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Chapter 1

Introduction

Superconductivity is characterized by the loss of electrical resistance when a material is cooled
below its critical temperature Tc. This phenomenon is clearly desirable for numerous technical
applications. However, the earliest identified superconductors needed to be cooled with liquid he-
lium to temperatures near absolute zero, which limited their practical applications. This sparked
interest in the search for materials with higher transition temperatures, so called high-Tc supercon-
ductors. Shortly after the discovery of high-Tc superconductivity in a La-Ba-Cu-O compound [1],
the superconductor YBa2Cu3O6+x was discovered in 1987, exhibiting remarkable transition tem-
peratures of up to around 92 K, for x = 1 [2–6]. It was the first observation of superconductivity
above the boiling point of liquid nitrogen (77 K) [2] and expanded the practical applications of
superconductors significantly, as liquid nitrogen is much cheaper than liquid helium [2, 7]. Since
then, many other high-Tc superconductors were discovered [8], but up to today there is no gen-
erally accepted theory of high-Tc superconductivity [3, 9]. Yet, it is known that in the cuprates,
their CuO2 planes and the ordering of oxygen atoms and vacancies play a key role [3,10,11]. This
work is dedicated to studying the effects of oxygen vacancy ordering on the energies and lattice
constants of YBa2Cu3O6+x and to search for stable ground states in the range of 0 ≤ x ≤ 1.

One approach to studying YBa2Cu3O6+x, is the Hubbard model, which incorporates electron-
electron interaction in the parameters of a model Hamiltonian. We choose another approach,
employing ab initio calculations with Density Functional Theory (DFT), which is a powerful tool
to investigate material properties [12–14]. The two methods can be combined within the framework
of DFT+U. The introduction of a Hubbard U parameter can correct the band structure in DFT
calculations of YBa2Cu3O6, which fails to exhibit a band gap when local or semi-local xc-functionals
are used, although more complex functionals, like SCAN [15], accurately reproduce it [16,17]. We
are mainly interested in the system’s energetics and lattice constants. A DFT+U study revealed
that choosing U > 0 did not improve the lattice constants compared to experimental values [18].
Also, the choice of U is not obvious [19], and its introduction limits the predictive power of
the calculations [16]. Consequently, we decided against incorporating a Hubbard parameter and
instead prioritize a true ab initio approach, ensuring that no experimental values enter our DFT
calculations. The calculations are performed with the all-electron code FHI-aims [20] and the xc-
functional PBEsol [21,22]. The results are combined with cluster expansion (CE) [23] and machine
learning methods, using the CE code CELL [24] and the scikit-learn python library [25]. This
allows us to explore a vast configurational space. We optimize CE models for energy and lattice
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constants and predict the energies of more than 48,800 configurations across 29 compositions.
At least six ground states are identified at a temperature of T = 0 K. We perform statistical
thermodynamics simulations, using Metropolis Monte Carlo sampling [26, 27], to examine the
properties at finite temperatures, particularly the behavior of lattice constants at varying oxygen
concentrations.
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Chapter 2

Physical properties of YBa2Cu3O6+x

This chapter reviews physical properties of YBa2Cu3O6+x with 0 ≤ x ≤ 1. In particular, we
briefly discuss its high-Tc superconductivity and examine the physical properties studied in this
work, such as its crystal structure and the tetragonal-orthorhombic phase transition and summarize
corresponding experimental results from the literature [28,29] for later comparison to our results.

2.1 High-Tc superconductivity

As mentioned in the Introduction, the Y-Ba-Cu-O compound, synthesized for the first time in 1987
[2], was the first superconductor to be discovered with a transition temperature above the boiling
point of liquid nitrogen [2]. This was a breakthrough in the field of superconductivity [2,7], enabled
by the discovery of high-Tc superconductivity in a Ba-La-Cu-0 compound by Bednorz and Müller [1]
one year prior. While conventional superconductivity can be described in terms of electron-phonon
coupling in the Bardeen–Cooper–Schrieffer (BCS) theory [30], this is not the case for cuprate
high-Tc superconductors, such as YBCO compounds [9]. Those materials are structurally highly
anisotropic, and also the resistivity in their CuO2 planes is much smaller than the out of plane
resistivity [3,31]. Additionally, they are characterized by strong electron correlation, i.e. electrons
are far from being considered as independent particles, and the requirements of the standard
BCS theory [30] are not fulfilled. The high transition temperatures cannot be explained solely
by electron-phonon coupling [32] and currently, no generally accepted universal theory for high-Tc

superconductivity exists [3, 9].

However, it is known that superconductivity in YBa2Cu3O6+x (and other cuprate superconductors)
is related to the concentration and ordering of the oxygen atoms [3, 10, 11, 33–36]. Experimental
results show an increase in transition temperature with increasing oxygen content [29, 37] as well
as a time delayed increase in transition temperature that is explained by the ordering of oxygen
atoms and vacancies in the material [29, 33, 35]. For YBa2Cu3O6+x, stable structures could be
synthesized for x in the range 0 ≤ x ≤ 1 [38]. Starting from an antiferromagnetic insulating parent
phase at YBa2Cu3O6 (x = 0), the oxygen concentration is increased and superconductivity becomes
possible from about YBa2Cu3O6.35 (x = 0.35) [34] with increasing transition temperature reaching
Tc ≈ 92 K for YBa2Cu3O7 [3–6]. Our work is limited to this range of oxygen concentrations.
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Table 2.1: The Wyckoff positions of the tetragonal phase YBa2Cu3O6 (top) belonging to the
P4/mmm space group (123) and the orthorhombic phase YBa2Cu3O7 (bottom) belonging to the
Pmmm space group (47) based on the description of Rayaprol and Kuberkar [39].

Atomic species Wyckoff site Position

YBa2Cu3O6

Y 1d (1/2, 1/2, 1/2)
Ba 2h (1/2, 1/2, 0.1914)
Cu1 1a (0, 0, 0)
Cu2 2g (0, 0, 0.3590)
O1 4i (0, 1/2, 0.3790)
O2 2g (0, 0, 0.1508)

YBa2Cu3O7

Y 1h (1/2, 1/2, 1/2)
Ba 2t (1/2, 1/2, 0.1854)
Cu1 1a (0, 0, 0)
Cu2 2q (0, 0, 0.3555)
O1 1e (0, 1/2, 0)
O2 2q (0, 0, 0.1568)
O3 2r (0, 1/2, 0.3790)
O4 2s (1/2, 0, 0.3781)

Superconductivity is not explicitly investigated in this work, but by studying the effects of oxygen
vacancy ordering on the materials properties, we aim at contributing to a better understanding of
cuprate high-Tc superconductors.

2.2 Crystal structure

We now take a closer look at the YBa2Cu3O6 and YBa2Cu3O7 which define the limits of the
considered oxygen concentration range, and which will be referred to as "reference structures"
from now on. YBa2Cu3O6 has tetragonal crystal symmetry, such that lattice constants a = b ̸= c,
and belongs to space group P4/mmm (123). Its Wyckoff positions are shown in the upper part of
table 2.1 [28, 39]. YBa2Cu3O7 has orthorhombic crystal symmetry, such that all lattice constants
are unequal a ̸= b ̸= c. It belongs to space group Pmmm (47) and its Wyckoff positions are shown
in the lower part of table 2.1 [28,39].

YBa2Cu3O6+x is characterized by a layered perovskite structure, where copper oxide planes alter-
nate with planes containing yttrium and barium cations [3]. The respective unit cells are illustrated
in Fig. 2.1. Yttrium atoms are depicted in cyan, barium atoms in green, copper atoms in bronze
and oxygen atoms in red, while vacancies are represented as empty circles. The CuO2 planes
are indicated with a label next to them. A single yttrium atom is located at the center of the
conventional unit cells, with no oxygen atoms present in the plane along the a and b directions sur-
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Figure 2.1: The conventional unit cells of YBa2Cu3O6 (left) and YBa2Cu3O7 (right) visualized by
using ASE [40] and matplotlib [41] are shown. Yttrium atoms are colored in cyan, barium atoms
in green, copper atoms in bronze and oxygen atoms in red. Vacancies are shown as empty circles.
CuO2 planes are indicated with a label next to them. The differences in occupation between both
structures can be seen in the bottom/top cell of the unit cells, where for YBa2Cu3O7 two oxygen
atoms (one per primitive unit cell) are inserted.

rounding it. In contrast, four oxygen atoms are found in the corresponding planes around the two
barium atoms. As demonstrated in Fig. 2.1, YBa2Cu3O6 (illustrated on the the left) lacks oxygen
atoms within the planes between the barium atoms (the bottom and top plane of the illustrated
unit cells). The introduction of oxygen atoms into these planes results in the formation of Cu-O
chains along the b direction, as is visible in the structure of YBa2Cu3O7 (see right-hand side).

In Tab. 2.1, Cu1 corresponds to copper atoms in these planes, which in YBa2Cu3O7 are part of the
Cu-O chains, while Cu2 atoms belong to the CuO2 planes, present in both structures. The oxygen
atoms, added by doping YBa2Cu3O6, introduce hole charge carriers that distribute non-uniformly
between the CuO2 planes and Cu-O chains [31]. YBa2Cu3O7 is considered to be slightly overdoped,
such that the maximum transition temperature of Tc ≈ 94 K is not reached at x = 1 exactly, but
shortly before [3, 42]. YBa2Cu3O7 is referred to as ortho-I phase, whereas the ortho-II phase is
an orthorhombic phase corresponding to the composition YBa2Cu3O6.5 [3]. In the ortho-II phase,
Cu-O chains alternate with Cu chains, meaning that one of the oxygen sites occupied YBa2Cu3O7

remains empty.

2.3 Tetragonal-orthorhombic phase transition

As mentioned before, the doping of oxygen atoms in the insulator parent phase YBa2Cu3O6 en-
ables superconductivity starting approximately at values of x = 0.35 [3, 34]. All phases for which
superconductivity appears are orthorhombic and the tetragonal to orthorhombic phase transition
takes place close to oxygen concentrations for which superconductivity becomes possible [31,43].

Figure 2.2 depicts experimental results for the lattice constants a (red), b (blue) and c (gray) with
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Figure 2.2: Experimental results for the lattice constants of YBa2Cu3O6+x. Results by Pietraszko
et al. [28] are shown as triangles and solid lines, results by Jorgensen et al. [34] as crosses and
dotted lines, results by Cava et al. [29] as squares and dashdotted lines. Later results by Cava
et al. [43] are shown as stars and dashdotted lines. Results by Gallagher et al. [38] are shown
as diamonds and dashed lines. On the left hand side, lattice constants a (red) and b (blue) are
shown and on the right hand side lattice constant c (gray). Tetragonal symmetry is broken with
increasing oxygen content.

respect to oxygen content, revealing the phase transition. There is a notable variability between
the results of different experimental works; therefore, we show the results from five studies that
reflect this variability. Pietraszko et al. [28] fired samples at temperatures from 450 °C to 950
°C [28] and measured at room temperature. Their results are shown as triangles and solid lines.
Jorgensen et al. performed neutron powder diffraction on samples quenched from diverse oxygen
partial pressures at 520°C into liquid nitrogen [34]. Their results are shown as crosses and dotted
lines. Cava et al. reported measurements in two papers in 1987 [29] and 1990 [43]. In the first
paper, measurements are performed using neutron diffraction at room temperature on samples
annealed between 360 °C and 520 °C. These results are shown as dash-dotted lines and squares.
In the second work, measurements are performed at T = 5 K on samples annealed at 440 °C.
These results are shown as stars and dash-dotted lines. Results by Ghallager et al. [38] are taken
from Fig. 7 of their paper and digitized. The data is shown as diamonds and dashed lines. The
corresponding standard deviations for each experiment are provided as error bars. In some cases,
the error bars are smaller than the plot symbols. The figure shows that small values of x in
YBa2Cu3O6+x correspond to phases with tetragonal symmetry, such that lattice constants a = b.
The oxygen concentration, for which a phase transition is observed, varies between the experiments:
The results of Pietraszko et al. show a break of tetragonal symmetry between 0.16 < x < 0.3 [28],
whereas Cava et al. [43] still observe tetragonal symmetry around x ≈ 0.35 and find orthorhombic
symmetry at x ≥ 0.45. However, in their previous work [29] they found orthorhombic symmetry
around x = 0.3. Jorgensen et al. find tetragonal symmetry at x ≈ 0.34 that is broken for their
next data point at x ≈ 0.38 [34]. The results by Ghallager et al. show that the transition occurs
between 0.13 < x < 0.47 [38]. Concerning the lattice parameter c, Cava et al. in their later
work and Pietraszko find a sharp decrease in slope around x ≈ 0.4, becoming less steep around
x ≈ 0.45 [28,43], whereas a more linear behavior is found in the other experiments [29,34,38]. The
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Figure 2.3: Bottom plane of the YBa2Cu3O6+x parent lattice. Copper atoms are shown in bronze;
their occupation is fixed. The substitutional sites can be either vacant (empty circles) or occupied
by an oxygen atom (red filled circles). There are two substitutional sites, resulting in four possible
configurations. Cases two and three are equivalent due to the symmetry of the parent lattice. Case
four is not part of the considered concentration range.

following lattice constants trends with increasing oxygen content are clearly visible in all results:
Lattice constant b increases with increasing oxygen concentration, whereas lattice constants a and c
decrease with increasing oxygen concentration. The overall cell volume decreases [28,29,34,38,43].

2.4 Combinatorial explosion

The methods used to study YBa2Cu3O6+x in this work will be outlined in the next chapter. First,
we introduce the combinatorial explosion in the feature space of YBa2Cu3O6+x, to motivate the
choice of our methods. DFT calculations, which are used to determine material properties and will
also be introduced in the next chapter, are computationally demanding for large unit cells. This
is particularly relevant in this thesis, as the explored configuration space is extensive, making it
impossible to be studied solely with DFT calculations. To illustrate the necessity of applying cluster
expansion combined with machine learning methods, we will now demonstrate the combinatorial
explosion.

With regard to YBa2Cu3O6+x, there are only two lattice sites per smallest primitive unit cell, whose
occupancy is not fixed. Depending on the configuration, these sites (called substitutional sites) are
either occupied by an oxygen atom or vacant. The smallest primitive unit cell of configurations of
YBa2Cu3O6+x, which corresponds to the unit cell of YBa2Cu3O6, is called parent lattice. Since
both substitutional sites are in the same plane of the crystal, the one between the barium atoms,
we only focus at this plane in the following. It contains copper atoms, whose occupancy is fixed,
as well as the substitutional sites. In Fig. 2.3, as before, copper atoms are shown in bronze and
substitutional sites are depicted by an empty circle for a vacancy or a red filled circle for an oxygen
atom. Considering the parent lattice, there are 22 = 4 possible configurations: Both substitutional
sites are vacant (x = 0, panel 1); one substitutional site is vacant and the other one is occupied by
an oxygen atom (x = 1, panels 2 and 3); or both substitutional sites are occupied by oxygen atoms
(x = 2, panel 4). Due to the symmetry of the parent lattice, cases two and three are equivalent. As
discussed previously, the relevant concentration range corresponds to values of x between 0 and 1,
so there are only two unique possibilities in this range, which relate to the structures YBa2Cu3O6

and YBa2Cu3O7. These two structures will be used as references to define the energy of mixing,
which is introduced in a later chapter. We can calculate their properties using DFT. To consider
structures with intermediate oxygen concentrations, we need to construct larger super cells. Let us
consider a super cell four times as large as the parent lattice, for which there are 22·4 = 28 = 256
possible configurations. Considering further the crystal symmetry and the relevant concentration
range, around 100 unique configurations exist. Regarding super cells up to nine times as large
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Figure 2.4: Number of unique configurations with logarithmic scaling in relation to different sized
super cells, demonstrating the combinatorial explosion for YBa2Cu3O6+x. The blue line shows the
number of unique configurations for the whole concentration range, meaning that we go from the
case, where all substitutional sites are empty to the case where all substitutional sites are occupied
by oxygen, i.e., 0 ≤ x ≤ 2. The red line depicts the number of unique configurations for the
reduced concentration range 0 ≤ x ≤ 1 that is studied in this thesis.

as the parent lattice, there are 22·9 = 218 = 262, 144 possible configurations, from which more
than 80,000 are unique and more than 46,000 unique configurations are within the relevant oxygen
concentration range. This sharp increase in the number of configurations with increasing super cell
size is typical of substitutional systems and is called combinatorial explosion. It shown in detail
in Fig. 2.4 for YBa2Cu3O6+x. The blue line represents the number of unique configurations for
the whole oxygen concentration range (0 ≤ x ≤ 2), while the red line corresponds to the relevant
concentration range (0 ≤ x ≤ 1). A logarithmic y-axis scale is employed.

For even larger super cell sizes, as needed for considering finite temperature properties, it becomes
practically impossible to perform this many DFT calculations. Instead, we make use of the CE
method: Rather than carrying out one calculation for each possible structure, we perform cal-
culations fo a limited amount of structures: the training set. We build a model to explore the
relationship between a property and the configuration, and to predict the property for materials
beyond the training set. The latter is accomplished using machine learning methods. This way, one
can achieve a numerical precision similar to that of DFT calculations, while being able to predict
the properties of a large number of structures in a numerically efficient way. These methods are
introduced in more detail in the next chapter.
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Chapter 3

Theoretical background

In this chapter, we outline the theories and methods employed in this work. We introduce the
mathematical formalism of CE and give an overview of machine learning methods that are ap-
plied in this work. We explain for which use cases the nonlinear cluster expansion method [44]
is recommended and introduce approaches for the non trivial task of structure selection within
cluster expansion [45, 46]. Finally, we explain statistical thermodynamics simulations based on
Metropolis Monte Carlo sampling [26,27]. The variety of methods introduced in this chapter lays
the foundation for the results discussed in Chap. 4.

3.1 Density functional theory

A solid is made up of atoms that are arranged in a crystalline periodic structure. To describe
the physical properties of a material, in particular its electronic structure, we need to solve the
many-body Schrödinger equation. Even when splitting the problem into an electronic and a nuclear
contribution, we still need to deal with many-electron wavefunctions. However, in the case of solids,
we cannot solve this equation using many-body wavefunction methods. A clear demonstration of
this is known from the Nobel lecture of Walter Kohn, where it was shown that the wavefunction
of a material with one thousand or more electrons is too large to even be stored in the whole
universe [47].

DFT is based on the idea that instead of dealing with many body-wavefunctions that depend
on three spatial coordinates for each electron, we can work with the electron density that only
depends on three spatial coordinates in total. The theorems of Hohenberg and Kohn [12] laid the
groundwork for DFT. They showed that, for a system of interacting electrons, the total energy can
be expressed as a unique functional of the electron density, n(r), that is minimized by the ground
state density n0(r) [12]. This functional enables us to describe all kinds of many-electron systems
in terms of electron densities, but unfortunately its exact form remains unknown. An approach of
how to approximate this functional was formulated later by Kohn and Sham [13]. They suggested
to use an auxiliary system of noninteracting particles whose single particle functions, ui, produce
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the same electron density n(r) as the interacting system, such that:

n(r) =
N
∑

i=1

|ui(r)|2 =
N
∑

i=1

u∗
i ui. (3.1)

We then start from the energy functional:

E[n(r)] =− 1

2

∫

dr

N
∑

i=1

u∗
i (r)∇2ui(r) +

∫

dr n(r) Vext(r)

+
1

2

∫

dr n(r)

∫

dr′
n(r′)

|r − r′| +
∫

dr n(r) ϵxc(r).

(3.2)

The first term is the kinetic energy term for the single particle functions, ui, given in atomic
units. The second part comes from an external potential that summarizes the effects by the
nuclei and external fields on the electrons. The third part results from the classical Coulomb
interaction between the electrons, and the last part summarizes quantum mechanical exchange
and correlation effects among the electrons and a correction for the kinetic energy term. The
exact form of ϵxc is unknown and it has to be approximated. Varying Eq. 3.2 with respect to the
single particle functions and the constraint that the density must preserve the number of electrons
(
∫

dr n(r) = N) , leads to the Kohn-Sham equation:

ĤKS ui(r) = ϵi ui(r), (3.3)

with the Kohn-Sham Hamiltonian

ĤKS = −1

2
∇2 + Vext(r) + VHartree(r) + Vxc(r). (3.4)

The Hartree potential describes the potential due to the classical Coulomb interaction, and the
exchange-correlation potential Vxc contains exchange and correlation effects, as well as the kinetic
energy correction. The Kohn-Sham equation is solved in a self-consistent manner, meaning that
we start with an initial density for which we calculate the potentials and solve the Kohn-Sham
equation to get the eigenvalues ϵi and the single particle functions ui. From these we calculate the
density again and check if it agrees with our starting point density up to a certain precision. If
not, we have to iterate the process again, until the density is converged. The exchange-correlation
potential is calculated as:

Vxc(r) =
δExc

δn(r)
= ϵxc(r, [n]) +

∫

dr′n(r′)
δϵxc(r

′, [n])

δn(r)
. (3.5)

Since we do not know the exact form of ϵxc, the exchange-correlation potential needs to be ap-
proximated. Common approaches include the local density approximation (LDA) [48], based on
exchange correlation effects from the homogeneous electron gas, which are incorporated in ϵhomo

xc :

ELDA
xc =

∫

dr n(r) ϵhomo
xc [n(r)] (3.6)

and generalized gradient approximations. The latter take into account not only the local density,
but also its gradient:

EGGA
xc =

∫

dr f [n(r),∇n(r)]. (3.7)

In this work, the PBEsol xc-functional [21, 22] is used which belongs to the generalized gradient
approximations.
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3.2 Cluster expansion and machine learning

As outlined in Sec. 2.4, due to the combinatorial explosion, it is not possible to study the vast
configuration space of YBa2Cu3O6+x solely with DFT. Instead, we make use of cluster expansion
combined with machine learning methods, which are introduced in the following sections.

3.2.1 Mathematical formalism of cluster expansion

To describe the mathematical formalism of the CE method, we follow the description in a paper by
Sanchez et al. [23], who formulated a generalized method applicable to multi-component systems,
as well as the paper by Rigamonti et al. [24], which explains the implementation of the method in
the code CELL, that is used in this work. A crystal with N lattice sites is considered, each of which
is assigned an index i. For a general system, where Mi possible atomic species could occupy site i,
one defines the configuration vector σT = (σ1, σ2, ..., σN ), where σi indicates which species occupies
the corresponding site. There are several options for the values of σi, depending on the chosen basis
set. Sanchez et al. [23] originally proposed to use integer values ranging from −mi to +mi with
mi = ⌊Mi

2 ⌋. For an odd number of possible atomic species, zero is included, for an even number,
it is excluded. Another option is to choose σi to be any integer number from 0 to Mi − 1 [24]. For
YBa2Cu3O6+x, we are interested in structures that vary in their concentration of oxygen atoms
and vacancies, whereas the other atomic species are kept fixed. This corresponds to the binary
case Mi = 2, such that σi ∈ {0, 1} or σi ∈ {−1, 1}. Provided a suitable basis, a configuration-
dependent property P of a structure can be expressed as a function of its configuration vector
P (σ) by expanding it in terms of basis functions Γα(σ) with coefficients Jα [23, 24,49]:

P (σ) =
∑

α

JαΓα(σ). (3.8)

To construct a complete and orthonormal set of basis functions Γα(σ), a scalar product has to be
defined. For two functions f(σ) and g(σ), the scalar product can be expressed as [23,24]:

⟨f, g⟩ =
1

∏N
i=1 Mi

∑

σ1

∑

σ2

· · ·
∑

σN

f(σ) · g(σ). (3.9)

The first term on the right hand side is a normalization constant. The sums are defined such
that they run over all possible configurations, so for the binary case they either run over {0, 1} or
over {−1, 1}. There are several options for constructing a basis set. One of them uses the first
Mi discrete Chebyshev polynomials [23, 24]. In this work, as Mi = 2, using two polynomials is
sufficient:

γ0(σi) = 1 (3.10)

and
γ1(σi) = σi with σi ∈ {−1, 1}. (3.11)

γαi
are called site basis functions. The chosen polynomials are orthonormal with respect to the

scalar product defined in Eq. 3.9, such that ⟨γαi
, γβi′

⟩ = δαi,βi′
δi,i′ [23]. The basis functions Γα are

constructed as products of these site basis functions for all combinations of the site basis function
indices αi and lattice sites i [23, 24,49]:

Γα(σ) =

N
∏

i=1

γMi,αi
(σi). (3.12)
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Here α is a vector that can take values αi ∈ {0, 1, ...,Mi − 1}, so in our case αi ∈ {0, 1}. From
Eq. 3.10, we observe that γαi

(σi) = 1 ∀ i, with αi = 0. We can construct other site basis functions,
that are not created by discrete Chebyshev polynomials, such that they fulfill this condition too.
Thereby we can reduce the products in Eq. 3.12 to [24]

Γα(σ) =
∏

i∈α

γMi,αi
(σi), (3.13)

where α now is a set of tuples of indices α ≡ {(i, αi)| αi ̸= 0}. For the binary case this simplifies
to:

Γα(σ) =
∏

i∈α

γ1(σi). (3.14)

We call α a cluster and the Γα(σ) cluster functions [24]. Let us consider as example a 2-point
cluster β with lattice points k and j, such that αi = 0 ∀ i ̸= k or j. Then the cluster function
would be Γβ(σ) = γ1(σk)γ1(σj) and the corresponding vector βT = (0, . . . , 1

k
, 0, . . . , 1

j
, 0, . . . , 0). In

this case Γβ only depends on the components σk and σj .

Since the site basis functions are orthonormal, the cluster functions fulfill: ⟨Γα(σ),Γβ(σ)⟩ =

δα,β =
∏N

i=1 δαi
δβi

[24]. It should be mentioned that, if σi ∈ {0, 1} in Eq. 3.11 (instead of
σi ∈ {−1, 1}), the resulting basis is not orthogonal. This basis is called the indicator-binary
basis. Nevertheless, it is highly interpretable, because Γα(σ) = 1 only if all sites of the cluster
α ≡ {(i, αi) | αi ̸= 0} are substituted (occupied by oxygen atoms) and zero else. The choice of
basis sets will be discussed in more detail later on, when the construction of the CE model for this
work is discussed.

With the cluster functions at hand, we are able to perform a cluster expansion of the configuration-
dependent property P (σ) as shown in Eq. 3.8. Since the sum goes over all clusters α, it is infinite in
the thermodynamic limit, where the number of atoms goes to infinity N → ∞ [24]. The expansion
coefficients Jα are given by the scalar product:

[23]

Jα = ⟨Γα(σ), P (σ)⟩ =
∑

σ

Γα(σ) P (σ). (3.15)

We call these expansion coefficients effective cluster interactions (ECIs).

We can rewrite the sum in Eq. 3.8 by taking into account the symmetry of the system. Let us
consider S to be a symmetry operation of the system, then P (Sσ) = P (σ). The clusters α and β

shall be symmetrically equivalent such that Sα = β, then also Jα = JSα = Jβ. We can therefore
rewrite the sum:

P (σ) =

s.i.
∑

α

MαJαXα(σ) =

s.i.
∑

α

MαJα
1

Mα

∑

β∈O(α)

Γβ(σ). (3.16)

The first sum runs over all symmetrically inequivalent (s.i.) clusters. All clusters symmetrically
equivalent to cluster α are gathered in a set O(α), the cluster orbit. The number of symmetrically
equivalent clusters Mα is called cluster multiplicity. For an intensive property, denoted P̃ (σ),
we can rewrite the property as: P̃ (σ) =

∑s.i.
α mαJαXα, with the intensive cluster multiplicity

mα = Mα
Vpc

Vsc
, where Vpc is the volume of the parent cell and Vsc is the volume of the super cell.
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The cluster correlation function

Xα(σ) =
1

Mα

∑

β∈O(α)

Γβ(σ) (3.17)

is the average of cluster functions of all clusters symmetrically equivalent to α [24]. As before, the
sum is infinite. However, for practical applications one needs to truncate the sum to a finite number
of relevant clusters, Nc. To find this set of clusters and to calculate the expansion coefficients Jα,
we make use of artificial intelligence by employing machine learning methods.

3.2.2 Machine learning methods

To build a CE model, we need a set of Nt structures, for which DFT calculations are performed to
obtain their properties P T = (P1, P2, . . . , PNt

), and a set of Nc symmetrically inequivalent clusters
C = {α,β, ...,ω} [24]. We need to find a subset of the most important clusters to reliably calculate
the expansion coefficients, the ECIs.

Linear Regression

We can show that the task to calculate these coefficients can be viewed as a linear regression. Since
now the number of clusters is finite, we can rearrange Eq. 3.16 by defining the cluster correlation
matrix X:

X =











X11 X12 . . . X1Nc

X21 X22 . . . X2Nc

. . . . . . . . . . . .

XNt1 XNt2 . . . XNtNc
.











. (3.18)

The rows represent the Nt structures, and the columns represent the Nc clusters. X11 refers to
the cluster correlation for the structure with configuration vector σ1 for the first cluster in C, so
in this case X11 = Xα(σ1), X12 = Xβ(σ1), ..., XNtNc

= Xω(σNt
). The properties predicted by

the machine learning model can then be written as:

P̂ (σ) =
∑

α∈C

mαXα(σ)Jα =











X11 X12 . . . X1Nc

X21 X22 . . . X2Nc

. . . . . . . . . . . .

XNt1 XNt2 . . . XNtNc





















m1 J1

m2 J2

. . .

mNc
JNc











. (3.19)

Here, m1, m2, ... are the multiplicities of the first, second, ... cluster in C. We consider the vector
J with components miJi to simplify the equation to:

P̂ (σ) = XJ . (3.20)

Equation 3.20 corresponds to a linear model with input X and coefficients J . The latter can be
found by minimizing the residual sum of squares (RSS):

J = argmin
J ∗

(

∥P −XJ
∗∥22
)

= argmin
J ∗

(

Nt
∑

s=1

(

Ps − P̂s

)2
)

, (3.21)
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such that the predictions P̂ = XJ are close to the target values P , calculated previously using

DFT. Here, the ℓ2 norm is used. More generally, the ℓp norm is defined as ∥x∥p =
(

∑N
i=1 |xi|p

)1/p

.

Given that the columns in matrix X are linearly independent and that the number of
clusters is smaller than the number of structures in the training set (Nc ≤ Nt), the solution is
found to be [50]:

J = (XTX)−1XTP . (3.22)

But often these requirements are not fulfilled: To find the relevant ECIs, we usually start with a
large pool of clusters and few calculated structures, so it is probable that Nc > Nt. This results
in the Gram matrix XTX in Eq. 3.22 not being invertible anymore. To circumvent this obstacle,
we make use of regularization. This is done by adding a regularization term Φ(J ∗) [24]:

J = argmin
J ∗

(

∥P −XJ
∗∥22 +Φ(J ∗)

)

(3.23)

There are different choices for the regularization term. A common regularization technique is ridge
regression [51].

J1

J2

J LR

J RR

J1

J2

J LR

J LASSO

Figure 3.1: Graphical representation of regularization in terms of ridge regression [51] (left) and
LASSO [52] (right). The concentric ellipses represent residual sums of squares. Their minimum lies
at the center of the ellipses and corresponds to the solution J LR of the linear regression. Applying
regularization means that we search for the J that minimizes the RSS while also being inside the
constraint region, shown in blue. For ridge regression the solution is therefore at the intercept of
the ellipse and circle denoted as J RR and for LASSO at the intercept between the square and the
ellipse J LASSO .

Ridge Regression

For ridge regression [51], the regularization term in Eq. 3.23 is defined as:

Φ(J ∗) = λ∥J ∗∥22. (3.24)

Inserting this in Eq. 3.23, leads to an equation that is solvable, even if the Gram matrix is not
invertible, and we obtain:

J = (XTX + λI)−1
X

T
P. (3.25)
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I is the identity matrix and λ ∈ R
+
0 a positive hyperparameter used to modify the regularization

strength [24, 50]. Optimal values of λ can be found by using cross validation (CV), which will be
introduced in this chapter further below.

Ridge regression penalizes large values of J , thus producing a shrinkage of the coefficients. To
understand this better, we view it as the constrained optimization problem [53]:

min
J ∗

RSS(J ∗)

subject to ∥J ∗∥22 ≤ t2.
(3.26)

A graphical interpretation of this can be seen on the left hand side of Fig. 3.1. The contour lines of
the RSS are visualized as concentric ellipses. The minimum of the RSS and, therefore, the solution
of the linear regression task J LR is at the center of these ellipses. Applying ridge regression means
searching for the vector, J , that minimizes the RSS, while also fulfilling the constraint. For the
two dimensional case shown in Fig. 3.1, the constraint corresponds to J 2

1 + J 2
2 ≤ t2, so points

fulfilling this are inside the blue circle of radius t. At the solution, the gradients of the RSS and
of the constraint with respect to J are collinear, which is shown by the black and blue arrows in
Fig. 3.1.

According to Eq.s 3.25 and 3.26, the vector of expansion coefficients J is proportional to t and
inverse proportional to λ. This means that for increasing regularization strength, i.e. λ, t and the
components of J decrease, leading to shrinkage.

LASSO: least absolute shrinkage and selection operator

Another regularization option corresponds to the least-absolute-shrinkage-and-selection-operator
(LASSO) approach [52], which favors sparse solutions where many of the components of J are
exactly zero.

While in ridge regression the ℓ2 norm is used in the regularization term, LASSO employs
the ℓ1 norm:

Φ(J ∗) = λ∥J ∗∥1. (3.27)

Similarly to ridge regression, we can recast the problem as a constrained optimization, where we
minimize the RSS while fulfilling that the ℓ1 norm of J is smaller or equal to |t| [53]:

min
J ∗

RSS(J ∗)

subject to ∥J ∗∥1 ≤ |t|.
(3.28)

As before, λ is a positive hyperparameter that tunes the regularization strength and needs to be
found using cross validation [53].

For a graphical representation of the LASSO approach, we consider again Fig. 3.1, and focus on
the graphic on the right-hand side. Now, the constraint is that ∥J ∗∥1 ≤ |t|, so, for the two
dimensional case: |J1|+ |J2| ≤ |t|. Corresponding points are inside the blue square and solutions
for the constrained optimization are at the intersection of the square and the ellipse. Using LASSO,
the solution is more likely to be located at the corners of the square, where some of the coefficients
are zero. Therefore applying LASSO means that the coefficients of J are shrunk, and sparse
solutions are promoted. Thus, in the context of a CE model, the it can be used to simultaneously
calculate the expansion coefficients and to find a reduced set of relevant clusters.
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x̄1

x̄2

x̄3
x̄4

x̄5

P

P̂ 1

P̃

Figure 3.2: A graphical representation of OMP is shown. The vector of target values P is shown
in the Nt dimensional column space, meaning that x̄i represent columns of the input matrix X.
Using OMP we try to find a sparse solution that best describes the true vales. In this case, the
correlation between P and x̄1 is highest, such that the solution P̂OMP has one nonzero coefficient
in x̄1 direction. P̂OMP is then subtracted from P to find the second best alignment, which would,
in this case, be along x̄2.

Orthogonal Matching Pursuit

Another common algorithm to promote sparsity is the orthogonal matching pursuit (OMP) [54].
To find an s-sparse solution, we iteratively select clusters (i.e. columns of X) that highly correlate
with the target P or to the current residual. A graphical representation of this is shown in
Fig. 3.2 [55]: The column x̄1 of the input matrix has the highest correlation with P and is selected
first. We then search for the column with highest correlation to the residual P̃ , which excludes
the part already captured by coefficient J1 and is therefore orthogonal to x̄1. In the figure, the
residual P̃ = P − P̂1 is parallel to x̄2, such that this column would be selected next. At every
iteration, the values of the nonzero coefficients are calculated using linear regression and a modified
input matrix, containing the selected columns. This iterative process is repeated until s nonzero
components are found [55].

Cross validation and error scores

Cross validation (CV) is used to test how well a model performs at predicting the properties of
structures outside the training set. Consider a structure S belonging to the training set, with
property Ps. A model trained with this training set yields the prediction P̂s. Now, we leave
structure S out of the training set and train a new model. The prediction for structure S, denoted
by P̂

(s)
s , will in general be different from P̂s. While the residual |P̂s − Ps| represents the error

of the fit, the residual |P̂ (s)
s − Ps| is an estimate of the test error or generalization error. We

compute P̂
(s)
s for each of the Nt structures until we get a vector of predictions P̂

LOO. This is
called Leave-One-Out Cross Validation CVLOO, since always one structure or data point is left out
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of the training. Its score is defined as the ℓ2 norm of the residual P̂loo −P:

CV 2
loo =

1

Nt
∥P− P̂

LOO∥22

=
1

Nt

Nt
∑

s=1

(Ps − P̂ (s)
s )2.

(3.29)

Apart from that, we can also use k-fold cross validation. The data is separated into k equal parts,
so-called folds. A model is trained on k − 1 of the folds and predicted for structures in the fold
left out of the training to obtain a CV score. This is done k times, each time excluding a different
fold from the training. The final score is an average of the k CV-scores [56]. Leave-One-Out CV
corresponds to a k-fold CV, where k is equal to the number of training structures Nt, such that
each fold contains one structure. We optimize the hyperparameters of the models, e.g. the number
of non-zero coefficients in OMP, or the λ parameter in LASSO, with respect to the CV scores. In
this way, we avoid overfitting and improve the predictive power of our CE models [53].

In this work, we consider the errors of the fit and the CV scores for the following measures:

1. Mean Squared Error: MSE = 1
Nt

∑Nt

i=1(Pi − P̂i)
2

2. Root Mean Squared Error: RMSE =
√
MSE

3. Mean Absolute Error: MAE = 1
Nt

∑Nt

i=1 |Pi − P̂i|

4. Maximal Absolute Error: MaxAE = Maxi|Pi − P̂i|

3.2.3 Nonlinear cluster expansion

The truncation of the sum in Eq. 3.16 impacts the quality of the model. If the cluster expansion
converges slowly, a large number of clusters is needed to describe the system accurately, but this
usually leads to overfitting. A truncation at a smaller subset of clusters could result in a model
that fails to represent the material’s properties appropriately [44]. Importantly, if the described
property has a nonlinear dependence on the concentration of substituents, the standard CE may
not converge at all [44]. An example for this is the c2 problem of CE, for which we consider a
property with quadratic dependence on the concentration c of substituents, P (σ) = c(σ)2 [44].
It is known that in the realms of standard CE, an infinite expansion is needed to represent this
property [57, 58]. This is explained further in App. A. The c2 problem can be resolved within
nonlinear CE by introducing nonlinearities to the feature space [44].

In nonlinear CE, the feature space is extended such that the cluster correlation matrix X also
entails nonlinear features. This is done by adding columns containing nonlinear combinations of
the original features. There are several options for the feature space expansion. In this work we
make use of a polynomial expansion, where the added columns are powers of the initial columns. For
simplicity, let us assume that our input matrix has only one column (cluster); then the polynomial
expansion reads:

Xnl =











X11 X2
11 . . . Xp

11

X21 X2
21 . . . Xp

21

. . . . . . . . . . . .

XNt1 X2
Nt1

. . . Xp
Nt1











. (3.30)
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The p-dimensional vector of coefficients J is then computed by using linear regression. In practice,
the number of clusters is higher than one, resulting in larger matrices Xnl, where the columns are
not only multiplied with themselves, but also with each other, up to the chosen polynomial degree
p.

Returning to the P (σ) = c2 problem, we demonstrate in App. A that, using the indicator-binary
basis, the concentration of substituents is equal to the cluster correlation of the 1-point cluster
x = X1(σ), and that the standard CE would take the following form [44]:

P (σ) =
1

N
X1(σ) +

1

2N

∞
∑

i=1

m2,i X2,i(σ). (3.31)

This expansion includes an infinite number of two-point cluster correlations X2,i(σ) of increasing
range. In the thermodynamic limit (N → ∞), the expansion coefficients are J1 = 1

N for the
1-point cluster and J2 = 1

2N for all 2-point clusters. Thus, we have an infinite sum with equally
small expansion coefficients, such that we cannot represent it as a finite expansion that could be
considered converged. However, when applying nonlinear CE, we get a finite cluster expansion
with just one coefficient J = 1, since [44]:

P (σ) = c2 = X1(σ)
2. (3.32)

3.2.4 Structure selection

A non trivial task in cluster expansion is the selection of structures for the training set. In the
case of CE models for the energy of formation of alloys, a common selection process is to choose
the structures with lowest energies [59] and to randomly select higher-energy structures from the
candidate set. A random selection has been shown to work successfully, in the case of compressive
sensing and sparse models [60]. Another approach, which is more general, results from the aim
to reduce the error of the predictions on unseen structures. This reduction is limited by the
irreducible error stemming from the variance in the data itself, σ2. In the case of ab initio data,
the latter arises from, e.g., the limited convergence with respect to DFT simulation parameters like
the discretization of the Brillouin zone or the number of electronic orbitals in the representation of
the Hamiltonian matrix. Such parameters are not accounted for by CE and together build up the
irreducible error in the data. Interestingly, given training input data characterized by the Gram
matrix XTX, and assuming that the output for this data has an intrinsic error with variance σ2,
then the variance of the predicted property values for an arbitrary sample, characterized by the
vector of correlations xi, is given by:

V ar[Êi] = xT
i (X

TX)−1xi σ
2. (3.33)

Inspired by this result, a structure selection approach can be based on selecting a training data
set that reduces this variance for a given population of structures outside the training data [46].
In order to examine the variance for a set of structures or a population of structures, we need to
take the average of this expression over all structures in a population of samples (pop) [46]:

⟨V ar[Êi]⟩pop = ⟨xT
i (X

TX)−1xi⟩pop σ2 = (XTX)−1 : ⟨xix
T
i ⟩pop σ2. (3.34)

Here, the Frobenius product, defined as A : B :=
∑

i

∑

j AijBij , has been used. The covariance
matrix of the predicted ECIs, (XTX)−1 σ2, has dimensions Nc × Nc. The population-averaged
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matrix ⟨xix
T
i ⟩pop, called domain matrix D [46], also has dimension Nc ×Nc. For the purpose of

optimizing the variance of our training set, we can divide by σ2 and consider the quantity [46]:

τ =
⟨V ar[Êi]⟩pop

σ2
= (XTX)−1 : D, (3.35)

which is the property that we want to minimize. We can compute it for different populations and
training sets and choose the set producing the smallest τ .

Mueller and Ceder [46] provide various expressions for calculating the domain matrix; the following
three are used in this work:

1. The identity matrix, which corresponds to an approximate result for the domain matrix
derived by van de Walle and Ceder (vdWC) [45,46].

DvdWC = I; (3.36)

2. A concentration dependent population average (CDPA), given by

DCDPA
αβ (c) = (2c− 1)nα+nβ , (3.37)

where nα and nβ are the number of sites for clusters α and β [46];

3. A weighted population average (WPA) over the considered concentration range:

DWPA
αβ =

∫

c

(2c− 1)nα+nβ dc. (3.38)

In this approximation, the entries of the domain matrix are weighted by the inverse of the
number of structures per concentration. In this way, concentrations with many configurations
are given less weight [46].

3.3 Monte Carlo simulations

In this work, we also study thermodynamic properties of YBa2Cu3O6+x, such as the orthorhombic-
to-tetragonal transition as well as the signatures of this transition on the specific heat Cp and the
lattice constants at finite temperatures at varying oxygen concentration. For this, we make use of
statistical thermodynamic simulations using Metropolis Monte Carlo (MC) sampling [26,27].

We choose the canonical ensemble, such that the composition of the structures and the temperature
remain constant during the sampling process. Although the volume changes, the pressure is exactly
zero (fully relaxed structures), so the canonical ensemble still applies. For the MC simulations,
we start with a random structure with a fixed composition. We use a CE model to predict
energies of structures based on their configuration. Then, for each sampling step, the occupancies
of substitutional sites are swapped for two or more randomly selected sites at once, to keep the
composition constant. The energy of the new structure resulting after the swap, is predicted by
the CE model. The algorithm accepts the new structure with a probability of [61]

P (E0 → E1) = min

(

exp

(

−E1 − E0

kBT

)

, 1

)

. (3.39)
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Here kB is the Boltzmann constant, T is the temperature and E0, E1 are the energies of the initial
and next structure, respectively. This process is repeated for a large number of steps Nsteps. The
resulting trajectory enables us to calculate temperature-dependent properties by taking an average:

⟨P ⟩ = 1

Navg.steps

Navg.steps
∑

i=1

P (σi), (3.40)

where Navg.steps is the number of steps used for averaging. It corresponds to the total number
of steps minus the equilibration steps. Equilibration steps are needed before the system reaches
equilibrium and they are disregarded when calculating the average property. The size of the
simulation cell, the total number of steps, Nsteps, and the number of equilibration steps need to
be found in a convergence analysis. Additionally, we calculate the specific heat as

Cp(T ) =
⟨E2⟩T − ⟨E⟩2T

kBT 2
, (3.41)

where ⟨·⟩ indicates the averaged property according to Eq. 3.40. The numerator represents the
variance of the energy, indicating fluctuations. Phase transitions, close to which the energy can
fluctuate strongly, can be observed as peaks in the specific heat. Some properties, such as lattice
constants at finite temperature, cannot be determined solely by extracting predictions from the
CE energy model for configurations in a Monte Carlo trajectory. Instead, we build additional CE
models specifically to predict the lattice constants, which offers valuable insights into how they
behave with increasing oxygen concentration at a finite temperature.
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Chapter 4

Results

In this chapter, we present the workflows applied in our study and present our results. We dis-
cuss the optimization of CE models for the total energy and compare to previous models for
YBa2Cu3O6+x [62, 63]. We present CE models for the lattice constants and analyze their trends
with increasing oxygen content at finite temperature. Additionally, we present two software codes
that are developed as part of this work. First, an interface between NOMAD databases [64] and
the cluster expansion code CELL [24], ensuring an easy combination of both tools and a FAIR (find-
able, accessible, interoperable and re-usable) treatment of the data [64]. It is presented in Sec. 4.4.
Second, an active learning workflow that allows for an iterative structure selection in CELL, which
is presented in Sec. 4.8. Both developments will be published in a future release of the code.

4.1 Description of YBa2Cu3O6+x in terms of cluster expansion

To describe YBa2Cu3O6+x in terms of cluster expansion, we define a parent lattice (see Chap.
3), based on the highly symmetrical YBa2Cu3O6 structure, that belongs to space group P4/mmm
(123). The corresponding Wyckoff sites are shown in Tab. 4.1. Regarding the site positions, we
apply the description by Rayaprol et al. [39] introduced in Chap. 2 and verify it by comparing
to the entries of YBa2Cu3O6 [65] and YBa2Cu3O7 [66] in the materials project. Compared to
YBa2Cu3O6, the parent lattice has an additional Wyckoff site 2f. It represents the substitutional
sites in the planes between the barium atoms. The sites have positions (0, 1/2, 0) or (1/2, 0, 0).
They can be either vacant (X) or occupied by an oxygen atom (O). The parent lattice has 14 sites,
two of them are substitutional. Substitutional sites are assigned the value 0 (1) if they are vacant
(occupied by an oxygen atom).

Cluster expansion models need to be trained with ab initio data. This training set is created
by generating derivative structures from the parent lattice, having super cells of different shapes,
and various decorations or configurations of the oxygen substituents. The details, on how such
structures are selected, are explained in Sec.s 4.5 and 4.8. Due to the substitutional (dis)order,
most derivative structures in the considered concentration range, such as YBa2Cu3O7, have lower
symmetry than the parent lattice. This is properly accounted for in the computed properties,
such as lattice constants, which are obtained by DFT calculations, for which full lattice and atoms
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Table 4.1: The Wyckoff sites of the parent lattice of YBa2Cu3O6+x are shown. Like YBa2Cu3O6 it
belongs to the P4/mmm space group, but it contains one more lattice site (Wyckoff site 2f), that
can be either occupied by a vacancy (X) or an oxygen atom (O).

Atomic species Wyckoff site Position

Y 1d (1/2, 1/2, 1/2)
Ba 2h (1/2, 1/2, 0.1914)
Cu1 1a (0, 0, 0)
Cu2 2g (0, 0, 0.3590)

[X, O] 2f (0, 1/2, 0)
O1 4i (0, 1/2, 0.3790)
O2 2g (0, 0, 0.1508)

Figure 4.1: Relevant clusters for the description of YBa2Cu3O6+x are, first, the 1-point cluster
(labeled 1), which contains a single oxygen atom (red). Second, the cluster containing oxygen
atoms occupying nearest neighbor sites. Third and fourth, clusters of next-nearest neighbors. One
of them (nr. 3) has an intermediate copper atom shown in bronze, whereas the other does not.

relaxation are performed. Being trained with this data, the resulting CE models account for the
effect of the symmetry breaking on the predicted property values.

Another important element of the construction of CE models, is the selection of clusters. To
build models with a high predictive power, we must select relevant clusters. Previous studies of
YBa2Cu3O6+x have identified a number of relevant clusters [63,67]. The four most commonly used
ones are depicted in Fig. 4.1. Clusters contain oxygen atoms (red circles). To better capture which
interactions are described, we also visualize the copper atoms (bronze circles). As previously, vacant
substitutional sites are depicted by a white circle. The illustrated clusters include the 1-point cluster
and three 2-body clusters: the one of nearest neighbors (cluster 2), one of next-nearest neighbors
with an intermediate copper atom (cluster 3) and the one of next-nearest neighbors without an
intermediate copper atom (cluster 4). The ECI corresponding to cluster 3 is positive, indicating an
attractive interaction that is facilitated by the intermediate copper atom. The cluster of oxygen
atoms without an intermediate copper atom (cluster 4) represents a repulsive interaction. This
asymmetry differs from the description of a typical Ising model. Models based on the mentioned
four clusters are therefore named asymmetric next-nearest neighbor Ising (ASYNNNI) models
[62,67]. As it will be shown later, an accurate description requires many more clusters than these.
Nonetheless, they are able to capture some important structural characteristics like the formation
of Cu-O chains, and are included in our optimized models.
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Energy Structure

[meV per parent lattice] A B C D E F G H I J

∆Econv - 129.3 95.9 2.8 88.4 111.7 98.2 90.5 142.5 61.3
∆Eref [63] - 275 244 33 190 262 192 164 331 135

∆Eref - ∆Econv - 145.7 148.1 30.2 101.6 150.3 93.8 73.5 188.5 73.2

Table 4.2: The total energy differences for the structures of YBa2Cu3O6.5 are shown. Structure
A, corresponding to the ortho-II phase, is lowest in energy. It is set to zero and the energies of the
remaining structures are shown in relation to it. We compare our results ∆Econv to the results
by Draxl et al. [63] ∆Eref . The total energies are given in meV per parent lattice. The total
differences between the results are shown in the bottom row.

4.2 Comparison to a previous CE study of YBa2Cu3O6.5

Before embarking on the construction of complex and accurate CE models of the energy of
YBa2Cu3O6+x, it is useful to reproduce a simple CE model by Draxl et al. [63]. This model
considers, as training set, ten structures of YBa2Cu3O6.5, as depicted in Fig. 4.2, where the unit
cells are outlined with a black line and shaded in gray. Accordingly, we perform ab initio calcula-
tions on these structures and build a CE model using the clusters from Ref. [63], which, besides
those in Fig. 4.1, include also those in Fig. 4.3

For all structures, ab initio calculations using the all-electron, full-potential code FHI-aims [20] are
performed. FHI-aims utilizes numeric atom-centered basis functions, for which four default settings
of increasing size (and therefore accuracy) are provided: light, tight, intermediate and really-tight
basis sets. The lattice, as well as atoms positions, are relaxed using a really-tight basis set and
a k-point density of approximately 7.4 Å. We compare the performance of several xc-functionals,
considering also the lattice constants, as those shall be studied later in this work. We perform three
comparative calculations of YBa2Cu3O6, utilizing the PBEsol [21,22], PBE [68] and r2SCAN [69]
xc-functionals. We evaluate the obtained ratio of lattice constants c

a and compare them to the
experimental results by Pietrasko et al. [28], in which a ratio of 3.06 is observed. With PBEsol
we obtain a ratio of 3.09, with r2SCAN 3.11 and with PBE 3.13. Consequently, the PBEsol xc-
functional is used in all subsequent calculations. In Ref. [63], the DFT calculations are performed
without doing a structure relaxation, but using fixed values a = b =

√
a′b′, where a′ = 3.8293 Å,

b′ = 3.8722 Å and c = 11.7520 Å are the experimental lattice constants of the ortho-II phase by
Grybos et al. [70].

Structure A in Fig. 4.2 corresponds to the ortho-II phase, mentioned in Chap. 2. We find that
structure A is lowest in energy, and that structure D, which differs from A in neighboring order
of the Cu-O chains, is next lowest in energy with a relative difference of only 1.7 meV per parent
lattice. In order to distinguish ground states, it is important to energetically differentiate between
these structures. Therefore, we consider 1.7 meV per parent lattice as our target accuracy. To
achieve converged results, we develop a workflow of calculations using light, tight and really-tight
basis sets and various k-point densities. The full convergence analysis is discussed in App. B.
Finally, we are able to converge to a computational uncertainty of ucomp ≈ ±1.2 meV per parent
lattice. We perform calculations for all considered YBa2Cu3O6.5 structures, following the workflow
discussed in App. B.
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Figure 4.2: The bottom planes of the ten YBa2Cu3O6.5 structures, visualized with ASE [40] and
matplotlib [41]. Copper atoms are depicted as bronze, oxygen atoms as red and vacancies as white
circles. The unit cells are outlined with a black line and shaded in gray.
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Figure 4.3: Clusters that are included in the model of YBa2Cu3O6.5 by Draxl et al. [63] in addi-
tion to the four clusters from Fig. 4.1. Two-body interactions up to fifth nearest neighbors are
considered.

ECIs [meV per parent lattice]
Jref [63] J ∆J =Jref - J Sgn(Jref ) = Sgn(J)?

J 1

2

1

2

98 40.6 57.4 ✓

J01 -119 −54.1 −64.9 ✓

J10 14 9.6 4.4 ✓

J11 -1 −2.7 1.7 ✓

J 3

2

1

2

-17 −8.1 −8.9 ✓

J02 -21 −14.5 −6.5 ✓

J20 -6 2.3 −8.3 ✕

Table 4.3: Comparison of the ECIs J of our CE model to the ECIs by Draxl et al. [63]. Only 2-point
interactions are considered. The subscript text indicates the translation between both contained
signs. For example, J01 corresponds to a lattice site and its neighbor in (0, a, 0) direction. The
ECIs of our model differ by at least 0.4 meV and by at most 8.4 meV compared to the reference
paper. All ECIs have equivalent signs in both models, except of J20.

The comparison of results for the total energies of all structures is shown in Tab. 4.2. In the paper
by Draxl et al. [63], energies are given in eV per formula unit of YBa2Cu3O6.5. We use as unit
meV/parent lattice, so we divide the total energy values by the dimension of the super cell with
respect to the parent lattice. We find that structure A (ortho-II) is lowest in energy, in agreement
with Ref. [63]. We compare the energetic differences ∆E of the remaining structures with respect
to structure A. We obtain results, differing by at least 30.2 meV (structure D) and at most by 188.5
meV (structure I) from the result of Ref. [63]1. The energetic ordering, from lowest to highest,
agrees for most structures, except for structures H and E, as well as G and C, which have swapped
sorting. The differences in the results are likely stemming from the structure relaxation that we
perform, but is omitted in Ref. [63]. Considering this, our results for the energy differences are
mostly consistent with Ref. [63].

We use the converged DFT results to train a CE model. As in the work by Draxl et al., we
train the model on seven 2-point clusters [63]. The comparison of results for the ECIs is shown in
Tab. 4.3. The notation of ECIs is as follows: J 1

2

1

2

corresponds to the 2-point cluster of a site and

1If one interprets the formula unit in Ref. [63] as (YBa2Cu3O6.5)2, as needed to represent the structures without
having fractional oxygen occupation, then we observe smaller differences with our results, the maximal being 26.1
meV (structure C) and the minimal 2.2 meV (structure G).
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its nearest neighbor in (a/2, a/2, 0) direction, which is represented by cluster 2 in Fig. 4.1. J01
is the ECI for the 2-point cluster of sites with a relative translation of (0, a, 0), where there is an
intermediate copper atom between the sites, corresponding to cluster 3 in Fig. 4.1. J10 corresponds
to the interaction without intermediate copper atom, visualized as cluster 4. As can be seen in
Eq. 3.16, the coefficients we obtain with CELL [24] are a product of the multiplicity Mα and the
ECIs Jα. We divide by the multiplicity of the cluster for each of the coefficients to obtain the
ECIs. Our results differ by at least 1.7 meV (J11) to at most 64.9 meV (J01)2. The signs of the
ECIs provide information about the type of interaction: A negative ECI lowers the total energy,
whereas a positive ECI increases the energy. Therefore, we can interpret a negative sign as an
attractive interaction and a positive sign as a repulsion. The signs of J01 and J10 explain why
structure A has the lowest energy: The negative sign of J01, corresponding to the cluster with
intermediate copper atoms, shows that the formation of Cu-O chains is energetically favored. Due
to the repulsion of neighboring sites without an intermediate copper atom (J10), an alternation of
oxygen atoms and vacancies along this direction is preferred. The occupancy of sites in structure
A follows exactly this pattern as can be seen in Fig. 4.2. We find that all ECIs agree in sign, except
of J20. However, the difference between both values is in the same order of magnitude as for other
ECIs.

In the next sections, we proceed to create more structures to build CE models for the full concen-
tration range 0 ≤ x ≤ 1 of YBa2Cu3O6+x.

4.3 Workflow for ground state search

Here, we provide an overview of our workflow for the search for ground states of YBa2Cu3O6+x.
It is visualized in Fig. 4.4. At first, an initial set of structures is created. For this study, a set of
12 structures, consisting of the ten structures of YBa2Cu3O6.5 described in the previous section,
together with YBa2Cu3O6 and the ortho-I phase of YBa2Cu3O7, served as initial set. For all
structures a DFT relaxation is performed by following the workflow presented in App. B. We use
the resulting energy values as target values for the construction of a CE model. We need to ensure
that we use intensive properties when building the models, such that they do not scale with system
size. Therefore, as discussed in App. B, we do not consider total energies, but energies of mixing,
defined as:

Emix(σ, c) =
Et(σ)

Np.l.
− (Et(σ0) + 2 c · [Et(σ1)− Et(σ0)]) . (4.1)

Np.l. describes the number of parent lattices needed to create the super cell of the configuration.
Et(σ) refers to its total energy, while Et(σ0) and Et(σ1) are the total energies of the reference
structures YBa2Cu3O6 and ortho-I YBa2Cu3O7. The configuration has a fractional oxygen con-
centration c, representing the concentration of oxygen atoms with respect to the substitutional
sites. It relates to x, the excess number of oxygen atoms in the formula unit YBa2Cu3O6+x, as
x = 2c. Therefore, for the relevant concentration range 0 ≤ x ≤ 1, it can take values 0 ≤ c ≤ 0.5.

After building a CE model, we generate a full enumeration of derivative structures: We create
configurations up to a certain size of super cells and predict their energies of mixing by using the
model. We then check for convergence. This means that, first, we evaluate if the model’s CV score
is below a considered threshold, and second, whether all predicted ground state structures from

2In case the formula unit in the reference paper corresponds to (YBa2Cu3O6.5)2, our results for the ECIs are in
close agreement, differing by at most 8.4 meV (J 1

2

1

2

, J01) and at least 0.4 meV (J 3

2

1

2

).
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Figure 4.4: Workflow for the search for ground states. We combine DFT calculations with cluster
expansion and machine learning methods. Temperature dependent properties are obtained by
statistical thermodynamics simulations with Metropolis Monte Carlo sampling [26,27].

the full enumeration have been already found. If we find a newly predicted ground state, we add
it to the training set. Additionally, we select other structures to increase the diversity and size of
the training set. For this, we use different approaches that are discussed in more detail in following
sections. We perform DFT structure relaxations for the new configurations. With the extended
training set, we build a new CE model and again generate a full enumeration. We repeat this until
the model is converged.

With the converged model, we obtain predictions for the energy of mixing with a high precision.
Additionally, we use the model to perform statistical thermodynamics simulations, using Metropo-
lis Monte Carlo sampling [26, 27]. This allows us to predict temperature dependent properties,
such as the specific heat Cp, for different temperatures and oxygen concentrations. In this work,
we also study the lattice constants of YBa2Cu3O6+x, which requires the construction of three ad-
ditional CE models. These models are then used to calculate averaged lattice constants at different
concentrations and finite temperature, using the statistical thermodynamics simulations.
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4.4 Building an interface to NOMAD databases

In projects involving machine learning tasks, such as in this work, a lot of data is generated that
can be useful for other projects, too. Consequently, all DFT calculations from this study are stored
in a NOMAD [64] database. NOMAD is one of the largest data infrastructures for computational
materials science and commits to the FAIR principles: to provide Findable, Accessible, Interoper-
able and Re-usable [71] data. We share these values and want to promote them. Currently, our
data is published in the private NOMAD Oasis database, shared by the solid state theory group of
the HU Berlin. From there we plan to make it publicly available in NOMAD [64] itself, to ensure
that our data is FAIR.

To enhance interoperability, we develop a python module that serves as an interface between
NOMAD [64] databases and CELL [24]. The module, called dbinterfaces, enables users to extract
material properties from NOMAD [64] and return them in a format compatible with CELL [24].
This simplifies and promotes the combination of database storage and cluster expansion methods
and hopefully contributes to data storage and usage in alignment with the FAIR principles.

The module consists of two python classes: SingleEntry, for handling single entries in the
database, and Dataset, for processing several entries stored together in one dataset in NO-
MAD [64]. To build CE models, it is convenient to group the converged calculations for all
structures of a training set in one dataset. Then, a list of property values for all training set struc-
tures can be extracted by a single call. Currently, the module supports extracting the following
properties:

1. get_entry_ids:
Returns a list of entry IDs for the entries of the dataset. This is convenient, if one wants to
know which dataset entry matches which single NOMAD entry.

2. get_total_energies:
Returns a list of the calculated total energy values in eV for all entries of the dataset.

3. get_atoms_objects:
Returns a list of ASE Atoms objects for the structures in the dataset.

4. get_structure_objects:
Returns a list of CELL structure objects for the whole dataset. This requires the CELL struc-
ture objects to be uploaded as JSON files to NOMAD together with the DFT calculations.
The structure objects contain information about the super cell size and shape and the con-
figuration vectors, which are not parsed by NOMAD. The objects do not contain the relaxed
symmetry of the DFT calculations, which is stored in the atoms objects.

5. get_lattice_constants:
Returns three lists: One for each lattice constant for the whole dataset. An option to
normalize the lattice constants to the parent lattice is also provided. This enables users to
compare the lattice constants for structures with different super cell sizes or shapes.

The methods are also available for single entries. The module, initially tailored to the needs of this
project, is extensible, so users can easily add new methods for extracting additional information.
Users with experience in the use of NOMADs API may also extract the full data stored in NOMAD
by calling get_archive for SingleEntry objects or get_data for Datasets. From there it is possible
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1 from c l u s t e r x . db i n t e r f a c e s . get_nomad_oasis_access_token import
get_nomad_oasis_access_token

2 from c l u s t e r x . db i n t e r f a c e s . get_nomad_data import Dataset , S ing leEntry
3 from c l u s t e r x . s t ruc tu r e s_se t import S t ruc tu r e sSe t
4

5 BASE_URL_SOL = ’ https : // so l−o a s i s . physik . hu−b e r l i n . de/nomad−o a s i s / api /v1/ ’
6 token = get_nomad_oasis_access_token ( ’ /home/ . env ’ )
7

8 datase t = Dataset ( dataset_id=’−Wszp4KzTX6joTWP1DnL3A ’ , token=token ,
paginat ion_page_size=12, base_url=BASE_URL_SOL)

9

10 l a t t i c e_con s t an t s = datase t . ge t_la t t i c e_cons tant s ( normal ize=True )
11 s t r u c t u r e s = datase t . ge t_structure_object s ( )
12

13 s t ruc tu r e s_se t = St ruc tu r e sSe t ( pa r en t_ la t t i c e=s t r u c t u r e s [ 0 ] . ge t_parent_lat t i ce ( ) )
14 s t ruc tu r e s_se t . add_structures ( s t r u c t u r e s )
15 s t ruc tu r e s_se t . set_property_values ( property_name=’ a ’ , property_vals=

l a t t i c e_con s t an t s [ 0 ] )

Figure 4.5: An example for the usage of the dbinterfaces module is shown. A Dataset object
is created. The ID of the dataset created in NOMAD [64] is used to extract the data. We can
extract a list of lattice constants, as well as the structure objects for all entries in the dataset. Next
a structures set is created using the structure objects. The list of lattice constants is set as the
property values. The structures set is now ready to be used to create a CE model with CELL [24].

to access all information parsed by NOMAD. As mentioned above, extracting CELL [24] structure
objects from NOMAD requires to save the objects as JSON files, using CELL, [24] and to upload
them. The data contained in the structure objects, such as parent lattice, super cell size and
shape, and the configuration vector, is not accessible from the input and output files of the DFT
calculations and not parsed by NOMAD. Hence, one needs to upload a file that provides this
information to NOMAD [64]. The get_structure_objects method reads in the JSON files’
content and creates a structure object from it. To ensure that the converged DFT data is correctly
matched to the associated structure object file, both must be uploaded within the same directory.
Only then, they are accessible with the same NOMAD entry ID. We therefore recommend saving
the JSON file in the same directory as the converged calculations, from which the property values
shall be extracted.

The module is both applicable to NOMAD [64] and to NOMAD Oasis databases. The latter
are usually more restricted and require access via a token that is created with the login infor-
mation to the Oasis. The dbinterfaces module allows to specify the database by providing
a base_url argument. Additionally, it provides a method to create the access token. With
get_nomad_oasis_access_token the login information can be read in from a file as environ-
ment variables (recommended) or it can be provided directly as arguments of the method (not
recommended due to safety/privacy considerations). In Fig. 4.5 we present a short example to
illustrate the usage of the module. For the example, we use a dataset stored in the NOMAD Oasis
of the HU Berlin SOL group. It contains the initial structures-set described in Sec. 4.3, containing
12 structures. In the first three lines, the required modules are imported from CELL. In line 5,
we provide the URL of the NOMAD Oasis, shared by the HU Berlin SOL group, and create an
access token with the get_nomad_oasis_access_token method and a file containing the login
information. In line 8, we create a dataset object using the Dataset class. We assign the URL and
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token and provide the dataset_id. The argument pagination_page_size is required to specify
how many entries of the dataset shall be considered. We recommend to match this number to the
number of entries in the dataset. In case of timeout issues, or if only parts of the dataset shall
be considered, it is possible to reduce this number. In line 10, we use get_lattice_constants to
store the lattice constants, obtained from the DFT calculations, and normalize them to the parent
lattice. We create a list of structures with the get_structure_objects method. This enables us
to create a CELL [24] StructuresSet object by extracting the parent lattice of one of the structures.
Then, we add the list of structures from the dataset to the structures set. Finally, we assign the
property values for the smallest lattice constant to a property of the structures set, that we name
a. This structures set could now be used to build a CE model for lattice constant a. The example
shows that the creation of a CELL [24] StructuresSet object using the dbinterfaces module is
remarkably simple and accessible, also to users with no prior experience in using APIs.

The dbinterfaces module will be published in a future release of CELL. Regarding the workflow
of this project, we integrate the storage in the NOMAD [64] SOL Oasis database and the usage of
the module to extract the data, by following the dashed line in Fig. 4.4.

4.5 Construction of accurate CE models for Emix

In this section, we present the construction of accurate CE models for the energy of mixing of
YBa2Cu3O6+x. In the following, we denote our energy units as meV, while this always refers to
meV per parent lattice, unless otherwise indicated. We discuss the iterative approach to model
optimization, which leads us to the final models. Previous models of YBa2Cu3O6+x, like the
ASYNNNI model [62, 67] or extensions to it [63, 72, 73], use a limited number of cluster interac-
tions, selected based on domain knowledge. Our approach, which combines cluster expansion with
machine learning techniques - even extending to nonlinearities - allows us to explore a vast cluster
/ feature space. Using techniques, such as LASSO or OMP, that promote sparsity, we can identify
the most important interactions from this large feature space. Finally, we obtain models that even
match the accuracy of the DFT calculations for low-lying energy structures.

The first step in building a CE model is deciding what site basis functions to use. In Sec. 3.2.1,
two bases were introduced: Chebyshev polynomials, and an indicator basis. Both bases allow to
construct complete cluster bases, so they are in principle equivalent, because one can transform
one into the other. However, since in practice one has to cut off the basis, this equivalence is
broken, and the choice of basis becomes relevant. Notably, we observe that also the definition of
the parent-lattice plays a non-negligible role in basis selection when finite clusters pools are used:
Changing the definition of the substitutional site from [X,O] to [O,X], thereby swapping which
species is occupied a 0 or a 1 in the configuration vector, has been found to have an effect on the
quality of the CE models. This puzzling finding is discussed in App. C. All in all, we found that
a basis of Chebyshev site basis functions, as defined in Eq.s 3.10 and 3.11, yield best results and,
except said otherwise, this basis is employed.

From the ab initio calculations, performed on the initial set of 12 structures, we obtain their total
energies and calculate their energies of mixing according to Eq. 4.1. These energies, together
with the corresponding structures, form the training set that is used to build the first CE model.
Concerning the initial pool of clusters, in which we search for the most relevant clusters, we include
the 1-point, all 2-point clusters up to a radius of 10.89 Å, as well as 3-point clusters up to a radius
of 6.09 Å, summing up to 23 clusters.
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For the cluster selection we employ LASSO and a combinatorial approach (see option subsets_cv:

size + combinations of CELL’s ClustersSelector class [24]). For the latter, we define a fixed subset
of the initial clusters pool, containing the 1-point and 2-point clusters up to next-nearest neighbors
(see Fig. 4.1). To these four clusters, all possible combinations of up to five clusters out of the
initial pool are added. For each combination, a model is built, and the fit and CVLOO scores
are calculated. The combination with the smallest CV score is chosen. We find an optimal pool
of nine clusters. Ridge regression with a regularization strength λ = 10−8 is used as estimator
for the fitting of the ECIs. For this first model, the indicator basis was employed. The resulting
error scores for the first model are shown in the first panel of Fig. 4.6, labeled "Iteration 1". We
obtain a RMSE-CVLOO, it1=21.4 meV. We also perform a clusters pool optimization using LASSO
with hyperparameters ranging from 10−9 to 1, but it does not improve the CV scores and thus, is
disregarded.

Following the workflow, proposed in Fig. 4.4, as next step we generate an enumeration of derivative
structures: We build all possible configurations of YBa2Cu3O6+x with super cell sizes up to four
times as large as the parent lattice. We predict their energies of mixing with the previously
optimized CE model. The results are visualized in the top left panel of Fig. 4.7. The training
ab initio data are shown as black circles. The corresponding CE model predictions are depicted
as black dots. The predictions of structures from the first enumeration are shown as gray dots.
From these, we select structures to add to the training set in order to build the next, improved,
CE model. As discussed previously, we choose the newly predicted lowest energy structures. We
find four new lowest energy configurations. They are candidates for ground states. Additionally,
we choose two structures, following the approach of choosing random configurations, discussed in
Sec. 3.2.4 [60]. The model predictions of the selected structures are shown as red dots. For these
configurations we perform ab initio calculations and obtain new target values (red circles). We
notice that our model produces better predictions for the lowest energy states, than for the two
new states with higher energies. The prediction errors for the new target values, not included in
the fit, are shown in the column "Test", which is part of the table in the first panel of Fig. 4.6. The
CV scores in column "CVLOO" provide an estimate of these test errors. However, we obtain test
errors that are smaller than the CV-scores, indicating an overestimation of the former from cross
validation. This is to be expected, considering the small sizes of the training and the test sets.

With the training set, extended by the newly calculated ab initio data, we build new CE models,
starting the second iteration of model optimization. As previously, we try different methods for
the estimator (linear regression, ridge regression, LASSO) and for cluster selection (LASSO and a
combinatorial search). Similar to Iteration 1, in Iteration 2, we obtain the best model using the
combinatorial search, followed by a fit with ridge regression with λ = 10−8. This time, we use a
larger initial clusters pool that also contains 3-point clusters up to radii of 8.61 Å. In total, the
initial clusters pool contains 47 clusters, compared to 23 clusters in the first iteration. Since we
consider a larger initial pool, we only select up to four additional clusters in the combinatorial
approach, as this quickly becomes very resource-intensive for pools of increasing size. The opti-
mization yields a model with eight clusters. Next, we generate a second enumeration of derivative
structures with super cell shapes 2x2x1 and 3x3x1. Since we consider larger super cell sizes, than
in the previous iteration, we represent 2474 configurations with eleven intermediate oxygen con-
centrations between YBa2Cu3O6 and YBa2Cu3O7. We select all new configurations with shapes
2x2x1, which results in eleven structures. For the configurations with super cell shapes 3x3x1, we
use the same approach as previously, and select all new lowest energy structures, plus one random
structure for each composition. For the smallest concentration, only one configuration is found,
such that no random configuration is selected for this composition.

31



Model (Iteration 1)

Standard CE
Estimator:

Ridge regression, λ = 10−8

Cluster selector:

combinatorial search (comb.)
Optimized clusters pool:

9 clusters

Errors [meV]
Fit CVLOO Test

RMSE 3.0 21.4 5.9

MAE 2.1 11.3 4.1

MaxAE 6.8 70.2 13.2

Model (Iteration 2)

Standard CE
Estimator:

Ridge regression, λ = 10−8

Cluster selector:

comb. search
Optimized clusters pool:

8 clusters

Errors [meV]
Fit CVLOO

RMSE 3.5 10.3

MAE 2.6 6.9

MaxAE 8.1 34.2

Test Errors [meV]
Total E ≤ 50

79.2 15.0

57.3 12.9

205.0 28.6

Models (Iteration 3)

Standard CE
Estimator:

Ridge regression, λ = 10−8

Cluster selector:

comb. search
Optimized clusters pool:

5 clusters

Errors [meV]
Fit CVLOO

RMSE 12.8 16.3

MAE 10.3 12.5

MaxAE 31.2 47.7

Test Errors [meV]
Total E ≤ 50 E ≤ 0

25.0 4.0 3.9

10.2 3.3 3.4

132.1 10.0 6.4

Non linear CE
Estimator:

OMP, n=13, degree=2
Clusters pool size:

12 clusters

Errors [meV]
Fit CVLOO

RMSE 9.0 27.0

MAE 6.6 19.7

MaxAE 26.4 94.1

Test Errors [meV]
Total E ≤ 50 E ≤ 0

14.4 5.1 3.6

8.0 4.0 2.8

65.3 13.3 7.3

Model (Iteration 4)

Standard CE
Estimator:

OMP, n=16
Cluster selector:

LASSO, comb. search, OMP
Optimized clusters pool:

16 clusters

Errors: full dataset [meV]
Fit CVLOO

RMSE 3.3 5.8

MAE 2.4 3.5

MaxAE 11.3 33.3

Errors for E≤ 0 [meV]
Fit CVLOO CV10f

1.1 1.2 1.6± 0.6

1.0 1.1 1.2± 0.2

2.3 3.0 3.5± 0.9

Figure 4.6: For each iteration, a selection of models and their parameters are displayed. Error
scores are presented in tables, including fit and CVLOO scores for the complete dataset of each
iteration. Test errors for newly selected data are shown for the total set and subsets containing
configurations with energies ≤ 50 and 0 meV. In the final iteration, no test errors are provided due
to the absence of new data. Instead, fit and CV scores for configurations below 0 meV are included.
Both LOO and 10-fold CV are considered, with the latter performed 100 times for different random
splits to provide mean values and standard deviations.
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Figure 4.7: CE model optimization and intermediate ground state search for YBa2Cu3O6+x: Black
circles show the target values obtained by ab initio calculations. They are used to build a CE model.
The corresponding fit predictions are shown as black dots. Next, the model is used to predict new
configurations (gray dots), from which some are selected (red dots). Ab initio calculations are
performed for the selected configurations (red circles). They are added to the training set for the
next iteration of model optimization.

To efficiently select the lowest energy and random structures, we implement a new fea-
ture in CELL to automatically mask data sets. This is used for filtering data in the
generate_derivative_structures method of CELL [24]. It allows the user to choose how many
of the lowest energy structures (n_lowest) and how many random structures (n_random) to select
for each composition, such that they can be filtered out and included in a set of structures. This
makes the structure selection method easily accessible within the framework of CELL [24]. In total,
25 new structures are selected.

The corresponding data are shown on the top right of Fig. 4.7 (second panel). The fit, CVLOO,
and test errors of the model are displayed in the second panel of Fig. 4.6, labeled "Iteration 2".
We obtain smaller CV scores than in Iteration 1: RMSE-CVLOO, it2 = 10.3 meV, compared to
RMSE-CVLOO, it1 = 21.4 meV. However, the test errors are large. For the complete set of 25
new configurations, the RMSE-testit2 = 79.2 meV. With the new configurations, we increase the
size of the training set from 18 to 43 structures, many of them with new compositions and higher
energies. It is therefore not surprising that our model, trained on a significantly smaller and less
diverse training set, produces large test errors. These large test errors for configurations with high
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energies are observable in the predictions of the model from the second iteration, which are depicted
as gray/red dots in Fig. 4.7. We aim for a model whose predictions exhibit a high precision for
low energies, where it is expected to find the ground states. Therefore, we also evaluate the test
error for configurations with energies smaller than 50 meV, resulting in test errors that are more
similar to the CVLOO scores of the model. For instance: RMSE-CVLOO, it2 = 10.3 meV compared
to RMSE-testit2, E ≤ 50 = 15.0 meV. We expect the model to perform better in this energy region,
as it was trained on configurations with energies below 50 meV.

With the training set, extended by the ab initio results for the 25 new configurations, we start the
third iteration of model optimization. We try the same methods for the estimator and structure
selector as in the previous iterations. Again, we find that a model using ridge regression with a
small regularization strength of λ = 10−8 and a cluster selector using the combinatorial approach,
leads to the smallest CV scores. We start from the same initial clusters pool and fixed subset as in
the first iteration and combine with up to five of the remaining clusters. The optimized clusters pool
only contains five clusters: The fixed subset and one additional 3-point cluster. The corresponding
error scores are shown in the top tables of panel "Iteration 3" in Fig. 4.6. The RMSE-CVLOO, it3, st

= 16.3 meV is larger than for the previous model. Although we aim to reduce the CV scores with
each iteration, this is not unexpected, considering that the training set is a lot more diverse than
it was in previous iterations.

In Iteration 3, we also explore CE model building, using the nonlinear CE method of Stroth et
al. [44], discussed in Sec. 3.2.3. This allows us to compare the predictions of both models, and to
choose new structures correspondingly. We perform polynomial expansions of degrees two, three,
four and five and consider two initial clusters pools. One of them contains the 1-point and all
2-point clusters up to radius 10.89 Å, amounting to 12 clusters. The second, contains all clusters
of the first one plus all 3-point clusters up to a radius of 6.09 Å (23 clusters). As estimator we use
OMP, as described in Sec. 3.2.2. We optimize the CV score with respect to the number of nonzero
coefficients. Besides CVLOO, we perform 10-fold CV10f. To estimate the error bar of the CV10f

estimator, we repeat calculations 100 times, each time generating different random splits, such
that we can calculate the mean CV10f scores and their standard deviations. The best nonlinear
model is found for a polynomial expansion of degree two, using the first initial clusters pool. The
model optimization is shown in Fig. 4.8. It reveals that a number of nonzero coefficients n=12 or
n=13 minimizes the CV scores. The mean 10-fold CV scores are plotted as solid lines in red for
the RMSE-CV, in blue for the MAE-CV and in black for the RMSE-Train error. As expected, the
training error keeps decreasing with model complexity, while both CV scores increase after n=13.
The standard deviations of all errors are shown as shaded areas around the mean values. We select
n = 13 non-zero coefficients. This value also represents a minimum for a higher polynomial degree
of five, indicating that it is a robust minimum. The error scores of the corresponding model are
shown in the bottom tables of panel "Iteration 3" in Fig. 4.6. The model produces higher CV
scores than the previously considered standard CE model, for instance: RMSE-CVLOO, it3, nl =
27.0 meV, compared to RMSE-CVLOO, it3, st = 16.3 meV for the standard model. Nevertheless,
we decide to continue with both models for the next enumeration, as larger standard deviations of
the error scores of the nonlinear model make it hard to estimate the quality of its performance on
new data.

Next, we proceed to create full enumerations of derivative structures for both models, considering
all possible super cell shapes and sizes up to nine times the parent lattice. We obtain 48,867
configurations. For these, we perform predictions of Emix using both models, and find, for each of
them, 27 lowest energy configurations. Five of these are already part of the training set. For the
remaining 22 ground states found with each model, 20 are predicted as lowest energy by both, the
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Figure 4.8: The optimization of the hyperparameter for the nonlinear CE model of degree two,
using OMP, is shown. The RMSE Train error is shown in black, the RMSE-CV is shown in red
and the MAE-CV score is shown in blue. We use 10-fold CV and perform 100 calculations using
different random splits to obtain mean values (solid lines) and standard deviations (shaded areas).
A number of non-zero coefficients n=12 or n=13 reduces the CV scores. We choose n=13 and the
corresponding model is built for the third iteration of model optimization.

standard and nonlinear one, while two structures from each differ. We add all 24 configurations
to the new training set. Additionally, we add 33 non-ground state structures, using the method
by Mueller and Ceder [46], introduced in Sec. 3.2.4. We extend it by creating an active learning
workflow, that we implement in CELL [24] and introduce it in detail in Sec. 4.8. In total, we add 57
new configurations, resulting in a training set of 100 configurations for the last iteration of model
optimization.

With this new data, we compute test errors of the standard and nonlinear CE models obtained
in Iteration 3. These errors are shown in the tables on the right hand side of panel "Iteration
3" in Fig. 4.6. We observe that, for the standard (nonlinear) CE, the CVLOO scores under(over)
estimate the test error. The nonlinear CE yields smaller test errors as the standard one, and both
are generally smaller than test errors in the previous Iteration 2. The differences between the CV
and test errors for the standard model are less severe than in the previous iteration. A plausible
explanation for this is that the model was trained on a larger and more diverse training set. This
highlights that the CV scores should be interpreted with caution, in the case of small training
sets. It must be noted that, for both models, the large MaxAE test error scores are mainly due
to a single configuration with a high energy of mixing of 373.0 meV. Although neither model’s
predictions meet the target error considering the complete training set, the performance is much
better in the low-energy region relevant for finding ground states. This is reflected in the test errors
for configurations with energies of mixing below 50 meV and below 0 meV in Fig. 4.6. Considering
energies below 50 meV, the RMSE and MAE scores are ∼ 2 to ∼ 6 times smaller than the global test
error (depending on the model), while for energies below 0 meV these are ∼ 3 to ∼ 6 times smaller.
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Figure 4.9: The optimization of the clusters pool in Iteration four using LASSO-CV [52] is shown.
The hyperparameter (left hand side) is tuned to obtain the model with the lowest RMSE-CV score
(red circle). The corresponding clusters pool sizes are shown on the right hand side.

The obtained errors, of around 3 to 5 meV for the RMSE and MAE, are much closer to the target
accuracy. The ab initio calculations on the new structures reveal that all structures predicted as
lowest energy configurations by the nonlinear model, are indeed lowest energy configurations of
the new training set. In contrast, the standard CE model predicted two configurations differently,
which have higher energies of mixing than the configurations predicted by the nonlinear model.
The energy differences between the selected configurations are 2.6 meV (for oxygen content 6.22)
and 1.7 meV (for oxygen content 6.38), which means that the first configurations are distinct, but
the latter ones could be degenerate considering the computational errors of ±1.2 meV for both
configurations. Despite its larger CVLOO scores, we assess the performance of the nonlinear model
to be better than that of the standard CE model from the third iteration, in the context of ground
state search. The bottom left picture of Fig. 4.7 shows the predictions of the nonlinear model (gray
dots) on the training data (black circles) and the selected new configurations (red).

With the extended training set, encompassing 100 configurations, we start the fourth (and last)
iteration of model optimization. For this, we perform an extensive search for the best clusters
pools and estimators by combining all previously mentioned methods. We find the best model
for an initial clusters pool of 354 clusters, containing the 1-point, all 2-point up to a radius of
13.61 Å and 3- and 4-point clusters up to radius of 10.89 Å, on which LASSO-CV is used to
select the optimal set of clusters. In Fig. 4.9, the RMSE errors versus the sparsity parameter
(left panel) and number of clusters (non-zero coefficients in LASSO, right panel) are shown. An
optimal sparsity parameter of λ = 9.6 · 10−3 is found, which corresponds to 54 clusters (see red
circles). Next, we apply LASSO as estimator with an optimized λ = 2.94 · 10−3, such that the
number of non-zero ECIs is reduced to 51. This two-stage strategy, consisting of applying LASSO
twice, first for screening for relevant features and then for refining the coefficients, is a particular
case of a method called relaxed LASSO [74]. It is also possible to combine LASSO with ordinary
least squares fits (LASSO+OLS) or ridge regression (LASSO+RR). Applying LASSO two times,
we find a model with remarkable fit errors of RMSE-Fit = 0.8 meV, MAE-Fit = 0.5 meV and
MaxAE-Fit = 3.1 meV, as well as small CVLOO scores of RMSE-CVLOO = 3.3 meV, MAE-CVLOO

= 2.0 meV and MaxAE-CVLOO = 16.9 meV. However, the optimized clusters pool contains only
one of the two 2-point clusters of next-nearest neighbors. These two clusters embody important
interactions capturing the anisotropy of the system, and are included in previous models [62, 63].
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Figure 4.10: The optimization of the clusters pool in iteration four using subsets_cv: size +

combinations is shown. The clusters pool was first optimized with LASSO from 43 to 25 clusters
and is now further reduced to ten clusters.

The absence of one of them in the selected model, points to a common phenomenon in feature
selection in LASSO: If many features are correlated with a "true" feature, LASSO could just pick
one or a few of them as substitute, and drop the true one. One possible fix to this problem, is to
restrict the feature space to reduce correlations between features. Then, LASSO is more likely to
select the "true" feature.

For this purpose, we apply LASSO as cluster selector on smaller initial clusters pools. One of
them contains all clusters with a radius of up to 8 Å for the 2- and 3-point clusters and a radius
up to 6.5 Å for 4-point clusters, corresponding to 43 clusters. Applying LASSO+RR results in
an optimized pool of 25 clusters (λ = 2.82 · 10−2). The corresponding model produces small
error scores, such as RMSE-Fit = 2.8 meV and RMSE-CVLOO = 6.2 meV. However, we aim
for a model with an even smaller optimized clusters pool, as this allows for faster predictions,
which is convenient for performing Monte Carlo simulations requiring several millions of property
evaluations. Therefore, we reduce the optimized clusters pool further by applying a combinatorial
subsets selection in the search of the optimal model. As before, we define a fixed subset up to
2-point next-nearest neighbor clusters, which we combine with up to six clusters, resulting in a
pool of ten clusters. Figure 4.10 shows the result of this combinatorial subset optimization. The
negative slope of the RMSE errors at the maximum number of clusters, suggests that the errors
may be reduced further when considering more clusters, which is impractical in the combinatorial
search. Therefore, we explore a less expensive version of the algorithm, where we manually add 2-,
3- and 4-point clusters, evaluate the reduction in the error scores and add the cluster permanently
if the reduction is significant. This way, we cannot consider all combinations, but are still able
to reduce the error scores. We obtain a clusters pool of 17 clusters, containing the 1-point, seven
2-point clusters, six 3-point and three 4-point clusters. Finally, we use this optimized clusters pool
to build models, using OMP as estimator.
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Figure 4.11: The optimization of the number of nonzero coefficients for a nonlinear CE model of
polynomial degree three is shown. The RMSE-Train error (black), as well as 10-fold CV scores for
the RMSE (red), MAE (blue) and the RMSE-CV for configurations with energies of mixing less
than or equal to 0 meV are presented. The solid lines correspond to mean values and the shaded
areas to standard deviations, obtained by performing 100 calculations, using different random
splits.

We consider models with polynomial expansions of degrees one up to five. Focusing on a high
accuracy for the prediction of low-energy configurations, the best model is found for degree three.
The optimization of the OMP estimator is shown in Fig. 4.11. As before, mean errors (solid lines)
and standard deviations (shaded areas) are presented, based on 10-fold CV. Interestingly, while the
RMSE-CV scores for the whole dataset (red) are considerably larger than for low-lying structures
(purple), both minimize at a similar number of non-zero parameters n. We choose n=27, which
minimizes the latter.

Concerning the previously mentioned pairs of low-energy configurations, that are close in energy, we
observe that 5th nearest neighbor 2-point clusters are needed to lift their degeneracy. Interestingly,
there exist several studies of extended ASYNNNI models, that observed improved predictions, when
including the 5th nearest neighbor 2-point cluster without intermediate copper atoms, shown as
cluster 8 in Fig. 4.3 [72, 75]. This cluster is also contained in the optimized pool of the nonlinear
model discussed above. It is able to lift the degeneracy for all pairs of close lying low-energy
configurations, except for the one at oxygen content 6.38. As discussed previously, due to the
computational error bar, it is possible that these configurations are actually degenerate. However,
for the statistical thermodynamics simulations that we perform later on, it is easier to use a
standard CE model instead of a nonlinear one. To obtain a good standard CE model, we need
to modify the pool of the nonlinear CE slightly, replacing one of the clusters with the second
5th nearest neighbor 2-point cluster (cluster 7 in Fig. 4.3). We employ OMP as estimator and
find an optimized standard CE model with 16 nonzero coefficients. Its error scores are shown
in the last panel, labeled "Iteration 4", of Fig. 4.6. Its scores for the low-energy configurations
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(Emix ≤ 0 meV) are RMSE-Fitit4 = 1.1 meV and RMSE-CVLOO, it4 = 1.2 meV. These are smaller
than or equal to our target error of 1.2 meV. We additionally provide the results of the 10-fold
CV, to get an estimation of the standard deviations of the CV scores. Considering these, we find
RMSE-CV10f, it4 scores between 1.0 meV and 2.2 meV, for the low-energy configurations.

For this final model, we create again an enumeration up to super cell sizes nine times as large as the
parent lattice. The corresponding plot is shown in the bottom right panel of Fig. 4.7. The model
predicts one new lowest energy structure, but its energetic difference to the previously calculated
structure is only 0.12 meV, such that we can consider them degenerate. Finally, our model is
converged. Comparing to previous iterations, we were able to reduce the error scores significantly.
This is likely due to the large increase of our training set size (from 12 to 18 to 43 to 100 structures)
and the effort we put into optimizing the structure and cluster selection.

4.6 Comparative analysis with reported models

Next, we compare our optimized model to models of previous CE studies of YBa2Cu3O6+x. Specif-
ically, we compare to the ASYNNNI model [62] and a modeling based on the chosen clusters of
Draxl et al. [63], discussed in Sec. 4.2.

As indicated by the name, in the ASYNNNI model interactions up to next-nearest neighbors are
taken into account. The parameters in early versions of the model are chosen to match experimental
observations, such as the prediction of the ortho-II phase [76], while later models use parameters
based on ab initio studies [73,77]. In the simplest model, three interactions are considered: V1, V2

and V3, which correspond to clusters 2, 3 and 4 in Fig. 4.1. In order to stabilize the ortho-II phase,
the parameters need to fulfill V2 < 0 < V3 < V1. As explained previously, the negative sign of V2

indicates an attraction, such that the formation of Cu-O chains is preferred, which is also a clear
result from the ground states we find, based on our ab initio calculations. These will be discussed
in the next section. In order to compare to the ASYNNNI model, we build a CE model based on
our training set of 100 configurations and the corresponding four clusters (see Fig. 4.1). We employ
ridge regression with λ = 10−8 to calculate the ECIs. The resulting error scores of the model are
shown in panel one, labeled "ASYNNNI model", in Fig. 4.12. The model performs better for
configurations with low than high energies, producing an RMSE-FitASYNNNI, E ≤ 0 = 4.1 meV. For
the CV scores, both CVLOO and 10-fold CV are considered. As before, we perform 100 calculations
for 10-fold CV to obtain mean errors and standard deviations. The model’s predictions and the
target values calculated by DFT are presented in the top left panel of Fig. 4.13. The model shows
a linear behavior that is not in alignment with the actual distribution of the energies of mixing.
While the model is able to distinguish between the two states at oxygen content 6.5, it fails to
distinguish between the two configurations at oxygen content 6.22, as well as 6.38. Additionally,
the prediction of the ortho-I phase at oxygen content 7 is off by 8.4 meV.

Next, we build a model on the complete training set, considering the 1-point and all 2-point clusters
used in the study by Draxl et al. [63]. Since they consider 2-point clusters up to 5th nearest
neighbors, we call the corresponding model the asymmetric 5th nearest neighbor Ising (ASY5NNI)
model. The error scores are shown in the second panel of Fig. 4.12. Overall, it produces smaller fit
and CV errors for the full dataset and the subset of configurations with low energies Emix ≤ 0 meV.
This is to be expected, since the model contains all clusters considered in the 2D ASYNNNI model,
as well as additional 2-point interactions of 3rd, 4th and 5th nearest neighbors. The obtained error
scores are RMSE-FitASY5NNI = 3.5 meV and RMSE-CVLOO, ASY5NNI = 3.8 meV, compared to
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ASYNNNI model [62]

Estimator:

Ridge regression, λ = 10−8

Clusters pool:

4 clusters (up to NNN 2pt clus-
ters)

Errors: full dataset [meV]
Fit CVLOO

RMSE 14.4 16.4

MAE 9.2 10.1

MaxAE 53.4 64.1

Errors for E≤ 0 [meV]
Fit CVLOO CV10f

4.1 4.4 5.0± 1.4

3.7 3.9 4.0± 0.5

8.4 9.6 10.1± 1.8

ASY5NNI model [63]

Estimator:

Ridge regression, λ = 10−8

Clusters pool:

1pt cluster and 2pt clusters
from reference [63]

Errors: full dataset [meV]
Fit CVLOO

RMSE 11.2 13.4

MAE 8.1 9.4

MaxAE 31.8 41.6

Errors for E≤ 0 [meV]
Fit CVLOO CV10f

3.5 3.8 4.3± 1.1

3.0 3.2 3.3± 0.5

8.3 9.1 9.2± 1.1

Optimized models

Standard CE
Estimator:

OMP, n=16
Cluster selector:

LASSO, comb. search, OMP
Optimized clusters pool:

16 clusters

Errors: full dataset [meV]
Fit CVLOO

RMSE 3.3 5.8

MAE 2.4 3.5

MaxAE 11.3 33.3

Errors for E≤ 0 [meV]
Fit CVLOO CV10f

1.1 1.2 1.6± 0.6

1.0 1.1 1.2± 0.2

2.3 3.0 3.5± 0.9

Non linear CE
Estimator:

OMP, n=27, degree=3
Clusters selector:

LASSO, comb. search
Optimized clusters pool:

17 clusters

Errors: full dataset [meV]
Fit CVLOO

RMSE 2.5 6.6

MAE 1.6 3.6

MaxAE 9.3 33.6

Errors for E≤ 0 [meV]
Fit CVLOO CV10f

0.6 1.4 2.1± 1.2

0.5 0.7 1.1± 0.4

1.7 7.2 7.1± 4.3

Figure 4.12: The parameters and error scores of two reported models and two of our optimized
models are compared. The ASYNNNI model [62] is based on interactions up to next-nearest
neighbors. The ASY5NNI model corresponds to the clusters used by Draxl et al. [63], where 2-
point clusters up to 5th nearest neighbors are considered. We compare to our optimized standard
CE and nonlinear CE model based on clusters pool with 16 and 17 clusters. Errors for the full set
(left tables), as well as for configurations with energies below 0 meV (right tables) are provided.
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Figure 4.13: The ab initio target values (circles), including their error bars, and the predictions of
the considered models (dots) for low-energy configurations are shown. The top left image shows
the prediction of the ASYNNNI model [62], considering 2-point interactions up to next nearest
neighbors. The top right image shows the ASY5NNI model, considering 2-point interactions up to
5th nearest neighbors [63]. The standard CE and nonlinear CE model correspond to our optimized
models. They are each trained on clusters pools of seventeen clusters, differing by one cluster.

previously RMSE-FitASYNNNI = 4.1 meV and RMSE-CVLOO, ASYNNNI = 4.4 meV. The ASY5NNI
model’s predictions compared to the DFT target values are shown in the top right panel of Fig. 4.13.
Similarly to the ASYNNNI model, it predicts a linear behavior that does not accurately capture
the actual shape. Yet, in contrast to the previous model, it is able to lift the degeneracy of
energetically close configurations at oxygen contents 6.22, 6.38 and 6.5. The predictions for the
two smaller oxygen contents, especially for 6.22, are so close that they are hardly distinguishable
in the figure.

The lower panels of Fig. 4.13 show the predictions of our two optimized models. The lower
left panel corresponds to the standard CE model that we presented in Sec. 4.5, which is built
using OMP and n=16. The nonlinear model on the right panel corresponds to the model with a
polynomial expansion of degree three and 27 nonzero coefficients (see also Sec. 4.5 and Fig. 4.11).
The predictions agree remarkably well with the ab initio data. The errors of both models are
shown in the last panel of Fig. 4.12. The nonlinear model produces smaller fit errors, which can
be simply explained by the fact that it includes more features than the standard CE model. Its
CVLOO scores are higher (except for the MAE) than for the standard CE model. However, when
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Figure 4.14: The ECIs for the considered models are shown for the subset of clusters shown in
Fig. 4.1 (left-hand side). The 2ptNNN1 cluster is the next-nearest neighbor cluster with and the
2ptNNN2 without an intermediate copper atom. The ASYNNNI [62] ECIs are shown in darkblue,
the ASY5NNI model’s [63] in lightblue and results from our standard and nonlinear CE are shown in
violet and pink. On the right hand side additional considered clusters are shown for the ASY5NNI,
the standard and nonlinear CE. The scaling of the y axis corresponds to the symmetric logarithmic
scale of matplotlib [78].

considering the standard deviations of the 10-fold CV, we observe that they are larger than for
the standard CE model. Thus, the errors could be equivalent or even smaller for the nonlinear CE
model taking into account the uncertainties of the errors. However, there is no way for us to know
this, such that we cannot determine which of the models has better CV scores and therefore a
higher predictive power. We observe that introducing nonlinearities to the feature space generally
results in larger standard deviations for the error scores. We assume that this is due to the increase
of the feature space to choose from, which could make it more difficult for the algorithm to find
the best model.

A comparison of the ECIs of all four models is shown in Fig. 4.14, using the symmetric logarithmic
scaling from matplotlib [78] for the y-axis. The ECIs of the different models are shown in darkblue
for the ASYNNNI, lightblue for the ASY5NNI, violet for our standard and pink for our nonlinear
CE model. In the left panel, the ECIs for the subset of clusters depicted in Fig. 4.1 are presented.
They agree in sign for all models and are of similar magnitudes. The ECIs of the standard and
nonlinear CE are more similar to each other than to the reported models. For all models, the
parameters fulfill V2 < 0 < V3 < V1 or in our notation: ECI2ptNNN1

< 0 < ECI2ptNNN2
<

ECI2ptNN
. Our models produce smaller error scores, because they have more features than the

reported models, which are depicted in the right panel of Fig. 4.14. All considered clusters and
nonlinear features and their ECIs are summarized in App. D. Figure 4.14 demonstrates, that the
first three coefficients are significantly larger than all other coefficients, which explains why the
ASYNNNI and ASY5NNI model are able to capture relevant features.

In Fig. 4.15, we show a graphical representation of the error scores by providing box plots for all
considered models, using a logarithmic scale for the y-axis. The boxes represent the distribution
of CVLOO absolute errors, considering the interquartile range (IQR). The IQR extends from the
median of the lower half of the data (25 percentile) to the upper half of the data (75 percentile).
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Figure 4.15: From left to right, box plots of the ASYNNNI, ASY5NNI and our optimized standard
and nonlinear CE models are provided, employing a logarithmic scale for the y-axis. The interquar-
tile range (IQR), extending from the median of 25 percentile to the median of 75 percentile of the
absolute CVLOO errors, are shown as blue boxes. Medians are represented by black lines. The
vertical lines, called whiskers, represent the range 1.5 · IQR. The RMSE and MAE CVLOO scores
are shown in orange and magenta. The computational error of the ab initio calculations is shown
as gray horizontal line.

The vertical black lines, called whiskers, represent the range 1.5·IQR. Outliers beyond these errors
are visualized as black diamonds. The RMSE-CV and MAE-CV scores are shown in orange and
magenta. The horizontal line represents the ab initio computational error of 1.2 meV. For the y-axis
a logarithmic scaling is employed. We observe a significant improvement from the ASYNNNI and
ASY5NNI models progressing to the standard and nonlinear CE model. Considering the nonlinear
model, the median of the absolute errors even lies below the computational error. However, as
discussed previously, the nonlinear CE model produces a wider spread of CV scores, making it
harder to determine its accuracy.

We conclude that both of our optimized models perform very well, especially for the prediction
of low-energy configurations. They are able to capture the actual shape of the distribution of
energies of mixing, which is not achieved by the ASYNNNI or ASY5NNI model. We find that the
inclusion of both 5th nearest neighbor 2-point interactions is needed to build a standard CE model
that captures the actual shape, while one of them is sufficient, if nonlinearities are considered.
Additionally, we find that including 3-point and 4-point clusters is relevant. Including 5th nearest
neighbor interactions, but not considering interactions beyond 2-points, as in the ASY5NNI model,
leads to an inaccurate linear behavior and does not deliver the desired accuracy of predictions.
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Figure 4.16: The DFT results for the low-energy states of the complete training set are shown
as black circles, with error bars corresponding to the computational error ucomp = ±1.2. Eleven
possible ground states, marked as blue/red dots, are found with a convex hull, not considering the
computational error. Considering the computational error, the convex hull (red line) encompasses
six ground states (red dots).

4.7 Ground states

To discover which of the low-energy states of our final training set are actual ground states at
T = 0 K we draw a convex hull. We find eleven possible ground states for YBa2Cu3O6+x, which
corresponds to nine intermediate ground states between the reference structures. They are marked
as blue dots in Fig. 4.16. As expected, the ground states of YBa2Cu3O6+x for oxygen contents
6.0, 6.5 and 7.0 correspond to the tetragonal, ortho-II and ortho-I phase, which are experimentally
observed phases [73]. The planes, containing the substitutional sites, are shown in Fig. 4.17 for all
eleven states. As before, copper atoms are depicted as bronze, oxygen atoms as red and vacancies
as empty circles. The unit cells are encompassed by a black line and shaded in gray. We observe
a clear pattern: All ground states have continuous Cu-O chains. For a low oxygen content, the
chains are far apart, but come closer, the more the oxygen content is increased.

A previous study of Andersen et al. [72], based on an extension of the ASYNNNI model, produces
similar results. They also predict the ortho-VIII phase at an oxygen content of 6.625, which
corresponds state 7 in Fig. 4.17. Similarly, they predict the ortho-III phase at oxygen content
6.67, which corresponds to state 8 in Fig. 4.17. The ortho-III phase is also predicted by Ceder
et al. [79] for the same oxygen content at T = 0 K. The ortho-V phase, which Andersen et al.
predict for an oxygen content of 6.6, is included in our training set of low-energy states. It is
not part of the convex hull, but considering the computational error, it could be a ground state.
In a X-ray diffraction study of YBa2Cu3O6+x, performed by Zimmermann et al. [73], the ortho-
II, ortho-III, ortho-V and ortho-VIII superstructures are observed, while only the ortho-II phase
shows three dimensional ordering, indicating that it is a more stable phase. Andersen et al. also
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Figure 4.17: The planes, containing the substitutional sites, of the eleven possible ground states of
YBa2Cu3O6+x are shown. Copper atoms are shown in bronze, oxygen atoms in red and vacancies
as white circles. The unit cells are encompassed by a black line and shaded in gray. The states for
oxygen contents 6.0, 6.5 and 7.0 correspond to the tetragonal, ortho-II and ortho-I phase. State 8
is the ortho-III phase and state 7 the ortho-VIII phase.
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find experimental evidence of the the same orthorhombic phases [72]. Experimentally, none of the
orthorhombic superstructures, apart from ortho-I, are observed to show long range ordering [73].
From our ab initio results, depicted in Fig. 4.16, it is difficult to determine which states are actual
ground states at T = 0 K. Considering the error bars of our DFT calculations, we do not assume
that all of the eleven states marked in blue are actual ground states. We draw a second, more
conservative, convex hull, taking the error bars into account. Now, we only add data points to
the convex hull, if the error bar of the corresponding point is completely below the connection
line of two other points. With this approach the ortho-II phase at oxygen content 6.5 would not
be considered a ground state. We decide to enforce its inclusion to the convex hull, as it is a
more stable phase [73], and proceed otherwise as stated before. The resulting convex hull and
ground states are shown in red in Fig. 4.16. We find six ground states, thus, four intermediate
ground states, corresponding to states 3, 5, 8, and 9 in Fig. 4.17. They include, besides the ortho-
II phase, the ortho-III phase. As explained, due to the error bars and because the considered
configurations with oxygen contents between 6.4 and 6.7 have very similar energies of mixing, it is
difficult to predict precisely which of the states are indeed ground states. Furthermore, we assume
that the considered super cell sizes, up to nine as large as the parent lattice, might be too small to
capture configurations that exhibit phase separation. A reasonable next step beyond this work, is
to perform DFT calculations with even finer convergence criteria to allow for a clearer estimation
of potential ground states of YBa2Cu3O6+x.

4.8 Active learning workflow for structure selection

As discussed in Sec. 3.2.4, in order to reduce the variance of the training set, we want to reduce
the value of τ from Eq. 3.35. We want to select a structure i that, when added to the training set,
minimizes the variance, and therefore τ , the most. When adding a new structure to the training
set, we obtain a new covariance matrix of the form:

M̃ = (XTX + xix
T
i )

−1. (4.2)

As previously, X is the matrix of cluster correlations and xi is a column vector of the cluster
correlations of a configuration i. In Sec. 3.2.4 we explained that, to calculate τ , we need to
calculate its Frobenius product with the domain matrix:

τ̃ = (XTX + xix
T
i )

−1 : D = M̃ : D = tr(M̃TD) = tr(M̃D). (4.3)

M̃ and D are square matrices of same dimension and their Frobenius product is equal to the trace
tr(M̃TD). By its definition in Eq. 4.2, M̃ is the inverse of a Gram matrix and as such is a square
and symmetric matrix, such that M̃T = M̃ . So, we obtain:

τ̃ = tr
(

(XTX + xix
T
i )

−1D
)

. (4.4)

To simplify further, we make use of the Sherman-Morrison formula [80, 81] that states that, for
a n × n invertible square matrix A and a column vector u of dimension n × 1, we can rewrite:
(A+ uuT )−1 = A−1 − A−1uuTA−1

1+uTA−1u
, provided that 1 + uTA−1u ̸= 0. We obtain:

τ̃ = tr

((

(XTX)−1 − (XTX)−1xix
T
i (X

TX)−1

1 + xT
i (X

TX)−1xi

)

D

)

. (4.5)

Next, we use that tr(A+B) = tr(A) + tr(B) to separate the equation into two terms. The first
term tr

(

(XTX)−1 D
)

does not depend on which structure we add to the training set, but only
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on the original training set. The second term, that is subtracted from it, results from adding the
new structure. By selecting the structure i that maximizes it, we reduce the variance as much as
we can, given a set of candidate structures, we choose from. We can simplify the expression a bit
further:

tr

(

(XTX)−1xix
T
i (X

TX)−1

1 + xT
i (X

TX)−1xi
D

)

=
1

1 + xT
i (X

TX)−1xi
tr
(

(XTX)−1xix
T
i (X

TX)−1D
)

.

(4.6)

Above we use that the denominator is a scalar, since we multiply vectors and matrices of the
dimensions: (1×Nc)(Nc ×Nc)(Nc × 1) = (1× 1). We can therefore move it outside of the trace.
Next, we employ the invariance of the trace under cyclic permutations and perform permutations,
such that we receive:

1

1 + xT
i (X

TX)−1xi
tr
(

xT
i (X

TX)−1D(XTX)−1xi

)

. (4.7)

Similar to before, we can show that the term in the trace is a scalar by considering the dimensions
of the single objects that are multiplied: (1×Nc)(Nc ×Nc)(Nc ×Nc)(Nc ×Nc)(Nc × 1) = (1× 1).
Therefore, we can omit the trace and finally obtain:

∆τ(X,xi) =
xT
i (X

TX)−1D(XTX)−1xi

1 + xT
i (X

TX)−1xi
. (4.8)

We call this value ∆τ(X,xi) as it describes how much τ from Eq. 3.35 is reduced by adding
structure i to the training set. Eq. 4.8 has already been implemented in CELL [24] within the
StructureSelector class in the method select_structure that returns the index for the struc-
ture with maximal ∆τ(X,xi). We discussed it in detail here, since, to the best of our knowledge,
this approach for structure selection has not yet been discussed in a previous publication. Next,
we illustrate which changes and additions are implemented in the context of this work.

Usually, following our workflow discussed in Sec. 4.3, we want to add several structures to the
training set before building a new model. It is not advised to use the select_structure method
multiple times on the same candidate set. Each time a new structure is added to the training set,
the matrix of correlations X changes, since a row with the correlations for structure i is added.
We need to consider this updated input matrix in the calculation of ∆τ(X,xi) in Eq. 4.8, when
selecting an additional structure. If we do not, we risk to select several structures with similar
correlations, that each reduce the variance of the original training set, but do not take each others
correlations into account. In order to avoid selecting the same structure more than once, all chosen
structures and their correlations xi should be removed from the set of candidates. To take these
considerations into account and to enable an iterative structure selection, we develop an active
learning workflow.

We start with an initial training set T and a set of candidate structures C . We want to apply the
workflow on the previously described set of candidates from Iteration 3 in Sec. 4.5, containing 48,867
structures. During our test runs, we notice, that the set contains structures that are symmetrically
equivalent. This likely stems from a problem in the symmetry packages used by CELL [24] that
fail to recognize all symmetrically equivalent structures. To avoid selecting the same structure
more than once, we need to exclude equivalent structures. This is not trivial in the case of a large
set of structures. We cannot check the equivalence for all 48,867 structures by visualizing and
comparing them. Also, we cannot make use of methods such as CELL’s sset_equivalence_check,
which checks for equivalent structures in a structures set [24], since the candidate set is too large
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Initial
training
set T

Calculate XT

Initial
candidate

set C

Remove
structures

with equal xi

Find
j = argmax

i∈C

∆τ(XT ,xi)

Update
T → T ∪ j

C → C \ j

Nt < Nt,max?

Add xT
j to X

Return T

DFT calculations
on new structures

no

yes

Figure 4.18: Active learning workflow for structure selection: For an initial training set T and
candidate set C the correlations are calculated. Structures with equal correlations to a previous
structure are removed from the candidate set. The structure that maximizes ∆τ(X,xi) is selected
iteratively, while updating the training set T and candidate set C and the corresponding correla-
tions after each iteration. Once the desired number of structures Nt,max is found, DFT calculations
are performed upon them.
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for the algorithm to handle. Instead, we use a different approach: Symmetrically equivalent
structures have the same correlations, so we calculate the matrix of correlations for the candidate
set and remove rows with equal correlations. The corresponding structures are excluded from the
training set. It is important to note, that by doing so, we ensure that no symmetrically equivalent
structures are in the candidate set. However, since our basis is not complete, it is possible that
some inequivalent structures have same correlations with respect to the truncated basis set and are
excluded. To reduce this risk, we include the possibility to provide a larger clusters pool, employed
only to calculate the correlations of the candidate set. The more expensive structure selection is
based on a smaller clusters pool. By choosing an enlarged basis, it is less likely that we exclude
inequivalent structures, as it is less likely that these structures will have equal correlations. For
the considered candidate set, we choose a clusters pool containing the 1- and all 2-, 3- and 4-point
clusters up to a radius of 10.89 Å. This results in a reduction from 48,867 to 46,694 remaining
candidate structures. After excluding structures with equal correlations, we calculate ∆τ(X,xi)
for every structure i in the reduced candidate set C and select the structure j that maximizes
∆τ(X,xi). The workflow is visualized in Fig. 4.18. In each iteration, we update the training set
by adding structure j, such that T → T ∪ j. We update the candidate set by removing structure
j: C → C \ {j}. In the next iteration the correlations of structure j are added to the correlations
matrix X as a row vector x̄j . Then, again we calculate ∆τ(X,xi) for all structures in the updated
candidate set C and select the structure that maximizes it. We repeat the process until we have
reached the desired size of the training set Nt,max and return the new training set, that contains
all selected structures. From this, we can generate directly their input files for DFT calculations
and start the next iteration of our general workflow outlined in Fig. 4.4. We call this method
select_structures_set and it will be published in a future version of CELL.

The value of ∆τ(X,xi) depends on the domain matrix D, for which several options are provided in
CELL [24]. For this work, we compare three different methods, resulting from the domain matrices
in Eq.s 3.36, 3.37 and 3.38. At first, we use a concentration dependent domain matrix from
Eq. 3.37 to calculate τ for our initial training set with Eq. 3.35. For the considered fractional
oxygen concentration range from 0 ≤ c ≤ 0.5, we create thousand equally spaced steps and obtain
the gray curve in Fig. 4.19. It indicates the quality of our training set for different concentrations.
Our aim is to reduce the values of τ by selecting structures from the candidate set, employing our
active learning workflow. We compare four training sets, optimized with different methods:

1. vdWC: Training set optimized by using the domain matrix from Eq. 3.36, as approximated
by van de Walle and Ceder [45,46].

2. CDPA with evenly spread concentrations: Calculating the domain matrix as concentration
dependent population average with Eq. 3.37 [46] for a list of evenly spread concentrations
between 0 and 0.5.

3. CDPA with weighted concentrations from candidate set: Calculating the domain matrix as
concentration dependent average with Eq. 3.37 [46] for a list of concentrations containing all
concentrations from the candidate set, while low concentrations up to c < 0.1 are included
three times to give them more weight.

4. WPA: Calculation of the domain matrix by using Eq. 3.38. This corresponds to taking a
weighted population average over the concentration range 0 to 0.5, where concentrations with
more configurations are weighted less strongly [46].

For each method, we use the active learning workflow from Fig. 4.18 to iteratively select 33 struc-
tures and obtain the optimized training sets. For those we calculate τ , using Eq. 3.35, for the
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Figure 4.19: Comparison of the values of τ for the initial training set (gray) containing 67 structures
and training sets optimized by the active learning workflow with different domain matrices each
containing 100 structures. For the green curve (vdWC) an identity matrix was chosen as domain
matrix [45,46]. For the purple and blue curve (CDPA) the concentration dependent domain matrix
from Eq. 3.37 is used; once for evenly spread concentrations (purple) and once for concentrations
from the candidate set while concentrations c > 0.1 are included two times more. For the red
curve (WPA) the domain matrix from Eq. 3.38 that corresponds to a weighted average over the
concentration is chosen.
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considered concentration range and produce the four additional curves in Fig. 4.19. Training set
1, optimized by the vdWC method is shown in green, training set 2 (CDPA with evenly spread
concentrations) in purple, training set 3 (CDPA with weighted concentrations from candidate set)
in blue and training set 4 (WPA) in orange. All optimized training sets have significantly smaller
values of τ , resulting in reductions up to 0.76 (97.8%) for concentration c ≈ 0.32. It is not sur-
prising that τ is reduced this much, since we started with an initial training set that contains 67
structures and compare to optimized sets containing 100 structures, which is an increase of almost
50% of the initial size.

We observe that the curves for training sets 4 (WPA, orange) and 2 (CDPA with weighted con-
centrations from candidate set, blue) are almost identical. For training set 2 we included concen-
trations from the candidate set with c < 0.1 three times, such that the domain matrix DCDPA(c)
is calculated two times more for low oxygen concentrations c < 0.1. For low concentrations, there
are considerably fewer structures in the candidate set, than for higher concentrations. Taking
the weighted population average (WPA), where concentrations with few structures are weighted
more strongly, produces very similar results to training set 2, where lower concentrations are also
weighted more strongly. Comparing both methods shows that 19 of the 33 selected structures
are the same. The methods vdWC and CDPA with evenly spread concentrations also reduce the
values of τ significantly, but perform worse for small concentrations, especially for c < 0.1. From
the results, presented in Fig. 4.19, we conclude that all methods behave similarly, such that τ(c) for
concentrations between 0.074 ≤ c ≤ 0.5 is reduced below values of 0.1, whereas for lower concen-
trations τ ranges up to 0.26 (vdWC), 0.21 (CDPA with evenly spread concentrations), 0.13 (CDPA
with concentrations from candidate set) and 0.12 (WPA). For concentrations c ≥ 0.43 values are
reduced to τ < 0.01, and τ < 0.001 for c ≥ 0.48 for all optimized training sets. We decide to select
training set 4 (WPA), as it performs best for low concentrations. We can confirm the suggestion by
Mueller and Ceder [46] that for a candidate set, where all structures are of equal importance, but
for some concentrations many more configurations are available, a weighted population average
(WPA) is the preferable method.

The active learning workflow, together with a weighted population average domain matrix, is
employed to select the final 33 structures for the training set. As discussed in Sec. 4.5, we are able
to reduce the RMSE and MAE values significantly and obtain a good standard CE model with
only 16 features. We attribute part of this success to the active learning workflow.

4.9 CE models for lattice constants

To analyze the behavior of lattice constants with varying oxygen content, we build additional CE
models. There are a few considerations that need to be taken into account. Specifically, we need
to regard the disorder limit. There is no preferred a or b direction in the disordered structure,
such that it has tetragonal symmetry, which needs to be considered in our modeling. In App. A we
show that, when using the indicator-binary basis, the cluster correlation of the one point cluster
corresponds to the fractional concentration of oxygen atoms, such that X1(σ) = c. In the disorder
limit, the site occupancies are not correlated. The cluster correlation of a cluster α with nα points
is simply the cluster correlation of the one point cluster X1(σ) multiplied with itself nα times,
such that, in the disorder limit [58]:

Xα(σ)
(dis) = X1(σ)

nα = c(σ)nα . (4.9)
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We want to capture that lattice constant a = b in the disorder limit. We build a CE model for the
property P = |a−b|

2 . To achieve the required symmetry, we want to promote:

P (dis)(σ) =

( |a− b|
2

)(dis)

=
∑

α

Xα(σ)
(dis)Jα =

∑

α

c(σ)nαJα = 0. (4.10)

In the last step, we enforce that |a−b|
2 = 0 in the disorder limit. From Eq. 4.10, we can deduce

that the coefficient for the 1-point cluster needs to be zero (J1pt = 0) to meet the constraint. To
demonstrate this, we consider the first terms of the sum in Eq. 4.10: c0 · J0+ c · J1pt+ c2 · (J2pt,1+
J2pt,2 + ...) + c3(J3pt,1 + J3pt,2 + ...) + ... = 0. There is only one symmetrically distinct 1-point
cluster and to ensure that the constraint holds for different concentrations, we need to enforce that
J1pt = 0. We can argue similarly for the coefficient J0 that corresponds to the intercept of the
model. Consequently, we exclude the empty cluster and the 1-point cluster from initial clusters
pools for the property P = |a−b|

2 , thereby enforcing coefficients equal to zero.

To include this constraint in our model optimization, we search for the vector of coefficients that
reduces Eq. 3.23, with the loss function:

Φ(J ∗) = λ∥X(dis)
J

∗∥22 = λ
∑

s

(

∑

α

c(σs)
nαJ

∗
α

)2

. (4.11)

To build the CE model for P = |a−b|
2 , we create a custom scikit-learn [25] estimator that

minimizes the loss function, which is the sum of the residual sum of squares and Φ(J ∗) as defined
above. For the minimization we employ the minimize method from the the scipy python library
[82] with the Sequential Least Squares Programming (SLSQP) method [83, 84]. In addition, we
calculate the analytical solution by differentiating the loss function with respect to J and setting
to zero. We obtain:

∂L(λ,J )

∂J
=

∂L(λ,J )

∂J
=

∂RSS(J )

∂J
+ 2λX(dis)TX(dis)

J

= −2XTP + 2XTXJ + 2λX(dis)TX(dis)
J = 0,

(4.12)

and thereby:

J =
(

XTX + λX(dis)TX(dis)
)−1

XTP . (4.13)

This is similar to ridge regression (see Eq. 3.25), only that the identity matrix is replaced by a
quadratic form of the correlation matrix in the disorder limit X(dis). We obtain equivalent results
for the optimized vector of coefficients when using the customized regressor and by calculating
the analytical solution for equal values of λ, apart from numerical discrepancies in the order of
3 ·10−9Å to 3 ·10−5Å. We choose λ = 1.0, such that the model predicts the tetragonal symmetry of
YBa2Cu3O6 correctly. The model for P = |a−b|

2 is built with the indicator-binary basis (σi ∈ {0, 1}
in Eq. 3.11), to match the basis for which we defined the constraint. Additionally, we build a model
for P = a+b

2 using the chebyshev basis, as previously. From the predictions of these models, we
can later extract the predicted property values of the lattice constants a and b. Lastly, we build a
model for lattice constant c.

The errors of all models and the models’ parameters are summarized in Fig. 4.20. We are able
to find good models for a+b

2 and c, using relatively small clusters pools of eight and six clusters
which include 1-, 2-, 3- and for the a+b

2 model also 4-point clusters. The pools are optimized by
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Model for (a+b)/2

Standard CE
Estimator:

OMP, n=8
Cluster selector:
combinatorial search
Optimized clusters pool:

8 clusters

Errors [mÅ]
Fit CVLOO

RMSE 0.72 0.85

MAE 0.53 0.61

Model for |a-b|/2

Standard CE
Estimator:

Custom estimator including constraint
Cluster selector:
LASSO
Optimized clusters pool:

25 clusters

Errors [mÅ]
Fit CVLOO

RMSE 6.15 13.51

MAE 4.98 8.42

Model for c

Non linear CE
Estimator:

Ridge regression, λ = 10−8

Cluster selector:
combinatorial search
Optimized clusters pool:

6 clusters

Errors [mÅ]
Fit CVLOO

RMSE 9.84 12.34

MAE 6.07 6.91

Figure 4.20: The Fit and CVLOO scores of the CE models built on properties of the lattice constants
a, b and c are shown. The methods used for the calculations of ECIs and cluster selection are shown
on the left-hand side in each panel. The model for the property |a-b|/2 is built with a custom
regressor that incorporates a constraint for tetragonal symmetry in the disorder limit.
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Figure 4.21: The ab initio target values (circles) and models’ predictions (dots) for the properties of
lattice constants a, b and c are shown. The property |a−b|

2 , which reveals whether the configuration
is tetragonal or orthorhombic, is difficult to model, such that the predictions deviate more from
the target values.
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a combinatorial search, starting from an initial pool of 31 clusters, including the 1-point, 2-point
clusters up to a radius of 10.89 Å, 3-point clusters up to a radius of 7.71 Å and 4-point clusters
up to 3.86 Å. The errors for the model trained on lattice constants c are larger than for a+b

2 , for
instance RMSE-Fita+b/2 = 0.72 mÅ and RMSE-Fitc = 4.88 mÅ. However, lattice constant c is
also about three times as large as a and b and varies with increasing oxygen content approximately
ten times more than a+b

2 or |a−b|
2 . Therefore, we do not need to thrive for the same accuracy to

make informative predictions about its behavior with increasing oxygen content. The modeling
of |a−b|

2 is challenging. We try various different clusters pools, including 1-, 2-, 3-, 4- and 5-point
clusters with radii ranging from 4 to 10.9 Å and optimize them with LASSO, OMP, a combinatorial
search and combinations of those methods. The property values of |a−b|

2 are in the range of 0 to
40 mÅ and are difficult to model. Additionally, we need to apply the constraint, by choosing a
λ > 0, which further increases the fit and CV scores. Yet, the constraint is needed to include
physical reasoning into our models by promoting the tetragonal symmetry in the disorder limit.
Additionally, due to limitations regarding the scalability of statistical thermodynamics simulations
in CELL, we need to find an optimized clusters pool as small as possible. Considering this, we
obtain best results for a pool of 25 clusters, optimized by applying LASSO-CV with an optimized
λLASSO = 7.97 · 10−4 on an initial pool of 2-,3- and 4-point clusters with radii 10.89 Å, 8.0 Å and
4 Å.

The models and their predictions are shown in Fig. 4.21. The target values are depicted as circles
and are normalized to the parent lattice. The predictions by the corresponding models are depicted
as dots. The first panel shows the targets and predictions for a+b

2 , the second panel for |a−b|
2 and

the third one for lattice constant c. It is apparent, that the model for |a−b|
2 performs worse than

the model for a+b
2 , as the property is more difficult to model. We even get negative predictions,

which can happen, but is unphysical. Negative predictions obtained by the model are interpreted
as zero, but do not occur for the subsequent statistical thermodynamics simulations, discussed in
the next chapter. By promoting the constraint of tetragonal symmetry in the disorder limit, the
modeling of |a−b|

2 is necessary to obtain physical predictions. An extension with nonlinear features
could improve the model quality, but this would require some modifications and more complex and
expensive Monte Carlo simulations that are not possible to realize in the scope of this work.

4.10 Statistical thermodynamics simulations

To obtain temperature dependent properties, we perform statistical thermodynamics simulations,
using MC sampling, as explained in Chap. 3. First, we calculate the specific heat according to
Eq. 3.41. To predict the energies of configurations, we use the optimized standard CE model with
16 features, that was introduced in Sec. 4.5. We consider two compositions: YBa2Cu3O6.71 and
YBa2Cu3O6.5. Close to a second-order transition, the energy varies strongly which is reflected
by peaks in the specific heat spectra. Based on previous experimental studies and ASYNNNI
model predictions [67, 72, 73], we expect to observe two peaks in the specific heat spectrum of
YBa2Cu3O6.71 and one peak for YBa2Cu3O6.5. Additionally, we perform statistical thermody-
namics simulations at a fixed temperature for increasing oxygen content and predict the lattice
constants with the machine learning models introduced in Sec. 4.9.

As mentioned in Chap. 3, we need to converge the MC trajectories with respect to the size of the
simulation cell, the total number of steps Nsteps and the number of equilibration steps Neq. Our
model is complex, incorporating many more interactions than previous models, so obtaining MC
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Figure 4.22: Specific heat Cp of YBa2Cu3O6.71 (top) and YBa2Cu3O6.5 (bottom) obtained through
statistical thermodynamics simulations with Monte Carlo Metropolis sampling. Cp is shown over
temperatures ranging from 200 to 3000 K, as well as for increasing simulation cell sizes, ranging
from 10x10x1 (dark blue) to 60x60x1 (light blue). Simulation cell sizes are provided with respect
to the size of the parent lattice. The macroscopic transition temperature Ttr(V → ∞) is obtained
by a linear fit (yellow line) and shown as orange diamond.
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trajectories is time consuming and expensive. Consequently, we apply a rather coarse temperature
grid ranging from 200 to 3000 K in 100 K increments and perform simulations for four different
cell sizes: 10x10x1, 20x20x1, 30x30x1 and 60x60x1 with respect to the parent lattice. The specific
heat spectra for YBa2Cu3O6.71 are shown in the first panel of Fig. 4.22. The results for a 10x10x1
simulation cell are shown in dark blue, with the color becoming lighter as the size of the simulation
cell increases. The peak positions are accentuated by vertical, dashed gray lines. As expected, two
peaks are observed. These peaks become sharper and more pronounced as the size of the simulation
cell increases. Simulations with larger cells require an increasing number of equilibration steps,
as there are many more possible configurations and it takes longer for the system to equilibrate.
For the two smaller cells, it is sufficient to calculate approximately Nsteps ≈ 2.7 · 106 steps and
to set the number of equilibration steps to Neq = 5 · 105. This corresponds to 27,000 and 6,750
sweeps respectively, where the number of sweeps is defined as the number of steps Nsteps divided
by the number of parent lattices contained in the simulation cell volume V . Less steps/sweeps
would have also been sufficient for these cells. For the 30x30x1 cell, we need to perform up to
Nsteps = 11 · 106 steps, corresponding to 12,222 sweeps, while excluding Neq = 9 · 106 equilibration
steps, when calculating the specific heat. For the 60x60x1 cell, we perform up to Nsteps ≈ 33 · 106
steps, corresponding to 9,166 sweeps, of which Neq = 23 · 106 steps are equilibration steps. We
assume that the 60x60x1 curve is not yet converged, as the position of the first peak is observed
at a higher temperature than for the next smaller 30x30x1 cell. Contrary, we expect the peak
positions to shift to lower temperatures with increasing size of the simulation cell, as the transition
temperature scales linearly with the inverse of the simulation cell volume [61, 85]. To achieve a
similar number of sweeps as for the 30x30x1 cell, we would need to perform Nsteps ≈ 44 ·106 steps,
which is not feasible in the scope of this work, but will hopefully be achievable in further studies
due to recent improvements in the scalability of MC simulations in CELL.

Regarding YBa2Cu3O6.5, we perform Nsteps ≈ 10.9 · 106 steps for the 10x10x1 cell, corresponding
to 109,000 sweeps, and exclude Neq ≈ 1.0 · 106 equilibration steps from averaging. Similarly, for
the 20x20x1 cell, we perform Nsteps ≈ 11.7 · 106 steps, corresponding to 29,250 sweeps, and set
Neq = 4.0 · 106 equilibration steps. For the 30x30x1 cell, Nsteps ≈ 11.5 · 106 steps are performed,
so 12,778 sweeps, with Neq = 8.2 · 106 equilibration steps. For the largest cell, 60x60x1, up to
Nsteps ≈ 23.5·106 steps, so 6,528 sweeps are performed and a number of Neq ≈ 17·106 equilibration
steps is set. As previously, for the smaller cells, less steps would have been sufficient. The specific
heat spectrum of YBa2Cu3O6.5 is shown in the bottom panel of Fig. 4.22. We observe one peak,
that is indicative of the tetragonal-orthorhombic phase transition.

To estimate the transition temperature in the macroscopic limit, we adopt an approach of Troppenz
et al. [86], who make use of the scaling of the transition temperature with the inverse of volume
V , by performing a linear fit of the following form:

Ttr(V ) = Ttr(V → ∞) +m
V0

V
. (4.14)

Ttr(V ) is the transition temperature observed for a MC trajectory at a simulation cell of volume V .
It is located at the position of the peak, that is observed in the specific heat spectrum. Ttr(V → ∞)
is the transition temperature in the macroscopic limit, which we aim to determine. The slope of
the linear function is denoted as m and V0 corresponds to the volume of the parent lattice. We
rearrange the equation and perform a least squares fit for the function:

V0

V
=

1

m
(Ttr(V )− Ttr (V → ∞)) . (4.15)

The linear fits are visualized as yellow lines in Fig. 4.22. The y-axis on the right-hand side shows
the volume ratio, V0

V , that is considered in the fit. Ttr(V → ∞) is depicted by an orange diamond.
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Figure 4.23: The ordering of oxygen atoms and vacancies for YBa2Cu3O6.71 is depicted for temper-
atures of 200 K (left panel), 1500 K (middle panel) and 3000 K (right panel). To enhance contrast,
copper atoms are shown in blue and oxygen atoms in red. It is apparent that at high temperatures
the structure is disordered, which leads to tetragonal symmetry. At lower temperatures domains
of ordered Cu-O chains form. Ortho-I and ortho-III ordering are present.

For YBa2Cu3O6.5, we decide to exclude the peak position for the 10x10x1 cell from the linear fit.
Due to finite size effects, this peak is broad, and the maximum position showed to be unstable,
when varying the number of equilibration steps. Therefore, the peak position is not consistent
enough to be included in the linear fit. We obtain the following transition temperatures in the
macroscopic limit: Ttr,YBCO6.71 = 1696 ± 19 K and Ttr,YBCO6.5 = 683 ± 21 K. Uncertainties
are obtained from the square root of the diagonal elements of the covariance matrix of the linear
fit from Eq. 4.15. In order to compare these values with those of previous studies, we digitize
the phase diagram in Fig. 9 of a paper by Zimmermann et al. [73]. It includes both theoretical
predictions and experimental results, e.g. by Andersen et al. [87]. Experimentally, they found a
transition temperature of Ttr,YBCO6.5 ≈ 670 K for YBa2Cu3O6.5. This result agrees remarkably
well with our prediction of Ttr,YBCO6.5 = 683 ± 21 K.

To gain a better understanding of the ordering of oxygen atoms and vacancies, we show some
of the lowest energy structures obtained by the trajectories for different temperatures. First, we
show three configurations of YBa2Cu3O6.71 in Fig. 4.23 at temperatures of 200 K (left), 1500 K
(middle) and 3000 K (right panel). Oxygen atoms are depicted as red and copper atoms as blue
dots. It is apparent that, at high temperatures, the configuration is disordered (right panel). As the
temperature is lowered, longer Cu-O chains begin to form. These chains are randomly distributed
at high temperatures, but as the temperature decreases, they become longer and more ordered
(middle panel), thereby breaking the tetragonal symmetry. At a temperature of 200 K, large
domains of ordered Cu-O chains are present. We observe domains of neighboring Cu-O chains,
corresponding to an ortho-I ordering, as well as ortho-III ordering in the top left of the structure. In
Fig. 4.24, we present the lowest energy configurations obtained by MC sampling of YBa2Cu3O6.5,
considering the same temperatures as previously. As for YBa2Cu3O6.71, the configurations are
disordered at high temperatures, while longer Cu-O chains form as the temperature decreases. At
200 K we observe ortho-II, as well as ortho-I ordering, and some chains with a distance of 3a.

The oxygen-vacancy ordering in YBa2Cu3O6+x is affected, not only by temperature, but also
by the content of oxygen atoms. Therefore, we perform statistical thermodynamics simulations
at a fixed temperature of T = 900 K, while increasing the oxygen content. We consider ten
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Figure 4.24: The ordering of oxygen atoms and vacancies with increasing temperatures for
YBa2Cu3O6.5 is depicted. Copper atoms are shown in blue and oxygen atoms in red. Disordered
tetragonal configurations are observed at high temperatures, while for low temperatures domains
with long Cu-O chains form. At 200 K both ortho-I, as well as ortho-II ordering is observed.

Figure 4.25: The ordering of oxygen atoms and vacancies obtained by MC sampling with a 60x60x1
simulation cell at fixed temperature T = 900 K is shown for increasing oxygen content.

compositions, with oxygen contents ranging from 6.0 to 7.0. Three configurations, obtained from
this MC trajectory, are shown in Fig. 4.25 for oxygen contents of 6.1 (left panel), 6.5 (middle panel)
and 7.0 (right panel). At low concentrations, some randomly distributed Cu-O chains are present,
as well as randomly distributed oxygen atoms. As expected, increasing the oxygen concentration
enables the formation of long Cu-O chains that increase the orthorhombicity of the structures. At
an oxygen content of 6.5, long Cu-O chains are present, exhibiting ortho-I and ortho-II ordered
sections. At an oxygen content of 7.0, three distinct domains are observed, all of which exhibit
ortho-I ordering.

To the best of our knowledge, a theoretical prediction of the behavior of lattice constants with
increasing oxygen content, using CE models, has not yet been performed. In the following, we em-
ploy the previously constructed CE models for lattice constant properties (see Sec. 4.9) to predict
the lattice constants for the ten configurations obtained as last structure of the corresponding MC
trajectory. By using the last structure, we ensure to obtain an equilibrated, yet random configu-
ration. The larger the considered simulation cell size, the more informative the predicted lattice
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Figure 4.26: The lattice constants of YBa2Cu3O6+x at different contents of oxygen atoms are
shown. Experimental results, as introduced in Chap. 2, are shown in light blue, light red and light
gray. Additionally, results from ab initio calculations (solid lines and squares) and thermodynamic
simulations at T = 900 K with a 60x60x1 (dashed line and circles) and 120x120x1 (dotted line and
triangles) simulation cell are shown in red for a, blue for b and gray for c.

constants become, as larger super cells allow for a more comprehensive sampling of the config-
uration space. This improves the quality of lattice constants predictions. The lattice constants
converge much faster than the specific heat, such that less steps need to be performed. We consider
simulation cells of sizes 60x60x1 and 120x120x1 and perform at least Nsteps = 9 · 106 steps. To
check for convergence and to estimate the statistical error, we calculate the lattice constants five
times. We start from trajectories with at least 8 million steps, successively increase the number
of steps and predict the lattice parameters each time. Then, we calculate average values and
standard deviations. The results are shown in Fig. 4.26. The standard deviations are at most
8 · 10−4Å and therefore not visible in the plot. We include the experimental results, introduced in
Chap. 2, to enable comparison with our theoretical predictions. As before, the lattice constants
a and b are shown in the left panel in red and blue, while c is shown in the right panel in gray.
The experimental results are shown in lighter shades of the colors to distinguish them from the
theoretical results. For comparison, we also present the lattice constants obtained by DFT calcu-
lations of the eleven possible ground states, introduced in Sec. 4.7. They are shown as solid lines
and squares. The predictions of our models at T = 900 K are shown as dashed lines and circles
for the 60x60x1 cell and as dotted lines and triangles for the 120x120x1 cell. Our models predict
almost tetragonal symmetry at oxygen content 6.1, while predicting similar lattice constants as
the ab initio data at an oxygen content of 7.0. This demonstrates that our model can account
for the effects of disorder at finite temperatures that lead to tetragonal symmetry. Interestingly,
our model shows a slight change in slope for the lattice constants a and b around 6.4, where also
a change in slope is observed experimentally. Regarding the lattice constant c, the ab initio data
show a slight kink around an oxygen content of 6.4, which is less pronounced in the predictions
at finite temperature. In this exact region, experiments show greater variability in the observed
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values of c. Thus, our models show qualitative agreement with the trends in the lattice constants
with increasing oxygen content. Nevertheless, our model is not able to correctly predict tetrag-
onal symmetry at low oxygen concentrations. Comparing to the phase diagram of Zimmermann
et al. [73], based on the experimental data by Andersen et al. [87], we expect to observe tetrag-
onal symmetry until an oxygen content around 6.5 at a temperature of T = 900 K, which is not
predicted by our model. The minor differences at low oxygen contents between results obtained
by 60x60x1 and 120x120x1 simulation cells, indicate that finite size effects in the MC simulations
are not significantly accountable for the differences in our models’ predictions to experimental
observations. In Sec. 4.9, we discussed the difficulty of optimizing models for the |a−b|

2 property
and how an increasing regularization strength λ worsened the predictions of our model for the
training set. However, a larger regularization strength would promote tetragonal symmetry in the
disorder limit more strongly and could produce more accurate results. Further studies, beyond the
scope of this work, could compare models of different regularization strengths, but still it would
be unclear which regularization strength is appropriate to choose. Another reasonable next step
would be to consider other ways of incorporating the constraint of tetragonal symmetry into the
lattice constant models, which could possibly improve their performance.
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Chapter 5

Discussion and outlook

We started by discussing the importance of high-Tc superconductivity and recognizing that its
physical mechanisms are not fully understood yet. YBa2Cu3O6+x was introduced as the first
material to be discovered with a transition temperature Tc above the boiling point of liquid nitrogen
[2]. We acknowledged that its superconductivity is related to the content of oxygen atoms, as well as
to the ordering of oxygen atoms and vacancies [3,10,11,33–36]. This was the starting point for our
motivation to study the effects of oxygen-vacancy ordering on the energetics and lattice constants
of configurations of YBa2Cu3O6+x, considering the whole composition range of 0 ≤ x ≤ 1.

In Chap. 2, we provided an overview of some physical properties of YBa2Cu3O6+x, beginning
with its high-Tc superconductivity. We discussed that oxygen doping transforms the antiferromag-
netic insulator parent phase YBa2Cu3O6 into a metal, with superconductivity emerging at oxygen
concentrations above 6.35. We examined its crystal structure, focusing particularly on the plane
between the barium atoms that contains copper atoms and the substitutional sites. We compared
experimental results for the measurements of lattice constants of YBa2Cu3O6+x from five differ-
ent studies [28, 29, 34, 38, 43]. All experiments showed a tetragonal-orthorhombic phase transition
with increasing oxygen content and revealed a consistent trend in the lattice constants: lattice
constants a and c decrease with increasing oxygen content, while b decreases. The combinatorial
explosion illustrated that an approach solely using DFT is not sufficient to study a wide range of
YBa2Cu3O6+x configurations. We recognized that cluster expansion [23], combined with machine
learning methods, overcomes this limitation and introduced the corresponding methods in the next
chapter.

In Chap. 3, we presented DFT [12–14] as a method for studying the electronic structure and
properties of materials. By combining it with cluster expansion and machine learning methods,
we can perform DFT calculations on a smaller subset of structures. The results are then used to
build models to predict configurations beyond the training set. All, while maintaining a precision
similar to that of the DFT calculations. Nonlinear cluster expansion [44] was discussed as a
valuable extension of the standard CE. Various approaches for the selection of structures for the
training set, such as choosing lowest energy configurations and random configurations or selecting
configurations to reduce the variance of the training set, were outlined. [45, 46, 59, 60]. To obtain
temperature dependent properties, we presented Metropolis Monte Carlo sampling [26, 27] as a
technique to perform statistical thermodynamic simulations.
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In Chap. 4, we presented the results of this work. At first, we demonstrated how CE is applied to
study YBa2Cu3O6+x and built a small initial model, based on ten structures of YBa2Cu3O6.5, to
compare to the results of a previous CE study by Draxl et al. [63]. In agreement with the original
study, we observe that the structure corresponding to the ortho-II phase exhibits the lowest energy
and find a similar ordering of the energetic differences of the other structures compared to the
ortho-II phase. Only the ordering for two pairs of structures was swapped. Discrepancies for the
calculated energetic differences compared to Draxl et al. [63] are likely stemming from the full
structure relaxation that was performed in this work, but not in the paper we compare to [63].
Other factors, like improvements in the employed DFT codes over the last decades might also
contribute. Regarding the resulting CE model, based on the same clusters as those in the work
by Draxl et al. [63], we find that the ECIs have equal signs for both models for all, but one
ECI. Overall, our results reproduce the key results of the work by Draxl et al. [63], exhibiting an
attractive interaction for next-nearest neighbor oxygen sites with an intermediate copper atom and
a repulsive interaction for oxygen sites without an intermediate copper atom.

Next, the workflow for the ground state search of YBa2Cu3O6+x was summarized, starting with the
ab initio calculations for the initial structures. We presented the dbinterfaces python module,
which was developed as part of this work and serves as an interface to material databases provided
by NOMAD [64]. Users can upload their ab intio data to the databases and extract relevant
properties for the whole training set, in a format that is directly applicable in CELL. The easy
usage of the module was demonstrated by an example use case. The module is incorporated in
the workflow for ground state search, such that the data extracted by the module is used to build
CE models, which predict properties of configurations beyond the training set. From these new
configurations, some are chosen to be added to a new, extended training set. At first, configurations
which were predicted to be lowest in energy and random configurations were chosen, while later in
this project a more elaborate approach of structure selection was developed, that will be reviewed
in a following paragraph. With the extended training set, a new model was optimized and again
configurations were added to the training set, based on their predicted properties. We discussed
the criteria of evaluating the convergence of a model, by assessing if it predicts new ground states
and by analyzing its cross validation scores.

We presented the results of this iterative optimization process for CE models of the energies of mix-
ing. We compared the performance of models built by utilizing various ML techniques, including
ridge regression, LASSO, OMP and nonlinear CE. In each iteration, we analyzed the corresponding
models’ fit, cross-validation, and, if possible, test errors. We demonstrated a significant improve-
ment in model performance throughout the iterations. We progressed from an initial training set of
twelve structures to the complete training set, encompassing ab initio results of 100 configurations
of YBa2Cu3O6+x. We discussed the importance of selecting relevant clusters and outlined the
various techniques used for the optimization of selected clusters, including LASSO, OMP and a
combinatorial search for best subsets. Finally, we built a standard CE model with only 16 features
that accurately predicts the distribution of energies of mixing. This model produces error scores
that are smaller than or similar to the computational error of the ab initio calculations for low-
energy configurations. In addition, we presented a nonlinear CE model with smaller fit errors, but
noted the difficulty of evaluating the performance of nonlinear models due to the high standard
deviation of their errors.

We compared the performance of the optimized standard and nonlinear CE models to reported
models based on the interactions considered in the ASYNNNI model [62] and the clusters used in
the work by Draxl et al. [63], which we refer to as ASY5NNI model. We note that these models
do not correspond to the original ASYNNNI model [62] and the model by Draxl et al. [63], since
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we train them on the full set of 100 configurations that was developed in this thesis. To the best
of our knowledge, no other CE model of YBa2Cu3O6+x was trained on a set of comparable size
previously. We demonstrated that both reported models predict a linear behavior, which does
not align with the actual distribution of energies of mixing for low-energy states of the training
set. In contrast, both of our models predict the accurate distribution. We observed that at least
one of the 5th nearest neighbor 2-body clusters is necessary to distinguish close lying low-energy
configurations in the training set. Comparing the ECIs of the four considered models, we found
that they agree in sign and are of similar orders of magnitude across all models for 1-point and
2-point clusters up to next-nearest neighbors, corresponding to four clusters in total. Three of
these ECIs (corresponding to clusters 1,2 and 3 in Fig. 4.1) were found to be significantly larger
in magnitude than the ECIs of the other considered clusters (see Fig. D.2). Yet, we emphasize
again that many more than four clusters are needed to obtain accurate predictions of the energies,
especially in low energy regions.

By analyzing the ab initio results for states with the lowest energies of mixing, several possible
ground states at 0 K were identified. The exact trajectory of the convex hull was difficult to ascer-
tain due to the computational error of the DFT calculations and proximity of states with similar
energies. Without considering error bars, our results reveal a convex hull indicating eleven possible
ground states (see Fig. 4.17). As anticipated [63, 67, 73], the ground states for the compositions
YBa2Cu3O6 and YBa2Cu3O7 correspond to the tetragonal and ortho-I phases, while the ground
state at oxygen content 6.5 corresponds to the ortho-II phase. All eleven configurations feature
continuous Cu-O chains, which are spaced further apart at low oxygen contents but become closer
with increasing concentration. We identified the ortho-VIII and ortho-III phases, which are also
predicted by an extended version of the ASYNNNI model by Andersen et al. [87] and observed
experimentally [73]. The ortho-V phase, although observed experimentally [73], is not predicted to
be a ground state by our ab initio results. Due to the computational error, it is not clear whether
or not it corresponds to a ground state. To determine the minimal number of ground states,
we constructed a more conservative convex hull, predicting only configurations as ground state if
their energies of mixing, including the error bars, lie below the connection line of two other states.
The ortho-II phase, unlike other ortho superstructures (except ortho-I), exhibits three-dimensional
ordering in experiment [73], suggesting greater stability. Thus, we enforce that it is included in
the convex hull. We identified six ground states, including the tetragonal, ortho-II, ortho-III and
ortho-I phase. We acknowledge that the considered super cell sizes of up to nine times as large
as the parent lattice, might be inadequate to capture states exhibiting phase separation. Future
analyses could benefit from enumerating configurations with even larger super cell sizes. Further-
more, we emphasize the possibility for further ab initio calculations on the identified low-energy
configurations to minimize the computational errors even further and to gain more insight into
the stability of these states. However, given that many of the configurations are energetically very
close, it is not guaranteed that more clarity can be gained.

As mentioned previously, we developed an active learning workflow to select structures that reduce
the variance of the training set. To select multiple structures, we implemented a workflow, that
recalculates the input matrix and candidate correlations each time a new structure is selected,
while excluding symmetrically equivalent structures. The selection process is based on the works
by Mueller, Ceder [46] and van de Walle [45], as well as the extension to the method incorporated
in CELL [24]. We used this active learning workflow to select the final 33 structures for our training
set. We compared four different selection methods, based on three different population averages
of the candidate set [46]. The quality of the training set was shown to improve significantly: We
reduced the variance measure, τ , by up to 97.8 %. Notably, many selected structures featured
large super cells: 19 of the 33 selected structures had super cells nine times as large as the parent
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lattice, which is the maximum dimension for the considered candidate set. Ten structures had
super cell dimensions of eight, two had dimensions of seven, and one each had dimensions of six
and five. To save computational resources, we recommend prioritizing configurations with smaller
super cell sizes if they achieve a similar reduction of τ compared to larger configurations. This has
not yet been considered in this work, but is planned to be included for future applications of the
workflow.

As a novel approach, we built CE models to predict the lattice constants of YBa2Cu3O6+x with
increasing oxygen content. Three models are optimized, considering the following lattice constant
properties: a+b

2 , |a−b|
2 and c. To promote tetragonal symmetry in the disorder limit, we incorpo-

rated a constraint into the modeling of |a−b|
2 , which is a measure of the orthorhombicity of the

configuration. This property was difficult to predict with a high accuracy, and introducing the
constraint worsened the predictions for training set structures. However, it is important to in-
clude it in order to base the model on physical reasoning. Consequently, we needed to use a large
clusters pool to model the property sufficiently well. An even more extensive search for small,
yet suitable, clusters pools could improve the results. For some outliers the predictions strongly
deviated from the target values, which could be a good starting point for a further analysis of the
ab initio results. Additionally, building a nonlinear CE model for |a−b|

2 could reduce the errors.
Since this requires modifications in CELL and more expensive Monte Carlo simulations, we did not
yet expand to nonlinear features. Nevertheless, this is a reasonable next step beyond the scope of
this work. Furthermore, we could try to find other methods of enforcing tetragonal symmetry in
the disorder limit, which could improve the models’ performance. To summarize, it is planned to
refine the modeling of the lattice constants further for future studies.

To predict the lattice constants at finite temperature and to obtain the specific heat for certain
compositions, we performed statistical thermodynamics simulations using MC Metropolis sam-
pling. For YBa2Cu3O6.71 and YBa2Cu3O6.5, we observed the expected number of peaks (two and
one) in their specific heat spectra and predicted the corresponding transition temperatures. The
transition temperature for YBa2Cu3O6.5 agrees remarkably well with experimental observations.
An analysis of the lowest energy configurations from the obtained MC trajectories, revealed disor-
dered tetragonal structures at high temperatures. As the temperature decreases, longer and more
ordered Cu-O chains form, breaking tetragonal symmetry. At low temperatures, we observed large
domains of ordered Cu-O chains. For YBa2Cu3O6.71, ortho-I and ortho-III ordering are observed,
which is consistent with experimental and other theoretical predictions [72, 73]. In YBa2Cu3O6.5,
ortho-I and ortho-II ordering are observed, as expected [73]. The optimized models for lattice
constant properties were used to predict the lattice constants at a finite temperature of T = 900 K
with oxygen contents ranging from 6.0 to 7.0. We compared our results both to the ab initio lattice
constants for the lowest energy configurations of the training set, as well as to the experimental
results discussed in Chap. 2. Our model shows qualitative agreement with the trends in the lattice
constants, capturing the transition from (almost) tetragonal to orthorhombic symmetry with in-
creasing oxygen content. Experimental results show a change in slope in the lattice constant curves
around an oxygen content of 6.4, which is also reflected in our models’ predictions. The experi-
mental data exhibits a greater variability for values of lattice constant c in this region. Similarly,
we observe a slight kink in the ab initio data in this region, that is reduced in the predictions of
the model, such that we also observe a greater variability, which could result from finite temper-
ature effects. Apart from this qualitative successes of our model, it was not able to predict exact
tetragonal symmetry at low oxygen contents, indicating the need for further optimization of the
lattice constant models.

Beyond the scope of this work, the next planned steps involve performing further statistical ther-
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modynamics simulations of YBa2Cu3O6+x to build a comprehensive phase diagram covering the
entire composition range, based on our computational results. This will be possible due to the men-
tioned improvements in the scalability of CELL regarding MC simulations. Additionally, changing
the utilized xc-functional from PBEsol [21,22] to SCAN [15] or r2SCAN [69] could be considered.
As mentioned in the introduction, both SCAN and r2SCAN xc-functionals have demonstrated
the ability to accurately capture the antiferromagnetic ground state of YBa2Cu3O6 [16, 17]. For
the properties studied in this work, however, the PBEsol xc-functional was sufficient, as discussed
in Sec. 4.2. Using more complex functionals, like SCAN or r2SCAN, which are expensive and
can be numerically unstable, would have been difficult to realize due to the extensive number of
calculations required for this work. Nevertheless, additional calculations using these functionals
for configurations with small oxygen content could be beneficial, especially if one is interested in
studying band structures and the density of states.

In conclusion, we optimized CE models that accurately predict the distribution of energies of mix-
ing for YBa2Cu3O6+x configurations, demonstrating the necessity of considering many more than
four interactions for precise predictions. We identified at least six ground states at temperatures
of 0 K. We predicted the transition temperatures for two compositions of YBa2Cu3O6+x, observ-
ing alignment with experimental results. Additionally, our models trained for lattice constant
properties, captured their behavior with increasing oxygen content at finite temperature, show-
ing qualitative agreement with experimental observations. Future steps will involve refining the
modeling of lattice constants and creating a comprehensive phase diagram.
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Appendix A

The c2 problem in standard CE

The following discussion is based on the paper by Stroth et al. [44], introducing the nonlinear CE
method. Often the discussed topic is referred to as x2 problem of standard CE, but we use c to stay
consistent with our notation. We consider the property P (σ) = c2, where c is the concentration of
substituents with respect to the substitutional sites. In our case we substitute oxygen atoms, such
that c = NO

N where NO is the number of oxygen atoms and N the number of substitutional sites.
We use the indicator-binary basis where γ0(σi) = 1 and γ1(σi) = σi with σi ∈ {0, 1}. σi = 1 if a
site is occupied by an oxygen atom and zero if it is vacant. Then c is simply the cluster correlation
of the one point cluster:

X1(σ) =
1

M1

∑

α1pt

Np
∏

i=1

γαi
(σi) =

1

N

N
∑

i=1

σi =
NO

N
= c. (A.1)

Here we have started with the definition of cluster correlations from Eq. 3.16, considering only the
1-point clusters. We make use of the fact that a one point cluster contains only one point, so the
number of points in the cluster is Np = 1. By definition this point is assigned with γ1 = σi. So the
product of site basis functions running over all points inside the cluster is only σi. We also know
that there are as many 1-point clusters as substitutional sites N , all of which are symmetrically
equivalent, thus the cluster multiplicity is M1 = N . Since we use the indicator-binary basis, σi is
only different from zero if the corresponding site is occupied by an oxygen atom. Therefore, the
sum over σi for all sites

∑N
i=1 σi = NO results in the number of oxygen atoms. Finally, we obtain

the result X1(σ) =
NO

N , which is the substituent concentration with respect to the substitutional
sites x.

Using this result we can rewrite the property:

P (σ) = c2 = X1(σ)X1(σ)

=
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N

N
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(A.2)
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In the second row, we have simply inserted our previous result X1(σ) = 1
N

∑N
i=1 σi. Then we

split the sum in a part where both indices match, such that i = j and a part for which i ̸= j.
The resulting term has two parts: One corresponds to the cluster correlation for 1-point clusters
divided by the number of substitutional sites. The second term corresponds to the sum of cluster
functions for 2-point clusters.

Still using the indicator-binary basis, we know that
∑N

i=1 σ
2
i =

∑N
i=1 σi since σi ∈ {0, 1} and insert

∑N
i=1 σ

2
i =

∑N
i=1 σi = NX1(σ) for the first term. Considering the second term, we again split

the sum, in a sum over symmetrically inequivalent 2-point clusters and a sum over symmetrically
equivalent clusters. We can then use the definition of the cluster correlations again to insert for
∑

β∈O(α) Γβ(σ) = M2X2(σ). In the next step, we recall the relationship between the cluster
multiplicity M and the intensive cluster multiplicity m: M2,i = m2,i

V sc
Vpc

= m2,i
N
2 . We used that

in our case the ratio between the super cell and parent cell volume is the same as the number of
substitutional sites divided by two, since there are two substitutional sites per parent cell and the
super cell volume is a whole-number multiple of the parent cell volume. Following these steps, we
obtain:

P (σ) =
1

N
X1(σ) +

1

N2

∞,s.i.
∑
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N
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m2,iX2,i(σ)

=
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N
X1(σ) +

1

2N

∞
∑

i=1

m2,iX2,i(σ).

(A.3)

Equation A.3 is an infinite expansion with the expansion coefficients J1 = 1
N for the 1-point cluster

and J2 = 1
2N for all 2-point clusters. As J2 is equally small for every 2-point cluster, there is no

finite expression of this expansion that we can consider converged and truncating the sum would
result in spurious interactions due to the left out terms. To resolve this problem, we make use of
nonlinear CE, as described in Sec. 3.2.3.
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Appendix B

Convergence analysis with FHI-aims

For DFT calculations, one has to find a set of parameters that yields converged and therefore
trustworthy results. For a set of converged parameters the results should stabilize and not improve
significantly when optimizing the parameters further. What changes we classify as significant
depends on the convergence target.

To estimate this target, as well as the parameter values to set for the calculations, we perform a
detailed convergence analysis on the initial set of structures introduced in Sec. 4.2. We want to
predict structures and estimate their stability in the range of 0 ≤ x ≤ 1 for YBa2Cu3O6+x. To
do so, we consider the energy of mixing and want to achieve convergence with respect to it. It
describes the difference between the total energy of a structure with configuration vector σ and a
linear interpolation between the energies of the reference structures Et(σ0) (for YBa2Cu3O6) and
Et(σ1) (for YBa2Cu3O7), evaluated at c:

Emix(σ, c) =
Et(σ)

Np.l.
−
(

Et(σ0) + (c− c0) ·
Et(σ1)− Et(σ0)

c1 − c0

)

. (B.1)

The fractional concentration c describes the fraction of substitutional sites that is occupied by
oxygen atoms. Np.l. is the number of parent lattices contained in the super cell of the considered
structure. Et(σ) refers to its total energy. The fractional concentration of YBa2Cu3O6, defined as
c0, is 0 as none of the substitutional sites are occupied by an oxygen atom, while c1 = 0.5, as half of
the substitutional sites are vacant and the other half is occupied by oxygen atoms in YBa2Cu3O7.
Therefore, for our considerations, the energy of mixing simplifies to:

Emix(σ, c) =
Et(σ)

Np.l.
− (Et(σ0) + 2c · [Et(σ1)− Et(σ0)]) . (B.2)

Our aim is to distinguish the structures energetically and to study the differences of the energies
of mixing for the calculated/predicted structures. When considering structures with configuration
vectors σ̃ and σ, that have the same fractional concentration of oxygen atoms (as is the case for
the ten structures of YBa2Cu3O6.5), the difference of energy of mixing between these structures
simplifies to their energetic difference, normalized by Np.l.:

Emix(σ̃)− Emix(σ) =
Et(σ̃)

Ñp.l.

− Et(σ)

Np.l.
. (B.3)
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Thus, we set a convergence target with respect to (normalized) energetic differences. For simplicity,
we use the following notation: Considering structure A that has a configuration vector σA we refer
to the normalized total energy normalized of structure A as:

EA :=
Et(σA)

Np.l.
.

The same applies to all other considered structures. By definition, the energies of mixing for
YBa2Cu3O6 and YBa2Cu3O7 are zero. In the following, we omit to state that the energy units
are normalized Np.l., but we keep this in mind. To estimate the convergence target, we perform
ab initio calculations with FHI-aims [20]. As explained in Sec. 4.2 we start our initial calculations
by using a k-point density of approximately 7.4 Å and a really-tight basis set and obtain as
smallest energetic difference 1.7 meV between structures D and A. Consequently, we set this as our
convergence target. We are mainly interested in adjusting the following calculation parameters to
achieve convergence: the size of the basis set, the k-point density and the threshold for the force
acting upon the atoms after performing a geometry optimization.

We first consider basis set size and k-point density. We compare calculations, that all start from the
same geometry and are performed without a geometry optimization, such that we can estimate the
influence of the parameter values, without considering effects resulting from differing optimized
geometries. To study the influence of the k-point density, we compare four different k-grids of
increasing size. We adjust the number of k-points in each direction of the reciprocal lattice,
according to the dimension of the real space super cell. Considering the parent lattice, lattice
constant c is approximately three times as large as lattice constants a and b. Thus, we choose a
k-grid with k1 = k2 k-points in b1 and b2 direction and k3 = k1

3 k-points in b3 direction, with
bi, i ∈ {1, 2, 3}, being the reciprocal lattice vectors. The first chosen k-grid is of size 12x12x4 for
the parent lattice. We adjust the values according to the super cell sizes: for example structure A
has a super cell that is twice as large in x direction and equally large in y and z direction as the
parent lattice. We therefore choose a k-grid of size 6x12x4. The number of k-points in b3 direction
is the same for all structures and only increases, when increasing the k-point density. To compare
the k-grid sizes easily among different structures, we calculate the k-point density dk. It represents
the number of k-points per reciprocal space volume:

d3k =
k1 · k2 · k3

|(b1 × b2) · b3|
. (B.4)

The cross product of reciprocal space vectors b1 and b2 is orthogonal to both and since, for all
super cells, b3 is orthogonal to b1 and b2, we can simplify further:

d3k =
k1 · k2 · k3

|b1 · b2 · sin(γ) · e3 · b3|
=

k1 · k2 · k3
|b1 · b2 · b3 · sin(γ)|

=
k1
|b1|

k2
|b2|

k3
|b3|

1

|sin(γ)| . (B.5)

Here bi = biei, with ei the unit vectors for each direction. The angle between b1 and b2 is γ.
Most considered super cells are rectangular, such that γ = 90°, but other super cell shapes are also
possible. We want to find k-grids for which k1

|b1|
≈ k2

|b2|
≈ k3

|b3|
:= ρ, thus

d3k ≈ ρ3

sin(γ)
. (B.6)

By this definition, the k-point density is given in units 1

Å−1 = Å. The chosen k-grid sizes correspond

to k-point densities of approximately 7.4 Å, 14.8 Å, 22.2 Å and 29.6 Å. Figure B.1 shows the
energetic differences of structures D and A in the left panel and of structures C and A in the
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Figure B.1: The differences in energies of mixing of structures D and A (left panel) and of structures
C and A (right panel) in relation to the k-point density are shown. Energies are normalized to
the parent lattice. All calculations use the tight basis set in FHI-aims [20], without geometry
optimization. The grid spacing represents the estimated computational error.

right panel, with respect to the k-point density. All calculations are performed with the tight basis
set of FHI-aims [20]. We note that, for all considered k-point densities, the energy difference is
positive, meaning that structures D and C always have a higher energy than structure A. This is
expected, since structure A corresponds to the ortho-II phase and thus is the expected ground state
of YBa2Cu3O6.5 [63]. When increasing the k-point density over a value of 22.2 Å (corresponding to
the third data point in each plot), the results in energy vary only slightly indicating a convergent
behavior of the energetic difference with respect to k-point density. Thus, we choose a k-point
density of approximately 22.2 Å and estimate the computational error that arises from this choice.
For the energetic difference of structures D and A and the chosen k-point density, the energy
deviates by 0.6 meV from the result with next lower and by 0.10 meV from the result with next
higher k-point density. For the energy difference of structures C and A the corresponding values
are 0.4 meV and 0.08 meV. To account for possibly larger differences for other structures, that are
not considered in the convergence analysis, we estimate the error a bit larger and assess for the
error due to k-point density choice:

ukgrid = ±0.5 meV. (B.7)

The grid spacing in Fig. B.1 is chosen to match this value, to visualize that the estimated compu-
tational error is larger than differences of results with k-point densities dk ≥ 22.2Å.

Next, we study the effects of different basis set sizes. In FHI-aims [20], there are four predefined
basis sets: light, intermediate, tight and really-tight. Light settings take into account a minimal set
of basis functions, whereas really-tight take into account a large set of basis functions and therefore
results in more expensive calculations. We consider again the energetic differences of structures
D and A and of C and A. We perform one calculation for each of the basis set sizes and for two
different k-point densities. Figure B.2 shows the results for the considered energetic differences.
In both cases, it can be seen that a change in the k-point density leads to an energy shift that
is approximately the same for all basis set sizes. Therefore, we have to treat the computational
errors resulting from the k-grid and basis set size as independent contributions. Comparing really-
tight and tight basis set sizes the differences in energy results are: ∆rt−tED−A ≈ 0.52 meV and
∆rt−tEC−A ≈ 0.93 meV. Comparing tight and intermediate basis set sizes, the differences in
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Figure B.2: The differences in energies of mixing of structures D and A (left panel) and of struc-
tures C and A (right panel) are shown with respect to the basis set size in FHI-aims [20]. The
calculations are performed for two different k-point densities. The grid spacing represents the es-
timated computational error of ±1.0 meV resulting from calculations with a really-tight basis set.

energy results are: ∆t−iED−A ≈ 0.37 meV and ∆t−iEC−A ≈ −1.72 meV. To reduce the overall
computational error and to match the desired convergence target of 1.7 meV, we decide for really-
tight basis sets. Similar to before, we estimate the error higher, to account for higher differences
for structures not considered in the analysis. As computational error, stemming from the basis set
size, we estimate:

ubasis = ±1.0 meV. (B.8)

Lastly, we want to converge the force threshold for the geometry optimization, that follows the
BFGS algorithm [88]. The geometry optimization is stopped when the force magnitudes, that act
on each atom, are below the chosen threshold. We consider a force threshold in the range of 5
meV/Å to 24 meV/Å. Figure B.3 shows that the results for the energy values, in the considered
range of force thresholds, fluctuate by around 0.16 meV. Again, to account for higher differences
for structures not considered in the convergence analysis, we estimate a larger error:

uforce = ±0.2 meV. (B.9)

All structures are relaxed to a force target of at most 24 meV/Å.

So far, we obtain converged results for a k-point density of 22.2 Å combined with a really-tight basis
set and a force threshold up 24 meV/Å. A calculation with these parameters is very expensive,
especially due to the geometry optimization on a large k-grid and with a large basis set size. To
save computational resources, we use the following workflow instead of performing one geometry
optimization with the mentioned parameters:

1. Geometry optimization with light basis set and k-point density 7.4 Å;
2. Geometry optimization with tight basis set and k-point density 7.4 Å;
3. Fixed geometry calculation with really-tight basis set and k-point density 22.2 Å;
4. Check that forces acting on atoms are below 24 meV/Å;
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Figure B.3: The difference in energy of mixing of structures D and A with respect to the force
threshold in the BFGS geometry optimization [88] FHI-aims [20] is shown. The optimizations are
performed using a tight basis set and a k-point density of 22.2 Å. The computational error for
using force thresholds up to 24 meV/Å is estimated as uforce = ±0.2 meV.

5. If force threshold not achieved: geometry optimization with really-tight basis set and k-point
density 22.2 Å.

To get a better starting point for the expensive calculations, we always start with a geometry
optimization using the light basis set and a small k-point density. In order to save computational
resources, we then perform the main geometry optimization on the small k-point density of 7.4 Å
using a tight basis set. With the largest basis set, we perform a fixed geometry calculation without
optimizing the geometry further on an increased k-point density of 22.2 Å. Finally, we check if
the desired force target is achieved. If so, we have obtained the converged geometry and property
values. If not, we have to perform another geometry optimization, this time using the really-tight
basis set and a k-point density of 22.2 Å.

Next, we want to estimate the error that comes in from using this workflow, instead of directly
performing the really-tight basis set geometry relaxation in combination with a k-point density of
22.2 Å and the 24 meV/Å threshold. To estimate this, we compare the results shown in Tab. B.1.
First, a geometry optimization with a light basis set is performed, followed by a geometry opti-
mization with tight basis set and a k-point density of 7.4 Å. The result is shown in the first row
of Tab. B.1. All other calculations, shown in Tab. B.1, use this optimized geometry as starting
point, to save computational resources. It is apparent that increasing the k-point density, while
maintaining the tight basis set, significantly increases the energetic difference of structures D and
A and significantly reduces the energetic difference of structures C and A. This is consistent with
our previous results. Additionally, we observe that the difference between a tight fixed geometry
calculation (on top of the initial geometry optimization) and a tight geometry optimization yield
very similar results for the same k-point density. The energetic difference is further increased
for structures D and A and decreased for structures C and A, when switching from a tight to
really-tight basis set. This too, is in agreement with the previous results. We observe that a
fixed geometry calculation with really-tight basis set and a k-point density of 22.2 Å (on top of
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Basis set Geometry k-point density [Å] Energy differences [meV]

ED - EA EC - EA

Tight optimization 7.4 1.14 99.50

Tight fixed 22.2 2.32 96.84
Tight optimization 22.2 2.34 96.88
Really-tight fixed 22.2 2.84 95.91
Really-tight optimization 22.2 2.86 95.84

Table B.1: The differences in energies of mixing of structures D and A and of structures C and
A calculated with different basis set and k-grid sizes with and without geometry optimization in
FHI-aims [20] are shown.

the initial geometry optimization with tight settings and k-point density 7.4 Å) yields almost the
same result, as a geometry optimization with really-tight basis set and k-point density 22.2 Å.
The absolute differences between the results are 0.02 meV for structures D and A and 0.07 meV
for structures C and A. A comparison of the computation times, reveals a significant difference
between the workflow procedure and a direct relaxation with converged parameters. Applying the
workflow to structure C resulted in a computation time of 1785 minutes, while a relaxation with
really-tight basis set, k-point density 22.2 Å and otherwise same computational parameters (num-
ber of nodes/available memory) as before took 6904 minutes. For structure C, a direct relaxation
with converged parameters therefore takes almost four times as long as the workflow procedure.
We can conclude that it is reasonable to follow the proposed workflow, due to the large savings in
computational resources. By doing so, we introduce only a small computational error. As before,
we estimate a larger error to account for larger differences for structures, beyond the considered
ones, and asses:

uworkflow = ±0.1 meV. (B.10)

We consider all the computational errors to be independent contributions to the total error. To
be accurate, the computational error, that is introduced by using the proposed workflow, is a
combination of the errors due to k-point density and basis set size. However, since we did not
observe a significant correlation between k-point density and basis set size, we choose to treat them
as independent contributions. The estimated total computational error of the DFT calculations is

calculated by Pythagorean addition as ucomp = ±
√

u2
basis + u2

kgrid + u2
force + u2

workflow. Finally,

we obtain:
ucomp = ±

√

0.52 + 1.02 + 0.22 + 0.12 meV = ±1.2 meV. (B.11)

We achieved our convergence target since ucomp = ±1.2 meV < ±1.7 meV. The suggested workflow
is applied to all DFT calculations that are used as input to build the CE models.

Finally, we note that we also performed a convergence analysis for the parameter sc_accuracy_rho.
It is a convergence criterion for the scf cycle, based on the charge density. Its default values are
between 10−6 and 10−3 e

a3

0

, with e being the elementary charge and a0 the Bohr radius. It is

calculated according to the number of atoms in the unit cell natoms, via 10−6 ·
√

natoms

6 [89]. A
smaller value relates to a more converged result. We test, whether a reduction of this parameter
significantly improves the results. To do this, we compare our results to results obtained by using
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sc_accuracy_rho

Energy difference default 1.4e-6 Difference

ED - EA [meV] 1.140 1.134 0.006
EE - EA [meV] 90.592 90.588 0.004

Computation time for structures D and A 887 min 1385 min 498 min
Computation time for structures E and A 2148 min 3311 min 1163 min

Table B.2: Comparison of energetic differences for different values of sc_accuracy_rho (default
values and 1.4 ·10−6 for all structures). The structures are relaxed with tight settings and a k-point
density of 7.4 Å.

the smallest (and therefore most precise) default value of sc_accuracy_rho, which is found for
YBa2Cu3O6, as it contains the smallest number of atoms. The corresponding value is 1.4 · 10−6

eV/Å. We evaluate the energetic differences of structures D and A and of structures E and A with
the default values of sc_accuracy_rho and the comparative smallest default value. We consider
structure E instead of structure C, as it contains the most atoms and therefore has the highest
default value for sc_accuracy_rho. The results are shown in Tab. B.2. The calculations are
performed using a tight basis set and a k-point density of only 7.4 Å, so the results differ from the
previously shown well converged ones. We observe that the differences in results 6 · 10−3 meV and
4 · 10−3 meV are much smaller than the estimated computational error of 1.2 meV and therefore
insignificant. However, the computation time increases drastically, if smaller values are chosen
for sc_accuracy_rho. Therefore, we use the default values for all calculations, without reducing
them.
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Appendix C

Influence of parent lattice on model

optimization

There are two equally valid ways to define the parent lattice. In both cases, we start from a
primitive structure that we define according to the Wyckoff positions shown in Tab. 4.1. The
substitutional sites correspond to Wyckoff position 2f (0, 1/2, 0). We provide two occupational
options for this site by assigning either [’X’, ’O’] or [’O’, ’X’] as symbols for those positions. In
the first case, a substitutional site that is vacant is assigned 0 in the configuration vector σ and a
substitutional site occupied by an oxygen atom is assigned 1. In the second case, the assignment is
swapped. The non substitutional sites are always assigned a value of 0 and their occupancy remains
fixed. The configuration vectors have to be defined, such that they match with the assignment
of the corresponding parent lattice. Theoretically, both parent lattice definitions should result in
models with the same error scores. However, we have found that this is not necessarily the case,
when using the indicator-binary basis, which we explain in the following.

To investigate the influence of the parent lattice on a model, we write two scripts that only differ
in the definition of the parent lattice and the corresponding configuration vectors of the defined
structures. We consider YBa2Cu3O6, YBa2Cu3O7 and the ten structures described in Sec. 4.2 as
input. In both scripts, we perform model optimizations and compare the results. We create three
cluster pools for a super cell of shape 4x4x1 with respect to the parent lattice:

1. Clusters pool one:
Contains the 1-point and all 2-point clusters up to a radius of 10.89 Å;

2. Clusters pool two:
Contains all 2-point clusters up to a radius of 10.89 Å;

3. Clusters pool three:
Contains the 1-point, all 2-point and three point clusters up to a radius of 10.89 Å and
3-point clusters up to a radius of 7 Å.

At first, we use the indicator-binary basis, where γ0(σi) = 1 and γ1(σi) = σi with σi ∈ {0, 1}. We
have used this basis for the model optimization of our first model described in Sec. 4.5. We build
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Model scores

Model 1 (plat [X, O]) Model 2 (plat [O, X])

Errors [meV] Fit CV Fit CV

RMSE 0.0 41.7 0.0 45.7

MAE 0.0 36.0 0.0 43.0

MaxAE 0.0 73.4 0.0 72.3

Effective Cluster Interactions

Index Nr. of points Radius Multiplicity ECI, Model1 ECI, Model2

0 1 0.000 2 390.5 −595.7

1 2 2.723 4 489.2 489.1

2 2 3.851 2 −419.5 −419.5

3 2 3.851 2 77.8 77.8

4 2 5.446 4 −19.8 −19.8

5 2 6.088 8 164.4 164.4

6 2 7.701 2 −100.7 −100.7

7 2 7.701 2 42.2 42.2

8 2 8.169 8 −160.4 −160.4

9 2 8.610 4 36.0 36.0

10 2 8.610 4 16.1 16.1

11 2 10.891 4 −22.6 −22.6

Table C.1: Comparison of the error scores and ECIs of two models where only the assignment in
the parent lattice differs: For model 1 empty sites are assigned 0 in the configuration vectors and
sites occupied by oxygen are assigned one; for model two the assignment is switched. For both
model an indicator-binary basis is used, together with a clusters pool containing the one point
cluster and all two point clusters for a 4x4x1 super cell. The model is built using ridge regression
with an intercept and hyperparameter α = 10−8.

a model by using ridge regression with a small regularization strength λ = 10−8 and an intercept.
We use clusters pool one without optimizing it. The results are shown in Tab. C.1. Both models
have similar, but not equal error scores, where Model 1 results in a smaller CV and MAE, but
larger MaxAE score. The ECIs are equal, up to the considered precision, for all but two clusters.
A large difference of 986.2 meV is observed for the one point cluster. This is not surprising: When
using the indicator-binary basis, the 1-point cluster of Model 1 represents a single occupation with
an oxygen atom, which results in an increase in energy (positive sign). In case of Model 2, it
represent a vacancy, that lowers the energy (negative sign). The ECIs for the 2-point clusters are
equal for both models, except for a small deviation of 0.1 meV for the nearest neighbor two point
cluster (Index 1). The transformation from the basis of Model 1 to the basis of Model 2 in case of
a 2-point cluster, corresponds to:

σi · σj → (1− σi) · (1− σi) = 1− σj − σi + σiσj . (C.1)

We notice that the prefactor of the σiσj term remains unchanged after the transformation. How-
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Model scores

Model 1 (plat [X, O]) Model 2 (plat [O, X])

Errors [meV] Fit CV Fit CV

RMSE 16.0 373.8 4.4 135.3

MAE 9.8 267.7 3.6 86.6

MaxAE 45.0 780.9 6.6 397.1

Effective Cluster Interactions

Index Nr. of points Radius Multiplicity ECI, Model1 ECI, Model2

0 2 2.723 4 619.6 399.6

1 2 3.851 2 −405.8 −410.8

2 2 3.851 2 126.7 84.7

3 2 5.446 4 54.6 −42.1

4 2 6.088 8 294.9 74.8

5 2 7.701 2 −1.8 −104.0

6 2 7.701 2 105.8 40.6

7 2 8.169 8 −29.9 −250.0

8 2 8.610 4 45.8 19.9

9 2 8.610 4 61.1 −1.7

10 2 10.891 4 −49.1 −32.2

Table C.2: Comparison of the errors and ECIs of two models where only the assignment in the
parent lattice differs: For model 1 empty sites are assigned zero, sites occupied by oxygen are
assigned one; for model two it is the other way around. For both model an indicator-binary basis
is used, together with a clusters pool containing all two point clusters for a 4x4x1 super cell. The
models are built using ridge regression with an intercept and hyperparameter α = 10−8.

ever, there are additional terms of order zero and order one, that contribute to the intercept and
the ECI of the 1-point cluster. This explains the large difference for the ECIs of the 1-point clus-
ter and why we find different intercepts for both models: 0 for Model 1 and 493.1 for Model 2.
This likely is the reason why the error scores of the models are affected by the choice of parent
lattice. This influence becomes more significant, when we build a model using clusters pool two,
that excludes the one point cluster. The results can be seen in Tab. C.2. Now, the zero and first
order contributions of the basis transformation introduce spurious interactions to the ECIs of the
2-point clusters, which leads to different results for both models. The error scores, as well as the
values of the ECIs, differ significantly in magnitude, as well as in sign for some of the clusters.
This also affects processes of model optimization, such as cluster selection.

Both parent lattices are of equal validity and there is no physical reasoning for which to choose.
Because of this, it is concerning that the choice of parent lattice influences the results of cluster
selection and model optimization. To avoid an influence by the choice of parent lattice, we decide to
use the chebyshev basis of Eq.s 3.10 and 3.11 for all subsequent models, unless indicated otherwise.
Concerning the basis based on Chebyshev polynomials, the basis transformation between both
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parent lattice choices is simply σi → −σi. So the magnitude of the ECIs is the same for models
trained on different parent lattices, while the sign is equal in case of clusters with an even and
opposed for clusters with an odd number of points. The error scores and intercepts are not affected
by the choice of parent lattice, when using the chebyshev basis. Therefore, the chebyshev basis
seems to be the more robust choice. We employ it for all energy models, except for the first one
which has been optimized before we investigated the influence of parent lattice and basis set choice
on model optimization.
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Appendix D

ECIs of optimized energy models

Figure D.1: The ECIs corresponding to the additional nonlinear features of the nonlinear CE model
are depicted on a symmetric logarithmic y-axis scale [78]. The features are created by nonlinear
combinations of the initial features (clusters).

In Fig. 4.14, we have presented a bar plot, comparing the ECIs of the ASYNNNI, ASY5NNI and
of our optimized standard and nonlinear CE models. The nonlinear features of the latter were
not yet presented and are summarized here in Fig. D.1. The scale of the y-axis is a symmetric
logarithmic one, provided by matplotlib [78]. All clusters, for which their corresponding ECIs are
presented in Fig. 4.14, are illustrated in Fig. D.2. As previously, copper atoms are depicted as
bronze, oxygen atoms as red and vacancies as empty circles. Technically, the clusters only contain
the oxygen atoms or the corresponding sites, but we show the copper atoms and vacancies as well,
for a better understanding of the considered interactions. In Tab. D.1, we present the explicit
values of the ECIs for each of the four models. Their labeling is matched to Fig. D.2. The first
table contains the standard CE features/the clusters and the second table contains the nonlinear
features.
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Figure D.2: All clusters used as features for the optimized energy-of-mixing models are visualized.
The clusters are labeled according to the numbers assigned to them in Fig. 4.14.
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Linear features

ECI

Cluster ASYNNNI [62] ASY5NNI [63] Standard CE Nonlinear CE

c1 495.3722 530.1739 537.5716 530.0286

c2 252.6851 219.7508 301.6315 296.4093

c3 −98.9491 −94.6825 −91.5205 −99.8848

c4 17.3115 11.2639 3.5821 13.9385

c5 X 25.4918 39.3362 45.1231

c6 X X 63.0158 60.4763

c7 X X 15.5480 23.6542

c8 X X −27.3341 −24.3841

c9 X X 0.0000 25.6763

c10 X X 8.6109 0.0000

c11 X X 7.6555 8.4593

c12 X 47.4461 −24.4539 X
c13 X −14.3388 7.3281 0.0000

c14 X X 7.4484 12.7724

c15 X X 10.923 10.9147

c16 X X 26.190 0.0000

c17 X X 6.9161 −4.1249

c18 X X X 4.5773

c19 X 2.1338 X X

Nonlinear features

Index Feature ECI

1 c2 · c9 −1.5708

2 c4 · c9 −4.0521

3 c82 5.1007

4 c10 · c13 8.7680

5 c112 6.4629

6 c11 · c14 −4.5453

7 c11 · c15 −5.2636

8 c172 −3.5051

9 c3 · c17 · c13 8.5484

10 c5 · c10 · c11 −7.3375

11 c102 · c17 4.5444

12 c133 −3.3257

13 c16 · c172 −4.5871

Table D.1: The used clusters and the corresponding ECIs are shown in the top table for the
ASYNNNI and ASY5NNI an for both of our optimized energy models. The bottom tables displays
the additional nonlinear features used in the nonlinear CE and the corresponding ECIs.
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Abbreviations

Abbreviation Meaning

DFT Density functional theory
CE Cluster expansion
ECI Effective cluster interaction
RSS Residual sum of squares
LR Linear regression
RR Ridge regression
LASSO Least absolute shrinkage and selection operator
OMP Orthogonal matching pursuit
CV Cross validation
CVLOO Leave-One-Out cross validation
CV10f 10-fold cross validation
MSE Mean squared error
RMSE Root mean squared error
MAE Mean absolute error
MaxAE Maximal absolute error
MC sampling Monte carlo metropolis sampling
ASYNNNI Asymmetric next-nearest neighbor Ising model
ASY5NNI Asymmetric 5th nearest neighbor Ising model
IQR Interquartile Range
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