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Abstract

An investigation of exchange-correlation functionals applied to ferromag-
netic cobalt and antiferromagnetic pristine La,CuQ, is presented. LSDA, GGA,
mGGA, and hybrid functionals are benchmarked based on their predictions
on the magnetic structure of the systems, with a focus on the results of the
full-potential all-electron code exciting. The mGGA and HSE functionals
are shown to increase magnetization in both systems when compared to semi-
local functionals. The magnetization in cobalt is overestimated with respect
to the PBE result of 1.65 u, which agrees with experiment. For La,CuQy,,
the SCAN functional is found to give experimental results of the band gap
1.08 eV and copper magnetic moments 0.54 11z while stabilizing the antiferro-
magnetic phase. Computational methods of magnetic systems are outlined

and an extension to hybrid-functionals calculations in exciting is proposed.
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Introduction

In 1986 J.G. Bednorz and K.A. Miiller published their findings [1] about the
existence of a superconducting phase in, later specified to be, Las_,Ba,CuQO,.
Remarkable about this discovery was the for the time, high critical tempera-
ture 7¢ of 30 K. This discovery led to the search for similar materials, which
are now known as cuprate superconductors. Modern cuprate compounds
can have critical temperatures up to T ~ 164 K [2]. Cuprates are consid-
ered unconventional superconductors, meaning that the theory proposed by
J. Bardeen, L. Cooper and ].R. Schrieffer [3] is not suitable for describing their
superconducting mechanism. Further, the superconducting phase emerges
only under hole-doping of the parent compound, i.e., La,CuO, (LCO), which
induces an insulator-to-metal transition [4]. Due to this, these materials have
been of special interest for theoretical solid-state physics and, specifically,
density-functional theory (DFT) [5]. This work represents a study of the in-
sulating, undoped ground-state structure of LCO using Kohn-Sham DFT [6].
This study is put into the picture of the exchange-correlation (XC) function-
als within DFT and their distinctive features. The antiferromagnetic ground
state of LCO has historically been a particularly difficult system for function-
als depending only on the electronic density and its gradient (LDA, GGA) [7-
9], and modern orbital-based functionals (meta-GGA, hybrid) offer improve-
ment. Mainly used for calculations, is the exciting open-source software
package [10], a full-potential all-electron code, which allows for high-precision
benchmark results. The meta-GGA functionals were, however, only recently
implemented in this DFT code [11]. The implementation has thus not been
applied to a complex material like LCO, and to ensure the robustness and ac-
curacy of the findings achieved with meta-GGA functionals in exciting, the
licensed all-electron code FHI-aims is used for cross-validation.

LCO is not the only material of interest in this work. Preceding its inves-
tigation is the study of the ferromagnetic metal cobalt. By first analyzing the
well-characterized [12, 13] cobalt and the effects of the various functionals



on its magnetic and electronic properties, a baseline for the comparison of
the functionals can be set. Elemental cobalt is generally classified as an itin-
erant ferromagnet, where the magnetic moment arises from delocalized 3d
electrons [14] and is well understood within a band picture. Comparing the
starkly contrasting nature of cobalt with the strongly-correlated LCO then al-
lows for broader arguments about the nature of exchange-correlation effects

on magnetic materials.

The thesis is structured as follows: Chapter 1 outlines the theoretical back-
ground necessary for the arguments of the later chapters, defining and intro-
ducing key concepts and computational parameters for the study of magnetic
materials using Kohn-Sham DFT. In the following Chapter 2, cobalt is studied,
both through the computational lens of a comparison between the exciting
code with other DFT packages, and the physical lens of density-functional ap-
proximations. The computational methodology of the work is showcased in
this chapter, and is applied similarly in the study of LCO. These are split into
two chapters due to the level of details included. Chapter 3 first deals with
ground-state calculations of the material performed using the generalized
gradient approximation. The practical details are examined more closely, and
the nonmagnetic and antiferromagnetic ground states are investigated sepa-
rately. The relevant physical aspects, as well as comparison to literature, are
the focus of Chapter 4. The functionals are ordered in accordance with the
metaphorical “Jacob’s ladder” [15], which orders the presented results into

the broader framework of DFT literature.



Chapter 1
Theoretical Background

This chapter introduces the theoretical framework underlying this work. To
begin, density-functional theory (DFT) and its application to bulk solids and
their ground-state electronic structure is introduced. As computations are the
main focus, the fundamentals of the basis functions implemented in the used
software-packages are outlined. Of special importance are magnetic systems,
therefore spin-polarized DFT and its methods are thoroughly summarized
with a focus on computational aspects. At the core of both DFT and this work
lies the exchange-correlation energy functional. The approximations of interest
to this functional are introduced and their relevant properties highlighted.

Unless stated otherwise, atomic units are used throughout this chapter.

1.1 Basics of density-functional theory

Solid materials can be modeled as periodic crystal structures composed of
N electrons and N, nuclei. To describe such systems in quantum mechanics,

one has to solve the many-body Schrodinger equation
HYU(Re,Rn) = EV(Re, Ra) (1.1.1)

for the wave function of the crystal, ¥. It depends on both the electronic
Re = {r1,12, ..., ¥y} and nuclear configurations R, = (Ry,Ry,....,Ry,). The
exponential increase in computational complexity with system size renders a
direct solution of the Schrédinger equation intractable, both numerically [16]
and analytically. To simplify the situation, the Born-Oppenheimer approxi-
mation [17] is commonly employed. It assumes that, due to the large differ-
ence in mass of the nuclei and electrons, their wave functions may be treated



separately. The result is a purely electronic problem that can be solved by
using DFT. The DFT approach is based on the Hohenberg-Kohn theorems [5].
The main result of the first theorem is that the ground-state electronic energy,
Egs, is a functional of the ground-state electron density, p;s(r). The second
theorem states that the functional Egs|p] is minimized by ps¢(r). This reduces
the complexity of the many-body electronic problem to a description involv-
ing only the electronic density, which depends only on three spatial variables.
In order to simplify the notation, the label GS is omitted in the following.

The ground-state energy functional can be separated into two different

contributions:
E'= Elp) = Flo) + [[veu(t) plr) e (112)

Here, F'is a universal functional of p. Additionally, vex(r) is the external po-
tential, mostly consisting of, but not limited to, the Coulomb potential be-
tween one electron at r and all nuclei. Even though the first Hohenberg-Kohn
theorem proves the existence of the functional F[p], the exact form of this
functional is unknown.

As the second Hohenberg-Kohn theorem states, the ground-state density
is the one which minimizes the ground-state energy functional under the con-
straint that the integral of the density reproduces the number of electrons, N.
Then, with ;; being the chemical potential, this leads to the requirement:

J(Elp) — uN) =0. (1.1.3)

To minimize the (ground-state) energy functional in Eq. (1.1.2), a suitable
approximation for the universal functional F'[p] is needed. Towards this end,
the approach outlined by Kohn and Sham [6] is followed.

1.1.1 Kohn-Sham-DFT

In the Kohn-Sham (KS) approach to DFT, an auxiliary, non-interacting, elec-
tron system (consisting of KS electrons) is introduced. The ground-state elec-
tron density of the auxiliary system is assumed to be identical to the one of
the actual interacting electron system. In KS DFT, the ground-state electron

density can be expressed in terms of the so-called Kohn-Sham orbitals {p;(r)}:

() = > leie) (1.14)



A common expansion of the ground-state energy functional in this framework
looks as follows [18]:

Elp] = Tolp] + Enlp] + Bxclo] + / Ve (x) plr) dr. (1.15)

Here, Tj[p] is the kinetic-energy functional of the system of KS-electrons with
density p(r) and Ey|p] is the so-called Hartree energy, defined as

Eulp] = %/% drdr’ (1.1.6)

which can be understood as the energy contribution corresponding to the
classical Coulomb interaction between the electron densities. Notably, this
includes the spurious interaction of an electron with itself. E\.[p] denotes the
unknown exchange-correlation energy functional. This energy functional has
no classical counterpart and exists due to purely quantum-mechanical inter-
actions of the many-electron system such as the Pauli-exchange energy. This
energy can be further decomposed into an exchange and a correlation contri-
bution, thus, F,. = F + E..

The minimization of the energy functional leads to the KS equations for the
KS orbitals, with {¢; } as the KS eigenvalues:

{ — %W + Vexe (1) + / p(r/),| dr’ + vy (r, [,o]z }SOi(r) = Hys pi(r) = € ¢4(1)

lr—r
et (1, [p])
(1.1.7)
where SEl/]
XC p
UXC r7 p = 9 1.]..8
(o)) =25 (1.18)
and the KS Hamiltonian is defined as:
~ 1 9
Hygs = —§V + Ueff(l‘, [p]) . (119)

This procedure turns the many-body problem of minimizing the functional
in Eq. (1.1.5) into a series of single-particle equations. It is important to note
that the effective potential veg(r, [p]) itself depends on the density. Simultane-
ously, the potential determines the orbitals and, thus, the density. Therefore,
these equations need to be solved self-consistently. Starting from an approxi-
mate initial density pinit(r), one calculates the potential from it and then solves

Eq. (1.1.7). The resulting Kohn-Sham orbitals are then used to generate a new



density and potential, and so on. This continues, until the change between
consecutive iterations in resulting energy, potential, charge distribution, or
other chosen convergence criteria, reaches some predefined convergence cri-
terion. More stable and faster calculations can be achieved by an appropriate
choice of pinit(r), as well as optimizing the self-consistent field (SCF) cycle, e.g.,
by mixing several previous iterations of the density to generate the new one.

1.1.2 DFT for periodic crystals

In this work, exclusively bulk materials are studied. Consequently, the dis-
crete quantum number (i) has to be replaced by (nk), describing the band
index n and the wave vector k. As a consequence of Bloch’s theorem [19],
the first Brillouin zone (BZ) suffices as the domain of k-values. Then, the
explicit calculation of the ground-state energy and density requires an inte-
gration over the wave vectors. This integration is typically approximated by
a finite sum over a suitably dense grid of k-points in the first BZ. Symmetry
considerations reduce the necessary number of k-points. For instance, the

expression of the density becomes:

co Bz

p(r) =D > wiclom(r)|* (1.1.10)
n k

where wy are the weight factors of the k-point. For simplicity, these weights

will be omitted from following expressions.

1.2 Basis functions

An important part in numerical DFT calculations is the expansion in suitable
basis functions. Finite computational resources naturally demand austerity in
the number of basis function used to describe the wave functions, potential,
and density. A major challenge when describing solids is that the wave func-
tions must be expanded into a basis set suitable for both the strongly bound
electrons and the valence electrons which are only weakly bound. Core elec-
trons are typically treated separately from the valence electrons. This section,

therefore, focuses on the valence problem.



Muffin tin MT,

Interstitial I

Figure 1.1: Partition of space into muffin-tin spheres MT, of species A and species B
with corresponding muffin-tin radii r{;; and r{;;. The shaded region represents the
interstitial region 1.

1.2.1 The LAPW+lo scheme

Of special importance is the linearized augmented plane wave (LAPW) +
local orbitals (lo) method [20-22]. While plane waves are ideal for describ-
ing delocalized valence electrons in periodic systems, they fail to efficiently
capture the rapidly varying behavior near nuclei, motivating the use of mixed
basis sets which includes also atomic-like orbitals. A core principle is the sep-
aration of space into the so-called muffin-tin spheres (MT,) centered around
the atoms R,,, with the remaining space being called the interstitial region (I).

This division of space is illustrated in Figure 1.1.

Explicitly, the wave function is expanded over reciprocal lattice vectors G
into the augmented plane waves [10, 23]:

Pukc(t) =) Crc beuclr) | (1.2.1)
G
with the augmented plane wave (APW) functions ¢g«(r)

> i A% wa(10) Yim (ta), 1€ MT,
P k(1) == (1.2.2)

1 i(G+k)-
\/—ﬁel( ) rcl.

The basis functions are expanded inside the muffin-tin sphere into radial func-

tions and spherical harmonics. In the interstitial region the basis functions are



plane waves. The unit-cell volume is denoted by (2, r, := r — R,, is the rela-
tive position within the MT region, and 1, = r,/r, is the radial unit vector.
The continuity of the functions at the MT boundary is enforced by the co-
efficients AZ"S. As they are generally not orthogonal, for computations the

overlap matrix S will become necessary:

Scar (k) == (P ix|dcr 1) - (1.2.3)

A closer look at the radial functions v, (r,) reveals a problem of the APW ba-
sis set. The radial functions are given as solutions of the Schrodinger equation

in the spherical symmetric part of the effective potential:

{ 9% U(l+1)

T o2 2 + Vett(ra) — 6nlk} Ta Ua(ra) = 0. (1.24)

As can be seen, the energies are needed to obtain the radial functions, which
are themselves needed to solve the KS equations for those energies, yielding

a nonlinear problem.

In the linearized APW (LAPW) set, the energies in Eq. (1.2.4) are changed
to be parameters €,,. To compensate this, one expands the radial functions
around these stationary band energies up to first order [18]. This ultimately
modifies the basis functions to:

Zlm [Algfk,lm ula(r@“ Elﬂé) + Bg}ﬁ( ula(rw Ela)] Yim (fa> , reMT,
PGk (r) =

\/Lﬁ ei(G+k)-r ’ rel.
(1.2.5)

The coefficients Bg ,, ;,, ensure its smoothness at the MT boundary.

Instead of this linearization, physically important local orbitals may be

added explicitly to the basis set. A local orbital is of the form

[a, Wa(Ta) + by e (6)] Yim(ta) , € MT,
¢/M<r) = (126)
0, rel,

and is only nonzero for a specific atom. The linearization energies are fixed
parameters. These local orbitals then introduce sufficient variational freedom
that was lost when the energies were assumed to be fixed. Furthermore, these
local orbitals are well suited for the semi-core states within the MT region.



Itis important to highlight the newly introduced parameters and their impor-
tance for DFT calculations using this basis set. One immediate parameter is
the radius of the mulffin tin spheres around the atoms, Ryr. As summations
as in Eq. (1.2.1) have to be finite, a cutoff, Gnayx, is needed. It restricts the re-
ciprocal lattice vectors through |G + k| < Gmax. A smaller MT region means
that more plane waves are needed in the interstitial region. Therefore the two
previous parameters can be combined into one product Ryt Gmax. Crucial
for an accurate calculation is the inclusion of necessary local orbitals ¢,,(r)
for each atom, in practice for each element, in the calculation. The choice of
suitable linearization energies is non-trivial and methodology may differ be-

tween different implementations, calculated quantity, and level of precision.

For this work highly relevant is the exciting open source code [10]. It
uses the (L)APW ((+lo) basis, which is to be understood as a combination of
the above introduced APW+lo and LAPW sets, for simplicity from now on
just called the LAPW+lo basis. Typically, exciting is used for high precision
calculations on which other, more efficient methods may be benchmarked.
Within exciting, core electrons are treated fully relativistically via the Dirac
equation. In exciting the potential and density in the interstitial region have

a separate plane-wave cutoff, here called Gaxvr.

1.2.2 Numeric atom-centered orbitals

This basis set circumvents the challenges associated with the radial functions
by referring to numerically tabulated values for the function. Through this,
the atom-like functions of the mulffin tin spheres used previously are now

extended to the entire unit cell. The basis functions take the form [24]:

Ditm (I‘) =

Yim(T) . (1.2.7)

Additionally, the orbitals may be further restricted in their extension in space
through a cutoff potential. This methodology can allow for a great level of
flexibility in customizing the basis set to each type of atom specifically, as
well as very good scalability for larger unit cells and number of atoms. How-
ever, it relies on accurate values for the radial functions and also demands
exactly that great level of customization to each atom for accurate results.
The licensed code FHI-aims [24] implements this numerical atomic orbital
basis set. It can provide a high level of precision [25-27] and is mainly used
as a benchmark for exciting in this work.



1.3 Spin-polarized DFT

This section introduces the necessary tools to describe solids with non-trivial
spin structure within DFT. A distinction is made between collinearly and non-
collinearly aligned spins. Furthermore, the interaction of the solid with an ex-
ternal magnetic field is included. The computational aspects of the collinear
approximation are highlighted, with a focus on the exciting code.

1.3.1 Non-collinear spins

For a general spin alignment, the single-particle KS orbitals need to be ex-
pressed as Dirac spinors:

Qe (T N BZ
o (1)= 58 =3¢ W (). (131)
nk (X n k

An important quantity for the description of spin-polarized systems is the
magnetization density, defined as:

N BZ

m(r):=> Y ol Wop (1. (1.3.2)

n k

In the equation above, o = (¢,,0,,0.) is a vector with the Pauli matrices
as components. The magnetization encapsulates the information about the
spin polarization. To continue using the total electron density, which disre-
gards the spin degree of freedom, the energy functionals become explicitly
dependent on the magnetization, e.g.,

Ex[p] = Ex[p,m]. (1.3.3)

Assuming the functional dependence in the r.h.s. of Eq. (1.3.3), the minimiza-
tion of the ground-state energy functional yields a new term in the KS equa-
tions, the exchange-correlation magnetic field:

0By [p, m]

buc(r) = =2 5 (1.3.4)

In other words, the effects of the magnetization of the electron density can be
interpreted through a local magnetic field. An external magnetic field bey (1)
can be added to this internal field, and both are combined as part of an ef-

10



fective magnetic field in beg(r) := by(r) + bext(r), which enters into the KS

equations as follows:

{—%V2 + Vegt (1, [p, m]) + bege(1) -0 — enk} ¥ (1)=0. (1.3.5)

A nuance of the spin-polarized SCF cycle must be noticed here: Starting from
a non-polarized density pinit(r) in the absence of an external field will always
result in a non-polarized density, as only the third term in Eq. (1.3.5) couples
the two spinor contributions. To obtain a magnetic ground state, an initial
magnetization my(r) # 0 or an external field bex(r) # 0 must be included.
Once the magnetization has stabilized, bey(r) may then be turned off.

The general spin treatment has two important limitations. First, the en-
ergy functionals employed in this work were derived under the assumption
of collinear spins and often exhibit numerical instability when extended to the
general case. Second, this methodology greatly increases the computational
cost compared to the non-spin-polarized procedure. Assuming that the KS
Hamiltonian is expressed in a basis set as a matrix of dimension N, x N,, for
the non-polarized case, the spinor treatment demands a matrix of dimension
2Ny x2N,. As the diagonalization of a matrix of dimension /V, scales in or-
der ~O(N}}), this treatment can significantly increase the computational cost.

1.3.2 Spin-orbit coupling

To fully incorporate all relativistic effects, such as Spin-orbit coupling (SOC),
it is necessary to solve the full Dirac equation for the KS system within the

non-collinear framework [28]:

Ve () cp-o k(1) = e k(7] , (1.3.6)

cp- o Vesr(r) —2¢* )\ Buk(r) Bk (1)

with c the speed of light and p the momentum operator. A description of the
iterative solution of this equation can be found in Ref. [29]. It is very common,

however, to only focus on SOC and include it as a correction to Eq. (1.3.5):

1 N
{—§V2 + Ueff(l‘, [p, m]) + beff(r) -0 + Hsoc — €nk} fnk(l‘) =0. (1.3.7)

For details on how Hsoc can be chosen, see Refs. [30, 31].

11



1.3.3 Collinear polarization

A common and important approximation regarding magnetic materials is the
assumption of collinear spin ordering. This means that all electron spins in
the system align to one axis, e.g., the z-axis. The spins then only differ by sign,
i.e., one can speak of only spin-up (1) and spin-down (J.) electrons. Specifically

this means, that all KS spinors are of the form

.
EW“)(%Mﬂ) or EW@)( ’ >. (1.3.8)
0 ‘Pik (1)

For these states, the density is evaluated through the spin-resolved densities:

p(x) = ps(6) + py(x) (13.9)

which are from spin resolved orbitals, carrying the spin index o

N BZ

=33 @, ot} ={+1,-1}. (1.3.10)
n k
The magnetization in this case works out to be [32]:

m(r) = (0,0,m(r)), m(r) = pr(r) — py(r). (1.3.11)

And the inverse transformations may be written as:

[p(x) — m(¥)] . (1.3.12)

N | —

[p(x) +m(r)], py(r) =

N | —

pi(r) =

With this, the dependency can be shifted away from the magnetization, to-

wards the spin-resolved densities:
Exc[pa m] — Exc[p%pi] : (1313)

Necessary for the inclusion of magnetic interaction has previously been the
exchange-correlation magnetic field. For collinear systems, the magnetic field

is considered to have only a non-vanishing z-component.

Inserting Eq. (1.3.12) into Eq. (1.3.4), the collinear exchange-correlation
magnetic field can be evaluated as:

1oEselpr,pl] — 10Exlpr,py] 1 1
bXC = — . ) —— T - \L ' 3.

12



In a similar fashion the exchange-correlation potential becomes:

10Ex[pr,py] | 16Exlpr,p] 1 4 1
_ - i == — ) 1.3.1
UXC<r) 2 5PT(I') 2 5P¢(r) QUXC(r) + 2ch(r) ( 3 5)

It is vy (r) & byc(r) (respective the spin) which enters into the KS equations
of Eq. (1.3.5), which decouples the opposite spin-contributions. At last, this
simplifies the KS equations into two, separated for spin, sets of equations [18]:

1 5 g g
{—§v2 - 0G(x. o1, p1]) + sign(0) best(x) — } S =0,  (13.16)
with two separate effective potentials :

p(r')
r—r/|

Gl i) = venle) + [ LD A 4 o). (13.17)
Worthy of notice is that for the Hartree energy, the total density p(r) is consid-
ered, not a spin-resolved one. It is only the exchange-correlation potential v.,

that is explicitly spin-dependent and that has absorbed the interactions pre-

viously encapsulated in by.

1.3.4 Second-variation scheme

Above it was shown that within the collinear approximation the KS equations
only require the spin-dependent exchange-correlation potentials v, . With
this, the two sets of KS equations can be solved independently. In principle,
this doubles the computational cost with respect to the non-polarized sys-
tem. As the bulk of the calculations presented in this work were done using
the exciting code, this section serves to present an alternative, that is imple-
mented in that package. This alternative is known as the second-variation (SV)
method. The basic assumption of the method, is that spin-dependent effects
are generally a small variation of the non-polarized ground state. The pur-
pose is to reduce the number of basis functions, in which the spin-dependent
Hamiltonian is expanded in, a problem outlined in Section 1.3.1.

The term “first variation” (FV) refers to the diagonalization of the non-
polarized Hamiltonian, expanded in the LAPW+lo basis set used in exciting

1
Hg\é/ (k) :== (Pc k| — §V2 + Vet (T) | PG 4x) - (1.3.18)
Details on the diagonalization methods in exciting can be found in Ref. [10].

13



Resulting from this are the FV eigenvalues:

ST HEL (k) CEL (k) =Y Y Saar (k) &Y, (k) - (13.19)
G’ G
The FV eigenstates:
Z Con()|éa ) (1.3.20)

do not include any information about spin-resolution. This is included only
in the SV through beg, which solves the full spinor equation. Considered
here is the only the collinear approximation, though the extension to the non-
collinear case is natural in this formulation. The Hamiltonian is therefore
block-diagonal. The main benefit in this, is the fact that through the diago-
nalization of the FV-Hamiltonian an effective and smaller basis set has been
obtained. Instead of the previous LAPW+lo functions, the Hamiltonian is
expanded into the FV eigenstates, with its matrix elements expressed as:

HYY7 (k) = (b H™Y(K) + sign (o) bege(x) | 05n) - (1.3.21)

The number of FV eigenstates is the number of valence electrons in the unit
cell plus the number of empty states considered. As a reference, a typical
ground-state calculation of Chapter 4 contains IV, = 3920 basis functions, but
only 1172 FV eigenstates. The final, spin-resolved, SV eigenstates are calcu-
lated through the solution of:

T eV + begt(K) 0 OV (K) &\ [C%VI(Kk)
0 1Y —be(k) ) \CVH(k) e ") \C%VH(k)
(1.3.22)

where /" := (elY, €5, ...,elY)T. 1 denotes the identity matrix, and beg (k) the
Fourier transform of the effective magnetic field expressed as a matrix in the
FV basis. In summary, the SV method reduces the computational cost by
using a truncated basis constructed from a non-spin-polarized calculation,
while still accounting for spin effects accurately. As a consequence it cre-
ates an inherent dependence on the number of FV eigenstates for numeri-
cal accuracy. In other words, the number of empty states rnempry, becomes a
convergence-parameter for spin-polarized calculations in the SV and there-

fore exciting.
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Chemical Accuracy

double Hybrid unoccupied @, (r)
Hybrid occupied p,i(r)
meta-GGA 7(r)
GGA Vp(r)
LSDA p(r)
Hartree World

Figure 1.2: “Jacob’s Ladder” as introduced by J.P. Perdew and coworkers in Ref. [15].
Five rungs of density-functional approximations ascend from “Hartree World” to-
ward “Chemical Accuracy”. Inside the rungs the added dependency to the func-
tional, with the corresponding class of functionals on the left. For more information
on double hybrid functionals see the original reference.

1.4 Exchange-correlation functionals

The most important aspect of a DFI-based approach is the necessity of ap-
proximations to the exchange-correlation energy functional Ey.[p], from now
on also simply called the functional. The goal of this work is the investigation
of specifically these approximations to the functional, which are outlined in
the following section. In it, the functionals are organized hierarchically by Ja-
cob’s ladder, a conceptual framework introduced by J.P. Perdew and coworkers
in Ref. [15], which relates accuracy and complexity of the functionals. First,

a reformulation within the collinear approximation is made:

Elpr pi] = / p(x) e(x, [pr, p)]) dr. (14.1)

The functional is expressed through the exchange-correlation energy density
per electron ¢, to which add more and more “ingredients”, quantities of the
system, are added. Within the image of Jacob’s ladder, these ingredients are
what achieves chemical accuracy and escapes “Hartree World”. This work
will have the specific focus of magnetic properties of cobalt and La,CuQ,,
and the functionals are introduced with that focus in mind. Figure 1.2 shows
the classes of functionals as introduced in Ref. [15], with the corresponding
main quantity of the KS system. The class of double hybrid functionals is
included, though it is not relevant for this thesis. For deeper investigations of
this classification of functionals, see Refs. [33-37].
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1.4.1 Local and semi-local functionals

The lowest rank includes only an explicit dependence on the density at a sin-
gle point within €,.. This is called the local-density approximation, or local-
spin-density approximation (LSDA) for the purposes of this thesis. Explicitly:

Eiepa = 5;1?if(pa(r)) . (1.4.2)

Within the LSDA this function is approximated by the corresponding rela-
tionship in the homogeneous electron gas £'0f [38—42]. The exchange en-
ergy of the gas is known analytically, while the correlation part follows the
parametrization of J.P. Perdew and Y. Wang of Ref. [43] is used in later chap-
ters. By design, this approximation is intended for systems with only very
slowly varying density over space. It can, however, also be applied to a wider
range of materials with rather good results for properties such as lattice con-
stants, bulk moduli, and vibrational frequencies [44—46]. One specific draw-
back, which will be repeatedly referenced for the following functionals as
well, is the self-interaction error (SIE) discussed in Section 1.1.1, i.e., spurious
Coulomb repulsion of an electron with itself. While the exchange of the true
functional cancels this interaction out, the LSDA-exchange notably does not.
This repulsion of an electron density with itself causes a delocalization (“puff-
ing up”) of an electronic state and, among other things, underestimated band

gaps for semiconductors [47].

Attempts to improve upon this approximation led to the development of
the generalized gradient approximation (GGA), which tries to better capture
the effect of varying density profiles by including a dependence on the gra-
dient of the density:

€aca = Ecea (pa (1), Voo (1‘)) . (1.4.3)

The most common GGA functional used for solid-state computations is the
one introduced by J. P. Perdew, K. Burke and M. Ernzerhof (PBE) in Ref. [48].
This will also be the only GGA functional used in this work. It is worthwhile
to highlight one feature of the PBE functional in more detail: The gradient-
dependent exchange enhancement. The exchange energy is written as:

S — / p(x) 8 (p,) Fy(s) dr | (1.4.4)

where £ is the exchange energy per particle of the uniform electron gas,
and F'(s) is the exchange enhancement depending on a dimensionless density
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gradient s =|Vp|/(2kp p). The enhancement obeys the uniform limit, that is
it reproduces the uniform-gas exchange F' — 1 as s — 0 with F' > 1, among
other constraints. In comparison to LSDA, the PBE functional reduces the SIE
and the increased exchange in regions of strongly varying density generally
improves the total energies for magnetic metals and their lattice constants
[49, 50]. Overall, PBE is considered a stable functional suitable for a wide
range of materials. It still underestimates band gaps [51 ] and overall struggles
with strongly correlated systems [52].

It is important to note that both the LSDA and PBE functional were specif-
ically formulated with the assumption of collinear spin. One popular method
of extension, to also allow non-collinear calculation, is the method introduced
by J. Kiibler and coworkers in Ref. [53]. In this method, the scalar magnetiza-
tion density m/(r) that enters into the functionals is replaced by the norm of the
non-collinear vector valued magnetization density |m(r)|. This method was,
however, not specifically designed for GGA functionals and suffers from nu-
merical instability when applied to them and alternatives are still the subject
of current research [54].

1.4.2 Meta-GGA functionals

Continuing this procedure of development leads to the meta-GGA (mGGA)
functionals. Together with the gradient of the density, now also the local
kinetic-energy density, 7, (r), goes into the exchange-correlation functional:

€mcGa — gmGGA(pO'(r)’ Vpa(l‘), Tv(r» ) (1-4-5)

where 7, can be obtained via the occupied KS orbitals:

N BZ

() = 5 3 Vel (146)
n k

and the total kinetic-energy density is given by 7(r) =7(r) + 7,(r), similar
to the electronic density p(r). Some mGGA functionals [55] also include the
Laplacian of the density Ap,(r), though these functionals are not considered
here. This class of functionals is, as previously, in principle only formulated
for the collinear case. Even further, the kinetic energy density depends only
implicitly, through the orbitals, on p,. While this includes previously ignored
non-local effects, the functional derivative v,. is more intricate than for pre-

vious functionals. This results in the implementation of the mGGA often not
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involving the KS equations, but rather the so-called generalized Kohn-Sham
scheme, see Ref. [56].

One of the first mGGA and still a popular functional, is the one intro-
duced in Ref. [57] by J. Tao, J. P. Perdew, V. N. Staroverov, and G. E. Scuseria
(TPSS). A consideration in the design of GGA and mGGA functionals are con-
straints, i.e., certain properties the true exchange-correlation functional satis-
ties. Fitting a mGGA functional to these constraints led to the development
of the strongly constrained and appropriately normed (SCAN) functional [58, 59],
which is generally considered to be the gold standard for mGGA functionals
with regard to accuracy [8]. As was done for PBE, a closer look at the ex-
change energy of those two functionals is had, to highlight the inclusion of
the kinetic-energy density and how the different mGGA functionals imple-
ment it. The mGGA-exchange makes use of an dimensionless isolated-orbital

indicator o in the exchange enhancement:
Fi(s) = F.(s,a) . (1.4.7)

The mGGA differ both in form of o and their dependency on the parameter.
TPSS implements a simple ratio between the kinetic energy density and the
Weizsidcker kinetic energy density 7V = (1/8)|Vp|?/p, explicitly a = 7V /7. In
the original paper, this parameter is denoted z, but for uniformity o is used
here. The non-polarized expression suffices, see Ref. [57]. SCAN on the other
hand takes the ratio with the kinetic energy density of the uniform electron
gas, a = (7 —7W) /7" where 7' = (3/10)(372)%/%p*3. This choice is consid-
ered the more useful one, when conformity to constrains is concerned [60].
A downside of SCAN in this regard, which is not apparent here, is the ma-
jor numerical instability the SCAN exchange enhancement causes. This is
specifically caused by the sharp dependency on «, causing both a slower
convergence in the number of k-points and numerical noise, due to sharp
edges in F}. This motivated attempts at revising the functional, making it
more stable by regularizing Fi(s,a), while keeping the accuracy [61, 62].
Most noteworthy for this works purposes is the 12SCAN functional (SCAN
twice revised), which generally achieves its goal by sacrificing less accuracy
than rSCAN.
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1.4.3 Hybrid functionals

Hartree-Fock theory provides an exact, self-interaction free form of the ex-
change energy. Hybrid functionals exploit this, by “mixing” this exact, non-
local, exchange EN' with the local exchange-correlation energy EL. of Sec-
tion 1.4.1, as Hartree-Fock does not offer the according correlation energy.

The mixing takes the form:

EX* = EL + 5 (BN — EY) (1.4.8)

Above, E- denotes the exchange of local nature. Furthermore, 3 is called the

mixing parameter and the exact-exchange energy is given by:

NL _ O (1) 97 (1) W7A (1) o, (V) /
E Z // T drdr’ . (1.4.9)

O'nn’k

Such is the approach for the PBEO functional, in which the local correlation

and exchange are taken from PBE with a mixing parameter of 5 =0.25 [63, 64].
When using PBEQ for crystals, though it is only mixed-in, the exact ex-

change is still rather “harsh”, resulting in for example overestimated band
gaps [51]. One improvement upon this, is using a screened Coulomb poten-
tial in the exchange energy, separating the interaction into a short-range and
long-range part. This is done in the functional introduced by J. Heyd, G. E.
Scuseria, and M. Ernzerhof (HSE) in Ref. [65]:

B (w) = Bt + 8 (EFL’SR(w) —~ E}(’BE’SR(w)> . (1.4.10)

The essence is the following separation in the Coulomb kernel using the error
function (r = |r|):
erfc(wr) = erf(wr)

%: 4 SRR R+ 0 () = (). (1.4.11)

Used in the following is HSE06 (w=0.11), from now on just called HSE. The
screening affects the exchange energy by replacing v(r) with v }(r) [66].

The 6-dimensional integral in Eq. (1.4.9) drastically increases the compu-
tational cost of hybrid functionals with respect to the previous rungs of Ja-
cob’s ladder. The main benefit, is SIE-free exchange, whereas the previous
rungs could only lessen its impact through exchange enhancement.
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1.5 Spin-polarized hybrid functionals in exciting

This section outlines a perspective method of calculating a spin-polarized
non-local potential in the exciting code. As was outlined in Section 1.3.4,
spin effects in exciting are exclusively treated within the SV scheme. Prior
to this this work however, the non-local potential used in hybrid-functional
calculations was constructed using only FV states and had no contribution to
the SV Hamiltonian. The following methodology extends hybrid-functional
calculations to collinear-spin systems by incorporating spin-dependent con-
tributions of the non-local exchange into the SV framework. Although no
final results could be obtained using this implementation, it is included here
to document the theoretical groundwork and strategy, which may serve as a
foundation for future development and studies.

1.5.1 Current construction of the non-local potential

To begin, the focus will be on the current methodology of hybrid functionals
implemented in exciting. In a hybrid-functional calculation, the so-called
non-local potential, see also Section 1.4.3 for the definition of the non-local
exchange energy, is included in the FV Hamiltonian with the mixing param-
eter 5 [67]:

Y [Heo (k) + BVEE (K)] C&L () = eb) Y~ See (k) CE, (k). (1.5.1)
G/ G/

Here, the non-local potential V2g: (k) is included in LAPW+lo basis. Within
exciting however, it is first constructed in KS basis (i.e., FV) and is obtained
by a sum over all occupied states and BZ sampling points q of a six-dimensional

integral:

occ

n!! ! n! ]f'/
VL (I ZZ/%“ Puralt) Prrg(F) punlr) ¢ 0 (15.2)

lr —r|

As the direct solution of the integral appearing in Eq. (1.5.1) for the given
KS orbitals would be exceedingly computationally demanding, exciting em-
ploys a new basis set. This new basis set is constituted of products of two KS
wave functions and is called the mixed-product basis (MPB) [68]:

Spnk( (lpn’k q ZM k q XI ) (153)
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where X7 encapsulates product of two LAPW+lo functions and M/ , are the
MPB coefficients. These are calculated through the integral:

My (K, q@) = (XYpwic—qlonx) (1.5.4)
= / (X7 Pri—q(t) ] uxc(r) dr . (1.5.5)

Using the MPB, the non-local potential can then be evaluated as [64]:

occ

VL (K Zzzwk o M, (&, q) vr(q) M, (k, q) (1.5.6)

occ

- Z Z Z Wk—q <§0nk’(10n”k*q X?> UIJ(‘]) <X3 Qpn“qulgpn’k> (157)
noq IJ
= (o] VN"(K) [onie) - (1.5.8)

The tetrahedron integration weights wy_q are explicitly included here. Fur-
thermore, v;; describes the so-called bare Coulomb potential, though it is not
relevant for further considerations, as it is purely basis-function dependent.
It is typically absorbed into the MPB coefficients:

Z v,J k,q), (1.5.9)

which allows for the non-local potential to be simplified to

occ

VL (K Zzzwk o M2 (K, q)]\/[/ (K, q) (1.5.10)

Before adding the non-local potential to the FV Hamiltonian, it is translated
into the LAPW+lo basis:

Vo (k) = Z Z SGG”

nn’ G

VNL

) D Cngh(k) Sara (k)]
G//
(1.5.11)

1.5.2 Extension to the second variation

For a spin-resolved treatment of hybrid functionals in the second variation,
the non-local operator VN' has to be constructed using the spin-resolved states.
These are given through a linear combination of the FV eigenstates (the basis)
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and SV eigenvectors (the coefficients):

P = DO TR el =Y (k) o) - (15.12)

% %

With this, the non-local potential becomes (with the abbreviation p := k — q):

Vot (k) == > wl Con (p){nrl e X3 v15(q) {psp X3lomnd) Coni” (p) -

n',q,I1Jij

(1.5.13)
The integration weights wg need to be spin-dependent, as for ferromagnetic
materials the majority and minority bands below the Fermi level may differ
for different k-points. To be precise, the number of occupied states (the sum-
mation limit for n” above, may differ for different spin-channels and k-points.
Furthermore, only the “inner” states, the ones constituting the non-local op-
erator defined in Eq. (1.5.6), are spin-polarized. The “outer” states serve sim-
ply to project onto the FV eigenstates, the basis of the SV Hamiltonian, and
must stay unchanged. To simplify and highlight the changes, Eq. (1.5.13) is
brought again to the form of Eq. (1.5.10). The SV eigenvector matrices ab-
sorbed into the now spin-polarized MPB coefficients:

Mg (k,q) = > M;,(k,q)Civ " (p) , (1.5.14)

which leads the final form of the non-local potential in SV:

occ

VN7 (K Z Z Z w? M7 (k, q) M7, (k, q) (1.5.15)

These two spin-resolved non-local potentials may then be transformed (see

Section 1.3.3) to the total non-local potential and a “non-local magnetic field”:

VL (k) — % (VA 1) + V() (1.5.16)
B = 5 (VAR ()~ VN 1)) (1517)

which are then included in the FV and SV Hamiltonian respectively, where
additional attention to the basis expansion is necessary. The FV Hamilto-
nian HEY, is constructed in LAPW+lo basis. The SV Hamiltonian is con-
structed from the resulting eigenfunctions of the FV diagonalization. The
hybrid-functional SCF cycle in exciting is constructed as a nested loop. That
means, that the non-local potential is calculated, and with that potential a full,
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inner cycle is completed until convergence. Following that, is the construction
of another non-local potential (the next step in the outer cycle), with another
inner cycle. This is continued until the changes between the charge densities
from two outer-cycle steps is converged. This is done to reduce the number
of constructions of the non-local potential, which is by far the most computa-
tionally demanding step in a hybrid-functional calculation. V{{, is included
in the state-independent LAPW+lo basis. BYL; however, has to be included
in the SV Hamiltonian, expressed in the KS basis that changes every iteration.
To guarantee the correct basis, BN" can also be expanded into the LAPW+1o
basis and “frozen” (i.e., saved to memory) when constructed, as is VL. Then,
at every construction of the SV Hamiltonian, it is expanded back into the new
KS basis. Explicitly, these transformations are:

Bie (k) = 1> 8Ee (k) CEn, (k) | Baw(k) | Y Codh () Sarar (k) |
nn’ G/ G"
(1.5.18)
BYi(k) =) Crd'(k) Big (k) CEy (k) . (1.5.19)
GG’

This methodology is currently being compared to literature results of the tran-
sition metals iron and cobalt [12, 69]. The schematics of the SCF cycle with

this approach are shown in Figure 1.3.
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Figure 1.3: Proposed hybrid-functional SCF cycle with nested convergence checks to
include spin-effects. Starting point is the density of a PBE SCF cycle.
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Chapter 2
The itinerant Ferromagnet Cobalt

This chapter presents a study of the electronic and magnetic structure of bulk
cobalt (Co). In the exciting code, mMGGA functionals have only recently been
implemented [11] and thus have not been verified on a complex magnetic
system like La;CuQy,. Similarly, hybrid functionals have not been used in the
study of metallic systems in exciting. Therefore, Co serves as a more simple
material to verify the implementations via cross-reference with FHI-aims, in
which the calculations are repeated. Magnetic and electronic properties are
of particular interest, and thus the ferromagnetic phase (FM) and nonmag-
netic phase (NM) are investigated. For this purpose, the equilibrium unit-
cell volume is determined through the equation of state (EoS) with the PBE,
SCAN, and TPSS functionals. As a direct comparison for the (KS) electronic
structure, the density of states (DoS) and band structures are calculated at the
equilibrium geometry. For the HSE functional, the band structure and DoS of
Co are calculated at a reference unit-cell volume. The calculations performed
using PBE here serve as a gauge, both for the differences in results between
the two codes exciting and FHI-aims (see Ref. [70] for a general study on re-
producibility in DFT calculations), but also to highlight the effects of mGGA
and hybrid functionals on the ground state of the ferromagnetic metal Co.

2.1 Computational details

Elemental cobalt crystallizes in the hexagonal close-packed geometry [71] at
low temperatures. However, the face-centered cubic (fcc) unit-cell is chosen
here for simplicity, as it requires only one basis atom and is classified by only
one lattice constant. The computational parameters were chosen to converge

the total energy up to < 0.01 eV per atom and the magnetization < 0.01 ug.
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A sampling grid of 32x32x32 k-points was used in the BZ for mGGA and
PBE functionals. In the case of HSE, this had to be reduced to a number of
16x16x16 k-points. The plane-wave cutoff for exciting was Ryt Gmax = 10
for all calculations, with 7empry =200 empty states included. The mGGA cal-
culations required the inclusion of additional local orbitals in the species file
to achieve numerical convergence, though these were not found to affect the
ground state of PBE. Similarly, the angular momentum and plane-wave cut-
off for potential and density were increased to lma.x = 12 and Gmaxyr = 25. For
FHI-aims, the “tight” species default was used for cobalt. As a means of
achieving occupation numbers, for PBE and mGGA functionals, Gaussian en-
ergy broadening [72] with a width of 0.005 Ha was used in both codes. For
exciting-HSE calculations, the tetrahedron method of Ref. [73] is manda-
tory. The muffin-tin radius for exciting was Ryt =2.00 ag ~ 1.058 A. The
majority (minority) spin is set to be spin-up (spin-down). The exciting
species files, together with all input and output files are available in a NO-
MAD repository [74] at https://dx.doi.org/10.17172/NOMAD /2025.07.03-1.

The equilibrium unit-cell volume V} is obtained through a Birch-Munarghan
fit of the EoS [75]. The fit specifcies on top of V; also the energy minimum £,
and other properties such as the bulk modulus, which can be found in Ap-
pendix A.2.1. A final ground-state calculation is performed at the obtained
equilibrium lattice constant ay. Due to the nature of the HSE functional and
its computational cost, the geometry optimization was not performed using
this functional. Instead, the equilibrium lattice constant of similar calcula-
tions from Ref. [12] is taken and a single ground-state calculation at this vol-
ume was performed in both codes. As the non-local potential used in hybrid-
functional calculations is not implemented with spin-polarization currently
in exciting, only the NM phase is considered for HSE. An implementation
of the non-local potential in SV was sketched in Section 1.5.

2.2 Comparison of exciting and FHI-aims

Before addressing the effects of different exchange-correlation approxima-
tions, the results of exciting and FHI-aims are benchmarked against each
other. Table 2.1 summarizes the results of the volume optimization for all
functionals are and Figure 2.1 shows the EoS for the PBE functional. All func-
tionals in both codes predict a stable FM phase, with an increased lattice con-
stant when compared to the NM phase. While with exciting a slightly larger
lattice constant of up to 0.01 A is found for both phases and all functionals,
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the EoS is in good agreement, as can be seen in Figure 2.1 for PBE. The energy
gap between the magnetic phases agrees within the considered energy accu-
racy. When using the code-respective equilibrium geometry, the magnetiza-
tion agrees up to the converged accuracy of 0.01 ug. Specifically, PBE results in
a unit cell magnetization of 1.65 g for both codes, TPSS finds 1.67 and 1.66 1g
in exciting and FHI-aims respectively. SCAN predicts the largest moments
of the three functionals, 1.80 up in exciting and 1.82 yp in FHI-aims. A more
detailed discussion on this takes place in the following Section 2.3.

Table 2.1: Equilibrium volume Vj, lattice constant a,, phase energy difference AEy
and unit cell magnetization m,, of fcc Co in exciting and FHI-aims for PBE, TPSS,
and SCAN. Here, AEy = EQy; — E{y, is the difference between the energy per atom
at the respective equilibrium lattice constant a,, for the two phases. Similarly m,, is
taken from the ground state at equilibrium lattice constant.

Functional = Code  Phase Vj [Ag] ag [A] AEy[eV] mg [ps]

PBE exciting NM  10.337  3.458 - -
FHI-aims NM  10.295  3.453 - -
exciting FM 10.966  3.527 0.19 1.65
FHI-aims FM 10.914  3.521 0.19 1.65

TPSS exciting NM  10.015  3.422 - -
FHI-aims NM 9.958  3.415 - -
exciting FM 10.615  3.489 0.19 1.67
FHI-aims FM 10.562  3.483 0.18 1.66

SCAN exciting NM 9.836  3.401 - -
FHI-aims NM 9.788  3.396 - -
exciting FM  10.836  3.513 0.52 1.80
FHI-aims FM  10.745  3.503 0.51 1.82
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Figure 2.1: EoS of fcc Co using the PBE functional. On the left is a comparison of
the two magnetic phases in exciting, on the right is a comparison of the FM EoS
of exciting and FHI-aims. Solid lines represent the fit obtained using the Birch-
Munarghan EoS (see Appendix A.2.1). The dashed lines mark the respective equi-
librium volume.

A more detailed picture requires a comparison of the electronic band struc-
ture and DoS. The focus of this work is on magnetic structures, therefore most
attention will be given to the FM phase. The comparison of the band struc-
ture and DoS of the NM phase between the two codes, except for HSE, can
be found in Appendix A.1.1. The results for the FM phase are compared in
Figure 2.2. For the PBE functional, the dispersion and the DoS overlap nearly
perfectly. The same can be said for the data of the TPSS calculations, which
also agree very well between the two codes. A larger discrepancy can be seen
in the SCAN figure. Here, there exists a noticeable shift upwards in energy
of the exciting bands compared to the FHI-aims results, which affects the
unoccupied spin-down and occupied spin-up states. Still, the minority spin
states below the Fermi level overlap nearly identically. Therefore, it is not a
constant shift in all states, which could be caused by an incomplete basis set or
unconverged Fermi energy. A possible reason for the differences could be the
larger discrepancy in lattice constant between the codes for SCAN (0.010 A)
when compared to TPSS (0.006 A) and PBE (0.006 A). When viewed along-
side the previously discussed results, these deviations observed in the results
of SCAN remain modest.
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Figure 2.2: Band structure and DoS for FM Co obtained with the PBE (upper panels),
TPSS (central panels), and SCAN (lower panels) functional in both exciting and
FHI-aims. The left panels show the spin-up band structure, the ones in the middle
the spin-down. The DoS corresponding to spin-down electrons is set negative. The
calculations were performed at the equilibrium volume. The dashed line marks the

Fermi level.
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Figure 2.3: Band structure and DoS for NM Co obtained using the HSE functional in
both exciting and FHI-aims. The Calculations were done at the equilibrium volume
from Ref. [12], ap = 3.391 A. The dashed line marks the Fermi level.

For the HSE functional, the band structure and DoS are compared for the NM
phase. The calculation of the DoS especially requires a dense grid of k-points
in the BZ. In turn, this means that the construction of the non-local potential
must be done in a large number of k-points, which is not computationally
feasible. The electronic structure is thus revolved instead, through the Wan-
nier interpolation method [76]. This method uses maximally-localized Wannier
functions to interpolate the spectrum of the Hamiltonian. In FHI-aims this
method is not implemented and the DoS had to be calculated with a reduced
grid of k-points in reciprocal space. The results are shown in Figure 2.3. The
band structure, which is calculated along the same density of k-points per
path segment as for the other functionals, agrees very nicely. It is the den-
sity of states where minor discrepancies become apparent, specifically in the
peaks. As the dispersion relation overlaps to such an extent, these devia-
tions are best attributed to the numerical procedure used to construct the DoS,
rather than to any genuine difference in the electronic states predicted by the
two codes.
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Figure 2.4: Band structure and DoS for NM Co obtained using the PBE functional

in exciting. The electronic states are [-resolved onto specified orbitals. The dashed
line marks the Fermi level.

2.3 Exchange effects on the magnetization

In this section, the effects of different exchange-correlation functionals on the
ground-state properties of fcc Co are analyzed. Specifically, the results ob-
tained using PBE, TPSS, SCAN, and HSE are compared within the exciting
code. To prepare for this, the NM PBE structure of Co is analyzed and pre-
pared as a reference. The corresponding electronic structure at equilibrium
volume is visualized in Figure 2.4 through the dispersion relation and density
of states, which are additionally [-resolved. As expected from the electronic
configuration of Co, the outer d electrons dominate the DoS in the relevant
range around the Fermi energy. These bands flatten out partially, causing a
peak right above the Fermi level.

Cobalt can be well understood as an itinerant ferromagnet through the
picture of Stoner magnetism [77]. The Stoner criterion [78] can aid in the

analysis of the magnetic structure. Its claim is that under the condition:
ID(Eg) >1, (2.3.1)

ferromagnetic order is energetically beneficial. Here, [ is the Stoner parameter
and D(Er) denotes the NM density of states at the Fermi level. The Stoner pa-
rameter can be understood as intra-atomic exchange between electrons [79].
In other words, a large I indicates a larger exchange-energy gain by spin-
aligned electrons. This energy “competes” with the kinetic-energy cost of
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Figure 2.5: Band structure for NM (left) and FM (right) Co obtained using the PBE
functional in exciting. Both calculations done at respective equilibrium volume.
The dashed line marks the Fermi level.

the associated band splitting, which is inversely propotional to D(Er). The
semi-local PBE functional, “aided” by self-interaction error (SIE), captures
the highly delocalized d wave functions well. The functional predicts narrow
d-bands through the Fermi level that cause the large D(Ef). The KS band
structures of both phases are shown in Figure 2.5. The comparison visualizes
the spin splitting of the bands, minority-spin states are being partially pushed
above the Fermi level, while majority-spin states are lowered in energy. The
total unit-cell magnetization of 1.65 ;g is constituted by a magnetization in
the interstitial region of —0.08 ;i3 and a magnetization of 1.73 ;g within the

muffin tin.

Going back to the data of Table 2.1 in order to compare the nGGA and PBE
results, it can be seen that the mGGA functionals predict smaller lattice con-
stants for both magnetic phases. SCAN finds a larger magnetization (1.80 g)
compared to PBE (1.65 ug) and a larger energy difference between the two
phases (0.52 eV for SCAN, 0.19 eV for PBE). To simplify, SCAN predicts a
“stronger” magnetic phase than PBE or TPSS, and the latter two do not dif-
fer meaningfully in terms of magnetization or phase energy difference. TPSS
predicts the smallest FM lattice constants, SCAN the smallest NM lattice con-
stant. A complete collection of the NM electronic structure is omitted in this
chapter and can be found in Appendix A.1.1, as most arguments can be made
with the FM structures. The KS band structure and DoS of the FM phase
are seen in Figure 2.6. The data shown in the figure confirms that the TPSS
ground state does not differ significantly from the one calculated using PBE.

32



E — Ep [eV]

E — Ep [eV]

T T

-2 0 2 -2 0 2 -2 0 2
DoS[eV'cel™'] DoS[ev'cell™!] DoS[eV!cel™
Figure 2.6: Comparison of the spin-resolved band structure (upper panel) and
DoS (lower panel) for FM Co using the PBE, TPSS, and SCAN functionals (from
left to right) in exciting at respective equilibrium volume. States correponding to
pin-down electrons are set negative in the DoS. The dashed line marks the Fermi
level.

SCAN on the other hand does produce qualitative differences (on top of the
quantitative ones mentioned above) to the PBE electronic structure. The spin-
up states are again almost uniformly shifted to lower energies, stronger than
for TPSS. On the other hand, the minority-spin states are partly shifted up-
wards. More specifically, they are shifted away from the Fermi level: Occu-
pied bands go lower and unoccupied go higher. For example, the lower of the
two conduction bands originating in I" on the I'-K section is partially occupied
for PBE. In the SCAN results it is consistently larger than 0 eV in energy. This
also shifts the peak in the DoS right above the Fermi level to around 0.5 €V.
Within the Stoner picture, the bands near the Fermi level are clearly the flat-
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test for PBE and the bands of SCAN are noticeably more spread out over a
larger energy window. This contributes to a lower D(Eg), which would sug-
gest a weakened FM phase, contrary to the previous observations. A possible
explanation the apparent increase of the Stoner parameter I: The stronger
exchange effects of SCAN cause a larger energy split between spin-up and
spin-down states. “Stronger exchange” refers to the isolated-orbital based
exchange enhancement of the mGGA functionals, which is more pronounced
in SCAN than in TPSS. This could lessen the (for this material) “benefitial”
electronic delocalization due to the SIE.

To complete the analysis of exchange effects, the NM phase is calculated
using HSE. The NM electronic structure is compared between the results of
the HSE functional with those of PBE and SCAN in Figure 2.7. Compared
to both PBE and SCAN, the unoccupied bands of HSE again shift away from
the Fermi level. Especially the majority of relevant occupied states is signifi-
cantly lower in energy as those of even SCAN. This was already a key distinc-
tion in the electronic structure of SCAN compared to PBE, where the SCAN
functional resulted in a stronger magnetic phase. The low D(FEF) indicates a
larger kinetic-energy cost for spin-alignment. Likely this goes along with an
increase in exchange-energy gain via an increased Stoner parameter /, though
this cannot be judged alone from the NM electronic structure. A FM calcula-
tion in FHI-aims yielded a unit cell magnetization of m = 1.86 ;s using HSE,
an increase when compared to SCAN. Therefore, the spin splitting “wins” the
competition with the kinetic energy, i.e., the energy gain of spin-symmetry
breaking (represented by /') increased more than the associated band-energy
cost, which is inversely proportional to D(E).

Preparing for the study of the much more complex La,CuQy, it is worth-
while to draw an internally consistent conclusion of the effects of the different
functionals. TPSS appears to only slightly increase magnetization in compar-
ison to PBE. SCAN and HSE noticeably increase energy differences between
bands and lower the DoS at the Fermi level. Apparently the cause of this, is
the strengthening of exchange interaction between the electrons of the same
atom, making spin splitting more energetically beneficial and spreading flat
bands out over a larger window. As experimental reference of the magneti-
zation, the fcc unit cell magnetization of cobalt was measured to 1.64 i [80]
at 704 K. At this temperature, the hexagonal cobalt transitions to the fcc unit
cell. Caution is needed when comparing this value to the ground-state DFT
results, as the magnetization was observed to be temperature dependent. PBE
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Figure 2.7: Comparison of the NM band structure and DoS of the ground states using
the HSE, PBE and SCAN functional in exciting. The calculations were performed
at equilibrium lattice constants for SCAN and PBE, a = 3.391 A is used for HSE.

and TPSS agree with that value, and PBE has been shown to also capture the
magnetization of hexagonal cobalt well [12]. SCAN and HSE both overesti-
mate the magnetization through an increase in intra-atomic exchange energy.
It can be argued, that the SIE is a “happy accident” for cobalt: It aids the de-
localization of the 3d bands, pulling the bands closer together in energy (i.e.,
towards the Fermi level, as seen in the band structures) and thus giving better

results for the magnetization.
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Chapter 3

La,CuQy4 at the PBE level

La,CuO, (LCO) represents the more intricate system addressed in this the-
sis, combining a larger unit cell with richer geometric, electronic, and mag-
netic substructure than elemental cobalt. To manage this complexity, the dis-
cussion is divided into two parts. This chapter focuses on the practical as-
pects of the calculations and on reference results obtained with the PBE func-
tional, while the influence of more advanced exchange—correlation function-
als is analysed in Chapter 4. The computational workflow largely follows the
same methodology established for cobalt in Chapter 2. The geometry is again
optimized through the equation of state, and the KS electronic structure is an-
alyzed via the band structure and DoS. The antiferromagnetic ground state of
LCO is analyzed with the intent of creating a reference for other functionals.

3.1 Crystal structure

Before electronic or magnetic properties may be studied, it is necessary to get
an overview about the structural properties of LCO. Characteristic for the ge-
ometric structure and physical properties of LCO as a cuprate are the CuO,
planes formed by corner-sharing CuOg octahedra that constitute the crystal.
Layered between the copper-oxide planes, are insulating multilayers of LaO
(different for other cuprate compounds). In doped cuprates, where La is par-
tially replaced by for example Sr or Ba, these spacer layers act as charge reser-
voirs, controlling the hole density in the CuO, planes and causing both con-
ventional and superconductivity [81]. The present work, however, focuses
exclusively on the undoped parent compound La,CuQO;.
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Figure 3.1: Left: Orthorhombic supercell of HTT La,CuQOy. Blue / red CuOg octahe-
dra belong to the two antiferromagnetic sub-lattices. Right: First Brillouin zone and
special-point path of the orthorhombic HTT supercell, as suggested in Ref. [82].

The work presented in Ref. [83] investigates structural transitions of LCO
with respect to temperature and outlines specifically three geometric phases.
Historically [84] LCO was first found to crystallize in a tetragonal K;NiF,-
type structure of space group /4/mmm. The referenced study reaffirms the
later finding, that this is a high temperature (tetragonal) phase (HTT), which
has two lower temperature counterparts. One is the meta-stable 7”-phase of
the same space group. It differs from the other tetragonal phase by a larger
unit cell volume and shifted oxygen positions. The 7" phase was synthesized
and measured at 312 K via X-ray powder diffraction. Upon temperature in-
crease, 7" was found to transition to HTT at 723 K. When cooled to around 323
K it underwent another transition, now to an orthorhombic unit cell of space
group C'mce, the low temperature orthorhombic (LTO) phase. Characteristic
for it is the tilting of the octahedra in the yz-plane against each other.
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This work focuses on the study of La,CuQO, in the HTT crystal structure, as
time constraints demand a focus on one of the phases. While 7" is a specific
focus of research [85-87] due to its possibility of electron doping, the LTO
phase with its hole doping has historically been the more investigated phase.
The reason why HTT is still chosen over the LTO phase is mainly computa-
tional. Specifically for DFT calculations, the tilting of the octahedra taking
place in the LTO phase causes no qualitative changes in electronic and mag-
netic structure of the system, with reference to the findings of Ref. [8]. What
LTO does cause, is an increase in computational cost — the unit cell of LTO
requires two copper basis atoms to faciliate the tilting, for HTT one copper
atom suffices. As each copper atom needs four corresponding oxygen and
two lanthanum atoms, LTO calculations require twice the number of atoms
as HTT. This is exacerbated by the fact, that the material is an antiferromag-
net. Because of this, the unit cell consists of two identical sub-lattices with
opposing spin. Together, this means that the HTT unit cell for the antifer-
romagnetic phase is made up of 14 atoms in total, whereas LTO requires 28.
The cost of this outweighs any insight gained through the included geometric
tilting. To capture the physical antiferromagnetic ordering, an orthorhombic
super cell is used instead of the conventional cubic cell. Figure 3.1 visualizes
the HTT crystal structure used for calculations in this chapter, together with
the BZ path and spin ordering. In Chapter 4, HSE calculations are conducted

in the primitive 7-atom unit cell.

3.2 Computational details

The geometry was optimized using the 14-atom unit cell for both (NM and
AFM) magnetic phases. The parameters were chosen to convergence the
magnetic moments up to 0.01 ug and total energies up to 0.01 eV/atom. This
leads to a k-point grid of 10x10x10. Occupations were calculated through
the tetrahedron method of Ref. [73], as it provided a more stable and faster
convergence of the magnetic phase than Gaussian broadening. As a plane-
wave cutoff RyrGmax = 8 was chosen, with Gawwr = 22 stabilizing this value.
The second-variational treatment of spin required 500 empty states for con-
vergence. Species, input, and output files of all performed calculations are
also included in the NOMAD repository that is available under the following
link: https://dx.doi.org/10.17172/NOMAD/2025.07.03-1. As mulffin tin radii
for lanthanum, copper and oxygen the values 2.20, 2.00 and 1.45 ag were used.
The equilibrium volume of the unit cell is again found via a Birch-Munarghan
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fit in the equation of state. Following this, at the equilibrium volume, the ra-
tio of the two lattice constants a and c is varied. Through a polynomial fit,
the energy-minimizing ratio is found. Different as in Co, there are atomic
positions in the LCO unit cell that are not fixed by crystal symmetry. Thus,
atomic forces become a relevant part of the optimization, and the atomic po-
sitions are fully relaxed in every calculation. Such a force relaxation employs
repeated SCF cycles at varying geometries within exciting, with a subse-
quent optimization for total energy. These cycles are done in succession, with
the previous density serving as the starting point. In the case of one of those
trial geometries destabilizing the AFM phase, a new set of magnetic fields is
applied at every new SCF cycle.

3.3 Unit-cell optimization

Different magnetic phases typically induce a different equilibrium geometry,
as was seen for example in Section 2.2 for cobalt. Though the analysis of the
nonmagnetic equilibrium geometry is typically not included in recent DFT
studies of the system [8, 88, 89], its inclusion could add more details to the
understanding of both the magnetic and the electronic structure of LCO. Fig-
ure 3.2 shows the geometry optimization for the unit cell. Details regarding
the magnetic and electronic KS structure are not included in this section and
are treated later in the chapter. Noticeable in the results, is the rather small
effect magnetization appears to have on the geometry. The minimized ener-
gies of the two phases only have a difference of AFEy =~ 0.06 eV (per cell), and
thus below the converged energy range of 0.01 eV / atom. The AFM phase ob-
tained by PBE can therefore not be said to be stable. This is further supported
by the detailed results summarized in Table 3.1 — the optimized geometry of
both magnetic phases are practically identical. The table includes DFT results
from a VASP study of the AFM system from Ref. [88]. The exciting lattice
constants are slightly larger, though no more than 0.007 A. When compar-
ing this to experimental data published in 2011 in Ref. [83], exciting results
are slightly underestimating the unit-cell size. It is important to notice, that
the experimental measurements were conducted at a temperature of 1073 K,
which might explain a larger unit cell. Another relevant quantity for char-
acterizing the geometry of the system is the Cu-O distance d. Again, results
from exciting are slightly larger than the VASP counterpart. However, the
experimental value of Ref. [83] is actually more than 0.2 A smaller than the
theoretical ones.
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Figure 3.2: Geometry optimization of the LCO unit cell obtained with excitingusing
the PBE functional. Left panel: EoS for the two magnetic phases. Calculated data are
fitted with Birch-Munarghan EoS. Right panel: Optimization of the c/a ratio. Here, a
polynomial fit of 5th order is used. The fit parameters are found in Appendix A.2.2.

Table 3.1: Resulting equilibrium geometries for LCO in exciting for both magnetic
phases using the PBE functional. Compared are the equilibrium lattice constants ag,
¢o and their ratio ¢y /ag, the 14 atom unit cell volume Vj, as well as the copper-oxygen
distance dy. Results are compared with another DFT study of the AFM phase using
the VASP code also using PBE Ref. [88] as well as to experimental data from Ref. [83].

o3

Phase Method ap [A] Co [A] Co/CLO Vb [A ] dg [A]

NM  exciting 3.817 13.227 3.466 192.70  2.462

AFM  exciting 3.817 13.226 3.465 192.71  2.459
VASP [88] 3.810 13.220 3.470 192.08 2.431
Expt. [83] 3.833 13.313 3.473 195.58  2.277

3.4 The nonmagnetic phase

The focus shits onto electronic structure in this section. As a compound mate-
rial, insights can be gained by separating electronic contributions from the dif-
ferent elements. A species-resolved band structure is contained in Figure 3.3.
For a deeper investigation, the [-resolved bands and DoS are also included in
the figure. The figure validates several statements about the nature of LCO.
The lanthanum states form flat bands about 3 eV above Er with little contri-

bution from neither Cu nor O.
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Figure 3.3: Electronic structure of nonmagnetic LCO at equilibrium geometry (see
Section 3.3) using the PBE functional. Upper panel: Species-projected band structure
through a reduced path (linewidth scales with contribution weight). Lower panel:
Density of states and band structure projected onto O and Cu atoms with selected
l-channels; planar and apical oxygen atoms are distinguished, the latter denoted O~.

Specifically, the La states bond very little with either and therefore justify the
classification of La as a charge reservoir. Additionally, the nature of LCO as
an antiferromagnetic Mott insulator can be recognized most easily by look-
ing a the band passing through the Fermi level. It is the spin-splitting of this
half-filled d-copper band, that opens up the electronic band gap in the AFM
phase. Precisely, this band corresponds to the hybridization of the copper
3d,2_,2 orbital with the oxygen 2p,, orbital, see Ref. [90]. The band flattens
out through the S-Z path, highlighting the anisotropy of the material, as in
I-X it disperses across 4 €V. As an additional detail, a distinction is made be-
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tween planar oxygen, and apical atoms O?, the corresponding character in the
p-channel is also included in Figure 3.3. The band crossing the Fermi-level is
dominated by planar oxygen contributions in the NM case, though the apical

oxygen also has non-negligible contribution.

3.5 The antiferromagnetic phase

Through opposing, local magnetic fields inside the mulffin tin regions, an
AFM order is induced in the structure. A magnetic moment can be assigned
to the individual copper atoms (or any other) through integration of the spin-
resolved densities inside the muffin-tin radii. This creates ambiguity, as a dif-
ferent integration radius could change the value of the magnetization. How-
ever, K. Pokharel and coworkers (Ref. [8]) have shown that for radii within
1-3 A, the integration radius has little impact on the resulting magnetization
of the copper atoms. For reference, the muffin-tin radius for copper was cho-
sen as Ryr = 2.0ag ~ 1.06 A, which falls into the investigated range.

The resulting dispersion of the magnetic calculation is compared to the
previous, NM case in Figure 3.4. The half-filled Cu, band now splits, causing
the Fermi level to be actually unoccupied, with a small band gap of 0.06 eV
opening up. The valence band maximum (VBM) and conduction-band mini-
mum (CBM) are highlighted, the CBM notably being positioned slightly off of
the high-symmetry point A. Aside from this, the electronic structure remains
largely unchanged. The sensitive band structure around the Fermi energy
demonstrates the necessity for a high resolution of the spectrum in energy
space, as too large energy broadening would “smear over” the gap and result
in metallic behavior. Similarly, both the eigenvalues and Er need to be well
converged, which demands a dense k-point density. Copper carries the most
significant amount of magnetization, a magnetic moment of mc, =0.28 yip.
The magnetization of lanthanum is negligible at ~ 0.001 g, while the planar
oxygen atoms are not magnetized at all. The apical oxygen on the other hand
carry a small moment of mo- =0.01 pp, aligned in opposition to their corre-
sponding copper atom. Consistent with the conclusion of Section 3.3, PBE
produces only a weak AFM phase, as in a small band gap, and fails to describe
a true Mott insulator. Instead, LCO is predicted to be closer to a semimetal,
with the underestimated gap stemming from insufficient spin splitting, a pos-
sible sign of underestimated exchange interactions. Based on the increased
exchange splitting observed with mGGA and hybrid functionals in Chapter 2,
these functionals are likely to provide a more accurate description.
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Figure 3.4: Upper panel: Comparison of the band structure of the NM (left) and
AFM (right) phase of LCO at the respective equilibrium geometries using the PBE
functional. The spin degree of freedom is suppressed due to the symmetry between
spin channels. Lower panel: AFM band structure in an energy window near the band
gap, highlighted with VBM and CBM. The dashed line marks the Fermi level.
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Chapter 4

Lay,CuOy4 towards the Top of
Jacob’s Ladder

This chapter extends the analysis of La,CuO, (LCO) to include exchange-
correlation (XC) effects. A similar set of functionals as in Chapter 2 is used,
with LSDA and r25CAN now included, to investigate specifically the mag-
netic structure of the AFM ground state. Previously, it was the exchange en-
hancement of SCAN, or the non-local exact exchange, leading to an overesti-
mation of exchange splitting. Different than for cobalt, the magnetism of LCO
cannot be understood through a band picture and requires an almost micro-

scopic view of individual bonds, as will be argued throughout this chapter.

The main observables for the LCO system, besides its geometry, are the
electronic band gap and the copper magnetic moments. Regarding the lat-
ter, this work will use the value featured in Ref. [91] of (0.60 £ 0.05) up as
the experimental value, which was obtained by neutron diffraction and scat-
tering [92-94]. The value chosen for the band gap is explained a bit further.
Optical-absorption experiments report a gap of about 2 eV [95, 96]. In the
referenced papers, the first peak in the absorption spectrum is reported as
the gap. S. Ono and coworkers measured the band gap via the Hall coeffi-
cient at 0.89 eV [97]. The authors argue, that the inital onset of the absorption
spectrum is a better measure for the fundamental gap of the material. When
adjusting for the temperature, the authors state range of 0.9-1.3 eV for the
band-edge gap. Accordingly, and in line with other recent DFT studies of
LCO [8, 88], this will also be the referenced experimental range in this chap-
ter. Unless stated otherwise, the same computational parameters for DFT

calculations as in Chapter 3 are used.
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4.1 LSDA, Delocalization, and SOC

The LSDA struggles with correctly describing the highly localized (in real
space), isolated (in energy space) copper d,2_,2 band of LCO [7, 98]. The SIE
inherent to the functional causes delocalization to be energetically beneficial,
favoring an over-hybridized state with the d,2_,» orbital “bleeding over” into
the oxygen ligands. This in turn decreases the magnitude of copper moments
(if a stable magnetic order is even predicted), as it is the copper-3d orbitals
that polarize, as shown in Section 3.5. Furthermore, the weakened on-site
Coulomb interaction pulls the split copper conduction and valence band of
Figure 3.4 together, resulting in an occupied Fermi level. Figure 4.1 shows
the corresponding electronic structure. The final copper moment of the cal-
culation is m, = 0.15 i, lower than the PBE moments of m,, = 0.28 ;5. While
PBE also suffers from SIE, its gradient-dependent exchange enhancement, see
Section 1.4.1, improves the results compared to LSDA. The reduction in total
energy by the AFM phase is negligible for both functionals. For the LSDA the
reduction is 0.02 eV compared to the 0.06 eV (per cell) for PBE, which corre-
sponds to an energy difference less than the converged 0.01 eV/atom for both

functionals.

A particular advantage of studying LSDA over PBE and other GGA func-
tionals in this context, is its compatibility with the inclusion of SOC effects.
GGA functionals suffer from numerical instability when extended to the non-
collinear spin treatment, as argued in Section 1.4.1. Nevertheless, these effects
are typically included in DFT calculations of the LCO system [8, 88, 89] con-
ducted in other code packages. For the exciting calculation, LSDA offers the
possibility of showcasing SOC effects on the material. Figure 4.1 shows that
the only the 4f La bands change meaningfully upon the inclusion of SOC,
with the bands widening slightly. Magnetic copper moments slightly de-
crease to 0.14 ug (without SOC 0.15 ug), the total energy of the ground state
decreases by 1.25 eV ~ 0.09 eV/atom, larger than the convergence threshold
used for the total energy of 0.01 eV/atom. This change in total energy could
affect the EoS and its fit, and thus also affect the geometry. However, the
lattice constants calculated in Section 3.3 were in good agreement with the
referenced, SOC-included, data. This suggests a uniform shift in total energy
in the EoS. As there is no substantial impact on the electronic or magnetic
structure, as argued above, SOC effects may be disregarded in this study:.

Before turning to the more advanced functionals, it is constructive to briefly

consider how the limitations of the LSDA have been adressed in the literature.
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Figure 4.1: Band structure and DoS of AFM LCO obtained using exciting. Com-
pared are LSDA, PBE and LSDA with SOC effects. Top panel: LSDA and PBE. Bot-

tom panel: LSDA including spin-orbit coupling within the shaded energy range. The
dashed line marks the Fermi level.

This exploration will help to both draw conclusion from the various predic-
tions of different functionals, and make arguments about the resulting elec-
tronic and magnetic structure. Various methods that offer remedies to the
described issues related to the LSDA have been proposed. One approach is
to include an on-site Hubbard U interaction term in the DFT+U scheme [99].
The additional exchange energy localizes the 3d orbitals at the copper site and
helps open the band gap. The authors of Ref. [99] report a gap of 1.65 eV and
a copper moment of 0.62 ig. A similar, energy-focussed approach, is correct-
ing the SIE for the individual orbitals as outlined in Ref. [100]. Numerical
methods, that constraining the calculation to enforce localizhation, such as a
Gaussian basis set, also have shown success in describing the ground state.
The results of these approaches are summarized Table 4.1.
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Table 4.1: Band gap and copper magnetic moment for AFM LCO calculated in the
present work using exciting with LSDA and PBE, as well as selected DFT literature
results with different methodologies and experimental data.

Methodology Ag [eV]  me, [18]
exciting@LSDA 0.00 0.15
exciting@PBE 0.06 0.28
Self-interaction corrected LSDA [100] 1.04 0.47
Gaussian orbital basis + LSDA [101] 0.60 0.43
LSDA+U [102] 1.65 0.62
Expt. [91, 97] 1.1+£0.2 0.6040.05

This summary supports, that an opened band gap and localized 3d bands
go hand-in-hand. And while the mentioned procedures improve the situ-
ation for the LSDA for the specific properties of LCO, it is their specificity
which makes them useful for understanding hand-picked properties of ma-
terials. The same specificity makes them not practical for general applications,
and thus they serve tools for analyzing, and finding, more modern exchange-
correlation functionals.

4.2 Meta-GGA functionals and isolated orbitals

The potential benefit of mGGA functionals in this study, is the mitigation
of the inherent SIE to (semi-)local functionals for isolated states. The dis-
cussed mGGA functionals achieve this, by defining an isolated-orbital indi-
cator o, based on the kinetic energy density, which determines compensatory
exchange energy. In the context of LCO, this can have similar effects to the lo-
calization methods showcased in the previous section. The unstable nature of
mGGA functionals, specifically regarding this indicator a, made adjustments
to the SCF cycle necessary. The convergence criterion is modified to be based
exclusively on total-energy changes, specifically requiring only a difference
smaller than 5 - 107* Ha =~ 1 meV between iterations to end the SCF cycle.
This modification will be validated in Section 4.3.
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Figure 4.2: Band structure and DoS of NM LCO at the PBE and SCAN level at equi-
librium geometry. The dashed line marks the Fermi level.

The effects of exchange-enhancement are most clear in the comparison of re-
sults between SCAN and PBE. The effect can already be seen in the NM phase
(see the band structure in Figure 4.2). SCAN pushes the conduction band up
and valence band down, isolating the band crossing the Fermi-level. This, in
turn, makes confinement to the copper site more energetically viable, with
the described consequences for the real-space extent of the orbitals. Lastly,
the spin-induced symmetry breaking increases electronic band gap by, as de-
scribed previously, splitting the 3d band.

In addition to SCAN, antiferromagnetic calculations are done also for TPSS
and r25CAN. The band gap, magnetic moments, as well as energy difference
between the AFM and NM phase of LCO are summarized in Table 4.2.
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Table 4.2: Band gap, Ag, copper magnetic moment, m,, , and energy difference be-
tween the phases, AE, for AFM LCO calculated with exciting for different func-
tionals. AE is computed between NM and AFM at respective optimized geometry.
Also included are band transition energies between select k-points. A denotes the
position of the CBM of PBE and TPSS, Al the VBM of SCAN and r2SCAN.

XC Ac[eV]  me, [ug] AE [éV/atom] Z-A[eV] ApR [eV]
LSDA 0.00 0.15 < 0.01 < 0.0 < 0.0
PBE 0.06 0.28 < 0.01 0.06 0.16
SCAN 1.08 0.54 0.02 1.19 1.08
TPSS 0.34 0.38 0.02 0.34 0.39
r2SCAN 0.82 0.49 0.02 0.88 0.82

Expt. [91,97] 1.1+0.2 0.60 % 0.05

For the purposes of this analysis, the biggest distinguishing feature of the
three different mGGA functionals is the methodology of isolated-orbital de-
tection, see Section 1.4.2. For the cobalt system in Chapter 2, TPSS predicted
results more comparable to PBE than to SCAN, due to a smaller impact of the
exchange enhancement. For the LCO system on the other hand, TPSS already
makes a significant improvement upon PBE. Though the copper moments of
0.38 g are only modestly increased over the PBE moments of 0.28 ;5 , the
band gap significantly opens up to a value of 0.34 eV. r2SCAN regularizes the
dependence of the SCAN exchange on «, which weakens its effect. Both the
copper moments, 0.49 5, and electronic band gap, 0.82 €V, are smaller than
the experimental ones, though significantly improved upon TPSS and PBE.
The values of these properties obtained using SCAN, 1.08 eV and 0.54 g, can
be considered to agree best with experiment overall. When it comes to the
energy difference between the two magnetic phases, all three mGGA func-
tionals greatly increase the total-energy difference between AFM and NM to
0.02 eV/atom, and thus stabilize the AFM ground state. Figure 4.3 shows the
electronic structure with the positions of the VBM and the CBM highlighted.
To be noted, is that the position of both changes for the SCAN functionals
with respect to TPSS and PBE, who share the positioning. Similar DFT in-
vestigations find a CBM or VBM off of high-symmetry points for the HTT
structure. The transition energies for the two pairs of CBM and VBM for the

four functionals are also found in Table 4.2.
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Figure 4.3: Band structure (upper panel) and DoS (lower panel) of AFM LCO ob-
tained with the TPSS, r2SCAN, and SCAN functional in exciting. The Fermi energy
is set at the VBM.

4.3 Benchmark of the results using FHI-aims

The sensitive nature of the LCO ground state warrants precautions when try-
ing to generalize the findings of the past two sections to the discussed func-
tionals. Furthermore, the adaptations that had to be made to the convergence
criteria of the SCF cycle, in order to achieve convergence of the mGGA func-
tionals, require justification. Mirroring the procedure of Chapter 2, the re-
sults of Section 4.2 for LCO are validated via repetition of the calculations in
FHI-aims. Focus will be given to the AFM ground state, specifically the two
observables used for its quantification: The electronic band gap and copper
magnetic moments. The r2SCAN functional was not implemented with the
available version of FHI-aims and therefore is not included.

The mentioned data is summarized in Table 4.3. The FHI-aims band gaps
qualitatively confirm the exciting results. The band gap of TPSS (SCAN)
is slightly smaller (larger) using FHI-aims when compared to the exciting
values, 0.29 vs. 0.34 eV (1.11 vs. 1.08 eV). The LSDA could not stabilize an
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Table 4.3: Band gap and copper magnetic moment of AFM LCO calculated with
exciting and FHI-aims for several functionals.

XC Code AG [eV] Mecy [,UB]
LSDA exciting 0.00 0.14
FHI-aims 0.00 0.00
PBE exciting 0.06 0.28
FHI-aims 0.06 0.26
TPSS exciting 0.34 0.38
FHI-aims 0.29 0.34
SCAN exciting 1.08 0.54
FHI-aims 1.11 0.50

Expt. [91, 97] 1.1£0.2 0.60=+0.05

AFM order in FHI-aims. A possible explanation for discrepancies may lie
in the definition of the copper magnetic moments itself. As outlined in the
previous chapter, there is ambiguity in terms of the region of space that con-
stitutes the copper atom and how a magnetization is assigned to it. Once
decided on a muffin tin radius, the spin-resolved densities are integrated in
exciting, the difference amounting to the moment. FHI-aims does not par-
tition space into muffin-tin radii and interstitial region. Instead, the moments
are calculated through a Mulliken population analysis [103]. This method is
explicitly basis-set dependent through the overlap matrix, and could account
for the discrepancy in moments. The two dispersion relations shown in Fig-
ure 4.4 agree remarkably well for such a complex system, even for SCAN. This
analysis validates the reduction in accuracy in SCF convergence criteria with

respect to the the observed quantities.
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Figure 4.4: Band structure of AFM LCO obtained using exciting and FHI-aims cal-
culated with PBE (left) and SCAN (right) at the exciting equilibrium geometry.
The dashed line marks the Fermi level.

4.4 Hybrid-functional calculations

The perspective of this chapter thus far has been centered on the localization
of the copper orbitals. Hybrid functionals offer a portion of exact, SIE-free ex-
change mixed into the functional. This leads to the prediction that HSE should
find a strong magnetic insulating phase for LCO. Not only should the non-
local exchange induce localization, the introduction of a fraction of derivative
discontinuity into the exchange-correlation functional should greatly open up
the band gap. As has been mentioned, the SV non-local potential is not yet
implemented in exciting. Therefore, this cannot be explicitly tested in this
code package. Moreover, as the 14 atom unit cell required for AFM calcula-
tions of LCO poses a great computational cost. On top of this, the non-local
potential is found to possess a slower k-point convergence compared to PBE.
A silver lining could be, that the insulating HSE ground state might not be
as sensitive to the position of the Fermi level, as was the case for PBE and its

semi-metallic ground state.

To still investigate the HSE functionals ground state, the unit cell is re-
duced to the primitive 7-atom cell for NM calculations in exciting. A k-
mesh of 6x6x6 was enough to converge the band structure and DoS qualita-
tively. As total energy is not a concern, RyrGmax = 7 was enough to provide
the electronic structure. Specific to hybrid functionals, the number of empty
bands required convergence also for the NM phase. The value nempyy = 600
was shown to converge the HSE electronic structure qualitatively. Similarly

to Co, the Wannier interpolation method is used to construct the band struc-
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Figure 4.5: Upper panel:Band structure of NM LCO obtained wtih exciting using
PBE and HSE. The dashed line marks the Fermi level. Lower panel: DoS of NM LCO
calculated in exciting with PBE, HSE, and SCAN. The SCAN data was calculated
in the 14 atom unit cell, the HSE and PBE data in the primitive 7 atom unit cell.

ture and DoS, shown in Figure 4.5. A striking feature in the spectrum is the
isolation of the copper band crossing the Fermi level. The lanthanum states
are pushed up by 2-3 eV in the HSE calculation compared to PBE, while the
copper-oxygen valence edge is lowered by about 2 eV. The PBE calculation
is performed at the same numeric parameters as the HSE one. As a further
comparison, a SCAN DoS is included. SCAN was not able to be numerically
converged the calculation at these parameters, the DoS included is calculated
from the NM 14 atom unit cell. The DoS in fact underlines the pattern of this
chapter: The higher up Jacob’s ladder, the bigger the gap between the lan-
thanum bands and the leading copper-oxygen band edge.
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The AFM phase at the HSE level was investigated within the FHI-aims code.
There were no numerical adjustments, the same 10x10x10 k-mesh as for the
other functionals was used, with a 0.001 Ha Gaussian smearing width. The
NM investigation suggested an even increased band gap as compared to the
mGGA level, with potentially even larger magnetic moments. This can be
confirmed, with the gap growing to 2.85 eV and with the magnetic moments
amounting to 0.62 yug. HSE thus leads to an overestimated electronic band

gap, while the magnetic moments are firmly in the experimental range.

This completes the investigation of the highest rung of Jacob’s ladder in-
cluded in this work. As a final summary;, all values for the band gap and mag-
netic moments calculated in this work are part of a histogram in Figure 4.6,
with literature VASP results [8, 89] being added for further reference. The
HSE band gap is a clear outlier in the results. Hybrid functionals recreate the
PBE ground state in the limit of the mixing parameter 5 — 0. Given conti-
nuity, an appropriate mixing parameter exist, for which the band gap is in
the experimental range. The magnetic moments were shown to behave less
sensitive to the localization. Still, it is not clear whether a suitable 8 (and w in
the case of HSE) exists, for which both quantities agree with experiment.
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Figure 4.6: Summary of electronic band gap and copper magnetic moment for LCO
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FHI-aims (blue) calculations performed in the present work, as well as literature
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experimental values [91, 97].
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Conclusions and Outlook

Through a detailed study of ground-state DFT calculations, this work painted
a coherent picture of exchange-correlation functionals applied to two, starkly
different, magnetic systems. The itinerant ferromagnet cobalt and the Mott-
insulating antiferromagnet La,CuQO, served as subjects of investigation, with
both materials characterized by very different magnetic interactions. In par-
ticular, the current study focused the dependence of magnetic properties on
the approximations to the exchange-correlation energy functional, specifi-
cally with regard to the exchange-energy component. The implementation of
mGGA functionals in exciting was successfully benchmarked via compari-
son to DFT results from the literature and to FHI-aims calculations performed
within this work. Particularly for the complex 14 atom material La;CuQy, the

results agreed well and the sensitive magnetic structure was reproduced.

The fcc unit cell of cobalt was optimized for PBE, SCAN, and TPSS, with
good agreement between the two codes in the lattice constants. In exciting,
PBE was found to produce a unit-cell magnetization of 1.65 g, TPSS and
SCAN a magnetization of 1.67 ;15 and 1.80 up respectively. The Stoner mech-
anism of ferromagnetism was highlighted, and through its lens the magnetic
interaction in cobalt was analyzed. The exchange enhancement of the mGGA
functionals, and the non-local exact exchange of hybrids, were identified as a
key factor in excessively increasing exchange splitting in cobalt, thereby over-
estimating unit-cell magnetization. Future studies in this regard could ex-
pand on quantitative analysis through a fixed-spin-moment investigation of
the energy dependence on the magnetization. This would then allow for the
determination of the Stoner parameter as a measure of exchange-splitting [79].
Furthermore, the investigation of cobalt using HSE06 within exciting could
be expanded to the ferromagnetic phase. Specifically the purely computa-
tional part, a new formulation is proposed for the implementation of collinear
hybrid-functional calculations in an LAPW+lo basis set using a mixed-pro-
duct basis in second variation. Work is in progress to include this formulation
in the exciting code.
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While mGGA and hybrid functionals were shown to overestimate magnetic
effects in cobalt, their exchange components were determined to be essential
in stabilizing the antiferromagnetic and insulating ground state of tetragonal
La,CuO,. SCAN was found to agree well with experimental data, predicting
a band gap of 1.08 eV and copper magnetic moments of 0.54 ;5. The isolated-
orbital indication, as enabled by inclusion of the kinetic-energy density, was
argued to be a vital part of the mGGA functional in the context of La;CuQO,.
The HSEO06 functional was shown to overestimate the band gap in particular,
with calculations using FHI-aims finding a value of 2.85 eV. Nonmagnetic cal-
culations were performed in exciting and the resulting electronic structure
was analyzed. The correct description of the ground state at near GGA cost
using mGGA functionals allows for the expansion of the unit cell to the or-
thorhombic structure, the experimental geometry of La,CuQO,. This lays the
groundwork for the investigation of the doping-induced transition to a metal-
lic, superconducting phase. Furthermore, the variable nature of the amount
of exact exchange in a hybrid functional raises the question for an appropriate
mixing and screening parameter for the HSE functional, similar to the ques-

tion of an optimal isolated-orbital indicator o in mGGA functionals.

To conclude this thesis, a final metaphor is offered. The concept of Jacob’s
ladder was the guiding principle in the investigations of the two magnetic sys-
tems. The mGGA functionals may appear as basically superior to hybrids in
this study: They yield less over-magnetization for cobalt, with experimental
band gaps and copper moments for La,CuQO;, at significantly lower compu-
tational cost than the over-insulating HSEO06 functional. This conclusion re-
quires a more detailed picture however: TPSS did not significantly improve
upon the localization of PBE for La,CuQO,, while TPSS was specifically the
one mGGA functional that performed well for cobalt. On the other hand, it
was SCAN with its sharp isolated-orbital detection that dealt well with the
cuprate, while producing HSE-like results for the magnetization in the itin-
erant ferromagnet. This result is not unique to this investigation [13]. When
(de-)localization plays a key role in the magnetic structure, mGGA function-
als could greatly improve upon GGA ones — or they could do the opposite.
They, it could be argued, also fit the image of a special-purpose tool, as did
the LSDA-based methodologies of localization in La,CuQO,. Hybrid function-
als on the other hand offer the unique possibility of a fundamental advance-
ment in exchange-correlation functionals, and along with that the free choice
of their position along this presented “localization-tipping-scale”, as in the

limit the PBE ground state can always be recovered.
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Appendix A

For the sake of completeness, figures and other materials not immediately
necessary for the arguments of the main work are collected in this appendix.
This material was mentioned in the main part, and thus the computational
parameters used here are to be taken from the corresponding sections. Specif-
ically, this appendix includes NM Co electronic band structures and DoS fig-
ures, NM LCO mGGA results, and the description of the fit functions used

for the equations of state used in the optimization of the unit cells.

A.1 Additional figures

Collected in this section are figures containing the nonmagnetic electronic
structure of Co and LCO. In the case of Co, the comparison between FHI-aims
and exciting could be suitably made with only the FM data, and for LCO the
effects of the mGGA functionals on the ground state were well visible in the
AFM structure alone.

A.1.1 Nonmagnetic Cobalt: Electronic Structure

Specifically the nonmagentic results for cobalt were omitted from Chapter 2.
The benchmark between FHI-aims and exciting of the NM phase (the FM
counterpart in Section 2.2) can be seen in Figure A.7. Great overlap in the dis-
perion relation can be seen for all functionals, notably also for SCAN, whereas
the FM phase showed a minor discrepancy here. Figure A.8 shows the com-
parison of NM Co for different functionals in exciting. This is done analo-
gously to the comparison of the FM phase in Section 2.3. The same pattern of
a spread out 3d-band, with a lowered D(Er) is observable in the SCAN data.
Compared to the FM phase the impacts of the exchange-correlation functional

are minor and therefore omitted from the main chapter.
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Figure A.7: Band structure (left panels) and DoS (right panels) of NM Co with the

PBE, TPSS, and SCAN functional perfomed using both exciting and FHI-aims. Cal-
culations are done at the respective equilibrium unit-cell volume. The dashed line

marks the Fermi level.
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Figure A.8: Band structure (upper panels) and DoS (lower panels) of NM Co ob-

tained using the exciting code with PBE, TPSS, and SCAN. Calculations are done
at the respective equilibrium unit cell volume. The dashed line marks the Fermi level.
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Figure A.9: Band structure (upper panels) and DoS (lower panel) of NM LCO with
the TPSS, r25SCAN and SCAN functional obtained using exciting. The dashed line
marks the Fermi level.

A.1.2 Nonmagnetic La,CuO4: mGGA Electronic Structure

In Figure A.9 the comparison of the electronic structure of NM LCO with
the different mGGA functionals is shown. This corresponds to the NM ver-
sion of Figure 4.3. The energy range was increased to highlighted differences
in higher-energy states. The 3d copper band crossing the Fermi level agrees
qualitatively. The lower, occupied bands are shifted up in the TPSS-obtained
data compared to the SCAN functionals. In other words, the 3d band is more
isolated for the SCAN functionals, as the La states at 3-4 eV are also lower for
in energy for TPSS.
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A.2 Fit functions

The equations of state in this work were fitted with the internal energy given
by the third order Birch-Munarghan equation of state [75]. In the following
equation, B, denotes the Bulk modulus of the unit cell and Bj its derivative:

3 2

2 2 2
9V, B Vo3 Vo\3 Vo) 3
E(V) = Ey+ 106“ (70) ~1| B+ (70) —1 6—4(%)

The dependence of the ratio ¢/a was determined through a fit with a fifth-
order polynomial:

E(g) =>" <2) . (A2.2)

A.21 Equation of state of Cobalt

The parameters of the Birch-Munarghan fit are collected in Table A.4. The
bulk modulus has not been discussed in Chapter 2. The FM lowers B, for all

three functionals, together with an increase in unit-cell volume.

Table A.4: Equilibrium unit-cell volume V), total energy per cell £y, bulk modulus
By, and its derivative B, of fcc Co using exciting and FHI-aims for PBE, TPSS, and
SCAN, as obtained from the Birch-Munarghan fit of the EoS.

Functional =~ Code  Phase 1V} [Ag] Ey[eV] By[eV/A=3] By

PBE exciting NM  10.337 —37918.47 0.534 1.948
FHI-aims NM  10.295 —38073.66 0.537 1.882
exciting FM 10.966 —37918.66 0.436 2.473
FHI-aims FM 10.914 —38073.85 0.441 2.413

TPSS exciting NM  10.015 —37925.82 0.582 1.237
FHI-aims NM 9.958  —38080.68 0.599 1.642
exciting FM 10.615 —37926.01 0.473 3.157
FHI-aims FM 10.562  —38080.86 0.483 3.019

SCAN exciting NM 9.836  —37927.61 0.608 1.378
FHI-aims NM 9.788  —38082.16 0.624 1.546
exciting FM 10.836  —37928.13 0.435 2.077
FHI-aims FM 10.745  —38082.66 0.456 1.896
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A.2.2 Geometry optimization of La,CuO,

As was discussed in Chapter 3, the two magnetic phases of LCO yield vir-
tually identical geometries. The parameters of both of the Birch-Munarghan
tits are summarized in Table A.5. The derivative of the bulk modulus shows
a minor decrease in the AFM compared to NM, this is however the only sub-
stantial difference in parameters. The c/a ratio polynomial coefficients of Ta-
ble A.6 mirror this behaviour. The higher-order parameters of the AFM phase

are smaller in magnitude, indicating a flatter energy landscape.

Table A.5: Equilibrium unit-cell volume V), total energy per cell Ey, bulk modulus
By, and its derivative B{, of LCO using exciting with PBE, as obtained from the
Birch-Munarghan fit of the EoS.

Phase Vy[A’]  E,[eV]  By[eV/A=*] B,

NM 192701 —-1031409.62 0.322 1.912
AFM 192.712 —1031409.68 0.324 1.558

Table A.6: Coefficients of the polynomial fit for the lattice-constant-ratio ¢/a of LCO
with PBE using exciting given in eV.

Phase Yo T V2 V3 Va Vs

NM —-1033202.07 3878.74 —3317.64 140745 —297.06 25.02
AFM —1031488.83 224.61  —206.46 85.89 —17.04 1.35
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