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1 Introduction

Crystal symmetry plays a crucial role in understanding and predicting the properties
of crystalline solids. The periodic arrangement of atoms within crystals enables their
classification based on symmetry elements which, in turn, simplifies the description of
their physical properties. In numerical methods, taking advantage of crystal symmetry
allows for the optimization of computational techniques, improving efficiency while
potentially also increasing numerical precision. In the field of computational materials
science, density-functional theory (DFT) [1, 2] has become the most widely used method
for studying everything from bulk crystals to surfaces, interfaces, and nanostructures.
Due to its growing popularity, numerous DFT-based codes have been developed in
the last decades, including the all-electron full-potential package exciting [3|. This
code employs the (linearized) augmented planewave plus local orbitals ((L)APW-+LO)
method to define the basis set which is widely believed to be the gold standard of DFT,
enabling calculations with exceptionally high precision [4]. However, as the size of the
analyzed systems increases, so does the computational cost of this method. As such, it
is particularly important to take advantage of crystal symmetry in order to achieve the

best possible performance.

The goal of this thesis is the implementation of two symmetry-based methods in
the exciting code. The first approach focuses on improving the representation of the
Kohn-Sham potential by using symmetrized functions called lattice harmonics [5]. This
reduces the number of terms needed to expand the potential, making it, and thus also
the Hamiltonian, more efficient to compute. The second method takes advantage of
inversion symmetry when solving the Kohn-Sham equations of DFT. In this case, the
generally complex Hamiltonian and overlap matrices can be transformed to real ones,
which simplifies the diagonalization step and significantly reduces computational cost [5].
Together, these methods considerably speed up exciting calculations, especially in the

case of large systems.

This thesis is structured as follows: Chapter 2 introduces basic concepts of DFT, as
well as the basis functions used in exciting. In Chap. 3, we go into detail regarding

the theory behind the symmetry-based methods, while in Chap. 4, we describe their



implementation in the code. In Chap. 5, we present and evaluate the results, starting with
a numerical analysis of the speedup obtained from each method individually, followed
by using the combined implementation to perform calculations on perovskite barium
stannate (BaSnOs) [6, 7, 8|, a promising material for optoelectronic applications. Finally,

Chap. 6 provides a summary of our work and outlines potential future developments.



2 Theoretical Background

2.1 Density-functional theory (DFT)

The quantum-mechanical description of a solid, which consists of interacting nuclei and
electrons, requires solving the many-body Schréodinger equation of the system. In practice,
this is difficult to do, as a consequence of the large amount of degrees of freedom. One
effective technique for reducing the complexity of this problem involves utilizing the
Born-Oppenheimer approximation [9], which consists of separating the motion of the
nuclei from the motion of the electrons. Within this approximation, the positions of the
nuclei can be viewed as fixed, due to their significantly greater mass compared to that of

the electrons. In this way, the following equation can be used to describe the electronic

subsystem:
lfle U(ry,ry,....,ry) = EV(r;,ro,...,TN) , (2.1)
where
Ho=T. 4 Vie+ Vi, . (2.2)

Here, the wavefunction ¥(ry,rs,...,ry) corresponds to a system of N electrons at posi-
tions rj, T, is the kinetic-energy operator, and the operators Voo and V., correspond to

the interaction of the electrons with each other, as well as with the nuclei, respectively.

Nonetheless, even the numerical solution of Eq. (2.1) is generally not feasible. This
issue can be overcome with the help of density-functional theory (DFT), where, instead
of the wavefunction, the fundamental quantity is the ground-state electron density n(r).
This method allows a significant reduction of the problem, since the electron density
is a function of only three spatial coordinates, as opposed to the 3N coordinates of
U(ry,ry,...,ry). In this way, the computational efforts decrease considerably, which

enables the usage of DFT even for large systems.

The fundamental statement of DFT is the Hohenberg-Kohn theorem [1], according to
which, for a fixed number of interacting electrons, there exists a one-to-one correspondence
between the external potential, in our case V., = > i Vext(r;), and the ground-state
electron density. As a consequence, every quantum-mechanical observable of the system

can be, in principal, fully determined by the ground-state electron density. In particular,



the total ground-state energy of an interacting system of electrons is a unique functional

of the electron density:
Eln] = Fln] + / dr Vs (1) (r) | (2.3)

where the functional F'[n] does not depend on the external potential. Moreover, according
to Hohenberg and Kohn, the total ground-state energy functional takes its minimum at

the ground-state density.

Building upon the theoretical foundation established by the Hohenberg-Kohn theorem,
Kohn and Sham [2| proposed a method whose central concept is employing an auxiliary
system of non-interacting particles, which has the same ground-state density as the
interacting system. In this way, a single-particle scheme is constructed, which enables
the calculation of the exact ground-state density and energy of the interacting electron
system. Within this context, the functional F'[n| can be properly decomposed in the
following way:

Fn] = Ty[n] + Euln] + Ex[n], (2.4)

where Tjy[n] is the kinetic energy functional of the non-interacting electron system,

Euln] = % / / iy, D ME2) (2.5)

Ity — 1y

is the Hartree energy functional, and Ei.[n] is the exchange-correlation energy functional,
which encompasses the electron-electron interactions not contained in Ey[n], as well as
the difference in kinetic energy between the interacting and non-interacting systems.
After inserting this expression for F[n] into Eq. (2.3), the total-energy functional can
be minimized with respect to the density by constraining the particle number N. By
representing the electron density using the single-particle wavefunctions of the non-

interacting Kohn-Sham (KS) system!
n(r) =Y [¢u(r)| | (2.6)
ik
this results in a set of single-particle equations:

{_%w ; UKS@)} duer) = enc dulr) 27)

!The equations starting from Eq. (2.6) are already written for a periodic crystal, where the wavefunctions
ik are Bloch waves of wavevector k and i is the band index. Here, the sum runs only over occupied
states.



where

= Vext (T 0 B[] 5EXCM:U r) + vy (T, [n]) + vk (1, [0
it ) = o)+ DAL O o) e ) ). 29

Due to the dependency of v,g on the electron density, the KS equations, Egs. (2.6-2.8),
need to be solved self-consistently. It is important to note that the KS wavefunctions
and eigenvalues cannot be inherently given physical meaning, as they are only auxiliary
artifacts chosen to reproduce the ground-state electron density of the real, interacting
system. Nevertheless, this method is efficient in yielding the exact ground-state energy
and density, provided that the exact expression for the exchange-correlation potential
is known. This is, however, not the case, such that approximations need to be made
for Fy.[n]. Common exchange-correlation functionals include the local-density approxi-
mation (LDA) [2| and generalized-gradient approximation (GGA), such as the widely
used PBE functional [10]. More advanced options, such as meta-GGA [11] and hybrid
functionals [12], provide results with greater accuracy but require considerably higher

computational resources.

2.2 Basis functions

2.2.1 Augmented planewaves (APWs)

Solving the KS equations within the DF'T method entails choosing a basis which allows an
efficient representation of the single-particle wavefunctions without losing accuracy. The
augmented planewave (APW) method, developed by Slater in 1937 [13], proposes dividing
the space into interstitial (I) and muffin-tin (MT) regions, in which the wavefunctions
are described differently. The muffin-tins spheres of radii rT encompass the areas near
atomic nuclei, where the potential and wavefunctions are strongly varying. Here, the
wavefunctions can be described using products of spherical harmonics and solutions of
the radial Schrodinger equation. Contrarily, the interstitial region between the atoms is
defined by a smoother potential and wavefunctions and can thus be described efficiently
using planewaves [5]. In this regard, the basis functions are defined as follows:

Zlm AG+k Ule, (roz) Yim(f‘a)a Ta S Tl\olléT

Ilma
Pa+k(r) = ' (2.9)
\/Lﬁ el (GHK) T rel,



where r, = r — R,, with R, being the positions of the atoms on which the muffin-tin

spheres are centered. wu;,(r,) are solutions of the radial Schrédinger equation:

_%% . z(z;gl) o) — Eik} (rwa(r) =0, (2.10)

where €, corresponds to an eigenvalue in Eq. (2.7). The potential v,4(r) has been replaced
by its spherical average vo(r) under the assumption that it is spherically symmetric due to

the nearness to the nucleus [3]. Y}, (T,) are the complex spherical harmonics defined as:

2L+ 1)(1—
A (1l +m)!

Yim(£) = Vi (0, 0) = (—1)m\/ m)! Pi(cosf) ™| (2.11)
where 6 and ¢ are the polar and azimuthal angles of the spherical coordinate system,
respectively, and P, are the associated Legendre polynomials. The coefficients Al(frj;k
defined in Eq. (2.9) ensure the continuity of the APWs at the sphere boundaries and can
be determined as follows: Considering that the vector r, belongs to the sphere boundary

of atom « (ro = ™7), the following relation holds:

1 . 1 .
Z AIG—H{ uloz lm(f'a) = —= el<G+k).r = —= el(G+k).(R°‘+rO‘)
mao Q Q
Ve Ve (2.12)
_ L ei(G-;—k)‘Ra _ei(G+k)~ra )
VQ
One can rewrite the planewave e(GtK)Te a5 a spherical-harmonic expansion:
HEHIT _an 7 (G + KT Yy, ((;/ﬁ<) Vi (Fa) » (2.13)
Ilm

where j, are spherical Bessel functions. Substituting this expression in Eq. (2.12)

leads to
Z AZC;;;k ula Hm(f‘a) =
A i(G+k)R. g MT\ v+ [~ 1 5 . (2.14)
= SR ST (G k) Vi (G k) Vi ()
Im
which simplifies to
4 . —
AG k(T = 7% (CHIRa i (1G4 K|T) V7, (G n k) . (2.15)



Following the definition of the APW basis functions, the wavefunctions can be expressed

as follows:

Y (r Z G Pak(T (2.16)

where the sum runs over the reciprocal lattice vectors G [3], and used to solve Eq. (2.7).
By defining the elements of the Hamiltonian (gz k) and overlap (§ k) matrices in the

following way
/ . L 1
HGS = (baiilhys|darii) , with hyg = _§V2 + vgs(r) (2.17)

S = (basldari) | (2.18)

we can transform Eq. (2.7) into a generalized eigenvalue problem:
Hy vk = e Sk - vk, (2.19)

where the eigenvectors vy are formed by the coefficients defined in Eq. (2.16). However, it
becomes apparent that, since the APW functions depend on ¢, Eq. (2.19) is non-linear

in energy and therefore remains very complicated to solve.

2.2.2 The linearized augmented planewave (LAPW) method

One way to make Eq. (2.19) more straightforward is making it linear by choosing an
energy €, for each [ in Eq. (2.10). Nonetheless, this gives rise to other issues. For
example, in practice it is difficult, or even impossible, to pick an energy parameter which
is a very good approximation to the eigenenergies of all states with angular momentum /.
This problem can be overcome by improving the approximation of the radial function

using a Taylor expansion

ula(ra; 6) ~ ula(roa; Eloz) + (Ela - 6) uloa(ra; Ela)7 (220)

where the derivative 1, (ra; €10) = 0w (rq;€)/0€ is calculated at € = €,. While the
direct application of this expression is not feasible, it shows that the correction in the
wavefunction expression has to include the energy derivative . (74; €,o). This gives rise
to the expression for the basis functions in the muffin-tin regions within the linearized
augmented planewave (LAPW) method |14, 15]:

¢G+k(r) = Z |:Alc-,§1—i,; ula(roc; Ela) + quc?nz ula(rou Ela) Y2m<f‘a)7 Ta S TgT; (22]—)

Im



where the coefficients AZ ¥ and B2T¥ ensure the continuity of ¢k (r) and its spatial

derivative at the sphere boundaries.

2.2.3 Local orbitals

Another approach to perform the linearization is keeping the form of the APWs defined
in Eq. (2.9), but picking frozen energy parameters for the radial functions and combining
them with a different kind of basis functions - local orbitals (LOs) [16]. They are
defined as

Qb,u(r) - [au ula('ra; Ela> + bu 7.J/loz<7ﬂoz; ela)] }/lm(f'a> (5aauéllu(5mmu ) (222>

in one specific muffin-tin and as 0 everywhere else. The coefficients a, and b, are
determined by imposing that the LOs are normalized and continuous at the sphere
boundary. This approach results in a smaller linearization error compared to the LAPW
method, but has the minor disadvantage of increasing the number of basis functions,
making it more practical for lower [-channels. If an even lower linearization error is
desired, this can be achieved by taking into account higher-order energy derivatives of the
radial functions. Moreover, LOs are also useful for the description of semicore states [17].
Accordingly, they can be defined with different energy parameters corresponding to the

valence and semicore states.

2.3 The all-electron full-potential package exciting

The exciting code [3] is an all-electron full-potential DFT-based package, allowing for
an accurate description of core, semicore, and valence states alike. It provides support
for various methods of defining the basis set, including those mentioned above, with
the added flexibility of combining them or, for instance, using different types of basis
functions for different /[-channels. In this thesis, we refer to this diversity using the broader

term (L)APW+LO. Within this framework, the wavefunction is represented as follows:

Yi(r) =) Ol dar(r) + > Ck 6,(r) . (2.23)
G H



Due to the usage of two types of basis functions, the Hamiltonian matrix (as well as the

overlap matrix) has the following block structure:

APW-APW APW-LO
Hy Hy

2
Il

(2.24)
giO—APw gtD—LD

The (L) APW+LO method also entails using a dual representation for physical quantities
such as the charge density n or the potential vyg. This consists of a planewave expansion
in the interstitial region and a real-spherical-harmonic expansion inside the muffin-tin
spheres:

Z fim(Ta) Sim(Ta), T <7

fry=4"m (2.25)
) ng elGT rel,

where r, =r — R, and f is the physical quantity being described. The real spherical

harmonics &;,,, are defined as:

( (_1)m
V2
Sim = 4§ Yo, m =0, (2.26)

(Sflm—i_ ljn)? m>07




3 Symmetry-based Methods

3.1 Elements of crystal symmetry

The point group of a crystal structure is defined by the set of operations which map
the crystal lattice onto itself, while leaving at least one point unmoved. In this sense,
crystallographic point groups are composed of rotations, reflections, inversions, and
combinations of these symmetry operations, not taking into consideration translational
components. Due to constraints introduced by the periodicity of crystal lattices, 32 differ-
ent crystallographic point groups can be defined. Furthermore, the site-symmetry group
refers to the symmetry operations which leave a certain atomic position unchanged and is
a subgroup of the crystallographic point group. The full symmetry of a crystal structure is
described by the crystallographic space group, which combines the point group symmetry
with the translational symmetry of the unit cell. Taking into consideration all possible
combinations of these symmetry operations gives rise to a total of 230 distinct space

groups [18].

The invariance of the crystal lattice under the operations of the aforementioned
symmetry groups suggests that the value of certain physical quantities, such as the
charge density and the potential, must be related at points connected by symmetry. In
this sense, symmetrized basis functions can be defined to simplify the description of
these quantities. In the interstitial region, symmetry-related planewaves can be grouped
into so-called “stars”, while in the muffin-tin spheres, symmetrized spherical harmonics,
also called lattice harmonics, can be formed. This allows the amount of expansion
coefficients to be reduced by rewriting the expansions defined in Eq. (2.25) based on
these new functions. Another aspect which can be exploited is the presence of inversion
symmetry. In this case, the Hamiltonian and overlap matrices can be transformed into
real symmetric matrices, making their construction and diagonalization more efficient
than for the complex Hermitian case that arises otherwise. The following subsections
describe the theory behind these symmetry-based methods in detail, while the impact on

the computational performance is discussed in Chap. 5.

10



3.2 Interstitial symmetrization: Stars

In the interstitial region, symmetry-adapted expansions of physical quantities can be
formed by using symmetrized planewaves, known as stars, which are constructed using
space group operations

{RIt}r=Rr+t, (3.1)

where R are the rotational (or linear) parts and t are the translational parts of the space

group [19]. The stars are defined as

1 .
Py(r) = D eRGTY (3.2)
Nop (Rt}

by applying all N, space group operations to a representative reciprocal lattice vec-
tor G [5]. Here, we consider the Cartesian representation of the operations {R|t}. Since
for symmetric lattices the same G-vectors will be reproduced several times, a simplified

form can be chosen which only sums over equal planewaves once:

@S(r)zi > ¢eeCT. (3.3)

5 G:G=RG,

Here, m, is the number of distinct planewaves the star is composed of, and the phase
factors ¢g account for the presence of multiple space group operations mapping the

representative vector onto the same reciprocal lattice vector G:

b = s Yoo erier (3.4)
P (Rt} RG,=G

3.3 Muffin-tin symmetrization: Lattice harmonics

Inside the muffin-tin spheres, the symmetry of the analyzed systems can be exploited
by expanding physical quantities in terms of lattice harmonics [5]. These functions are

defined as linear combinations of real spherical harmonics:

ll/
Kﬁ(f‘a) - Z ng Slum(i‘a) : (35>

m=-—1,

Since spherical harmonics have the coordinate origin referenced to the center of an atomic
site, only symmetry operations that leave the atomic position unchanged will be taken
into consideration. For this reason, the coefficients {2  are determined by imposing that
the lattice harmonics are invariant under all the operations of the site-symmetry group

of a given atom, as opposed to the full space group. Since site symmetry operations do

11



not mix coefficients of spherical harmonics with different [ values, only the sum over m is
performed [5]. As a consequence of the rearrangement theorem, the sum over all elements
in the site-symmetry group is invariant under the action of any group element [20]. For
this reason, the lattice-harmonic coefficients can be determined by applying the sum over

all the operations in the local site-symmetry group to the real spherical harmonics.

Applying a symmetry operation R to complex spherical harmonics can be performed

in the following way:

!
Yin(#) = Y Diyn(R) Vi (£) (3.6)
m/=—I
where the matrix D'(R) is defined as:
D'(R) = (-1) det(R) D'(a, 8,7) - (3.7)

Here, o, f and v denote the Euler angles and det(R) is the determinant of the matrix
corresponding to the operation R in the Cartesian representation. The Wigner D-matrix
Ql(oz, B,7) is a representation of the rotation group SO(3) in the basis of spherical

harmonics. Its elements are defined as [21, 22|:

Dfnm,(a, B,7y) = g~ ima dfnm, (8) e_im/”, (3.8)

with

! — o [0+ m) T —m) 1+ m)(—m/)]?
Bt () = 2V G 0T — (e T — ) o

« C082l+m7m’72t (ﬁ/2> Sin2t+m’fm(ﬁ/2).

t

In order to construct a rotation matrix for real spherical harmonics, it is useful to rewrite

Eq. (2.26) using matrix notation:

l
Sim=Y_ A Vi . (3.10)
m/=—I

12



where Al are elements of the matrix

m,m

i 0 0 0 —i(—1)!
0 i 0 —i(—1)1 0
o1
é—ﬁ 00 -+ V2 -- 0 0 : (3.11)
01 0 (—1)-1 0
10 0 0 (1)

Based on this, the matrix QI(R) can be transformed as follows:

AlR)=A"D(R)-(4) . (3.12)

Subsequently, the coefficients are determined by summing over all elements of the site-

symmetry group

rR

Finally, the coefficients are orthonormalized and those, which are linearly dependent or
have zero norm, are discarded. The remaining vectors form the set of lattice-harmonic

coeflicients €,,,.

13



3.4 Exploiting inversion symmetry

This section examines how the presence of inversion symmetry can be used to simplify
the solution of the generalized eigenvalue problem defined in Eq. (2.19). In the interstitial
region, the APW functions transform under the inversion operation (r — —r) in the

following way:

—i(G+k)r _

paik(—1) =

(S

ei<G+k>-f] = 05 nlr) (3.14)

-
3~

In systems which possess inversion symmetry, for each atom at position r there exists an
equivalent atom at position —r. In a MT sphere that corresponds to atom a, an APW

function at position r has the form

G o
¢G+k Z Almzk ula Ta YZm (ra)

4 (3.15)

_ " (G+k)Ra A MT U’la(ra) * </\ R
=5 S i 5(IG + k[ o Yin(G K) Yin(ta)

Im

as defined in Eq. (2.9). The vector —r lies in the opposite muffin-tin sphere, which

corresponds to an atom we call 5. Here, the APW basis function is defined as

$Gx(—T) =
4 . q . w(rs) —— R (3.16)
_ i(G+k)Rg Ui (1@ ur\ WB\TB) -« ( )
e i +k|r Y |G+ k)Y, (rg) .
/Q % ]l(| | B ) UZB(T%T) ! im(E3)
The presence of inversion symmetry leads to the relations Rg = —R,, and rg = —r,

between the position vectors. Together with the equality of the radial functions for

symmetry-equivalent atoms, this yields:

dcik(—T) =
B 4_\/% R D (G 4 K Zf((:g;)) Vi (GTK) Vin(—ta) . 17
Using the property of spherical harmonics Y, (—r) = (—=1)! ¥}, (r) leads to
dGik(—T) =
- (3.18)

— = ¢ (G+k)Ra _j ury Ua(ra) &
=75 G+k)R Z( )jl(|G+k| )Uz &3 Ym<G+k>Ylm( a) -

Ilm

14



Making use of Y}* (r) = (—1)" Y, (r) and substituting m’ = —m results in the following

expression

daik(-1) =

4 . ) N U (r ) e .
— i(G+k)Ra l MT\ Yo\« ( ) *
= e E 1 G +kr, Yim |G+ k)Y, (Ta),
/Q ( ) jl (’ ‘ ) Ul (TgT) l 1 ( )

(3.19)

Ilm’

which is evidently the complex conjugate of the APW function defined in terms of vector r,
in Eq. (3.15). Thus, we have proved that in systems with inversion symmetry, the APW

functions transform according to

$a(—T) = PG x(T) - (3.20)

This property also holds for the LAPW basis functions defined in Eq. (2.21).

In the following, we analyze the impact of this aspect on the Hamiltonian matrix. By

writing the matrix elements as

HE'G = / by (1) s (1) b (x) dPr (3.21)

both terms relating to basis functions can be rewritten using Eq. (3.20) :

HE® = [0l 1) h6) 6 o 1) 322

Substituting r’ = —r yields:

HE® = [0ale) o) 6 lt") 1 (323

where we used the fact that the Hamiltonian operator is invariant under inversion, i.e.,
hys(—T) = hys(r). Furthermore, the Hamiltonian operator is real, hyg(r) = [iLKS(I‘ﬂ :

which results in:

18 = [o0r') [hugle)] s ulr') v
§ (3.24)
- [HIS’G} .
This proves that, in systems with inversion symmetry, the Hamiltonian matrix becomes
real symmetric instead of complex hermitian, which can also be shown for the overlap
matrix. This aspect considerably simplifies the solution of the generalized eigenvalue
problem defined in Eq. (2.19).

15



However, LOs generally do not exhibit property (3.20). For this reason, a modification
must be made in order exploit inversion symmetry in this case as well. This is done

by attaching the LOs to so-called fictitious planewaves [5, 23]. By forming linear

combinations,
XG+x(T Z AT by (x) bu, (3.25)
and selecting, for instance,
A%‘ka _ ei(GJrk)Ra il }/lin (G/-_'_\k) , (326)

new basis functions are constructed, which transform like the (L)APW basis functions

Xé+k(_r) = [X‘é+k(r)}* . (3.27)

In Eq. (3.25), the sum runs over equivalent LOs of atoms of the same type. The reciprocal
lattice vectors G are chosen in such a way, so that the functions xg,, are linearly

independent.

16



4 |Implementation

4.1 Lattice harmonics

This section deals with the implementation of the symmetrized functions introduced in
Chap. 3 into the exciting code. A key point to highlight is the fact that, in the part
of the code dealing with the interstitial region, the construction of the charge density
and potential is already very efficient due to the usage of fast Fourier transforms. Thus,
our analysis suggests that the computational speedup gained from the implementation of
stars would be negligible. For this reason, we concentrate on the implementation of the

lattice harmonics within the MT spheres.

For the computation of the coefficients defined in Sec. 3.3, the matrix él introduced
in Eq. (3.11) was constructed, and an already-existing implementation of the Wigner-D
matrix was used. Defining the coefficients as shown in Eq. (3.13) allowed for computing
them in an efficient manner using matrix-matrix multiplications. This was done using
tools belonging to the software package LAPACK [24]. Throughout the entirety of this
project, LAPACK routines were used for handling linear algebra problems and operations,
ensuring an efficient implementation of the symmetry-based methods. In order to discard
linearly dependent coefficient arrays, they were identified using a Householder-based QR
factorization with column pivoting, an efficient approach that provides higher numerical

stability compared to other methods such as the Gram-Schmidt algorithm [25].

In the context of this project, we focus on the routine of the exciting code which deals
with the construction of the MT potential, with the aim of switching from the expansion
based on real spherical harmonics, as defined in Eq. (2.25), to the new representation

based on lattice harmonics, as shown below:
s (1) = D i (1) Sy (B) = > _ 0, (r) K, (8) - (4.1)
Ilm v

The index «a, which corresponds to the atomic site, is omitted for the sake of simplicity.
Inserting the definition of the lattice harmonics, shown in Eq. (3.5), into the equa-

tion above results in the following expression for the coefficients of the transformed

17



potential expansion: z
Z Qo V1, m (1) - (4.2)
m=—I,
Within the (L)APW+LO framework, the MT-potential contribution to the Hamiltonian
matrix, as defined in Eq. (2.24), maintains the same block structure. For instance, in the
APW-APW part of the matrix, the matrix elements of the potential contribution depend

on terms of following form:

(Alalet) = 3 Wy [ H O ) S 0
Im
Here,

( ) f>\( ) l)\m>\<f.) (44>
where fy(r) refers to either w;(rq) or ta(rq) [3]. The Gaunt coefficients G}™ sy, AT€
defined as:

Gl ntan = [ Yo SunE) Vi () (45)

Switching from real to lattice harmonics also involves transforming the Gaunt coeffi-

clents:

Gl sint e = [ Vi (8) Ko l0) Vi, (i

m=—I,
Ly
— E lLum
- me Gl)\ m)\,l>\/ mys :
m=—I,

Thus, the new matrix elements take the following form:

(elle) = 3 lwmwmx/ () F(r)r? dr (4.7)

Equations (4.2) and (4.6) show that the shift to the new representation can be made
without explicitly constructing the lattice harmonics, but instead simply by multiplying
existing quantities by the coefficients €,,,,. The potential contributions to the other blocks
of the Hamiltonian matrix transform analogously. It becomes clear from Eq. (4.7) that the
reduction in expansion terms resulting from the lattice-harmonic implementation leads
to a reduced number of integrals to be performed when computing the MT potential. As

will be shown in Chap. 5, this significantly contributes to the computational speedup.
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4.2 Transformation of the Hamiltonian and overlap
matrices

Solving the generalized eigenvalue problem defined in Eq. (2.19), represents the compu-
tationally most demanding part of the exciting code for large systems. However, as
discussed in Sec. 3.4, the presence of inversion symmetry can be exploited to improve
computational efficiency by making the Hamiltonian and overlap matrices real. In par-

ticular, the Hamiltonian matrix (2.24) can be made real by transforming it using the

matrix
1 0
Tv= 0 A (4.8)
Ax
in the following way
/ T 1 0 gﬁpw-pr gﬁPW-LO 1 0
ik = Lk ’ Qk Lk = ) )
0 éli ii{]—APw gzlf(o-w 0 ék
(4.9)
iﬁPW—APW iﬁPW—LO A ék

)

Al H AL - HOH0 - A

where the matrix Ay is formed by the coefficients defined in expression (3.26). The
overlap matrix has the same form as the Hamiltonian matrix and transforms in the same
way. As previously mentioned, the reciprocal lattice vectors G, which the coefficients
are based on, are selected to ensure that the resulting LO combinations, and thus
the rows of the matrix Ay, are linearly independent. This is done by choosing one
G-vector at a time, constructing the coefficients, and checking for linear independence
with respect to the previously selected rows. To achieve this, we make use of a singular-
value-decomposition (SVD) algorithm, prioritizing numerical stability. Since distinct
LOs correspond to different positions within the matrix, we optimize the construction
of the rows by computing coefficients for the first LO of each angular momentum [
of a given atomic species and copying the values for subsequent LOs of the same [.
Furthermore, once the coefficient matrix is fully constructed, we ensure that it is unitary
by using a Householder-based QR-factorization algorithm. This property guarantees that
the transformed Hamiltonian and overlap matrices are symmetric, i.e., equal to their
respective transposes. This simplifies the resulting generalized eigenvalue problem, since
only the upper (or lower) triangular part of the matrices needs to be considered, thus

reducing the number of operations needed for diagonalization.
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In the following, we analyze the relationship between the standard generalized
eigenvalue problem defined in Eq. (2.19) and the new implementation using inversion

symmetry. Starting from Eq. (2.19), we multiply it from the left with LL

I
= —r
=
=
It

k" Vk — €k L k" Vk - (4.10)

Subsequently, we make use of the fact that the matrix L'y is unitary and add the product

Ty LL = 1 before the eigenvector on both sides of the equation:

Il Hi D If-ve=e Lf- Sk L Lf - ok (4.11)
N N\ e N e N\ e
H, U S U

As shown in the expression above, we recognize the transformation of the Hamiltonian and
overlap matrices as described in Eq. (4.9) and denote them by H} and S}, respectively. It
can be observed that the eigenvalues €, remain unchanged, as expected from the similarity
transformation of the matrices. Moreover, the eigenvectors transform according to:

Vx = k-yi{. (412)

I

This approach allows us to easily switch between the two representations. It enables us to
perform the diagonalization in the real case and then back-transform the eigenvectors to
ensure compatibility with the rest of the exciting code. The impact on computational

performance is discussed in the next section.
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5 Results

5.1 Speedup analysis: Lattice harmonics

In this section, we analyze the impact of the lattice harmonics defined in Sec. 3.3 onto
the time required to compute the MT potential. We focus on six materials with atoms
corresponding to different site-symmetry groups. Each group contains a different number
of symmetry operations, as detailed in Tab. 5.1. In this analysis, we consider calculations
with a maximum value of the angular momentum quantum number [ equal to 12. The
number of terms in the real-spherical-harmonic expansion of the potential, described
in Eq. (2.25), is given by (lmax + 1)? = 169. Table 5.1 also shows that different site-
symmetry groups lead to different numbers of terms in the lattice-harmonic expansion,

when switching to the new representation as described in Eq. (4.1).

Table 5.1: Site-symmetry group, number of symmetry operations, and number of terms in the
lattice-harmonic (LH) expansion for the six analyzed materials. Expansions are
performed with a maximum value of the angular momentum quantum number [

equal to 12.
System K Z/nO | CdSe | CBa C Mo
Site-symmetry group m mm?2 3m 4mm | -43m | m-3m
Nr. symmetry operations 2 4 6 8 24 48
Nr. LH expansion terms 91 49 35 28 11 8

Since different site-symmetry groups can contain the same number of symmetry elements,
there is no one-to-one correspondence between the number of group elements and the
number of terms in the lattice-harmonic expansion. However, systems higher in symme-
try generally correspond to fewer terms, leading to increased computational efficiency.
Figure 5.1 illustrates the speedup obtained using the lattice-harmonic implementation to
compute the MT potential for the six different structures. Here, we define the speedup
as the ratio of the computation time required for the MT potential using the standard
real-spherical-harmonic representation to the time needed using the new implementation.
The speedup is plotted against the number of lattice harmonic expansion terms. In this

sense, lower values on the x-axis correspond to higher symmetry. The results, averaged
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Figure 5.1: Speedup gained using the lattice-harmonic implementation to compute the MT po-
tential for the six different materials in Tab. 5.1, obtained by using the serial
version of the exciting code.

over six calculations per structure using serial executions of the exciting code, show
that the computation was nearly twice as fast for the structure with the lowest symmetry

and up to about sixteen times faster for the most symmetric system.

An important aspect to keep in mind in the lattice-harmonic implementation is
the overhead introduced by generating the lattice-harmonic coefficients, as defined in
Eq. (3.13), and transforming both the potential and Gaunt coefficients, as shown in
Eqgs. (4.2) and (4.6), respectively. Figure 5.2 provides an analysis of the speedup, broken
down into different contributions in order to better understand the observed behavior.
The data are plotted on a logarithmic scale to make the comparison easier. The lines
connecting the data points are included as a guide for the eye. Since the time required to
compute the MT potential is directly proportional to the number of expansion terms, we
define the optimal speedup limit as the ratio of the number of real-spherical-harmonic
expansion terms to the number of lattice-harmonic expansion terms. This is the maximum
possible speedup and is represented by the orange solid line. The purple square data points
represent the time needed only for the actual computation of the potential, excluding
all overhead processes. As expected, they are in very good agreement with the orange

solid line, confirming the correctness of our analysis. To examine the impact of overhead
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Figure 5.2: Analysis of the speedup from the lattice-harmonic implementation across the six
materials, obtained from serial executions of the exciting code. The orange solid
line represents the optimal speedup. The purple squares exclude all overhead terms,
while the pink triangles include only the construction of the lattice-harmonic (LH)
coefficients. The turquoise diamonds show the actual speedup, including both
the LH-coefficient generation and the transformation of the potential and Gaunt
coeflicients.

processes, we include the construction of the lattice-harmonic coefficients in the pink
triangles, while the turquoise diamonds correspond to the full implementation (shown
in Fig. 5.1), including also the transformation of the potential and Gaunt coefficients.
The results show that the computation of lattice-harmonic coefficients introduces a larger
overhead in systems with higher symmetry due to the larger number of symmetry elements.

Nevertheless, we are still able to achieve a significant speedup.

The exciting code is not only serially executable, but also makes use of parallelization
techniques to accelerate calculations. Therefore, the next part of our analysis consists of
repeating the previous calculations using parallel runs of the code with four OpenMP
threads [26], as shown in Fig. 5.3. The results show higher discrepancies compared to
the serial case. Since the actual computation of the MT potential is parallelized in
both the old and new versions of the code, the purple and orange lines are still in close
agreement. However, the significant differences observed in the pink and turquoise symbols
indicate that the overhead processes could benefit from parallelization. In addition, these

discrepancies suggest that the generation of the lattice-harmonic coefficients could be
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Figure 5.3: Analysis of the speedup from the lattice-harmonic implementation across the
six materials, obtained from parallel executions of the exciting code with four
OpenMP threads. The orange solid line represents the optimal speedup. The
purple squares exclude all overhead terms, while the pink triangles include only
the construction of the lattice-harmonic (LH) coefficients. The turquoise diamonds
show the actual speedup, including both the LH-coefficient generation and the
transformation of the potential and Gaunt coefficients.

further optimized. Despite the overhead, we are still able to compute the MT potential
up to nearly ten times faster. Even for less symmetric systems, the overhead never offsets
the performance gains from using the lattice-harmonic implementation. As a result, this

method consistently outperforms the standard real-spherical-harmonic representation.

5.2 Speedup analysis: Inversion symmetry

In this section, we examine the influence of the transformation of Eq. (2.19) in the presence
of inversion symmetry on the computational performance. To assess this, we perform
calculations of a PtFg structure, varying the size of the Hamiltonian and overlap matrices
by adjusting the number of (L)APW basis functions used. Throughout this analysis,
the number of LOs is kept constant. Since our focus is on the numerical evaluation, we
significantly relax the computational parameters and perform calculations for only one

k-point. The results shown in this section correspond to the average timings for a single
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Figure 5.4: Analysis of the execution time required by the different contributions to the real
solver plotted as a function of matrix size. Shown here is the time needed for
diagonalization (yellow squares), Hamiltonian and overlap matrix transformation
(green pentagons), LO-coefficient matrix construction (pink crosses), and eigen-
vector back-transformation (turquoise triangles). The sum of these contributions
corresponds to the total time needed for the real solver (purple diamonds). The
lines connecting the data points are included as a guide for the eye. The data are
obtained from serial executions of the exciting code.

iteration of the self-consistent loop, allowing us to perform a consistent comparison across
structures. Figure 5.4 contains an analysis of the time required to solve the generalized

eigenvalue problem using the inversion-symmetry-based real solver (purple diamonds).

Each data point corresponds to an average over six calculations performed using serial
executions of the code. Like in the case of the lattice-harmonic implementation, there are
overhead terms that must be taken into consideration. These include the construction
of the LO-coefficient matrix Ak described in (4.8) (pink crosses), the transformation of
the Hamiltonian and overlap matrices as shown in Eq. (4.9) (green pentagons), and the
inverse transformation of the eigenvectors described in Eq. (4.12) (turquoise triangles).
Moreover, we plot the time required just for the diagonalization of the transformed
matrices, represented by the yellow squares. In this sense, the purple diamond data
points, corresponding to the real solver, are equal to the sum of the other plots. In order
to facilitate the comparison of the different contributions, we represent the data on a
logarithmic scale. It becomes apparent that the back-transformation of the eigenvectors is
the least computationally expensive task, followed by the construction of the coefficients.

As expected, the time needed to compute the Ay matrix remains fairly constant across
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Figure 5.5: Comparison of the time needed for solving the generalized eigenvalue problem
defined in Eq. (2.19) in the presence of inversion symmetry, using the standard
complex solver (orange circles) and the real solver (purple diamonds) as a function
of matrix size. The data was obtained from serial executions of the exciting
code.

the different matrix sizes due to the fixed number of LOs used in each calculation. On
the other hand, the time needed for the Hamiltonian and overlap matrix transformation
increases with the matrix size. However, the most time-intensive component of the real
solver is the diagonalization of the matrices, as indicated by the agreement between the

yellow and purple plots.

Figure 5.5 shows a comparison of the time required to solve the standard complex
eigenvalue problem (orange circles) versus the transformed real-valued problem (purple
diamonds). For the smallest system, with a matrix size of 580, the construction of the
coefficients and the transformation of the matrices account for a relatively large fraction
of the real solver’s computation time, so that this method requires more time overall
than the standard complex solver. Nonetheless, for systems of this size, calculations are
generally computationally cheap, making this difference negligible. For all other matrix
sizes, the real solver outperforms the complex one, achieving a speedup of over 3.3 for

the largest system.
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Figure 5.6: Comparison of the average total time required for an iteration of the standard
exciting code (orange circles) and the code considering inversion symmetry
(purple diamonds), in the case of serial calculations.

Figure 5.6 illustrates the impact of this implementation on the average time needed for an
iteration of the code across matrix sizes. Since we considered the total computation time
when averaging over the number of iterations, the time needed for initialization is also
included in these results. As already mentioned, solving Eq. (2.19) dominates the overall
computation time for large systems. Consequently, as the matrix size increases, the
speedup in the total computation time approaches the speedup observed when comparing
the solvers only. For the largest system, we achieve a speedup of almost three for an

average iteration of the code.
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Figure 5.7: Analysis of the execution time required by the different contributions to the real
solver plotted as a function of matrix size. Shown here is the time needed for
diagonalization (yellow squares), Hamiltonian and overlap matrix transformation
(green pentagons), LO-coefficient matrix construction (pink crosses), and eigen-
vector back-transformation (turquoise triangles). The sum of these contributions
corresponds to the total time needed for the real solver (purple diamonds). The
lines connecting the data points are included as a guide for the eye. The data
was obtained from parallel executions of the exciting code with four OpenMP
threads.

When repeating the calculations using parallel executions with four OpenMP threads, as
shown in Figs. 5.7, 5.8, and 5.9, we observe that the real solver takes longer than the
standard complex solver for the two smallest systems. However, this does not have a
large impact on the overall computation time, as the time required for a full calculation
is almost equal in both cases. For the largest system, we are able to achieve a speedup
of four in the solver comparison, which corresponds to a 3.5-times-faster execution in
the case of a full calculation. Our speedups in both the serial and parallel cases are
in agreement with those observed for other (L)APW+LO-based codes [27, 28|, which
report factors ranging between three and four. In particular, the WIEN2k code achieves
a speedup of almost four [27], but it is important to mention that their implementation
uses a fully real version of the code, including the direct construction of real matrices
rather than just their transformation. This is likely the reason for the higher speedup

observed in this case.

28



]|—@— complex solver
7| -4- real solver
102 3
. 10 4
L 3
o) .
£ .
P 1002
10713

T T T T T T T T T T T T T T
103 104
Matrix size

Figure 5.8: Comparison of the time needed for solving the generalized eigenvalue problem
defined in Eq. (2.19) in the presence of inversion symmetry, using the standard
complex solver (orange circles) and the real solver (purple diamonds) as a function
of matrix size. The data was obtained from parallel executions of the exciting

code with four OpenMP threads.
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Figure 5.9: Comparison of the average total time required for an iteration of the standard
exciting code (orange circles) and the code considering inversion symmetry
(purple diamonds), in the case of parallel calculations with four OpenMP threads.
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5.3 Example of BaSnQO;

Perovskite barium stannate (BaSnOj) is one of the most promising emerging materials
for optoelectronic devices due to its extraordinary room-temperature carrier mobility
of up to 320 cm?V~'s~! and its high thermal stability. Because of these properties, it
has become the focal point of many theoretical and experimental studies [6, 7, 8]. For
example, in Ref. [8] the theoretical analysis includes the description of the electronic
structure and the optical properties of BaSnO3 using state-of-the-art methods based on
many-body perturbation theory (MBPT), in comparison with experiment. In MBPT,
DFT ground-state calculations are used as a starting point. For this reason, we study the
impact of the symmetry-based methods introduced in this thesis onto the ground-state

calculations of this material.

Perovskite BaSnQOj is characterized by a highly-symmetric unit cell. The oxygen atoms
correspond to the site-symmetry group 4/mmm, which contains 16 symmetry operations,
while the site-symmetry group of the barium and tin atoms is m-3m, containing the
highest possible number of 48 symmetry elements. This aspect is favorable for the
lattice-harmonic implementation, while the presence of inversion symmetry allows us to
employ the real solver described in the previous subsection. In Tables 5.2 and 5.3, we
compare the results of the calculations performed using the standard exciting code
with those obtained using the symmetry-based methods. As in the case of the speedup
analyses shown in the previous sections, we consider both serial executions and parallel
executions with four OpenMP threads. The calculations were performed with the PBEsol
exchange-correlation functional [29] and an 8 x 8 x 8 k-grid. The MT-sphere radii for
Ba, O, and Sn were set to 1.9226, 1.513, and 1.9875 ay, respectively. Using a maximum
value of the angular momentum quantum number [ equal to 12, 171 LOs and a maximum

number of 1856 planewaves, corresponds to a maximum matrix size of 2027.
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Table 5.2: Comparison of execution times of BaSnOj3 calculations obtained with the standard
exciting code and the symmetry-based implementation. Shown here are the total
computation time, the time needed to solve the generalized eigenvalue problem
given by Eq. (2.19) and to compute the MT potential. The time required by the
individual contributions of the symmetry-based methods are also included. The
results were obtained from serial executions of the code.

CPU times [s] | Standard code Symmetry-based code
Total 3203.82 s 1909.92 s
Solver 1966.01 s 749.63 s
diagonalization 716.38 s
LO coefficient construction 3.85 s
transformation of Hy and S 28.28 s
eigenvector back-transformation 1.12 s
MT potential 99.76 s 8.48 s
potential synthesis 8.10 s
LH coefficient construction 0.12 s
Gaunt coefficient transformation 0.21s
potential coefficient transformation 0.05 s

Table 5.3: Comparison of execution times for BaSnOj3 calculations obtained with the standard
exciting code and the symmetry-based implementation. Shown here are the total
computation time, the time needed for solving the generalized eigenvalue problem
given by Eq. (2.19) and for computing the MT potential. The time required by the
individual contributions of the symmetry-based methods are also included. The
results were obtained from parallel executions of the code, using four OpenMP

threads.
CPU times [s] | Standard code Symmetry-based code
Total 1476.43 s 780.20 s
Solver 1037.81 s 364.80 s
diagonalization 344.92 s
LO coefficient construction 4.13 s
transformation of Hy and S 15.10 s
eigenvector back-transformation 0.65 s
MT potential 26.29 s 2.69 s
potential synthesis 2.30 s
LH coefficient construction 0.12 s
Gaunt coefficient transformation 0.21 s
potential coefficient transformation 0.05 s
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The results shown in Tables 5.2 and 5.3 are in good agreement with the speedup
analyses performed in the previous sections. In the case of the serial execution of the
exciting code, the solution of the generalized eigenvalue equation was about 2.6 times
faster, while for the potential contribution we observed a speedup of almost twelve. These
results correspond to an overall speedup of about 1.7. In the parallel case, the real solver
was almost three times faster than the complex one, and together with an almost tenfold
speedup of the potential, we achieved an overall speedup of about 1.9. These results
are satisfactory considering that this system is not particularly large. Moreover, the
comparison of the total ground-state energy and the estimated fundamental band gap
confirms the validity of our implementation, reproducing the results of the standard
code with a maximum difference of order 10~ Ha for the energy and 10~!! Ha for the

Kohn-Sham band gap.
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6 Conclusion and Outlook

In summary, we have implemented two symmetry-based methods into the all-electron
full-potential package exciting. First, symmetrized spherical harmonics, called lattice
harmonics, were introduced, which allowed us to reduce the number of terms needed
for the expansion of the potential. The speedup analysis included in this thesis showed
that our implementation consistently outperforms the standard real-spherical-harmonic
representation across the analyzed materials. In particular, for the system highest in
symmetry, corresponding to the site-symmetry group m-3m, we were able to compute
the MT potential nearly sixteen times faster. Second, we took advantage of inversion
symmetry, which leads to a real-valued generalized eigenvalue equation, simplifying
the diagonalization of the Hamiltonian and overlap matrices compared to the standard
complex case. Applying this method to systems with different matrix sizes, we were
able to achieve a speedup of four compared to the complex solver. Correspondingly, the
total time required for an exciting calculation was reduced by more than 3.5. Both
methods highlight the advantage of exploiting symmetry in DFT calculations within
the (L)APW+LO framework, yielding a significant reduction in computational time,
especially for large systems. The validity and gain of our implementation is further

confirmed by the application to BaSnOj.

Going forward, the usage of lattice harmonics can be explored for other quantities
which are typically represented in terms of (real) spherical harmonics, such as the charge
density. Moreover, the results presented in this thesis underline the benefit of introducing
parallelization strategies for the construction of newly-introduced overhead terms, such as
the lattice-harmonic coefficients. Regarding inversion symmetry, the most straightforward
future development is to construct real Hamiltonian and overlap matrices right from
the start, rather than transforming from complex to a real matrices just before the
diagonalization. As part of this project, we have already laid down the groundwork for
this possible implementation. Employing the LO coefficients, which allow attaching them

to fictitious planewaves, will enable the direct generation of real matrices.

Another promising development for systems with inversion symmetry is the possible
transformation of the mixed-product basis (MPB) functions, which serve as a basis for

two-particle functions used to describe non-local quantities. A key advantage of this
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transformation proposed by Betzinger and coworkers [30] concerns the computation of
hybrid functionals. In analogy to the method presented in this project, this approach
would yield a real-valued Coulomb matrix, ultimately speeding up the generally very
computationally expensive computation of the non-local exchange potential. Beyond
this, applying the same strategy to GW calculations would result in a real matrix
representation of two-particle functions such as the polarizability, further enhancing
computational performance [31]. These approaches illustrate the wider potential of
symmetry-based optimizations, paving the way to further improve the computational

efficiency of the exciting code.
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