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Symbols and abbreviations

Real-space lattice vector

Undistorted position vector of nucleus a

Volume of primitive unit cell

Volume of super-cell

Number of primitive unit cells contained within the super-cell
Atomic (Muffin-tin) sphere of atom o

Interstitial

Radius of atomic sphere around nucleus o

Nuclear charge of atom o

Unperturbed effective potential

Unperturbed Coulomb potential of nuclei

Unperturbed total Coulomb potential (nuclei and electrons)
Unperturbed exchange-correlation potential

Band and k-point index

Kohn-Sham orbital

Kohn-Sham eigenvalue

Lattice vector in reciprocal space

Maximum length of (k + G) in the Kohn-Sham eigenvalue
problem

Variational coefficient in the Kohn-Sham eigenvalue problem
LAPW basis function

Complex spherical harmonic

Unperturbed charge density of valence electrons
Unperturbed charge density of core electrons

Unperturbed total charge density

Total charge density of perturbed (phonon-distorted) crystal
Change in the forward-traveling-wave representation
Change in the backward-traveling-wave representation
Complex polarization vector of a phonon-related displacement
Wave-vector of the perturbation

Soft change of potential

Soft change of density

Step function of unperturbed crystal

Step function with regard to the perturbed super-cell



F, Atomic force on nucleus « in the standing-wave representation
6tF,  First-order change of the atomic force Fq

BZ Brillouin zone

DFT density functional theory

LAPW linearized augmented plane-wave

LDA local density approximation

SCF self-consistent field

KS Kohn-Sham



Introduction

The atoms in a solid are continuously oscillating about their equilibrium positions with
an energy which is determined by the chemical composition of the material, the structural
parameters and the temperature. In periodic lattices these oscillations are called lattice vi-
brations or, if viewed as lattice waves in a quantum mechanical framework, phonons. They
are, entirely or in part, responsible for a very large number of properties, such as the specific
heat, optical and dielectric properties and electrical resistance. For this reason the interest
in the theoretical determination of eigenfrequencies and eigenvectors of phonons has already
emerged as a scientific challenge several decades ago. Although the early approaches had to
rely very much on empirical or semi-empirical models for interatomic potentia.ls they have
been and still are quite successful at complementing available experimental data. How-
ever, with the appearance of realistic self-consistent band structure calculations within the
framework of density functional theory (DFT) [1, 2] twenty years ago the door was opened
to calculate lattice vibrations from first-principles. Under the assumptions of (i) an ideal
crystalline structure implying perfect translational symmetry, and (ii) the adiabatic approx-
imation providing a clear and physically founded framework to separate the motion of the
electrons from the dynamics of the nuclei the potentials governing the lattice vibrations
could be established by the so called frozen-phonon technique {3]. In practical terms this is
traditionally realized by the following procedure. First a super-cell commensurate with the
wave-vector of the phonon is set up. It will contain a specific number N of primitive unit
cells. Next, the atoms in this super-cell are slightly displaced from their perfect crystalline
lattice sites in accordance with the translational requirements of the phonon mode. For this
frozen-in ionic configuration the total energy of the crystal is then calculated. Repeating
the last step for a whole series of different displacement patterns yields a set of discrete total

energy values which are subsequently fitted to a polynomial function around the equilibrium



structure. This polynomial function is called energy surface and its harmonic contributions
describe the phonon potentials. In general excellent agreement is found between the thus
derived phonon frequencies and the corresponding experimental data for all types of ma-
terials. Nevertheless with regard to computational efficiency and even accessibility there
are severe restrictions in this approach. Phonons with a low-symmetry wave-vector will
generate a large super-cell. As the computational effort to perform a self-consistent band
structure calculation at one displacement pattern roughly scales with NV 3 this approach is
very much limited to high-symmetry phonons. Additionally the number of fit parameters
to be determined for a harmonic energy surface scales with NZ, where Ny represents the
number of degrees of freedom (number of atoms) within the primitive unit cell. This scaling
behaviour thus also applies to the number of different displacement patterns at which band
structure calculations have to be carried out. The later argument implies that the applica-
tion of the method to highly complex materials (like high-temperature superconductors) is
computationally extremely costly even at high symmetry-points in the Brillouin zone.

Two main strategies have been developed to overcome these limitations. On the one hand
analytic expressions for the calculation of atomic forces [4, 5] acting on the nuclei in a non-
equilibrium configuration have been formulated and subsequently impleniented in all main
band structure programs. The atomic force related to a specific nuclear coordinate is defined
as the negative partial derivative of the energy surface with respect to this coordinate. The
resulting information on the gradient of the energy surface supplements the calculated
total energy data of the frozen-phonon calculations and in this way significantly lowers the
required number of displacement patterns. In fact this number now only scales linearly
with Np. Additionally the knowledge of atomic forces in the vicinity of the equilibrium
structure is also very well suited to extract more detailed information on the shape of the
energy surface. In this way it serves to obtain a quantitative picture of anharmonicities
which affect important physical quantities like thermal expansion coefficients, the thermal
conductivity of insulators or the life-time of phonons.

On the other hand the conventional frozen-phonon technique has been coupled to the
concepts of first-order perturbation theory. In this approach the phonon-related small dis-
placements of the ionic coordinates are viewed to generate a dipole potential to which
the electrons respond by rearranging their spatial distribution. Within the linear regime
this response can mathematically be described by first-order perturbation theory on the

wave functions of the electrons appearing in the band structure calculations. Imposing



the self-consistency requirement between first-order changes in the potentials and densities
analytically in this formalism results in the necessity to explicitly calculate the dielectric
matrix (DM) of the system (DM-approach) [6]. Alternatively the self-consistency require-
ment can also be fulfilled by a numerical process which very much resembles the concepts
of the conventional band structure programs. In this approach the first-order counterparts
to the main equations appearing in the unperturbed SCF-cycle (e.g. Poisson equation,
Kohn-Sham equation, etc.) are formulated and programmed thus providing an dterative
cycle through which the self-consistency between perturbing potential and charge response
can be obtained [7, 8]. The key advantage of both perturbative methods lies in the fact that
the associated computational effort can be met independently of the length and symmetry
of the wave-vector q.

This thesis is partitioned into two main chapters. In the first one, a complete derivation
of the linear-response formalism based on the aforementioned iterative process is presented
for the full-potential LAPW method. As a prerequisite the procedure to set up the dy-
namical matrix from first-order atomic-forces is established. In the second chapter, detailed
frozen-phonon calculations of Raman frequencies in the high-temperature superconductor

YBayCuzO+7 are presented and discussed in comparison to related experiinental data.



Chapter 1

Ab-initio phonon calculations

based on linear-response theory

1.1 Determination of the dynamical matrix

The ab-initio calculation of the frequencies and eigenvectors of lattice vibrations in a
crystal assumes the validity of the Born-Oppenheimer approximation [9] This approxi-
mation introduces the adiabatic principle, which states that due to the large difference in
mass between the crystal’s electrons and nuclei the electrons will accommodate themselves
almost instantaneously to any motion of the nuclei. As a result the system of electrons is
permanently found in its quantum mechanical ground state, which itself only depends on the
position vectors of the atomic nuclei. In this scenario the effective potential governing the
motion of the nuclei then consists of two contributions: (i) the direct electrostatic potential
between the point charges of the nuclei, and (ii) the total energy of the quantum mechanical
ground state of the electronic system given as a sole function of the nuclear coordinates.
Whereas the first contribution can be calculated in the framework of classical electrostat-
ics the determination of the second one is more complex and is traditionally based on the
following procedure: First the system of nuclei is frozen in a certain configuration. The re-
sulting bare nuclear Coulomb potential is treated as an external potential in the electronic
Hamiltonian. The ground state charge distribution and energy related to this Hamiltonian
are then found within the framework of density functional theory (DFT) [1, 2]. Repeating

this procedure for a whole set of different nuclear configurations yields a discrete set of



energy values depending on the nuclear coordinates. Finally by numerical interpolation of
these data the continuous energy function described in (ii) can be constructed.

This function in combination with the contribution from (i) yields a total energy surface
which represents the effective potential responsible for the dynamics of the nuclei. Its
minima determine the stable structures (phases) of the crystalline system. The gradient
of the energy surface yields the atomic forces exerted on the nuclei. In the vicinity of the
minima these forces will give rise to lattice vibrations which are termed phonons when
viewed as collective excitations in a quantum mechanical sense. In the framework of these
ideas we will now review the mathematical concepts and certain calculational methods to

describe vibronic properties of periodic structures.

1.1.1 Basic concepts: energy surface and atomic forces

The starting point is the Taylor expansion of the energy surface around an equilibrium

configuration of the nuclei located at S:

2
BS+w) =B+l T Y, [6_65_

T,T a,& z,z’ z ol xf

TI
Ugr g1 + O(ud), (1.1)
s .
where the general position vector 8] of an atomic nucleus with index o (and mass m,)

located in the primitive unit cell T is given by,
ST =T +8S, +u,. (1.2)

S,, is the position vector of the nucleus measured from the origin of the cell T when there
are no displacements present in the crystal. The collection of all vectors {T + S,} has
been denoted by the symbol S. u, is a vector describing the displacement of the nucleus
away from equilibrium. The displacements are assumed small enough so that third- and
higher-order terms in the Taylor expansion (1.1) are negligible. This assumption is called
the harmonic approximation. The second partial derivatives of the energy surface are called
real-space force constants and are commonly abbreviated in the following way:

O’E

T T
Oug pUy

®22 (T, T') = [ (1.3)

S
The translational invariance of the undistorted crystal leads to the condition that with

regard to the cell vectors T and T' the force constants can only depend on the relative



vector (T —T'), i.e
o (T, T') = ®2% (T — T'). (1.4)

:l::z:’

If E(S + u) is now combined with the kinetic energy of the nuclei we obtain the total

Hamiltonian of the system,

H=E+ 3 Z Zzua :1:@2:1:’ (T T’) a’ ! +3 2 Z ma(ua :z:) ’ (1'5)

TT’aa’zz’ T,a,x

which gives the following equations of motion for the nuclei:

Moy, = Fuyy = augz =— ) B%(T, T)ug 4, (1.6)

o ! T
with FT being the atomic force. This system of differential equations couples 3 X Niot X 5
degrees of freedom, with N+ being the number of primitive unit cells in the crystal defined
by the periodic boundary conditions and s being the number of atoms in one unit cell.
To simplify the problem, the motions of the atoms can be decomposed into lattice waves

characterized by a wave-vector q. This is achieved by the following ansatz:

uf = U, T | (1.7

o

where U, denotes a complex polarization vector which is independent of the unit-cell index

T. Inserting (1.7) into (1.6) leads to the coupled system of equations,

wz(Q)Ua,w = Z pavet (q) o ' (1.8)

o'z’

For a given g-vector, Dm, (q) is a matrix of dimension 3s x 3s which is called the dynamical

matrix:
za:' (q Z (Dzm’ (TI —qu’ : (19)

It is a Hermitian matrix, i.e.,
Da a(q) [Dzz’ (q)] (110)

and also fulfils the relationship

wm'( q) = [D:ca:' (q)] (1.11)

Further relationships may be obtainable on the basis of the space group symmetry of the

crystal under consideration [10]. By diagonalizing the dynamical matrix for a given q-vector
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a total of 3x s different eigenmodes (phonon modes), characterized by eigenfrequencies w;(q)
and corresponding eigenvectors e;(q) are obtained. The index j runs from 1 to 3 X s and
labels the different modes. To accomplish the correct total number of modes in the whole

crystal the values of q are restricted by the condition:
q—m( )+n (—)+n ( ) n;=0,....,(N; = 1); (1.12)

with N; denoting the number of primitive unit cells composing the crystal (Born-van Kar-

man boundary conditions) in the direction of one primitive lattice vector.

1.1.2 The super-cell approach

The direct employment of Eq.(1.1) to set up the dynamical matrix requires the knowledge
of the entire energy surface. To establish it according to the traditional method based on the
interpolation of energy values is only possible for very simple crystal structures where the
value of the force constants is negligible beyond the second or third neighbour shells. The
application of the method to more complex structures is limited by the computer capacities
available today. We therefor want to turn now to alternative ab-initio techniques based
on atomic-force calculations to numerically determine the dynamical matrix if the energy
surface and thus the force constants are not known.

In the super-cell approach based on atomic forces [11] the starting point to compute
Dg‘;‘,' (q) would be to relax the internal coordinates of the primitive unit cell to their equi-
librium positions S. In this configuration the atomic forces will be vanishing, i.e.,

oE
oul .

=0 forall T,« and z.
S

Next a series of lattice distortions of the form,
E — 6+SaeiqT + [5+Sa]*e—iqT, (1.13)

would be frozen in. §+S, is a complex polarization vector. This vector is assumed to be
small enough to conform to the requirements of the harmonic approximation. The resulting
change of the atomic force acting on atom a in the primitive unit cell located at lattice

vector T will then be given by:

OE

SFT = — ———
«,T T
ou ,

- Y e (T - Tuy ul

T
aua T a/ z/, ™

S+u
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where

Z 8°% (T — 0)e 9T = | /mgmq D2 (q) (1.15)

is the Fourier transform of the real—space force constants. By employing the mathematical
tool of the complex-valued change in the force vector,
6+F0’£$ = -7 Z éga(:’l(q)‘s_'-sa’,z’a (1.16)
o !

displaying the translational property,
§TET = 9T FO, (1.17)
Eq.(1.14) can also be written as:
SFY, = §tFX, + [0 Fa )" = e 9T6TFQ, + e 9T 67 Fg )", (1.18)

On the basis of these definitions and relations the 3 x s elements of the dynamical matrix
can now be evaluated by the following algorithm: (i) 3 x s linearly independent polarization
vectors 68 are constructed. (i) For each resulting displacement pattern (denoted by index
j =1...3 x 5) the change in the atomic forces §F~” on all atoms in two different primitive
unit cells within the super-cell are calculated. For convenience we choose the first (T = 0)
and the second (T = T;) cell. We want to stress that 6F2’j is calculated here on the
basis of a 'finite-difference-method’ implying the following computational procedure: In the
phonon-distorted crystal the ground-state electronic wave-function and the corresponding
potential are determined by standard DFT techniques. From these data the atomic forces
Far for this configuration are calculated analytically as the sum of the Hellmann-

S+u
Feynman forces [4] and corrective terms (Pulay forces [5]) where the latter depend on the
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band structure method employed [12, 13]. The numerical difference between Fg’j |s+ and
u

the corresponding force at equilibrium Fa ls yields 6FT + O(u?). As Fa’ »S is zero we
obtain:
§FD7 + O(u?) = Fal|g, s (1.19)

or in the harmonic approximation:

SF2d = Fa|g. - (1.20)

The so constructed real-value force vectors {6Fg’j } and {6F3‘1’j } are now converted to the

complex-valued force vector {6+Fg’j } by the following relations:

. 1 )
Re(6TFY) = §6F2’3, (1.21)

; §FY7 cos(qT;) — SFIv
+10,7 _ [+ 1 [+
Im(67F,’) = 2sin(qTy) . (1.22)

(iif) By defining the following set of data,

£ = Re(§TFY), f] = Im(6*F%7), (1.23)
$:1(q) = Re(®(q)), ®3(q) = Im(2(@), (1.24)
5TSL, = Re(6'S7), 678) = Im(61S7), (1.25)

the coefficients of ®(q) (and thus via Eq.(1.15) also the coefficients of the dynamical matrix
D(q)) can finally be computed by solving the coupled set of linear matrix equations:

£ = —&,(q)6"SL, + ®2(q)stSi,, (1.26)
£ = —&,(q)6+SL, — &1(q)8t S, (1.27)

which directly result from setting T = 0 in Eq.(1.16). In some cases it will be possible to
choose real-value polarization vectors and thus avoid all parts of the algorithm which involve
imaginary quantities. It is obvious that this will become relevant as soon as the dynamical
matrix can be chosen to be real (for example in the case of zone-center or zone-boundary

phonons; for further examples see [10]).

1.1.3 The linear-response approach

In general, the algorithm described in the previous section will be suitable for practical

applications as long as the number of primitive cells and the related number of atoms
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(Ngt) contained within the super-cell will not be too large. This is due to the fact that
within band structure calculations the computational effort to obtain the electrons’ wave-
functions roughly scales as N,;Q‘m.s, where Njqsis denotes the number of basis functions in
the wave-function expansion. As Npgsis scales linearly with Ny only phonons characterized
by a g-vector which is not too small and at least preserves some symmetry elements of the
unperturbed lattice! will lend itself to super-cell calculations. From these considerations it
is obvious that the bottle neck in our algorithm lies in step (ii) where the atomic forces are
determined on the basis of band structure data. This automatically raises the question on
the existence of an alternative strategy to determine §F ") where the related computational
effort is independent of the particular g-value. The affirmative answer to this question
is based on the observation that within the harmonic and adiabatic approximations the
electronic contribution to the Fourier-space force constants can be related to the inverse

static dielectric matrix e }(q+G’,q + G) given by

§V(q+G) =Y e (a+G,q+ G)oVerr(q + G, (1.28)
o

[14]?. 6Vest(q + G) denotes the first-order perturbing potential (in our case the change
in the Coulomb potential caused by the displaced nuclei) whereas the first-order potential
change 6V(q + G) includes the perturbing potential, the screening of the charge response
and also the first-order changes of the exchange-correlation potential. Thus the regime of
linear response is sufficient to set up the dynamical matrix of a material. This automatically
implies that the analytical calculation of the linear change in the atomic forces SF<7 only
requires the knowledge of the linear changes in the density, the potentials and the wave-
functions. In fact this is only a special case of the much more general ’(2n + 1)-theorem’
which states: The knowledge of the change in the wave-function of a quantum mechanical
system up to nth-order in the perturbation parameter suffices to analytically determine the
change in the total energy up to (2n + 1)*-order (15, 16]. In our problem n is equal to 1
and the perturbation parameter is the total displacement vector {un}. Explicit formulas
for the analytic calculation of §tFI7 (including the bare Coulomb interaction between the

nuclei) will be derived in section (1.3.7).

1The actual number will depend on the complexity of the investigated material.

2The full mathematical relation between the force constants and the inverse total static dielectric matrix
including the effects of the bare nuclear interaction is rather involved. As it does not influence the main
arguments which are relevant for the present work, we are not going to ouline it.
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We have now introduced the notion that linear-response quantities provide the foundation
for the calculation of the dynamical matrix. Thus the most obvious choice to simplify step
(ii) of our algorithm would be to directly calculate the dielectric matrix e(q + G,q+ G')
in a one-particle picture as proposed by Adler and Wiser [17, 18] and invert the resulting
matrix (DM-approach). The simplest expression, where exchange-correlation (xc) effects

are neglected would read:

(@+G,q+G) = bga+ re?
€ y '
q a G.G Qlq+ Gl|lg+ G'|

>

c,v,k

(k+4q,c |ei(CFar| k, ) <k, vle~HG'+r K 4 q, c>
Ec(k + q) - E'U(k) ’

(1.29)

involving the occupied (v) and unoccupied (c) eigenstates of the unperturbed Hamiltonian
of the electronic system. Expression (1.29) assumes that the first-order potentials felt by
the electrons as well as the charge response can be well described by a Fourier series up to
9G max With® G,G' < 2Gmax- As already indicated e(q + G,q + G’) has to be inverted to
obtain the relevant matrix for the calculation of the first-order potential change (Eq.(1.28)).
The underlying theoretical reason for this procedure is found in the derivation of Eq.(1.29)
where the requirement of self-consistency between charge response and potential change is
analytically imposed. The extension of the Adler-Wiser expression, Eq.(1.29), to include
exchange and correlation effects and at the same time keeping its relative simple formal
structure is only possible within local approximations of the xc-potential (LDA, GGA)
[19, 20].

Although the whole procedure is largely independent of the selected g-vector it displays
a series of drawbacks in the context of band structure calculations: (i) Formula (1.29)
can be handled easily only in the case of a plane-wave basis set. Thus the application
to materials which also require a localized part in the basis set (e.g. materials containing
heavy elements) is complicated. (ii) The set up of e(q+G, q + G') requires the knowledge of
the entire eigenvalue spectrum (valence and conduction bands) of the unperturbed crystal.
(iii) The inversion of (q + G, q + G') is computationally a time consuming step. (iv) The
possibilities to include non-local exchange correlation potentials in the formulas describing

e(q+ G,q + G') are limited and complicated.

3We have choosen 2Gmax in order to conform with the conventions used in later chapters.
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The method to circumvent these drawbacks is the direct application of first-order per-
turbation theory to the ground-state wave-function of the unperturbed crystal where the
interplay between charge- and potential-response (self-consistency requirement) is treated
numerically rather than analytically. This method will be described in detail in the next
chapter. For now we only state that as in the DM-approach it also avoids the unfavourable
scaling behaviour of the super-cell calculation with respect to the g-vector. Similar as in
the DM-approach a ’price’ has to be paid for this advantage: (i) Extra programming work
has to be done (super-cell calculations can be performed without code-alterations of stan-
dard band structure programs) and (ii) information on possible higher-order responses of
the system is lost — an information which is intrinsically available in super-cell calculations

(compare with Eq.(1.19)) but not utilized in the harmonic approximation.

1.2 Density-functional linear-response theory

To set up the dynamical matrix for an arbitrary wave-vector q the first-order change of
the atomic forces upon displacement patterns of the nuclei commensurate with this wave-
vector have to be known. In the general framework of the Kohn-Sham (KS) scheme [2]
within density functional theory (DFT) [1] the explicit calculation of these first-order forces
will primarily require the knowledge of the electronic density, the Kohn-Sham orbitals (KS
orbitals), the KS eigenvalues and the effective potential up to first-order in a perturbation
expansion with respect to the polarization vector of the phonon-induced displacement pat-
terns. In this section we want to review a well established and efficient iterative algorithm
to calculate these four quantities for a periodic solid [7, 8, 21, 22, 23]. Its advantages com-
pared to the DM approach and super-cell calculations will be summarized. For now, we
are not going to make reference to a specific basis-set representation for wave-functions,
potentials and densities but rather concentrate on the outline of general principles of the al-
gorithm which is termed the ’iterative linear-response’ (ILR) scheme. It was first introduced

independently by Baroni et al. 7] and Zein et al. [8].

1.2.1 The iterative linear-response (ILR) scheme

The essential idea behind it can be summarized as follows: Within ground-state band

structure calculations the electronic charge density is constructed on the basis of the occu-
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pied KS orbitals:

p(r) =Y w(n, k) ¥y 1 (r) ¥nk(r). (1.30)
n,k

These orbitals are the solutions of the KS equations, which are formally single-particle

Schrodinger equations with an effective potential depending on the charge density:
(=V? + Ves () — €nic)¥ni(r) =0 k€1 BZ (1.31)

with /
Vasse) = Vouel)+ [ e’ + Vlpte) (132
The effective potential consists of the bare Coulomb potential Vyyc(r) stemming from the
spatially fixed atomic nuclei, the Hartree potential of the electronic charge density and the
exchange-correlation potential, assumed here to be described by the local density approx-
imation (LDA). The three equations (1.30), (1.32) and (1.31) are solved iteratively until
self-consistency is reached. At the end of the iteration process a charge density is thus
obtained which has the following property: It generates an effective potential that when
inserted into the KS equations yields orbitals which reproduce this density.
The phonon-related displacements of the nuclei are now treated as a first-order perturba-
tion to the unperturbed self-consistent-field (SCF) cycle. The unperturbed quantities, i.e.,

charge density, effective potential and KS orbitals will thus experience a linear variation:

p(x) — p(x) +6p(r), (1.33)
Vers(e) — Vess(r) + 6Vess(r), (1.34)
Upk(r) — Ypi(r) +6¥nk(r). (1.35)

By linearizing Egs.(1.30),(1.31) and (1.32) we obtain a new set of equations, which are

suitable to determine the first-order changes of these quantities:

‘5!’(1") 3./ AV
§Vorf(r) = 6Vie(r)+ | ———nd3r' +6p(r) 22| 1.36
1106) = Voue)+ [ 2 ran +00) | (1.36)
(=V2 + Ve (x) — eni)0¥nic(r) = —(8Vess(r) ~ benc) ¥Unk(r), (1.37a)
6 (Upnk(r)] Yni(r)) = 0, (1.37b)
sp(r) = > w(n, k)6 1 (r) Tnse(r) + ¥r i (r)6nk(r)], (1.38)

nk
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where Eq.(1.37a) is called Sternheimer equation [24] and the constraint given in Eq.(1.37b)
guarantees the conservation of the electronic charge in the system. The change in the ef-
fective potential consists of the ‘external’ perturbing potential §Vpuc(r) screened by the
induced charge density and supplemented by the related change in the exchange-correlation
potential. For simplicity we have assumed that there is no change in the occupation number
w(n, k) upon the perturbation; a condition rigorously fulfilled by semiconductors and insu-
lators. In close analogy to the unperturbed case, Eqgs.(1.36), (1.37a), and (1.38) are solved
by iteration until self-consistency is reached for the first-order effective potential and the
density response. Note that the unperturbed KS orbitals and eigenvalues as well as the un-
perturbed effective potential are required as input quantities for the Sternheimer equation.
Further, Eq.(1.36) requires the knowledge of the original charge distribution. Thus these
quantities have to be calculated before the iterative linear-response process can be started.

We now review and discuss several aspects of this scheme in more detail [23]. We consider
a lattice with several atoms in the unit cell. If a superposition of frozen-in phonons at wave-
vector q are present in the crystal the atoms are displaced from their equilibrium position

by a small amount

§ST = 67SaetaT 4§ Sae7 T

— §TSqet@T 4 (518, ) e T, (1.39)

where 81S,, is a complex polarization vector and T is a lattice vector of the unperturbed
crystal. The presence of such a displacement field will primarily give rise to a change in the
bare Coulomb potential of the atomic nuclei. The first-order contribution to this change is
the dipole field of the nuclei:

. ~Z
§Vue(r) = zemTZaJrsavlr—_—S——“;—T-'
T o @
—i * —Z
+3 eIy I8tV g T
T o @
= 6 Viue(r)+6 Vaue(r)- (1.40)

It consists of a superposition of two traveling waves with wave-vector +q and —q. The
forward-traveling contribution 8% Vyuc(r) is related to the backward-traveling counterpart
8" Vpue(r) by the relation

6 Voue(r) = [6 Vaue(r)]™ (1.41)
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From Eq.(1.40) we see that with regard to the unperturbed lattice the two contributions

translate like Bloch-waves for wave-vectors +q and —q, i.e.,

Vet +T) = T Voue(r), (1.42)
6 Viue(® +T) = €T Voue(r). (1.43)

The Bloch-type character of the contributions implies that they can also be written in the

following way:

5 Vaue(r) = €6 unye(r), (1.44)
6_Vnuc(r) = e—-iqr(s—vnuc(r), (145)

with 6 Unuc(r) and 6 Upuc(r) being periodic functions with respect to the undistorted lat-
tice. In the first cycle of iteration this dipole field can be chosen to describe the change in
the effective potential.

We now turn to the solution of the Sternheimer equation. If the potential change given by
(1.40) is inserted into Eq.(1.37a) and we use the expressions from standard (non-degenerate)

perturbation theory to calculate 8%, k(r) we obtain:

§Unx(r) = 6T Wpe(r) + 87 Uni(r), (1.46)

with
I T
() = £:< mk—q(r)| 6~ Vnuc(r)|\I’n,k(r))9\pm’k_q(r)_ (1.48)

m €nk — Emk—q

with © denoting the volume of the unperturbed unit cell. It is evident from expressions

(1.47) and (1.48) that 6+, «(r) translate like Bloch-waves of wave-vector (k+q):

FrUnilr) = 8 uni(r)eHor, (1.49)
8§ Wnk(r) = 6 Uy g (x) VT, (1.50)
The sums in Egs.(1.47) and (1.48) should in principle go over all band states of the first

Brillouin zone. However, if we take into account the translational properties of the KS

orbitals and of the potential change, the matrix element <\Ilm,k/(r)| 6iVnuc(r) | ¥nx(r))g
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will be non-vanishing only in the case of k' =k +q:

(‘I’m,k+q(r)| 5iVnuC(r) |‘I’n,k(r))g = ';7 <\I’m,k'(r)‘ 6:EVnuC(r) I‘I'n,k(r»(zs

= j_l—v / e”iklrurc',m(l‘)3ﬂqr6ivnuC(r)eikruk,n(r)d%
Qs
1 Z i(k—k'+q)T
= — [
N5
X / ei(k_k’iq)ruii',m(r)‘si”nw:(f)“k,n(r)dsr
Q

= b /Q wls ()65 U (D) ticn(r)dr.  (L51)

with Q denoting the volume of the smallest possible supercell commensurate with the

phonon wave-vector q and N being the number of unperturbed unit cells within this cell.

On a similar line of reasoning we demonstrate that the change in the KS eigenvalue vanishes

for q # 0:

6€nk

Given the change in

_ % (Ui (0)] 6+ Vine(T) + 6 Vise() [ ie(r))g,

1 i .
= YV— ZT:e+ qT L e+zqr ‘uk,n(l‘)|2 6+Unuc(l')d3l'
1 » . _
+N ZT: e iqT L etar |uk,n(r)|2 5 vnuc(r)d31‘
=0 (1.52)

the KS orbitals the first-order change in the charge density can be

constructed by inserting Eqgs.(1.49) and (1.50) into Eq.(1.38):

bp(r) =

> w(n, {6 Uk ()] Tn(r) + [67 Cnpe(r)] Tk (r)

n,k

T, 4 (0)6F W i (r) + W7, 1 (r)8” W e (x)}

5 w(m, ) {16 U e )] () + 0 (£)6 ()} €5

nk

+ 3 w(n, K {5t 1 (0)] " ke (F) + 25,1 ()8t () J
nk

6t o(r)eT I + 6 o(r)e . (1.53)

We see that the first-order modification in the charge density exhibits the same translational

properties as the dipole field. In fact if we insert expressions (1.53), (1.44) and (1.45)

into Eq.(1.36) this statement can be generalized: All potential and charge disturbances
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calculated in the ILR scheme are composed of two contributions: One that is forward-
traveling (e*9) and another one that is backward-traveling (e*®). The two contributions
are complex-conjugate to each other. This opens up the possibility of restricting the ILR
scheme from a standing-wave representation to a traveling-wave representation. Inspection
of the three equations reveals that in the solution of the Sternheimer equation as well as
in the construction of the effective potential change there is no mixing between forward-
and backward-traveling quantities. Only with regard to the charge response (Eq.(1.53)) we
see that the calculation of the forward- (backward-)traveling part requires the knowledge of
6t W, k(r) and of 6" Wpk(r). To also decouple this part of the SCF cycle we use Kramer’s
theorem (time reversal symmetry) [25] for the unperturbed and perturbed KS orbitals. It
shows that the following relations hold:

Coi(r) = Uholr) = nxlr) = k(m); (1.54)
U k(r) = T n-k@] = Tuni(r) = [T un k()] (155)
We now restrict ourselves to the forward-traveling-wave representation: Applying relations
(1.54) and (1.55) to Eq.(1.53) and reordering the summation over the Brillouin-zone we
obtain:
sto(r) = Stolr)et
= S w(n, K){[67 k(0] Unk(r) + U ()8 un ()}

n,k
= & 3" w(n, —k) 6 tn,k(r)up, k()] + ey w(n, k)8 unk(r)uc(r)]
n,—k mk
— 2eHE S w(n, K5 () ()] = 2 w(m K[ Una(r) (o). (1.56)
nk n,k

We can thus avoid the perturbation summation (1.48) for 6~ ¥y, i(r) and instead calculate
the required quantity with the help of the perturbation summation (1.47) at the band state
(n, —k). The formulation of the ILR scheme in terms of purely forward-traveling quantities
is thus completed. For the case q £ 0 it can be summarized as follows:

6" p(r)
v —r|

Ve

ap oy’

d3r' + 67 p(r)

§Vers(r) = 6 Vaue(r)+ (1.57)

(= V2 + Vi (£) = Enk)6 T U i(x) = —8" Ver s (£) n k(r) (1.58)
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(U ketq(r)| 6 Veys(r) | W i (r))

— 6§t = 2y . 1.59
nke(r) "%:n Enk — Emk+q micta(r) (1.59)
5tp(r) =2 w(n, k)6 Upk(r) L7 k(). (1.60)

nk
With regard to practical calculations it is important to realize that the sum appearing
in the perturbation expression (1.59) is only one way to determine the change in the KS
orbitals. A powerful alternative would be to directly integrate the Sternheimer equation as
given by Eq.(1.58). As only the occupied states are of interest for the charge response, this
technique, in contrast to the employment of expression (1.59), will not require the knowledge
of the unoccupied states of the band structure [7, 23]. Nevertheless, in case of crystalline
solids the situation is complicated by the fact that the numerically computed eigenstates
are only variational but not exact solutions of the KS equations. As these eigenstates
are necessary input data for the Sternheimer equation it is clear that the solution for this
differential equation will also have to comply with the Rayleigh-Ritz variational principle.

The construction of this solution will be the topic of the next section.

1.2.2 The variational solution of the Sternheimer equation

We assume that the KS orbitals are expanded in terms of a set of non-orthogonal basis
functions ¢y (r), which at least partly depend on the location of the atomic nuclei. Bloch
sums of atom-centered localized orbitals constituting the basis functions of the LMTO
and the LCAO method would comply with this criterion. Another example is the LAPW
method, where atomic-like orbitals confined to a certain sphere volume are augmentations
to a plane-wave basis set valid in the interstitial region between the atoms. The KS wave-

function will now read:
k() = Y Crx(G)drra(r), (1.61)
G

We denote the number of terms in the sum by Npgsis- The expansion coefficients Cp, x(G)

are determined by the solutions of the generalized eigenvalue equations,

> (Hirex+a — EnkSkt+Guta)Cnk(G') =0, k€lLBZ (1.62)
GI

with

Hyigx+a = <¢k+c;|ﬂ|¢k+c.'>, (1.63)
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Skrekie = (Pric |pra) (1.64)

denoting the Hamiltonian and overlap matrix, respectively. Eq.(1.62) results from the
variational minimization of the KS eigenvalues with respect to the expansion coefficients.
In setting it up use had been made of the fact that in the unperturbed crystal there is no
mixing between Bloch functions at different k-points of the first Brillouin zone. This implies

that with respect to this zone the Hamiltonian and overlap matrix are block-diagonal, i.e.,

Hyigx+G = (drrc| H |dwra) Sicw (1.65)

Sk+e K+ = (bsc |Prr+cr) Okx (1.66)

and the eigenvalue problem can thus be solved for each k-point separately. We now intro-
duce a phonon-induced displacement pattern of wave-vector q in the standing-wave repre-
sentation (Eq.(1.39)). This will lead to a Hermitian change in the effective potential of the

crystalline system, i.e.,
8Vess(x) = 6 Vegs(r) + 8 Vess(r). (1.67)

Additionally, the displacement of the atomic nuclei will also modify the basis functions in
the variational scheme. This is due to our assumption of dealing with atom—centered orbitals
in the basis set. The total first-order change in the KS orbital caused by the perturbation
will thus be well described by the following expression [23, 26):

6\Iln,k(r) = 5+\I/n,k(l‘) + 5_\I/n,k(l'), (1.68)

with
65U, i (r) = Z 65 Crx(G)Prqra(r) + Z Crk(G)6* P (r), (1.69)
G G

where one contribution originates from the change of the variational coefficient and the
second contribution describes the change of the wave-function due to the shift of the unper-
turbed localized orbitals. Although in this section we will not use an explicit formula for
5% ¢+ (r) (as this depends on the specific basis set used) two aspects should be born in
mind: (i) The change in the basis function has to translate like a Bloch wave of wave-vector
(k £ q). This results from the requirements on the translational behaviour of 6+, k(r) as

given by Egs.(1.49) and (1.50). (i) The functions 6% ¢4 (r) are obtained by an ansatz
appropriate to the physical situation of the phonon distortion and are spatially fixed prior

to the solution of the Sternheimer equation. In a crude physical picture the change in the
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basis set will have a significant contribution from the rigid movement of the localized or-
bitals. This will obviously be best described by the first-order term in a Taylor expansion
of the shifted orbitals with respect to the coordinate system of the undisplaced nuclei.

We now want to find the first-order change of the matrix equation (1.62). The result will
be the Sternheimer equation within the variational scheme and will provide a linear system
of equations suitable to determine the change in the variational coefficients 6*Cn,k(G). We
restrict our analysis to the case q # 0 under the assumption of non-degeneracy between
U, k(r) and WU, ktq(r). Concerning the structure of the H- and S-matrix with regard to the
entire first Brillouin zone, a perturbation of type (1.67) will give rise to a first-order modifi-
cation of the elements coupling the basis functions at point k with those at points (k £ q).
As a first explicit example we consider the H-matrix elements in the Block (k + q, k). For
this and later purposes we introduce the following convention to describe first-order changes

within a matrix element:

54 Hi; = (6%,

Al ;) + (9 |58 ¢;) + (91

A|5%¢;) (1.70)

The changes in the various quantities related to the standing-wave representation of the

phonon distortion will then modify the H-matrix elements in the following way:

§Hyrqrcxre = T Hiqiokie T8 Hirqra ke
= 6 (brqra| H |bura) + 67 (Srqrc| H [$irar)
= (0*briqrc| H |txscr) + (bxtqrc| 6T H |berer)
+(Prrare| H [0 bera) + (67 brgre| H [dra)
+{trqra| 6 H [dere)+ {berqrc| HI6 dra) - (1.71)

The integrational region for each matrix element is the super-cell commensurate with the
wave-vector of the perturbation. Thus for the value of a specific matrix element to be
non-vanishing the respective total function to be integrated has to be periodic with the
undistorted lattice*. In a more formal language this means that the product of all expo-
nential factors ex*dT in the function has to amount to e® = 1. Taking into account the
translational properties of the basis functions, of the effective potential and of their respec-

tive first-order counterparts we now see that only three out of six contributions will remain

4This is equivalent to the argument used in the derivation of Eq.(1.51).
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in expression (1.71):

§HytqrG e = (Starc| 6T H [diia ) H(Prrara] H 167 dirar )+ burqrc| H |bera) -

(1.72)
In close analogy we can find the first-order change of the S-matrix:
8SktarGia = 6 SkiqrGrie T8 Skpqrakie
= M {Pxiqrc |Fria) + 6 (Puiqra [Prar)
= (brrqic |67 bkia) + (6 brrqic |[Friar) - (1.78)

Similar derivations can be made for §H and 65 in the three matrix blocks (k, k + q), (k,k — q)
and (k — q, k). Applying the same line of reasoning to the block-diagonal parts of the H- and

S-matrices will immediately reveal that these elements will not experience any first-order

change, i.e.,
§Hyigxie = (Tl H|dera) + (deic| 7 H [$era) + (rra| H |6 i)
+(6" brra| H |tura) + (brsc| 6 H [purar) + (bxrc| H |6 durar)

_ (1.74)

and
6Skiaxia = (0T0xic|feic) + (ric |6 drrar)
+{0 ™ drrc [Pria) + (Pere |6 drra)
- 0. (1.75)

This also implies that the first-order change of the KS eigenvalue given by the expression
13, 26],

Oenk = Z Cr x(G)(0Hy g x+G' — Enk0Sk+a k+a')Cnk(G), (1.76)
GG

will be vanishing. Summarizing the results (1.71) — (1.76) the linearization of the eigen-
value equation (1.62) with regard to the unperturbed eigenvector C,, x(G) will be given by:
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0 6Hiqx 0O 0 8Skqx 0 ) 0
fHxx—q 0 OHyiiq | —€nk | 6Skk—q O 8Skiiq Cri
0 O6Hgiqx O | 0 8Skiqx 0 | 0
Hy_qi_q O 0 [ Sk—qu-q O 0 |\ 6~ Ch
= 0 Hgx O — Enk 0 Sgx O 0
0 0 Hiiqkiq | |0 0 Sktak+q |/ 6t Cpx

(1.77)

where whole matrices and vectors (in contrast to individual elements) are denoted by bold
letters. Eq. (1.77) decouples into two separately solvable matrix equations which are of the

same dimension as the original eigenvalue problem:

(1.78)
(1.79)

[6Hx—q,x — Enk6Sk—qk]Cnk [enkSk-q,k-q = Hk—qk-q]0 " Cn,k,

[(Hk 1 qk — Enk0Sk+qk]Cnk [enkSkc+ak+a — Hicrqk+q)6T Cr k-

In the framework of the variational principle applied to the KS formalism, Eq.(1.78) and
(1.79) represent the Sternheimer equations in the backward- and forward-traveling wave
representation, respectively. As we will work in the forward-traveling-wave representation

when introducing the LAPW basis functions, we finally formulate Eq.(1.79) in more detail:

> <¢k+q+G
poT

= Z[<¢k+q+G ‘5+ﬁ' ¢k+G’> + <5_¢k+q+G ‘H — Enk
o

Enk — .E[‘ ¢k+q+G'> 6+an(G’)

Prra >

+ <¢k+q+c. ‘ﬁ - Enk‘ 5+¢k+(;'>]onk(G')- (1.80)

Eq.(1.80) represents a system of inhomogeneous linear equations, which only involve the
occupied states of the unperturbed system. It can be solved by matrix inversion with the
number of numerical operations being proportional to Nfasis. A more efficient procedure

would be to use an iterative algorithm which scales with Nygng x N2

busis Where Npo,g is the

number of filled bands. Just for completion we want to mention that the change in the
variational coefficient could also be calculated via a perturbation sum similar to the one
given in Eq.(1.59). It would read:

(6Hytq,k — Enk0SK+q,k)Cn x

€nk — Emk+q

ct
5*Cuc(G) = Y —mietd Crnkiq(G). (1.81)
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1.2.3 The ILR scheme in comparison to alternative methods

Compared to super-cell calculations the main advantage of the ILR scheme lies in the
fact that the size of the Sternheimer matrix equation (Eq.(1.80)) is independent of the
wave-vector q and is the same as the size of the matrices in the eigenvalue problem of
the unperturbed crystal. If a consistent® calculation with regard to k-space integration is
required the computational effort of the ILR scheme will nevertheless scale linearly with |q] .
This is founded in the fact that the projection of the k-points used in a super-cell calculation
onto the BZ of the corresponding primitive unit cell will generate a mesh where the distance
between neighbouring k-points is smaller or equal to |q|. Consequently a decrease of |q|
will proportionally increase the number of k-points for which the Sternheimer equation has
to be solved. At least for pseudo-potential calculations it has explicitly been reported [27)
that the error introduced by using a 'non-compatible’ k-point mesh (this means that the
point k + q may not be part of the mesh used in the unperturbed band structure calculation
underlying the ILR scheme) should be small.

As has already been mentioned at the end of section (1.1) the ILR scheme circumvents
many of the drawbacks of the DM approach. Here we want to discuss these aspects in
more detail: (i) The DM approach is tailored to the employment of a plane-wave basis set.
Only in this case the resulting formulas are simple and numerically fairly easy to handle.
In contrast, as the ILR scheme is oriented by the structure of the unperturbed SCF cycle
the employment of basis sets other than plane waves is not complicating the algorithm too
drastically. It is thus possible to perform realistic response calculations for materials where
orbitals localized on the atomic sites play a central role for the band structure (transition
metals, f-electron systems). The most prominent methods used in this respect are the
LAPW and the LMTO method. It is worth mentioning that both of them are full-potential
methods where the charge distribution of the core electrons is based on the solutions of the
radial Dirac equation in the spherical potential around each nucleus. If required it is thus
possible to also include the core-level response in the ILR scheme. (ii) The calculation of
the dielectric matrix (Eq. (1.29)) necessitates the knowledge of the entire band structure of
the unperturbed crystal. Ground-state eigenvalues and eigenvectors have to be calculated
for all occupied and unoccupied states. The same is true if equation (1.81) is used to obtain

the first-order change of the KS orbitals in the ILR scheme. However if the Sternheimer

5In this context ’consistent’ means that the first-order part of the response quantities calculated in a
super-cell calculation on a chosen k-point mesh is equivalent to the solutions of the ILR-scheme.
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equation (1.80) is solved directly by matrix inversion (or even more efficiently by an iterative
scheme) only the occupied energy bands have to be known. (iii) In the ILR scheme the self-
consistency between the charge response and the first-order change in the effective potential
is obtained by iteration. Although this substitutes the time consuming step of inverting
the dielectric matrix this apparent advantage might be outweighed by the requirement of
having to solve the Sternheimer equation several times (iteration process). This will at least
be true for the LAPW method. (iv) In contrast to the DM approach it should be possible to
quite naturally include non-local exchange correlation potentials in the ILR scheme. In fact
one only needs to formulate the expression for the first-order change of the xc-potential.

A final remark has to be made on the ’content of information’ intrinsically available in
the DM and ILR approach: It can be seen from Eq.(1.28) that once the elements of the
inverse of the dielectric matrix have been calculated the response to any external potential
perturbation at wave-vector q is straight forwardly obtainable. In contrast the ILR scheme
provides the specific response of the crystal to only one particular external perturbation.
This implies that carrying out one ILR calculation up to self-consistency can only determine
one row of the corresponding dielectric matrix. The establishment of the dielectric matrix
via the ILR scheme would thus also be a formidable task in terms of fequired computer
time. Luckily this realization is not too severe in practical terms because most problems
posed in material science require the response to a number of specific external perturbations
which is much smaller than the dimension of the dielectric matrix. In this sense one might

say that the knowledge of the entire dielectric matrix represents 'too much information’.

1.3 The ILR scheme within the LAPW formalism

In this section we will give a detailed account of all formulas necessary to set up the
ILR scheme within the full potential LAPW method [28]. As a perturbation we assume
a phonon-like displacement pattern with wave-vector q # 0. We further assume a ’non-
degenerate’ band structure meaning that ¥,y (n denoting an occupied band state) displays
no degeneracy with any of the states W, y+q.

After a brief introduction into the LAPW formalism (section (1.3.1)) we specify the
particular representations used for the linear change of the total potential (section (1.3.2)).
This is a necessary prerequisite for the next section (1.3.3) where we deal with the linear

changes of the Hamiltonian and overlap matrices of the Sternheimer equation. In this
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context a simple and efficient scheme to evaluate certain atomic sphere integrals involving
gradients of wave-functions and potentials is developed. In sections (1.3.4) and (1.3.5) the
charge response formulas for valence as well as for core electrons are derived. The latter
one are linked to the presentation of the first-order perturbation theory for the radial Dirac
equation in a spherical-symmetric potential. To complete the SCF cycle the linear change
of the total potential is formulated (section (1.3.6)). With respect to the electrostatic
contribution the first-order change is derived within the Weinert formalism [29] based on
the coordinate system of the displaced atomic nuclei. For the xc-potential an LDA-type
functional is assumed. In section (1.3.7) we finally give a complete derivation of the first-
order LAPW forces (Hellmann-Feynman force, Core correction, IBS correction) which are
the essential ingredients to calculate the dynamical matrix via the system of linear equations
(1.26) and (1.27) presented in section (1.1.2).

1.3.1 The LAPW formalism

The application of the Rayleigh-Ritz variational principle to solve the KS equation re-
quires the definition of a set of basis functions in which the KS orbitals are expanded.
Within the full potential linearized augmented plane-wave (LAPW) method the elementary
cell is partitioned into two types of regions: These are (i) non-overlapping atomic spheres
(also termed muffin-tin spheres) which are centered at the nuclear coordinates {S,} and are
characterized by sphere radii {R,}, and (ii) the space between the spheres, called ’intersti-
tial’. In the interstitial region the KS orbitals are expected to be rather smooth, hence an

appropriate basis set are normalized plane waves, i.e.,

1 aero)r

Prra(r) = —‘\/-——ﬁe r € Int. (1.82)

On the other hand within the spheres the wave-functions of the electrons will be similar
to those in an atom. Therefore the basis functions are chosen to be linear combinations of

atom centered orbitals:

¢k+G Z[A k + G (T El) + Blm(k + G) (Ta El)]},lm(i‘): Ir‘ < Ra:

(1.83)
with
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The functions uf*(r,&;) and f*(r,€;) are determined by numerical integration of the radial
part of the Schrédinger equation (1.84) and the energy derivative of it (1.85). The potential

V,;(r) is spherical symmetric and the integrational region spans the sphere radius:
[T+ Ve (M (ne)Yim(®) = exnf!(r, €0)Yim(F), (1.89)
[T+ Vi p(r)af (r.e)Yim(®) = (€8 (r,e0) +uf (r, €)] Yim(F). (1.85)

The parameter ; is a chosen linearization energy which is an input parameter for Egs.(1.84)
and (1.85). The radial functions uf*(r,&;) and 4*(r,€;) fulfil the following conditions:

Ry .
/ luf(r,e)Pridr = 1, (1.86)
0
Ro
[ wteiearia = o (187
0
Additionally the abbreviation,
Ra
Ni= [ i) (159
0

is introduced. The matching coefficients Af (k + G) and Bj} (k + G) are chosen in such
a way that on the sphere surface the basis functions (1.83) are equal in value and slope to

the corresponding plane wave of the interstitial. The resulting formulas read:

Am(k+G) = %il}’;n(m)al(k + G)R2e!k+G)Sa (1.89)
Bin(k+G) = %i’)’l;‘n(m)bl(k + G)R2eik+G)Sa (1.90)
with
ak+G) = j(k+G|Ra)iu(Ra) - ik +GlRJi(Ra),  (191)
bk+G) = ji(|k+ G|Ry)ui(Ra) — ji([k + G|Ra)ui(Ra). (1.92)

ji(z) is the Bessel function of the first kind, j'(x),/(r), etc. symbolize the partial derivatives
8j(z)/0r, Bu(r)/Or, etc. In order to simplify the notation we have neglected the atomic
index on Ay, Bim, u; and ;. Additionally we have dropped the linearization energy in the
radial functions.

To find numerical solutions to the various equations appearing in an SCF cycle (Poisson’s
equation, KS equation, etc.) it is practicable that besides the KS orbitals also the charge

density and the potentials (electrostatic and exchange-correlation potential) are represented
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in terms of basis functions. In the LAPW method the natural choice are spherical harmonics

for the sphere regions,

V(Sa+r) = > Vim(r)Yium(E), [r| < Ra, (1.93)
LM

p(Sa 1) = ZPLM(T)YLM(f‘), r| < Rq, (1.94)
LM

and plane waves for the interstitial:
V) = ) V(G)E, r € Int., (1.95)
G

p(r) = Zp(G)eiG’, r € Int. (1.96)
G

The corresponding representations for the first-order wave-functions, potentials and densi-
ties will be introduced in the following sections, where the equations of the ILR scheme are
specified for the LAPW method.

1.3.2 The change of the total effective potential: an overview

We consider a lattice with several atoms in the primitive unit cell. If a frozen in phonon
is present in the crystal the atoms are displaced from their equilibrium positions by a small
amount §+ST:

6t8T = §*8,¢eT, (1.97)

where §7S,, is a complex polarization vector and the forward-traveling-wave representation
has been chosen. As has already been discussed in section (1.2.1) the presence of such a
displacement field primarily causes a change in the bare coulomb potential of the atomic nu-
clei 61 Vpyuc(r) which alters the total effective potential Ves¢(r). The unperturbed electronic
charge density will respond to this perturbation by rearranging its spatial distribution. The

resulting induced charge density 6§ p(r) consisting of valence and core electrons, i.e.,
6 p(r) = 6% p,(r) + 6% p (x), (1.98)

screens the external potential. This in turn leads to an additional change of the total

effective potential, i.e.,

5 p(’ Ve
5 Vers (1) = Vi) + [ e ot D) (1)
Po(r)
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With regard to the dual representation of §7V,s¢(r) in terms of plane-waves (interstitial
region) and spherical harmonics (atomic spheres) it is necessary to account for the displace-
ments of the atomic nuclei which redefine the locations of the atomic spheres. Refering to

the coordinate system of the unperturbed problem the following expression is obtained [30]:

T o, T a a
SV () =) 8 Vi (7 Yim(®) +6TSTV Y VS o (P Yim(¥), [”'| < R,
2 , LM ,
=6tV () = e"fvf(r’)
(1.100)

where r = T + S, + 1’ is a position vector within an atomic sphere. The first term on the
right hand side of Eq.(1.100) is the ’soft’ contribution [12] to the change in the effective
potential. It represents the first-order difference between the effective potentials evaluated at
point r = T 4 So+6*ST +r’ with the perturbation being applied and at pointr =T + S,+
r’ when no perturbation is present. The second term originates from the fact that the atomic
sphere has been rigidly shifted by the position vector §7SY. We note that second- and
higher-order terms in Eq.(1.100) with respect to the displacement have been dropped. In
the interstitial region where plane-waves are the natural choice of basis functions §TVIRHr)

reads:

SYVip(r) = D 6 Veps(G + q)el@tor, (1.101)
G<2Gmax

At this point we want to clarify the summation conventions used in the following derivations.
When summations over the number of basis functions constituting a KS orbital (Npeess)
are needed we use the symbol ) o  meaning that all G-vectors fulfilling the relation
|k + G| < Gmax are included. On the other hand summations over the Fourier coefficients
describing the interstitial part of the valence density or the total effective potential are
abbreviated by the symbol > ;.oq . As the valence density is constructed from the KS
orbitals the corresponding sum will exactly consist of 2Ny, terms. In the case of the total
potential the set of G-vectors constituting the 2Nyqsi, terms is the minimum requirement
to obtain potential values consistent with the electrons’ charge distribution . However, to
reach a converged description also with regard to the Coulomb potential of the nuclei the

set is usually enlarged significantly in practical calculations.



32

1.3.3 The elements of the Sternheimer equation

By solving the Sternheimer equation (1.80) on the basis of 6+Veff(r) the first-order
change of the KS orbitals in the forward-traveling-wave representation is obtainable. If we

remember that this change is represented by the following ansatz,

() = Y §TCok(G)Pisqra(r) + Crk(G)8t diya(r), (1.102)
G<Gmax

it is evident that we now have to provide an explicit formula for §*¢y, ¢ (r) which is suitable
to describe the changes of the LAPW basis functions upon a displacement by 6*ST. This
formula has already been worked by Yu et al. [26] and can be summarized as follows. First
of all, the first-order shift §7ST of the atomic spheres only alters the contribution given by
Eq.(1.83) whereas the plane-wave basis set remains unaltered. Thus it is only non-vanishing
inside the atomic spheres and in this region is composed of two additive contributions:
(i) The basis function ¢y, (T + Sa + r') primarily undergoes a rigid movement by the
displacement vector §7SZ. If the shifted basis function is expanded in a Taylor series at
the undisplaced position vector of the nucleus the first-order term in this expansion will

properly describe this change of the basis function, i.e.,
57 bresc(T +Sa +1') = —6+S Vi a(Sa + 1), [t'| < Ra . (1.103)

(ii) Due to the shift of the nucleus the surface of the corresponding atomic sphere is also
shifted by 67 ST. This alters the matching conditions between the plane-waves and the basis
functions inside the sphere. Consequently, the matching parameters A;,, and B;,, change
by the phase factor ¢i(ktG)6"SZ [26]. Expanding this phase factor in a Taylor series and
only considering terms up to first order the second contribution to 6 (T +Se+1) is

obtained:
63 (T +Sa + 1) = dj(k + G)6tST ¢y a(Sa + 1), I'| € Ra. (1.104)

Combining (1.103) with (1.104) and summing over all atoms comprising the super-cell

induced by the phonon distortion then leads to:

6t brrc(r) = %"%6*8 == D IVeRia@IETST + DD Lillk + G)6*STIgk, o (x),
T o T o
(1.105)
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which displays the correct translational property:
5t s (r + T) = EFITs g o (r). (1.106)

The area of definition for the position vector r is the super-cell. To be completely precise, a
third contribution should be incorporated in expression (1.105). It stems from the fact that
the spherical part of the soft contribution to 6"‘Ve°}’}r(r) (first term on the right-hand side of
Eq.(1.100)) will induce a relaxation of the radial basis functions u;(r) and 4;(r) and in this
way alters the matching parameters A;,, and By,,. However, with regard to frozen-phonon
calculations it has been argued (and partly numerically verified) {23, 26] that the motions
of the atoms mainly distort the dipole part of the potential and the relaxations are thus
negligible in comparison to the contributions (1.103) and (1.104). This approximation is
called the rigid muffin-tin orbital approximation [26] and is also adopted in this work.

If expression (1.105) is now inserted into the Sternheimer equation as derived in section

(1.2.2), i.e.,

€nk — fIl ¢k+q+G’> 6+an(Gl)

> <¢k+q+G

G'<Gmax

- 3 [<¢k s }5+I§r' ¢k+G:> + <6_¢k+q+G ’H ~ Enk
G'<Gmax

+ <¢k+q+G ‘f{ — Enk

¢k+G’ >

5y +G,>]an(G’), (1.107)

the result will be the specific Sternheimer equation suitable for the LAPW basis set [26]:

Z <¢k+q—|—G ‘Enk - ff‘ ¢k+q+G’>Q 6Crni(G')
G'<Gmax °

= Y Udrrarc |61 Vers(r)] dirar)g, (1.108)
GISGmax\ s

Rl
6¢k+ +G * | A
(gt |Alaue)

MT(9,)

~

-
R2

A a¢k+Gl +
+<¢k+q+G‘H‘ 0{é8} o8 MT(S.)

~

—

R3

ast+q+(?r >
—E&np TR ey 6+S * ’
k< 865} (67S)*|¢k+c .

~ S
-~

R4
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Odria’ o+
o (bearcl T O°S)

~ ]
e

R5
+6+ <¢k+q+G ‘T‘ Prra’ >,] Crk(G'). (1.109)

[\

R6
The region of integration on the left-hand side of Eq.(1.109) as well as in the matrix element
R1 is the entire volume of the super-cell (£2;), whereas the terms R2 — R5 are integrated
over the volume of the atomic spheres only. The last term R6 is a surface integral over the

atomic spheres, i.e.,

6+ <¢k+q+G 'T‘ ¢k+G'> = ;;&LSE ]gv.( - (355 i (T)V2oy o (1) M
—Putrq+G (T)V2¢R+G’ (r)| 1nt|dA, (1.110)

where MT,, and Int indicate that in the respective kinetic energy term the basis functions
appropriate for the denoted region have to be inserted. The term R6 will have a non-
vanishing value because the second derivative of the LAPW basis functions are discontinues
on the surface of the atomic spheres [13, 26].

By analytical evaluation we now want to simplify the terms appearing in Eq.(1.109). For
the accomplishment of this task we are guided by two criteria: (i) Whenever possible the
resulting formulas should utilize formal similarities to matrix elements and algorithms used
in standard LAPW band structure programs. In this context we specifically refer to the
LAPW program WIEN97 [31]. (ii) The numerical evaluation of the formulas on a computer
should be as efficient as possible.

For reasons of simplicity we introduce the symbol é from now on denoting the change in
the forward-traveling-wave representation . The matrix elements on the left-hand side of
Eq.(1.109) are composed of the Hamiltonian and overlap matrix elements at point (k + q)
and are thus calculated like in the eigenvalue problem for the unperturbed system. We refer
to Ref.[32] for the respective formulas. If we assume that the super-cell with volume €, is

composed of N primitive unit cells each having volume (Q it is apparent that

Enk — ﬁl 451(+q+c;">Q =N <¢k+q+G lsnk - H‘ ¢k+q+G’>Q - (1.111)

< Pr+a+G

Next we separate the interstitial from the atomic-sphere contribution in the term Rl and

subsequently insert expressions (1.100) for the change of the effective potential within the
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spheres:

<¢k+q+G |6Vef f I ¢k+G‘r'>Qg = <¢k+q+G |6‘/g?;| ¢k+G’> Int(S)

+ Z Z <¢k+q+G “W 1 ‘ ¢k+GI>
- Z Z‘SST <¢k+q+c; Vsl ¢k+G,> (1.112)

The contribution from the interstitial region can be further simplified by using the plane
wave basis functions and the expression (1.101) for §V74(r):

<¢k+q+G {‘5Ve (r '¢k+G'>Int(Qs)

1 - ! ; "
_ ﬁ ez(G ~-G—q)r Z 5Veff(G” + q)ez(G +q)rd3r
Int(Qs) G”_<.2Gmax
= § X psl@ra) [ Oy
G"S2Gmax Int(Qs)

N 1
= 3 Y Vs(G"+q) [ lSTCFEIG =NAVIY G, @) (1.113)
G"<2Cmax Int

Due to the fact that the plane-wave function under the integral is periodié within the primi-
tive unperturbed lattice the integrational range can be reduced from the interstitial® region
of the super-cell to the interstitial region of the primitive cell, a procedure being displayed
in line three and four of Eq.(1.113). From a practical point of view this simplification is
very important as it implies that the computational effort for the numerical evaluation of

this matrix element does not exceed the one needed for the unperturbed counterpart, i.e.,

(Sirc |VeFH b6 s - (1.114)

In fact this reduction of the integrational range is a general principle of the Sternheimer
equation and thus applies to all matrix elements appearing in it (compare to Eq.(1.51)).
As a last illustration we explicitly demonstrate this reduction for the two atomic-sphere
contributions of Eq.(1.112). From then on we will use it without explicitly mentioning it.

The general translational property of the perturbed effective potential

8V, (r) = €978V 4(r)

6For orientation within the large number of partly cross referenced formulas we will sometimes emphasize
the words ’interstitial’ and ’atomic sphere’.
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implies for the soft contribution of Eq.(1.100) that
Voo (r') = €978V 5 ag (). (1.115)
Inserting Eq.(1.115) and the translational property of the Bloch-type basis function
$hra(r +T) =e*Tep, o(r) (1.116)

into the second line of Eq.(1.112) leads to:

Z Z <¢k+q+c |6Veaf}r ’ ¢k+G'> MT,
= Z Z <ez(k+q)T 02 qrc e 9TEVE | €T ¢ﬁ+G'>MTa
= N E (Skrara [0Vt SRia ) yr, = NAVSF (G, G). (1.117)

For the matrix element involving the gradient of the effective potential (third line of

Eq.(1.112)) we additionally use the definition (1.97) and thus immediately obtain:

- Z ZtSST <¢k+q+G [VVets] ¢k+G'>
= - Z Z e"ITs8,, <ez(k+q) Tk ara [VVHy eikT¢ﬁ+G'> MT.
= —N Z 880 ($hsqra | VVs| 5 ra )y, - (1.118)

We now return to the evaluation of expression (1.113). The integral over the interstitial
region is considered as the difference between the respective integrals over the entire unit
cell and the atomic-sphere volumes. As the plane-wave is characterized by a reciprocal

space vector K = (G’ — G + G”) the unit-cell integration leads to:

/ B dPr =6k 0. (1.119)
Q

The integration over the atomic spheres can also be carried out analytically by using the
spherical-harmonics expansion (Rayleigh-expansion) of a plane-wave in each sphere, i.e.,

eKr = ame®S N " ilji(r' K) Y (K)Yim(#) with r' =r—S,. (1.120)

Im

The integral thus evaluates to:

4 3
. i R for K=0
> / eXrddr = ZWZG "2 . S ot , (1.121)
MT, K] Lo Badi(Ro|K[)e™ for K#0
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with j1(z) being the first-order Bessel function. Taking now the difference between (1.119)
and (1.121) we arrive at the final expression for AV/?HG,G'):

[

47
AVIG,G) = Y {8Ves(G"+Q)(1-5 Y RYbarcc
G''<2Gmax 30 @

4m . P
~[1 - ébarg-c'|6Vers(G" + Q)m ZRle(RaIKl)e KSa1.
«
(1.122)

Although the formulas of expression (1.122) are easy to handle in practical programming
work their numerical evaluation is computationally fairly costly. An alternative scheme
which is mathematically equivalent but computationally more efficient is based on the fol-

lowing idea [33]. We assume that the integral

/Q F(r)O(r)d’r (1.123)

has to be calculated. The function F(r) is regular in the entire unit cell and has a finite

Fourier series,

F(K) = ¢ /Q F(x)e~ % dr,

with a maximum cut-off Kpax. ©(r) is the unit step function defined as being zero inside
the spheres and one in the interstitial region. It can be shown by inserting the respective

Fourier series of both functions into expression (1.123) that the following equality holds:

/ F(r)O(r)d’r = / F(r)8(r)d’r, (1.124)
Q Q
if
= B(K) for (K| <Kpnax
oK) = . < : (1.125)
0 for |K| >Kmax
and
1—4_7T EaRgz for K=0
oK) = zv? 2 —iKSq ) (1.126)
— a1 2o Radi(Ro|K)e for K#0

This equality implies that although the Fourier series of ©(r) is very slowly convergent only
its Fourier coefficients up to Kax have to be known in order to evaluate the integral (1.123)
exactly. For higher Fourier coefficients (|K| > Kmax) an arbitrary value can be chosen, the
simplest one in practical terms being zero. In the context of evaluating AV;}‘;(G, G') these

facts open up the possibility of utilizing efficient fast Fourier transform (FFT) algorithms.
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The coarseness of the respective grids in real and reciprocal space will only be determined
by the number of reciprocal space vectors lying within the sphere of radius Kp,,. The
implementation of this idea runs as follows [33]: First we see that the integral AV;}‘;(G, G')
can be cast into the form (1.123):

1 el " ‘!
AVIG,G) = & /Q GO 3" sV, (G +q)e® Tl Om)dr.  (1.127)
G <2Gmax

- >

—~
Fa g (r)

Under the assumption that |G| and |G’| are smaller or equal Gp.x the highest Fourier
component possible for the function Fg g/(r) will be 4Gax. Therefor replacing the function
©(r) by the function ©(r) composed of the Fourier components (1.125) up to Kmax =
4G max will reproduce the exact values AV;?}(G, G’) for all possible G and G'. In practical
calculations we first use FFT-algorithms to transform 6V;}”}(G) and ©(G) to real space,
where the density of the real-space-grid is determined by 4Gmax. On this grid the two
functions are then point wise multiplied with each other. The resulting product is back
transformed to reciprocal space. The resulting Fourier components truncated at K., =
2Gmax provide the values for the matrix elements AV 7HG,G').
We now proceed by evaluating the matrix element describing the soft contribution of the
potential change,
AVF(G,G) =) (di1qrc 6V S, - (1.128)

3

We recall that the basis functions within the muffin-tin spheres are atomic-orbital-like wave-

functions. Using the abbreviation Qq= k + q + G they are defined as’

0Qu(Sa ) = Y Ain(Qa)u(r) + Bin(Qu()Yim(®), | <Rer  (1120)
Im
with
Am(Qa) = i @Qoa(QuRE,

Bim(Qq) = %z‘lm(Qq)bz(Qq)Rie"QSa,

al(Qq) = jl’([quRa)'al(Ra)_jl(!quRa)".";(Ra)a
bh(Qq) = jl(|Qq!Ra)u2(Ra)"jll(|Qq|Ra)ul(Ra)-

"For simplicity we again omit the superscript & on Ay, Bim,w and .
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In order to make formal similarities between AV, f 7 ¥ (G, G’) and the corresponding formulas
of the unperturbed Hamiltonian as transparent as possible we separate the soft change of
the effective potential into the spherical and non-spherical contribution, i.e.,

. . 1 ~ o
§VS4(r) = 51/0%(7-)\/—4_7r + > V() Yo (E). (1.130)
L>0,M

We define the corresponding separation in the potential matrix element as

AVMT = AV + AVMT (1.131)

Inserting the spherical part of (1.130) and the wave-functions at points Qq= k + q+ G and
Q)= k + G’ constructed according to Eq.(1.129) into Eq.(1.128) leads to:

AVAMT (G, G Z e / {D_145n(Qq)u(r) + Biin(Qq)un(r)] ¥, () V35 (r)

C"lm

X} [Avrm (Qo)wrr(r) + By (Qo)ur ()] Yirme (7) }°r. (1.132)

Um'

Applying the orthogonality relation for spherical harmonics and introducing the radial in-

tegrals
181(0) = \/—1= / o ()67 (), (1.133)
1s20) = \/Z% /_0 s (rYia(r) 6V (r)r2dr, (1.134)
IS0 = = / i2(r) 6V, (r)r2dr, (1.135)

simplifies Eq.(1.132) to

AVHT(G,G) = D) {45(Qa)Am(Q0)IS1(D)

a Im

+[A45(Qa) Bim(Q0) + Bim(Qa) Aim(Qo)1152(1)
+B(Qa) Bim(Qo)1S3(1)}- (1.136)

Proceeding along the same path of derivation the non-spherical contribution is found to be:

AVETG,E) = X [ (S im(Qaulr) + Bin(@Qa)in(r)]Yin )

MTa Im

X Z 6VLM T)YLM(f')
L>0,M
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x{ > [Avm (Qo)ur () + By (Qb )iy ()] ¥y (7) }d3r

Um

4 '
- (7?2 o (G- G- q)saz Z Zz(z DYy (Qe) Vi ()

I,m L>0,M U'm/
x [a1(Qq)ar (Qo) INS1(l, L, M, U') + bi(Qq) by (Qp)INS3(1, L, M, 1)

+al(Qq)bl'(Q6)INS2(la L7 Ma l/) + bl(Q‘-l)a’l’(Qa)Ist(l/a La Ma l)]
xG(l,m,L,M,l',m'), (1.137)
where the Gaunt-coefficient G(l,m, L, M,l';m') denotes the surface integral of the product

Y, (£) YL ()Y (F) over the unit sphere. The symbols chosen to represent radial integrals

involving potential coefficients and orbital functions are defined as follows:

Ra .

INSI(I,L,M,)l') = / wy (1) 6V (r)uy (r)r2dr, (1.138)
r=0
Rq .

INS2(,L,M,I) = / () V2 (r) i ()2, (1.139)
T;Za )

INS3(l,L,M,)l') = / (r)6VE (r) iy (r)r2dr. (1.140)
r=0

The gradient of the effective potential within the atomic spheres provides the next contri-

bution to the first-order Hamilton matrix:
AVgia(G,G) = —253 (Perqra | VVersl Sera )y, - (1.141)

The most obvious choice for resolving the integrals constituting AV, md(G G’) would be
to explicitly apply the gradient operator onto the spherical-harmonics representation of
the effective potential. For iilustration we restrict ourselves to the third component of the
operator (;%) [34]:

aeff(r)

OV (r)
eff } : Y, -
0z f or 0os(9) YL (F)

Z veets (p L +1) ((sL__AﬁgL:NII)) Y -1,m(R)

ae (L-M+1)(L+M+1)
ZV Y L+ (2L +3)

Yiiim(8). (1.142)

Inserting expression (1.142) and the wave-functions at points (k +q+ G) and (k+ G')
constructed according to Eq.(1.129) into Eq.(1.141) would lead to several terms involving
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cumbersome summations over Gaunt-coefficients. The formal structure of these terms would
be similar to Eq.(1.137). From practical experiences in LAPW band structure calculations
it is known that the computational evaluation of such terms is very time consuming in
comparison to other steps in the set up procedure of the Hamilton matrix. Fortunately
there exists an alternative approach which is computationally much more efficient and also
with regard to the simplicity of the resulting formulas superior to the method just described.
To explain it we first need to prove the following relation: A continuous function G(r) is
defined in the entire unit cell. At least its first derivative is also continuous throughout
space. If the value of this function remains unchanged in every point of the entire cell and
at the same time the atomic spheres {a} experience a first-order displacement {6S,} it is
true that:

~ 688, VG(r)d®r = / G(r)d®r — / G(r)d®r, (1.143)

> MT, Int(58) Int(0)

where Int(0) and Int(6S) denote the interstitial region before and after the displacement
of the spheres respectively. The proof uses the fact that the integral over the entire cell is
independent of the position of the spheres:

G(r)d’r = G(r)dr
Q(0) Q(68)

G(r)dr+ / G(r)d’r = / G(r)d®r + / r,
/Int(O) x) Z MTa(0) Int(6S) ) Z MTa(as)

G(r)d®r + / G(r)d’r = / (r)d®r + G(r)d
./Int(O) x) Z MTa(0) Int(6S) Z MT,(0) (r)d

+ Z / [85aVG(E) + (68

MT.(0
(1.144)

As we assumed a first-order change in the position vectors {6S,} higher order terms in
the second integral of the right-hand side of Eq.(1.144) are negligible. Thus we arrive at
Eq.(1.143). The mathematical and computational advantages offered by this relation with
respect to the LAPW formalism are evident: It enables the transfer of sphere integrals over
the gradient of a function to the first-order difference between respective integrals over the
interstitial. As in the latter region the basis set for potentials, densities and wave-functions
are plane waves a substantial simplification in the formal evaluation of the integrals will
be achievable. Further on, efficient FFT algorithms (see previous section) are at hand to

subsequently evaluate the integrals numerically.
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Applying (1.143) to the evaluation of (1.141) is not directly possible as we can not identify
the function G(r) within the matrix element. This only becomes possible when (1.141) is
combined with those matrix elements embedded in expression R2 and R3 of Eq.(1.109)
which include the gradient of the wave-functions. They are found by inserting the first
part of (1.105) into R2 and R3 and restricting the subsequent evaluation to the potential

operator of the Hamiltonian:

SXT%T(G G') = Z(‘SS (Véicrqra) V. ffl¢k+G'>MTa

o

=Y {Skrarc [Vl 65 (VER, o))y, - (1.145)
[a4
Adding (1.141) and (1.145) and using the chain rule for the gradient operator we obtain:

VMT(G Gl) +A 'rad(G‘ G/)

grad

= 7(,%3%3553 /MTaV\[fﬁii‘.’tLG(r) STwek ] dr,  (1146)

=G(r)

where the product of the potential and the wave-functions defines the function G(r). In
the interstitial region it is given by the plane-wave representation of the wave-functions
and the potential. In the critical region of the sphere surface G(r) is continuous in value
and slope. Note that in order to provide higher clarity in the following argumentation we
have extended the integrational range over the entire super-cell by introducing the weighted
summation + > . Applying relation (1.143) to Eq.(1.146) and inserting the plane-wave

representations for the potential and the wave-functions leads to:

AS ‘;%T(G G)+A rad(G G)
1

— _Q_ ez(G’—G-q)r Z V(G”)eiG”regs(l‘)dsl‘
. G"'<2Gmax
1 N ! N "
. / G -G-ar 3" V(G T Qo(r)d’r, (1.147)
S r G <2Gmax

with Gp(r) and Oss(r) denoting the respective step function operators before and after the
displacement of the atoms. To simplify the first integral the representation of Gsg(r) in

momentum space is needed. Within the linear regime the function can be written as

Oss(r) = Oo(r) + Y Oss(q+ G)elarer, (1.148)
G
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with

1 ,
655(G -+ q) = ?2-; /I t(Q ) e”z(G+Q)rd3r
A7 . T 5T
- _ § § :R?, i (R |G —#(G+q)(S; +657)
Qs|G+q| T ~ ]1( al +q|)e

A . —q
= QG T g o 2 Radi(RalG + gl (G D
8 T a

% (1 — i(G + q)§S4ei9T)}

17 . .
- ~#(G+q)T R%; —i(G+q)Sa
0,G+q XT:G Za alt(BelG +ale

0
an i ) — .
G g 2 2 Raii(R|G +a))e O V54(G + q)sS,
8 T o

e
N

4 , —~i ,
aGTa > " RZj1(R,|G + q))e G5 4(G 4 q)68.,. (1.149)
[a3
Inserting Eq.(1.148) into the first integral of Eq.(1.147) leads to:

ASYMT (G, G + AVME(G,G)

grad grad
— E;_ ei(G'—G—q)r Z V(Gll)eiG"r [(")0(1')
s i G <2Grmax
+Y Oss(a+ G")ell S )b
GIII
_Qi ei(G’—G—q)r Z V(G”)eiG”r@o(l‘)
s /8 G"'<2Gmax
1 et e ot
— ﬁ/ e -G)r Z V(Gll)ezG rz 96S(q+ Glll)ezG r d3r’ (1150)
Q G"<2C max 9/1/ )
=Qgrc(r) =I'()

The periodicity of Qg'q(r) and I'(r) with respect to the unperturbed lattice enabled us to
reduce the integrational range back to the primitive unit cell. The most essential aspect of
our final result is provided by its formal structure which is identical with the one displayed
by Eq.(1.127). We recall that it is possible to replace the step function ©(r) by the finite
Fourier series O(r) in the integral (1.124) leaving the value of the integral unchanged. It
is straight forwardly shown that this is not a specific property of the step function but

can be applied to any regular function representable by a Fourier series. In the context of
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Eq.(1.150) this would be the ’first-order’ step function I'(r). To summarize mathematically:

< / Qcrc(t)l(r)dr == / Qac(r) T (r)d? for all |G/|,|G| <Cumax,  (1.151)
with
¢ gy | o T Fan(BolG + )T (G + )88 for |G| <G
0 for |G| >4Gmax .

Using FFT algorithms the right-hand side of Eq.(1.151) is numerically evaluated in ex-
actly the same manner as has been described for the functions Fg/g(r) and O(r) following
Eq.(1.127).

The gradient of wave-functions also appears in the matrix elements R4 and R5 which
explicitly represent the change in the overlap matrix due to the phonon distortion. Once
more the transfer of the integrational procedure from the spheres to the interstitial region
based on relation (1.143) is possible. The following formulas summarize the results:

SHT(G,G)) = =) (8S5(Vokiqra)lhia) pr,

o

— Z <¢ﬁ+q+G|6Sa(V¢z+G')>MTa

= =30 [V biarc ) o) dr

=G(r)

- / ¢i(C/~G=ar[@ 1o (r) — Bp(r)]d°r (1.152)
Q

_ 1 / @ -0r Y gg(q+ G £iCr g3,
Q Q G”

= ) Oss(a+G")g / (@' ~G+G")r g3y
GII

= Y Os(a+G")bg-ae" =0ss(a+ G- G)
GII

4n
= m‘é—‘(—;/—‘lz{Rih(R |G — G'+ql)

x e~ UG-G +28x (G — G'+q)6S4}. (1.153)

Next we deal with the kinetic energy operator in combination with the gradients of the

wave-functions displayed in terms R2 and R3:

g’rad(G G = Z <6S (V¢k+q+G)|v2|¢k+G'>
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— > (rarclVI85a(VER )y
=~ [ Vi o)Vl (1.154)

Using the theorem of Gauss ATM T, T can also be written as a surface integral:

ad

ATMI(G,G) = - Z«ss]{ eIV oo () dAe, (1159
—TS(r)

with ¢¢ o and @ o+ being the LAPW basis functions inside the atomic spheres. Comb-
ing Eq.(1.155) with the term R6 given in its explicit form through Eq.(1.110) we notice that

the surface integrals involving the basis functions from the spheres cancel each other:

AT + 6% <¢k+q+G ‘T’ ¢k+G’>

= —) 68, jgvz . B sqra (T V20 q (r) mtdAs = AT(G,G')  (1.156)

with @y g+ and @y g now denoting plane waves, the interstitial representation of the
LAPW basis set. In order to use the mathematical tools already developed, the spatial
validity of the plane-wave basis set is artificially extended into the spheres. We can then
use the theorem of Gauss to-transfer the surface integrals back to volume integrals over the

spheres. Using the explicit plane-wave representation we obtain:

ATIG,G) = -3 68, ?fw  Girara)V e @A

1 . , '
= _ﬁ Z 6Sq . V[e—z(k+q+G)rv2ez(k+G )r]dsr
« Ta

1 (c
= =[k+G|*) 68, / V(e (G ~Gar)gdy
q/ | 2:, oz V| )

_ .—%z’lk + G2y 854(G - G'+q) / e~ (GG gdr(1.157)
- MTy

Finally using the explicit formula (1.121) for the sphere integrals over plane-waves the

kinetic energy term is found to be:

4mk + G'|?
Q|G - G'+q|

xe~{G-G'+Se (G — G'+q)6S,}. (1.158)

Int (G G/)

grad Z{Rczle (Ra | G- Gl+ql)
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The similarity to the matrix element AS;‘,’{G is evident. In fact AT, can be related to

MT 3 8.
AS g in a very simple way®:

AT;24(G,G)) = -k + G'PAS,13(G, G). (1.159)

So far, only the gradient of the wave-functions has been taken into account when matrix
elements involving 8¢y q,q Or ¢k . have been evaluated. As has been demonstrated
in the second term of Eq.(1.105) another contribution to the change in the wave-function
is caused by the phase shift of the matching parameters Aj, and By,. Inserting this
contribution into R2 and R3 leads to:

AHyr(G,G)

3 < (k+q+ G)SSLbE i ‘H‘ ¢k+GI>MTa

+ 3 (drarc A i+ &)8atscr),,
= (G~ G- aiS. ) / s (O + VS (1)]68, o (1)dr
GRS /.. #arat®

X[V2 4 Vi ol0) + V()i (), (1.160)

where the spherical part of the effective potential has been separated from the non-spherical
one. Repeating this insertion in R4 and R5 gives the corresponding change in the overlap

matrix:
ASur(G,G) = Y (ilk+a+G)8Sidi qraldfic) e,
+ Z <¢ﬁ+q+G|i(k + G')6Sa¢ﬁ+gl>MT&
- (G -GS, /M  arc(i fr. (1161

The formal structure of the integrals in (1.160) and (1.161) is very similar to the integrals

appearing in the matrix elements

Hggr = <¢ﬁ+c }H ’ ¢ﬁ+gf> (1.162)
8The 'mathematical trick’ to artificially extend the validity of the plane-waves into the sphere regions

and then employ the theorem of Gauss is actually an alternative description of the concepts used to derive
Eq.(1.153) and also Eq.(1.150).

MTy




47

and

Séar = <d’ﬁ+G|¢ﬁ+G'> MT, (1.163)
of the eigenvalue problem in a regular LAPW band structure calculation. The formulas
describing (1.162) and (1.163) are well established and have been derived in detail in many
works (see for instance [32]). In order to evaluate (1.160) and (1.161) correctly it suffices to
substitute the vector-argument (k + G) by (k + G + q) in these formulas and subsequently
multiply the results by the first-order phase factor i(G’' — G — q)éS,,. If we once more adopt
the definitions Qq = k + q + G and Qg = k + G’ this procedure leads to the following set

of formulas:
AHp(G,G) = (G -G-q)) 6Sa /M . Pt a1 (@) V2 + Vit o(D]R, o (r)dr
o [=3

— i(G/ -G - q) Z(SSO,%TRgei(GI"G_Q)S“ Z(m + l)Pl(IBQq,Qé,)
o l
x[e151(Qq, Qo) + a1(Qq):(Q0)); (1.164)
with
51(Qq; Qo) = a1(Qq)a1(Qp) + 51(Qq)bi(Qo) M-
P, denotes the Legendre polynomial and ﬂqq,% denotes the cosine of the angel between

the vectors Qq and Qg. Further more ¢; is the linearization energy for the orbital function
w(r) and N; abbreviates the norm of the orbital function 4;(r) (= fOR" u?(r)rdr).

AHY(G,G) = i(G'-G-q)) 68, /M . i qra (D) Vs ()5, o (r)d’r
s} a

- Q-G -q Y88, W e coas. 5 5 Sy, Q)

L,m L>0,M lI'm/
XYy (Q0){@1(Qq)ar (Qo)VNSL(L, L, M, V)
+b1(Qq)br (Qo)VNS3(L, L, M, 1)
+a1(Qq)br (Qo)VNS2(, L, M, )
+b1(Qq)ar(Qo)VNS2(I', L, M, 1)} x G(I,m,L, M, l',m/), (1.165)
with

Rq
VNSI(Q,L, M) = / w(r) V2 (ruy (r)r2dr,
T

, R,
VNS2(,L,M,I) = / w(r) V2 (ryay (r)rldr,
r=0
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Ro
VNS3(l,L,M,l) = / W (r) Vi (r)iy (r)ridr.

ASur(G,G) = (G - q)zcss / A qra(T)O, o (r)dr
= (G -G -q) Z&SQ%R‘ée’(G"G“Q)Sa
x Y (2 + 1)P(Bq, q;)(Qq, Qp)- (1.166)
l

Having completed the analysis of the various matrix elements of the Sternheimer equation
we will now summarize them in order to provide a comprehensive description of this first-

order perturbation equation for phonon-distorted wave-functions:
Z (Drrqrclenk — H by iqrc)00Cnk(G') = Z Mgg'(q,68)Cnk(G’), (1.167)
G'<Gmax G'<Gmax

with

M(q,68) = AV +AVIT + AVIZMT 4 AT | AVMT,

—enk(AS) 0y + ASuyr) + AT, + AHS 1 + AH 1.
and the various matrix contributions being given by equations (1.127), (1.136), (1.137),
(1.150), (1.153), (1.166), (1.158), (1.164) and (1.165).
1.3.4 The density change for valence electrons

The first-order response of the electron density can be constructed from the knowledge

of the unperturbed KS orbitals and their first-order change as given by Eq.(1.102):

8p,(r) 22\11 1 (0)6T, i (x). (1.168)

In the interstitial region the contribution at point k to the density response is obtained

by the product of the plane-wave representation of ¥y, (r) and §¥,(r), i.e.,
> Ora(G)6Cux(G)eHS O
G,G'<Gmax

€N Ch(G)C(G)ECE "I (1.169)

Vo k(D)W (r) =

D= D=
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As expected, the density response in this region of the unit cell is composed of a lattice-

periodical Fourier series modulated by €', i.e.,
W 0Uas(t) = 6 3 6p,(G” + )i, (1.170)
G"<2Gmax

where the coefficient §p(G” + q) is obtained as the Fourier transform of the double sum in
Eq.(1.169), i.e.,
1 " "
oG D=z Y [ Cil@Cu(@)E T qamy
G GI<Gmax

Using the orthogonality relation for plane waves,
_];/ e’iKl'd3r =6ko
Q Jo =
the coefficient reads
801 (G" +q) = 5 Y Cru(G)C, k(G +G). (1.172)

G< Gmax

We note from Eq.(1.172) that the Fourier coefficients ép,, ) (G” + q) will extend up to
G" < 2Gmax Whereas the variational coefficient and its first-order counterpart only extend
up to G < Gmax. Finally the entire first-order change in the density response is obtained

by summing up terms as given by Eq.(1.172) over the entire Brillouin zone and all occupied

states, i.e.,
8p,(xr) = €T )" 6p(G +q)e’ST, (1.173)
G<2Gmax
with
5p(G+q) =2 6p,(G +q). (1.174)
nk

Within the atomic spheres the KS orbital is given by

U ic(Sa +1) Z[ (AS)¥ur(r) + (BS) i (r)]Yim (), t|<R.  (1.175)

with the abbreviations

(AS) = Y Cox(G)Aim(k+G),
G<Gmax
(B = Y Cox(G)Bim(k +G).

GSGmax
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The first-order change of the KS orbital reads:

§Unk(Sa+1) = Y 6Cok(G)dfiqic(r) + Cri(G)o8E, c(r)

= Y {6Cuik(G)d1qia(r) + Cox(G)i[(k + G)8Sa]d o (r)}
G<Grmex

S Cuk(G)VEia(r)8Se (1.176)
G<Gmax

Inserting the atomic-sphere representation of the basis functions for the first two terms

on the right-hand side of expression (1.176) leads to:
PailSatx) = D {(DAST,ulr) + (DBS)n" i (r)Yim (8

+Z{(PA3 Su(r) + (PBS)ptia(r) YYim(£)

—6Sav\1:n,k(sa +71), (1.177)
with the abbreviations Q@//W cie
(DAS)x* = ) 8C,k(G)Am(k +q+G), DCALM
G<Gmax .
(DBS)jEte = )" 6Cux(G)Bim(k +q+ G), Jcrln
' G<Gmax
(PAS)IE = D Cux(G)i[(k + G)8Sa)Aim(k + G),
G<Gmax
(PBS)p¢ = Y Cox(G)il(k + G)6Sa] By (k + G).
G<Gmax

Expressions (1.175) and (1.177) are inserted into (1.168), i.e

80,(Sa+1) = 2 U} (Sa+1)6%nx(Sa +T1)
n,k

= 2) Y {C(B)C k(G () (F)

7,k G,G'<Gmax
+Cp k(G)Cr i (G)i[(k + G')8Saldid o (r) b o ()}
—~6S4[2 Z‘I’ k(Sa + 1)V, 1 (Se +1)] (1.178a)

= 2} Z Z{[AS" K" [DAS Yy (r)uy (r)

nk I,m l,/m'

+HAS IDBS S uy(r)iy (r) + [BSpar] [DASTF Uiy (rYuy (r)
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+[BS]; ][DBS""+°'1uz(r)fay(r)mmmmf(f)
+2 35 S T {|ASEE PASE S Juy(r)uy (r)

nk Im l/'m’
+HAS* [PBS), Tuy(rYiy (r) + [BS""‘]*[PAs',‘;‘n‘,]u, (r)uy (r)
+HBS " [PBS; S Yo (r) ity (r) } i (%) Y (£)
-5sa[22\p k(Sa + 1)V, 1 (Sq + 1)) (1.178b)

For the last term involving the gradient operator we have not used the explicit atomic-
sphere representation for the wave-functions. It is more advantageous at this stage to
evaluate it without explicit reference to a particular wave-function expansion. We now
demonstrate that this term actually represents the gradient of the unperturbed electron
density distribution. For this purpose we reduce the sum over the entire Brillouin zone
Zn’k to a sum over half the Brillouin zone denoted by Zn,k>0 where the points excluded
can be generated by applying the inversion operator onto the k points of this new zone.

The evaluation of the last term of expression (1.178b) thus reads:

22\1: KT)VE() = 2 ) [ () V(1) + T,y (7)) VT k(1))

n,k>0
= 2 ) [Tk () V8 () + T pc(x) VT 1 ()]
n,k>0
= 2 ) VL)@ =2 Y Vpu(r)]
n,k>0 n,k>0
= Vp, ('), (1.179)

with r'=r + S,. In the evaluation displayed in (1.179) Kramer’s theorem (see for instance

[25]) and its implications for the density distribution of the electrons have been utilized:

U, k(1) = Upi(r) = pui(r) = pyxk(r). (1.180)

With the result obtained in Eq.(1.179) the density response within the spheres can be
separated into a soft contribution §p, (S +r) and the contribution stemming from the rigid

shift of the unperturbed density. The former shall be expanded into spherical harmonics:

60u(Sa +1) = 3 52 s ()Y (F) — 88aVp,(Sa +1). (1.181)
LM
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structure calculation have to be independent of the choice of atomic sphere radius ranging
from R1 — R2. This condition implies that in the shell just defined the plane waves are
interchangeable with the atomic-orbital-functions of the LAPW basis set.

With respect to the calculation of the density response we can state that due to this
'interchangeability’ of the basis set in these shells the validity of the Fourier series (1.173)
can be specified to extend over the interstitial region of the perturbed crystal configuration.

This will become relevant when we solve Poisson’s equation in section (1.3.6).

1.3.5 The density change for core electrons

Core-electron states W, . (r) in the unperturbed problem are obtained by numerical

integration of the radial KS equation within the atomic spheres,

(1+1 o o
V7 + (7'2 % (Mlugi(r) = equni(r), (1.184)
Urim(r) = ugi(r)Yim(E), (1.185)
with
o _1d ,d
vT_'r'Qd'r( dr)’

and r being the position vector of the electron relative to the center of the atomic sphere.
The effective potential for the core electrons is spherical symmetric with respect to the
atomic nucleus. The same applies to the charge density of the core electrons. The latter is
a direct consequence of the condition that within the LAPW formalism only atomic orbitals
of closed shells are allowed to be treated as core-electron states [34]. Further more the core
charge is completely localized within the atomic sphere. If we now apply a perturbing
potential we assume that all these properties are also valid for the respective perturbed
quantities. This implies that we have to determine the change of the core orbitals upon a
first-order change of the spherical potential. In fact, as the origin of our calculation is the
center of the atomic sphere the change of the orbital function will only be influenced by the
spherical part of the soft change 61'/;0}’]?(1') We denote it VT (r). The radial Sternheimer
equation is obtained by linearizing Eq.(1.184):

I(1+1 o .
[—V3+—-—(:§ )+V;’(T)—E%]6uf,’l (r) = [bemy — 6VAT(r)ug,(r), (1.186)
U in(r) = Sun i (r)Yim(®), (1.187)

Ro .
beny = / uf (r)6VET (ryugt, (r)r2dr.(1.188)
’ r=0 ’
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A superscript T indicating an arbitrary lattice vector of the unperturbed crystal has been
introduced. It distinguishes between atomic spheres which are equivalent in the unperturbed
case but are characterized by differing perturbing potentials if a frozen-phonon distortion is
imposed. It is directly deducible from the general translational properties of §V.¢(r) that
the spherical soft change in the potential 6§V (r) and the change of the energy parameter
66T *“ fulfil the relations:

8V (r) = 9T 6V (r), (1.189)

66T > = e 9T6el, (1.190)

It can thus be seen that solving the differential equation (1.186) within the first unit cell

(T = 0) produces atomic core state solutions for the entire crystal:

ur(r) = eToug(r), (1.191)
8L (x) = IO, o (r). (1.192)

To obtain the charge response in the forward-traveling-wave representation, i.e.,

552 T(r) = Y {UE O () + (6 ()] (1)}

n,l,m
= 7 Z{Uﬁ,z@" )6 ug () + (6 upy ()] upy (1) } ZYzm(l‘ Yim(£)
n,l
(1.193)
we can exploit the fact that
[67up ()] = 8T ug y(r). (1.194)

Relation (1.194) is straight forwardly proved by taking the complex conjugate of Eq.(1.186)
and taking into account that §tVE(R) = [6~V(#)]*. We thus arrive at the final expression

for the core-charge response:

§HpeT(r) =2 3 (U, ()] 6T (r). (1.195)

n,l,m

For clarity we have so far presented the general treatment of perturbed core states within the
non-relativistic KS equation. In actual calculations within the all-electron LAPW scheme
core electrons are treated by solving the stationary Dirac equation within a spherical sym-

metric potential,
[cap + ¢*B + V2 (r) 1] (r) = e*¥E(r) (1.196)



55

with
a = (a1,0,03) "—z’a = 137.03599
= 1,02,043), bi = azi, c—= . 3
0 oy 10 - 10 1 0
o; = ) 1= ) = ) = )
o; O 01 01 0 -1

and o; denoting the Pauli spin matrices. For simplicity we have dropped the index of the
atomic sphere. It can be shown (see for instance {35]) that the spatial part of the stationary
solutions for equation (1.196) can be written the following way:

Ui (X) = zG"“‘(T) Bim(®) (1.197)

r nln (T) Jl'm(r)

where Gy (r) and Fy.(r) are the big and small component of the radial function correspond-
ing to the quantum numbers n and k. The total angular momentum j (j > 3) can take on
either the value (I + 3) or (I — 1). The respective angular component of the wave-function
is given by:
'-}-J_m A
Qjim(8) = ( ﬁj’m_%(f) : \ (1.198)
57 Yims 3 (E)
for the case

, 1
J=l+§, k=—-(+1), U'=1l+1,

i ) : (1.199)

j=l—-=, k=1l U=1-1

and

for the case

For both values of j the restrictions on the quantum numbers [ and m are the following:
l=0,1,..,n—1, m=—J,(—J+1),,(]—1),J

The radial parts of the solutions are constructed by numerical integration of the coupled

differential equations given by:

dGn 'l") K «a @
J,’f( +eR0%r) e + @~ VEOIFS) = 0, (1200
dl’!‘ - C;Fnln(r) + [Enln - C2 - ‘/s (T)]Gnln('r) = 0. (1201)
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From Eq.(1.198) and Eq.(1.199) as well as from the normalized radial solutions of Eq.(1.200)
and Eq.(1.201) the charge density can be constructed:

2
,02‘(7‘) — Z w(n,l,m J)[‘Ilnglm(r ] \Ilnjlm(r Zw'(n,l,n {[Gnln(r)] [ nln("')] }
nlmj nls
(1.202)

In Eq.(1.202) the occupation numbers w(n,l,m,j) and w'(n,l, k) have been introduced. It

has been assumed that a shell referenced by the quantum numbers n, I, and j is either fully
occupied (and thus representing a closed shell) or completely empty. In the former case
w'(n,l, k) is given by:
w'(n,l, k) = 2|K|. (1.203)
Under this condition the core charge density is spherical symmetric.
If the core potential is now perturbed by a small amount 6V2(r) the change in eigenstates
will only be caused by a change in the radial functions G2,.(r) and Fgj, (r) of the occupied
states. These changes, denoted by 6G%,(r) and 6F%, (r), are obtained by solving the

following system of coupled inhomogeneous differential equations:

ACN | isgo(r)] - o7 + & - VENEFS() = 86 VIR,
(1.204)

c-———dwi(’"” — R [Fr)] + % - & = VR(IBG(r) = —lée” — SVI(IG).
(1.205)

where for simplicity we have dropped the quantum number index (I,n, k). The first-order
change of the eigenstate has to be calculated prior to the integration of Egs.(1.204) and
(1.205). Similarly like in the perturbation theory for the Schrédinger equation it is given
as the expectation value of the perturbing potential with respect to the four-spinor wave-

function ¥, (r) [36]:
6egln = < \Iln]lm(r)lava(r)‘\pnglm(r) > MTao
= {[Gnln + [Fu(r)]} 6V (r)dr (1.206)

To construct the first-order charge density the solutions of Eqs.(1.204) and (1.205) are
inserted into Eq.(1.195) leading to:

61 p2(r) —QZ[Qa(r N6t (r) =2 ) w'(n,L &) s

n,l,5

(T)6+Gnln(r) nln(r)6+ nln(r)]

(1.207)
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One comment should be made on the first-order change of the eigenvalue of a core-electron
state: In our calculation we have implicitly utilized the fact that core states have no dis-
persion in reciprocal space. This gave us the possibility to calculate the first-order wave-
function centered at one atom within an atomic picture where we obtained a finite complex
value 6¢%,,. This result seems to contradict the finding of section (1.2.1) that the first-order
change of the eigenvalue is zero in the case q # 0. This can be resolved by first remember-
ing that the crystal core state \Ilﬁﬁm(r) will have to fulfil the Bloch-condition and will thus

read:

e (x) = Ze"‘T\I’ﬁ,zm(r T —Sa), (1.208)

with r now being a position vector in the super-cell. The actual change in the eigenvalue
of the crystal electron state is now defined as the expectation value of the soft change in
the potential (standing-wave representation) with respect to the core state wave-function

mlm(r) This quantity vanishes:

6snln = nﬂm(r)lé‘*‘V"‘(r) + 6~ V°‘(r)|\Ianlm(r) >Q,

= Zequ < ‘Iln]lm(r)|6+va(|r -8 l)l‘ll'n]lm(r) > MTs
+ Ze—mT < U (D)6 VE(Ir = Sal) | ¥5im () >ur,

= [Z eIT)§% e, + Y e T)6 e, = 0. (1.209)
T

As indicated the essential point is that the finite value quantity ¢S, is not to be identified
with the first-order change of the KS eigenvalue. It merely represents an energy parameter
which occurs through the specific method in which the Bloch-states for core electrons are

calculated.

1.3.6 The change of the total effective potential

The change of the total effective potential can be divided into three contributions. These
are (i) the change of the Coulomb potential due to the displacement of the atomic nuclei,
(ii) the change of the electrostatic potential caused by the response of the electronic density
distribution, and (iii) the change of the exchange-correlation potential also stemming from
the density response. It is advantageous for the evaluation of all three contributions to

change the spatial reference and coordinate system according to the following idea: In the
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calculation of the valence density response within the spheres (Eq.(1.181)) the center of
the spherical-harmonic functions was taken to be the location of the atomic nuclei in the
unperturbed situation. We thus obtained a soft contribution and a term involving the
gradient of the unperturbed density distribution. Within this reference system we have
to add the soft change of the core electron density (Eq.(1.207)) and the gradient of the
respective unperturbed density to obtain the total density response:

8p(Sa+ T +1) = > 6p70s(r)Yrar(F) — 683 Vp(Sa + 1), Ir| < Ra, (1.210)
LM

with

ép = bp,+p,,

speT(r) = 6p5po(r) + VanepT(r),
i) = 8poiy(), L >0,
Poo(r) = pyoo(r) ) + VAmpZ(r),

pu(r) = p2m(r),  L>0.

For the calculation of the potential change we shift the origin for the expansion into the
displaced center of the atomic sphere located at (Sq + T + 6So). This §vould also be the
origin in the corresponding frozen-phonon super-cell calculation. If we now ask for the
total density distribution expanded up to first-order within the displaced sphere (forward-

traveling-wave representation) we would obtain:
P (Se+6Sa +TH+r ZpLM(T )Y () + Zap ()Y (E). (1.211)

Having moved into the reference system of the super-cell calculatlon we have correspondingly
extended the interstitial region by those sections of the undisplaced sphere volumes which
are not covered by the shifted spheres. At the same time the interstitial has been reduced
by those parts of the shifted spheres which are not overlapping with the undisplaced ones.
As our polarization vectors {§Sy} are small in magnitude the total density distribution in
this newly defined interstitial will be given by :

pPi(r) = Z [p(G)e'CT + 6p(G + q)e!(GFr), r € Int. (1.212)

G<2Gmax

with p(G) being the Fourier coefficient of the unperturbed charge density and 6p(G +q)
being described by Eqgs.(1.174) and (1.172). We refer to the end of section (1.3.4) for a

critical discussion of this change of reference system.
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We are now in a position to apply the formalism proposed by Weinert [29] to evaluate
the first-order change of the total electrostatic potential encompassing the effects of the
displaced atomic nuclei and of the density response. For this purpose we will first solve
Poisson’s equation for the total electrostatic potential within the perturbed super-cell up to
first order in the displacement. At the end of this procedure we will identify the zero-order
terms in the potential and subtract them. As it turned out this 'finite-difference-approach’
displays a methodical structure which is clearer and more transparent than if we applied
the Weinert-formalism [29] directly to the first-order density response §p(r) and the dipole
field of the nuclei.

Starting with the interstitial region of the perturbed super-cell Poisson’s equation would

read:
V2[VPh(r)] = —87[pP"(r)], r € Int. (1.213)
Within the linear regime the electrostatic potential V¥ "(r) is expanded into a Fourier series
of the form:
VP = D VPRG)EST+ Y VMG + q)ei(Gtar, relnt. (1.214)

GS2GmBX GSZGmax

To determine the interstitial potential caused by the charge distribution in the interstitial
as well as in the atomic spheres we will first insert expansions (1.212) and (1.214) into
Poisson’s equation (1.213) and carry out the double integration over the entire super-cell.
The potential zero within the cell is determined by setting the component %4 h(G = 0)

equal to zero. The procedure leads to:

VH Y VEMG)ETT+ ) VMG + ST}

0<G<2Gmax G<2Gmax
= —8r{ > @S+ Y 6p(G+qeiCrIr), (1.215)
G<2Gmax G<2Gmax
= VEMG) = iﬁ%’"—) for G >0, (1.216)
8
= §VPMG +q) = 87%(%:17‘” for G>0, (1.217)

A careful examination of the potential Fourier components (1.216) and (1.217) reveals that
when inserted into Eq.(1.214) they describe two contributions: First, the potential in the
interstitial caused by the charge distribution in the interstitial. Second, the potential in

the interstitial caused by a density distribution inside the spheres which is constructed by
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extending the validity of Eq.(1.212) into the spheres. Obviously the latter contribution does
not describe the physical situation correctly. Thus we have to subtract it and instead add a
contribution from the proper charge distribution inside the spheres as given by Eq.(1.211)
supplemented by the bare Coulomb potential of the atomic nuclei. Our aim is to accomplish
this task in momentum space where the Poisson equation can be solved straight forwardly.
Unfortunately near the nucleus the core charge density is rapidly varying and the nuclear
charge exhibits the behaviour of a delta function. Consequently the corresponding Fourier
series is non-convergent. A way out is based on the fact that the sole knowledge of the
multipole moments of the charge distribution confined to the atomic sphere, i.e.,

Ra Ro
Pgba + 61330T =Zo+ / erS‘O(r)rzdr + / ngT(’I‘) 2dr, (1.218)

=0 r=0

P+ 5P = /R; rL oS, (r)ridr + /R: 8% (r)r?dr  for L >0, (1.219)
= =

is sufficient to determine the electrostatic potential caused by it outside the spheres. This
implies the possibility of mathematically altering the charge distribution inside the spheres
without affecting the potential caused by it in the interstitial. We only have to make
sure that in this alteration the value of the multipole moments as given by Eq.(1.218) and
Eq.(1.219) remain unaffected. Utilizing this freedom we replace the charge distribution
within the spheres by a pseudo-charge distribution p(r) which has to fulfil the following
conditions: (A) Its value is non-zero only inside the atomic spheres smoothly vanishing
on the sphere surfaces. (B) Its multipole moments Aﬁ?,;;r in the sphere (@, T) must be

the difference between p% I + 657 T

s and the multipole moments of the charge distribution
created by extending Eq.(1.212) into the spheres. (C) There exists a well convergent Fourier

series,
pO="| 3 Pur(@F+ D pox(G+aelSIT),  (1.220)
T, | 0<G<2Gmax G<2Gmax

for the pseudo-charge distribution. The pseudo-charge given by Eq.(1.220) can now be
added to the interstitial charge (Eq.(1.212)) enabling us to directly find the correct solution

of the corresponding Poisson equation in momentum space:

vPrO) = 0, (1.221)

chh((;) = Tg; + Z Ptx'é(P for G >0, (1.222)
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VPG +q) GraP T _[p(G+a)+ D 8pr(G+a)] for G20 (1.223)

|G+ —

When inserting (1.221)-(1.223) into Eq.(1.214) the correct electrostatic potential in the
interstitial is obtained.

An algorithm for the determination of the Fourier coefficients p, t(G) has been proposed
by Weinert [29]. According to his idea the pseudo-charge density around each nucleus o
located in the unit cell T is first represented by an expansion in spherical harmonics. The
ansatz for the radial expansion coefficients is such that the Fourier transform of g, can

be calculated analytically:
~ aT 1 2 n ~
po1(Sa+08e+ T +1) = Zle R (——) = —)"Yim(£), (1.224)
Im R

with n being a cut-off parameter chosen to optimize the convergence behaviour of the
corresponding Fourier series. In a second step Eq.(1.224) is Fourier transformed with respect
to G where the Rayleigh expansion is used to express the plane-wave e~*C™ in terms of
spherical harmonics around the center of the sphere. Subsequently imposing condition (A)
and (B) formulated above determines the Fourier coefficient of the pseudo-charge density.

It can be shown [29] that p, +(G) reads:

. 4T - —
Par(G) = Y P (G)ApRT je GG t8aHD), (1.225)
im

with
(—i)* (2L + 2n + 3! jiynt1(|G|Ra)
R, (2t+ 1) (|G|Ra)™H1

In contrast to a regular undistorted lattice the exponential phase factor has to incorpo-

P(G) = Y (G). (1.226)

rate the atomic displacement §ST. In close analogy we find for the Fourier components

6lba,T(G + Q) ;

5Pa, (G +q) Zsz(G + q)[ApE T e~ G EtSIHT), (1.227)

with

(=)t (21 + 21 + 3 jign41(|G + q|Ra)

* e —
R @+ (|G+q[Ra)"H Yim(G +q). (1.228)

P (G+q)=

As already indicated earlier Aﬁlo;;;r represents the difference between the true charge mul-

tipoles (defined by Eq.(1.218) and Eq.(1.219)) and the plane-wave multipoles created by
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extending the Fourier series of the interstitial density (Eq.(1.212)) into the spheres, i.e.,

DB = Do + B — Pl (1.229)
with
oot = R0t 3 @) Hi (@) D
0<G<2Gmax
+ 3 8p(G+ QHE(G + q)el(CHIEASHD), (1.230)
G<2Gmax
and
-lRlc?—2 . * [
Hin(G) = 4mi S Erin(IG1Ra)Yim(Q), (1.231)
l+2
Hp,(G+q) = 4mi ‘G " ‘Jl+1(|G+QIRa)Ylm(G+q) (1.232)

In the regime of linear response we are restricted to the zero- and first-order terms of pf:,‘l”a’T
with respect to the displacement 6ST. Making a first-order expansion of the phase factors

G 4nd UG+a)¥ST and using the definition (1.97) for 6ST the plane wave multipoles

are now given by:

o 4r o ] :
Pt = CRip(O)«slw Y. AG)H(G)ESS 1 +iGESS + ..

0<G<2Gmex
+ z 6p(G + qQ)Hj;, (G + q)e(G+D8aeidT(1 4 §(G + q)6ST + ...]
G<2Gmax

= ‘/ERip(O)«sm > p(G)H,(G)eCe

3 0<G<2Gmax

~ v
—

_ 0, pw,a
pl'rn

49T 3" i[GESa]p(G) Hiy (G)e' S
0<G<2Gmax

49T 3" 6p(G + Q) Hi (G + q)e!(G+Sa (1.233)
G<2Gmax

= por + e TTop . (1.234)

The first two terms on the right-hand side of Eq.(1.233) are the plane-wave multipoles p; O:pw,cx
of the undistorted lattice. The term including the phase factor i(G + q)éSY is already of

second order and thus neglected. In a next step we also expand the Fourier components
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Po(G) and 8p, 1 (G + q) to first-order in the displacement:

n 4n o 50,T) ~iGSa ,
Par(G) = Q—an(c)mpz,?’] 81~ iGES + ..

...T -
= Y PR (@)aFTe S

S
Im
47T i . ~ T ___1 o
o %ﬂjzlcssam':n(e)mpzn Je=iGSe, (1.235)
8P r(G+aq) = Z P2(G + q)[AFT e G+ DSae=T[1 — i(G + q)6S7 + -]

_ AT __iqr -0, T1_—i(G+q)S
= q QZle(G+q)[A e G+

8

Z [<G+q)6samm<c+q)[A~“T1 ~i(G+a)S, (1.236)

Replacing Aﬁ;’;;;r in (1.235) by the expressions (1.229) and (1.233) and neglecting resulting

terms in p, v(G) which are higher than first order in the displacement we obtain:

Por(G) = é—w Zpﬁn(G o+ il elaT spl eI GSa
_?‘27: iqT Zz[GéS 1P (G) [P + 652 T _ phpue _ gl gppue) ¢—iGSa
= o SPGB -l
=ﬁa(G)§% ”
+éﬂ etaT Z P2, (G)[652, — 6p7#:’°‘] e~ 1GSa
s
?Zs ’QTZZ[GfSSa]Hm(G) e — Py eI, (1.237)

with p2(G) being the Fourier component of the pseudo charge in the undistorted lattice

(see for instance [32]). In (1.237) we have used the translational property of the soft change

6,6;’;7;1‘ (r) which also applies to the corresponding multipole moment:

55T (r) = 9TEpg,(r) = Sppe =€ ITEpf, (1.238)
For the Fourier component po, (G + q) the same replacement of Ap;,, T eads to:

Por(G+aq) = '“‘TZP (G + q)lpp — ppe
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+eiqT(6ﬁﬁn - pg::,a)] —i(G+q)Sa

4T ,
~ZE374((G + 9)8Sal PL(G + Q)P — poa
Qs Im
+eiaT (552 — 6P %)]e e~ i(G+a)S, (1.239)
_ %_ —ZqTZle(G‘*‘q) pv’rz:w’ ]e*i(G+Q)Sa

o Zﬂm(G +q) (655, — 8pha]e G+

Z i[(G + Q)6Sa]P2(G + q)[pl® — phrv)e (G +aSa,

S Im
(1.240)
Finally, to obtain V,(G) and V(G +q) we insert expression (1.237) into (1.222) and
(1.240) into (1.223). Remembering that the lattice sum } e*9T vanishes for q # 0 we

obtain:

G 0(G
e = sl + S R

DI S 32 SR ACT AL
“zG‘SSa(sz _Plr’fw a)]

Po(G
= 87r[ |G|2 +Z |é|2) =VYG) for G>0. (1.241)

8
VPG +q) = G |2{5P(G+q)

47r Z Z -i(G+q)S, Z P5,(G + Q) [685, — 8"

_Z(G+Q)6Sa . _Pl;r?v a)]
4w —1 -1
g, ST R (G + bl — e
5 Im

8w

= ‘G—i— |2{ ,0( +q)

Z S PG + Q) (655, — opfe e G+

a lm

~=Y"3 " P(G + q)li(G +q)684]

a Im

X (P — P )e (G +Sa} (1.242)
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As we expected from the general linear-response theory the Fourier component V¢ h(G) in
the super-cell calculation up to first-order in the displacement is identical with the Fourier
component V2(G) of the unperturbed crystal. The change of the electrostatic potential
8V.(r) in the interstitial region comprising the dipole field of the displaced atomic nuclei

and the response of the electronic density distribution is thus exclusively described by

§Vo(r) = Y, Ve(G+ q)e G+, (1.243)
G<2Gmex
with the Fourier coefficient being given by (1.242).

The evaluation of §V,(r) in the interstitial implies that we also know the values of this
potential change on the surfaces of the atomic spheres. Therefor solving Poisson’s equation
inside the spheres is identical with solving a Dirichlet boundary value problem well known
from electrostatics [29, 37]. In this case the change of the Coulomb potential inside the
atomic sphere (o, T) is determined via a Greens-function method. As we have chosen to
work in the reference system of the displaced atoms it suffices to apply this method to the
soft change of the spheres density. Note that in contraét to the interstitial the zero-order
term of the potential inside the spheres is excluded right from the beginning. The formula

for the soft change can be summarized as follows [29]:

T Ra
VT (r) / / / 6pX (r')G(r,r')d*r’
’—0 =0 Jr'=0

/ / SVI(RL) aG(”)dQ' (1.244)
'—0 J9'=0

As the regions for integration are a sphere and its surface, the natural choice of basis

functions to represent the Greens function G(r,r’) and its first normal derivative Q—qg;—rll

are spherical harmonics:

G(r,x') = 8 Z (gj)ﬁ’(r ’,"jl[ ( “)) (1.245)
L —% > ) YinE i), (1.2¢6)

with r< and r- having the following meaning;:
re=r1 for r<r, re=7r for r>7,

r~=r for r>r, rv=r"for r<r.
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To simplify Eq.(1.244) we first use the expansion of the total density response as given by
Eqgs.(1.183) and (1.207) to carry out the angular integration within the volume integral of

Eq.(1.244):

6VT(I_I)G(I_ l‘l)d3l‘l — e'L’qT Z {/Ra 871'(7")2 6Z) (T/)_l_('r_<)l[1 _ (_I’;>_)2l+1]drl} Y (f‘)
MTar Pe ’ Im =9 @+1) 7™ st Rq ) i
ECltx,lm("')

(1.247)
Then the surface integral in Eq.(1.244) is evaluated analytically by substituting the val-
ues of the change of the Coulomb potential on the surface of the displaced atomic sphere
(6V.X(RL,)) by the corresponding Fourier expansion of the interstitial. One contribution will
directly come from the Fourier components §V¢(G + q). Maybe less obvious but equally im-
portant is a second term related to the unperturbed Fourier components V¢(G): The sphere
surface has been displaced and at the same time the zero-order Coulomb potential of the
interstitial has remained spatially unaltered. This implies that the surface value related to
a specific Fourier component V.(G) will differ from the corresponding value on the undis-
placed sphere by a phase factor etG%55 . Using the Rayleigh expansion for plane-waves
and restricting the overall evaluation to first-order terms we obtain for the sum of both

contributions:

VIR, = e T{ 3 §V(G +qet (e 3 aniljy(Rala + G))Yin(@+ G)

G<2Gmax Im
+ > VG)ilGSaleT S Y dmilji( Ra|GI) Y (G)Him(F),
0<G<2Gmax Im
(1.248)
with
R/, = ¥R,

Inserting Eq.(1.248) and (1.246) into the surface integral of Eq.(1.244) leads to:

R? o OGE,T)
—Sﬂ' MT 6‘/0 (Ra) ar/ dQ

_ TS Y 8V(G + Qilii(Rala+ GIYim(@+ G) () e DS} Yin(F)
Im GS2Gmax “

A Ty — 4

=C24,1m(7)
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. . * (A LERYF 1 &
+eti9T 4 Z{ Z %(G)ZlJz(RalGl)Ylm(G)(R—)ZZ[G5Sa]G+ GSe} Vim(F). (1.249)
im  G<2Cmax o

. s
S

EOSa,lm (’I‘)

Finally we expand 6Vca’T(r) into spherical harmonics, i.e.,
§VET () = €97 Y 6V (r)Yem (), (1.250)
LM

and compare the radial expansion coefficient § % <im(r) with the corresponding quantities of
Eq.(1.247) and Eq.(1.249). It is thus finally given by:

SV (r) = Cla,Lm(r) + C2a,Lm(r) + C3o,Lum(r). (1.251)

Besides the change in the electrostatic potential the density response also changes the

exchange-correlation part of the total potential:

6Vze(r) = 6p(r)[d‘/;,§r) + d‘sﬁr)] p=po(x). (1.252)

~ 7

We are restricting our work to a non-spin polarized calculation, where the Slater-exchange

potential,
Va(r) = 210, (1.253)
and the correlation potential according to Perdew and Wang [38],
Vi(r) = e(rs) — %9%7(%) (1.254)
with
re = Il
crs) = Qolall+ ),
Qo = —2co(l+ors),
Q1 = 2co(Byri/? + Bors + B3y + Byrd),
@ = G2 =By 426, + 371l +-48,ms)
co = 0.0310907, o = 0.2137,
B, = 7.5957, Bo = 3.5876,

B; = 16382, B, = 0.49294,
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are used. For the derivatives of these potentials with respect to the charge density we

obtain: 4. (o) 03
zo\r)  4,9,1/3 -2/3
e RO (1.255)
and
dVe(r)  Ors, 1, Q@  19e(rs)
dp = oot + 50" olQi+D) 3

2 rsc0a1Q2 Ts
3 Q:1(Q1 +1) + 301(Q: +1) (—2c01Q2 + QoQs3)

2
—g-(-gs;lQ_—E—%g%—)‘z‘(2Q1 + 1)], (1256)
ors _ L3 yisp,0-42
e = =3 e,
Qs = 5% = co(—3Bur 4GB +48.)

The dual representation of §V,(r) in real space is achieved in the following way: In analogy
to the calculation of the electrostatic potential we chose to work in the reference system of
the super-cell, i.e., the separation of the interstitial and the atomic sphere regions assumes
the sphere centers to be located at {Sq + 6So}. Within the spheres we fix a radial value
r at which we want to determine the set of radial expansion coefficients 617;;, () for
the soft change of the exchange-correlation potential. Next we evaluate §V2(r) on a set
of randomly chosen angular grid points which are located on the sphere surface of radius
r. For this purpose we employ Eq.(1.252) in conjunction with the soft contribution of the
density change displayed in Eq.(1.181) supplemented by the core contribution (Eq.(1.207)).
The value of the unperturbed density needed for the evaluation of Eq.(1.252) is given by
p(Sa+1) =Y pru(r)Yium(E). (1.257)
LM
As we are keeping r constant the obtained set of potential values 8V2(r) can be approx-
imated by basis functions which only depend on the angular arguments ¢ and . The
natural choice for these functions are spherical harmonics Yz (¥). The approximation is
carried out by least-square fitting the values 6V2(r) to the spherical harmonics. The fitting
parameters represent the expansion coefficients 6‘7& a(r). By repeating this procedure
on a fine grid of r-values ranging from 0 to R, we obtain a complete representation of the
first-order exchange-correlation potential (soft contribution) inside the spheres,

§Vie(Sa + 680 +1) = _ 8Vz 1 (r)Yim (F)- (1.258)
LM
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In the interstitial region the ansatz for 6V;.(r) reads:
§Vae(r) = Y, Vue G+ q)e (T r € Int. (1.259)
G<2Gmax
To determine §V,.(G + q) we use Egs.(1.259), (1.252) and (1.173):

, . . .Gr1@Vic(r)

1 iGr __ i iG: 4

glar E : Vee(G + Q)T = ' } J 6p(G + q)e r[.__dp lpmpo(e).  (1.260)
Gssza.x 9S2Gmax

7

=6V (r)

The modulation factor e’ cancels and thus the problem of calculating §V;.(G + q) amounts
to finding the Fourier transform of the function 8Vzc(r) which displays the periodicity of
the unperturbed crystal. Thus the procedure runs as follows: First, the real-space repre-

sentation of the unperturbed charge density

pt) = DY p(G)eC, (1.261)
GSQGmax
and of the function,
sp(r)= Y. 6p(G+q)e (1.262)
G<2Gmax

are obtained via a Fast Fourier transform (FFT). Next the derivative of the exchange-

correlation potential,
dVze(r)

[___

dp Jo=po(r)>
is evaluated for each point on the real space grid. In a third step these values are multiplied
pointwise with the corresponding values of 6p(r). In this way discrete values of the function
6Vae(r) in the entire unit cell are obtained. Finally an FFT is used again to back-transform

6Vze(r) to the required plane-wave representation.

1.3.7 First-order atomic forces

It has been shown that the knowledge of the first-order atomic forces 6F, provides enough
information to efficiently set up the dynamical matrix at wave-vector q. In this section we
will describe a complete derivation of practical formulas for all contributions of the first-
order forces. We start from expressions describing the Hellmann-Feynman force, the Core
correction and the IBS correction as proposed by Yu et al. [13] and analytically evaluated
by Kouba [34] and Kohler et al. [39]. We assume that there is no degeneracy between
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the KS orbitals at point k and at point (k +q). The first-order force 6F, is given as
the difference between the atomic force F, acting on the nucleus « located at S, in the
unperturbed crystal and the force acting on the same nucleus located at (S, + 8Se) in
the phonon-distorted system. We want to remind the reader that in the current context 6

abbreviates 6.

The Hellmann-Feynman force The Hellmann-Feynman force [4, 40] FEF is defined as
the electrostatic force on the nucleus a exerted by all other charges (electrons and nuclei)
of the crystal. Within the framework of all-electron band structure calculations it reads for

the unperturbed structure 13, 34]:

Ve (R
FIF = 7, lim Z —“’—LMT(—EJV[m,M(f)], (1.263)

m———l

or alternatively,
HF, cosa cal)sla( Ol)

rere = afomd [ AR - G SRR (26
Vsmoz R

FaHF’y = \/A a{/ piulla('r 1—(_"—)3]‘1 __c,l,;%a a)}a (1265)
VCOS,a R

rre = afTr [ s - e+ HET,

x

with the position vector r being taken relative to the sphere center S,. The coordinate

system for the force components is cartesian and identical to the one defined for the complex

spherical harmonic functions Y7 p(F). Additionally, the expansion coefficients p°°S 7 (r) and
Sll'l (2

PrL i (r) with respect to real spherical harmonic functions have been used. They are linked

to the respective coefficients of the complex spherical harmonics by:

_1\M
() = (j’i o) + (“DMpp (@), M >0, (1267)
_1\M
) = i(\}% o) = ()Mo _p(M)], M >0, (1268)
p%’%(r) = pro(r)- (1.269)

The same transformations (1.267) — (1.269) are to be applied to the coefficients of the elec-
trostatic potential on the sphere boundary V2 5/(Ra) in Egs.(1.264) — (1.266). To calculate
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the first-order force we first would have to evaluate (1.264) — (1.266) in the perturbed sys-
tem where the position vector is taken relative to the distorted location (So + 6Sy). It is
evident that due to this shift the gradient of the density does not have to be taken into
account. The same applies to the gradient of the electrostatic potential. The quantities en-
tirely responsible for altering the Hellmann-Feynman force upon a lattice distortion are the
soft contributions in the spherical expansions of the electrostatic potential and the density.
The first-order Hellmann-Feynman force is thus given by:

HF, w COS,0 T \3 ccgsla (Ra)
SFHFe = 44 /2 Zof 6i>11 (M- (5-)%ldr + —=——}  (1.270)
3 =0 R, Rq

o R in, Sant Ra
SFHFY = 4\ﬁza{ / spE e (r )[1—(Ri>31dr+——c’—‘,—;i——)}, (1.271)
(214 (¢

SFHF? = \[ Zaf / 655 (r)l1 ~ ()"l —cc’i;%a@}, (1.272)

where the expansion coefficients are determined on the basis of Egs.(1.181), (1.251) and
(1.267) — (1.269).

The Core correction

The fact, that the KS equations for the core states is only solved for the spherical part
of the effective potential induces a corrective force which has to be added to the Hellmann-

Feynman force. It reads [13, 34, 39]:

P [ p vV, (1.273)
ch'e,a: — COS, 0 ecfo;,?l( ) 2 cos,o
o - \/— pcore 0, o\ a v ff 1,1 )]dT (1'274)
cos, aVSln s T)
Feres = / PG —J—:;;f—l— ForVIRS (rdr,  (1.275)
Fco're,z _ COS,0 e?;,?o ) cos,a
o — \/— pcoreOO a +2r folO(r)]dT’ (1276)

Following the same formal line of argumentation as for the change in the Hellmann-Feynman

force the first-order correspondence to Eq.(1.273) will read:

e = [ S VYO [ VIV 2
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or given explicitly,
6VCOS e )
SF" = \/—/ BBomeo0(r)Ir” efg’; = 4 2V (r)ldr

a 6 COSs,
\/—/ Peore00(T) [2—[—’;,;‘—7;&—H +2r[6V5ES (r)]ldr, (1.278)

Sll’l o )

0S, aV 81N,
sremey = o [ G o L 2V

66 51na
+7/ rezspar P o o, 0279

COS, )

v,
sremes = o [ s L 2V

2 Cfﬁ,?o r)]

\/—/ pﬁ-ﬁié"oo(r [r 2_—67—'_— +2r(8V, cﬁ;?o(r)]]dra (1.280)

with
. . 1 .
6p(clore(,r) = Y006p?ore,0,0(r) = mapgore,O,O(T)a T < Ra.

The IBS correction

Within band structure calculations the determination of the wave-functions for valence
electrons is based on the variational minimization of the energy parameters e, appearing
in the KS equations. As the basis set in the resulting eigenvalue problem is necessarily finite

the expression

(T + Vegs(r) — Ente) Unie(x), (1.281)
with
Upe(r) = % GS;M Crte @) i (1), (1.282)

will in general be non-vanishing. This deviation of the numerically calculated solution for the
KS equation from the corresponding exact solution induces a further corrective force called
‘incomplete basis set’ (IBS) correction [5]. To be completely precise, the IBS correction
will only be non-vanishing if a further condition is fulfilled by the basis set: It has to be
dependent on the location of the nuclear coordinates meaning that upon the displacement
of the atoms the basis functions ¢, g(r) have to change their value at least in some regions
of the unit cell. In the case of linearized-augmented plane waves this condition is fulfilled

due to the shift of the orbital basis functions within the atomic spheres. To first order in
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the displacement the change of the basis functions within the spheres reads [13, 41]:

drra(r)

5S4 i(k + G)gfy o (r) — Véiia(r)

= 13h¢ﬁ+G(r) - V¢ﬁ+G(r)a (1.283)

where we have introduced the operator P, acting on the basis functions and being defined
as:

Prog = iKok. (1.284)
In the context of our shifted atomic sphere the operator 13h is obviously connected to
the first-order phase change i6Sq(k + G) of the matching parameters A;,(k + G) and
Bim(k + G) of the LAPW within the sphere. It can now be shown [13, 41] that the IBS-

correction consists of three terms:

FéBS = Fal + Fa2 + Fa3, (1285)
with

Fo1 = /MT VS (r) Vo3 (r)d’r, (1.286)

Foo = -3 w(nk) (Ol GIPrdi ) [H — e O @)1 ®),

nk G,G/ @
+{Ca(@) i (x) |H — nx| O @) Pty ®),,. b (1.287)
Fos = 3 w(nk) ?{ T (0)(=72 = i) Ut |1t @A (1.288)

n,k

The term denoted by Fa; is a consequence of the gradient of the basis function appearing
in Eq.(1.283) whereas the phase change described by the operator P, causes the force
component Fao. The kinetic energy term in F o3 is very specific to the LAPW-basis set and
stems from the fact that the second derivative of @y (r) displays a discontinuity on the
sphere surfaces (13, 41]. The surface integral constituting Fo3 has to be evaluated with the

interstitial basis functions being used for Wy(r), i.e.,
1 )
Ue(r) = —= . Cu(G)e (T, (1.289)
m_ GSGmax

For completion we note that the contribution to the IBS correction originating in a change

of the orbital occupation number w(n, k) has been neglected. With regard to insulators and
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semiconductors it will be exactly zero as the gap will prevent any change of w(n, k). In the
case of metals and when the tetrahedron method [42] is used for the BZ-integration the very
small contribution could be systematically reduced by increasing the number of k-points
in the Brillouin zone. With regard to the same integrational method it can analytically
be shown [23] that the second-order change of w(n, k) will be exactly zero when the wave-
vector q of the perturbation is non-vanishing. This additionally justifies to neglect the

contribution of the occupation numbers also in the first-order force-terms.

The term F,; and its first-order change 6F,i: Eq.(1.286) can largely be evaluated
analytically [34] if we substitute the effective potential and the valence density by their

respective expansions in terms of spherical harmonics. Fy; is then given by:
Lmax—l

CE+LM-1
a1 = 2 Z Z Cr + L+1M fs(L, M)
1=0 M=—L
D) Z Z [C M +1M+1]f3(L M)
L=0 M——L
leax & L+1,M—1 LM
+5 2 > L+ — LDy lfs(L, M)
I=0 M—L
1 et L L+1,M+1
-5 3 (L +2)DEM T — LD 1 fa(L, M), (1.290)
I=0 M—L
1 bt OLHLM-1 _ oL M
Fo = Z Z CL Criim—11fs(L, M)
I=0 M——L
1 Dmext EE L L,M+1
+§Z I;) MZL[ + * CL+1 M+1]f3(L7M)
1 Lpax—1 +L L+1M-1 LM
+
t5: > Y (CH+2DEM T+ LDy 1fs(L, M)
I=0 M=——L
1 frelt L41,M+1 LM
Z > (L+2)Dry T+ LD el (L M), (1.291)
L=0 M=-L
Lrgax cLHLM
al = Z Z [CLr +1M]f1(L M)
I=0 M—L
b L+1,M
+ > Z (L+2)Dp4e™ - LDLY AL, M), (1.292)

L=0 M=-L
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where the following abbreviations have been used:

chil = ORO 1ATIG )%gﬂgl@ﬂdr, (1.203)
DY = oy % ¢ g (1) P (r)rdr, (1.294)
AL,M) = \/ (L ﬂ(é‘g ii;gfgfgﬁ b, (1.295)
fL,M) = (L “L(;\z i i;gf;fgf 2) . (1.296)
fo(L, M) = \/ ( _(% i igE;:L_+A§)+ 2) (1.297)

Lpax is the maximum value of L in the spherical-harmonics expansions of the potential and
the density. Comparing (1.286) with (1.273) we notice their formal similarity. In analogy
to (1.277) the first-order change §F; is thus composed of two terms: one stemming from
the soft change of the effective potential 6‘7;}r #(r) and a second one stemming from the soft

change of the valence density 6p5(r):
Far = [ SV OVA e+ / S (OVIE@Id (1.298)
MT,

For the analytic evaluation of the integrals on the right-hand side of Eq.(1.298) we simply
substitute the integrals Cf:l’\l,}ll and Df:}g[l in the expressions (1.290) — (1.292) by the integral

_ L'\M L',M'
abbreviations CL M and dL, M defined as

’ 4 Ra ’U(}l (] T a 6 [ 1 T
LM Ra
diy = /0 [6Ve .o (T80 (1) + Vg Lar (D88 e (7")] rdr. (1.300)

6F .1 thus reads:

Lmax_'l
T
ol

+L
(LM (LM
Z coar terim—ilfs(L, M)
I=0 M—L

Prax 71 EE GLALMAL | LM

+1,M+ ,

Z Z CrL,m +epin 1l fs(L, M)
I=0 M=—L

Lmax 1 +L

L+1,M— )
Z Z (L +2)d 5™ ™ = Ldply ari)fs(L, M)
L=0 M=—
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Lmax -1

L+1,M+1 LM
> Z (L +2)af i ™ — Ldp) )l fs(L, M), (1.301)
L=0 M=-L

Lmax_l +L

Fy, = Z Z [L+1M ' cL+1M 1 fs(L, M)

L=0 M=-L
1 Lymax—1 +L

LALLM _ LM
T > > letu crr1,m1)f3(Ls M)
1=0 M=—L

Lmax—1 +L
1 X

% > > L+ + Ldpl ) fs(L, M)
I=0 M=L

1 Lmax—1 +L

+E Z Z (L + z)dlij\/}’Mﬂ + LdL+1 mlf3(L, M), (1.302)
L=0 M=-L

Lmax—1 +L

L+1,M

ol = z Z[L-;} +c L+1M]f1(L M)
I=0 M——L
Loax—1 +L

+ Y 2 (@+2)dy™ - Ldpg )L, M). (1.303)

The term F,» and its first-order change 6F,2: So far the formulas for the first-
order force contributions §F,1, 6F% and §FZ¥ could simply be derived by substituting
radial expansion coefficients for the appropriate potentials and densities in Fo1, F$™® and
FHF by their respective soft changes. In the case §F, the procedure is not so simple
any more. Instead it appears more transparent and logical to start the derivation of §F 49
directly from expression (1.287). Necessary formulas from Fqo will then be introduced at
appropriate steps in our line of reasoning. In this section we follow very closely the ideas
proposed by Yu et al. [26].
If we use the part of the KS orbital spatially given for a specific atomic sphere, i.e.,

U (r) = chk )b o (r), It = Sq| < Ra, (1.304)

expression (1.287) can be written in the following simplified way (for clarity the occupation

number w(n, k) is temporarily omitted):

- Z[<ph‘ynk
n.k

H—epx

‘Pnk>
MT,
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< nk 'H—Enk

Phwnk> ) (1.305)

o

We note that the operator P}, is still defined to act on the basis functions constituting the
KS orbital, i.e.,

Prln =) Co(G)Proi c(r). (1.306)
Making a first-order change in the variois terms of expression (1.305) we obtain:
§Fpy = — Z <Ph[6\11nk] ‘H - ank‘ \pnk> . (1.307)
- 2; (e [ B = e Ph[wnk]>MTa (1.308)
- % < e ’H - ank‘ 5\I:nk>MTa (1.309)
% <5\1:nk ’H . enk| Ph?nk>MTa (1.310)
—§;< Wi ‘6Hi \Ilnk>M ] (1.311)
3 < ok ‘51‘1[ f’hwnk>MTa (1.312)
e n}; <f’h\1/nk|\1/nk>MTa (1.313)
e 2; <‘I'"“|ph‘y"“>ma . (1.314)

Terms (1.313) and (1.314) vanish because deni is equal to zero for q # 0. For all other
matrix elements the evaluation is guided by the following principle: All zero-order quantities
appearing in a matrix element are thought of as being rigidly shifted with the sphere when
the phonon displacement is imposed. In this concept, all first-order quantities are then to
be understood as the additional changes occurring after the rigid shift has been carried
out. With regard to potentials this first-order change is the well known soft change already

encountered several times. We thus obtain for terms (1.311) and (1.312):

6F,, = —Z[<Ph‘1’nk‘5ﬂ1 nk> 5

= =3 3 itk + QOGO @) (B 8V | B,

nk G,G’
+i(k + G')Cr(G)Cnk(G') (W1 |8V | dir ) arr, ]

+ <‘I’nk \5Ht lsh‘I’nk>MTa]



78

= —iy Y (G- G)Cu(G)Cw(G) (¢f1c [ViFs| bRia) yr, - (1.315)

nk G,G’

With respect to the KS orbitals we have to subtract the rigid shift in the ansatz for the
change in the basis function (1.105). Mathematically this means dropping the term involving
the gradient of the unperturbed basis set. Inserting the remaining phase change of the
basis functions into (1.102) we obtain the soft change of the total KS orbital needed for the
evaluation of 6F 4o:

§Ume(r) = Y 6Cu(G)#iiqra(r) + Crk(G)ilk + G)Sadi,c(r). (1.316)

G_<_Gmax

If, for the moment, we only consider the term involving the change in the variational coef-

ficient 6C,(G) and insert it into expressions (1.307) - (1.310) we obtain:

6F s

MTy

- Z[<13h[5\11nk] 'ff — E'n.k‘ \Ilnk>
n,k
+ <6\I/nk ‘E[ — Enk‘ f’h\Pnk>MT ]

— Z[<\I/nk H f)h[ﬁ\I/nk?>MT
n,k
<f’ h¥nk 5\I’nk>MTa]

= =3 Y BOKGICK(@) (Prdisara® |H —end dhecr), .

nk G,G’
+C3(C)Cu( @) (W sqra®) | — e Prditser) |
=3 Y G @Ck (@) (@) | H — e Ph¢k+q+g,>
nk G,G’
+C3(G)6Cu(G) (Prdita(x) |H — e
= -) ) {i(G'-G - q)6C(G)Ck(G')
nk G,G’
X <¢ﬁ+q+c;(r) IH — Enk ¢‘§+G/> ML } (1.317)
=3 ) {i(G'-G + @)Cr(G)SCnk(G)

nk G,G’

X <¢ﬁ+c(r) ‘H - 5nk| ¢ﬁ+q+c;f> . } (1.318)

— Enk

H —enx

MT,

(51
Petrqrc’ > MTQ]

An important point at this stage concerns the translational properties of the atomic force.

As we are working in the forward-traveling-wave representation the corresponding first-order
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changes in the potentials and densities will translate like a Bloch-wave of wave-vector +q:
stV (r+T) = e T5tv(r), 6tp(r + T) = et 94T5tp(r). (1.319)

It has been shown in section (1.2.1) that a first-order change of the wave-function 61 W, (r)
at a certain k-point will contribute to the forward- as well as to the backward-traveling part
of the density response and restricted to one k-point these two contributions are independent
of each other. This property is also inherent in §~ W, (r). Only by exploiting time reversal
symmetry for the contributions stemming from the Brillouin zone points k and —k it was
possible to construct the density response §*p(r) from the sole knowledge of 6T W,(r) (for
all k-points in the entire Brillouin zone).

Returning to the atomic forces and still restricting ourselves to the forward-traveling-wave

representation the first-order force has to conform to the translational condition,
§TFT = eMaT§HRY = eTaTst R, (1.320)

with 67FX being the force acting on atom a in the unperturbed unit cell located at lattice
vector T. The contributions §TFqa1, 6T F&™ and §TFXF (Eqgs.(1.270) - (1.272), (1.278) -
(1.280) and (1.301) - (1.303)) fulfil this requirement as the radial expansion coefficients of
the soft contributions display the correct translational properties (compare with Eq.(1.115)
of section (1.3.3)). On the other hand term (1.317) as part of §7F,o translates like a
Bloch-wave with wave-vector —q and thus actually represents a force contribution in the
backward-traveling-wave representation. Therefore, if we take this term, assume that the
change in the wave-function stems from the solution of the Sternheimer equation in the

backward-traveling-wave representation, i.e.,

5 Um(r) = Y 6 Ca(G)di_qic(r) + Cu(Gi[6¥Sal*(k + G)of a(r), (1.321)
G<Gmax

(and thus also exchange q by —q) we will obtain the correct contribution to §tFqo. After
this correction the sum of (1.317) and (1.318) will now read:

S, = =) ) {i(G'-G + )6 Cpi(G)Cui(G')
nk G,G’

X (5 _qra(r) [H = n

$re), . }

MTy
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=Y {i(G'-G + q)Cr(G)6 T Cric(G)
nk G,G’

x <¢ﬁ () |H - enk‘ e +GI>MTQ ). (1.322)

By simple index manipulation for G, G’ and k in the sums over reciprocal space and over

the Brillouin zone respectively we obtain the following identity:

Y Y (GG + Q)8 Chi(G) Cuc(G) <¢g_q+c }H — e ¢§+G,>MT
nk G,G’ *
= Y D (G -G+q)6~Cy _«(-G')Cr—x(-G) <¢‘jk_q_G, }H — Enk ¢gk_G>MT :
nk G,G’ &
(1.323)
Using (1.323) and Kramer’s theorem [25],
Cr—x(—G) = C; 1 (G) and  6C, 2, (-G) = 6C, UG, (1.324)

6F!, can now finally be constructed having only solved the Sternheimer equation in the

forward-traveling-wave representation:

S, = =Y Y i(G'—G +q)C(G)§* Crk(G)
nk G,G’
[(Yfsc [ B — e

*

H- Enk} ¢ﬁ+G>MT ].

(1.325)

(87 (s3
' +
PicratG > MT. <¢k+q+G'

We now turn to the second contribution of the change of the wave-function in (1.316), i.e.,
Crnk(G)i(k + G)6Sadia(r)- (1.326)
Replacing §¥,,; in (1.307) — (1.310) by (1.326) we obtain:

FY = 3 3 (G -Gk + GYSLCK(GICal @) (i [ - e drcr) o

nk G,G’
+3° Y (@-G)(k + G)88alCiu(G)Cu(G) (dirc [H — emi| 8y ), -
nk G,G' «
(1.327)

With regard to the required translational properties of the first-order force we see that in
the first term of the right hand side of expression (1.327) we have to replace §S;, by 6S,.

This action produces the contribution from the first-order wave-function,

6™ Vo = Cuac Q)i + G)6¥S0] 85, (x).
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In a second step we apply simple index manipulation for G, G’ and k in the second term
of expression (1.327). Subsequent exploitation of Kramer’s theorem (1.324) enables us to

combine the two terms of expression (1.327):

§FY = Y Y {(G - G)[(k+ G)8Sa]Cr(G)Cri(G)
nk G,G'
<[4 [ —ene| dirar), .+ (Fhser |H — e ¢ﬁ+g>*MTa]}.(1.328)

Summarizing, the contribution 6F,s is given by:
6Fa2 = 6F, a2 + 6F”2 + 6F/”

= —sz Z(G/ G)Cr(G)Cri(G') {1 |6V ff!¢k+G’>MTa
nk G,G'

—iY > {(G'-G + q)Cy(G)§+Crk(G)

nk G,G’
o ] (o4 ' *
x[<¢k+G ’H - 5nkl ¢k+q+G’>MTa + <¢ﬁ+q+G’ 'H - enk‘ ¢ﬁ+G>MT 1}

+3° 3" {(G - @)[(k + G)8+80]C(G) Crae(G)
nk G,G’

X421 B —ene| S ), . T (Pac |H — en ¢ﬁ+g>;Ta]}. (1.329)
Using the abbreviations and definitions:
ark = Zan(G)A (k+ G), (1.330)
bk = Zan(G BZ (k+G), (1.331)
G
apy = ) GCu(G)A%,(k+G), (1.332)
G
b = ) GCu(G)Bg,(k+G), (1.333)
G
8V535(8) = VR (r) = + 3 (e Vi) (1.334)

the first term of (1.329) can be evaluated by implementing the following formulas:

\/_Z 3 (G- G)C(G)Cu( @) (s [0V 6y,

nk G,G’

(1trrap — o) [ o7t

nk Im
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\/EZZ([ nk *bnk [ank] bnk + [t ]*alm _[bnk]*a;:#)

nk I,m

x / SV (r)ua ()i ()2
_Z—EZZ([b"k*b"k (b *ppk / SVE(r)uf(r)ridr,  (1.335)

nk Im

and

—iy > > (G~ G)Cr(G)Cu(G) ($isc [6VEM VM| By o) par,
nk GG’ L>0,M

= -y > > GU,m,L,M,lI,m)

nk l,m,l';m' L>0M

x{ / lafur(r) + O (r)]* 8V ()] [ ur () + by ki (r)]rdr

- /0 [acur(r) + b (r)]* [6Vey (r) oy u (r) + byt (r)lrdr}.  (1.336)

To evaluate the second term we introduce the additional abbreviations:

fak = Z 6Cnk(G) AL, (k + q + G), (1.337)

sbpk = Zacnk(G)B;:n(k +q+G), (1.338)
G

sapy = ) GCu(G)AR,(k+q+G), (1.339)
G

Sbp = > GCu(G)BE(k+q+G). (1.340)
G

We thus obtain for the muffin-tin contributions:

-0} Y CadGICu(CH(¢hsa [T+ Vs — i B ),

nk G,G’
+<¢ﬁ+q+G/ T+ Vs — enk ¢ﬁ+G>*
= 2iq 3 Sl A B — enad + K 8] + BT LK — e

nk Im

(1.341)

and

~iY Y (€ - G)C(GCu( G (Whsc [T+ Virs — o] Baqcr)

nk G,G’
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T+f/esff — Enk

¢ﬁ+c>*M }

(3
+ <¢k+q+G' -

= —2zZZ[a K% (62| [Br — enk] + [ap]* [6b1X] + [BX]*[6b (B — ] i

nk Im

+2’ZZazm *[6aX] By — enac] + [agor]* (667 + (b2 (667X [B) — € N

nk Im

(1.342)

The contributions from the non-spherical potential are given by:

“iqz Z C;k(G)‘San(G/){<¢k+G Vei7| ¢k+q+G'>

nk G,G’
NS *
+ <¢ﬁ+q+G’ |Veff | ¢’ﬁ+G> MTa}

= -2iq) > > G(m,L,M,l',m)

nk l,m,l',;m' L>0,M

x{ / a7y () + by ()] [V ()] [aps () + 865 iy (r)|r2dr),
(1.343)

iy 3 (C ~ G)C(GSCu( G {(dE 1 V7 irarer )

nk G,G’
NS *
+ <¢§+q+G’ Vers | ¢§+G> MT,,}

= -2y > > GQ,m,L,M,l',m)

n,k I,m,l',m’ L>0,M

Ra
x{ /0 [a%‘ul(r) + b%kﬁl(r)]*[Vf‘M(r)][6a§f’:1,ulr (r) + 6b;f;§,'dy (r)r%dr

MTe

Ry
—/0 [alm w(r) + blm ay(r)]* [VLM(T)][(Sal,m,ul/ (r) + 6bl,m,'u.l/ (r)|r3dr}.
(1.344)

For the third term four more abbreviations are introduced:

all¥ = Z [(k + G)6S:]Cu(G) AL (k + G), (1.345)
L = Z[(k+G)éschnk<G)Blm(k+G), (1.346)
G

alp = Y G[(k+G)8SLCnk(G) AR, (k + G), (1.347)
G

b1k ) " G[(k + G)8SE|Crk(G) Bl (k + G). (1.348)
G
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The muffin-tin contribution is then given by:

+3° 32 (6 = &)k + C)SalCri( @) O G (946 [T+ V4 — o] 95 )
nk G,G’ MTs
+<¢ﬁ+c;' T+ Vs — enk ¢ﬁ+G>LTa}
= 23 a1 lap B - e + [0 bln] + (DB (B — el Ny
nk Im
~23" S a1 @B — e + [0l (] + BLE* bEX] (B — e Ny, (1.349)
nk Im

The term related to the non-spherical potential reads:
> D0 (G - @)k + @)SaIC(G) G @ (SR | Vi | 82 )
nk G,G’
NS *
+ <¢ﬁ+c’ Vers ‘ ¢ﬁ+G> MTa}

= 2> Y > GlmLMIm)

nk Lm,l';m! L>0,M

{ / [@ljmcu(r) +bLpin(r)]* [V (r)] o (r) + Byt (r)}r2dr

MT,

- /0 a1 (r) + b1 (7)) (Vi ()] [ (r) + by ()] dr). (1.350)

We remember that ), symbolizes the weighted sum over the occupied states (n, k):
S — > w(n, k)] (1.351)
n,k n,k

The term F,3 and its first-order change 6F,3: Due to the discontinuity of the second

derivative of the wave-function at the sphere boundaries the expression,
Far = 3  Winle) (~V2 = e V() A, (1.352)
n,k

represents a further contribution to the total atomic force. Inserting the plane wave repre-

sentation,

1 )
T(r) = 7 D " Crk(G)elkHOr, (1.353)
G

into expression (1.352) we obtain:

* 1 —i i !
Fas=) 3. CalGCuk(G)l(k+ G ~ el 5 f e @ikt Grgn,  (1.354)
nk G,G’
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In previous works [13, 34, 39] the surface integral in Eq.(1.354) was evaluated by substituting
each plane-wave by the atomic-sphere representation of its corresponding LAPW. This
substitution is justified by the fact that the LAPWs are continuous in value and slope
across the sphere boundaries. The essential part of the surface integral which then had to
be solved was of the form,

§ Yo (€)Y A
Rather tedious analytic simplifications then lead to force formulas F 53 which resembled very

much the structure of the formulas describing Fo; (Egs.(1.290)-(1.292)). In the current work

we propose an alternative approach to the evaluation of
1 S
a5 f (G -GIrga (1.355)

It is strongly oriented on ideas developed for the kinetic energy term in the Sternheimer
equation and does not require the knowledge of the atomic-sphere representation of the
LAPWSs: Similarly as in the derivation of A g’%d (Eqs.(1.157) and (1.158)) we can apply

the theorem of Gauss to the surface integral (1.355) and obtain:
1 ]{ (i@ -Grgp = 1 Vel (&' -CGr gy =—1—z’(G’ -G) / G’ —GrgBr  (1.356)
Q Q Jur. Q MT,

After inserting (1.356) into (1.354) Fo3 reads:

Faz= Y z'(G'—G)c:k(G)cnk(G'){(uG')2—enk]—é el(@'=CrdPr,  (1.357)
nk,G.G' MTe

with the volume integrals being explicitly given by:

[ e-onan- { 2R for (G- G)
MTs e R (Ro|G — G5 for (G -G)#£0
(1.358)

As formula (1.358) is needed for the set-up of the overlap matrix in the generalized eigenvalue
problem it is already coded in LAPW band structure programs. The modifications which
then have to be made to obtain F,3 are straight forward and can be implemented easily.
Thus Eq.(1.357) is of considerable practical use.

We now want to evaluate §F,3. For this purpose we return to expression (1.352) and

calculate its value after the displacement of the sphere, i.e.,

Fog" = Z j{ (@882 (2)]*(= V2 — £nac) U552 ()| rned A (1.359)
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where the index 8S, at the integral sign symbolizes the fact that the center of the sphere
is located at (Sq + 6So). Additionally we have already assumed that to first-order the
eigenvalue £,) does not change upon the phonon distortion. The interstitial wave-function

\Ilfg’(“ (r) for the distorted crystal up to first-order in the displacement will read:

T (r) = Y [Cuc(G)e EH O 4 5C (G)ellctatClr] (1.360)
G

Inserting (1.360) into (1.359) and only keeping terms up to first-order in the variational

coefficient we obtain:

. 1 (G-
F = )Y CudG)ICw(@)(k+G) —emdg ¢ ¢ dA,

nk G,G' 6Sa
* 1 (S -G
+Z Z 6an(G)an(Gl)[(k + G/)2 _ Enk]'ﬁ b e (G'-G q)rdAa
nyk G,GI =4
* 1 (G Lo
+Y D Ol @)SCu(@)(k+a+ @) —emdly ¢ eFHIDrdA,.
nk G,G’ 8Sa

(1.361)

To connect the surface integral over the shifted sphere to the one over the undisplaced

sphere we use the relation,
]f eKrdA,, = e'KOSa f{ e'KrdA,, (1.362)
88q
expanded up to first-order in the displacement:
iKr _ ; iKr
f e TdA, = (1 +1K6S,) 7{6 dA,. (1.363)
88a

Using (1.363) in (1.361) and subtracting the force contribution Fu3 given by term (1.354)
we obtain for the first-order change 6F,3:

* 1. (Q
bFas = 3 D Ci(G)Cudl @)k +G)? = el 5il(G' — G)8Sal f E~Crgp,
nk G,G’

* 1 (G —C—a)r
" 21; Z 6Crie(G)Crnk(G)[(k + G,)2 - Enk]ﬁ }[3 (G'=G-q)rgp
nk G,G’

* 1 ’L ! —
+3° Y Cal@)Cu(@)(k+ a+ G - cudy § £ H5aA,,
nk G,G’
(1.364)
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where in the second and third term the fact has been exploited that the products,
6CH(G)(G' =G -q)8S,] and  Cx(G)[(G'+ q— G)8S4),

are second-order quantities and thus to be excluded. To arrive at the final result two more
steps have to be taken: First we have to impose the right translational behaviour onto the
second term in (1.364) by replacing q by —q and the variational coefficient 6C;;, (G) by
6C, . *(G) (compare the more detailed discussion in section (1.3.7)). Second we combine
the second and third term of (1.364) by exploiting the time-reversal symmetry (Kramer’s
theorem (1.324)) of the wave-functions. Finally using relation (1.356) we obtain:

0Fo3 = — Z Z {(GI - G)C;k(G)an(G/)[(k + G,)2 - 5nk]
nk G,G’

[(G’ _ G)&Sa]%/ e’i(G’_G)rd3r}
M

=

+3 > {i(G - G +q)Cpx(G)6Cu(G)
nk GG’

(k+a+ @) + (e + G = 2egy [ O -Srargty,  (1.365)
MTe

with

1 iKr 33 Am 2 iKS,
- d —_— K o f .
ae r= Ql ‘RaJI(Ral |)e or K#O

The first sum in (1.365) is an alternative formulation of the term described in the third and

fourth line of Eq.(B9) in the publication of Yu et al. [26].
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Chapter 2

Raman-active phonons in
YBaQ CU307

More than ten years ago, in 1986, J. G. Bednorz and K. A. Miiller discovered supercon-
ductivity at ~30 K in La-Ba-Cu-O ceramics [43]. In the following years other copper-oxide
based compounds where synthesized which displayed even higher transition temperatures.
Two of the most prominent representatives of this new class of materials, generally termed
high-temperature superconductors (HTSCs), are YBagCuzO7 with T.=92 K [44] and the
layered structure HgBasCay-1CupOoniot+s (n < 5) [45]. In the case of n = 3 the T, of
the later compound is 136 K. The obvious technological implications of these findings — for
almost all HTSCs liquid nitrogen can substitute helium as the cooling medium - triggered
intensive experimental and theoretical research work all over the world. The complexity of
the thus opened scientific challenge is probably best reflected in the fact that until today a
universal picture of the microscopic mechanism causing these extraordinary transition tem-
peratures has not been obtained. The nonetheless impressive amount of knowledge gained
on the physical properties of HTSCs as well as the diverse efforts to develop valid theoret-
ical models have been summarized in various review articles, e.g. by Dagotto [46], Pickett
[47) and Ginsberg [48]. In the following introduction which should serve as a guideline and
additional source of information for the publications of this thesis, we focus our attention

mainly on aspects of zone-center phonons related to Raman spectra in YBayCuzO7.
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Figure 2.1: Primitive unit cell of YBagCu3zO7. The upper half of the cell is linked to the
lower half by inversion symmetry taking the location of the Y-atom as the origin.

2.1 YBa2CU3O7

YBayCuzOr (from now on abbreviated YBCQO7) has entered in history as the first material
with a critical temperature above the boiling point of liquid nitrogen (77 K). Its structure
is displayed in figure (2.1). It has an orthorhombic unit cell (space group Dgp,) with lattice
constants a = 7.22 a.u., b = 7.33 a.u., ¢ = 22.07 a.u. incorporating two structural elements
which are similarly found in many other copper-oxide based HTSCs and are of central
importance for the physical properfies of the compound. On the one hand there are copper-
oxygen layers being build up of the atoms Cu(2), O(2) and O(3). They are refered to as

CuQOq-planes. The copper atom is surrounded by five oxygen atoms constituting a pyramid
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with the apex oxygen O(4) located at its peak. This pyramid can be classified as a modified
perovskite structure!. On the other hand there are chains of alternating copper and oxygen
atoms (Cu(1) and O(1)) located along the b-axis of the crystal. The remaining atoms (Ba
and Y) mainly serve to stabilize the structure where in particular the rare earth does not
seemn to play a dominant role with respect to the mobile charge carriers: The yttrium ion can
be replaced with a whole series of rare earths (except Pr and Yb) with the resultant material
keeping not only superconducting properties but even the same transition temperature.
The phenomenology of the metallic behaviour of YBCO?7 is best described starting from
the ’parent’ compound YBayCu3Os (YBCOG6) which is structurally similar but does not
display superconductivity. In YBCOS6 the chains along the b-axis are oxygen depleted which
make the a- and b-axis equivalent and the structure thus tetragonal (space group Dy). This
material is an antiferromagnetic insulator. Upon increasing the oxygen concentration the
empty sites in the chains are gradually filled up. The resultant compounds YBasCu3Og1s
pass into the metallic regime at = ~ 0.4. For 0.4 < z < 1.0 the material is a superconductor
with T, being a function of doping. In this latter regime certain doping levels enable
the oxygen vacancies to form ordered superstructures, most prominent being the ortho-
IL-structure of YBasCu3Ogs [49] where only every second chain is fully occupied. On a
microscopic level the charge transport in all these metals is assumed to be located in the
qua.si-two—dimensional CuOs-plane with the oxygens in the chains functioning as a charge
reservoir: Due to their negative valency the chain oxygens attract electrons from the CuOs,-
planes and thus create holes which form the free charge carriers. Resistivity measurements
indicate that at room temperature their mobility in a and b direction is ~100 times larger
than in ¢ direction. Besides the high anisotropy of the resistivity there are several other
experimental results which do not conform to the behaviour expected of a conventional
metal. These results range from the anomalous temperature dependence of the resistivity
(at low temperatures no T2 term behaviour) to unusual features in the optical properties
(e.g. the frequency-dependent conductivity does not follow a simple Drude model). Whereas
certain results can be traced back to the pronounced anisotropic structure of the material
others seem to indicate that already the normal state in the YBCO compounds is partly
determined by strong correlation effects between the electrons. This automatically raises the

question if a conventional one-particle picture (band structure calculation within DFT) with

1A typical representative in the family of full perovskites would for instance be SrTiOs.
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possible refinements of the ansatz for exchange and correlation effects is capable of describing
the normal state of these materials correctly. The answer can be summarized as follows:
The non-conductive phase YBCO6 being a Mott-Hubbard-Isolator with a very strong on-
site Coulomb interaction can not be reproduced by band structure calculations based on
a local approximation (LDA, GGA) for exchange and correlations. On the other hand
many experimentally detectable features (e.g. Fermi surface and electric-field gradients)
of the metallic phase YBCO7 are very well described within the single-particle picture
[50, 51, 52, 53]. Nevertheless certain exceptions to this overall agreement could not and also
should not be ignored. They are valuable indicators for possible limitations of the method.
In this respect it is important to find the proper sources of the remaining deviations, offer
possible methodical refinements and in this way clearly establish the area of applicability
of band theory in these highly complex materials. This task was part of the underlying

motivation for the work presented in the papers of this thesis.

2.2 Raman-active phonons

The unit cell of YBCO7 consists of 13 atoms. At the center of the Brillouin zone the corre-
sponding 39 phonon branches of YBCO7 can be classified into three groups: Three acoustic
modes, 15 Raman-active modes and 21 infrared (IR)-active modes. That no Raman-active
mode can be IR-active and vice versa is a direct consequence of the existence of an inversion
center in the crystal and implies that the Raman modes posses even and the IR modes odd
parity. Consequently, atoms which are located at a center of inversion can not contribute
to the eigenvector of a Raman mode. In YBCO7, the Y, Cu(1) and O(1) atoms fall into
this category. The remaining elements Ba, Cu(2), O(2), O(3) and O(4) appear as pairs of
equivalent atoms which are connected by inversion symmetry. According to the condition
of even parity the atoms of each pair move in opposite directions. Further group theoretical
analysis of the 15 Raman modes yields the following vibrational patterns: Five modes are
of Aj,-symmetry with the five atoms moving in z-direction (c-axis). Another five modes
are of By,-symmetry with vibrations along the z-direction (a-axis). The remaining five
modes are of Ba,-symmetry with the atoms moving parallel to the y-direction (b-axis). In
principle, it is possible that in each symmetry class all eigenvectors involve motions of all
five pairs of atoms. No a priori assumption based on symmetry arguments can be made

to decouple the contributions. Consequently, in the corresponding dynamical matrices 15
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independent elements (diagonal and off-diagonal elements) have to be determined. From an
experimental point of view this represents a formidable task and requires very precise spec-
troscopic investigations where the atoms are properly substituted by corresponding isotopes
(e.g. O —O0'8, Bal® —,Bal3t Cuf? —Cu®). With regard to the Raman modes, only
the isotope substitution of Ba and Cu(2) within the Aj4 modes revealed a quantitative value
of the corresponding elements in the dynamical matrix [54, 55]. Raman measurements on
site-selective oxygen-substituted samples have also been performed but only give a qualita-
tive description of the admixture. The overall mode assignment obtained for the Aj; modes
can be summarized as follows [56): The lowest-lying frequency (115 cm™!) is dominated
by Ba-vibrations, the next one (150 cm~1) by Cu(2)-vibrations. Both modes are strongly
decoupled from the oxygen vibrations. The structure of the Raman tensor for the mode
at 340 cm~! revealed that it must be dominated by the out-of-phase motion of O(2) and
O(3). The key to this assignment is found in the fact that this is the only mode which
does not display near-tetragonal symmetry and should thus correspond to a Bjg mode in
YBCO6 where O(2) and O(3) are equivalent atoms. The relation between certain elements
of the Raman-tensor with regard to their sign is then distinctly different from the other four
modes. It can thus be distinguished particularly from the two other oxygen modes at 440
cm=! and 500 cm~. Although the latter one is dominated by motions of the apical oxygen
O(4) and the former one by the in-phase motion of O(2) and O(3) both modes display
considerable admixture of all three atoms. Turning to the Bag and B3, modes, the informa-
tion gained from Raman scattering is very much restricted to frequency values whereas the
mode assignment was basically done through a sole comparison to lattice dynamical model
calculations [56]. We return to these vibrations when discussing corresponding ab-initio
frozen phonon calculations. For now we only note that investigations into the Bag and Bs,
modes are very much hampered by the fact that their Raman signal is well over 100 times
less intense than that observed for the typical Aiy modes.

The knowledge of proper mode admixture, frequencies and also possible anharmonicities
in the phonon potentials are necessary ingredients in the calculation of interactions be-
tween the crystal lattice and the electronic system. The resulting electron-phonon coupling
parameters could contribute to a fuller understanding of the role phonons play in the super-
conducting pairing mechanism. From an experimental point of view several unusual features
in the Raman spectra of YBCO7 indicate the significance of a quantitative understanding

of such interactions. The following examples taken from the A, modes should illustrate
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the situation: (i) The O(2)-O(3) phonon mode displays sharp anomalous softening when
the sample passes through the transition temperature upon cooling [57]. In the region T>
T, a decrease of the temperature hardens the mode as expected from a normal metal. By
the application of magnetic fields the effect of softening could be proved to be dependent on
the occurrence of the superconducting phase in the material [58]. (i) A significant phonon
self-energy effect is also observable in the asymmetric line shape (Fano-lineshape) of the
0(2)-O(3) as well as of the Ba mode. This effect occurs in the normal as well as in the
superconducting state [56, 59]. (iii) The phonon frequency of the apex oxygen mode (~500
cm™~!) softens dramatically with increasing temperature [60]. Additionally the intensity of
the corresponding peak in the Raman spectrum displays a pronounced decrease.

After this short detour into experimental findings we now want to return to the theoretical
investigation of eigenfrequencies and eigenvectors of phonons in YBCO7. Over the last
decade two main theoretical paths have been taken to obtain information on the lattice
vibrations of this very complex structure. The first one is based on traditional or modified
shell-model calculations and yields dispersion curves throughout the entire Brillouin zone
[61, 62, 63]. The second one utilizes the ab-initio frozen phonon technique and is limited
to high-symmetry phonons at the zone center and the zone boundary [64, 65]. In the
shell model approach the electronic polarization is usually taken into account in the dipole
approximation, the long-range interactions are described by Coulomb potentials and for the
short-range forces Born-Mayer potentials are assumed. Although this model is designed
to reflect lattice vibrations of purely ionic crystals it still gives a first valuable idea of the
phonon dispersion also for YBCO7. To illustrate the thus obtained accuracies we list results
for the 15 Raman modes in Table (2.1).

The shell model underlying the data [62] in table (2.1) is using a limited number of
interaction potentials (and thus fit-parameters) to produce a 'physical picture’ behind the
calculated frequencies. Additionally, renormalization due to free charge carriers is not taken
into account. Although these assumptions are rather crude the results are nevertheless of
practical usage. This is particularly true with respect to the interpretation and mode as-
signment of experimentally obtained spectra. At the same time one has to notice that
certain modes (e.g. oxygen dominated modes with in-plane polarization) show strong de-
viations from measured data. This might be attributed to metallic screening but has not

been systematically investigated?. One also has to be aware of the general fact that when

2The effect of metallic screening is particularly important in the case of LO-TO splitting of IR-active
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Table 2.1: Raman-active optical phonons at q = 0 in em~! calculated from a shell model
[62] compared to experimental data [56, 66, 67, 68|.

Mode Symm. | Theory | Exp. | Rel. deviat.
Ba Ay 115 112 +3%
Cu(2) Ay 157 154 +2%
0(2)-0(3) Ay 353 340 +4%
0(2)+0(3) | Ay 377 440 -15%
0(4) Ay 509 500 +2%
Ba Bag 70 70 0%
Cu(2) Bag 142 142 0%
0(4) Bog 346 210 +65%
0(3) Bog 428 370 +16%
0(2) Bayg 584 579 +1%
Ba Bag 91 83 +10%
Cu(2) Bag 137 140 -2%
0(4) Bag 411 303 +36%
0(2) Bsg 490 - -
0(3) Bag 545 526 +4%

choosing the fit-parameters in a shell model (e.g. Born-Mayer constants, ionic charge, shell
charge, etc.) the point of orientation are the eigenvalues of the measured phonons. As a
consequence the whole uncertainty of the model calculation is embedded in the admixture
of the resulting eigenvectors. Needless to say that this is particularly relevant for complex
structures. A detailed picture of mode admixture which is required for the calculation of
electron-phonon coupling constants (reflected in physical quantities like life time of phonons
or transition temperatures in conventional superconductors), inelastic neutron scattering in-
tensities or Raman spectra is usually not obtainable in this approach. The method of choice
to calculate eigenvectors on the same footing as eigenfrequencies is the frozen phonon tech-
nique based on first-principles band structure calculations. It not only opens the door to
establish phonon potentials without adjusting parameters to experimental data but also
lends itself conveniently to the investigation of possible anharmonic terms in these poten-
tials. In YBCO?7 this possibility has for instance helped to resolve the question on the
existence of a double well in the apex-oxygen mode (500 cm™!) proposed by certain experi-

ments. The importance of such a scenario lay in the fact that a strong anharmonicity could

modes. By combining an ionic shell model with an ansatz for the long-range part of the electron-phonon
coupling the experimental observed suppression of this splitting in YBCOT could be theoretically reproduced
at least for the in-plane polarized modes [69].
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possibly have explained the anomalously small isotope effect on the transition temperature
in this compound — an experimental finding not being compatible with conventional BCS
theory. In this respect frozen-phonon computations clearly indicated that although slightly
anharmonic in shape the corresponding potential only exhibits one minimum [70]. This
theoretical prediction was then confirmed by the majority of experiments (for a review see
e.g. [T1]).

At the start of this thesis a systematic approach to the Raman-active vibrations in YBCO7
via the frozen-phonon technique had already been carried out by two groups. Andersen et
al. had used the LMTO method to compute the five A, modes [64, 72] whereas Cohen et
al. [65, 73] utilized the LAPW method to calculate all 15 Raman modes. Both approaches
had in common that they (i) used an LDA-functional to treat exchange and correlation
effects, (i) interpolated the energy surface on the sole basis of total energy values, (iii) used
the experimental volume rather than the theoretically optimized one which was estimated
to lie approximately 6% lower. Additionally the LAPW calculations did not fully take into
account the optimized c-axis positions of the five atoms taking part in the vibrations. In
both works, the agreement with experimental data was reasonably good. On average the
calculated frequency values lay in the range of deviation of —10%. Nevertheless certain
shortcomings of the results did not appear to have trivial sources of errors. This was
of particular interest to us as we aimed to examine the overall validity of a consistent
band-structure calculation for the description of vibronic properties of YBCO7. The most
pronounced questionable features concerned (i) the strong deviations from experimental
data in the mode admixture of the Ba- and Cu-dominated modes (A14-symmetry), (ii) the
frequency value of the O(2)+0(3) mode (Aig, 440 cm™!) and the O(4) mode (Bgg, 303
cm™!) which came out 18% and 15% too low, respectively, in the LAPW calculations, (iii)
the generally poor agreement in the mode admixture of the Ai, modes between the LMTO
and LAPW results. '

To investigate into these problems, this thesis refocuses on the establishment of the full dy-
namical matrix of the Raman modes using the frozen-phonon technique within the WIEN97
FLAPW code [31]. Several alterations to the aforementioned calculations have consecutively
or simultaneously been implemented. They concern the following aspects: (i) The energy
surface is established on the basis of atomic-force rather than total-energy data. The cor-
responding increase of information allows us to fully optimize the c-axis parameters of the

five atoms and to investigate into possible anharmonicities of the diagonal as well as off-
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diagonal elements of the dynamical matrix. (ii) The LDA functional was substituted by the
more sophisticated GGA (Generalized Gradient Approximation) functional. (iii) Within
the LDA approach the three lattice parameters a, b, ¢ were fully optimized prior to the set
up of the dynamical matrix. As a by-product, this process of optimization enabled us to
calculate the pressure dependence of the Ay frequencies and the bulk modulus of YBCOT.
An overall aspect in all these investigations was the careful exclusion of shortcomings due to
poor convergence in the band structure calculations. The k-point sampling in the Brillouin
sone and the number of LAPW basis functions included in the eigenvalue problem were of
particular concern.

The results are published in the appended papers. The basic topics of each publication

can be summarized as follows:

P1 The eigenvectors and eigenfrequencies of the five Ay, modes are calculated on the basis
of experimental lattice constants using atomic-force data obtained within the LAPW

method. Exchange and correlation effects are treated within the LDA.

P2 The improvements obtained in the calculated frequency values of the Ajy, modes due

to the employment of a GGA potential are presented.

P3 A detailed investigation into the effect of GGA on the Ay, modes is performed. An
analysis of atomic-force data as well as a comparative study to the results based on

LDA calculations is presented.

P4 Certain elements of the dynamical matrix resulting from GGA calculations are directly
compared to values obtained from isotope-substitution experiments. In this context,
experimentally determined mode admixtures are verified. In a second section of the
paper, a model calculation for the temperature dependence of the 500 cm™! mode

based on an ab-initio calculation of the dielectric tensor is presented.

P5 The relation between the effect of overbinding caused by the LDA and the vibronic
properties of YBCOT7 is investigated. For this purpose the Ajg modes are calculated

for a unit-cell volume which lies three percent below the experimental one.

P6 A full optimization with regard to lattice parameters and internal coordinates is per-
formed for YBCO7. At the thus obtained equilibrium structure the A,, phonons are

calculated and compared to experiment. Further on, the volume coefficients of the
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phonons, the bulk modulus and the changes in the Fermi surface are studied for this

'LDA-consistent’ structural parameters.

P7 The influence of pressure on phonons and structural parameters (bond length, lattice

parameters) is investigated.

P8 The frequencies of the Byy and By modes are calculated for the optimized structural
parameters and compared to experimental values. In a second section, the oxygen
ordering in YBayCu3Og5 is studied by means of Monte-Carlo simulations based on

ab-initio total energy calculations.

P9 First-principles Raman studies for the A, modes calculated for the optimized lattice
parameters as well as the complete eigenvector composition of the Byg and B3y modes

are presented.
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Summary

This thesis is concerned with two aspects of the frozen-phonon technique — an ab-initio
method to study the lattice dynamics of a crystal.

In the first part of the work a complete formulation of the iterative linear-response (ILR)
scheme for crystalline solids within the framework of the linearized augmented plane-wave
(LAPW) method is presented. It serves to calculate frequencies and eigenvectors of lattice
vibrations (phonons). In terms of practical applications it is equally amenable to high- and
low-symmetry q-vectors characterizing the phonon. The scheme is based on the application
of first-order perturbation theory to the Kohn-Sham orbitals where the perturbing potential
is the dipole field generated by the phonon-induced displacements of the nuclear point
charges. The self-consistency between the charge response of the electronic system and
the total change of the crystal potential is obtained via an iteration process. To link the
thus obtained first-order changes of the potential, the density distribution and the Kohn-
Sham orbitals to the dynamical matrix the concept of first-order atomic forces is used. The .
formulation of the scheme is very much designed to adapt and extend the merits of available
practical realizations of the traditional LAPW method. In this respect analytical expressions
are provided which are well suited for a direct implementation into existing ground-state
all-electron LAPW band structure programs. The charge response of valence as well as core
electrons is fully taken into account. Of particular importance is the development of efficient
algorithms which reduce the complexity of specific aspects related to the calculation of the
first-order Hamiltonian and overlap matrices.

In the second part of this thesis I present first-principles frozen-phonon calculations of
the 15 Raman-active modes in the high temperature superconductor YBaoCuzO7. In order
to obtain detailed and reliable information on the shape of the underlying energy surface

a large number of highly converged atomic-force values is extracted from the related band
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structure calculations. By employing different functionals to treat exchange and correla-
tion effects the origins of deviations between calculated phonon quantities (frequencies and
eigenvectors) and their experimentally determined counterparts are investigated. Calcu-
lations based on the traditional local-density-approximation (LDA) functional which are
performed at experimental lattice constants yield frequency values approximately 10% be-
low the experimental data. In this respect it is then found that the application of the
generalized gradient approximation (GGA) particularly improves the frequencies of the Ba-
Cu dominated A;, modes significantly. In contrast to previous work done in this field a
perfect description of the eigenvector composition of these modes is also achieved. The
deviations between theory and experiment are then alternatively investigated by a full op-
timization of the structural parameters (internal coordinates and lattice constants) prior
to the frozen-phonon calculations. In this approach an LDA functional is used. This opti-
mization provides a theoretical framework in which an overall excellent agreement between

theoretically and experimentally determined frequency values is obtainable.



