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1. Introduction

The electronic band structure is an important property for characterizing a solid. Exper-
imentally, it is commonly measured using photoemission spectroscopy [3]. For the theo-
retical description of the electronic structure, Kohn-Sham (KS) density functional theory
(DFT) [4, 5] has long been the primary method. In combination with the widely used
local density approximation (LDA) or generalized gradient approximation (GGA) func-
tionals, it yields good results for ground-state properties, but fails to give accurate results
for the electronic band structure. While more advanced functionals like meta-GGA and
hybrid functionals yield more accurate results for the electronic band structure, they come
with significantly higher computational cost. An alternative to DFT is many-body per-
turbation theory, which is based on Green’s functions. The electronic self-energy is the
central property in this framework. It describes many-body exchange and correlation ef-
fects beyond Hartree theory. A commonly used approximation to the self-energy is the
GW approximation, first proposed by Hedin in 1965 [6, 7]. Today, the GW approximation
is a state-of-the-art approach for the description of electronic properties of solids. However,
according to the original proposal of Hedin, the GW equations form a loop. To obtain
the quasiparticle (QP) energies, these equations must be solved self-consistently, making
this approach too computationally expensive for most applications. In order to reduce
computational cost, the self-consistency can be removed. In the one-shot GW or GoW)
approximation, the quasiparticle energies are obtained by a perturbative correction to
Kohn-Sham (KS) (or Hartree-Fock) eigenvalues. However, the benefit of the reduced com-
putational cost comes with additional drawbacks. Results obtained with the GoW, method
depend on the reference used as a starting point, as shown by Bruneval and coworkers [8],
among others. Nonetheless, in most cases GoW,, provides QP band gaps that are in good
agreement with experiment, especially for medium band gap materials [9]. In practice, a
main challenge arises from the slow convergence of the correlation part of the self-energy
with respect to the number of unoccupied bands [9, 10, 11, 12]. The correlation part of
the self-energy is computed from the polarizability, which involves a summation over an
infinite number of unoccupied states. In practical calculations, this sum needs to be trun-
cated. Short-range electron correlations due to Coulomb forces cause a slow convergence of
this sum with respect to the number of included states [13]. In addition, the basis used to
compute ground-state properties within DFT is not optimized for describing high-energy
states, causing a slow convergence with respect to the number of basis functions included
in the calculation [9, 10, 11, 12]. These convergence issues are inherent to all flavours of
GoWy, regardless of whether pseudopotentials are utilized or what kind of basis set is used.
In the last years, a number of approaches have been proposed that help to avoid the un-
favorable convergence behavior of GoW, calculations. For example, it has been suggested
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to replace the band energies above a certain threshold with a constant energy. However,
this so-called extra-polar approximation [14] is not parameter-free and can still lead to
a slow convergence with respect to the number of included bands. Further development
led to a similar, but parameter-free method. Here, the energies of the unoccupied states
are not replaced by a parameter, but by a band-index independent effective-energy func-
tion [15, 16]. Unfortunately, this effective-energy function is not known and needs to be
approximated. An alternative method that avoids the summation over unoccupied states,
while being parameter-free and requiring no additional approximations, is the so-called
Sternheimer GW [17, 18, 19]. In this method, the self-energy is computed by solving the
linear Sternheimer equation in a basis. While this method avoids explicit summation over
unoccupied states, the solution still lives in the Hilbert space spanned by a finite number
of basis functions. These basis functions are optimized for the description of unperturbed
wave functions. Therefore, a large number of such basis functions are required to accu-
rately capture the wave function response.

In this work, we explore a method proposed by Betzinger and coworkers [20, 21, 22]. This
method helps to strongly reduce the number of required unoccupied states and basis func-
tions without introducing parameters or additional approximations. This method, called
incomplete basis set correction (IBC), is a correction for the wave function response, con-
sisting of two terms, namely the basis response (BR) term and the Pulay term. These
two terms are added to the sum-over-states (SOS) expression of the polarizability, which
contains the sum over unoccupied states. In the limit of an infinite sum, both correction
terms vanish. In the practical case of a truncated sum, the BR term compensates for the
incompleteness of the basis, and the Pulay term makes up for the fact, that eigenfunctions
of a Hamiltonian computed in a finite, incomplete basis are not point-wise exact eigenfunc-
tions of this Hamiltonian. The IBC relies on the the fact that the basis functions depend on
the effective potential. While this is not the case for all types of basis sets, it applies to the
all-electron full-potential (linearized) augmented planewaves ((L)APW) plus local orbitals
(LO) method used in the all-electron full-potential computer package exciting [23]. The
(L)APW+LO method is often taken as a reference, since it avoids crude approximations
in the treatment of core states as ,e.g., required by pseudopotential methods. In spherical
regions around the nuclei, basis functions in the (L)APW+LO method are computed by
solving the radial Schrodinger equation. In these regions, the Schrodinger equation and
therefore the basis functions depend on the effective potential. The IBC makes use of this
dependence by considering the response of the basis functions to the change in potential.
This response is calculated by solving the radial Sternheimer equation. The basis-function
response rotates the Hilbert space spanned by the unperturbed basis functions, which al-
lows to capture response contributions from outside of the space spanned by the original
basis without increasing the number of basis functions. In this work, we take first steps
towards implementing the IBC in the computer package exciting [23]. We implement
an explicit computation of the SOS-expression of the polarizability which, in future work,
will be corrected by the BR and Pulay correction terms. In addition, we implement and
compare different radial solvers for inhomogeneous ordinary differential equations (ODE),



which are needed to solve the radial Sternheimer equation.



2. Theoretical background

2.1. GW approximation

In GW, the many-body excitation energies £, are defined by the poles of the interacting
single-particle Green’s function G°(r, ', w)

Wik (r) [V ()]

- , = : (2.1)
w — Ef, + Ey +insgn(Ef, — Ep)

G (r,r',w) = Z

ik

Here, U9 (7) is the quasiparticle wave function, Ey stands for the many body ground-state
energy, o the electron spin, and n represents an infinitesimal, real, positive number. The
sum runs over the band index 7, as well as the Bloch wave vector k. To get the many-body

excitation energies £, , we need to solve the quasi-particle equation

1
— G valr) 4 o) [ U5+ [ ) W) = B (), (22)

with the external potential vey(r) originating from the nuclei, the Hartree potential vy(r),
and the self-energy X7 (r, 7’;€%.). The self-energy can be expanded in terms of the dynam-
ically screened Coulomb interaction W (r,r’;w). In the GW approximation [6], only the
first-order term of this expansion is taken. This results in the following expression for the
self-energy

)
27

The screened Coulomb potential can be expressed as a Dyson-like equation:

YX(r,rw) = /G”('r,’r’;w + W) W(r, v w) e du'. (2.3)

W(rr'sw) = olr.v!) + [ [ o) Plerse) Wi rto) deydrs (24
where v(r, ') is the bare Coulomb potential:

1
v(r,r') = m» (2.5)
screened by the polarizability P(r, r’;w). The polarizability in the commonly used random-
phase approximation (RPA) [24] takes the form

P(r,r;w) = —% Z/G"(r,r';w + ) GO(r, v W) e dw. (2.6)



2.1. GW approximation

The Eqgs. 2.1-2.6 form a loop, that, in theory, needs to be solved self-consistently. Since
this is computationally quite expensive, in practice these equations are often solved only
once, taking quantities calculated on KS DFT level as a starting point. This flavor of GW
is called one-shot GW or GoW, and is discussed in the following section.

2.1.1. Gy,

In the GoW, approximation, the self energy is calculated similar to Eq. 2.3, but from the
non-interacting single particle Green’s function GG instead of the interacting single particle
Green’s function G, as shown here:

Y (r,rw) = QL/GS(T,T';W + W) Wolr, 7' w) e du'. (2.7)
m

The non-interacting single particle Green’s function

G i) — Ur) [0 5

o ; o\’
— w — €7, + 0 1 sgn(ep — €7

is computed from the Kohn-Sham states 17, (r) instead of the actual quasi particle wave
functions WY (r). Here, ep is the Fermi energy and €, are the Kohn-Sham energies. We
formulate Wy in terms of the dielectric function e(7, r’; w)

Wo(r,r';w) = /5_1(r,r1;w) v(ry,r') dry. (2.9)
The dielectric function

e(r,r;w)=06(r,7) — /v(r,’rl) Py(ry,r’;w) dry (2.10)

depends on the polarizability Py(r,r’;w). The Polarizability is calculated as described in
Eq. 2.6, but replacing G with G, which allows us to carry out the integration over w':
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Py(r,r";w) Z /G"r'r w4+ W) G(r W) e du! (2.11)

- r) [, )"
N ZQw/Zw+w—€ + i 7 sgn(er — €7,)
S ) W)

—— — " du (2.12)
w' — €5, + i n sgn(er — €5,)

k'

== D RO F) URG) W] U5 () (i)

o ij kK
1 1
><( — = , ) (2.13)
W€ — € Tin W= e, —1n

% represents the occupation number of the state specified by ik and o. In the following,
we omit the spin dependency and therefore can replace the sum over ¢ by a factor of 2, as
shown here for the polarizability:

Po(r,rsw) = =23 "> f(1 = firer) () [Une ()] e (') [ ()]

ij  kk'

1 1
X( _ , ) (2.14)
WH€p =€ +11  W—€ptEp —1N

In order to implement these equations, we rewrite them in matrix form. To do so, we em-
ploy basis sets. We distinguish between single-particle and two-particle functions. Single-
particle functions, as the wave functions themselves, are expanded in the augmented
planewaves plus local orbitals basis set described in the following section. Two-particle
functions, such as the polarizability, are represented in the mixed-product basis, which we
will discuss in more detail in section 2.2.3.

2.2. Linearized augmented planewaves plus local
orbitals method

The linearized augmented planewave (LAPW) plus local orbitals (LO) method is known
to be the gold standard for DFT calcualations. The main concept of the method is to
divide the unit cell into different parts. The so-called muffin-tin (MT) spheres are centered
at the atomic positions. The size of these spheres is adjustable, with the restriction that
the spheres do not overlap. The region in between the MT spheres is called the interstitial
region (I). This partitioning of space, first introduced in 1937 by Slater [25], is useful
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because wave functions close to the nuclei adapt atomic-like behavior and therefore can
be described by atomic-like basis function, whereas wave functions in the I region behave
much more smoothly and can be efficiently described by plane waves. In the following, a
brief introduction to the different kinds of basis functions used in the linearized augmented
planewaves plus local orbitals method is given.

2.2.1. Linearized augmented planewave method

The use of augmented planewaves (APW) was first proposed by Slater [25] in combination
with the partition of the unit cell. The APWs he proposed are energy-dependent, making
his method non-linear in energy. In 1975, Anderson developed the more practical linearized
augmented planewave method [26]. He removed the non-linearity in energy by introducing
energy parameters. For simplicity, we call these APW basis functions with fixed energy
parameters linearized augmented planewaves (LAPW).

An example for LAPWs is shown here:

S i AR 0 (Ta; Bia) Yim (o), 7o < Ryt

Ima

PG+r(T) = (2.15)

%ei(cﬂc)w’ rel

In the I region, LAPWs take the form of planewaves that depend on the reciprocal lattice
vectors G and are normalized by the unit cell volume 2. The atomic-like functions in
the MTs consist of a linear combination of radial functions ., (rs; Fj,) multiplied with
spherical harmonics Y}, (#,). The matching coefficients AS¥ are chosen so that the LAPW
are continuous at the MT-boundary. The radial functions themselves are solutions of the
radial Schrodinger equation

1d> I(l+1)

C 2dr? 2r2
where [ is the azimuthal quantum number, vy(r) is the spherical average of the KS-potential
vks(r). The radial Schrédinger equation contains the energy parameters mentioned in
the beginning. This so-called linearization energy FEj, can not be known. Hence, we
introduce an error by estimating £j,. This linearization error can be reduced, by adding the
first-order energy-derivative of the radial function . (74; Eis) to the linear combination,
resulting in the following example of an LAPW

+0o(r) = Eia | Tt1a (73 Ere) = 0, (2.16)

Zlm [AG—chla(Toz; Ela) + BG+kula<To¢; Ela)]}/lm(’f;a% o S RMT

Ima Ima

¢G+k(r) = (217)
%ei(c’”“k)’”, rel.

This addition introduces new matching coefficients Bl(::;k . These are chosen, so that the

LAPW is smooth at the MT-boundary. As a a supplement to LAPWs, local orbitals
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(LO) can be used to further reduce the linearization error by adding high-order energy
derivatives. Said LOs are described in the next section.

2.2.2. Local orbitals

LOs can be used in addition to APW basis functions to reduce the linearization error [27].
Similar to LAPWSs they take the form of atom-like orbitals in one specific MT sphere «,
but vanish in the I region and all other MT spheres, as shown here:

B ) B )Y (7 <
(bu('r') _ {5ao¢#6llu§mmu [auula(rom la) + buula(rom la)] lm(ra)a Ta > RMT (218)

0, rel.

The coefficients a, and b, are chosen so that the LO vanishes at the MT boundary
¢u(Ryr) = 0 and it is normalized, [, |¢,(r)[?dr = 1. The linearization error can be
further reduced by including higher order energy derivatives of the radial functions. This
can be done by adding an additional LO as defined in Eq. 2.18, but replacing ,(7a; Eia)
with e.g. 1o (ra; Elo). Likewise, combinations of s (7a; Ei) and i (ra; Eia) or a com-
bination with any other energy derivative of higher order are possible. Alternatively, a
higher order derivative can be added as an additional term in the linear combination. This
results in the following expression for an LO

o 5aa‘t6llu5mmu [auula<ro¢; Ela) + buula (Toz; Ela) + Cuula<ro¢; Eloz)]yim(fa)a Ta S RMT
¢M(T) =
0, rel.
(2.19)
The addition of i (7; Ej) introduces extra matching coefficients c,,, which are defined
by requiring the LO to go to zero smoothly at the MT boundary.

Another way to utilize LOs is to describe semicore states [28]. To do so, LOs are build from
two radial functions, where the first radial function at linearization energy E corresponds
to the valence state with azimuthal quantum number [/, and the second radial function at
E¢ to a semicore state with in the same /-channel. Such an LO describing semicore states,
is shown here:

2.20
0, rel. ( )

Qb (7“) B {5%‘“6”#67”"% [auula(Ta; EL) - b“ula(ra; EIS;)]YEm(fa), Ta < RMT
() =

As for the valence states, we do not know E}° beforehand, and this may introduce a
linearization error. In order to minimize this error, we add higher-order energy derivatives
as described at the beginning of this section.
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2.2.3. Mixed-product basis

In addition to an efficient basis for the description of single-particle functions, we need to
define a suitable basis for the two-particle functions. The main requirement for this basis
is the efficient description of wave-function products:

Vik (1) [Yk—q( Z (k. q) x¥(r), (2.21)

with the expansion coefficients szj(k’, q) given by

szj(k, q) = /Q [X‘}('r) @/)jk_q(r)]* Ui (r) dr. (2.22)

It is useful to employ the same distinction of MTs and I region as before for the (L)APW+LO
basis. Both requirements are fulfilled by the mixed-product basis (MPB) proposed by

Kotani and Schilfgaarde [29]. The MPB functions exist either in one MT sphere or in the I

region and vanish in the other regions, which simplifies the removal of linear dependencies.

It is feasible to use planewaves as basis functions in the I region, since the product of two

planewaves is still a planewave. However, we require an orthonormal basis, but these in-

terstitial planewaves (IPW) do not satisfy orthogonality. To orthogonalize the IPW basis,

we need to diagonalize the overlap matrix defined as

1

1 - /
Oce' = /Q Or(7)e" S~ dr = qle-¢ (2.23)

Here, 0;(r) is a step function that is one in the I region and zero everywhere else. We are
able to carry out the integral, which gives us an expression for lg:

Q-3 Vil =0
lg = (2.24)
ar SIN(GRS1) — GRSy cos(GRY7)
_3 Vo piGra MT MT MT)
Z MT € (GRﬁ/[T)g 7é )
with V)i being the volume of the MT sphere a.
In order to diagonalize Og¢g/, we need to solve the eigenvalue problem
> _Oce Sei = A Saii (2.25)

G/

This results in our new orthonormal basis set PI(r) for the I region

P! fZSG' e (EHDT Gy (r). (2.26)

In the MT spheres, we can make use of the fact that the product of two spherical harmonics
can again be expanded in spherical harmonics using Clebsch-Gordan coefficients:



2. Theoretical background

I+
Yim(#) Yo (7) = > Chtions Yo (). (2.27)

L=[1-1|

Therefore, it is useful to write the MPB function in the MT spheres as a product of spherical
harmonics Y7 (7) and radial product functions Uynr(7):

PYozNLM("") = eiq-ra UQNL(T> YLM(’IA") (228)

The computation of the radial part U,y (r) of the MPB function is more involved. To
get Uanr(r), we have to consider all products g (7)uqay () into that satisfy the condition
|l—1'| < L <I1+4!'. In anext step, the overlap matrix between theses products is computed
according to:

Ryra
O gy = / Ut (1)Ut (1) Uty (7)Uay (T) r? dr. (2.29)
0

The diagonalization of this overlap matrix, gives a set of eigenvalues AXT with corre-
sponding eigenvectors ¢y y. To avoid (near) linear dependencies, eigenvectors with small
eigenvalues are removed from the basis set. When normalized, we receive the orthonormal
radial MPB basis functions:

UaNL(T) = 201117]\7 ula(r) ul/a(r). (230)

w

Combined with the spherical harmonics and multiplied by the factor €’" to take crystal
symmetry into consideration, we get the full MPB functions for the MT regions defined as

Yanem(r) = € Uanp(r) You (7). (2.31)
The orthonormal MPB set x{(r) is given by the union of the MT and I basis sets:

{X1(r)} = {Vaven (), B (r)}. (2.32)

2.3. Polarizability in the Mixed-Product-Basis

Using the MPB, we can rewrite properties needed in the GW approximation in a matrix
representation. For now, we focus on deriving the matrix representation of the polarizabil-
ity. The polarizability P(r,r’;w) can be understood as the linear response of the electron
density p(r,w) to changes in the effective potential v.g(r’,w), as shown here:

op(r,w)

P(rrw) = )
(rr";w) Sver (177, W)

(2.33)

The electron density p(r) can be represented in terms of single-particle wave functions

%k("‘);

10
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T)=2 Z Vi (r)]" = 22%1@ Vik(r (2.34)
ik

Using this expression, we get the following representation of the polarizability

(', w)

Pirati) =23 gt i) vl . 25)

in terms of the wave functions. Employing the product and chain rules for functional
derivatives we can rewrite Eq. 2.35 as:

Pl =2 Y {uatn) 5ot DL g
ik

et (1, W) et (1’, —W)

In order to get the matrix form of the polarizability, we need to expand P(r, r’;w) in a basis.
As described earlier, it is beneficial to use MPB functions x{(7) for the representation of
two-particle functions. By applying the MPB expansion we get

Puu@e) = [[ I Pirrtio) ) 0
= [[ bt 25 {vin) 5 i) ) i

— et (1’, W) e (1, —W)
=23 [oer vir) [ {5+ 5 e e
(2.37)

This quite complex expression can be simplified by recognizing that part of Eq. 2.37 looks
similar to the expression of a wave function ¢ (r) perturbed by a MPB function x%(r).
This expression is the response function

W ) = [ g o) (2.38)

et (1, W)
The polarizability in terms of response functions then reads

occ

Prj(q,w) =2 Z X1 Vi | %k Jq( w) + %%?Jq (—w)). (2.39)

The following section will focus on ﬁndmg an expression for said response function.

2.4. Sternheimer equation

As described above, the polarizability can be represented in terms of response functions
defined as:

11
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(0)
U (rw) = / o [T () ' (2.40)

et (T, W)

It represents the linear response of the wave function w§,2) (r) to perturbations H M (r)
of the effective potential veg(r). In the MPB-representation of the polarizability these
perturbations are parameterized by MPB-functions x7(r). To get an expression for the
linear response of the wave function, the Kohn-Sham (KS) equations

o 0 0 0
HOWYY = D, (2.41)

with

HO (r) = —%VQ + Vest (1), (2.42)

are linearized with respect to changes in the effective potential. In the following, we show
first-order perturbation theory as a way to linearize the KS equations. This theory is valid
for time- and momentum-independent spherical perturbations. Depending on the complex-
ity of the perturbation, more advanced perturbation theories need to be used. Rayleigh-
Schrodinger perturbation theory for degenerate states is employed for non-spherical per-
turbations and time-dependent perturbation theory is required for frequency-dependent
perturbations.

Applying a perturbation AH® results in the following equation

H (V) [ (V) = e (V) [ (V) (243)
with the perturbed Hamiltonian
H(\) =HOY 4 \HDY, (2.44)
the perturbed wave functions
Yac (V) = ¥ + M, (2.45)
and the perturbed eigenvalues
e () = eV + Ay (2.46)

Here, A stands for the strength of the perturbation, witch needs to be small. When the
expressions for H, ¥ (r), and €, are plugged back into the perturbed KS equations, and
the terms not linear in A\ are eliminated, one obtains the following equation:

HOWYY + XHOWY + XHOD) = Q) + Ae [9l)) + Aoy, (2.47)

12
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In a next step, the unperturbed KS equations are subtracted from Eq. 2.47, and the
resulting expression is divided by A. The subsequent equation is called the Sternheimer
equation

Oy + HOWYY = eaply)) + e i) (2.48)

By left-multiplying Eq. 2.48 with the unperturbed eigenstate wﬁfj) (r), subtracting ng) ]ﬁ M |@Zzi(li)),
and using the orthonormality of wg) (r), we obtain an expression for the linear change of

: (1)
the eigenvalue €,

e = WP HV D). (2.49)

In order to reach the initial goal of acquiring an expression for the response function (or
linear change of the eigenstate), we make use of the resolution of the identity:

AV = (I ) EOT), (2.50)
J
The sum over states j can be split up into terms with j # ¢ and j =1
HO) ( > )ﬁ<”|w§£’> i [Ve)- (2.51)
J(F#)

By subtracting Eq. 2.49 we get

(A0 =) i) = (ijk (0))ﬁ“>|w§£>>. (2.52)

J(F#1)

Using Eq. 2.48, the term (H® — ¢))[¢ ) can be replaced by (H©® — e)[1{)) resulting
in the equation

(=) i =(le w<°>|) D). (2.53)

J(F#1)

After renaming the summation index to j’ for convenience, we left-multiply Eq. 2.53 with
an arbitrary unperturbed eigenstate @/J](.?{)(r) unequal to @Z)g{))(r). Once more using the
orthonormality of eigenstates and dividing by (¢; — €;) we then obtain

0) 13 0
<¢(0)|¢ 1)> _ <¢J('k)’H(1)|¢§k)>
sl K (€<o> _ 6(0)) '

@ J

(2.54)

The above expression can be understood as the first order response component along
z/;j(i) (r). Therefore, the full expression for the response function reads
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2. Theoretical background

N ) £r(1)1,,,(0)
Wy _ W 1P ad) )
’wik > - Z (6(0) _ 6(0)) ij >7 (2'55)
i) Gk T Gk

where the sum runs over an infinite number of eigenstates N. In order to get a frequency-
and g-dependent response function, we have to use time-dependent perturbation theory for
degenerate states. Using this, leads to the following expression for the response function

N © gD,
o, oy = 3 Wl W) o) (2.56)
i) Cik T Cjkrg TW

This expression is often implemented in practice, since it is a straightforward way to
compute the response function. However, it is not possible to sum over an infinite number
of KS states N, because N is limited by the number of basis functions N,gs. In other
words, if Eq. 2.56 is used, only the part of the response that lies in the Hilbert space spanned
by the basis functions is accounted for. In order to avoid a significant loss of accuracy, the
Hilbert space and consequently the number of basis functions Ny, need to be increased
with respect to the number of basis functions used for usual DFT calculations, leading to
large computational cost. This problem is described comprehensively by Dmitrii Nabok
and coworkers [10]. In the next section, we show how to overcome this issue by employing
the incomplete-basis-set correction (IBC). Markus Betzinger and coworkers formulated this
correction for the LAPW+LO method in 2012 [20]and applied it to the optimized-effective-
potential approach. They later generalized it to accommodate non-spherical and frequency
dependent perturbations and applied it to the polarizability [21, 22].

2.5. Incomplete-basis-set correction

As shown above, a sum over occupied and a large number of unoccupied states is needed to
get an accurate description of the wave function response. Both occupied and unoccupied
states are represented by the same (L)APW + LO basis set. The basis functions in this
set are optimized to resemble occupied states, whereas they are in general not optimal to
represent unoccupied states lying at higher energies. Therefore, such set is a poor choice
for the wave function response. Another way to think about this is to imagine that it is
possible to find a perturbation out of the MPB-functions x¥(7;w) that turns the perturbed
wave function out of the Hilbert space spanned by the basis set. The common way to avoid
this problem is to increase the Hilbert space by including more basis functions, resulting in
high computational cost. In the following, we describe how to avoid this by not increasing
the size of the spanned Hilbert space, but rotating the space in the same way as the wave
functions when perturbed. This can be done by applying the perturbation directly to the
basis functions. As a result we find two kinds of corrections to the usual expression of the
response function, the basis-response and Pulay correction. To get expressions for these
corrections, we follow the derivations of Betzinger and coworkers [20, 21, 22]. We start by
applying a perturbation dv.g to the basis representation of the wave function:
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2.5. Incomplete-basis-set correction

g (1) Z 5Csz
ov

) r
S ¢G+k (r) + CkGigbG*—’“()
Ueﬁ‘ r’ w

et (7 W) e (75 W) (2.57)
Note that from here on, to simplify the notation, we will omit the (0) marker for unper-
turbed properties. Perturbations of the effective potential can be parameterized by MPB
functions. This allows us to derive an expression for the linear response of the wave func-
tion wﬁ,ﬁ?l (r;w) with respect to x7. We show in the following, that wﬁ?[ (r;w) can be split
into two terms:

0t
SCrc
/Z SVt ( ,;Gw bark (1) X7 (13w) d°r
i ZCkGZ / gf?: <w)) X7 (ryw) dr (2.5

eff'!‘w

/Z (SU(SCk:GZ OG-k (T) X? ("“; CU) d3r + Z Crai gbgzrkqu (7"7 W) (260)
G
= wz‘k,[q (rw) + wiqu (r;w). (2.61)

The first term z@ik’ 1q(T;w) arises from the response of the expansion coefficients Ciq;, the
second term 1%,? 1q(T; W) stems from the response of the basis functions ¢gx(r) themselves.
We will focus on the derivation of the basis function response in the next section, before
discussing the expansion coefficient response in section 2.5.2.

2.5.1. Basis function response

The following derivation is done for the example of the LAPW basis. The derivation for
LOs is not shown, but closely follows the steps presented here. As shown before, the MT
part of the LAPW basis functions depends on the effective potential. On the contrary, the
plane waves used in the I region result in a vanishing response of the basis function in the
I region. To simplify the derivation, we will for now only consider time and momentum
independent spherical perturbations parameterized by:

X7 (r;w) = xi (), (2.62)

where the index [ stands for the combination of the angular momentum quantum number
L, the magnetic quantum number M, and the atomic index «. Later in this chapter we
will introduce more complex perturbations.
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2. Theoretical background

To get the expression for the basis function response, we apply the perturbation to the
usual expression of an LAPW, Eq. 2.17, and linearize the result:

4
1 G k
S [ACGEE W) () + AL Sy (r,)

Ima Ima, I

BG+k - (1) ( ) B(l) G+k .

¢G+kl( ) = 9 ula I Ima,l ula(ra) }/lm(/ﬁa% Ta < Rﬁ/IT (263)

07 rel.
\
As shown above, the perturbation has an influence on the radial functions as well as the
matching coefficients. Due to the linearization, the linear combination contains only prod-

ucts of unperturbed matching coefficients with perturbed radial functions ul(i?](ra) and
products of perturbed matching coefficients Al(rl,zm ; and Bl(fn)a’ ; with unperturbed radial
functions. Since we apply a spherical perturbation, the basis function response stays in
the same [m-channel as the unperturbed basis function, leaving the spherical harmonics
unchanged. This allows us to multiply the whole linear combination with the same spher-

ical harmonic.

To get the response of the radial function to the perturbation, we need to linearize the radial
SE. Similar to the derivation shown in section 2.4, this will result in a radial Sternheimer
equation of the following form:

o = ] ) = [l = a0 ), 2.64)
with the energy shift:

61%)1 (wia|X1|U10)- (2.65)

The perturbed matching coefficients are chosen so that gbgzrk ;(r) and its radial derivative
continuously go to zero at the MT boundaries [20].

In a next step we allow for non-spherical perturbations which are parameterized by the
following functions

X7 (rw)=x1(r)=x1(r) Yo (fa) ; (2.66)

Such a perturbation leads to response functions that have contributions in more than one
Im-channel. This means that radial functions and spherical harmonics cannot be treated
independently from each other. For convenience, we introduce a new combined quantity

defined as

alma(r) = ula(ra) Em(lf'a) (267)
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2.5. Incomplete-basis-set correction

The basis function response then takes the form:

4
~(1 1) G+k ~
Zlm AG+k ugnza I( ) + A( ) Ulme (T)

Ima Ima,l
T(1 1) G+k ~ o
¢G+k I ( ) = + BlC::rk ul(wzoc,] (’I") + Bl(m)onJr ulmOc(’r) Ta < RMT (268)
0 rel.

To get the response of Eq. 2.67, we need to sum over all possible Im-channels:

ulma I Z ulma JU'm ’ Yi/ (’ﬁa)' (269)

The expression for the new radial function response ul(iz e (T) nOW also depends on the

magnetic quantum number m. To get ul(iza 1 (1), We need to linearize the radial SE

using Rayleigh-Schrodinger perturbation theory for degenerate states. This results in an
inhomogeneous ordinary differential equation (ODE) similar to Eq. 2.64,

[hl'a - ela:| r Uz(iza,l,l'm/ (r) = 9IL/T4,;Zm {5”’ El(clv?l - XI(T)} " wa(r), (2.70)

with the Gaunt coefficients G, 4m defined as

gum = / Yy (7o) Vi (P)]* Yy () 2 (2.71)

Since the Gaunt coefficients are different from zero only in cases were [ + ' + L is even
and the conditions || —I'| < L <[+ and m —m' +m = 0 are fulfilled, the number
of times Eq. 2.70 needs to be solved, reduces drastically. The condition for the matching
coefficients stays the same as for the spherical perturbation described earlier.

In order to get the response function for representing the polarizability, we have to allow for
time dependent perturbations. These are parameterized by the MPB functions as defined
in Section 2.2.3 multiplied with the time-dependents, as shown here:

¥ (r;w) = x1 (rw) = xz (r) e ™. (2.72)
The linear response of the KS wave function v, (r) takes the same time dependence,
e~ ™t As before, we can represent ¥ (r) in the LAPW basis, leading to a contribution

containing the perturbed basis function gbglk ;(r;w). It takes a form similar to the one
shown in Eq. 2.68, but with the perturbed radial functions now depending on w. In order
to get these perturbed radial functions, we need to use time-dependent perturbation theory
for degenerate states. This leads to another inhomogeneous ODE similar to Egs. 2.64 and
©2.70:
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2. Theoretical background

{hl,a — €la — w] r u§27l7l,m/a(r; w) = %Kj;lm {(5”/ 61((21 - XI(T)] T U (7). (2.73)

The last generalization step that needs to be done is the generalization to momentum
dependent perturbations parameterized by:

X7 (rw) = X1 (r;w) e O, (2.74)

where g represents the momentum vector and R is the vector pointing to the MT-center.
The wave function response and therefore the basis function response inherit the same
phase factor e @ ®. The basis function response including all generalizations described in
this Subsection then reads

(

ekt R 5o NASHE G0 (r,w) + AT (7, w)
1) G+k =~ «
¢(Cai—k,l (7'7 (U) = BG+k ul(rrza I(T w) + lgl(m)oc,l+ ulma(r’ CU) Ta =< RMT
\O rel.
(2.75)

2.5.2. Expansion coefficient response

. . . . (1
To derive an expression for the expansion coefficient response @Z)Ek)lq (r;w), we need to

expand @Zzlk '14(T;w) in terms of the unperturbed eigenfunctions ¢k 4(7):

N
e e
Pirg (1190) = D _(UikealPiy)1q(©)) Yikra (r). (2.76)
J
This is possible, because this part of the response lies completely in the Hilbert space
spanned by the unperturbed eigenfunctions. The sum over the projection coefficients can
be split in to parts, 7 =i and j # i:

N
¢ 2 e
Vit (150) = D Winsalitrg (@) Vet (1) + iteral i rg (@) Yitsq (). (2.77)
J(#)
The projection coefficient for the case j = ¢ can be straightforwardly found by using the
expression for the complete response function Eq. 2.58. This allows us to represent the

projection coefficient in terms of the full response function and basis-function response we
derived before, resulting in:

WitV 1q(@)) = Wikt gl 1q(@)) — Wi gVl 1g (@) (2.78)
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2.5. Incomplete-basis-set correction

Using the normalization condition:

/ Wikral” 0L ()dr = 0, (2.79)

we can show that the term <¢Zk+q|¢f,? 1)) in Eq. 2.78 vanishes. Therefore, we can express
the projection coefficient solely in terms of known quantities:

(WDitrql D% 1g(@)) = — (Wikral Dl g (W))- (2.80)

To obtain the projection coefficient for the case j # i, we make use of the fact that
the complete response function (Eq. 2.58) is the solution to the Sternheimer Equation
Eq. 2.48 with the perturbation parameterized by x{(r;w). By left multiplying Eq. 2.48
with 9%, . (r) and integrating over the whole space we get the equation

(ejkrq — €t — ) (VikralVe 1g(@)) + (Dirgl b 1g(@)) = Wjkrglehes — XFw)|ti), (2.81)

with

Dir(r) = (H° — €jr)0jk(r). (2.82)

At first glance, D;x(r) seems to be always equal to zero, but if we consider the possi-
bility that the computed eigenfunctions ;i (r) deviate from the true eigenfunctions of
the Hamiltonian H°, we need to treat D;x(r) as a non-zero contribution. By plugging
Eq. 2.58 into Eq. 2.81 and using the normalization condition, (Yu|tjk) = 0, as well as

(Djkﬂ]wi(,?]q(w» = 0, we obtain

(Ej1rq—€it—w) (it Vg 1q (@) HDG 10 (@) (Djrgl 05 14 (@) = —(WiksalX k). (2.83)

Rearranging Eq. 2.83, leads to the projection coefficient <¢Jk|¢z(li)1q> By plugging both
expressions for the projection coefficients back in to Eq. 2.77, we obtain the full expression
for the expansion coefficient response function:

~(1
5 i [ Wonral o) Poralfirg@)]
Vi Iq ! — €jktq T W €ik — €jktq T W ik+q
- Z<¢jk+q|@:&q(w)> Vjk+q (r). (2.84)

J
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2. Theoretical background

2.5.3. Corrected response function

Now that we have an expression for both the basis function response and the expansion
coefficient response, we can combine them to get the full response function. To do so, we
have to rewrite the last term of the expansion coefficient response in the following way:

N

N
Z<"/’jk+q|@z}@%?[q(w)> Vjkrq (1) = Z/d?’rl Vjkrq (1) Vikiq (17) @Ei(i?fq (r;w).  (2.85)

J

In addition, we can represent the basis function response as an integral over a delta function:

IO, () = / &' (e — o) B0, (). (2.86)

Using both of these expression combined with Eq. 2.84, leads to the full response function:

N 7(1)
Wiy (riv = 3 [oealiilind , PoalsalD)
th.Iq 170 i Leik = €insg +w €ik — €jktq T W e

N (2.87)

X ~(1
+ Z / d*r' {MT —7') = Vjkiq (1) Viktq (r,)} ¢i(k?fq (r;w).
J

It consists of three terms. The first term is the expression that we have got from perturba-
tion theory, Eq. 2.56. This term is the only one giving a non-zero contribution when going

to the limit of a summation over an infinite number of states. In the following, we call it
sum-over-states (SOS) term. The second term,

N ‘ o (1)
d’f;cuﬁy (ryw) = Z <1/’Jk+q|H 6]k+Q|77Z)1k,Iq(w)> Vikra (), (2.88)

i) ik — Cjkq T W

introduces a usually small correction to the SOS term, which is necessary, since the com-
puted wave functions are not pointwise exact solutions to the SE. It is called the Pulay
term because this correction is similar to the Pulay term in atomic force calculations. The
last term,

N
Yal, (W) = Z / a3 {5@ 1) = Yjerg (1) g (1) | D)1 (P5w0) | (2.89)

is called the basis-response (BR) term. This term corrects for the incompleteness of the
basis introduced by the truncation of the infinite sum in the SOS term. It has been shown
that this term accounts for most of the correction. By plugging the full response function
into the polarizability Eq. 2.39, we can split the polarizability in a similar manner. We
obtain the well-known SOS term, corresponding to the usual Adler-Wiser expression, a
Pulay-correction term, and a BR correction term. The full expression for the corrected
polarizability can be found in Appendix A.
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3. Implementation

3.1. Polarizability in the LAPW method

In GoW,, the IBC can be applied directly to the polarizability, as shown in Appendix A.
However, in the GoW, implementation of the exciting code [30], a trick is used that
reduces the required memory and computational cost by skipping the step of explicitly
computing the polarizability. The SOS part of the polarizability,

BZ occ. unocc.
SOS 1 1
PI(J q,w) = QZ Z Z XJ Vik|Vjkra) (Vikrqlin XJ> {6 }

ik = €jk+q T W €k — Ejktg — W

(3.1)
can be simplified by using the expression for the MPB expansion coefficients (Eq. 2.22) as
well as the occupation number f; of state ik:

1 1
PP (q,w) =2 e (1— " M (K
IJ 7 Z Z fk f]k ( )] z]( ’q) €ix — Ejk+q + W + ik — eij_q — W
(3.2)
BZ
= Z Z Fz’j<k> q;w) [Mé(k’: Q)r M{;(k, q). (3:3)
ko ij

We then represent the dielectric function (Eq. 2.10) in the MPB:

6i(q.w) = 815 — S vi(@) Punlg.w) vl (). (3.4)

lm

and plug the Eq. 3.2 into the matrix representation of the dielectric function

1

wlaw) =4, = Y uhla i 53 Funle @ M (k. 0, . )
ZZZankqa o3 (@) M, (k. )M, (k, @) v (q).  (3.5)

By introducing a new set of expansion coefficients,
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3. Implementation

1
p
the dielectric function simplifies to
€1 q7 - 51] Z Z an k , ;W (kv Q) [Mgzm(kv Q)]* (37>

Therefore, we do not have to Compute the polarizability explicitly. However, this trick only
works for the SOS part of the polarizability, because of its symmetric structure. In this
work we implement an explicit computation of the SOS part of the polarizability in the
GoW, framework of exciting, to then be able to compute the dielectric function from the
(later corrected) polarizability. To do so, we have to express the matching coefficients of
the MPB M! (k,q) in terms of (L)APWs and LOs.

3.1.1. Evaluation of M! (k,q) in the (L)APW+LO basis

The expansion coefficients of the MPB play a central role in the construction of the polar-
izability matrix. In the following, we show how they are constructed in the (L)APW+LO
basis set [30].

We start from the representation of the Kohn-Sham orbitals in terms of the basis,

Uk (T Z Cuk,c Pcrk(T) + Z Cok i Gu(T), (3.8)

and rewrite them by differentiating between MT and I regions:

Zgulm Ank,a(ulm ulaC (Tou Elau) Ylm(,f'a> To S R%/[T
UVnk(1) = (3.9)
% > @ Crkg GHRIT rel.
Here, ¢ represents the order of radial derivatives of wa¢(ra, Flay), and v stands for the
different linearization energies used to build a local orbital. The same partitioning applies

to the expansion coefficients of the MPB. For a MPB function x7(r) = Yanzum(7), which
is in the MT-region, we plug Eq. 3.9 into Eq. 2.22. This leads to the expansion coefficient

My, (k@) = e 07y N G0 Y Y Ankacimtimi Ak acavatzms (N LG, 1aGova),

lymy lams C162 vive
(3.10)
with

RI\/IT
(NI, laCovs) — / Uant(r) s, (s Bryonn) Uty (Fas Brvews) 72 dr. (3,11
0
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3.2. Solver for the Radial Sternheimer Equation

For a MPB function in the I region, x%(r) = PZ(r), the expansion coefficients take the
form

M} ( chk:(;' pa—ved ZZG G- S&i (3.12)

GG’

Using this expression, the implementation of the polarlzablhty is straightforward.

3.2. Solver for the Radial Sternheimer Equation

The first ingredient needed for the IBC, is a method to solve the radial Sternheimer equa-
tion 2.73 numerically. In this chapter, we describe a number of different algorithms that
we implement and later compare, to find the best method for our application.

3.2.1. The Radial Sternheimer Equation

The radial Sternheimer equation is an inhomogeneous, ordinary differential equation (ODE)
of second order. It is well known, that we can rewrite a single ODE of second-order into
two coupled first-order ODEs, which simplifies the numerical solution. To shorten the
following derivations, we can rewrite Eq. 2.73 into a more general form

{_ d_2 + h(r )] uD (r) = I(r), (3.13)

dr?
where
- (l+1
h(r) = (2r2 ) +0o(1) — €10 — W (3.14)
and the inhomogeneity 1(r) is
10) = 58 |3 2 =10 ), 3.15)

To get first-order ODEs, we introduce two substitutions

POy =ruM(r) (3.16)
and
QW (r)=r diiu(l)(r). (3.17)

By taking the derivative of P (r) with respect to 7, we directly get the first first-order
ODE

Ay — 0 d ey L po ()
drP (r)—ul(r)+rdru (T)—rPl(r)—i—Ql(r). (3.18)
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We derive the second first-order ODE by taking the radial derivative of Q) (r)

d d d? d? d
=0 — =@ = @) - (1) _ @
er (r) e (r)+r Tl (r) 0 [7“ U (7“)] e (r), (3.19)

and afterwards using Eq. 3.13 to find an expression for %u(l), resulting in the second
first-order ODE:

4Q" )
dr

These two ODEs are coupled through the quantities PM)(r) and QM (r). The values for
the radial function u()(r), as well as its first derivative £u(V(r) at the MT center are
known. This allows us to compute P (rg) and QM (ry). There are a number of different
methods that are able to solve such a system of coupled first-order ODEs with known
initial values. In the following, two classes of those methods, with there advantages as
well as disadvantages are presented. The two methods we present, are the Runge-Kutta
(RK) and the Bulirsch-Stoer method. The Bulirsch-Stoer method is known for its high
accuracy, whereas RK methods are known to be more efficient, as long as the evaluation of
the functional derivatives is inexpensive. However, newer RK methods of higher order are
able to yield high accuracy as well. We show the following derivations for a very general
form of a system of first-order ODEs

dy'(r)
dr

— h(r) PO — I(r) — % QU (r). (3.20)

:fi(rayoaylv“'ayNil); i:()a'naN_la (321)

where the initial values y'(rg) = vy are known. For the case of the radial Sternheimer
equation, we choose y°(r) = P(r) and y'(r) = Q(r), where fy is then equal to the right
side of Eq. 3.18, and f; is equal to the right side of Eq. 3.20. For simplicity we will from
now on consider only a single ODE dulr) — f(r,y), though the generalization to a system

dr
of linear ODEs is straightforward. The derivations in this chapter are mainly based on

Ref. [31], Ref. [32], and Ref. [33].

3.2.2. Runge-Kutta solver

The RK method is an improved version of the basic Euler method, which Euler first
proposed in 1768 [34]. Here, the value of a function y(r) at the next grid point 7,41 is
approximated from the function and its derivative at the previous grid point 7,

d
Yn+1 = y(rn) +h ay(T) = Un +h f(rm yn)7 (322)

where h = r,41 — 1, is the step size and y, is the approximation of the function y(r) at
the grid point r,, [31]. This concept is illustrated in Fig. 3.1.
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® function values

y(r)

T T T T T T T T
I lit1 liy2 li+3
r

Figure 3.1.: Illustration of the Euler method. The derivatives (represented by the arrows)
at each grid point 7, are used to find an estimate for the function value y(r)
at the next grid point 7,41.

To get an estimate for the quality of the approximation, we compute the local trunca-
tion error €y, which determines the error made in the computation of a single step. By
expanding y(r) into a Taylor series,

dy(r) h* d*y(r) 5
Ty(r;r) = y(ra) + (r — 1) a |, T2 e Tn—%(D(O"——rn) ) (3.23)
h? d?y(r)
- h — 3 24
Yn + f(rna yn) + 9 dr? . + O(h )7 (3 )
we are able to compare Eq. 3.23 to Eq. 3.22
h? d*y(r
81t - y(rn + h) - yn+1 - ? dy’l“(2 ) + O(h»g) . (325)
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With that, we show that the local truncation error for small step sizes is of order O(h?), if
we assume that the third derivative of y(r) is bounded. However, this is only the error in
a single step, assuming that the starting point y,, is an exact solution of y(r,). To get the
global truncation error, i.e., the cumulative error after a number of iterations, we have to
assume that f is Lipschitz continuous, i.e.,

L= max(

1) (3.26)

for the interval of » we are interested in, and that the local truncation error is bounded:
[Ex| < M. (3.27)

With that, we get an upper limit for the global truncation error, i.e.,

HM
L

which is of order O(h). Therefore, the Euler method is considered a first-order method.
A detailed derivation of truncation errors can be found in Ref [35]. The relatively large
global truncation error makes the method not suitable for most applications. However,
it is a good starting point for more involved methods, like the second order Runge-Kutta
method described in the next section.

gt = y(ri) —wil < (eltrimro) — 1), (3.28)

27d_order Runge-Kutta method

In order to reduce the truncation errors, the 2" order RK method utilizes a trial step in
the center of the interval h. It then takes the values of f(r,y(r)) evaluated at the initial
point 7,

ki = f(rn7yn>? (329)

and a point somewhere in the interval r, + ch defined by the coefficient 0 < ¢ <1

kg = f(?“n + Ch, UYp + ahkl), (330)

to compute Yy, 1

Yn+1 = Yn + h(bikr + baks). (3.31)

By choosing the coefficients a, by, by, and ¢ in a certain way, the local truncation error can
be reduced by cancelling out the first-order error term as shown in the following.

We can expand Eq. 3.30 in a two-dimensional Taylor series:
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3.2. Solver for the Radial Sternheimer Equation

Tky = Tf(rn + ch,yn + ahky) (3.32)
= f(ru,yn) + ah ky fy(r,yn) + ch fr(rn, ya) + O(R°) (3.33)
= f(ruyYn) + b fo(Tnyyn) + ah F(ruyn) fu(Tn, yn) + O(R?), (3.34)
where we define the partial derivatives as f, (7, yn) = a% (ryy(r)) and fr(rp, yn) = 2 f(r,y(r)).

Plugging this Taylor expansion back into Eq. 3.31, we obtain an expression for y,,.1:

Ynt1 = Yn +hb1 f(70; Yn) + hby (f(?“n, Yn) +ch fo(n, yn) +ah fy(ro, yn) (70, yn) + O(h3)) :

(3.35)
As for the Euler method, we then compare this expression to the Taylor expansion of the
actual function y(r). To do so, we rewrite Eq. 3.23 as

h? d

Ty(rira) = o+ Frnera) + % g | )] |+ 00)
=+ B yra)) + o p ()| O0)
=+ R P yra)) + 5 oo y(r)) + 5 s ) F o)) + O(H)

(3.36)

By comparing the coefficients of Eq. 3.35 and Eq. 3.36, we observe that they agree up to
third-order terms, if a, by, by, and c satisfy the following order conditions:

b1 +by=1
1

bQC = 5

1

Therefore, the local truncation error is of order O(h?), which then leads to a global trun-
cation error of order O(h?), thus the name 2"-order RK. The fact that we have four
coefficients that are determined by only three equations, gives us the possibility to define
a variety of implementations of second-order RK methods. However, the most popular
choice of coefficients is by =0, by =1, a =c¢c = % Using these coefficients, the trial point
is in the center of the interval. It is only used to get a better estimate of the gradient
needed to estimate y(r,). This variant of second-order RK is illustrated in Fig. 3.2. In the
same manner as shown in this section, different combinations of first-order evaluations of
f(r,y(r)) can help to cancel out error terms of even higher order. A generalization of this
concept is shown in the following section.
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Figure 3.2.: Illustration of the second-order Runge-Kutta method. The derivatives (repre-
sented by the arrows) at each grid point r,, (red) are used to find an estimate
for the gradient at the trial points r,, + h/2 (black). This new gradient (black
arrow) is than used to approximate y(r) at the next grid point, r,1 = r, + h.

General formulation of the Runge-Kutta method

In 1901, Kutta defined a general definition of the Runge-Kutta method [36]. A RK method
is defined by the number of stages s, where s represents the number of times the function
f(r,y(r)) is evaluated. For example, the second-order RK method shown above, is a two-
stage method. In the s-stage RK method the approximation of y(r) at the grid point r, +1
is given by

Yn = Yn+1 + h(blk’l + bzk‘z + bsk's) (338)

The evaluations K of f(r,y(r)) are defined as
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3.2. Solver for the Radial Sternheimer Equation

kl = f(rna yn)
ky = f(rn + c2h, yn + hasiky)
ks = f(rn + csh, yn + h(asik1 + aszkz))

ks = f(rn 4+ csh, yn + h(asiki + asoks + ... + ass_1ks — 1)), (3.39)

where the coefficients a;;, b;, and ¢; are real numbers. As shown for the second-order RK
method, certain choices of the coefficients minimize the order of the local (and therefore
also global) truncation error. Finding these order conditions becomes increasingly difficult
for higher-order RK methods and is not shown in this work. However, there are ways to
simplify the derivations with smart notation choices, as shown in detail by e.g. Hairer
and coworkers [32]. In the following two sections we show examples of higher-order RK
methods, which are utilized in this work.

4*"_order Runge-Kutta solver

The 4*"-order RK method is known as the workhorse of radial solvers, because it offers
a good balance of accuracy and computational cost. As shown by Heun [37], a 4-step
RK-method is of fourth-order, if the following eight order conditions are satisfied:

by +by+b3+bs =1 ( )
baco + bycg + bycy = 1/2 ( )
bocs + bscs + byc; = 1/3 (3.42)
bocs + bzc + bycy = 1/4 (3.43)
bsasgaca + ba(asacs + aszcs) = 1/6 (3.44)
bsczasacy + baca(asacs + aszes) = 1/8 (3.45)
bsasacs + by(asacs + agscs) = 1/12 (3.46)

(3.47)

b4a43a3202 = 1/24

This system of equation is under-determined, since we have 13 degrees of freedom, but
only eight equations, which allows to choose the coefficients in a couple of different ways.
The most popular fourth-order method, also referred to as ”The” Runge-Kutta method
was proposed by Kutta [36]. In his method all coefficients are equal to zero, except for

Cg = C3 — A91 — Q39 — 1/2 (348)
Cqy = Ay3z = 1 (349)
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3. Implementation

This configuration simplifies the expression for y,, 1

h
Yn+1 = Yn + 5 (k1 4 2ko + 2k3 + ky) (3.51)

as well as the evaluations of f(r,y(r))

k1= f(rn, Yn) (3.52)
h h

ko = f(rn + 5 Yn + Ekl) (3.53)
h h

ks = f(rn + 5 Un + §k2) (3.54)

ky = f(ro+ h,yn + hks). (3.55)

We have chosen to implement this specific configuration of the fourth-order RK in the
all-electron full-potential computer package exciting [23] to use it for solving the radial
Sternheimer equation, because it offers a good balance between accuracy and computa-
tional cost.

8*"_order Runge-Kutta solver

The highest order of RK commonly used, are RK methods of order eight. The coefficients
for these methods need to satisfy 115 order conditions. It has been proven that these
conditions can only be satisfied using a RK method that performs at least 11 steps k;,
making it noticeable more expensive than, for example, fourth-order RK methods [32].
In this work, we us an implementation of this method from the python library SciPy [2].
Despite eighth-order RK having a truncation error that grows only slowly with increasing
step size, it is difficult to estimate the actual error made by the approximation, even so
being assumed small for most applications. A more systematic error estimation is intrinsic
to the Bulirsch-Stoer method, described in the next section.

3.2.3. Bulirsch-Stoer Method

The Bulirsch-Stoer method was first proposed in 1980 [33]. It combines the basic con-
cept of Richardson extrapolation with polynomial extrapolation and the modified-midpoint
method.

Richardson-extrapolation

In the RK-method discussed above, the step size h is a preset parameter that heavily
influences the accuracy of the method. Richardson extrapolation methods, on the other
hand, treat h as an adjustable parameter. This parameter can be decreased, resulting in
a more and more accurate approximation of the function y(r) at r,, but not necessarily
reaching the desired accuracy as indicated in Fig. 3.3. However, the information on the
approximation thus gained can be used to fit some analytic function, extrapolating the
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3.2. Solver for the Radial Sternheimer Equation
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Figure 3.3.: Illustration of the Richardson extrapolation. The function value of y(r) is
propagated over a large interval r,.1 — r, = H via different sets of sub-grid
points with decreasing step size. The different approximations of y(r,) are
then extrapolated to an infinitesimal step size.

result for a vanishing step size [38]. The first ingredient needed for such a method is a
scheme for advancing the function y(r) from one grid point r, to the next, r,.; =, + H,
using substeps of size h = %, where N is the number of substeps. Since we will later
extrapolate the result to a vanishing step size, the method does not necessarily need to be
a high-order approximation like the RK-methods. Having said this, it is more important
that the method is computationally inexpensive, because it has to be executed several

times for decreasing step sizes. A good choice is the modified-midpoint method.
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Modified-midpoint method

The modified-midpoint method [37] propagates y(r) from one sub-grid point to the next:

ko = y(ry) (3.56)
kmi1 = km—1 + 2h f(r + mh, k) for m=12,..., Ngop — 1, (3.58)

until the grid point r,,; is reached

Y(Tny1) & yn = % ky +kno1+hf(x+ H ky)|. (3.59)
For large N, this method requires approximately only one evaluation of f(r,y(r)) per step
h, while still being a second-order method, such as second-order RK, which requires two
evaluations of the gradient. However, the RK method, even though being of the same order,
minimizes the actual truncation error. The modified-midpoint method provides another
advantage. As shown by Gragg [39], the local truncation error contains only powers of h?

yv —y(rn + H) = Z e;h*. (3.60)
i=1
We use the same idea of combining steps to get rid of higher-order error terms as we did
for the RK-methods, with the advantage that the error decreases by two orders at a time.
It can be shown that, for example, combining the result of the modified-midpoint method
executed with N steps with the result computed with N/2 steps (assuming N is even)

YN — Ynj2
3

is accurate up to fourth order [31] and needs for large N only 1.5 evaluations of the gradient
per step. The polynomial extrapolation makes use of these advantages.

y(r+ H) = (3.61)

Polynomial extrapolation

Bulirsch and Stoer first proposed using rational function extrapolation in their method.
However, it was later found that for smooth problems, the polynomial extrapolation is more
efficient and also less intricate to implement. Polynomial interpolation uses the polynomial
with the lowest degree that fits all points in a given set. For example, two data points can
be met by a second-order polynomial [31]. A way to implement polynomial extrapolation
is the Nevilles algorithm [40]. It is straightforward to implement and allows for error
estimation. The basic idea is that polynomials of higher degrees can be computed from
polynomials of lower degrees that, when combined, match the same set of data points. To
make this abstract concept a bit more instructive, we illustrate it with the example of a
polynomial that is supposed to fit four data points, as shown in Fig. 3.4.
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Figure 3.4.: This flowchart illustrates polynomial extrapolation. The zero-degree polyno-
mials P; in the first column are equal to the function value Y (z) at z;. Poly-
nomials of higher degrees are calculated from polynomials of lower degrees as
indicated by the arrows.

Here, we start computing the polynomials from the left. The polynomials in the first
column are of degree zero, and therefore just the value of the function Y (z) at x;. The
polynomials in the next column are of degree one and can be computed from the zero-degree
polynomials using the relation

Py(z) = BB E (i =)y (3.62)

377;—[13']'

In the same manner, each of the following columns is filled. The general relation to relate
two "parent” polynomials of degree d to one ”descendant” polynomial of degree d + 1 is
given by [31]

(@ = Zigem) Pigig1)...i4m—1) + (05 — ) Plig1yit2)...i4m)
Ti — Titm '

Pi(iv1)..(i+m) = (3.63)

Bulirsch-Stoer method in practice

Now, that we have discussed how the polynomial extrapolation works in general, we show
how it can be used in the Bulirsch-Stoer method to extrapolate to an infinitesimal step
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size. To simplify the equations, we can represent the flowchart ilustrated in Fig. 3.4 as a
lower triangular matrix:

Tyo Tn
Too T Ta : (3.64)
T30 Ts1 T30 Tis

The first column represents the zero-degree polynomials, the second column represents the
first-degree polynomials, and so on. In the context of the Bulirsch-Stoer method, each data
point represents the value y(r,) computed with a certain step size h; = H/N;. Therefore,
the zero-degree polynomials are Ty = y;, where y; = y(r, + H), computed with the step
size h;. This means that computing y(r, + H) with a new step size h;, adds a new row
to the matrix 3.64. With y; as the first entry of a row, the row is filled using polynomial
extrapolation. To do so, Eq. 3.63 can be rewritten in terms of T;

Ty~ T
(ni/ni—j)* =1’
Elements in the same column of the matrix are approximations of the same order of h.
The elements T}; in the last column of each row are approximations of the highest order
for the respective step size h;. The difference between the last two elements of a row can
be taken as an error estimate. In practice, the modified-midpoint method is performed
with increasing numbers of substeps NV; until the error estimate drops below a certain
tolerance [31]. Bulirsch and Stoer originally proposed to increase the number of steps
following the scheme

Ti i1 = Ty + with j =0,1,...,i — 1. (3.65)

N, = 2N, (3.66)

but Deuflhard later showed that increasing N; following the series

N; =2(i+1) (3.67)

is more efficient in most cases [41]. We have implemented this method in addition to the
fourth-order RK solver in the exciting code. It should be noted that, due to numerical
noise, too small step sizes can lead to a loss of precision. To avoid this, a minimal step
size is set. If this minimal step size is reached, but the error estimate did not yet drop
below the desired precision, we switch to the fourth-order RK method, for the one step 7,
to r,41 only.
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4. Results

4.1. Polarizability

As shown in Section 3.1, we need to compute the polarizability explicitly to be able to add
the IBC correction terms to it later. In this section, we compare the GW, algorithm that
utilizes the trick of skipping the computation of the polarizability with our new implemen-
tation, where the polarizability is computed explicitly. We use two different materials as
test cases. The first material is bulk silicon, which is a simple example often computed
with the GoW, method. The second example is zinc oxide. This material is known for
demanding a large number of unoccupied states as well as local orbitals to obtain a con-
verged GoW, calculation, making its computation rather expensive. With the help of the
IBC, we ultimately want to get rid of the need for such a large basis and, therefore, reduce
computational cost. The structures for both materials are taken from the NOMAD repos-
itory [42, 43]. By comparing the individual elements of the dielectric function in matrix
form computed with the different methods, we validate our implementation. Since our goal
is not to get fully converged results, we use looser settings for the convergence parameters
than we would do for production calculations. We use the same settings for both methods,
which ensures that the choice of the convergence parameters does not affect the compar-
ison of the two methods. For both materials, the differences in the matrix elements of
the dielectric function are smaller than 107'°. Since double precision floating-point num-
bers are used, these discrepancies can be explained by purely numerical errors, assuring us
that our implementation is valid. However, when comparing the computational cost, the
computation of the dielectric function with the explicit computation of the polarizability
is considerably more expensive than the direct computation. The corresponding time for
Si, averaged over all g-points, amounts to 18 seconds, when the polarizability is computed
explicitly, while it takes only 10 seconds for the direct computation of the dielectric func-
tion. We find a similar behavior for ZnO, with times of approximately 252 seconds and
149 seconds, respectively.

4.2. Radial solver

The radial Sternheimer equation needs to be solved for every combination of MPB func-
tions and radial functions, defined by [ and the linearization energy. This shows that the
solution of the radial Sternheimer equation is a crucial step in the construction of the IBC.
Our goal is to find an ODE solver that gives sufficiently precise results while still being
low in computational cost. To find a suitable solver, we first compare three different RK
solvers of different orders. For this comparison we use already existing solvers implemented
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in Python [2, 1]. In a second step, we implement the RK solver with the best balance be-
tween computational cost and precision in the full-potential all-electron computer package
exciting [23]. To validate our implementation, we compare it to results obtained with the
Python implementation of the same order. In a last step, we implement the Bulirsch-Stoer
algorithm in exciting and compare it to the RK solver. This comparison is done because
the unperturbed radial functions are computed with a Bulirsch-Stoer algorithm and we
want to make sure that the precision loss introduced through the use of the RK solver is
still of an acceptable order. We test all of these solvers on examples of radial response
functions in the same materials used in Section 4.1. It should be noted that it is less
relevant to have a large number of different materials, because the muffin-tin potentials of
their atoms produce response functions with similar shapes (e.g. number of nodes) as long
as they correspond to the same state (defined by [ and the linearization energy). There-
fore, we compute perturbed radial functions Pe?("') = uéi) (r) with azimuthal quantum
numbers [ € {0, 1,2} perturbed by MPB functions x7 with azimuthal quantum numbers
L € {0,1,2} different values of w € {0,0.5,10,150}. This results in 108 different radial
response functions with various shapes.

4.2.1. Metrics for the precision

To be able to compare the precision of different radial solvers, we first need to find a
metric for the precision. For this, we use two different error estimates. On the one hand,
we use the maximum absolute difference (MAD), which is the largest difference between
two functions,

MAD = iznllaXN ( Ps(ollzler 1(Ti) - Ps(oll)ver Q(Ti)|)7 with N = RMT’ (41>

where 7y corresponds to the grid point closest to zero and Ryt represents the MT-boundary.
This helps to give an estimate for the upper bound of the error. On the other hand, we
use the root-mean-squared difference (RMSD)

1 R AND ) i
RMSD = R / (Psolver 1(T> - Psolver 2<T)) d'f’. (42>

Ryt — 1o ro

This gives us an error estimate for the whole range of r that we are interested in. To
get a baseline for these two errors, we first compare the unperturbed with the perturbed
radial functions. So, instead of taking the difference between PS(Oll)Ver ,(r) and Ps(oll)ver (1), we
take the difference between P(Y)(r) and P(r). As an example, we show the [ = 0, n = 4
radial function of zinc (in ZnO) perturbed by a MPB function with L = 2 in Fig. 4.1. For
this example we get a MAD of 0.44 and an RMSD of 0.29. If we look for the minimum
differences over all calculated radial functions, we get similar results. The minimum MAD
is equal to 0.29 and the averaged RMSD is equal to 0.18. Therefore, we can take a MAD

and RMSD of order 107! as a baseline for later error estimations.
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Figure 4.1.: Normalized radial function (blue dotted line) for the azimuthal quantum num-
ber [ = 0 calculated in the MT-sphere of Zn in ZnO and a normalized radial
response function (green dashed line), perturbed by the MPB function with
azimuthal quantum number L = 2 (orange solid line).

4.2.2. Comparison of RK solvers of orders two, four, and eight
Second-order RK vs. Eighth-order RK Solver

In a first step, we compare a second-order RK solver with an eighth-order RK solver. The
second-order RK solver we use here, is a Python implementation taken from Ref. [1]. The
eighth-order solver is implemented in Python as well and part of the SciPy library [2].
This solver is taken as a reference for further considerations. As explained in Section 3.2.2,
the second-order RK solver needs to evaluate the gradient only two times for every step,
whereas the eighth-order RK demands eleven evaluations and is therefore considerably
more expensive. By using the eighth-order RK solver as a reference, we estimate how much
precision is lost by using the second-order RK solver. We again take the radial function
mentioned above as an example. For this radial response function, we get an MAD of 7-10~4
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and an RMSD of 3-10~%. The averaged MAD over all response functions computed is equal
to 6-1072 and the averaged RMSD is equal to 8- 1072, These deviations are already large.
Having said this, considering calculations for each value of w individually, shows a strong
increase of the error for increasing values of w, as shown in Table 4.1. In Fig. 4.2, we
show how increasing values of w lead to more strongly varying response functions. These
variations are better captured, when the gradient is evaluated at a higher number of trial
points, as done in the eighth-order RK method (Section 3.2.2). For the highest value of w
considered in this comparison, the largest MAD is approximately equal to 3.9 - 107, This
error is of the same order as the baseline defined in Section 4.2.1. This lets us conclude
that a solver of higher order is required for the solution of the radial Sternheimer equation.
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=ee wW=150i
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Figure 4.2.: Normalized radial response function calculated for [ = 0 in the MT-sphere of
Zn in ZnO, perturbed by the MPB function with azimuthal quantum number
L = 2 for different values of w.

Fourth-order RK vs. eighth-order RK solver

In a next step, we compare a fourth-order RK solver with the eighth-order RK solver
considered before. The fourth-order RK solver we use here, is a Python implementation
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Table 4.1.: Differences as defined in Section 4.2.1 between radial functions computed with
the second-order RK solver [1] and the eighth-order RK solver [2] for different
values of w.

w | averaged MAD | averaged RMSD | maximum MAD | maximum RMSD
0 4.5-107* 2.2-107* 1.7-107° 7.9-107*

0.5 4.9-107* 2.7-1074 1.1-107° 7.3-1074

10 8.9-1073 3.1-1073 3.3-1072 1.1-1072

150 2.5-1071 7.7-1072 3.9-1071 1.1-107¢

taken from Ref. [1]. Since the fourth order RK solver needs to evaluate the gradient only
four times for every step, it is still considerably faster than the eighth-order RK solver.
As shown in Fig. 4.3 for the radial response function with [ = 0, L = 2, and w = 0, there
are no visible differences between the radial functions computed with the two solvers. For
this example, we get a MAD of 4 - 107° and a RMSD of 1-107°. The MAD and RMSD
averaged over all computed response functions are of the order 10~%, three orders smaller
than our baseline deviations. Looking at the calculations for each value of w individually,
we observe that the errors increase for increasing values of w, as expected (see Table 4.2).
However, the maximum MAD over all response functions computed with different values
of [, L, and w is equal to 4.4 - 1073 and the maximum RMSD is approximately 2.1 - 1073,
We consider the largest difference still sufficiently small to use the fourth-order RK solver
for production calculations. Therefore, we have decided to implement this RK solver in
the exciting computer package.

Table 4.2.: Differences as defined in Section 4.2.1 between radial functions computed with
the fourth-order RK solver [1] and the eighth-order RK solver [2] for different

values of w.
w | averaged MAD | averaged RMSD | maximum MAD | maximum RMSD
0 1.5-1074 5.2-107° 6.0-107% 3.4-1074
0.5 9.1-107° 2.4-107° 3.6-1074 1.3-107*
10 3.5-107% 1.0-107* 8.9-1074 7.3-1074
150 2.0-1073 6.1-107* 4.4-1073 2.1-1073

4.2.3. Validation of the fourth-order RK solver implemented in
exciting

After implementing the fourth-order RK solver in exciting, we compare results computed

with our new implementation with results form the fourth-order RK solver implemented

in Python [1]. Comparing these two solvers, we get a maximum AMD of 1.1 - 1072 and
a maximum RMSD of 7.7 - 107°. The MAD averaged over all computed radial functions
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Figure 4.3.: Shown here, is a normalized radial response function calculated for [ = 0 in
the MT-sphere of Zn in ZnO, perturbed by the MPB function with azimuthal
quantum number L = 2 computed with the Python implementation of the
eighth-order RK solver [2] (green solid line) and computed with the Python
implementation of the fourth-order RK solver [1] (orange dashed line).

is on the order of 107!° and the averaged RMSD is of order 107!, These deviations are
considered small. The errors are also independent of w as shown in Table 4.3. This is
expected, since the subgrid points used in both methods are identical.

4.2.4. Comparison of the fourth-order RK solver with the
Bulirsch-Stoer solver

In the exciting code [23], the unperturbed radial functions are computed using a Bulirsch-
Stoer solver for homogeneous ODEs. We have implemented a new Bulirsch-Stoer solver
that is able to compute homogeneous as well as inhomogeneous ODEs. We compare this
new Bulirsch-Stoer solver with the fourth-order RK solver in terms of precision and com-
putational cost. The averaged MAD as well as RMSD for these two solvers are both of
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Table 4.3.: Differences between radial functions as defined in Section 4.2.1, computed with
our fourth-order RK solver implemented in exciting and the fourth-order RK
solver implemented in Python [1] for different values of w.

w | averaged MAD | averaged RMSD | maximum MAD | maximum RMSD
0 3.6-107 1 2.1-10711 6.6-10-10 4.1-10710

0.5 8.1-10711 4.9-107H1 5.6-10710 3.4-10719

10 1.6-1071 9.4-1071¢ 1.1-107° 7.7-10710

150 4.9-10710 2.8-1071¢ 9.8-10710 6.1-10710

the order of 107°, thus four orders of magnitude smaller than our baseline defined at the
beginning of this section. However, the error depends strongly on the value of w as shown
in Table 4.4. The reason for this is the same, as explained in Section 4.2.2. More subgrid
points are required to describe strong variations in the radial functions, as caused by large
values of w. Nevertheless, we consider even the maximum RMSD error for w = 150 suffi-
ciently small and have decided to use the RK solver for production calculations, especially
considering the computational costs. The difference in computational cost is compared
by performing the radial solution for each computed response function 100 times and
then averaging over all values. The computation time needed for the solution with the
Bulirsch-Stoer solver is approximately three times higher than that for the solution with
the fourth-order RK solver. For the Bulirsch-Stoer solver, we also see a slight increase in
computation time for the largest value of w, while the computation time remains constant
for the RK solver. This can be explained by the increasing number of substeps needed for
the Bulirsch-Stoer method to capture the strong variations with constant precision.

Table 4.4.: Differences between radial functions as defined in Section 4.2.1, computed with
the fourth-order RK solver and the Bulirsch-Stoer solver, both implemented in
exciting for different values of w.

w | averaged MAD | averaged RMSD | maximum MAD | maximum RMSD
0 3.4-1078 1.8-107° 2.5-1077 1.2-1077

0.5 5.8-1078 2.9-1078 3.1-1077 1.5-1077

10 9.1-1077 3.4-1077 1.6-10°¢ 5.5-1077

150 7.6-1074 2.1-10714 1.3-1073 3.5-1074
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5. Conclusions and Outlook

As shown in Section 4.1, we are able to reproduce GoWj results that are generated with
a method were the computation of the polarizability is skipped, using our new implemen-
tation, in which the polarizability is calculated explicitly. This comparison validates our
implementation of the polarizability. In the course of this, we have compared the compu-
tational cost for these two methods. This is of importance, because we ultimately want
to reduce the high computational cost of GoW, calculations by reducing the required ba-
sis set size. We have found that the computation of the dielectric function including the
computation of the polarizability is 1.5 to 2 times more expensive than the direct compu-
tation of the dielectric function. However, the current GyW, implementation in exciting
scales quartically with the number of basis functions. Therefore, we are confident that the
increased cost of calculating the dielectric function is small compared to the speedup we
expect from the reduced number of required basis functions.

We have also implemented two different solvers for the radial Sternheimer equation in the
computer package exciting, as described in Section 4.2. Prior to this, we have compared
RK solvers of different orders implemented in Python, which have allowed us to choose the
RK solver with the optimal speed to precision ratio for our application. We have shown
that the loss in precision of the second-order RK solver is relatively large, especially for
high values of w. Therefore we have decided to use a RK solver of higher order. The
fourth-order RK solver produces errors that we find to be sufficiently small compared to
the eighth-order RK solver, especially considering that the computed radial response func-
tions are used only as basis functions. They need to be less precise than, for example, the
actual wave functions. Also, the basis functions contain parameters like the linearization
energies which need to be approximated. Typical variations of the trial energies lead to dif-
ferences larger than the precision we achieve with the different solvers. Therefore, we have
implemented the fourth-order RK solver in the exciting code. We have validated our new
implementation by comparing to the fourth-order RK solver implemented in Python. The
maximum differences are of order 10~?, which gives us confidence, that our implementation
is valid. In addition to that, we have implemented a Bulirsch-Stoer solver in exciting
that is able to handle ODEs with inhomogeneities. Since the Bulirsch-Stoer method is
the method currently used to compute the unperturbed basis functions in exciting, we
have taken a closer look at the comparison between the fourth-order RK and the Bulirsch-
Stoer solvers to make sure that the loss of precision is of acceptable magnitude. We have
found very small discrepancies of the order of 107 for relatively weakly varying radial
functions. We have found larger errors of the order of 1073 for radial functions that vary
more strongly, e.g. for large values of w. Overall, these errors are still at least two orders
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of magnitude smaller than the defined baseline. We consider such errors to be sufficiently
small. We also need to take into consideration that the Bulirsch-Stoer solver is about three
times more expensive than the fourth-order RK solver. As mentioned above, the main goal
of the IBC is to reduce computational cost by reducing the basis set size. This comes with
the cost of computing a basis response function for every basis function perturbed by ev-
ery MPB function used. This additional computational effort scales quadratically with
the basis set size, while the computation of the self-energy in general scales quartically.
For relatively large systems, this difference in scaling makes the added computational cost
insignificant. For small systems, however, it is still important to keep the additional cost
as low as possible while maintaining the required precision. For that, we decide to use
the fourth-order RK solver for the solution of the radial Sternheimer equation. When
particularly high values of w are used, it may be advised to probe the use of the Bulirsch-
Stoer solver. Switching between solver types can be done by simply changing the value of
one input parameter. We plan to automatize the solver choice depending on the value of w.

In a next step, we want to compute the BR correction term for the polarizability. As shown
by Betzinger and coworkers [22], this correction has the largest influence on the number
of required basis functions. When this correction term is implemented, we will perform
first convergence tests with respect to the number of unoccupied states and local orbitals.
Besides looking at the reduction in required basis functions due to the BR correction, we
also need to examine the actual computational cost. This is done to make sure that the
additional computational cost of explicitly computing the SOS-term of the polarizability as
well as the correction terms is small compared to the computation time we save by reducing
the basis set size. Finally, we will implement the Pulay correction term and perform the
same tests. This will give us information on what level of correction is useful for what type
of material to reduce the computational cost. We also expect to find materials for which
the IBC is essential to obtain converged results.
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A. Polarizability in the IBC

By plugging the corrected response function Eq. 2.87 in to the expression for the polar-
izability matrix, Eq. 2.39, the polarizability matrix can be divided into three terms, the
usual Adler-Wiser sum-over-states term
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and the Pulay term
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