terms of
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9.3. MgV2O5

the individual peak heights, i.e. all eight Ag modes can clearly be distinguished.
Only the 546 cm−1 mode gives a rather weak contribution, while the intensities
of the 104 cm−1 mode, the 1019 cm−1 vibration and the modes between 350 cm−1

and 450 cm−1 are very similar. Only the two Mgz+O–V–O bending modes at
250 cm−1 and 310 cm−1, respectively, stick out of the rest.

On the experimental side, to the best of our knowledge only measurements with
unpolarized laser light exist, i.e. the ones presented in Ref. [93] and Ref. [39]. In
both of them, the Raman spectra were obtained using an Ar+ laser with an
energy of 2.41 eV (514 nm), which corresponds to the laser frequency of the
theoretical spectra. While in Ref. [93] no symmetry is assigned to the peaks,
the assignment in Ref. [39] is again done by relating each MgV2O5 peak to the
polarized NaV2O5 peak closest in frequency. Thus, theory one more time allows
an improvement in the interpretation of the experimental spectra. In this context,
theory indicates that the measured peaks at 220 cm−1, 278 cm−1, 315 cm−1, and
374 cm−1 are due to Ag phonon modes, while the weak peaks at 233 cm−1 and
478 cm−1 are likely to originate from oscillations with other symmetries. The
assignment of the peaks located at 1002 cm−1, 536 cm−1, 414 cm−1, and 98 cm−1

is again consistent with our findings.
The derivative of the dielectric function with respect to phonon distortions

corresponding to Ag eigenmodes, |dǫii/dQ|2, is presented in Fig. 9.10. As it is
the case for NaV2O5 and CaV2O5, also in MgV2O5 ǫzz is considerably affected
only by the V–O3 stretching mode at about 1000 cm−1, and is therefore omitted
in the other plots. Moreover, also the linear increase of |dǫzz/dQ|2 with the laser
energy, encountered as well in the other two vanadates, is found in MgV2O5.

The xx component of the Raman spectra in general tends to exhibit resonance
at low laser energies, i.e. ωL < 2.25 eV. Nevertheless, the 419 cm−1 mode deviates
from this tendency, having large values of |dǫxx/dQ|2 for the whole energy range
from 2.2 eV to 2.8 eV. Moreover, the bending modes at 250 cm−1 and 353 cm−1

show a second resonance at a laser energy of about 2.6 eV, which is even more
pronounced in the leg↔leg oscillation with 546 cm−1.

The yy component, finally, responds rather weakly to laser energies in the
considered range, i.e. the maxima of |dǫxx/dQ|2 are by a factor of five smaller
than the ones in xx polarization. Moreover, a general trend for all Ag modes
can hardly be identified. While the eigenmodes with 353 cm−1, 419 cm−1, and
546 cm−1 show resonances at energies greater than 2.75 eV, the largest values
of |dǫyy/dQ|2 in the 104 cm−1, the 310 cm−1, and the 1019 cm−1 vibrations are
found at low laser frequencies, respectively, while the modes with 250 cm−1 and
395 cm−1 do not significantly alter ǫyy in the whole energy range between 2 eV and
3 eV. In the 546 cm−1 oscillation, one more noticeable feature is present, namely
a broad maximum of |dǫyy/dQ|2 centered at a laser energy of about 2.55 eV, with
a shoulder at 2.3 eV.
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Figure 9.1.: Theoretical Raman spectra (sr−1 cm−1) of the Ag modes (upper
panel) and Bng modes (lower panel) of NaV2O5. The spectra are
calculated for a laser frequency of 2.54 eV (514 nm).
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9.3. MgV2O5

Figure 9.2.: Experimental Raman spectra of NaV2O5, measured with polarized
laser light, as presented in Ref. [37]. The laser frequency is 2.54 eV
(488 nm) .
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Figure 9.6.: Unpolarized experimental Raman spectra of CaV2O5 as presented in
Ref. [39]. The laser frequency is 2.41 eV (514 nm) .
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Figure 9.8.: Theoretical Raman spectra (sr−1 cm−1) of the Ag modes of MgV2O5

for xx, yy, and zz polarization. The spectra are calculated for a laser
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Figure 9.9.: Unpolarized experimental Raman spectra of MgV2O5 as presented
in Ref. [39]. The laser frequency is 2.41 eV (514 nm) .
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10. Electron-Phonon and
Spin-Phonon Coupling

This chapter is organized as follows: The results for the two iso-structural vana-
dates NaV2O5 and CaV2O5 are presented in two separate sections. For each
section, in a first subsection the theoretical results for the hopping parameters
t‖, t⊥, and ti, the charge transfer gap Eg, and the on-site Coulomb repulsion U
of the undistorted structures are presented and compared to literature. In the
second part of each section, the calculated parameters of electron-phonon and
spin-phonon parameters are discussed.

10.1. NaV2O5

10.1.1. Hopping parameters, charge transfer gap, Hubbard U

Theory References
[32] [106] [111] [100] [11] [40] [112] [97]

|t‖| 0.175 0.17 0.15 0.1158–0.1765 0.085 0.049 0.2 0.140 0.17

|t⊥| 0.387 0.38 0.35 0.4206–0.5427 – 0.172 0.3 0.298 0.38
|ti| 0.117 0.012 0.3 0.0287–0.0442 0.085 0.062 – 0.05 0.012

Eg 2.565 0.71 – – – – 1 – –

U 2.45 2.8 – 6.8 4.1 – – – –

Table 10.1.: Hopping matrix elements, charge transfer gap and on-site Hubbard
repulsion U (in eV) extracted from the ab initio band structure of
NaV2O5 compared to literature.

The calculating hopping matrix elements, the charge transfer gap, and the on-
site Coulomb interaction compared with results from literature are presented in
Tab. 10.1. Refs. [6] and [31] obtain exchange integrals along the leg by fitting
the high T part of the measured magnetic susceptibility to a spin 1/2 chain. The
obtained values of 0.024 and 0.046 eV, respectively, differ by a factor of two from
each other, and are much larger than the theoretically obtained parameter of
0.009 eV.
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The results in Ref. [32] are obtained by a mapping of a LAPW band structure
to a tight binding model, while Refs. [100] and [97] are based on Linearized
Muffin-Tin-Orbital (LMTO) calculations. Reference [32] reports |t‖| = 0.17 eV
and |t⊥| = 0.38 eV, which excellently agree with our findings. In contrast, the
inter-ladder hopping probability of ti = 0.012 eV of the same reference, which
is the same as the one presented in Ref. [97], differ by one order of magnitude
from our value (ti = 0.117 eV). Ref. [100] presents hopping matrix elements of
0.085 eV for both, t‖ and t⊥. The charge transfer gapEg is computed in a different
way compared to our procedure: Instead of extracting it directly from the band
structure, it is calculated from t⊥ and J⊥, Eg = 2t⊥−J⊥, yielding Eg = 0.71 eV,
which is by about a factor of four lower than our Eg (2.565 eV).

Ref. [106] uses band energies from a LMTO calculation to estimate the hop-
ping probabilities by means of a semi-empirical law presented in Ref. [113]. The
agreement with our findings is very good for t‖ (0.15 eV) and t⊥ (0.35 eV), but
is much higher for ti (0.3 eV).

In Ref. [111] hopping and magnetic exchange integrals for a nearest neighbor
t-J model are obtained by ab-initio calculations of embedded crystal fragments
by means of three different methods: First, using a so-called ”iterative difference
dedicated configuration interaction level 1 method” (IDDCI1), which accounts
for dynamical polarization, second, diagonalizing the complete active space de-
fined on the set of orbitals optimized within the IDDCI1 procedure (CASCI),
and finally by means of a ”difference dedicated configuration interaction level 2”
(DDCI2) method, which in addition includes correlation effects. For t‖, the results
are between 0.116 eV (CASCI) and 0.177 eV(IDDCI1), which is in good agree-
ment with our results. The values for t⊥, in turn, which lie between 0.421 eV
(CASCI) and 0.5427 eV (IDDCI1) are somewhat increased with respect to our
findings. The reported values for ti differ considerably comparing the different
methods: CASCI gives 0.038 eV, while IDDCI1 leads to an 25% lower value of
0.29 eV, and the DDCI2 result is almost twice as large (0.044 eV). However, all
results are below the ti we find.

Ref. [11] determines the hopping probabilities by a Slater-Koster type of treat-
ment as presented in Refs. [114, 113]. The calculated results for the hopping ma-
trix elements are all much smaller than ours, namely t‖ = 0.049 eV, t⊥ = 0.172 eV,
ti = 0.062 eV.

The results presented in Ref. [40] are based on the analysis of optical absorption
measurements in terms of a model Hamiltonian. This model Hamiltonian includes
in a first step only one rung, where hoppings, charge displacements within the
rung, and on-site Hubbard repulsion are considered, and in a second step two
rungs of one ladder, in order to account for hoppings and spin exchange along
the ladder. Moreover, the charge transfer gap is obtained as the splitting between
the bonding and anti-bonding eigenstate of a system with one electron per rung.
The resulting hopping parameters t⊥ and t‖ of 0.2 and 0.3 eV, respectively, are
in good agreement with our findings. In turn, the charge transfer gap of Eg =
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1 eV deviates considerably from ours, which may be attributed to the different
derivations.

In addition to hopping and exchange matrix elements, the on-site Hubbard
repulsion U is calculated by two different ways as explained in Sect. 5.4. When
putting the positive charge on the Na sites, the resulting U for NaV2O5 of 2.8 eV
(averaged over the Brillouin zone (BZ)) is in good agreement with Ref. [32],
where the same method is used. We preferred, however, to provide the positive
charge in terms of a uniform background, which leads to a U value of 2.45 eV.
Compared to our result for the on-site Hubbard repulsion, the U value of 6.0 eV
reported in Ref. [111] is considerably higher. In this reference, U was calculated
as Ud = 4(t‖)

2/(2K‖ − J ‖), where K‖ is the direct exchange integral along the
ladder and has a value of 0.002 eV. On the other hand, Ref. [100] presents an
intermediate value of 4.1 eV, resulting from a supercell calculation as proposed
in Ref. [115].

10.1.2. Coupling parameters

The parameters of electron-phonon and spin-phonon coupling for the Raman and
infrared active phonon modes of NaV2O5 are presented in Tables 10.2 and 10.3,
respectively.

The hopping parameter along the ladder, t‖, is most affected by changes of
the V–O2 distance due to displacements of the respective atoms. Accordingly,
the greatest values for δt‖/δQ are found for the V–O2 stretching modes with
B1g symmetry at 661 cm−1 (δt‖/δQ = 0.042 eV) and Ag symmetry at 512 cm−1

(δt‖/δQ = 0.021 eV), respectively. These modes are followed by an antisymmetric
V–O2 stretching mode, i.e. the B1u mode with 554 cm−1, where a corresponding
parameter of 0.016 eV is obtained.

The Ag mode at 512 cm−1 is also important with respect to changes in the
hopping perpendicular to the ladder: It shows the largest corresponding electron-
phonon coupling of all modes, namely δt⊥/δQ = 0.021 eV. In contrast, the sec-
ond highest value of δt⊥/δQ, i.e. 0.016 eV, is encountered for the Ag mode at
308 cm−1, which does not influence t‖ at all. Strong electron-phonon coupling
with regard to in-rung hoppings is also found for the Ag V–O1–V bending mode
with 467 cm−1 (δt⊥/δQ = 0.011 eV), the V–O2 stretching mode with B1g symme-
try at 661 cm−1 (δt⊥/δQ = 0.010 eV), which was also responsible for the largest
δt‖/δQ, and the highest energy Ag mode at 996 cm−1 (δt⊥/δQ = 0.010 eV). The
latter two phonon modes indicate that δt⊥/δQ is not only determined by changes
with respect to the rung, but also by shifts of the neighboring atoms of V, such
as the apex oxygen O3, and the in-leg oxygen O2.

A different scenario is found for the inter-ladder hopping parameter ti. Com-
paring its change with respect to distortions along the eigenvectors of different
phonon modes, it turns out that δti/δQ is by far largest for the B1g mode at
167 cm−1, with a result of 0.069 eV. In fact, in this eigenmode the adjacent legs
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Irrep ω Assignment
δt‖
δQ

δt⊥
δQ

δti
δQ

δEg

δQ

δJ‖/J‖

δQ

δJ⊥/J⊥

δQ

Ag 996 V-O3 stretching 0.0021 0.0098 0.0053 0.0924 0.0187 0.0443
512 V-O2 stretching 0.0209 0.0212 0.0440 0.0900 0.2935 0.0768
467 V-O1-V bending 0.0016 0.0114 0.0106 0.0037 0.0052 0.0478
414 O1z + O3-V-O2 b. 0.0110 0.0069 0.0142 0.0010 0.1277 0.0292
308 O3-V-O2 bending 0.0000 0.0162 0.0251 0.0540 0.0003 0.0942
232 O3-V-O2 bending 0.0012 0.0012 0.0277 0.0334 0.0083 0.0013
176 Na ‖ c 0.0018 0.0060 0.0207 0.0181 0.0128 0.0221
111 chain rot. 0.0007 0.0023 0.0137 0.0096 0.0045 0.0088

B1g 661 V-O2 stretching 0.0421 0.0099 0.0002 0.0022 0.5259 0.0322
283 O3-V-O2 bending 0.0007 0.0009 0.0019 0.0050 0.0154 0.0279
167 antipar. leg-shift 0.0032 0.0059 0.0693 0.0043 0.0196 0.0129

B2g 979 V-O3 stretch. 0.0010 0.0008 0.0089 0.0123 0.0143 0.0010
683 V-O1 stretch. 0.0006 0.0010 0.0037 0.0044 0.0087 0.0038
472 O2-V-O1 bend. 0.0006 0.0005 0.0002 0.0031 0.0058 0.0033
360 O2-V-O3 bend. 0.0001 0.0012 0.006 0.0084 0.0026 0.0072
286 O2-V-O3 bend. 0.0022 0.0015 0.0022 0.0052 0.0233 0.0094
206 Na-ladder shear 0.0009 0.0002 0.0085 0.0025 0.0117 0.0002
157 Na ‖ a + chain rot. 0.0002 0.0033 0.0064 0.0054 0.0006 0.0153
141 chain rotation 0.0010 0.0024 0.0051 0.0048 0.0122 0.0117

B3g 708 V-O2 stretching 0.0045 0.0001 0.0008 0.0002 0.0433 0.0096
384 O1-V-O3 bending 0.0086 0.0074 0.0006 0.0095 0.0939 0.0295
262 rung vs O3 shear 0.0124 0.0004 0.0008 0.0056 0.1524 0.0044
188 (ladder vs Na) ‖ b 0.0075 0.0008 0.0019 0.0001 0.0898 0.0008
136 antipar. ladder shift 0.0067 0.0003 0.0014 0.0011 0.0813 0.0013

Table 10.2.: Parameters of electron-phonon (eV) and spin-phonon coupling for
the Raman active phonon modes of NaV2O5 (frequency ω in cm−1)
as obtained from theory.

of neighboring ladders are shifted antisymmetrically with respect to each other,
which explains its strong influence on the inter-ladder hopping. Other modes
with large values for δti/δQ are again the Ag V–O2 stretching with 512 cm−1

(0.044 eV), as well as the Ag modes at 232 cm−1 (0.028 eV) and 308 cm−1

(0.025 eV), which both comprise a O3–V–O2 bending. A considerable electron-
phonon coupling regarding inter-ladder hoppings is also found in the Ag mode at
176 cm−1, where Na oscillates against the the V–O ladders.

The change in the charge transfer gap, Eg, for the Γ point phonons of NaV2O5

represents the next parameter shown in Tables 10.2 and 10.3. Apparently, the
shifts of Eg caused by phonon distortions are noticeably larger than the ones of the
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Irrep ω Assignment
δt‖
δQ

δt⊥
δQ

δti
δQ

δEg

δQ

δJ‖/J‖

δQ

δJ⊥/J⊥

δQ

B1u 971 V-O3 stretch. 0.0008 0.0015 0.0005 0.0013 0.0000 0.0114
554 V-O2 stretch. 0.0160 0.0008 0.0010 0.0006 0.1468 0.0489
478 O1-V-O2 bend. 0.0090 0.0001 0.0004 0.0003 0.1012 0.0036
352 O1-V-O2 b. + O3x 0.0046 0.0001 0.0004 0.0017 0.0421 0.0122
292 rung stretching 0.0013 0.0001 0.0010 0.0003 0.0133 0.0022
190 O1-V-O3 b. + Na ‖ c 0.0023 0.0002 0.0001 0.0062 0.0240 0.0021
154 Na ‖ c 0.0012 0.0002 0.0000 0.0013 0.0077 0.005

B2u 562 V-O2 stretching 0.0000 0.0001 0.0018 0.0082 0.0009 0.0012
386 O1-V-O3 bending 0.0004 0.0052 0.0002 0.0042 0.0028 0.0259
231 O3 vs ladder shear 0.0003 0.0003 0.0000 0.0051 0.0025 0.0007
174 Na ‖ b 0.0000 0.0001 0.0000 0.0007 0.0003 0.0004

B3u 944 V-O3 stretching 0.0010 0.0014 0.0003 0.0025 0.0093 0.0050
675 O1 ‖ a 0.0000 0.0007 0.0006 0.0010 0.0006 0.0027
445 O2-V-O1 bend. ‖ a 0.0016 0.0002 0.0016 0.0037 0.0214 0.0038
409 V-O2 bend. ‖ c 0.0008 0.0004 0.0019 0.0022 0.0089 0.0012
255 V-O3 bending 0.0005 0.0007 0.0002 0.0083 0.0041 0.0021
145 Na ‖ a 0.0000 0.0001 0.0002 0.0004 0.0001 0.0001
92 chain rotation 0.0001 0.0007 0.0003 0.0008 0.0000 0.0032

Table 10.3.: Parameters of electron-phonon (eV) and spin-phonon coupling for
the infrared active phonon modes of NaV2O5 (frequency ω in cm−1)
as obtained from theory.

hopping matrix elements. The largest δEg/δQ is found for the V–O3 stretching
mode with Ag symmetry, with a corresponding value of 0.092 eV, while a result
of 0.090 eV is obtained for the Ag mode with 512 cm−1. Also the phonon modes
with δEg/δQ values next lower in energy turn out to be Ag modes, i.e. the O3–
V–O2 bending modes at 308 cm−1 (δEg/δQ = 0.054) and 232 cm−1 (δEg/δQ
= 0.033), respectively. The phonon mode with the highest change in Eg not
having Ag symmetry is the B2g V–O3 stretching mode with 979 cm−1, where a
corresponding coupling parameter of 0.012 eV is obtained.

The variation of the exchange parameters δJ‖/δQ (along the ladders) and
δJ⊥/δQ (within the rungs) weighted by their ground state values are presented
in the last two columns of Tabs. 10.2 and 10.3. Within the exchange parame-
ters parallel to the ladder, the largest spin-phonon coupling (δJ‖/J‖ = 0.526 for
δQ = 1) is found for the B1g mode with 661 cm−1, reflecting the large δt‖/δQ
for the same mode. In fact, the two quantities are connected by the relation
J‖ = t2‖/EV O, as it is discussed in Sect. 5.2. This also explains why the three

modes with the next lower values of δJ‖/J/δQ are analogous to their counter-
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10. Electron-Phonon and Spin-Phonon Coupling

parts of δt‖/δQ. The corresponding results are 0.294 (Ag mode at 512 cm−1),
0.152 (B3g mode at 262cm−1), and 0.147 (B1u mode at 554 cm−1). This means,
however, that the results for the B3g mode at 262 cm−1 and the B1u mode at
554 cm−1 are swapped compared to the findings for δt‖/δQ.

A similar situation is found for the exchange parameter within the rungs. The
largest values for δJ⊥/J/δQ are found for the Ag O3–V–O2 bending mode with
308 cm−1 (0.094) and the Ag V–O2 stretching with a frequency of 512 cm−1

(0.077). The same modes are also responsible for the greatest impacts on t⊥,
even though in swapped order. With a change of δJ⊥/J = 0.049 and 0.048
for Q = 1, respectively, a strong spin-phonon interaction is also found for the
B1u mode at 554 cm−1 and the Ag mode at 467 cm−1.

10.2. CaV2O5

10.2.1. Hopping parameters, charge transfer gap, Hubbard U

Theory References
[116, 26] [117]

|t‖| 0.143 0.101 0.087

|t⊥| 0.321 0.252 0.143
|ti| 0.244 0.076 0.029

Eg 2.882 – –

U 2.45 3.6 –

Table 10.4.: Hopping matrix elements, charge transfer gap, and on-site Hubbard
repulsion U (in eV) extracted from the ab initio band structure of
CaV2O5 compared to literature.

Table 10.4 shows our theoretical hopping parameters, charge transfer gap and
Hubbard U compared to the data of Refs. [116] and [26]. In these complementary
references, which are written by the same authors, the exchange integrals are
obtained as the second derivatives of the ground-state energy with respect to
the magnetic moment rotation angle, on the basis of the Green-function method
(Refs. [118, 119]). The hopping parameters are extracted from the LDA band
structure using a systematic downfolding scheme to obtain an effective few band
Hamiltonian reproducing the LDA bands close to the Fermi level. The reported
values for t‖ and t⊥, 0.101 eV and 0.252 eV, are about 40% lower than the results
we obtained (t‖ = 0.143 eV, t⊥ = 0.321 eV), while ti differs by a factor of three
(0.076 eV compared to 0.244 eV in our calculations).
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Ref. [117], which presents results from molecular orbital calculations, estimates
hopping parameters t ≈ ∆e/2 from the energy separations ∆e between the bond-
ing and anti-bonding state of spin-dimers, which are formed by the V4+ ions on
(i) either side of one rung, (ii) on two neighboring rungs of one leg, and (iii) by
the nearest neighbors of adjacent ladders. This way, the matrix elements pre-
sented in the last column of Tab. 10.4 result. They are still smaller than the ones
presented in Refs. [116, 26], thus being decreased by a factor of two (t‖ and t⊥)
to eight (ti) with respect to our findings.

Comparing our results for the relaxed structures of CaV2O5 and NaV2O5, the
matrix elements for a hopping along the ladder (0.143 eV) and within the rungs
(0.321 eV), respectively, are about 20% lower for the former. In terms of band
structure, the reason for this decrease are a smaller gap between the valence and
conduction band in CaV2O5 on the one hand, and a smaller dispersion of the
upper V dxy states in ∆ direction, on the other hand. In turn, the parameter
for the inter-ladder hopping ti is more than twice as large in CaV2O5, namely
0.244 eV. This finding is connected to a strongly increased splitting of the V dxy

states at the Γ point. Moreover it shows, that the inter-ladder interaction is
considerably larger in CaV2O5 compared to NaV2O5. This is also the reason for
the smaller inter-ladder distance in the former. It is also important to explain
the frequency of the chain rotation mode with Ag symmetry (Sect. 6.1.2). An
increase of 12% with respect to NaV2O5 also results for the charge transfer gap
Eg in CaV2O5, where a value of 2.882 eV is obtained. This implies, that the V
dxy states and O py states are more separated in the calcium compound.

Concerning the on-site Hubbard repulsion U , the method is used where the
additional electronic charge is compensated by a uniform positive background.
This procedure leads to the same result as for NaV2O5, i.e. U = 2.45 eV, demon-
strating that U is only weakly influenced by the ion’s surrounding.

10.2.2. Coupling parameters

Tables 10.5 and 10.6 show the parameters of electron-phonon and spin-phonon
coupling for the Raman and infrared-active phonon modes of CaV2O5. Com-
paring the coupling of t‖ to lattice distortions corresponding to the different
Γ point phonon modes, similarly to NaV2O5 the strongest effect is related to the
V–O2 stretching modes. Again, the largest value (δt‖/δQ = 0.42) is found for
the B1g mode highest in frequency. This vibration is followed by the B3g V–O2
stretching with 605 cm−1, with a δt‖/δQ of 0.016 eV, while the corresponding
parameter is much less significant in the respective mode of NaV2O5. In turn, the
phonon mode with the next smaller change of t‖ coincides which its counterpart
in NaV2O5 again, i.e. it is the B1u mode second highest in energy. This vibration,
which has a frequency of 559 cm−1 in CaV2O5, exhibits a δt‖/δQ of 0.013 cm−1.
The Ag V–O2 stretching mode with 516 cm−1 is a further oscillation which sig-
nificantly affects the hopping along the ladder, resulting in δt‖/δQ = 0.011 eV
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Irrep ω Assignment
δt‖
δQ

δt⊥
δQ

δti
δQ

δEg

δQ

δJ‖/J‖

δQ

δJ⊥/J⊥

δQ

Ag 900 V-O3 stretch. 0.0027 0.0083 0.0078 0.1286 0.0316 0.0470
516 V-O2 stretch. 0.0107 0.0114 0.0253 0.0503 0.1863 0.0565
446 V-O1-V bend. 0.0014 0.0248 0.0139 0.0228 0.0052 0.1399
412 O1z+O3-V-O2 b. 0.0056 0.0094 0.0223 0.0239 0.0815 0.0540
307 O3-V-O2 bend. 0.0015 0.0016 0.0035 0.0054 0.0141 0.0185
265 O3-V-O2 bend. 0.0070 0.0049 0.0337 0.0048 0.0895 0.0285
201 Ca‖ c 0.0020 0.0038 0.0278 0.0080 0.0269 0.0217
106 chain rot. 0.0014 0.0060 0.0110 0.0009 0.0227 0.0317

B1g 593 V-O2 stretching 0.0402 0.0028 0.0000 0.0033 0.6006 0.119
253 O3-V-O2 bending 0.0009 0.0024 0.0008 0.0072 0.0162 0.0434
136 antiparallel leg-shift 0.0050 0.0033 0.0057 0.0113 0.0505 0.0448

B2g 842 V-O3 stretch. 0.0002 0.0016 0.0012 0.0027 0.0032 0.0102
652 V-O1 stretch. 0.0003 0.0010 0.0006 0.0031 0.0050 0.0067
499 O2-V-O1 bend. 0.0002 0.0006 0.0014 0.0003 0.0027 0.0029
342 O2-V-O3 bend. 0.0002 0.0023 0.0004 0.0044 0.0001 0.0118
259 O2-V-O3 bend. 0.0016 0.0006 0.0015 0.0012 0.0226 0.0036
219 Ca-ladder shear 0.0006 0.0014 0.0016 0.0001 0.0071 0.0095
190 Ca ‖ a + chain rot. 0.0003 0.0019 0.0004 0.0055 0.0084 0.0082
135 chain rotation 0.0002 0.0005 0.0004 0.0016 0.0052 0.0000

B3g 605 V-O2 stretching 0.0159 0.0003 0.0012 0.0220 0.2104 0.0225
392 O1-V-O3 bending 0.0015 0.0071 0.0004 0.0038 0.0146 0.0382
254 rung vs O3 shear 0.0092 0.0038 0.0008 0.0060 0.1393 0.0181
195 (ladder vs Ca) ‖ b 0.0034 0.0033 0.0005 0.0026 0.0450 0.0152
113 antipar. ladder shift 0.0084 0.0047 0.0049 0.0030 0.1338 0.0271

Table 10.5.: Parameters of electron-phonon (eV) and spin-phonon coupling for
the Raman active phonon modes of CaV2O5 (frequency ω in cm−1)
as obtained from theory.

.

Proceeding to the matrix element for hoppings within one rung, the Ag modes
appear to have the largest impact, which resembles the situation in NaV2O5.
The largest value for δt⊥/δQ (0.025 eV) is found for the Ag mode with 512 cm−1,
which was identified as V–O1–V bending. But also the V–O2 stretching mode
with Ag symmetry influences t⊥ noticeably, i.e. δt⊥/δQ = 0.011 eV . Further-
more, a considerably coupling of the in-rung hopping to lattice distortions is also
detected for the Ag modes at 412 cm−1 (0.009 eV) and 900 cm−1 (0.008 eV),
which represent a O3–V–O2 bending with some O1z contribution and a V–O3
stretching, respectively. For both, the O1–V–O3 bending modes with B2u sym-
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Irrep ω Assignment
δt‖
δQ

δt⊥
δQ

δti
δQ

δEg

δQ

δJ‖/J‖

δQ

δJ⊥/J⊥

δQ

B1u 903 V-O3 stretch. 0.0079 0.0018 0.0013 0.0020 0.1036 0.0032
559 V-O2 stretch. 0.0131 0.0008 0.0012 0.0015 0.1550 0.0319
483 O1-V-O2 bend. 0.0081 0.0038 0.0005 0.0005 0.1060 0.0126
348 O1-V-O2 b. + O3x 0.0064 0.0013 0.0001 0.0020 0.0903 0.0049
282 rung stretching 0.0041 0.0020 0.0006 0.0004 0.0518 0.0043
235 O1-V-O3 b.+ Ca ‖ c 0.0006 0.0017 0.0001 0.0059 0.0071 0.0086
195 Ca ‖ c 0.0021 0.0011 0.0000 0.0008 0.0219 0.0013

B2u 550 V-O2 stretching 0.0004 0.0020 0.0027 0.0108 0.0053 0.0124
401 O1-V-O3 bending 0.0004 0.0074 0.0001 0.0017 0.0043 0.0454
229 O3 vs ladder shear 0.0005 0.0010 0.0006 0.0052 0.0061 0.0052
196 Ca ‖ b 0.0003 0.0015 0.0004 0.0017 0.0030 0.0087

B3u 845 V-O3 stretching 0.0003 0.0025 0.0014 0.0077 0.0087 0.0163
658 O1 ‖ a 0.0004 0.0013 0.0001 0.0054 0.0055 0.0085
479 O2-V-O1 bend. ‖ a 0.0006 0.0013 0.0001 0.0028 0.0077 0.0077
367 V-O2 bend. ‖ c 0.0014 0.0017 0.0020 0.0019 0.0170 0.0074
229 V-O3 bending 0.0007 0.0015 0.0010 0.0098 0.0056 0.0048
174 Ca ‖ a 0.0002 0.0002 0.0004 0.0008 0.0024 0.0003
114 chain rotation 0.0003 0.0004 0.0006 0.0007 0.0026 0.0013

Table 10.6.: Parameters of electron-phonon (eV) and spin-phonon coupling for
the infrared active phonon modes of CaV2O5 (frequency ω in cm−1)
as obtained from theory.

metry at 401 cm−1 and B3g symmetry at 392 cm−1, coupling parameters of about
0.007 eV are obtained by theory.

The predominance of the Ag modes is even stronger looking at the inter-ladder
hopping ti. While in NaV2O5 the highest respective coupling is found for the
B1g mode lowest in energy, in CaV2O5 this mode plays a rather subordinate role.
Instead, the seven Γ point vibrations with the highest values of δt⊥/δQ all have
Ag symmetry, headed by the O3–V–O2 bending mode at 265 cm−1 with a value
of 0.033 eV, the Ca ‖ c oscillation at 201 cm−1 (δt⊥/δQ = 0.028 eV ), the V–
O2 stretching at 516 cm−1 (δt⊥/δQ = 0.025 eV ), and the O3–V–O2 bending
combined with an O1z displacement at 412 cm−1 (0.022 eV). This means, that
the fully symmetric phonon modes cause the largest change in the splitting of the
V dxy states at the Γ point, since ti is directly proportional to the latter quantity
(c.f. Sect. 5.1).

Analyzing the change of the charge transfer gap Eg as a function of phonon
displacement Q, the Ag modes one more time show the largest effect. With
δEg/δQ = 0.1286 eV a huge electron-phonon coupling is found for the one at
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10. Electron-Phonon and Spin-Phonon Coupling

900 cm−1 comprising a V–O3 stretching. Actually, this value is 30% higher
than its counterpart in NaV2O5. The corresponding parameter for the V–O2
stretching mode of CaV2O5 with 516 cm−1 is already much smaller, namely
0.050 eV, while the next smaller value of δEg/δQ = 0.1286 eV is detected in
the 446 cm−1 Ag mode (0.024 eV). The large diversity in the electron-phonon
coupling in CaV2O5 is in some contrast to the situation in NaV2O5, where the
results for the two modes with the largest δEg/δQ, the Ag modes with 996 cm−1

and 512 cm−1, respectively, differ only very little.
The spin-phonon coupling parameters expressed in terms of relative changes of

J‖ and J⊥ induced by phonon distortions are presented in the last two columns of
Table 10.5 and 10.6, respectively. In CaV2O5, the highest values for δJ‖/J/δQ are
found for the V–O2 stretching modes with B1g symmetry (0.601), B3g symmetry
(0.210), Ag symmetry (0.186) and B1u symmetry (0.155). In fact, the mentioned
oscillations are also the ones dominating the electron-phonon coupling of hop-
pings along the ladder, which seems reasonable due to the interrelation of both
quantities (see Sect. 5.1). Besides, V–O2 stretching modes turn out to give also
the largest respective parameters in NaV2O5, as shown in Sect. 10.1. All other
phonon modes lead to changes of δJ‖/J per δQ smaller than 0.1.

Investigating the change of J⊥, the exchange parameters within one rung, fi-
nally, one finds that it is not completely analogous to the change of the in-rung
hopping matrix element t⊥. In detail, the largest value for δJ⊥/J/δQ (0.1340)
is encountered in the Ag V–O1–V bending mode with 446 cm−1, which also ac-
counts for the largest δt⊥/δQ, while another phonon mode strongly affecting δJ⊥,
the B3g V–O2 stretching with 593 cm−1, did not exhibit a big influence on t⊥.
Other oscillations strongly altering the in-rung spin exchange include the Ag V–
O2 stretching at 516 cm−1 (δJ⊥/J/δQ = 0.057) and the Ag O3-V-O2 bending
combined with an O1z movement at 412 cm−1 ( δJ⊥/J/δQ = 0.054).
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11. Low-Temperature Phase of
NaV2O5

In this chapter, calculations for different candidates of the low-temperature struc-
ture of NaV2O5 as proposed in literature are presented. Moreover, for both space
groups suggested in literature (Fmm2 and A112) the atomic positions have been
relaxed. The theoretical results are compared to experimental data with respect
to the EFG. In addition, the stability of the computed phases is discussed in
terms of the total energies.

11.1. Electric Field Gradients

In this section, theoretical results for the electric field gradients (EFG) are pre-
sented and compared to experimental values obtained from 51V NMR and 23Na
NMR, respectively. In order to convert values for quadrupole frequencies into
electric field gradients, the relations explained in Sect. 2.5.5 are used.

11.1.1. 51V NMR

Table 11.1 shows EFGs corresponding to NMR results available in literature,
while Tab. 11.2 presents the theoretically obtained EFG on the vanadium sites
of the relaxed high temperature structure and the low-temperature structures of
NaV2O5, respectively. In the high-temperature phase, the main component of
the EFG (Vzz = 4.20 V/m2) is found parallel to the stacking direction c, while
the components parallel to the legs (Vyy) and to the rungs(Vxx) equal -2.54 V/m2

and −1.66 V/m2, respectively, thus implying an η value of 0.21. This is in fairly
good agreement with experiment [46, 48], where at T = 100 K Vzz = 6.12 V/m2

and η = 0.26 are obtained. In this context, the difference to theory may partially
be due to structure relaxation effects.

Experimentally, in the low-T regime rather few 51V NMR results are available.
In detail, only Ref. [47] report explicit values for Vαα at T<Tc. Two V sites are
detected, where at V1 an EFG of Vzz= 4.45 V/m2 and η = 0.48 is found, while
for V2 only one component is presented, namely Vzz= 1.89 V/m2. This findings
are in agreement with the ones of Ref. [48], where 51V NMR using a sample of
Na0.996V2O5 was performed. This reference also reports two V sites, where for
the first one an EFG of 4.45 V/m2 with η = 0.5 is presented, while for V2 no
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Experiment

Ref. T Site Vzz Vyy Vxx η
(‖ c) (‖ a) (‖ b)

[46] 100 K V1 6.12 -3.86 -2.27 0.26

[47] 10 K V1 4.45 -3.30 -1.16 0.48
V2 1.89 – – –

[48]∗ 100 K V1 6.15 -3.81 -2.34 0.24

[48]∗ 10 K V1 4.44 -3.33 -1.11 0.5
V2 – – – –

[49] 30 K V1 – – – –
V2 – – – –
V3 – – – –

Table 11.1.: EFGs for the V sites (in V/m2) from 51V NMR measurements as
reported in literature. The atoms are sorted with respect to the
magnitude of Vzz. In Ref. [48] (marked with ∗) a slightly Na deficient
sample was used.

explicit results are given. In the third reference [49] the −1
2
→ −3

2
transition for

V is presented. In contrast to the former results, three independent V sites are
reported.

On the theoretical side, depending on the space group (SG) a maximum num-
ber of six (SG Fmm2) or eight (SG A112) independent V sites is possible. In
this context it is important to explain that in order to investigate the structure
proposed in Ref. [14] the structural data presented in Ref. [13] have been used,
but the layers are arranged as proposed in the former reference.

Analyzing the theoretical results, it turns out that not all V sites differ signif-
icantly with respect to their EFG. Thus, for the structure taken from Ref. [11]
three groups of values for Vzz are obtained. The first two sites have a Vzz of
about 4.4 V/m2, the second pair of sites (V1b and V21b) shows an EFG of about
4.0 V/m2, and for V21a and V1a, respectively, Vzz≈ 3.7 V/m2 is obtained. In
terms of the asymmetry parameter η, for the first two V sites a similar value
(≈ 0.6) is found, while η differs considerably for V1b and V21b (0.39 and 0.14,
respectively) as well as for V21a and V1a (0.29 and 0.52, respectively). Relaxing
the atomic positions in the same space group, the differences with regard to Vαα

and η virtually disappear, where for the former a value of about 4.35 V/m2 and
for the latter 0.25 is found for all sites.

The situation is different when relaxing the structure in the monoclinic space
group A112 (no. 5) proposed by Refs. [13, 14]. In this case, Vzz is still very
similar for all sites (Vzz≈ 4.20), but Vxx and—consequently—η differ noticeably,
yielding two different types of V sites. While η is about 0.35 for V5, V6, V7 and
V8, a value of 0.1 is found for the remaining V sites. For the structure taken
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Theory

Structure Site Vzz Vyy Vxx η
(‖ c) (‖ a) (‖ b)

high T, relaxed V 4.20 -2.54 -1.66 0.208

Bernert01 V22a 4.44 -3.63 -0.81 0.64
(SG Fmm2) V22b 4.33 -3.47 -0.86 0.60

V1b 4.01 -2.79 -1.23 0.39
V21b 3.97 -2.26 -1.71 0.14
V21a 3.73 -2.40 -1.33 0.29
V1a 3.64 -2.76 -0.88 0.52

Fmm2, relaxed V21a 4.38 -2.75 -1.63 0.26
V1b 4.38 -2.75 -1.63 0.26
V1a 4.37 -2.72 -1.65 0.25
V21b 4.37 -2.73 -1.64 0.25
V22b 4.36 -2.73 -1.63 0.25
V22a 4.35 -2.71 -1.64 0.24

Ohwada05 V3 4.81 -3.48 -1.33 0.45
(SG A112) V4 4.78 -3.47 -1.31 0.45

V2 3.92 -2.63 -1.29 0.34
V1 3.92 -2.64 -1.28 0.35
V8 3.90 -2.75 -1.16 0.41
V7 3.85 -2.73 -1.12 0.42
V6 3.54 -1.95 -1.59 0.10
V5 3.52 -1.95 -1.57 0.11

SG A112, relaxed V7 4.25 -2.33 -1.92 0.10
V3 4.25 -2.84 -1.41 0.34
V4 4.24 -2.83 -1.41 0.34
V8 4.23 -2.32 -1.91 0.10
V6 4.21 -2.28 -1.93 0.08
V5 4.21 -2.27 -1.94 0.08
V1 4.19 -2.87 -1.32 0.37
V2 4.19 -2.88 -1.31 0.38

Table 11.2.: Electric Field Gradients (EFG) at the V sites (in V/m2) for the
high temperature structure and several structural variants of the
low temperature phase of NaV2O5. The V atoms are sorted with
respect to the magnitude of Vzz.

from Ref. [14] without relaxation, on the other hand, three different V sites can
be distinguished. While V3 and V4 have Vzz = 4.8 V/m2 and η = 0.45, for V1
and V2, as well as for V7 and V8, a Vzz ≈ 3.90 V/m2 and η ≈ 0.40 is obtained.
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Finally, also sites V5 and V6 exhibit similar properties in terms of the EFG, both
having Vzz ≈ 3.50 V/m2 and η ≈ 0.10.

In summary, the theoretical results obtained from both the orthonormal struc-
ture taken from Ref. [11] and the monoclinic systems (Ref. [14] and the system
with relaxed positions) yield three distinct V sites in terms of the electric field
gradient, thus supporting the findings of Michalak et al. presented in Ref. [49].

11.1.2. 23Na NMR

The experimental and theoretical results for the electric field gradients on the Na
sites are presented in Tables 11.3 and 11.4, respectively. Compared to 51V NMR,
regarding 23Na NMR much more data are found in literature. While values of Vαα

for the high-temperature phase are found in Refs. [50, 51, 48], Ref. [51] reports
detailed 23Na NMR measurements for all sites of the low-temperature structure,
while Refs. [48] presents results for Vyy and Vxx for all Na, and [49] reports at
least values for all Vxx components. On the theoretical side, the main component
of the EFG is found in y direction for all Na sites, while Vyy corresponds to the
z and Vxx to the rung direction.

For the high temperature phase, theory yields Vzz = 0.65 V/m2 and η = 0.52.
Thus, the agreement with experiments carried out at room temperature [51, 48],
where Vzz = 0.61 V/m2 and η = 0.62 is found, is relatively good. In addition to
these measurements at T≈ 290 K, experiments performed on the high tempera-
ture structure at T= 50 K are available in Refs. [50, 51, 48]. Latter measurements
yield almost the same Vzz (0.54 V/m2) and Vxx, but a considerably larger Vyy,
thus changing η from 0.62 to about 0.70.

In the low-temperature phase, all three available experiments [51, 48, 49] con-
sistently report eight different Na sites, where the 23Na NMR spectra of the last
reference, however, could as well be interpreted in a way that there are even ten
Na positions. Quantitatively, the full 23Na NMR results presented by Ohama et
al. in Ref. [51] comprise the main component of the EFG between 0.50 V/m2

(site H) and 0.60 V/m2 (site A), while the corresponding values for η range from
0.96 to 0.49, i.e. they decrease with increasing Vzz. The large value of η is due
to the fact that |Vyy| is comparable in magnitude to |Vzz| (about 0.45 V/m2 for
all sites), but |Vxx| is much smaller, namely between 0.01 V/m2 on site H and
0.15 V/m2 on site A. Latter results are also confirmed by the findings of Ref. [48]
(presenting Vyy and Vxx) and Ref. [49] (presenting Vxx). In general, the EFGs
on the sodium sites are about one order of magnitude smaller than the ones on
the vanadium sites.

Concerning the theoretical results, the relaxation using the orthorhombic space
group Fmm2 again leads to six sites that hardly differ, while the same space group
using the atomic position from Ref. [11] and the two calculations with space group
A112 yield a more differentiated situation. In detail, in the calculation using the
data from Ref. [11], Na3 (Vzz = 0.48 V/m2, η ≈ 0.79) and Na4 (Vzz = 0.47 V/m2,
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Experiment

Ref. T Site Vzz (‖ b) Vyy (‖ c) Vxx (‖ a) η

[50] 50 K A 0.54 -0.46 -0.08 0.70

[51] 295 K A 0.51 -0.41 -0.10 0.62

[51] 50 K A 0.54 -0.46 -0.08 0.71

[51] 10 K A 0.60 -0.45 -0.15 0.49
B 0.58 -0.46 -0.12 0.58
C 0.58 -0.45 -0.13 0.54
D 0.58 -0.46 -0.14 0.57
E 0.51 -0.46 -0.05 0.80
F 0.51 -0.48 -0.03 0.89
G 0.50 -0.46 -0.04 0.83
H 0.50 -0.48 -0.01 0.96

[48]∗ 290 K A 0.51 -0.42 -0.09 0.63

[48]∗ 50 K A 0.54 -0.46 -0.08 0.71

[48]∗† 8 K A – -0.48 – –
H0 ‖ c B – -0.46 – –

C – -0.45 – –

[48]∗† 8K A’ – – -0.15 –
H0 ‖ a B’ – – -0.13 –

C’ – – -0.12 –
D’ – – -0.11 –
E’ – – -0.05 –
F’ – – -0.04 –
G’ – – -0.03 –
H’ – – -0.01 –

[49]∗† 10 K A – – -0.15 –
B – – -0.14 –
C – – -0.11 –

(C’) – – (-0.11) –
D – – -0.10 –
D – – -0.85 –
F – – -0.52 –

(F’) – – (-0.46) –
G – – 0.24 –
H – – 0.13 –

Table 11.3.: Electric Field Gradients (EFG) for Na sites (V/m2) from 23Na NMR
measurements as reported in literature. In Ref. [48] (marked with
∗) a slightly Na deficient sample is used. Data marked by † refer to
values that we have extracted from the respective figures.
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Theory

Structure Site Vzz Vyy Vxx η
(‖ b) (‖ c) (‖ a)

high T, relaxed Na 0.65 -0.51 -0.16 0.52

Bernert01 Na1 0.64 -0.51 -0.13 0.60
(SG Fmm2) Na2 0.63 -0.52 -0.11 0.65

Na3 0.48 -0.43 -0.05 0.79
Na4 0.47 0.47 0.00 1.00
Na6 0.54 -0.43 -0.11 0.59
Na5 0.53 -0.43 -0.11 0.60

Fmm2, relaxed Na6 0.69 -0.52 -0.17 0.52
Na3 0.69 -0.52 -0.17 0.52
Na1 0.69 -0.52 -0.16 0.52
Na5 0.69 -0.52 -0.16 0.52
Na4 0.69 -0.52 -0.16 0.53
Na2 0.69 -0.53 -0.16 0.53

Ohwada05 Na2 0.79 -0.53 -0.27 0.33
(SG A112) Na1 0.79 -0.51 -0.28 0.28

Na6 0.76 -0.53 -0.23 0.39
Na5 0.75 -0.54 -0.21 0.44
Na8 0.57 -0.42 -0.16 0.45
Na7 0.56 -0.46 -0.11 0.61
Na4 0.52 -0.48 -0.04 0.84
Na3 0.51 -0.44 -0.07 0.71

SG A112, relaxed Na8 0.70 -0.48 -0.22 0.38
Na2 0.70 -0.52 -0.18 0.48
Na7 0.70 -0.51 -0.19 0.45
Na1 0.69 -0.50 -0.19 0.45
Na6 0.66 -0.53 -0.14 0.59
Na5 0.66 -0.55 -0.11 0.66
Na4 0.66 -0.54 -0.12 0.64
Na3 0.65 -0.52 -0.13 0.59

Table 11.4.: Electric Field Gradients (EFG) on the Na sites (in V/m2) for the
high temperature structure and several structural variants of the
low temperature phase of NaV2O5. The V atoms are again sorted
with respect to the magnitude of Vzz.

η ≈ 1.00) represent individual sites, while the results for Na1 and Na2, and for
Na5 and Na6 are quite similar, respectively.

In the calculation using the structure proposed by Ohwada et al. (Ref. [14]),
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all eight inequivalent Na sites demonstrate quite distinct EFG values. While
the magnitudes of Vzz are concentrated around 0.76 V/m2 (Na1, Na2, Na5, and
Na6)and 0.55 V/m2 (Na3, Na4, Na7, and Na8), respectively, the asymmetry pa-
rameter η is different for each of the sites, ranging from 0.28 (Na1) to 0.84 (Na4).
The situation for the monoclinic unit cell with relaxed positions is comparable.
While the results for Vzz are even more uniform than in the previous case, Vyy

(Vxx) show more differences comparing the several sites, yielding values of η
between 0.38 and 0.64.

In general, the theoretical findings agree with experiment very well in terms of
Vzz and are also similar regarding the variety of different values for η. While the
quantitative agreement is slightly better for the orthorhombic structure with ex-
perimental positions, qualitatively the monoclinic calculations using space group
A112 are closer to experiment regarding the diversity of the asymmetry param-
eter. Altogether, the experimental findings in combination with theory are in
favor of a low-temperature structure with eight different Na sites, which is only
compatible with a monoclinic unit cell and space group no. 5.

11.2. Total energies

space group structure k mesh tot. energy (Ry)

Fmm2 (orthorh.) relaxed, high T (4 4 4) -0.6547
Ref. [11] (4 4 4) -0.6260

relaxed, Fmm2 (6 6 6) -0.7843

A112 (monoclinic) Ref. [14] (4 2 4) -0.7529
relaxed, A112 (4 2 4) -0.7860

Table 11.5.: Relative total energies (Ry) for different variants of the low tempera-
ture structure of NaV2O5. The energy for the relaxed structure with
space group Fmm2 was obtained using a ~k mesh of 6× 6× 6, which
corresponds to the density of ~k points used in the mononclinic case.

In addition to the electric field gradients, also the total energies resulting from
the different structural variants can shed some light on the low temperature phase
of NaV2O5. Table 11.5 shows the relative total energies, i.e. Etot + 39002 Ry, for

• the structure with orthorhombic space group Fmm2, but the positions
relaxed in the high temperature structure;

• the structure presented in Ref. [11];

• the structure with space group Fmm2, but positions relaxed in this space
group;

135



11. Low-Temperature Phase of NaV2O5

• the structure with the monoclinic space group A112 (no. 5) as suggested by
Ref. [14], i.e. using data about atomic position from Ref. [13], but arranging
the x–y layers as described in Ref. [14];

• the relaxed structure within the latter space group.

Focusing at the two structures with experimental atomic positions, first, the
variant suggested by Ohwada et al. [14] is clearly favorable regarding its total
energy: The result is by about 100 mRy lower than the one for the structure with
orthorhombic space group proposed by Bernert et al. [11]. An important point
with respect to the latter system is that, when moving the atoms to their high-
temperature positions, the energy is lowered. This means, that under normal
experimental conditions such a state seems very unprobable. Thus we believe
that such a structure can, at most, be realized under extraordinary conditions,
such as very fast cooling-down of the sample.

Comparing the total energies of the two systems with relaxed atomic positions,
the situation gets more interesting. Shifting the atoms to their energetic mini-
mum, a much larger energy is gained in the orthorhombic structure, such that
after relaxation of the forces the energies are very close to each other. Actually,
the orthorhombic structure with a ~k mesh of 4 × 4 × 4 has an energy, which is
only 1.5 mRy higher than the one of the monoclinic counterpart.

At this point it is important to mention, that in order to draw final conclu-
sions about the most favorable structural configuration an absolute convergence
of the calculations would be necessary. While the convergence with repsect to
R ×Kmax can be tested relatively well by convergence checks performed for the
high-T structure, such a test for the ~k meshes is more challenging. It depends on
factors, which are specific for each calculation, namely the lattice constants and
the symmetry operations (related to the space group). The two compared cases,
however, differ with respect to both criteria. Thus, in order to achieve a reliable
basis for a direct comparison, the number of ~k points would have to be increased
until the changes in energy are at lest one order of magnitude smaller than the
energy differences investigated. Moreover, a perfect convergence would also in-
clude a relaxation with respect to the lattice parameters. This is, however, very
difficult, due to the huge number of atoms per unit cell, and—consequently—the
immense computer power needed.

Summarizing the theoretical results in terms of EFGs and total energies, the
monoclinic system appears to be favored: This is indicated by the slightly lower
total energy obtained in this case, and shown with clearer evidence by the EFGs
for the Na sites.
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A. Computational details

All calculations were performed with the APW+lo method [78] using the WIEN2k
code [120]. The exchange-correlation effects were treated within the generalized
gradient approximation (GGA) using the form of Perdew, Burke, and Ernzer-
hof [73].

The muffin tin radii (RMT ) were chosen in such a way that about 0.02 a.u.
(0.01 Å) of tolerance were left between the spheres of V and the apical oxygen,
in order to account for displacements during the relaxation procedure and in the
context of phonon calculations. The values for the RMT of V, O, Na, Ca, and
Mg, together with other calculational and convergence parameters, are listed in
Table A.1.

The plane wave cut-offs were chosen to be 14 a.u.−1 for expanding the density
and potentials, and 4.62 a.u.−1 for expanding the wave functions. The latter
corresponds to an Rmt × Kmax value of 6.5 for oxygen and sodium, 6.96 for
magnesium, 7.53 for vanadium and 8.35 for calcium. A convergence test with
different meshes of ~k points showed that 70 points (2 × 7 × 5) in the whole
Brillouin zone (BZ), corresponding to 12 points in its irreducible wedge (IBZ),
are enough to achieve convergence in the self-consistent field (SCF) calculations
in NaV2O5, CaV2O5, and MgV2O5. In the calculations of the density of states
(DOS), 960 ~k points (5× 16× 12, 144 points in the IBZ) were used, while for the

calculation of the optical properties a ~k mesh with 3800 points (8× 25× 19, 520
points in the IBZ) was applied.

The convergence criterion for the SCF calculations was the change in forces
between two iterations, with a convergence tolerance of 0.2 mRy/a.u. The inte-

gration of the ~k space and the calculation of the Fermi energy in both, the SCF
and the DOS case, was done by the modified tetrahedron-method [121].

To obtain the phonon frequencies of NaV2O5, CaV2O5, and MgV2O5, four dis-
placements (two in positive direction and two in negative direction) with respect
to all symmetry coordinates of each irreducible representation (see Sect. 2.4) were
performed. The amplitudes were chosen in such a way that the resulting forces
were between 5 and 20 mRy/a.u. The related displacements were between 0.2 Å
(Na (Ca,Mg) in x direction) and 0.0075 Å (O3 in z direction), which turned out
to lie in the harmonic regime. The so-obtained forces were used to calculate
the dynamical matrix, the eigenvectors and the eigenfrequencies by means of a
Mathematica program, following the procedure described in Sect. 4.3.

In order to calculate phonon modes with symmetries other than Ag, structures
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RMT V 1.6 a.u.
O 1.4 a.u.

Na 1.4 a.u.
Ca 1.8 a.u.
Mg 1.5 a.u.

~k meshes
Calculation no. of points (kx × ky × kz) no. of points, IBZ

SCF 2 × 7 × 5 12
DOS 5 × 16 × 12 144
Optics 8 × 25 × 19 512

SCF, phonon displacements:
B1g, B3g 4 × 14 × 10 140
B2g 4 × 11 × 14 152
B1u, B2u, B3u 4 × 13 × 10 70

NaV2O5, low T structures:
Space group Fmm2 4 × 4 × 4 18
Space group A112 4 × 2 × 4 10
Kmax (wave functions) 4.64 a.u.−1

Gmax (charge dens. and potential) 14 a.u.−1

Convergence tolerance for the forces 0.2 mRy/a.u.

Table A.1.: List of calculational parameters used for the APW+lo calculations.
Details are given in the text.

with displaced atoms were created where the symmetry operations are different
from those of the ground-state structures. The size of the ~k point meshes had
to be increased not only due to the lower symmetry, but also to achieve the
above mentioned accuracy. The highest number of ~k points was needed for the
calculation of the B2g phonons, with a ~k mesh of 4 × 11 × 14 points (152 in the

IBZ), followed by the B1g and B3g structures (~k mesh 4 × 14 × 10 points, 140
in the IBZ) and the Bnu calculations (4 × 13 × 10 points in the whole BZ, 70

in the IBZ). In case of the low temperature supercells of NaV2O5, a ~k mesh of
4× 4× 4 points was applied for the structures with space group Fmm2 (no.42),
and a 4 × 2 × 4 mesh for space group A112 (no. 5).

The EFGs have been calculated within the Wien2k package as described in
Ref. [122]. The optical properties are calculated in the Random Phase Approx-
imation (see, e.g., Ref. [123]), where details of its implementation into Wien2k
can be found in Ref. [124].
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