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Abstract

Density Functional Theory (DFT) is a fundamental and powerful tool for electronic struc-
ture calculations. However, the accuracy and efficiency of DFT calculations strongly
depend on the choice of the Density-Functional Approximation (DFA) used. Meta-
Generalized Density Approximations (meta-GGAs), which incorporate the kinetic energy
density, have gained increasing popularity because they maintain the computational effi-
ciency of (semi-)local approximations such as Local Density Approximations (LDAs) and
Generalized Gradient Approximations (GGAs), while improving the accuracy of various
material properties, such as geometry, electronic structure, and binding energies, in both
molecules and solids. This makes them a compelling alternative to LDAs and GGAs, or
even to the more costly hybrid methods, especially when computational cost is a critical
factor. In this work, meta-GGAs are implemented self-consistently in the all-electron
(Linearized) Augumented Plane Wave + Local Orbital ((L)APW+LO) code exciting.
The (L)APW+LO framework is known for its precision in solving the Kohn-Sham equa-
tions and is widely regarded as the gold standard for electronic structure calculations in
DFT. The implementation covers both spin-unpolarized and spin-polarized cases, and the
necessary formulas for both cases are derived and presented herein. The accuracy and
correctness of the presented implementation are validated by calculating key material
properties, such as band gaps, lattice constants, and magnetic moments, for a range of
bulk materials using different meta-GGA functionals. These results are compared against
literature results from established computational codes and put into context by comparing
them to experimental data and higher-rung functionals like hybrids and lower-rung func-
tionals like GGAs. Furthermore, the effectiveness of the implementation is also examined
by evaluating the computational cost required for meta-GGA calculations, demonstrat-
ing that the inclusion of meta-GGAs only leads to a moderate increase in computational
time of about a factor of 2-3 compared to GGA calculations. Together, these results
demonstrate that the implementation presented here is both correct and efficient. They
confirm that the meta-GGAs considered in this work not only improve upon GGAs in
predicting lattice constants and band gaps, but also, in certain cases, yield results for
these properties that are comparable to those obtained using much more computationally
expensive hybrid functionals. Thus, the presented implementation of meta-GGAs lays the
groundwork for the future application of meta-GGAs in the (L)APW+LO code exciting,
allowing more accurate predictions with only a moderate increase in computational cost
compared to lower-rung functionals like GGAs.
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1. Introduction

DFT [1, 2] has established itself as a widely used and powerful tool for electronic structure
calculations. Although DFT is, in principle, an exact theory, its accuracy and computa-
tional efficiency are highly dependent on the exchange-correlation (xc) functional, Ey.[n].
Since the exact form of Ey.[n] remains unknown, it must be approximated, which has led
to the development of various xc functionals, commonly categorized within the so-called
"Jacob’s ladder" [3].

At the lowest rung of this ladder are the LDAs [3], which only depend on the local electron
density n(r). The GGAs [4], on the second rung, additionally incorporate the gradient
of the density Vn(r). On the third rung, the meta-GGAs [5] include the Kinetic Energy
Density (KED) 7(r) or the Laplacian of the density V2n(r). Hybrid functionals [6], lo-
cated on the fourth rung, mix in a portion of Hartree-Fock exact exchange. Each step up
the ladder generally improves the accuracy of predictions, but this comes at the cost of
increased computational demand and complexity [7].

Lower-rung (semi-)local functionals, such as LDAs, GGAs, and meta-GGAs, are widely
used due to their balance between computational efficiency and accuracy. Among these,
the Perdew-Burke-Ernzerhof (PBE) [8] functional has become a standard for electronic
structure calculations. However, there has been a growing interest in meta-GGA func-
tionals, particularly those that include the KED, as they often offer improved accuracy
without the higher computational cost associated with hybrid functionals. For example,
the Strongly Constrained and Appropriately Normed (SCAN) functional [9] has shown
great performance in predicting several properties, including cohesive energies, formation
energies, and geometries [10-12]. This makes the functional a compelling alternative to
GGA functionals and hybrid methods, particularly when computational resources are lim-
ited. Meta-GGA functionals also have the advantage of being able to accurately describe
both molecules and solids, something GGAs are not able to do [12, 13].

Additionally, when employed within the generalized Kohn-Sham (gKS) framework [14],
orbital-dependent functionals like meta-GGAs can directly account for part of the xc
derivative discontinuity A,. in the eigenvalues, resulting in more accurate band gap pre-
dictions [15]. This is a well-known limitation of LDAs and GGAs, which tend to strongly
underestimate band gaps [16-18]. As a result, meta-GGAs, and especially those designed
to exhibit a large xc derivative discontinuity Ay, such as the TASK functional [19], can
effectively address the common underestimation of band gaps seen with GGAs, yielding
results that are closer to those of hybrid functionals [20, 21].

Thus, the primary goal of this work is to implement a self-consistent scheme for KED-
dependent meta-GGAs within the gKS framework. To achieve this, the all-electron
(L)APW+LO code exciting [22] is used. The (Linearized) Augumented Plane Wave
((L)APW) basis [23] is known for its accuracy when solving the Kohn-Sham (KS) equa-
tions, and in combination with Local Orbitals (LOs), it is considered the gold stan-
dard in DFT for electronic structure calculations. Moreover, as an all-electron method,
exciting treats both valence and core electrons accurately without resorting to pseu-
dopotentials [22]. The approach used for the implementation in this work follows a similar
scheme to the one used in the WIEN2k code [24], which was presented in Ref. [7]. There,
the meta-GGA potential is applied to the valence electrons only, and a GGA potential is
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used for the underlying radial functions of the basis for both valence and core electrons.

The thesis is structured as follows. The theoretical background necessary to under-
stand the implementation is provided in Chapter 2. This includes the fundamentals
of DFT, the KS equations and generalized KS equations, spin-DFT, and the second-
variational method. After this, Jacob’s ladder of DFAs is explored, discussing the advan-
tages and limitations of LDA, GGA, meta-GGA, and hybrid functionals. Additionally,
the (L)APW-LO basis set is introduced, along with the basis used for the core states,
which is obtained through the relativistic Dirac equations.

In Chapter 3, the necessary formulas to implement the KED, the key component of meta-
GGA functionals, are derived for all basis types used in exciting. Following this, the
necessary formulas, which include the xc potential, the Hamiltonian matrix elements,
and the total meta-GGA energy, for both spin-unpolarized and spin-polarized cases are
presented. In Chapter 4, the computational performance of the implementation is assessed
by evaluating the run time for various calculations. Then, the implementation of the KED
is tested, and finally, key properties - such as band gaps, lattice constants, and magnetic
moments - are calculated with the new implementation across a range of meta-GGA
functionals and materials, and compared with experimental data and results of other
established codes. The thesis concludes with a summary of the main findings and an
outlook on future directions for improving and expanding the implementation and use of
meta-GGAs within exciting.



2. Theoretical Background

To evaluate the properties of a material, the electronic many-body wave function must
be determined. This is done by solving the Schrédinger equation for a system containing

N electrons:
HY(ry,...,ry) = EV(ry,...,ry), (2.1)

with the many-body Hamiltonian defined as

A 1
=23 Vi~ Z ‘—RI ;
i @ 1]
1 ZoZs

V24 y el
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’ (2.2)

where atomic units were used, such that h = m, = 47/ey = 1. Here, Z, and M, are the
atomic number and mass of the a-th atomic ion respectively, R,, is the atomic coordinate,
and r; is the coordinate of the i-th electron [25]. Due to the large mass difference between
ions and electrons (m,/m, ~ 1.8 x 10%), ions can be considered fixed while solving the
electronic Schrodinger equation. This simplification allows for the separation of nuclear
and electronic motions, where the electronic Hamiltonian is solved for a static configura-
tion of nuclei, effectively ignoring the kinetic energy of the nuclei. This is known as the
Born-Oppenheimer approximation [26]. The electronic Hamiltonian is thus given by [25]:

=2 |- V2 T Ry _R QZT

i

, (2.3)

consisting of the kinetic energy of the electrons, the external electrostatic potential acting
on the electrons Vo =32, I Z‘ﬁ £ and the electron-electron interaction.

A direct solution of the Hamiltonian in Eq. (2.3) requires an enormous amount of compu-
tational storage. To store the three-dimensional many-body wave function for a system
with IV electrons, the computational grid must be discretized with M points in each spa-
tial direction. This results in a total of M3 points. For example, even with a coarse grid
of M = 20 points per direction, a system like oxygen with N = 8 electrons would require
storing 20%* data points. In double floating precision, where each point requires 8 bytes,
this results in 20%* x 8 bytes, or approximately 10!” petabytes, making the storage of the
wave function both infeasible and impractical [27].

To overcome this challenge, DF'T has emerged as a powerful and widely used approach
that offers a balance between accuracy and computational efficiency. The following sec-
tions provide an overview of the fundamentals of DFT and its practical implementations,
focusing on the role of xc functionals, in particular the meta-GGA functionals, and intro-
ducing the Linearized Augmented Plane Wave (LAPW) method.
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2.1. Density-Functional-Theory

In DFT, the complexity of solving the many-body Schrodinger equation, at least for the
ground state, is significantly reduced by using the ground state electron density n(r)
rather than the many-body wave function W(ry,...,ry). The storage required for the
electron density is M3 data points, where M is again the number of grid points in each
spatial direction. Thus, the density requires Aﬁ? = M3N=1D times less storage than the
wave function. Returning to the previous example with M = 20 and N = 8, this means
the density would need approximately 10*7 times less storage than the wave function.
The approach of using the electron density instead of the wave function is grounded in
the work of P. Hohenberg and W. Kohn from 1964 [1], who demonstrated that there is
a functional mapping of the ground state density to the total energy of a many-body
system. Their theorems laid the foundation for DFT, providing a framework in which the
ground state energy is expressed as a functional of the electron density.

Building on this foundation, Kohn and Sham later derived the KS equations [2], which,
when solved self-consistently, yield the exact ground state density. Beyond the standard
KS formulation, the gKS method further provides a flexible mathematical framework that
allows for the inclusion of a wider range of xc functionals, particularly those that involve
orbital-dependent or non-local terms, such as meta-GGA or hybrid functionals. For spin-
polarized systems, Spin-Density-Functional-Theory (SDFT), introduced by Barth and
Hedin [28], incorporates spin degrees of freedom into the DFT framework. To efficiently
solve spin-polarized calculations, the second-variational scheme is employed in exciting.
In the following sections, these key theoretical concepts will be discussed in more detail.

2.1.1. Hohenberg-Kohn Theorems

The first Hohenberg-Kohn theorem states that the external potential Vi (r) is uniquely
determined by the ground-state density n(r) [1], assuming the system is in a non-degenerate
ground state. Hohenberg and Kohn demonstrated that if two external potentials differ
by more than a constant, they cannot lead to the same ground-state density. Therefore,
Vext(r) can be written as a functional of the density:

Vest (r) = Ve [n] (x). (2.4)

Since the external potential determines the Hamiltonian, the many-body wave function
becomes a functional of the density. As a result, observables such as the total energy E[n]
can be evaluated as functionals of n(r).

The second Hohenberg-Kohn theorem states that there exists a universal functional of
the electron density for the total energy E[n], which is valid for any external potential:

Eln] = Fln] + / dr n(r) Vi (1), (2.5)

where F'[n] is the universal functional that accounts for the internal energies (kinetic and
electron-electron interaction) of the electron system, and V. (r) is the external potential.
Specifically, the theorem states that the ground state energy is obtained by minimizing
the total energy functional under the constraint of electron number conservation, with
the minimizing density being the ground state density.
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2.1.2. The Kohn-Sham System

In 1965, Kohn and Sham [2] provided a way to determine the universal functional F'[n]
by mapping the complex interacting many-body problem onto a simpler, non-interacting
single-particle problem. They postulated that there exists an effective potential Vg(r)
such that the ground-state density of a fictitious non-interacting system under this po-
tential would match the ground-state density of the real interacting system. Kohn and
Sham formulated the total energy of the interacting system as:

E[n] = Tu[n] + /drn(r) Vet (1) + ;/dr /dr’ W + Exelnl, (2:6)

where Ti[n| is the kinetic energy of a non-interacting system, and Ey.[n] is the xc energy,
which accounts for the difference between the true interacting kinetic energy and T;[n], as
well as exchange and correlation effects. Minimizing the functional under the constraint
of electron number conservation leads to

/ dr (‘;ﬁg + veff(r)> dn(r) = 0, (2.7)

with the effective potential Vog(r) given by:

Verr(r) = Vs (r) + Via(r) + Ve (). (2.8)
Here, Vi(r) is the Hartree potential and Vi.(r) is the xc potential, respectively defined
as:
, n(r) dEyc[n]
Vii(r) /dr lr—r/|’ Vie(r) on(r) (29)

Kohn and Sham argued that a non-interacting system subjected to an effective single-
particle potential Veg(r) would yield the same variational equation (2.7). Consequently,
they concluded that the ground-state density of the interacting system can be obtained
by solving single-particle Schréodinger equations:

5V 4 V()| (r) = (). (2.10)

The ground-state density of the interacting system is then given by the sum over all the
occupied single-particle states (n, k):

n(r) = [t(r) [ (2.11)

nk

The single-particle equations (2.10) are known as the KS equations and are solved iter-
atively within a Self-Consistent Field (SCF) cycle, as shown in Fig. 2.1. This iterative
process is necessary because the potential depends on the electron density itself.

In the initial step (i = 0) of the SCF cycle, an initial guess for the electron density n°(r)
is made, typically derived from atomic densities or a previously converged calculation.
From this initial density, the total effective potential Veg(r) is then calculated. With the
effective potential determined, the KS equations are solved to obtain the KS orbitals 1,
and KS eigenvalues . These orbitals are then used to evaluate the new electron density
n(r). Starting from the first iteration (i > 1), convergence is checked by comparing the
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[Initial Guess n° (r)}

Calculate the Effective Potential
Vet (r) = Vgt () + Vi (r) + Vie(r)

Solve Kohn-Sham Equations
[—%VQ + Veff(r)] i = &t

Mix the Effective Potential Calculate the Electron Density
Verr(r) n(r) = 7 ¢ (r)

Calculate the Effective Potential
Ver(r) = Vet (r) + Vir(r) + Vie(r)

|

Converged?

Yes

[Computc Propcrties}

Figure 2.1.: Flowchart of the SCF cycle.

electron density or the effective potential of the current iteration ¢ with that of the previous
iteration i — 1. Convergence is achieved if [n’(r) — n'~1(r)| < € or |Vig(r) — Vi (r)] < e,
where € is a predefined convergence criterion. Additionally, the convergence of the total
energy can be checked. If the cycle has not converged, the process is repeated. To
improve convergence stability, the densities or potentials from consecutive iterations are
mixed using different mixing schemes. A basic approach is linear mixing, where the mixed

potential, Ve’gﬂm for the next iteration i + 1, is given by:

i+l 7 7
‘/eff, in — (1 - Oé) eff, in + a‘/eff

(2.12)

, out?

where « is the mixing parameter [23]. While linear mixing is simple, it often con-
verges slowly, especially in complex systems. To overcome this, the multi-secant Broyden
scheme [29] is commonly used, which improves convergence behavior by utilizing the his-
tory of previous iterations to construct a Jacobian for more efficient updates. The iterative
procedure continues until the electron density or potential is self-consistent.
Theoretically, the ground-state density obtained from density functional theory is exact.
However, the accuracy of the results depends on the xc functional Ey.[n|, whose exact
form remains unknown. To address this, various approximations have been developed
that balance computational efficiency with accuracy, including LDA, GGA, meta-GGA,
and hybrid functionals, which will be further discussed in Sec. 2.2.
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2.1.3. The Generalized Kohn-Sham System

While the Kohn-Sham scheme accurately reproduces the ground-state density of an in-
teracting electron system using a fictitious system of non-interacting electrons, challenges
arise when the xc functionals are orbital-dependent instead of purely density-dependent.
This is the case for orbital-dependent meta-GGAs and hybrid functionals. For these
functionals, evaluating the xc potential by taking the functional derivative with respect
to the density, as defined in Eq. (2.9), would require the usage of the Optimized Effective
Potential (OEP) method [30, 31], which involves solving a nontrivial integro-differential
equation [32]. The OEP method then yields a local KS xc potential, but solving the
equation is known to be computationally demanding and often unstable [33].

In 1996, Seidl et al. [14] proposed an alternative to the Kohn-Sham framework, where
they showed that the non-interacting reference system introduced by Kohn and Sham is
only one choice of many. They proposed an alternative framework where the reference
system still uses a single Slater determinant of one-particle orbitals but includes some
xc effects through a nonlocal, orbital-dependent potential. This approach maps the real
interacting system to a partially interacting system rather than a fully non-interacting
one. In the gKS scheme, an energy functional S[{¢;}] of the N orbitals that construct the
Slater determinant is defined, with ¢ representing the combined index of n and k. From
this, an energy functional F"°[n] can be constructed, which is obtained from the orbitals
that minimize S, while yielding the density n(r):

Fln] = min S[{i}]. (2.13)

The difference between the functional F'°[n] and the previously defined universal Hohenberg-
Kohn functional F[n] can then be defined as:

Fln] = F¥[n] + R%[n], (2.14)

where R®[n] is the so-called remainder functional. The exact form of R%[n] is not known,
but it can be approximated depending on how S[{v;}] is defined [14]. Using this, the
total energy can be reformulated as:

Eln] = FS[n] + RS[n] + / dr n(r) Vi (). (2.15)

While R°[n] and the integral over the external potential depend only indirectly on the
orbitals {¢;}, the total energy in the generalized Kohn-Sham scheme is minimized with
respect to the orbitals, under the constraint that they yield the correct ground-state
density. The resulting generalized KS equations are then given by [32]:

(OS[{%’}] + Va(r) + Véxt(ﬂ) V5 = 515, (2.16)

where Vg(r) = 551227;} is the so-called remainder potential and OAS[{@D@}] is, in general, a
nonlocal operator.

In principle, both the KS and gKS mappings are exact [14]. However, while there is only
one KS map, which is that of the non-interacting system, there are different possible gKS
mappings depending on the choice of S[{¢;}] [34]. For example, if one defines S[{¢;}]

as the non-interacting kinetic energy, then O°[{1;}] yields the kinetic operator already
defined in the KS equations. The remainder functional can then be defined as the sum
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of the Hartree energy and the xc energy. In this case, the KS mapping reduces to the
standard KS scheme, and one can view the standard KS approach as a special case within
the generalized gKS scheme [32, 34].

Additionally, any contributions from the true interacting kinetic energy can now be par-
tially included in the operator OS[{1;}] [35]. As will be discussed in Sec. 2.2.5, this can
lead to more realistic predictions of band gaps when they are directly evaluated from the
eigenvalues of the system.

To conclude, the gKS scheme provides a framework to evaluate orbital-dependent func-
tionals with respect to the orbitals, rather than the density, which is more efficient than
using the standard scheme with the OEP method. Thus, we will explore the gKS mapping
of orbital-dependent meta-GGAs in more detail in Sec. 3.2.1.

2.1.4. Spin-Density-Functional Theory

For spin-polarized systems, Barth and Hedin formulated the SDFT [28]. Spin-polarized
systems can be classified into collinear and non-collinear systems. Many studied materials
exhibit a collinear spin density, meaning that the magnetization of the system has a fixed
spatial orientation along a particular axis, which is typically chosen as the z-axis. In such
systems, the KS wave functions can be separated into spin-up and spin-down orbitals.
Typical examples include conventional ferromagnets and antiferromagnets. In contrast,
non-collinear magnetic systems have a magnetic orientation that can vary in space. In
these systems, choosing spin as a quantum number is no longer a good choice, since the
spin of the orbitals is no longer restricted to being either "up" or "down" [36]. An example
of a non-collinear magnetic system is v-Fe, where helical spin density waves or spin spirals
form in the ground state [37].

The following section introduces SDFT for the general non-collinear case, which is equally
valid for collinear systems in the collinear limit. In non-collinear cases, the KS orbitals
are expressed as two-component spinors [28]:

@Z)nk o (I‘) >
nk(r) = ’ )
w k< ) <wnk,a’(r)
This leads to two coupled equations:

2
Z _v250'0" + Vgef’ (I‘):| wnk,a’(r) = gnkwnk,a(r)a (217)

O—/

where VeI is the effective potential consisting of the usual external, Hartree, and xc
contributions:

Vel (r) = V(1) 8,0 + VI (r) + V2 (1). (2.18)
The kinetic energy and the Hartree potential contribute only to the diagonal elements

of the Hamiltonian, whereas the external potential and the xc potential can have non-
diagonal components. The xc potential is given by:

5Exc [ﬁ]

VXC/ =
% Sy (r)

(2.19)
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where the density is a 2 x 2 Hermitian matrix 7(r), defined as [36]:

Z¢ r) (T <n""(r> "‘"”(r)>. (2.20)

na/U(I‘) nJ/U/(I')

Alternatively, the system can be described using a four-component vector n(r), which is
defined as:

= gtr{aiﬁ(r)}, (2.21)

where o; with ¢ = 1,2, 3 are the Pauli matrices and oy is the identity matrix. This leads
to the following expression:

Moo (T) + Ngrgr (1) n(r)
n(r) = Moo (T) + Ngio(T) _

i(Ngor (T) = Ngra(r))

Moo () = Ngror (1)

-
~—r

M (
. Er) : (2.22)

]
~—

where we now define the zeroth component of the vector as the scalar density n(r), and
the remaining components describe the direction and magnitude of the magnetization
m(r). The total spin density matrix can thus be redefined in terms of the scalar density
and magnetization as:

1 3 1 3

which results in

1 n(r)+m.(r) me(r)—imy(r)

n(r) = . . 2.24
n(r) 2 (mx(r) +imy(r) n(r) —m,(r) ) (2.24)
The KS equation defined in Eq. (2.17) can then be similarly rewritten as [36, 38]:
V2
|:_2 + Veff( ) :| 77an(r) = gnkwnk(r)v (225)

where o is again a four-component vector consisting of the identity matrix and the Pauli
matrices, and Vg(r) is given by:

V) + VL) | V)

off Voo () + Vg (v) | _ | B (r)

VIO = i) - Vi) | T | B | (220
vl vl | [

where V(r) is the scalar effective potential and B*¥(r) is the effective magnetic field.
With the four-component vector defined in Eq. (2.26), the total 2 x 2 matrix Ve (r) in the
KS-equation in Eq. (2.17) can then be expressed in terms of the four-component vector
as:

7et(r) 23: Ve(r) ; (aoVEH(r) + ZgjﬂjB?ff(r)) : (2.27)

j=1

leading to a structure that is similar to the spin density matrix, defined in Eq. (2.24).
The Hartree potential is scalar and only contributes to the scalar effective potential.
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However, the xc potential contributes to both the scalar potential and the magnetic field

and can be split into the scalar xc potential and the magnetic xc field, defined as:

JEyc[n, m]
on(r)

dEyc[n, m]

VE(r) = F

BX(r) = i={1,2,3}. (2.28)

However, since the xc functionals Ei.[n, m] now depend on both the scalar density n(r)
and the magnetization m(r), their construction becomes more complex. In collinear
systems, where the magnetic field is aligned along the spin quantization axis z, the off-
diagonal components of the spin density matrix are zero. It follows from Eq. (2.24) that
the total density can then be constructed from the spin-up and spin-down densities [39]:

n(r) = ny(r) + ny(r), (2.29)
given by .
nyyy(r) = i(n(r) + m.(r)). (2.30)

The collinear xc functionals can then be constructed to depend on the spin-up and spin-
down densities instead of the scalar density and magnetization as follows [40]:

Ey[n,m] — Ey.[n,m,| = Ex.[ns,ny]. (2.31)

In non-collinear systems, the off-diagonal components of the spin density matrix con-
tribute, and consequently, the density cannot simply be described by spin-up and spin-
down components. As a result, xc functionals designed for the collinear case cannot, in
principle, be directly applied to the non-collinear case. However, the most common ap-
proach has been to still use the xc energy functionals from collinear SDFT and apply them
to the non-collinear situation. This approach was pioneered by Kiibler in 1988 [41], where
he defined a local reference frame in which the total spin density matrix n is brought to
a diagonal form composed of ny and n; [40]:

a(r) = <nT 0), (2.32)

0 n¢

where ny/, are the eigenvalues of the spin density matrix:

ney(r) = ( )+ \/m2 ) +m(r) + mg(r)) : (2.33)
Consequently, the collinear xc functionals can be used as:
Eyc[n,m|] — Ey[n,mg, my, m,| = Ex.[ns,ny). (2.34)

When defining ny/; in the non-collinear case, it is crucial that they recover the collinear
case, which is clearly achieved here when m, = m, = 0. This ensures that the definition
is applicable to both collinear and non-collinear cases.

2.1.5. Second-Variational Treatment

To treat spin-polarized systems, a two-step procedure is used in exciting. As derived in
Eq. (2.27), the effective potential is divided into a scalar effective potential and an effective
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magnetic field. Consequently, the Hamiltonian can be decomposed as follows [22]:
H = Hg + Hs, (2.35)

where Hgg represents the scalar (relativistic) Hamiltonian, consisting of the kinetic energy
and the scalar potential V°&(r), contributing only to the diagonal components of the total
Hamiltonian. Relativistic effects can, for example, be accounted for by using the zeroth-
order regular approximation (ZORA) [42, 43]. Hyp is defined as:

Hg = 0 - (B + By), (2.36)

consisting of the external magnetic field By and the exchange-correlation magnetic field
B,.. The external magnetic field, Bey, perturbs the system from its initial paramagnetic
state, breaking the original symmetry and helps develop a magnetic phase [22].

While the scalar (relativistic) Hamiltonian contributes only to the diagonal elements, the
magnetic Hamiltonian couples the two spin components. Therefore, the spin-dependent
Hamiltonian elements can be expressed as [44]:

HAO’O'/ - 5ao’ﬁSR,a + ﬁB,UO’" (237)

It is useful to avoid solving the full Hamiltonian with its full basis N, from the beginning,
but instead to focus on the scalar (relativistic) part first. The direct solution of the full
Hamiltonian for both spin components leads to a 2N, x 2N, secular equation due to the
spin. Since the diagonalization scales with O(N?) [22], which is approximately eight times
more expensive than the non-spin-polarized problem.
The second-variational approach allows us to first solve the scalar (relativistic) Hamil-
tonian ﬁSR in the so-called first-variational step and to then treat any non-collinear
magnetic effects in the second step. First, the scalar (relativistic) Hamiltonian matrix is
diagonalized to obtain the first-variational eigenvectors Y. Then, a new spinor basis
mho 18 constructed, built from the Ny lowest-lying Kohn-Sham orbitals i from the
first-variational step. With the new spinor basis, the total Hamiltonian is then solved.
Thus, the basis size in the second-variational step is reduced to 2/N¢, where the factor of 2
again accounts for the spin. This problem is computationally more efficient [22, 23]. Once
the first-variational eigenvectors are obtained, the components of the total Hamiltonian
are constructed as [44]:

<w5(\,/o" HUU/ ‘ ]FIZU’> = 50'0'51']'65(\,/0' + <w5(\,/o" HB,UU' |w]FlXo"> ) (238)

where the first term represents the contribution from the scalar (relativistic) Hamiltonian,
and the second term includes the contributions from the magnetic Hamiltonian Hy. Fi-
nally, the second-variational eigenvectors and eigenvalues are obtained by diagonalizing
this Hamiltonian matrix, providing the complete solution to the system.

2.2. Exchange-Correlation Functionals

Apart from the Born-Oppenheimer approximation, no additional approximations have
been used to derive the Kohn-Sham equations for both the spin-unpolarized and spin-
polarized cases. If the exact xc potential Vi (r) were known, the KS scheme would provide
the exact ground-state energy and electron density. Therefore, the accuracy of DFT cal-
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culations depends fundamentally on the DFA used. Identifying an accurate DFA remains
one of the primary challenges in DFT. Perdew introduced the concept of the "Jacob’s
Ladder" [3] to categorize various DFAs based on their complexity, accuracy, and compu-
tational cost, organizing them into different rungs. This section discusses the functionals
of the initial rungs of the ladder, including their construction and performance in solid-
state calculations.

2.2.1. Local Density Approximation

The first and simplest rung of Jacob’s Ladder is the LDA. The LDA is defined as follows [3,
45]:
EEPA] = [ drn(x) 22 (nr), (2.39)

Xc

where £ () is the xc energy per electron of a homogeneous electron gas with density

n. The exchange part is known analytically and given by:

I o)t (2.40)

The correlation part is often estimated using Quantum Monte Carlo methods [46].

By construction, LDA is only valid for systems with uniform or very slowly-varying den-
sities. However, it has been shown that LDA can predict some ground-state properties
with surprising accuracy, even for non-homogeneous densities [27]. For instance, LDA can
accurately predict lattice parameters for different classes of materials [11, 47]. For weakly
correlated systems, such as metals, LDA describes structural and vibrational properties
quite well [48]. Despite these strengths, LDA has notable limitations. It can incorrectly
predict lattice types or the magnetic ordering of the ground-state. For example, for Fe,
LDA predicts a ground state geometry of Face-Centered Cubic (FCC) instead of ferro-
magnetic Body-Centered Cubic (BCC) [49]. Additionally, LDA tends to overestimate
cohesive energies [50] and often underestimates band gaps, sometimes predicting metallic
instead of semiconducting behavior [16, 17].

2.2.2. Generalized Gradient Approximation

To account for density inhomogeneity, GGAs extend the LDAs by introducing an addi-
tional dependence on the gradients of the density, making them semilocal functionals [4]:

EGCA) = / dr n(r) exe(n(r), Va(r)). (2.41)

The exchange of GGAs is constructed as [4]:

X

ESM ] = [ drn(r) e (n(r)) FE (5(x), (2.42)

where FEG4(s) is the enhancement factor, which describes the deviation from gimiform (p).
From the gradient of the density Vn, the dimensionless variable s = |Vn|/(2kpn), known
as the reduced density gradient, can be constructed, measuring the local density inhomo-
geneity [51].

The best-known and successful GGA functional is the PBE functional [8], which is widely
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used in the physics community. Another well-known functional is PBEsol [52], a modifi-
cation of PBE specifically designed to better satisfy physical constraints relevant to solids.
PBE manages to reduce the overbinding seen in LDA but tends to overestimate lattice
constants [53, 54]. This overestimation is improved by PBEsol [54]. However, for band
gaps, GGA functionals show no significant improvement over LDA functionals [18].

2.2.3. Meta-Generalized Gradient Approximation

On the third rung of Jacob’s Ladder are the meta-GGA functionals, which additionally
account for the Laplacian of the electron density and/or the KED [5]:

EmGGA / dr e (n(r), Va(r), V2n(r), 7(r)), (2.43)

where 7(r) = 1 327V |V4;(r)|? is the non-interacting KED. Many meta-GGA functionals
do not take into account the Laplacian of the density V?n(r), partly due to the stronger
sensitivity of V?n(r) to the integration grid, making most published meta-GGA function-
als depend only on 7(r) [55].

The most prominent meta-GGA functional is the SCAN functional, proposed by Sun et
al. [9]. SCAN satisfies all 17 known mathematical constraints that can be imposed on a
meta-GGA functional, which are detailed in the supplementary information of Ref. [9].
Additionally, it is appropriately normed, ensuring accuracy for specific systems where

exact results are known. The SCAN exchange energy can be expressed as:

SO — [ drn(r) e (n(x)) FEN (s(x), a(r), (2.44)
where FSCAN(s ) is the enhancement factor, which depends on the density gradient s
and another dimensionless variable, the iso-orbital indicator «.
The iso-orbital indicator « is related to the KED 7 as follows. The KED can be expressed
in terms of the density in two limits. For the one- and two-electron limit, 7 reduces to
2

the von Weizsacker KED my = %. For a uniform electron gas, the limit is Tuniform =
3.(37%)?/3n/3, where electrons are fully delocalized and orbitals overlap. From these
quantities, the dimensionless variable « is defined as [56]:

a=__" (2.45)

Tuniform

The dimensionless quantity « is thus able to capture different types of binding: for single
bonds, 7 equals the von Weizsécker KED 7y, resulting in a = 0. In the case of metallic
bonds or slowly varying densities, where the electron density gradient Vn is zero, 7 =~
Tuniform, leading to a =~ 1. For non-covalent bonds, the von Weizsicker KED 1y ~ 0,
making o oc n/n’?, thus a > 1 [56]. Thus, SCAN is able to accurately treat different
types of bonds simultaneously, something PBE is not able to do [12, 13].

Overall, SCAN has demonstrated improvements in accuracy, particularly for strongly
bound compounds, when compared to other common functionals like PBE across several
properties [10, 12]. Additionally, SCAN provides very accurate predictions of lattice con-
stants [10, 11] and ground-state crystal structures of solids [10]. SCAN predicts formation
energies for strongly bound compounds much more accurately than PBE, though it shows
less accuracy for weakly bonded solids [10]. While SCAN still underestimates experimen-
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tal band gaps like the other (semi)-local functionals, it offers slight improvements [10]. For
magnetic moments, SCAN tends to overestimate moments in bulk ferromagnetic materials
like Iron (Fe), Cobalt (Co), and Nickel (Ni) [57].
The SCAN functional also has limitations due to sharp oscillations in its functional deriva-
tives, which can lead to numerical instabilities in meta-GGA calculations and result in a
divergent xc potential [58]. These numerical sensitivities can require the use of very dense
grids, which increases computational costs and can limit the practicality of SCAN func-
tional calculations [59]. Due to this, Bartok and Yates [60] introduced regularized SCAN
(rSCAN), which regularizes « to improve stability, though it compromises the accuracy
of SCAN by violating scaling constraints, such as the correct uniform and non-uniform
scaling properties of a [59, 61]. Furness et al. [59] developed the re-regularized SCAN
(r2SCAN) to address the instability and restore accuracy by reducing the constraints vi-
olated by rSCAN. The performance of r2SCAN was studied thoroughly by Kingsbury et
al. [62], where they found that r2SCAN predicts ground-state properties such as band
gaps and formation energies with an accuracy comparable to that of SCAN, but also pre-
dicts slightly larger lattice constants. Overall, they showed that r2SCAN demonstrates a
much more reliable convergence behavior, making it ideal for high-throughput calculations
while overall retaining a similar accuracy to SCAN.
Another non-empirical meta-GGA is the Tao, Perdew, Staroverov, and Scuseria (TPSS)
functional [63], with its exchange part defined as:

EIPSS — / dr n(r) €80 (1 (1)) FIPSS (5(1)2, (). (2.46)

X

Unlike SCAN, TPSS does not depend on the iso-orbital indicator a, but instead on z = 7.
The issue with this iso-orbital indicator is that it can capture single bonds with z = 1,
but it fails to differentiate between metallic and noncovalent bonds, where z ~ 0 [56].
Generally, TPSS does not offer a significant improvement over PBE. While it predicts
slightly more accurate lattice constants, it is still less precise than the SCAN functional [7,
64]. Additionally, there is no notable improvement in the band gap compared to PBE [21].
However, TPSS generally needs fewer grid points to converge, which can be attributed to

fewer peaks in the derivatives of ey in comparison to the SCAN functional [65].

2.2.4. Hybrid Functionals

One of the reasons why the (semi-)local functionals described in the previous sections fail
to accurately predict certain properties is that they do not include any nonlocal terms,
preventing an accurate description of long-range xc effects. Furthermore, (semi-)local
functionals suffer from the self-interaction error. This error arises because (semi-)local
DFAs do not completely cancel out the unphysical interaction of an electron with itself
introduced by the Hartree potential [66].

To address these limitations and advance up to the next rung of Jacob’s ladder, hybrid
functionals were introduced. These functionals mix a fraction of the nonlocal exact ex-
change from Hartree-Fock theory with the exchange term from a (semi-)local DFA. The
inclusion of the Hartree-Fock exact exchange helps to reduce the self-interaction error by
canceling part of the self-interaction and introduces nonlocality into the functional. A
hybrid functional is expressed as [6]:

EM> = oEN + (1 —a)EY + EX, (2.47)
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where the correlation term EY from the (semi-)local functional is not mixed and the
parameter « controls the mixing ratio between the nonlocal (NL) and local (L) exchange.
A prominent example of a hybrid which is constructed like this is the PBEO functional [67].
However, hybrids constructed in this way are computationally expensive because of the
slowly decaying long-range (LR) part of the exchange interaction. To reduce the compu-
tational cost, screened hybrid functionals were developed, which replace the LR-exchange
part with the respective part of the DFA [68]. One prominent example of this class is the
Heyd Scuseria Ernzerhof (HSE) functional, generally defined as [69, 70]:

E}I({CSE _ ECPBE T OéE}l(\IL’ SR(W) + (1 o a)EEBE’ SR((,U) i E}l(DBE, LR(W)7 (2.48)

where w is the screening parameter that controls the range separation between short-
range (SR) and long-range (LR) interactions. There exist different versions of HSE,
with different parameters. The well-known HSEQ6 functional has the parameters w =
0.11Bohr™! and o = 0.25 [71].

Hybrids have been shown to outperform most (semi-)local functionals for many properties,
such as band gaps [18, 20, 21] and lattice constants [72]. However, despite their improved
accuracy, hybrid functionals are significantly more expensive computationally compared
to (semi-)local functionals. Reports show that hybrid functional calculations can be 10
to 100 times slower than (semi-)local calculations [21, 73].

2.2.5. The Band Gap Problem

Among the functionals introduced above, meta-GGA and hybrid functionals have been
shown to improve upon the underestimation of the band gap in many materials. However,
while the fictitious system introduced by Kohn and Sham provides a way to obtain the
ground-state density of the real, interacting system, the question of how the obtained
energies and thus the KS band gap relate to the real system remains. In the following
sections, we will explore this relationship and discuss why functionals that are orbital-
dependent, like the meta-GGAs and hybrid functionals, improve band gap predictions in
comparison to the LDA and GGA functionals. The fundamental band gap Eg,, for a
system with N electrons is defined as [15]:

Egap(N) = I(N) — A(N), (2.49)

where I(N) is the ionization potential and A(N) is the electron affinity of the N-electron
system. The KS band gap, in contrast, is given by the difference of the lowest unoccupied
and highest occupied KS state:

Eéi% = €IL{Sl\/lo - 5§%Mo~ (2.50)
To analyze the relationship between the two expressions, Perdew et al. [74] considered
a fractional electron number N = Ny + , where 0 < § < 1 and stated that the total
energy as a function of this fractional electron number consists of segments with straight
lines between the values at the integer electron values. When crossing an integer electron
number, the total energy exhibits a kink, leading to a discontinuous derivative. The
derivative discontinuity with respect to the electron number then defines the fundamental
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band gap:

By = I(N) — A(N) = ( oB| _9b ) , (2.51)

aN|, ~ an|

where + and — correspond to the right and left limits of the potential at integer electron
numbers. The Hartree and external potential are continuous functionals of the density
and thus the contribution to the band gap only stems from the non-interacting kinetic
energy T and the xc energy Fy. [75] [76]:

0T, 0 Exc
%w:{&L }*{5n

The contribution from 7§ reduces to the band gap of the KS system, as defined in
Eq. (2.50), leading to E?a% = Aks [15]. Consequently, one reason for underestimation
of the band gaps is that the KS gap does not include the derivative discontinuity A,.. To
compare the KS gap to the fundamental gap, A,. must be evaluated and added to the
KS gap Aks [66]. However, for density-dependent functionals, like LDAs and GGAs, A,
is zero, leading to a significant underestimation of the band gap.

In contrast, orbital-dependent functionals like meta-GGAs and hybrids can produce a
non-zero value for the derivative discontinuity Ay, [15]. Within the gKS scheme, this
discontinuity is even directly included in the gap, yielding E25S = 2%, — efioro = Biap-
This occurs because the orbital-dependent component of KED-dependent meta-GGA
functionals leads to a non-multiplicative potential, contributing to the derivative dis-

continuity as AUt The band gap in this case can be expressed as [77]:

_ T
on

0 Ey.
on

} = Aks + Axe. (2.52)

+ +

non-
XC

EgKS — EKS + A)Iiult + Aggn—mult. (253)

gap gap

Whilst the multiplicative, density-dependent xc discontinuity A™W® is zero, the xc deriva-
tive discontinuity obtained by the 7-dependent part is given by [15]:

i Oexe(r’) | 67(1)
non-mult __ /
e B /dr or lén(r)

o7 (r’)
on(r)

] . (2.54)

+

However, Anmult jg often relatively small for these functionals, resulting in minimal
improvement in the band gap [15]. For instance, the TPSS functional does not significantly
enhance the band gap compared to PBE [21], which is expected due to its small xc-
derivative discontinuity [78].

To understand how a larger portion of the derivative discontinuity can be included, T.
Aschebrock et al. [19] proposed that the first factor of Eq. (2.54) can be averaged over an
energetically relevant region, such that:

Oe 0T, oT. Oe
Ay ~ —= 2 == = . 2.55
or | on on or K8 (2.55)
+ J—
To obtain a positive xc derivative discontinuity, the following condition,
Oey
— >0 2.56
5 >0 (2.56)

has to be enforced, firstly only considering exchange as the contribution as the exchange
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is much larger [15]. It can be shown that this condition is equal to [19]:

oFy

90 <0, (2.57)
where F} is the exchange enhancement factor. The validity of averaging the derivative is
discussed further in Ref. [15]. However, in general, this provides a way to estimate the
contribution of the xc derivative discontinuity to the band gap by simply considering the
enhancement factor. It has been shown in Ref. [79], that the slope of the enhancement
factor Fy for SCAN is larger than TPSS, leading to a larger xc derivative discontinuity
and consequently also an expected better performance in the prediction of band gaps.
The constructed functional Thilo Aschebrock and Stephan Kiimmel (TASK) [19] even
exhibits a stronger slope. This is because it was constructed non-empirically by recon-
structing the SCAN exchange functional to specifically enhance the xc derivative discon-
tinuity and thus enlarge the total band gap. A more thorough analysis of this can also be
found in Ref. [15]. The TASK exchange is combined with the LDA correlation functional
PW92 [80], as for now only the exchange functional has been addressed by the authors
in Ref. [19]. As a result of developing the TASK functional specifically to increase the
xc derivative discontinuity, it has been identified as one of the most accurate meta-GGA
functionals for predicting the band gap of solids [21]. In a study of 2D materials [20],
TASK and particularly its modified version mTASK [81], modified for low-dimensional
materials, have shown a performance comparable to the hybrid functional HSE06 [69, 70].
Given that meta-GGA functionals are generally less computationally expensive than hy-
brid calculations, TASK offers a promising balance between accuracy and computational
cost. However, TASK significantly overestimates lattice constants [7], indicating that it
cannot serve as a general-purpose functional like SCAN.
Similarly to meta-GGA functionals, hybrid functionals also exhibit a non-zero xc deriva-
tive discontinuity when implemented in the gKS scheme [15, 35]. This discontinuity
also arises through the explicit dependence on the orbitals through the nonlocal exact
exchange.

2.3. (L)APW Method

The (L)APW method solves the KS equations using a basis set expansion:

Yu(r) = 3 CF;(r), (2.58)

where ¢;(r) are the basis functions and C%' are the expansion coefficients for band index
and wave vector ;= {n,k}. This transforms the KS equations (2.10) into an eigenvalue
problem:

J J
where ]:Iij and S;; are the Hamiltonian and overlap matrices, respectively:

Hij = (¢l H|o;),  Sij = (4] 6;). (2.60)

In the (L)APW method, the unit cell is partitioned into two regions: the Interstitial
Region (IR) region and the Muffin-Tin (MT) regions. In the MT regions, non-overlapping
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spheres of radius RM' are centered around each atom « at position R,. Within these
spheres, atomic-like functions describe the rapid oscillations of the wave function near
the nuclei. In the interstitial region, where electrons behave more like free electrons,
the wave function varies more slowly and can be accurately described by plane waves.
Unless specified otherwise, the theoretical framework discussed in the following sections
is primarily based on the concepts and methodologies outlined in [23].

The most general form of the (L)APW basis function is defined as follows:

Gk 1L i(GHOr rel (2.61)

¢(L APW< ) {Eﬁm{ Aécfnzka uf{ (Taa 5@) }/Em<f'a)a re MTaa
\/ﬁ )

The interstitial basis functions are represented by plane waves with a cut-off of Gpax.
Although G... defines the size of the interstitial basis, reducing the muffin-tin radius
RMT for an atom « results in an interstitial region where the wave functions vary more
rapidly. This, in turn, requires a different cut-off to achieve the same level of convergence.
Therefore, a more practical convergence parameter, RyrGmax, Which is the product of
the smallest muffin-tin radius in the material and the plane wave cut-off, is commonly
used to define the cut-off for the interstitial basis. This parameter must be converged to
ensure that the interstitial region is well-represented by the basis functions.
Within the muffin-tin spheres, the basis functions are expanded in terms of spherical
harmonics Yy, (#,), where r, = r — R, and ¢ and m are the angular and magnetic
quantum numbers, respectively. Here, the basis size is controlled by the cut-off parameter
lmax. The parameter & defines the linearization order, which determines the order of the
energy derivative of the radial function ug.
In the pure Augmented Plane Wave (APW) method, originally proposed by Slater [82],
only the radial function u§ contributes to the basis function. Consequently, the basis
function in the muffin-tin region is given by

Sn(r) Z AGTE U (10, e0) Yo (Fa). (2.62)

Ima

The radial function g is the solution to the radial Schrodinger equation for atom o at

energy £¢:
1d* 00+1)

_QW + 42’/’2 + ‘/sph<r) — & T’U?(T) = 0. (263)
Since the spheres are centered around the nuclei, the potential Vip, (7) within these regions
is assumed to be spherically symmetric.
The coefficients AS.™F are determined to ensure the continuity of the APW wave function
daxk(r) at the MT boundary RMT. This is achieved by expanding the plane waves from
the interstitial region in spherical harmonics using the Rayleigh expansion. By requiring
that the plane wave expansion equals the (¢m)-contribution of the spherical harmonics at
the sphere boundary, the Agnzk are given by:

G+k 4mi*

Sk _ (|G +k|RMT) Yy (G + k), 2.64
B = i MG KR V(G (260

where j, are the spherical Bessel functions. An issue with the APW method arises when
the denominator in Eq. (2.64) approaches zero, which is known as the asymptote problem,
leading to numerical difficulties. Furthermore, 1, is only accurate if the energies &,
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match the actual band energies, making the eigenvalue problem non-linear in energy. One
approach to address the non-linearity in the APW method is to use fixed trial energies
E; to construct the basis. The secular equation is then solved for the band energies &,.
If the trial energies do not match the resulting e, the process is repeated with updated
trial energies until convergence, making the APW method inefficient [66].
To overcome the nonlinearity issue of the APW method, Andersen developed the LAPW
method in 1975 [83]. In this method, the basis in the MT is made up of a linear com-
bination of the radial function uy(r,, Ey) and its energy derivative u$(r,, E¢) at a fixed
energy value Ey, called the linearization energy. Thus, the basis function in the muffin-tin
is given by

éﬁiw Z {AG+k UG (To, Bp) + BETE 0% (ry, Ey) } Yo (o). (2.65)

Ima Ima

Here, AG ¥ and BSE are the matching coefficients to ensure not only the continuity of
¢cik but also of its derivative at the M'T boundary. This requires higher plane wave cut-
offs to achieve a certain level of convergence. It can however be shown, that the asymptote
problem does not occur in the LAPW method, as the denominator in AS® and BS Tk
does not vanish. The LAPW method provides more variational freedom compared to the
APW method. This is because, for a fixed trial energy E, differing from the band energy
gy, a linear combination expanded around the band energy ¢, can reproduce the radial

function at the band energy up to an error of order O((g, — Fy)?):

ug (1o, €0) = uf (ra, Be) + (g0 — Ep) i (1o Be) + O ((e0 — Er)?) (2.66)
with @9 (ra, E¢) = %;Eé) While this modified basis introduces more flexibility, it is still

crucial that the linearization energies E; are chosen close to the band energies to minimize
the linearization error of order O((g, — E;)?) introduced by the LAPW method.

2.3.1. Local Orbitals

The LAPW basis is primarily used to describe valence states, which extend beyond the
boundary of the muffin-tin sphere. In contrast, core states, which are low in energy and
tightly bound to the nucleus, are fully contained within the muffin-tin sphere. However,
there exist intermediate states that are called semi-core states. These are typically high-
lying in energy, at least compared to the deep-lying core states, and like valence states,
they are not completely confined to the muffin-tin sphere and can leak out into the
interstitial region. Challenges arise when the fixed energy parameter E, that is used to
describe the high-lying valence state is then used to describe semi-core states with the
same angular momentum quantum number ¢, but with a different principal quantum
number n. This is because E, may not sufficiently represent the energy characteristics of
the semi-core state. To solve this, LOs were introduced, which are defined as follows [22]:

¢%O(I‘) _ {6o¢aL5EEL5mmL (CLILJOUZ (’I“a, Eg) bLOUg (’f‘a, EZ)) }/ZLmL (fa)a re MTom (267)

0, r € IR.
A local orbital is entirely localized within its muffin-tin sphere, with its value going to

zero at the boundary. Consequently, the basis does not require matching to the plane
waves in the interstitial region, making the coefficients a¥® and b%° independent of G
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and k. These coefficients are determined only by the requirements that the local orbital
is normalized and that it vanishes in value at the muffin-tin boundary.

Another approach to linearize the original APW method was proposed by Sjostedt et al.
in 2000 [84]. Known as the Augmented Plane Wave + Local Orbital (APW+LO) method,
it enhances the flexibility of the APW basis by incorporating an additional local orbital.
This local orbital is evaluated at the same linearization energy FE; as the main APW basis
function, limiting the energy to one E; per quantum number n. The coefficients at© and
b0 are determined through normalization of the local orbital and by ensuring it is zero
at the muffin-tin boundary. By relaxing the requirement that the first derivative of the
APW must match at the boundary, it has been shown that a lower cut-off for the plane
wave basis is needed [84, 85].

However, both the LAPW and APW+LO methods are subject to linearization errors
due to the fixed linearization energy. Consequently, the accuracy of the calculation can
depend on the chosen energies and the muffin-tin radius, as it defines the region where the
(L)APW basis describes the wave function. Ideally, the results should be as independent
as possible of both parameters. One approach to achieve this is to choose a small muffin-
tin radius, minimizing the region described by the (L)APW. The downside is that this
requires a higher plane wave basis set cut-off, as the plane waves must describe a more
oscillatory behavior, making the calculation more computationally expensive [85].

An alternative to minimize the linearization error and make calculations less dependent on
the muffin-tin radius involves the addition of High Derivative Local Orbitals (HDLO) to
both valence and semi-core states. HDLOs are constructed from higher derivatives of local
orbitals, such as second energy derivatives % (r,, Fy¢). Incorporating HDLOs allows for
a larger muffin-tin radius, as the wave function within the muffin-tin is better described,
thereby enabling a smaller plane wave basis set cut-off [85].

2.3.2. Core States

Core electrons, which are fully confined within the MT sphere, are treated fully relativis-
tically by solving the Dirac equation for a spherically symmetric potential. It is valid to
treat the core states separately from the valence states, as the radial functions u, and 1,
of the (L)APW basis are orthogonal to any other radial function u, obtained at a different
energy F, that drops to zero at the MT boundary, as is the case for core electrons. Con-
sequently, the (L)APW basis cannot accurately describe the core states, justifying their
separate treatment [23].

The Dirac Hamiltonian commutes with J2 and .J,, where J = L + S represents the
total angular momentum. The eigenstates of this system can thus be constructed from
the spherical harmonics Yy, (0, ¢), which are the eigenstates of L? and ﬁz, and the two-
component spinor Y,, which is the eigenstate of 52 and S, [86]. The eigenstates are
represented by the spin spherical harmonics, Qs (6, @), with S = %, defined as follows:

Quim(0,0) = > C}J]f\]@_ms,%,mSYL,MfmS(Hv(b)Xmsv (2.68)

1
m5:i§

where Cy 2%, . are the Clebsch-Gordan coefficients and x, for m, = £3 is given by:

_ <(1)) Xy = (?) . (2.60)

X

N|=
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The quantum numbers {L,J, M} are not independent because J = L + % The spin
spherical harmonics Q55 (T) can be expressed as:

L:l:M-i—%Y (3
)= ( Vi ) 210
i Y= (F)

One can further introduce the quantum number x defined as

QL,:&%,M(IA.

—L—-1 forJ=L+1
K — o + 2, (2.71)
L for J=L—3
Using this definition, the solution to the Dirac equation can be expressed as [87]:
a oy [ 92(r) () )
nM(r) - <_ZfS(T)Q—ﬁM(f) . (272)

The core wave functions 92, are therefore four-dimensional Dirac spinors with so-called
large and small components. The radial functions g%(r) for the large component and f2(r)
for the small component are obtained by solving the coupled radial Dirac equations [87]:

Oge _ 1 1a o < 1) o

or - E( eff 60475) f/-; + A ; [/ (273)
ofy 1., [ 1 o ] “
5, = R le 2|t o (€aw — Veir) | 9i- (2.74)
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3. Implementation of Meta-GGA
Functionals

In this chapter, the necessary formulas for implementing meta-GGA functionals in the
exciting code are derived. The added key component in meta-GGA calculations is the
inclusion of the KED, which must be handled separately for valence electrons in both the
interstitial and muffin-tin regions, and for the core electrons within the muffin-tin region.
Following the implementation of the KED, the focus shifts to the derivation of the meta-
GGA potential and the KS equations for spin-unpolarized systems. Next, we extend the
derivations to the spin-polarized case, where different treatments are required due to the
complexity introduced by the spin. Finally, this chapter concludes with the derivation
of the total meta-GGA energy expression, covering all necessary steps to perform a SCF
cycle using meta-GGA functionals in exciting.

3.1. Kinetic Energy Density

The KED 7(r) is defined as a function that integrates to the total non-interacting kinetic
energy [88]:

ﬂ:/ﬂﬂﬂ (3.1)

This definition, however, allows for different expressions and local values of the KED.
Within the KS framework, the positive-definite KED is used, defined as:

1
() = 0 3 V) (32
Another valid definition is the following KED,
= ——ZQ/J (r) V(1) (3.3)

which follows from the kinetic energy operator used in the KS equations. These two
definitions are related through

) = 7P(r) — V(). (3.4)

Both definitions of the KED integrate to the same non-interacting kinetic energy, as
V2n(r) integrates to zero [89]. The positive-definite definition is generally preferred, as
it is positive everywhere and can be considered more physical. For example, in the case
of a single-orbital system, it leads to the Weizsacker term [89, 90], 7/, which was already
defined in Sec. 2.2.3 and is a component of the iso-orbital indicator implemented in many
meta-GGA functionals. Furthermore, the alternative definition, which requires the use
of the Laplacian of the orbitals, may be numerically less stable [90]. As a result, many
implementations prefer to use the positive-definite definition [7, 91, 92]. In the case of
relativistic wave functions, such as those for core electrons solved using the Dirac equation,
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Chapter 3. Implementation of Meta-GGA Functionals

the relativistic definition of the KED does not satisfy the non-negativity condition av > 0
required by the iso-orbital indicator. This failure can lead to inaccuracies in xc functionals
that depend on the iso-orbital indicator [7, 93]. Therefore, the positive-definite KED
defined in Eq. (3.2) is used for the core electrons to ensure that oo > 0 is satisfied.

The total KED is then the sum of the contributions from the valence and core electrons [7]:

7(r) = 7%(r) + 7°(x). (3.5)

For valence electrons, the positive-definite KED is given by
1 *
P = 3 e V) - Vi), (3.
nk

where wy is the k-point weight and f, is the occupation number. The KED for valence
electrons is expressed differently in the interstitial and muffin-tin regions:

Tval(r> — {Zafm Téam(ra)Rfm(f‘a)? re MT7 (37)

S Tee'Cr, rcl

The scalar KED for core electrons is evaluated by taking the gradient of the orbitals
obtained through the Dirac equation as:

Z Vin () - Vi (r). (3:8)

OU{M

In the following sections, explicit expressions for the KED as implemented in the exciting
code for both core and valence electrons will be derived, and strategies to reduce compu-
tational expense where possible will be discussed.

3.1.1. Valence States in the Interstitial Region

In the interstitial region, the wave function is expanded in terms of plane waves
Ure(r Z CgkellGtior (3.9)
which yields the following gradient:
Vb (r (G +k)Cgkel(Gtlr (3.10)
- ST

Inserting Eq. (3.10) into the positive-definite KED definition from Eq. (3.2) yields:

HOEEDY “"‘({”“ MY cErCEs (G +k) - (G + k)] el =C0r (3.11)
nk G G"

Defining G = G” — G/, the plane wave coefficients for the KED are given by:

o = 5 SRS G O (@ +K) - (G + ) (312
nk
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This shows that the computation of the KED in real space results from a convolution
in G-space. The computational cost of this convolution scales as O(n?). Given that
the cutoff for the G-vector is Gax, the computational effort scales with O ((Guax)®)-
To improve efficiency, the KED is calculated using the Fast Fourier Transform (FFT).
The gradient of the wave function from Eq. (3.10) for each state is first transformed to
real space using FFT, squared on the real space mesh, and then summed over all states.
Finally, the result is converted back to G-space using FFT. This approach significantly
reduces computational demands, scaling as O(G?_ In(G2 ), and offers a more efficient

max max

implementation of the KED than the direct evaluation of the KED in G-space [23, 94].

3.1.2. Valence States in the Muffin-Tin Region

As outlined in Sec. 2.3, the wave function within the muffin-tin region for atom « is given
by the (L)APW + LO basis:

- Z Cglfgk Cé+k + Z ana (313)
G+k

where the ¢, (r) represents the (L)APW basis and ¢¢(r) the local orbitals. To derive
the coefficients 7, (7 ) of Eq. (3.7), it is convenient to rewrite the wave function in a more
compact form as

=D Ol ZC"kO‘ 9x(ra) Yeym, (Ta), (3.14)
A

where A is a combined index consisting of {¢, m, £} for the (L)APWs and {L} for the local
orbitals. The eigenvectors in this notation are then defined as follows

Cnker _ {ZG+k Clu Aniear A= (L)APW, (3.15)

C™ S pay A — LO,

and the radial functions are given by

ude(re), A— (L)APW,
g (ra) = {fif(ra) \ s 1O, (3.16)

where ff(r,) is the sum of the radial functions with their coefficients of the local orbital,
as defined in Eq. (2.67). The gradient of a product of a radial function and a spherical
harmonic can be expressed analytically in terms of vector spherical harmonics Y%, . 195].
By applying the analytical formula onto the basis ¢§(r), the following expression can be
derived

ngg\é(r) =V (gg (ra> }/f)\m,\ (f‘a))

= 05 (ra) Y () 05 () YO (), (3.17)
with )
N A r<d £A+1>a
i) = ] (5 - 2 ) o) (3.18)
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0+ 1 F ( d eA)
a—+ _ A «a
93" (ra) = {22,\ +1 dr + r 93 (ra). (3.19)

The vector spherical harmonics are expanded in terms of scalar spherical harmonics [95],

L
Yo, =Y > C‘L’%{,YYLMéW, (3.20)
L

v M=—

where C’g]\]\//[[‘{W are the Clebsch-Gordan coefficients, Y7,)s are the spherical harmonics and
€, is the spherical basis vector in direction vy, defined as

V2

Then the gradient for the total wave function in terms of spherical harmonics in the
direction 7 is given by

Oy+1

N R
g§+<r0¢> Z Céi\ﬁ,}\m,l,'ynx-i-l,m(ra)
m:—(ﬁ)\—&—l)

0—1

a— Ly,m A

+ 95 (7a) Z Cfilf\m,l,'yn/\lym<ra)] . (3.22)
m=—(¢x—1)

Oy Uy (x) = 3 O3
A

With the gradient of the wave function now fully defined, its product can be computed,
resulting in the coefficients of the KED 7, :

1
Team - 5 {Z D§1>\2 ZZPﬁzfnj;éxlm,\lf&m&g?liggzil} ) <3‘23)
A1 A2 +
where
+4/ RS i ISNRLON * g ma 0
Plrmitn,ma,tryma, = 2 a ) (Cekfilﬁ/,m) Clar et 1.2 G e, 21,05, 4710
m m Y

—(Cx, £1) —(£r, £'1)

(3.24)

Here, G{™" 1 £y, 1 ATC the Gaunt coefficients, defined as the angular integral of a
product of three spherical harmonics

G / Y, RomYigmy dS2. (3.25)

Limiloma

For many (¢m)-pairs, the Gaunt integral vanishes for specific combinations of (¢;m;) and
(£3m3) [95], so it only needs to be computed for the non-vanishing combinations [22]. The
matrix DY ,, is the product of the eigenvectors Cy*:

DS, =3 wicfux (Crxe)" Opke, (3.26)
nk

A more detailed derivation of the coefficients 7/, can be found in the Appendix A.3.
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The total KED in real space for valence electrons is then given by

vl(r) = > T (1) Rom (Ta). (3.27)

alm

The KED is recalculated at every SCF step. However, for an efficient implementation,
the different components are handled separately. While the eigenvectors C7%® and the
radial functions gf\“i are updated at every iteration, only the eigenvectors are dependent
on the state (n,k). Consequently, the summation over states is necessary only for these
eigenvectors, allowing results to be efficiently stored in the matrix DY ,,. Furthermore,
since the Gaunt coefficients and Clebsch-Gordan coefficients remain invariant across states
and SCF iterations, they are computed once and reused, to reduce the computational effort
at each step.

3.1.3. Core States

The scalar KED for core electrons is given by:

F(E) = o 3 VU (E) - Vi (), (3.28)

omM

where ¢%,,(r) is the relativistic four-component core wave function obtained from the
Dirac equation, as described in Sec. 2.3.2. Despite being a four-component solution,
each component still consists of a product of a radial function and spherical harmonics.
Consequently, the core KED can also be expressed in terms of spherical harmonics as:

Tcore(r) — Z Tgm(ra)RZm<f'a)' (329)

alm

Furthermore, to calculate 7¢°"(r), the same analytical formula used for the evaluation
of the valence KED in the muffin-tin from Eq. (3.17) can be applied here again. The
gradient of the wave function ¢f, ,,(r) for either the major or minor component i = {1, 2}
can thus be expressed as:

L+1
JM a+ L M—mg A~
Viem Z CL M—mg,tm | Wik Z Z L tmg 1.~ Y L1,my €y
ms—ﬂ:l mp=—(L+1) ¥

a— L.M—mg
+ui7'€ Z ZC —1,mp,1 ,’yYL 1mLe’Y Xms

mL——(L 1 0l

where v, and u} are defined similarly to Eq. (3.18) and Eq. (3.19), respectively, and
¢, represents the radial function of the major or minor component .

Following the steps outlined in Appendix A.3 for the valence muffin-tin basis, the gradient

is taken for each of the components, and from that, the KED is constructed by taking the

dot product of the gradients of the wave function and its complex conjugate. This leads

to the following expression for the major and minor components,

1

a = JM :t:t’ a:l:* at’
Tiem = 9 Z (CL,MfmS,%,ms) L M ms,2 M Z Z om; LM —ms Wi Wig s (330)
ms::t%
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/ . .
where Pt M—m, 18 given by

L+1 L+1
+4/ LM ms L.M—mg
PﬁmLM ms Z Z Z( L+1 mL7 ;y) CLi/l,m” G(L:i:l m’ ,L+E'1, m”7 (331)
m! =
f(Lil) (L+£1)

consisting of a product of Clebsch-Gordan and Gaunt coefficients. The total core KED is

then given by
TOr) = Y 7 (Ta) R (Fa)- (3.32)
alm 1
The calculation of the core KED is expected to be significantly faster compared to the
muffin-tin valence KED, as it involves summing exclusively over the core states, which are
defined through the quantum numbers {L, J, M} or {k, M}, rather than being expanded
in spherical harmonics up to a defined #,,y.

3.1.4. Spin-Polarized Kinetic Energy Density

Up until now, the derivation of KED has been limited to spin-unpolarized systems. In
both spin-unpolarized and spin-polarized systems, the core states are directly solved via
the Dirac equation. Consequently, the KED of the core states remains unaffected by the
second-variational treatment, which is applied only to the valence states. Because of the
two-component spinor wave functions, the spin KED matrix is given by:

Ar Zwkfnkwnk T G (3.33)

TO’G’ TO’O’

Therefore, the spin-dependent elements 7,,, must be calculated. Since spin-polarized sys-
tems are solved using the second-variational scheme, the second-variational wave function
needs to be defined first. If we write the first-variational wave function in the muffin-tin
region for atom « in its most general form for state (j, k) [44],

Uik (1) = 22OV (x), (3.34)

A

the second-variational spin-dependent wave function is then constructed as

R ) = S O ) = SO S e (339)

J J
where j runs over all occupied and some unoccupied states from the first-variational
step [44]. The valence KED in the muffin-tin for the atom « is then defined as
Zwkfnkw“ v, (3.36)

resulting in the spin KED matrix defined as:

s (Vg Vi Voo Vil (3:37)
" vwsi{,a’* ’ qu(jl’{,a- szl’(,a’* vwnk o’
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The product of the gradients of the wave functions can be generalized to:

Vi Vel - © (oo ) (Semem) ve, Ve

A2
(3.38)
Here, the product of the gradients of the basis functions V¢, can clearly be treated in the
same way as in the spin-unpolarized case since they are spin-independent. The product
of the first- and second-variational eigenvectors is spin-dependent, allowing us to define a
(n, k)-dependent matrix, similar to Eq. (3.26):

D§1A2’o’0'/ _ Z wkfnk (Z Onka S\/Og\llcg FV) (Z kaa SVC;};? FV) (339)
nk

This leads to the following expression for the spin-dependent coefficients of the KED in
the muffin-tin region:

fel 1 :t:t’ at at’
7-Z'I’)’L,(J'O" - 5 {Z )\1)\2 oo’ ZZ ZmzklmklzkgmkngI g)\Q ° (340)

A1 A2

This expression differs from the spin-unpolarized definition only through the spin depen-
dence in the eigenvectors within DY, ;-

Similarly, the second-variational wave functions in the interstitial region can be defined
as:

nka Z an SV ]ka ) — Z an SV 1 ZCJk FV k+G ’ (341)

where 7 again runs over a number of speciﬁed states from the first-variational step. The
KED in the interstitial region is thus given by

1 Wk I'n n * T ¥ l (G —GN)r
Toor(t) = 5 3 kg N OmeSVrOmSY ST OV OER (G 4 k) - (G + k)] (6760
nk 4] G'G"

(3.42)
Defining G = G” — G’, we again obtain the plane wave coefficients similar to the spin-
unpolarized case:

1 Wk Jn n * YN * i

e = 430 I S V(N S T G (G410 (G 4 G K.
nk ij G’

(3.43)

In practice, similar to the spin-unpolarized case, the gradient of the wave function is first

constructed in reciprocal space. It is then transformed to real space using a FFT to

compute the product of the gradients. This product is then converted back to reciprocal

space to build the components of the spin KED matrix, reducing the computational cost.
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3.2. Spin-Unpolarized Systems

With the KED derived, the focus shifts to the spin-unpolarized case. Section 3.2.1 begins
with the derivation of the meta-GGA xc potential and its implementation in exciting.
Following this, Sec. 3.2.2 covers the derivation of the Hamiltonian matrix elements for both
the muffin-tin and interstitial regions. In Sec. 3.2.3, the influence of the LAPW basis on
the meta-GGA SCF cycle is analyzed, along with the necessary adjustments. Although
these formulas are developed for the spin-unpolarized case, they provide a foundation for
extending the implementation to spin-polarized systems in later sections.

3.2.1. Exchange-Correlation Potential

In standard Kohn-Sham theory, as discussed in Sec. 2.1.2, the xc potential is evaluated
by taking the functional derivative of the xc energy with respect to the density. How-
ever, because meta-GGAs introduce an additional dependency with the KED 7(r), the
functionals become implicitly dependent on the density and explicitly dependent on the
orbitals. As a result, evaluating the total functional derivative with respect to the density
is less straightforward. Specifically, the functional derivative with respect to the density
yields [33]:

VmGGA(r) _ 5E)r(r(1:GGA B aEXmCGGA B ‘ (85$GGA> +/ ,ag)r:(l:GGA 57_(1./) (3 44)
xe ~ on(r)  on(r) IVn(r) or(r') dn(r) '

While the density-dependent parts of Eq. (3.44) are relatively simple to evaluate, the so-
lution of the 7-dependent integral requires the use of the OEP method [30, 31]. However,
the solution of the integral using OEP can be computationally unstable and demand-
ing [33], which is why it is common practice to approximate the OEP integral using the
Krieger-Li-lafrate (KLI) [96] approximation [33].

To circumvent the need for an approximation altogether, many instead choose to calculate
the xc potential within the gKS scheme instead of the standard KS scheme, as this offers
several advantages. First of all, there is no need for an approximation as with the OEP
method. Additionally, as discussed in the previous Sec. 2.2.5, the gKS scheme directly
captures the xc derivative discontinuity A,. and includes the xc derivative discontinuity
in the solution of the gKS eigenvalues. In contrast, as the OEP scheme stays within
the standard KS scheme, to gain an improvement in the prediction of the band gap,

one has to additionally compute the contribution of the derivative discontinuity in the
85)rincGGA

or(r)
which can cause numerical instabilities [33]. On the other hand, as will be discusseii)in
the following sections, the gKS scheme only requires the evaluation of 8?‘:??31%, which is
expected to be numerically more stable, as it avoids the need to evaluate the gradient.

Within the gKS scheme, the energy functional S[{¢;}] depends on the one-particle orbitals

1;, which make up the Slater determinant W. The functional can then be defined as [97]:

OEP frame. Furthermore, an OEP implementation requires the evaluation of V

S[0] = (UIT0) + BRS“A{i}], (3.45)

where 7' is the non-interacting kinetic energy operator and Em““A depends on the one-
particle orbitals through the KED 7(r) and the density n(r). The potential VREGA g

then obtained by taking the functional derivative with respect to the orbitals 1} instead
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of the density n(r) [98, 99]:

5EmGGA /d ,(5EmGGA (571( ) B 5E>1(12GGA

(1) = V™GGA (1)) (1 '
on(r’) s¢r(r)  on(r) Yi(r) = V2 ()i (), (3.46)

which, if one follows the functional derivative scheme from Eq. (A.2) - (A.7), results in
the following potential:

‘A/XI?GGA(I') _ ‘/XI(I:lult( ) + Vnon mult( ) (347)

XC,T

Here, V() has a form equivalent to the GGA potential and is multiplicative:

HemGGA HemGGA
Vmult — xc o . ( XC ) 3.48
) = ) aVn(r) (3.48)
while Vxléof mult (1) is non-multiplicative:
1 aEmGGA >
non-mult — __\J. XC ) 4
D) = =59 (e (3.49)

Approximating the Hartree potential as the remainder potential in the gKS scheme, the
meta-GGA gKS equation is then given by [97]:

=39 Vi) + Vi) + V2OOA(w) | (1) = () (3:50)

In practice, the xc potential is computed using the Libxc library [55] for both the muffin-
tin and interstitial region. Meta-GGA xc functionals in the Libxc library are defined
using the following generalized variables:

EmeGA /dremGGA (), 7(r)), (3.51)

where (r) = Vn(r) - Vn(r) is the contracted density gradient. Consequently, the deriva-
tion of the multiplicative potential leads to a slightly different formula:

iy = N (05 ot
e on(r) 0y(r) OVn(r)
HemGGA [ ( HemGGA ) HemGGA )
= X —-21|V xC -Vn(r) + ———V"n(r)| . 3.52
(o o )V T V) B

The density n(r), the contracted density gradient v(r), and the KED 7(r) need to be
provided to the Libxc library as inputs. The library then returns e2%%A and all required
partial derivatives, from which both the multiplicative and non-multiplicative potentials
can then be constructed.
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3.2.2. Hamiltonian

Following the derivation of the xc potential V"GGA(r) in the previous section, the Hamil-
tonian matrix elements specific to the meta-GGA case will be derived in the following.
The total Hamiltonian is defined as:

N 1 ~
H= —§v2 + Veg(r). (3.53)

Since the matrix elements associated with the kinetic energy operator are well-established
and unaffected by the meta-GGA potential, they are not derived here. The total effective
potential can be decomposed as follows:

A

Var(x) = Ve (r) + Vo), (3.54)

where VUt (r) represents the multiplicative part, which includes the external, Hartree,
and multiplicative density-dependent meta-GGA potentials. The non-multiplicative com-
ponent, ‘A/Tnon‘m““(r), accounts for the 7-dependent meta-GGA xc potential. For the mul-
tiplicative part of the potential, the Hamiltonian matrix elements are given by:

(Sl Ve ¢5) /dr¢ VUM ) 65(r) = | X [drt [dr | 61() VA" 1) 05(0)
* Sa 1

(3.55)
where the unit cell has been further divided into the interstitial region / and the muffin-tin
spheres S,, to account for the different basis sets in (L)APW. The derivation of the matrix
elements corresponding to the multiplicative potential for the muffin-tin and interstitial
basis is provided in Appendix A.4.

For the non-multiplicative potential, the integral can be re-expressed as follows:

(Blvzormitye,) = / e i (r (agmf(})Aw]( ) (3.56)

2/d 85mGGA 500) - Vi (r /drV (aemG(;AQSA(r) ngj(r)).

The first term is further divided into contributions from the MT and interstitial regions:

2/ aemGGA & (r) - Vo, (r /dr+/dr

mGGA

Veb (r) - V;(r), (3.57)

and clearly no longer requires the evaluation of the gradient of 2 ?(;A, making the gKS
scheme numerically more stable.

In the muffin-tin region, the (L)APW+LO basis functions can be rewritten in a more
compact form as follows:

r) = Z; T3, 95 (ra) Yeum, (Fa), (3.58)

where A is a combined index that includes {¢,m,{} for the (L)APWs, and {L} for the
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local orbitals. The coefficients Ty, are defined as:
AGHE., A= (L)APW
T)?fu — Im &, ( ) ) (359)
daay » A — LO,

where p corresponds to G+k when associated with an (L)APW, and to L when associated
with a local orbital. Consequently, the size of the basis set, and thus the Hamiltonian
matrix, is given by the sum of the (L)APW basis functions and the local orbitals. The
radial functions ¢§(r,) are defined as in Eq. (3.16).

To evaluate the gradient of the basis functions V¢¢ (r), the analytical expression for the
gradient of a function expanded in spherical harmonics, as introduced in Eq. (3.17), is

applied here again. Defining v.(r) = a%"m;?SA, the 7-dependent contribution within the
muffin-tin region is also expanded in spherical harmonics as:
V() =D v (ra) Yom (). (3.60)
Im

With this expansion, the matrix elements for the first part of the non-multiplicative
potential in the muffin-tin « are given by:

Ve, = (Ve o | Vo)
:/ dr Vi (r) Z U 4 (Ta) Yem (Fa) Vi (r)

(3.61)
at+’ ++’
- Z C/\ULC)\QV Z Rfm;/\l)\Q me;@xlTTL)qe)\Qm)\Q'
A1A2
Here,
Ry,
Biaso = [ o800 0%, (ra) 055 ()12 dr, (3.6

0

is the radial integral over the product of the radial functions ¢ (r), as defined in Eq. (3.18)
and Eq. (3.19), and the radial function of the non-multiplicative potential v%(r,). The
spherical part is given by

N N o o
szi:nj;:l&lmAlAQmM = Z Z Z eiiﬂ% "1y Zij;cn’lf\in” 1, <YV€A1:I:1,m"Rfm‘yvf,\Z:t’Lm”%

(Aljzl) (zA 1)

(3.63)

a product of an integral over three spherical harmonics, known as the Gaunt coefficients,
and Clebsch-Gordan coefficients, which arise through the vector spherical harmonics as
defined in Eq. (3.20). Since the radial integral is k-independent, it is evaluated only once
per SCF iteration to improve computational efficiency. The Gaunt and Clebsch-Gordan
coefficients are precomputed, allowing the spherical integral to be efficiently evaluated as
well. These integrals are then multiplied by the k-dependent coefficients for each k-point.
In the interstitial region, the basis functions are given by

bk = —=c GTOT (3.64)

8-
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and the potential is similarly expanded in plane waves as

R(r) = %:viR(G)eiG'r. (3.65)

Thus, the following expression is derived for the matrix elements of the non-multiplicative
potential in the interstitial region:

Uraras = (Voaix | 07 | Véa, i)
— /IR dr Vg, i (r) - v (r) Vg, k(r)
=3 0™(G) (G + k) - (Gy + k) Q/ (GGG gy (1) dr
G
_ ZviR(G) (G1+k)- (G +k)OR(G, — Gy — G)
= UT@(G]. G:) (G1 +k) - (G2 +k). (3.66)

The characteristic function O1g(r) is used to ensure that the integral over the unit cell
volume  contributes only where r € IR, as Og(r) is defined to be zero outside the
interstitial region. In practice, the matrix elements in the interstitial region are evaluated
similarly to the KED by multiplying the interstitial potential vI?(G) and the characteristic
function in real space, avoiding the computational cost of convolution in reciprocal space.
To accurately capture high-frequency components associated with large G-vectors, the
potential is transformed to real space using a grid with double the original density. After
multiplying v®(r) - O1r(r), the product is transformed back to reciprocal space using the
FFT and truncated back to the original density.

As a final step, the second term in Eq. (3.56) must be evaluated to obtain the total matrix
elements for the non-multiplicative potential. Gauss’ theorem is applied to convert the
volume integral into a surface integral over the muffin-tin boundary, which can be further
divided into contributions from the muffin-tin and surface regions:

—f/v (0rtx) 6 >v¢3<)dr——[2/w ) Vo, (x) - dSur,

+ / 0, (1) 61 () Vs (x) - dS; (3.67)

oSt

where dSyr, = ndSyr,, with n being the outward-pointing unit normal vector on the
surface 9S,. In contrast, dS; points outward from the interstitial surface, such that
dS; = —dSyr,. Thus, we can write

/ V- (0:0) 67(6) Vs x) ) =—§§ / [vf(rw:(r)wj(r)\m (3.68)

0Sa

— 0. (r) 65 (r) Vb (1) U - dSwir.., (3.69)

where the orbitals are evaluated using either the muffin-tin basis |MT or the interstitial
basis } ; to account for the contributions from the respective sides of the surface.

The respective surface terms evaluated for the muffin-tin and interstitial regions are gen-
erally non-zero. However, when using the LAPW method, the first derivative of the radial

34



Chapter 3. Implementation of Meta-GGA Functionals

function is matched at the muffin-tin boundary, ensuring a continuous derivative. This
matching causes the surface terms of both regions to cancel each other. In contrast, with
the APW method, continuity is not maintained because the radial functions of the basis
functions are matched only in value, not in slope. Consequently, the gradients of the basis
functions and the potential v, (r) are discontinuous, leading to a non-zero surface term.
The authors of Ref. [7] reported that including a surface term in their implementation
of the meta-GGA potential in the WIEN2k code led to instabilities. They also found that
the surface term had a negligible influence on the outcomes of their calculations, which
prompted them to discard the surface term in their final work. In this thesis, the surface
term is similarly excluded. To ensure the accuracy of all calculations, only the LAPW
basis is used for further computations.

3.2.3. Treatment of the Basis

When implementing the meta-GGA within the gKS scheme, a drawback arises with the
(L)APW+LO method. This issue becomes evident when examining the setup of the ra-
dial functions uy(r) of the basis functions ¢;(r) in the muffin-tin region. As discussed
in Sec. 2.3, these radial functions are obtained by directly solving the radial Schrodinger
equation through integration. For this, the radial Schrodinger equation is transformed
into two coupled first-order differential equations, which are then solved for two grid
points ;1 and r;. If the interval between r; 1 and r; is too large, it introduces significant
errors, requiring the solution over many grid points [22]. In exciting, the Bulirsch-Stoer
algorithm [100] is used to enhance the efficiency and accuracy of this integration process.
The algorithm begins by dividing the integration interval into smaller subintervals and
solving the differential equations over these subintervals. This is done for an increasing
number of subintervals, after which this sequence of different subintervals is used to ex-
trapolate to an infinite number of subintervals, reducing numerical errors. The potential
Ver(r) must be evaluated at any point within 0 < r < Ryr. When necessary, cubic spline
interpolation is used to determine Vy(r) at points not directly on the grid [22].
In the case of meta-GGA functionals, the potential includes the non-multiplicative po-
tential: . HemGaA

(rnon-mult zC

% (r) = QV- ( o (1) V-) , (3.70)
where the V- operator acts directly on the yet unknown radial functions u@(r). As a
result, the potential cannot be fully determined without knowing the radial functions.
Consequently, the Bulirsch-Stoer algorithm cannot be directly applied, as it relies on the
fact that the potential is known beforehand.
There have been attempts to address this issue. For instance, a cubic spline solver method
that solves the radial Schrodinger equation with a gKS meta-GGA potential was presented
by Holtzwarth et al. [101]. This method, however, solves the radial equation by diago-
nalizing an algebraic eigenvalue problem. In contrast, (L)APW-based methods calculate
radial functions at chosen energy parameters close to band energies, not at atom-like
eigenvalues that would result from the algebraic solution [102].
The authors of Ref. [7], who implemented self-consistent meta-GGAs in the WIEN2k code,
decided to instead use a GGA potential to solve the radial Schréodinger equation and obtain
the radial functions u§(r). The appropriate GGA potential was determined using the
variational principle in Ref. [103], where the band gap was calculated non-self-consistently
using a meta-GGA functional by evaluating the meta-GGA total energy. The orbitals
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used to construct the meta-GGA total energy were obtained from a self-consistent GGA
calculation. This procedure was repeated for various GGA functionals to identify the
one that minimized the non-self-consistent meta-GGA total energy, thus determining the
optimal GGA functional for constructing the most accurate meta-GGA total energy.
The authors of Ref. [7] then used the optimal GGA functionals identified in Ref. [103] to
set up the basis in the self-consistent meta-GGA scheme. They validated this approach by
showing that the resulting converged properties, such as band gaps, lattice constants, and
magnetic moments, were close to those obtained with the VASP code [104]. In addition to
that, they also compared results obtained with the variationally optimal GGA functional
to those obtained when using the PBE functional and concluded that for most cases, using
the PBE functional for the basis setup gives satisfactory results as well. Consequently,
in this implementation of self-consistent meta-GGA, the same scheme is applied. It will
later be verified that using either the variationally optimal GGA potential determined in
Ref. [103] or the PBE functional leads to similar results as in the WIEN2k code [24].
However, using GGA functionals to obtain the radial functions of the muffin-tin basis
results in a SCF cycle that differs from the standard KS cycle, which was introduced in
Fig. 2.1. Therefore, the necessary modifications to the meta-GGA SCF cycle are presented
in Fig. 3.1.

[GGA Cycle to Obtain Wave Functions wi(r)]

l

Evaluate the Kinetic Energy Density 7(r) = Y7o« |V (r)|?

J

Calculate Effective Potential VRGGA

Solve Radial Schrodinger Equation with Spherical
GGA Potential VG594, to Set Up (L)APW Basis ¢;

eff, sph

Solve Kohn-Sham Equations [—%VQ + Vgl}f‘GGA] P = ey

|

Evaluate the Electron Density n(r) = SN [ (r)[?
and Kinetic Energy Density 7(r) = SN |V (r)[?

|

Calculate Effective Potentials V.G and VmEGA

Mix Potential VRGGA (1)

Converged?

ECompute Properties}

Figure 3.1.: Flowchart of the SCF cycle for a meta-GGA calculation in exciting.
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Initially, a full standard KS SCF cycle is completed using a GGA functional. This step
is necessary to obtain the initial wave functions required to evaluate the KED 7(r). The
lack of wave functions in the first iteration is not an issue for GGA functionals, as the
initial density can be constructed from atomic densities to provide a first guess. From the
resulting KED, the effective meta-GGA potential is constructed. The radial Schrédinger
equation is then solved using the spherical part of the GGA potential. The radial func-
tions obtained by solving the radial Schrodinger equation are used to set up the full
(L)APW+LO basis and construct the Hamiltonian and overlap matrices to solve the KS
equations. From the solutions of the KS equations, the new density, KED and the poten-
tials can be recalculated. The convergence criterion can be applied to the difference in
the density, KED, or the potential. In the calculations presented in this work, only poten-
tial mixing is applied. This approach has been shown to be more stable, and it requires
mixing only one variable instead of two, as in the case of density and KED. Since the
potential determines the KS orbitals, which are then used to construct both the density
and KED, mixing the potential effectively ensures that both the density and KED are
indirectly mixed toward their self-consistent values.

So far, only the valence states have been discussed. Core states are solved by numerical
integration of the Dirac equation. Due to the non-multiplicative component of the meta-
GGA potential, the authors of Ref. [7] also use the optimal GGA potential to solve the
Dirac equation. However, this approach implies that the scheme is not fully self-consistent
for meta-GGA, as the core states are treated only within the GGA potential [105].

3.3. Spin-Polarized Systems

Having established the self-consistent scheme and formulas for the spin-unpolarized case,
the following section extends the derivation of the xc potential and the setup of the
Hamiltonian to the spin-polarized case.

The meta-GGA functionals in the spin-polarized case are defined as:

ERtet = /drfﬁGGA(”T»%’ma’m/maTmﬂ)- (3.71)

To derive the xc potential Vi.(r) and the magnetic xc field B (r), we will now define
the components of the KED 7, for the general non-collinear case. Analogous to the

four-component vector n(r), introduced in Sec. 2.1.4, a four-component vector 7(r) can
be defined [39]:

T(r) = gtr{oﬁ(r)}, (3.72)

with the spin KED matrix 7(r) given by

7__(1‘) = ;Z wkfnk V¢lk : ank = (Tao ng’) . (373)
nk

To'e To'o’
This definition yields:

Too(T) + Toror (1) 7(r
() = Too! (T) + Toro (1) _ (
i(Too! (T) = Toro(T)) uygr) ’

Too () — Toror (1) Uy

(3.74)

37



Chapter 3. Implementation of Meta-GGA Functionals

which defines the scalar KED 7(r) and the components of the spin KED u;(r). From this,
7(r) can be reformulated in terms of the four-component vector as [39]

Fr) = ;gam(r) _1 ( T U= Z'“y) | (3.75)

2 \Uug +iuy, T —u,

Next, we introduce the generalized variables 7y, for the non-collinear case, following
Kiibler’s scheme. To transform the spin KED matrix to 71/, we transform the matrix
in Eq. (3.75) accordingly. Several definitions for these generalized variables have been
proposed. The most straightforward definition is [39]:

(1(r) £ m(r) - u(r)), (3.76)

N | —

T/ (r) =

where u(r) is projected onto the same quantization axis as m(r) to ensure proper treat-
ment in the collinear limit. Similarly, the contracted density v,./(r) can be defined as

Yoo (T) = Vng(r) - Vg (r), (3.77)

where o and ¢’ can be 1 or |. The drawback of this approach is that when substituting
the density, ns;, = 5(n £ |m|), into Eq. (3.77), only the longitudinal variation of m is
considered. This is because 7,,- then only includes terms where the change in magneti-
zation Vm is projected onto the direction of the magnetization m [106]. As a result, the
energy is insensitive to changes in the direction of m, causing B,. to remain parallel to
the magnetization m. This limitation prevents the capture of local torque moments. In
general, the generalization of variables in the non-collinear case must adhere to the global
torque theorem, which states that the magnetic field does not exert any net torque on the
total system [106]:

0= /dr m(r) x B, (r). (3.78)

However, local torques can still arise, and in fact, they are essential for accurately cap-
turing spin dynamics and time-dependent behavior of the magnetization [107].

To address this limitation, Scalmani and Frisch [108, 109] proposed an alternative method
for defining functional variables that incorporates both longitudinal and transverse changes
in magnetization. This approach allows the xc functional to capture local torques while
satisfying the global zero torque theorem [110], and most importantly, has demonstrated
improved numerical stability [111]. Scalmani and Frisch define the variables up to the
meta-GGA case as

1
?”LTN:*( :i:\/m-m),

2
1 1 fv

T/ = ZV” -Vn + va -oVm =+ ?\/Vn -VmoVm - Vn,
1 1

1
Th = 3 (7‘ + fuv/uo u) ,
fv =sgn(Vn-Vmom),

fu=sgn(uom).

In this formulation the dot "-" contracts indices of the gradient operator V and the circle
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n_n

o" contracts the indices of the three-dimensional vector fields m and u.

For very small magnetization values m < 1072, the transformations in Eq. (3.79) can
cause numerical instabilities in the xc potential due to the appearance of the magnetization
length /m - m in the denominator during functional differentiation. To mitigate this,
alternative scalar transformations are introduced to ensure stable convergence for small
m [112]:

\/ﬂ—wnszil))Zmi,

VVn-VmoVm-Vn — Vn - Vm,,
and equally for the meta-GGA extension,

(3.80)

1
Wyu%%:§Zm. (3.81)

One drawback of this method, pointed out by Vingale et al. [106], is its equal treatment
of transverse and longitudinal components. To address this, they introduced a formalism
that weighs the transversal and longitudinal components differently. Nevertheless, the
formalism proposed by Scalmani and Frisch has been shown to produce satisfactory results
for systems with weak or significantly inhomogeneous spin polarization [106, 108, 109].
As discussed, meta-GGA functionals can pose numerical challenges. To address these,
we adopt the Scalmani and Frisch formalism for the meta-GGA extension, which offers
improved numerical stability [111]. In the following sections, we will derive the xc potential
using this formalism and evaluate the Hamiltonian matrix elements for the spin-polarized
case within the second-variational scheme.

3.3.1. Exchange-Correlation Potential

With the definition of the generalized variables in Eq. (3.79), the total xc potential can
be evaluated. As derived earlier, the potential is given by:

OBy
6mi

5 0Bk
Vie = on oo + Z

i=1,2,3

However, as in the spin-unpolarized case, the meta-GGA potential is only implicitly de-
pendent on the density n(r) and magnetization m(r), making it difficult to evaluate the
functional derivative of the xc energy with respect to them. For computational codes that
expand the wave functions in a basis set, such as ¥;, = > C’ZLG¢H, a density matrix is
defined as [113]:

I

DﬁzZ@Wi (3.83)

po = vo's

as already derived in Eq. (3.26) and Eq. (3.39) for the KED.
The spin-dependent electron density n,, can be expressed in terms of the density matrix
as:

Moo = 3 D7 ¢7(x) 6, (1), (3.84)

n

and following the generalization of the variables for the general non-collinear case in
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Eq. (3.79), the density n(r) can be written as:

=Y D0,6u)au(x) = (D52 + D) 61, (x) 6y (x). (3.85)
72 Qv
Similarly, the scalar KED and spin KED can be rewritten in terms of DZ;" as follows:
1 ! !
ZD 1)V (r) = 5 > (Df + D) VoL - Vo, (r),  (3.86)
nv
1
ZD 1)V, (r) = 5 3 (D + D7) Vo) - Vou(x),  (3.87)
nv
1 / /
§:D v¢4>—22ﬁaxz—D$7V@@»V@@» (3.88)
1 ! !
ZD 1)V (r) = 5 3 (Df = Di ) Vo (x) - Vou(r).  (3.89)
1%

The magnetization m(r) can be rewritten similarly (see Appendix A.2).
The matrix elements of the xc potential for the Hamiltonian are then evaluated by taking
the functional derivative with respect to the density matrix D;,, as follows [112],

- DemSCA U, AV,
e t_ d XC p q .
(V) %q:/ " Tou, ov,oD;,

(3.90)

Here, i = {0,1,2,3} represents all components of scalar density and the magnetiza-
tion m, as well as the scalar KED and the spin KED u. The variables are {U} =
{nt nb AT A AN 7T 741 as defined by Scalmani and Frisch in Eq. (3.79) and {V} =
{n,m, 7, u}. The partial derivatives of {V,} can be obtained by differentiating equations
(3.85) - (3.89). The partial derivatives of {U,} and the resulting potential matrix elements
are provided in the Appendix A.2.

In exciting, the xc potential is evaluated first, and later the matrix elements are calcu-
lated as:

(Vih = [ v 6},(x) Vi 6, v) (3.9)

The expressions for the xc potential and xc magnetic potential can be derived from the
matrix elements (V. ) (see Eq. (A.19)) and (Bxc),,, (see Eq. (A.24)), respectively. Mak-
ing use of partial integratlon the scalar potential is given by

mGGA mGGA
Oe™ e )

) =5 (

8n¢ 8n¢

1 mGGA mGGA mGGA

G e e e A
T 1 T
3.92
B flv Kaa;;;GGA B aaggGGA> Vn - Vm o Vm] (3:92)
O Oy r

1 85§§;GGA 65§?CGGA > }

B Ev |:< 87’T * 871 v ’
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and each component ¢ of the xc magnetic potential is given by

(B )Z B 1 <a€)rngGA B ag)rgGGA> mt
X 2 (9n¢ 6n¢ |m]
1 mGGA mGGA mGGA )
S v [<8€XC + OEXC o agxc ) vmz:|
2 Ot Oy Iy (3.93)
—f—vV [<8S>‘§;GGA _ 8£XmCGGA) van~Vm~Vn] ‘
2 Iy oy /2 r
£ 9emGGA  9.mGGAN i
B Z |:< 87} B (971 ) |ll|vi| .

As previously mentioned, in regions where the magnetization is small, the generalized vari-
ables are redefined. The corresponding modifications to the xc potential and xc magnetic
field, implemented to handle these regions, are given in the Appendix A.2.

3.3.2. Hamiltonian

Following the derivation of the potential and its matrix elements in the previous section,
this section discusses the specific setup of the matrix elements for the spin-polarized
case. Since the spin-polarized case is solved using the second-variational scheme, the
scalar (relativistic) Hamiltonian in the first-variational scheme is set up first. As in the
spin-unpolarized case, the potential is split into a multiplicative and a non-multiplicative
part, such that the non-multiplicative potential is given by its 7-dependent part, and the
remaining density-dependent part of the xc potential contributes to the multiplicative
potential VUt To evaluate the multiplicative potential in the muffin-tin and interstitial
regions, we apply the same scheme derived in the Appendix A.4. Similarly, for the non-
multiplicative part the derivation given in Eq. (3.61) for the muffin-tin and in Eq. (3.66)
for the interstitial region holds.

After evaluating the total scalar (relativistic) Hamiltonian of the first variation, the re-
sulting first-variational eigenvectors 1y are used to calculate the magnetic Hamiltonian
matrix elements for the second-variational step, which includes the external magnetic field
B and the xc magnetic field By.. The total effective magnetic field is again divided
into multiplicative and non-multiplicative parts. Thus, in the muffin-tin region for atom
«, the Hamiltonian matrix for the component i of the xc magnetic field is given by:

(Bit)mnor = (Unical (Bi)' [Wfic)
=St Ot [ 6 (B e
=2 Gt [ o (B (B gucds
Z Cme V' lea, 'V |:<Ba mult)w/ + (B nonmult)w/] 7 (3.94)
where the basis functions ¢, are defined as in Eq. (3.58) to account for both the (L)APW

basis and local orbitals. The matrix elements (Ba mult) and (B)‘fénonmult);l/ are obtained
uv

by following Eq. (A.45) and Eq. (3.61), respectively.
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For the interstitial region, the same treatment is done, with the integral given by

(Bett) oo = (Uimier| (Be)' Vo)

* 1
k,FV k,FV
- Z CTGnlU Cégo’ /¢G1+k XC) ¢G2+kdr
GG

= > By S [ aron (B + (B b,
G1G2

_ ZG CngV Cgl;,oliv [(Bétflfult)GlGQ + (Bnonmult)GlGZ]
G1G2

(3.95)

The interstitial matrix elements are similarly obtained by following Eq. (A.48) for the
multiplicative and Eq. (3.66) for the non-multiplicative part. With the integrals evaluated
for both the muffin-tin and interstitial regions and for all components ¢, the total effective
magnetic field matrix Beg(r) can be set up as

B (r) Biy(r) — z‘Bé’ff(ﬂ) 7 (3.96)

_ 1 (
2 \B(r) +iBl(r) —B(r)

Beg(r) =

to complete the total setup of the Hamiltonian. The Hamiltonian is then diagonalized to
obtain the full solution.

3.4. Total Energy
The total energy is given by [114]:

Eln] = Ty[n] + Uln] + Ey[n], (3.97)
where Ts[n] is the kinetic energy of the non-interacting electrons defined as [22]

Z flkglk eff; (398)

where the sum i runs over both valence and core electrons. The effective energy Fog is
made up of integrals over the Coulomb potential Vi (r), the xc potential Vi.(r), the xc
magnetic field By (r) and the external magnetic field Bey(r):

Fup = / Vo(r) n(r) dr + / Vie(r) n(r) dr+/ [Boo(r) + B (r)] - m(r)dr.  (3.99)

The interaction energy Uln| consists of electron-electron, electron-nuclear, and nuclear-
nuclear interactions [114]. It can be expressed in terms of the Coulomb and Madelung
potentials as follows:

/VC r)dr — —ZZ Vi (Ry). (3.100)
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In the case of the gKS scheme, the xc potential Vi.(r) can be separated into contributions
from core and valence electrons, as they are treated by different potentials [7]:

/ Vie(r) n(r) dr = / VEGA (1) peore (r) dr + / VmGGA () el (1) . (3.101)
Q

The meta-GGA potential V2G4 (r) can then further be split up into its multiplicative
and non-multiplicative part,

/VmGGA val dI‘ o /Vmult val dI‘ + /Vnon mult Val(r) dr. (3102)

The integral over the non-multiplicative potential V2°"™u!t(r) can be expressed as:

/V;(Izon—mult (I‘) nval _ _ = Z / v. <agmGGA Vd%) w: e
Q
(e o (55 o
Q v as

(3.103)

where, by applying Gauss’ theorem, a surface term arises, as it is also the case for the
Hamiltonian matrix elements. Similar to the treatment of the Hamiltonian matrix ele-
ments, the surface term is neglected in the present implementation. This results in the
following final expression for the total xc potential energy for the valence electrons:

agmGGA

V(1) dr. (3.104)
or

/V;(r::on—mult( ) Val( )dI‘ _
Q

Q

In the case of spin-polarized systems, the xc magnetic field By, needs to be evaluated
additionally. Similar to the spin-unpolarized case, the xc¢ magnetic field is decomposed
into a multiplicative and a non-multiplicative part. The non-multiplicative part for the
component ¢ can then be evaluated by considering the contribution of the KED and using
the definition of the magnetization m’ = >, 1[)}02-1/)]':

' ' 8€mGGA agmGGA ’U,i
Bnon-mult,z 7 — E |:< Xc _ Xc > — T:| Wi i
Q/ . (r) m'(r) dr XJ:Q/ 1 \% o o, ‘u‘Vw] o1 dr

(3.105)

After partial integration, and with the definition of the spin KED, u* = %Zj Vzﬁ;aiV@/}j,
we obtain the final expression:

) agmGGA agmGGA ui 1
Bnon-multz i dr = § /fu ( Xc _ Xc > — VYV T iv - d
/ m(r) r i o 2 87’T 871 |u[ 2 wjo- wj r
/fu (agmGGA agmGGA> ui

—u'd
aTT 871 \u\u ok

(3.106)

where the surface term has also been neglected.
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4. Validation and Results

Having successfully implemented the meta-GGA functionals, the next step is to validate
the implementation. The following sections first examine the computational cost and time
of a meta-GGA calculation, followed by an assessment of the correctness of the imple-
mentation through tests of the KED, and by calculating and comparing properties such
as band gaps, lattice constants, and magnetic moments to theoretical and experimental
literature results across different meta-GGA functionals and materials.

4.1. Computational Performance

In the following, the computational performance of the meta-GGA implementation is
evaluated by analyzing the convergence behavior and the computational time for the
SCAN, r2SCAN, TASK, and TPSS functionals across different materials. To this end,
the number of SCF iterations required for spin-unpolarized convergence are evaluated and
summarized in Fig. 4.1.

100HC=<3 Linear Mixer y
| |mmm PBE N
E TPSS N
»nn 8Ofmm TASK N
- r25CAN N
-8 SCAN
o 60r
| -
(O]
=
o 40F
O I
(Vp]
) l . .
Oj .
Ge Si SiC GaAs AIN Zn0O
Figure 4.1.: Number of SCF iterations required for different materials with different func-
tionals with Gua.x = 12Bohr™! starting from atomic densities. The de-
fault convergence criteria are Agpergy = 1 X 107% Ha for the energy and

Apot = 1 x 107% Ha for the potential. Values equal to 100 indicate that
convergence was not achieved unless the potential convergence criterion was
reduced to A, = 1 x 107° Ha. Unless specified, the standard multi-secant
Broyden mixer is used for potential mixing.

From the results, it is evident that meta-GGA functionals require more iterations than
PBE. Among them, TPSS is generally the most stable, with only a moderate increase
in iterations across all materials. As noted in Sec. 2.2, SCAN is prone to numerical
instabilities, leading to unpredictable behavior and significantly more SCF iterations,
which is reflected in the results, especially for Silicon (Si), Aluminium Nitride (AIN),
and Zinc Oxide (Zn0O). For ZnO with SCAN, r2SCAN, and TASK the linear mixer was
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required to reach convergence. Additionally, SCAN and TASK only converged when
the convergence criterion for the potential was relaxed. However, r2SCAN, designed to
address SCAN’s instabilities, achieved convergence with the default criterion for ZnO and
all other cases. The cases of Si and ZnO will be discussed in more detail below.

For Si, to reach the default convergence criterion of 1 x 107% Ha over two consecutive
steps, a high cut-off of Giuax = 40 Bohr™! is needed, see Fig. 4.2a. This cut-off controls
the Fourier coefficients used to construct the density, potential, and KED. A higher G«
provides a more accurate representation of the density and potential, capturing oscil-
lations better, though at higher computational cost. Fig. 4.2b shows that a low Gpax
requires significantly more SCF iterations with SCAN and is not able to reach conver-
gence systematically. However, with a relaxed convergence criterion of 1 x 10~° Ha for
the potential, fewer iterations are needed, even with a Giax of 12 Bohr™.

In comparison, the PBE functional requires fewer iterations than for Si, converging in
just 13 iterations. The TPSS and TASK functionals also show no major convergence
issues, requiring 18 and 19 iterations, respectively. r2SCAN converges in 32 iterations,
thus offering a more efficient convergence than SCAN, making it a favorable choice for Si.
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Figure 4.2.: Convergence behaviour of Si with the SCAN functional.

For ZnO, the convergence issues with SCAN are more pronounced. With Gyax = 30 Bohr ™!,
the multi-secant Broyden mixer fails, as shown in Fig. 4.3a, where the potential diverges
at higher SCF steps. Switching to the linear mixer, which provides slower but more stable
convergence, helps mitigate this. However, even with higher G,,., values, the SCAN po-
tential fails to meet the 1 x 107® Ha convergence criterion, as seen in Fig. 4.3b. Lowering
the criterion to 1 x 10~° Ha for the potential helps to achieve convergence.

The divergence in ZnO might be attributed to several factors. In the beginning, the key
reason could be its ionic nature, leading to a poor description of the atomic distribution in
the first iterations. In such cases, it may be beneficial to first fully converge the calculation
using PBE before switching to SCAN. While a linear mixer is still required in this case,
we are able to observe a faster convergence with the SCAN functional when starting from
converged PBE potential and density rather than atomic densities.

In comparison to SCAN, TPSS requires 33 iterations, while TASK, like SCAN, needs
a relaxed convergence criterion and the linear mixer most likely due to its similarity
to SCAN. The r2SCAN functional requires 77 iterations with the linear mixer when
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starting from atomic densities without lowering the convergence criterion. Starting from
a converged PBE calculation reduces the iterations needed to 52.

We conclude that the TPSS functional is the most stable among the meta-GGAs con-
sidered here. TASK and SCAN occasionally exhibit severe convergence problems with
divergent potentials and it can be expected that with more difficult materials, such as
2D materials, where vacuum plays an important role, more issues with divergent poten-
tials can occur. A clear alternative to SCAN is r2SCAN, which shows more consistent
convergence in the cases studied here.
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Figure 4.3.: Convergence behaviour of ZnO with the SCAN functional.

The SCF iterations discussed here were based on calculations starting from atomic den-
sities. It may be worth investigating whether meta-GGA calculations could benefit from
fewer iterations when incorporating previous GGA iterations or starting from a pre-
converged GGA solution. We find, however, that in all cases considered here, starting
from a converged PBE calculation does not significantly reduce the required SCF itera-
tions. Specifically, for Si and AIN with the SCAN functional, the extended convergence
time is mainly due to the potential exhibiting too strong oscillations close to the con-
vergence criterion. At this stage, it is reasonable to argue that PBE orbitals no longer
have a significant influence on the potential. While starting from PBE orbitals can be
more effective for ionic systems, such as ZnO, where it leads to faster convergence, in
SCAN@PBE, the convergence threshold for the potential still needs to be lowered with
Zn0. In contrast, r2SCANQPBE does not require such an adjustment with ZnO.

To fully assess the computational cost, we further examine the time required per iteration.
To this end, we evaluate the time per SCF iteration for four functionals for Si: PBE, and
SCAN, TPSS, and TASK. To assess the time required for each iteration, we used the
Intel VTune Profiler, performing each calculation 10 times to determine the mean value
and minimize measurement errors. All calculations were run serially on a single core of
an Intel(R) Core(TM) Processor (Ivybridge) at 3.2 GHz. The results are presented in
Fig. 4.1.

The significant differences in time primarily stem from three factors: the evaluation of
the kinetic energy density (KED), the potential (V), and the Hamiltonian setup and
diagonalization (H). Clearly, the KED is not evaluated in PBE calculations, and the KED
time does not vary significantly across meta-GGA functionals since it is independent of
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the specific functional.

For the potential (V), the increased time in meta-GGA functionals arises from the need
to evaluate both the meta-GGA and GGA potentials. Additionally, the 7-dependent
part, which accounts for the kinetic energy density, is evaluated alongside the standard
GGA components in meta-GGA calculations. Here, the TASK functional shows a slightly
lower evaluation time compared to SCAN and TPSS, likely due to its simpler LDA based
correlation. Overall, we observe that the evaluation of the potential is approximately 2
to 3 times more expensive in meta-GGA calculations, consistent with findings in Ref. [7].
The Hamiltonian setup is another major factor. The inclusion of 7-dependent integrals
increases the computational cost for meta-GGA functionals. The cost arises from the
need to evaluate gradients of the basis functions across three dimensions, as derived in
Sec. 3.2.2, requiring three separate integrals per gradient component. The diagonalization
step of the Hamiltonian should, in principle, remain consistent across all functionals, as
its timing primarily depends on the matrix size, which is the same for all calculations.

Method V H KED TIterations

PBE 0.40 6.57 0.00 12
SCAN  1.07 10.06 0.93 25
TPSS 1.21 986 0.87 18
TASK 093 9.89 0.89 19

Table 4.1.: Time per iteration (in seconds) needed for the evaluation of the potential
(V), Hamiltonian setup and diagonalization (H), and kinetic energy density
(KED) for Si using different functionals. Additionally, the number of iterations
required to converge calculations with a convergence criterion of 1 x 10~° Ha
for the potential and 1 x 107% Ha for the energy (starting from an atomic
superposition) is shown. All computational settings are consistent across the
different functionals.

The increase in computational time per iteration is mainly due to these factors, although
additional elements contribute. These include the symmetrization of the KED, initial-
ization of meta-GGA-related variables, and potential mixing, which involves both mul-
tiplicative and non-multiplicative potentials. Together, these factors make meta-GGA
calculations approximately 1.5 times more expensive per iteration in the case of Si com-
pared to GGA calculations. Moreover, meta-GGA calculations require more iterations to
achieve convergence, which however depends on the material and functional considered.
In summary, the materials discussed here take about 2-3 times longer to evaluate.

To compare the computational cost of hybrid functionals with meta-GGA calculations, we
examine PBEO, HSE06, and the SCAN functional. Table 4.2 shows that hybrid functionals
require significantly more computational time, with HSEO6 being 170 times slower than
SCAN and PBEO around 80 times slower. Though PBEO appears faster, it generally
requires more k-points due to long-range exact exchange, whereas HSE06 requires fewer
k-points for convergence because of its semi-local treatment. Furthermore, both hybrid
functionals require the inclusion of extra unoccupied states for proper convergence, which
further adds to their computational expense when performing convergence calculations.
This makes meta-GGA functionals like SCAN a more efficient choice when balancing
accuracy and computational resources.
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Method Time (hh:mm:ss)

SCAN 00:01:44
HSE06 04:55:30
PBEO 02:17:19

Table 4.2.: Mean computation time (hh:mm:ss) over 10 runs for the hybrid functionals
HSE06 and PBEQO, as well as the meta-GGA functional SCAN. All calcula-
tions were performed with identical settings, using OpenMP threading with
10 threads on a single node.

4.2. Kinetic Energy Density

To verify the KED implementation from Sec. 4.2, we conduct two tests. First, we compute
the KED for an isolated hydrogen atom and compare it to the analytical solution. The
analytical solution for the hydrogen wave function is given by [115]:

1
s(r) = 736_”“0, (4.1)
Vmag
from which the KED can be derived as:
1
T(r) = 76_27“/“0, (4.2)

- 3
2mag

where r is the radial distance from the nucleus, and aq is the Bohr radius, which is set
to 1 in atomic units. Fig. 4.4 compares the analytical KED solution with the numerical
results for different unit cell volumes. The unit cell volume is increased by adjusting the
scale parameter to approximate the isolated atom. As can be seen, increasing scale
improves the agreement, showing that the numerical approach converges to the analytical
result. It should be noted, however, that the KED for the hydrogen atom only captures
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Figure 4.4.: KED of the hydrogen atom for different unit cell sizes, scaled by the factors
of scale = 3.3, 8.3, and 10.3, to model the isolated atom. The numerical
results are compared to the analytical solution.

the 1s state, which is a valence state. Consequently, this analysis does not provide any
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insight into the implementation of the core states.
As defined in Sec. 4.2, the KED integrates to yield the total non-interacting kinetic energy:

T, = /Q dr7(r). (4.3)

Thus, as a second test, the values of the integrated KED can be compared to the values
of the kinetic energy obtained by the eigenvalues ;. of the KS equation, as defined in
Eq. (3.98). However, this test is also limited in that any integral over spherical harmonics
captures only the ¢ = 0,m = 0 component, since it is the only one that does not vanish.
Specifically, the integral in the muffin-tin region

Rmr
o «a A\ « 2 _«
L= /MTQ At i (r) R (8) = 3_ 4 [ et o) (4.4)

shows that only the spherical component of the MT implementation is tested, since
[ d Ry, equals V4 for ¢ = 0,m = 0 and vanishes for all other ¢ and m.

Furthermore, the KED for core electrons is evaluated non-relativistically, so eigenvalues
from the relativistic Dirac equation cannot be directly compared with the integrated core
KED. To make a valid comparison, we focus on the valence contributions, comparing the
valence KED and T 5. Additionally, to ensure the KED integrates to the correct non-
interacting kinetic energy, relativistic effects in the Hamiltonian must be disabled when
evaluating the valence electrons, as the implemented KED is non-relativistic.

Material Arel, KE

He 1.33 x 10712
Li(s) 2.73 x 107°
C 1.91 x 10713
Si 6.94 x 10713
BN(s) 4.48 x 1078
LiF 9.15 x 10712

GaAs 8.37 x 10712

Table 4.3.: Relative differences A, kg of the kinetic energy 7., and integrated non-
relativistic kinetic energy density [ 7V for valence states for different materi-
als. For Li and BN, the spin-polarized KED is evaluated.

The relative differences A, kg across different materials, shown in Table 4.3, are con-
sistently small, indicating good agreement between T ., and the integrated KED. In
spin-polarized cases, the differences are slightly larger, likely due to the complexity of
the second-variational scheme. Nevertheless, the small differences observed in both the
spin-polarized and spin-unpolarized cases validate the accuracy of the implemented KED.
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4.3. Band Gaps

To validate the correctness of the implementation of meta-GGAs in exciting, this section
focuses on converging and computing the band gaps of several semiconductors and on
comparing those results with other theoretical band gaps found in literature, as well as
experimental band gaps.

The implementation in exciting is tested using a small subset of semiconductors from
Ref. [7], where the implementation of meta-GGAs in WIEN2k [24] was validated against
results obtained with the VASP code [104]. The dataset for their study originates from
Ref. [18], where calculations using different functionals across various rungs of the Ja-
cob’s ladder were compared using the VASP code. This database was later extended in
Ref. [21] by adding more results obtained with meta-GGA functionals. The dataset con-
sists of 472 materials, each with defined experimental band gaps and crystal structures,
available in the supplementary information of Ref. [18]. For consistent comparison, the
same experimental geometries are used for the smaller subset analyzed in this work, listed
in Table 4.4, along with the expected points of the Conduction Band Minimum (CBM)
and Valence Band Maximum (VBM) for the band gap and the experimental band gap.
As discussed in Sec. 2.2.5, the band gap in the gKS scheme is obtained by taking the

Solid ~ Structure type  ag [A] ¢ [A] CBM VBM exp. gap [eV]

Si A4 (diamond) 544 - X' T 1.17
Ge A4 (diamond) 5.67 - L r 0.74
SiC B3 (zincblende)  4.35 - X r 2.42
GaAs B3 (zincblende) 5.75 - r r 1.52
AIN B4 (wurtzite) 313 502 I T 6.19
ZnO B4 (wurtzite) 324 522 T r 3.44

Table 4.4.: Summary of materials, their structure type, experimental lattice constants,
and experimental band gaps. The lattice constants aq and ¢y are given in A,
where ¢y is provided for non-cubic materials. CBM denotes the Conduction
Band Minimum and VBM denotes the Valence Band Maximum. Note: X'
denotes a point slightly off X along the I' — X path. The experimental band
gaps are taken from the supplementary information of [18].

difference between the eigenvalues at the CBM point, or Lowest Unoccupied Molecular
Orbital (LUMO), and the VBM point, or Highest Occupied Molecular Orbital (HOMO),

EES = ety — Vnar (4.5)
The calculated band gaps with exciting for the materials listed in Table 4.4 are presented
in Table 4.5. The SCAN, TPSS, and TASK functionals were used for each material. These
results are compared to those from the VASP code, which uses a plane wave basis with
pseudopotentials or the Projector Augmented-Wave (PAW) method, and the WIEN2k code,
also an all-electron APW+LO code. When comparing results obtained with exciting to
those from other codes, discrepancies in the results can occur. Although WIEN2k is also
an (L)APW code like exciting, and good agreement is generally expected, differences in
parameter settings, such as the local orbital configuration and muffin-tin radii, can lead
to small variations in the results. Despite these potential differences, Table 4.5 shows that
the band gaps obtained with exciting are comparable to those obtained with WIEN2k
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Solid ‘ SCAN AWIEN2k AVASP ‘ TPSS AWIEN2k AVASP ‘ TASK AWIEN2k AVASP

Si 0.84 0.01 —0.03 | 0.66 0.00 —0.04 1.01 0.00 —0.01
Ge 0.18 0.00 0.01 | 0.19 0.01 0.05 | 0.86 —0.02 -0.01
SiC 1.70 0.02 -0.01 | 1.32 —0.06 0.00 1.99 0.05 0.02
GaAs | 0.80 0.03 0.00 | 0.68 0.00 0.00 1.73 0.00 0.06
AIN 4.81 0.02 0.02 | 4.15 0.01 0.01 5.84 0.07 —0.01
ZnO 1.16 —0.03 0.02 | 0.78 0.02 0.05 | 225 —0.01 0.17

Table 4.5.: Band gaps (in eV) calculated with different meta-GGA functionals using the
exciting code at experimental lattice parameters. The results are compared
to those obtained with the WIEN2k and VASP codes. The differences between
the exciting code and the respective codes (Ayrenax = Egre*7¢ — E;’IEN?k and
Avypsp = E;"Citing — E;’ASP) are shown. Band gap data is taken from Refs. [7,
18, 21].

and VASP, with almost all differences well below 0.1 eV. The largest discrepancy is found
for the TASK functional with ZnO, where a difference of about 0.17 eV compared to the
VASP code is observed.

Additionally, as discussed in Sec. 4.1, the r2SCAN functional improves the convergence
behavior of the SCAN functional, which is why we also evaluate the band gaps obtained
with r2SCAN, which are presented in Table 4.6 and compare them to the SCAN func-
tional. We observe that in most cases the differences between the results of the SCAN
and r2SCAN functionals are within 0.1 eV, except for Germanium (Ge) and Gallium
Arsenide (GaAs), where a difference of 0.3 eV and 0.24 eV is observed. In Ref. [59], it
was reported that the typical difference between the SCAN and r2SCAN functionals was
found to be around +0.15 eV for band gaps, which is consistent with the mean difference
of approximately 0.13 eV observed here.

Solid SCAN r2SCAN

Si 0.84 0.76
Ge 0.18 0.48
SiC 1.70 1.72
GaAs  0.80 1.04
AIN 4.80 4.82
Zn0O 1.16 1.25

Table 4.6.: Band gaps (in eV) obtained with SCAN and r2SCAN using exciting.

To obtain reliable band gap values, it is essential to always converge the size of the
interstitial basis, RyrGmax, as defined in Sec. 2.3, as well as the k-grid. This is because,
for the calculation of quantities like the density, it is necessary to integrate over the
Brillouin Zone (BZ). In practice, these integrals are evaluated by summing over a finite

number of k-points [23]:

1 1
— dk - — :
QBZ BZ Nk K

However, replacing an integral with a sum requires convergence of the number of k-
points [k, ky, k.| to ensure an accurate representation of the calculated properties. For
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the semiconductors considered here, coarser meshes are typically sufficient because of
their localized states and gap around their Fermi level. In this study, the band gap for
all materials is converged to within at least 0.01 eV for both the k-grid and RyirGax-
Additionally, setting up a good basis within the muffin-tin region is crucial. As discussed
in Sec. 2.3.1, this requires the addition of several local orbitals for each atom «, to achieve
an accurate description of the wave function in the muffin-tin region.

In the following sections, the convergence behavior with respect to the parameters Ry Gmax
and the k-mesh of a few materials will be further discussed. The respective convergence
plots for all materials can be found in Figs. B.1 - B.6.

The first material discussed is Si, a semiconductor with an experimental indirect band
gap of 1.17 eV along the I' — X points. Since the CBM of Si is not directly at a high
symmetry point, a higher density of k-points is required to capture the indirect band gap
accurately when evaluating the CBM directly from the k-mesh. This is because there can
be variations in the specific k-point that is evaluated for the CBM for different k-point
densities, making convergence analysis unstable. To address this, it is either useful to
examine the band gap at consistent high symmetry points, such as the I' — I gap, which
are always included in the k-mesh, or by sampling more eigenvalues along the I' — X path
by doing a band structure calculation. This provides a reliable convergence study for
eigenvalues, as shown in Fig. 4.5a, accurately demonstrating how the k-point density is
converged. As shown in Fig. 4.5b, a smooth convergence is equally achieved for Si using
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band structure path along the I' — X path, gap along I' — X with increasing basis set
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[8 8 8.

Figure 4.5.: Convergence behavior of the Si band gap w.r.t. the k-mesh and Ry1Gax

the SCAN functional at a constant k-mesh, indicating that the band gap value converges
as RyirGmax increases. This behavior is consistent across the other functionals, TPSS and
TASK, see Fig. B.1.

The converged results for Si are close to either the WIEN2k or VASP results for all three
functionals, as can be seen in Table 4.5. The differences in the band gaps between the
functionals are also consistent with expectations. The TASK functional yields the largest
band gap for Si, while the TPSS functional results in the smallest band gap, very close to
PBE values found in literature of 0.58 eV [7], confirming that TPSS does not significantly
improve the underestimation of the band gap that is inherent to the PBE functional.
For Ge, we similarly observe that different functionals lead to significantly varied band
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gaps. Ge is characterized by a small indirect band gap at the I' — L point, with an
experimental value of approximately 0.74 eV. It also has a not much larger direct gap
at the I' — I" point of approximately 0.9 eV [116]. PBE generally underestimates the
band gap strongly with values around 0.06 —0.11 eV [7, 18]. In contrast, the meta-GGAs
evaluated in this study show an improved performance in predicting the band gap. The
TASK functional, in particular, predicts a gap of 0.86 eV and r2SCAN a value of 0.48
eV. The SCAN and TPSS functionals, however, predict much smaller gaps of 0.18 eV and
0.19 €V, respectively.

Further analysis reveals that for the SCAN functional, convergence with respect to the
basis size RyrGmax at smaller basis set sizes, RyrGmax = 6,7, the calculation incorrectly
predicts a small non-zero Density of States (DOS) at the Fermi level, which implies the
material is metallic. This issue is also seen when using the TPSS functional. To address
this, the broadening parameter o, linked to the artificial temperature kg7, is adjusted.
A small o smooths the occupancy of electronic states near the Fermi level by replacing
the sharp Dirac delta function with a Gaussian function. This approach is beneficial for
metals, but for materials like Ge, with small band gaps, refining o narrows the Gaussian,
improving accuracy around the Fermi level. By refining o and increasing k-point density,
a zero DOS at the Fermi level is consistently achieved, leading to more reliable band gap
predictions (see Fig. B.3d).

Furthermore, when analyzing the band structure of Ge using the SCAN, r2SCAN, TPSS,
and TASK functionals in Fig. 4.6, we observe that only the r2SCAN and TASK func-
tionals correctly predict the order of the gaps around the Fermi level. Specifically, both
functionals accurately identify the I' — L. gap as smaller than the I' — I" gap, which aligns
with the known properties of Ge [116]. In contrast, both the TPSS and SCAN function-
als incorrectly predict the smallest gap at the I' — I point. SCAN and TPSS predict a
I' = T" gap of 0.18 eV and 0.19 eV, respectively, while the I' — L. gap is larger, with TPSS
predicting 0.26 eV and SCAN predicting 0.31 eV. The r2SCAN functional improves the
predictions by providing a more accurate gap hierarchy, with a I' — L gap of 0.478 eV,
slightly smaller than the I' —T" gap of 0.482 eV. Similarly, the TASK functional accurately
predicts a I' — L gap of 0.86 €V, which is smaller than the predicted I' — I' gap of 0.91 eV.
This demonstrates that both r2SCAN and TASK provide a more accurate representation
of the band structure of Ge.

The results for Silicon Carbide (SiC) and GaAs show good agreement with those from
other codes, with detailed convergence plots in Fig. B.2 and B.4. For AIN and ZnO, both
wurtzite structures with direct band gaps at I' — I', convergence requires a non-uniform
k-mesh to account for the non-cubic symmetry. Consequently, in the convergence plots
for ZnO and AIN, convergence is shown with respect to the total number of k-points
(ky - ky - k) rather than an equal k-mesh, to better reflect the hexagonal structures. Both
materials show smooth convergence with respect to k-points and RyrGax, as shown in
Fig. B.5 and Fig. B.6. Overall, we observe no increase in the needed k-points or RyirGax
values to converge meta-GGA band gaps to 0.01 eV.

Finally, it should be noted that in our implementation, as in WIEN2k, a GGA potential
is used to calculate the radial functions for both valence and core states. The authors of
Ref. [7] compared band gaps using both the so-defined optimal GGA and PBE for the basis
setup, as discussed in Sec. 3.2.3. They found small differences (typically 0.0 —0.02 eV) for
the TASK, SCAN, and TPSS functionals when using PBE instead of the optimal GGA.
Thus, it was concluded that PBE is also suitable for the basis setup, and consequently
the calculations presented here were performed using the PBE functional.

To analyze the influence of the functional used for the basis, the calculations for all other
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Figure 4.6.: Bandstructure of Ge for the SCAN, r2SCAN, TPSS and TASK functional
along the W — L — I' — X path.

materials are repeated with exciting using the optimal functional for each respective
meta-GGA functional. The differences are shown in Table 4.7. As can be seen, there is no
significant discrepancy between the results when using the PBE and optimal functionals
for the chosen materials. The largest differences between results using the PBE functional
and the optimal GGA functional were found with the TASK functional. This is most
likely due to the fact that the optimal GGA functional for SCAN and TPSS is the RPBE
functional [117], a revised version of PBE, which explains the minimal differences observed.
However, for the TASK functional, the optimal functional is the HCTH/407 functional
[118], which resulted in more significant differences, such as a discrepancy of 0.22 eV for

ZnO in Ref. [7].

Solid  Agcan  Arpss  Arask

Si 0.00 0.02 0.00
Ge 0.00 0.00 0.02
SiC 0.00 0.00 0.00
GaAs  0.01 0.00 -0.01
AIN 0.00 0.00 0.00
ZnO 0.01 0.00 0.04

Table 4.7.: Differences in the meta-GGA band gaps (in ¢V) due to the chosen GGA po-
tential (PBE or the optimal one) to evaluate the radial basis functions. The
optimal potentials are RPBE for TPSS and SCAN, and HCTH /407 for TASK.
The differences are given as Apynctional = EgPmaGGA — EIBE,

For ZnO, it is noteworthy that the band gap result from VASP (2.08 eV) is significantly
smaller than the band gaps obtained by us using exciting (2.25 eV) and the WIEN2k
code (2.26 eV) when using PBE as a basis for the radial functions. Using the optimal
GGA functional HCTH/407 for ZnO in TASK calculations, we observe a discrepancy of
0.04 eV in the case of exciting, see Table 4.7. In the case of WIEN2k, the calculated
value is 2.04 €V, resulting in a larger discrepancy of 0.22 eV when compared to the result
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using PBE, though it now closely matches the result obtained with VASP. Although we
did not reverify the VASP or WIEN2k results, comparing the theoretical results with the
experimental band gap for ZnO, which is 3.44 eV, indicates that the larger band gaps
obtained using exciting and WIEN2k are closer to the experimental value. Considering
that no additional theoretical data on TASK with ZnO was found, and given that our
results match those of WIEN2k and VASP in all other cases, it can be concluded that the
implementation in exciting is valid and produces accurate band gaps for meta-GGA
calculations.

To assess the performance of meta-GGAs in predicting band gaps, we compare the the-
oretical results with experimental data in Fig. 4.7, alongside values obtained with PBE
and HSE06. As expected, TPSS consistently underestimates the band gaps, offering no
improvement over PBE. In contrast, SCAN, r2SCAN, and TASK show better agreement
with experimental data, with TASK even slightly overestimating the gaps in two cases
and generally outperforming SCAN.

A TPSS AIN
6f TASK
| o scan ]
5H % r2scan é
O PBE ;

AH ® HSE06 ¢

N

Theoretical E4 [eV]
W

o =
>

0 1 2 3 4 5 6
Experimental E; [eV]

Figure 4.7.: Comparison of experimental band gaps (in eV) with theoretical values ob-
tained using different functionals. The theoretical band gaps are computed
using the meta-GGA functionals TPSS, r2SCAN, SCAN, and TASK with the
exciting code. PBE data is taken from Ref. [7], HSE06 data from Ref. [119],
and experimental band gaps from Ref. [18].

The comparison shows that meta-GGAs generally predict band gaps more accurately than
PBE, but are less accurate than HSE06, which provides more accurate results for most
materials. An exception is the TASK functional, which yields results closest to HSE06
and even outperforms it for the wide band gap material AIN.

As discussed in Sec. 4.1, HSE06 requires approximately 170 times more computational
time, and PBEO about 80 times more, compared to SCAN. While hybrid calculations are
manageable for smaller systems, their computational cost scales quickly with system size
[120]. Thus, when balancing the trade-off between accuracy and computational efficiency,
TASK is found to be a viable option among the discussed functionals.
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Chapter 4. Validation and Results

4.4. Lattice Constants

In this section, to further validate the implementation of meta-GGAs in exciting, specifi-
cally the total energy as defined in Sec. 3.4, equilibrium lattice constants ay are computed
for Si, Ge, SiC, and GaAs. Equilibrium lattice constants can be evaluated either self-
consistently or non-self-consistently. The latter involves using GGA or LDA orbitals to
converge the Kohn-Sham SCF cycle, then evaluating the meta-GGA total energy across
different volumes. In this work, lattice constants are determined self-consistently, using
the converged RyTGrax and k-mesh values from Sec. 4.3.

The equilibrium lattice constants are found by fitting the total energy E(V) as a function
of volume to both the Birch-Murnaghan Equation of State (EOS) [121] and a polynomial
fit, as shown for Si in Fig. 4.8a. Both methods yield consistent lattice constants up to
the third decimal place, with the Birch-Murnaghan EOS providing a more physically
motivated fit. The Birch-Murnaghan EOS expresses the energy as a function of the

volume:
3 2
it ([0 (8 oo ()
E(V)=F — -1 B — -1 [6—4(—
where V and Ej are the equilibrium unit cell volume and energy, respectively, By is the
bulk modulus, and B; is the derivative of the bulk modulus with respect to pressure. The
lattice constant can then be evaluated from the volume Vj that minimizes the energy by

taking into account the symmetry of the system. Given the cubic structure of the studied
materials, only a single lattice constant ag needs to be computed for each material, which

is given by:
ap = \3/ Ncubicvba

where N ypic is the number of atoms in the cubic unit cell. For all materials evaluated here,
Newvic = 4. The E(V)-fitted plots for Ge, SiC, and GaAs can be found in the Appendix
in Fig. B.8.
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(a) E(V) curve fitted for Si using SCAN. (b) E(V) curve fitted for Si using TPSS.

Figure 4.8.: Fitting of the E(V) curves for Si using the SCAN and TPSS functionals.
Fitted with the Birch-Murnaghan EOS and a polynomial fit of order 5.

We compare our results for the SCAN and TPSS functionals to those found in the lit-
erature, obtained with different methods and codes, as shown in Tables 4.8 and 4.9.
Overall, the results obtained with exciting show good agreement with other codes such
as WIEN2k, VASP and FHI-Aims, which utilizes atom-centered numerical basis sets [122];
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Solid exciting WIEN2k! VASP? FHI-Aims®

Si 5.432 5.436  5.428 5.433
Ge 5.687 - 5.685 5.669
SiC 4.355 - 4.352 4.353

GaAs 2.658 2.658  5.665 5.656

Table 4.8.: Lattice constants (in A) obtained us-
ing the SCAN functional with different
computational codes.

L Ref. [7]
2 Ref. [126]
3 Ref. [127]

Gaussian, which employs Gaussian-Type Orbitals (GTOs) [123]; and BAND, which makes
use of localized atomic orbitals [124, 125].

The results for the SCAN functional in Table 4.8 show that the lattice constants calculated
using exciting for Si, SiC and GaAs are in close agreement with the values obtained using
WIEN2k, VASP and FHI-Aims, with deviations well within 0.01 A. For Ge, exciting is
also in good agreement with VASP, but FHI-Aims predicts a lower value, showing a larger
deviation of 0.018 A from exciting.

For the TPSS functional, see Table 4.9, the lattice constants computed using exciting
generally also show good agreement with the other codes, with most deviations also within
0.01 A. In the cases of Si and SiC, Gaussian predicts slightly higher lattice constants,
deviating by 0.015 A and 0.02 A, respectively, from exciting. For GaAs, we find that
BAND predicts a slightly lower value, deviating by 0.02 A. Nevertheless, exciting remains
closely aligned with the other codes for these materials.

Solid exciting WIEN2k' VASP? Gaussian® BAND?

Si 5.462 5.458  5.453 5.477 5.452
Ge 5.732 - 5.729 5.731 5.723
SiC 4.372 4.366 4.392 4.366

GaAs 5.722 5.711  5.718 5.716 5.702

Table 4.9.: Lattice constants (in A) obtained using the
TPSS functional with different computational
codes.

Ref. [7]

Ref. [128]
Ref. [129]
Ref. [130]

W N =

To put the meta-GGA results from exciting into context, we compare them to theoretical
literature values obtained using the PBE and HSE06 functionals, as well as Zero-Point
Anharmonic Expansion (ZPAE)-corrected experimental lattice constants. Experimen-
tal lattice constants at zero temperature are influenced by zero-point vibration energies,
which are absent in 0 K DFT calculations, affecting the absolute energy and EOS, as
phonon frequencies decrease with volume [72]. Removing the ZPAE contribution from
the experimental data allows for a more accurate comparison with theoretical lattice con-
stants. To visualize the performance of each functional compared to the experimental
data, we plot the deviations of the calculated lattice constants from the experimental
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Chapter 4. Validation and Results

data in Fig. 4.9. As expected, PBE consistently overestimates the experimental lattice
constants. The meta-GGA functionals show improvements over PBE, although TPSS,
while more accurate, still strongly overestimates the values. As discussed in Sec. 2.2.3,
SCAN stands out as one of the most accurate meta-GGA for predicting lattice constants
of solids. This is evident in the results, where SCAN and HSE06 predict values clos-
est to the experimental data. We also evaluated lattice constants using the more stable
r2SCAN functional, which yields values similar to the SCAN functional but generally
produces larger constants, consistent with findings in Ref. [62].

Among the meta-GGAs and materials discussed, SCAN is the most reliable functional.
For SCF convergence issues, TPSS and r2SCAN serve as viable alternatives. Additionally,
lattice constants can be calculated non-self-consistently, as shown in Ref. [7], where self-
consistent and non-self-consistent results using GGA orbitals showed minimal differences
for both the SCAN and TPSS functionals.

In summary, the observed deviations from other computational codes are minimal and
do not impact the overall reliability of the results. When compared to experimental
results, the exciting calculations reproduce the findings reported in the literature: TPSS
tends to overestimate lattice constants, while SCAN provides more accurate values. This
consistency across different functionals and materials further validates the correctness of
the implementation of meta-GGAs in exciting.
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Figure 4.9.: Deviation (in %) of the calculated theoretical lattice constants ag from the
ZPAE-corrected experimental values. Theoretical lattice constants are ob-
tained using the TPSS, SCAN, and r2SCAN functionals with the exciting
code. PBE data is taken from Ref. [53], and HSE06 and experimental data
is from Ref. [72].
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4.5. Magnetic Moments

To validate the spin-polarized implementation outlined in Sec. 3.3, the magnetic moments
of the ferromagnetic solids Ni, Fe, and Co are calculated and compared to both WIEN2k
results and experimental data. To ensure an accurate comparison with the WIEN2k results
from Ref. [7], the calculations are performed at the same experimental geometries, which
are summarized in Table 4.10.

Material = Structure Type ag co  exp. Us

Ni A1 (fec) 3523 - 0.52-0.55
Fe A2 (bec) 2.867 -  1.98-2.08
Co A3 (hep) 2.507 4.070 1.52-1.62

Table 4.10.: Summary of materials, their structure type, experimental lattice constants,
and experimental magnetic moments ps. The lattice constants ag and ¢q are
given in A, where ¢, is provided for non-cubic materials. The experimental
magnetic moments are taken from Ref. [57] and are given in up/atom.

To converge magnetic moments, it is necessary to converge the k-mesh, Ry1Giax, and
the number of states used in the second-variational basis, which is done with the nempty
parameter in exciting. In principle, this parameter determines the eigenstates required
beyond charge neutrality. The inclusion of these empty states is crucial in metals to
accurately capture the Fermi level, where the number of states below the Fermi energy
is not known beforehand. Furthermore, it determines the basis set size of the second-
variational basis set in spin-polarized calculations. Then, the number of empty states
depends on the total basis set size of the (L)APWs. Therefore, we first converge RyrGmax,
followed by the number of empty eigenstates, see Fig. 4.10b and 4.11.

In metals, it is crucial to accurately describe the DOS at the Fermi level due to partially
occupied bands. This creates a discontinuity in the occupation number f,x, which can
cause SCF instability if the k-point grid is too sparse. To address this, smearing methods
are used, replacing the occupancy f,x with a smooth function near the Fermi level. Com-
mon smearing functions include Gaussian and Fermi-Dirac distributions, with broadening
controlled by ¢ = kgT. A smaller o improves accuracy but requires a denser k-point
mesh, while a larger ¢ reduces the k-point density at the cost of accuracy.

Although a full convergence study of ¢ is important for predicting magnetic moments,
we did not perform an extensive convergence here, focusing instead on validating the
implementation. However, such tests should ideally be done. For the materials considered
in this study, we chose o values between 0.005 Ha and 0.001 Ha. For Ni and Co, larger
k-point meshes were required for convergence, which is why we use ¢ = 0.005 Ha and
o = 0.003 Ha, respectively. For Fe, convergence is achieved more easily, so we use o =
0.001 Ha, as shown in Fig. 4.10a. All other convergence plots here can be found in the
Appendix B.3.

The converged results for magnetic moments converged within 0.01 up/atom for TPSS
and SCAN are listed in Table 4.11. As can be seen, the results of the WIEN2k code and
the exciting code are in good agreement.

For Co, the TPSS functional shows smooth convergence, and the resulting magnetic mo-
ment aligns well with the WIEN2k result. However, using the SCAN functional presents
significant challenges, with unpredictable convergence behavior. A calculation may con-
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Material SCAN AWIEN2k TPSS AWIENQk

Fe 2.61 0.01 2.23 0.00
Ni 0.76  —0.01 0.66 0.00
Co 1.76  —0.01 1.65 0.00

Table 4.11.: Converged magnetic moments (in pp/atom) for Ni, Fe, and Co using the
SCAN and TPSS functionals obtained with the exciting code. The differ-
ences for the magnetic moments obtained with the WIEN2k code (Ayrenox =

exciting _  WIENZK) are also presented, with values taken from [7].

verge for a specific k-mesh, but fail with a finer or coarser mesh. This issue is not unique
to Co and is also observed for Fe and Ni, suggesting it is inherent to SCAN. While
convergence studies are possible, they are inconsistent, with some k-point configurations
converging and others not. As a result, some convergence plots have missing data points
where the convergence criteria were not met. In general, we find that increasing Guax
and £, to describe the potential and KED more accurately in both the interstitial and
MT regions helps mitigate convergence issues.
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(a) Convergence w.r.t. the k-mesh with Gaus- (b) Convergence w.r.t. the basis size RyrGrax
sian smearing with ¢ = 0.001 Ha. at constant k-mesh = [16 16 16].

Figure 4.10.: Convergence of the magnetic moment (in pp/atom) of Fe SCAN.

To further improve the convergence issues encountered here, alternative mixing schemes
could be used. For example, the authors of Ref. [131] have shown that convergence
problems, especially in spin-polarized calculations, can be improved by using the Kerker
mixer [132], which reduces convergence problems caused by charge sloshing [133]. The
study also addressed convergence problems due to noise in the exchange-correlation po-
tential by testing different mixers, such as the Pulay mixer [134, 135] and a modified
version of it. They showed that these can improve convergence in the presence of oscil-
lating potentials. Therefore, the convergence problems encountered here with the SCAN
functional could be improved by using one of these mixers, and investigating these options
could improve the reliability of meta-GGA spin-polarized calculations. Thus, before per-
forming more extensive calculations with meta-GGAs in the spin-polarized case, it may
be beneficial to first improve the convergence behavior.

To further put the results obtained with TPSS and SCAN in context by comparing them
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with experimental values, we find that TPSS slightly overestimates the magnetic mo-
ments, while SCAN overestimates them even more. These findings are consistent with
those reported in Ref. [7, 57], where it was shown that SCAN produces magnetic moments
significantly higher than those obtained with LDA and PBE, both of which already over-
estimate magnetic moments for ferromagnetic elementary solids. TPSS yields magnetic
moments similar to those obtained by PBE. Although the meta-GGAs do not provide
satisfactory results for ferromagnetic materials, that does not mean that meta-GGAs in
general are not applicable to magnetic systems. For example, for cuprate superconduc-
tors, SCAN is able to predict the most accurate magnetic properties compared to other
DFAs, such as GGAs and hybrid functionals [136]. Thus, the study here mostly serves
the validation of the spin-polarized calculation.
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Figure 4.11.: Convergence of the magnetic moment (in pp/atom) of Fe SCAN w.r.t. the
empty states.

As a final note, in evaluating the magnetic moments of ferromagnetic materials, only the
collinear part of the implementation has been tested. Specifically, we always apply an
external field B along the spin quantization axis z, which is gradually reduced during
each SCF iteration to find the ground state. Thus, to fully test the implementation,
further testing would be required for the general non-collinear case. However, since the
implemented non-collinear formalism reduces to the collinear limit, and the magnetic
moments are accurately predicted here, this suggests that the implementation is most
likely correct.
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5. Conclusion and Outlook

In this work, we have successfully extended the capabilities of the all-electron (L)APW+LO
code exciting by implementing self-consistent meta-GGAs for both spin-unpolarized and
spin-polarized systems. By integrating the Libxc library for the evaluation of the meta-
GGAs potentials, we have further expanded the applicability of meta-GGA calculations in
exciting by providing access to a wide range of KED-dependent meta-GGA functionals.
The validity of the implementation was verified by comparisons with established compu-
tational codes for fundamental properties such as band gaps, lattice constants, and mag-
netic moments. The meta-GGA functionals considered in this work - SCAN, r2SCAN,
TPSS, and TASK - consistently produced results in close agreement with other codes.
This confirms the correctness of the approach and implementation of meta-GGAs within
exciting.

Furthermore, we demonstrated that the meta-GGA implementation is computationally
efficient. Our meta-GGA calculations require only about 2-3 times the computational
effort of standard GGA functionals, consistent with other timing results found in the
literature, making them a practical choice for achieving improved accuracy without sig-
nificant additional cost. In contrast, hybrid functionals within the exciting code take at
least 80 to 170 times longer than the meta-GGAs considered here.

Moreover, our comparative analysis between the different meta-GGA functionals provides
guidance on selecting the most appropriate meta-GGA functional based on the property
of interest - at least among the functionals and properties considered here. For band gap
prediction, the TASK functional proved to be the best, approaching the accuracy of the
HSEO06 hybrid functional. This makes TASK particularly suitable for electronic structure
calculations where an accurate band gap estimation is crucial. For lattice constants, both
SCAN and r2SCAN showed good performance, closely matching experimental data and
hybrid functional results, thus serving as reliable choices for structural predictions. For
the magnetic moments of the ferromagnetic elementary solids Fe, Ni, and Co, none of
the meta-GGA functionals considered (SCAN and TPSS) provided an improvement over
GGA functionals such as PBE.

Finally, the usage of GGA potentials to obtain the radial functions for the valence and
core electrons implies that we do not have a fully self-consistent meta-GGA implementa-
tion, since the core states are evaluated only through the GGA potential. However, we
have shown that using PBE to set up the radial functions does not significantly affect
our results, as all calculated properties remain in close agreement with those from other
codes. Therefore, we conclude that it is acceptable to use the PBE functional for the
setup of the radial functions.

While the successful implementation of meta-GGA functionals within the all-electron
(L)YAPW-+LO code exciting opens up numerous possibilities for future applications in
exciting, there are also areas in the implementation that may require further work to
overcome the current limitations of the implementation.

Most importantly, during our analysis, it became evident that meta-GGA calculations,
particularly in spin-polarized systems, can suffer from convergence issues. Addressing
these challenges could involve exploring alternative mixing schemes, such as the Kerker

63



Chapter 5. Conclusion and Outlook

mixer. Improving the convergence behavior would make meta-GGA calculations more
reliable, broaden their applicability to a wider range of complex materials and systems in
exciting, and enable a more high-throughput approach.

In addition, achieving a fully self-consistent all-electron meta-GGA implementation would
include the accurate treatment of the core electrons with a meta-GGA functional as well.
This would require the implementation of a (relativistic) radial solver capable of handling
non-multiplicative potentials, as meta-GGA potentials are orbital-dependent and cannot
be simply integrated into the existing framework for solving for the radial functions.
Finally, another technical aspect is the implementation of surface terms. Although these
terms are expected to be negligible and small, to ensure a completely accurate treatment
of the gradients of orbitals when using APW basis functions, they should, in principle, be
implemented.

Despite these technical aspects that can still be improved, the implementation has al-
ready demonstrated accurate results, thereby making it suitable for immediate use and
exploration of various applications with meta-GGA functionals.
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A. Derivations

A.1. Functional Derivative of the Exchange-Correlation
Functional

Let us consider the calculation of the functional derivative with respect to the orbital ¢}
of an exchange-correlation functional of the form [137]

By = / dr ey (n(r), Va(r), 7(r)) (A1)

where n(r) = 3; [¢;(r)[?, and 7(r) = 33, |[Veyi(r)|? is the kinetic energy density. The

functional derivative of F. can be derived by considering the variation of the orbital 17,

OF d
=0 = — By [Yr ; . A2
[ e S v = gy Belu +20]| (A2
The transformation ¥} — 17 + A%} results in the following variations:
) OT(X) o
r(r) = 7(x) + A [ dr' IR
1
— (1) + A / v’ S0 (x) - Vo(r - 1) 00 (x)
1
= 7(r) + A5 V() - Voyi (r). (A.3)

Similarly, for the density components, we find:
n(r) — n(r) + A\ (r) 0y} (r), (A4)

Vn(r) — Vn(r) + AVy;(r) 07 (r). (A.5)
The right-hand side of (A.2) becomes

d
EEXC [n 4+ \on|

OExc (P SU7 (r O e . () 50 (e
o f {871(1')%( 00T )+ gy Vi(E) 04 (r)

1 Oeye .
+ [ o e V(r) -V 8u )

Oexc Oexc
= [ {ﬁn(r)wi(r) * avnm YW

-39 (v v
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Appendix A. Derivations

Finally, comparing this with the left side of Eq. (A.2), the functional derivative is given
by:

5Exc — 85mGGA (86;1%GGA

1 O e
o~ o) Y v

avn(r)) vilr) = 3 aT(mWi(r)) : (A7)

A.2. Non-Collinear Functional Variables and Derivatives

The spin magnetisation related variables are rewritten in terms of the density matrix

Dy = > CinCly (A.8)
as follows:
= > D)6 (r) = > (Dae + D5 6, (r) 6 (x) (A.9)
= ; Dz, 65 (r)éu(r) = ; (Dg" + D) 6 (r)du (x) (A.10)
my(x) = 3 D} 6,(e)n(x) = 3 (Dgg = D7) G (x) @ (x) (A.11)
r) = %V: Dz, 67(r) o, (r) = ; (Dgg — D) ¢1(x) o (x) (A.12)

The xc potential matrix elements are evaluated by taking the functional derivative with
respect to the density matrix as follows
; 0emGGA QUL OV,
(VXC)W - Z/dr xcC D iq ‘
o ou, 0V, oD,

(A.13)

where {U} = {n?,n* AT ~H AN 71 741 as defined by Scalmani and Frisch (3.79) and
{V} = {n, m, 7, u}. Using the chain rule, the following expression is derived for the xc

potential matrix (Vie)p,:

mGGA mGGA
(Vi) :/d ( ony 8 8n¢> on
o 8n¢ 8n 87% on /) dD},
emGGA g mGGA mGGA
+ /dr< 8 alt + O 87“) 8Vgl (A.14)
(%ﬁ (9Vn 8%¢ ovn 87N ovn/ 0D v
mGGA £ 9mGGA
n / Jr (05 Oe}, ¢> or
or 7 871 oDs,

76



Appendix A. Derivations

The needed derivatives can be evaluated straightforwardly:

8g;“ — ; (A.15)
g@; ;Vn (A.16)
8gg/:¢ —V n ;Vm o (Zm Vn) (A7)
T2 (A.18)

where I' = /(Vn - Vm) o (Vn - Vm). The resulting matrix elements are then given by:

agmGGA

0o _ 1 ag)r(nCGGA XC *
V=5 [t (T + ) i)t

agmGGA 85mGGA asmGGA
+ = [ dr ( < + —=€ ) Vn -V 5
A G vl s 63 x)60 (0]
Demich a€mGGA> fv Vn-Vmo Vm
/dr< Oyt B 0y 2 T \ [¢u(r)¢v(r)]
DgmGGA aeﬁGGA> I,

Similarly, to evaluate the expression for the xc magnetic potential field matrix (Byc)},
the chain rule is taken:

, mGGA mGGA i
i / dr (85XC anf N Oe on ¢) 8m
w ony  Om! 8n L Om'/ oD,

mGGA mGGA mGGA i
/ g (55xc Oy, Oexe™® Oy Ok @WN') ovVm (A19)
Oy OVM? 0y, OVmi Oy, OVm'/ 0D,
OemGGA 9. 9emGGA 9\ !
+ [ ar + .
87’T ou’ 871 ou’ anw
The derivatives are given by:
mpy 41 m
om T2 /mom (4.20)
Oy _ 1
I 1 Jv (Vn-Vm)oVn
i _ :|: sz r .
oVm 2V 2 r (A.22)
8TT/Jr fT u
— A2
u 2 yuou (A.23)
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Appendix A. Derivations

This yields the following matrix elements:

) 1 o mGGA o mGGA i
(Bt = 5 [ e (22— = 95 ) T (g (), o)

ony ony jm|

mGGA mGGA mGGA
* ; / dr (8%;” ag%u - 86(;;N ) vV [gb;(r)gby(r)} (A.24)
+ [ <83’m ) 63’m> Fo T YR (300,00
+/dr (c%giGA B aegmiGA) Zlff:'vgb;(r)V@(r).

Finally, for regions where m(r) < 107! the transformations

vVm-m — my(r) = ;Zmi(r),
VVn-VmoVm-Vn — Vn - Vm, (A.25)
VA = ma(r) = ;Zui(r)

are done, to ensure a proper convergence behaviour. Thus the formulas for the xc potential

change to

0 1 (ag)r(r::GGA 88$GGA>
(VXC) (’)nT + 87’%

2
mGGA mGGA mGGA
_ lv |:<88XC + a(C:XC + aEXC ) Vn:|
2 Iy ot Iy (A.26)
fV {(agmeGGA ag)r:aCGGA) } :
2V om0 Vs
1 ag)r(r::GGA ae)rg:GGA ) }
B Zv {( (97' 1 + 67 1 V- ’

and equally the xc magnetic field changes to

(B )u B 1 (ag)r:éGGA B aggchGA>
e a 6 anT (9n¢
mGGA mGGA mGGA
S S i R
2 Oyt Iy Oy (A.27)
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S ALl
0 W
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_EV [( 87’T B 871 )v}
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Appendix A. Derivations

A.3. Derivation of the KED in the Muffin-Tin Region

To derive the KED coefficients, the following expression needs to be evaluated [95]
VoR(r) = V(g5 (ra) Yeum, (Fa))
= 95 (ra) Yy, (£a) + 637 (ra) Yol (£a) (A.28)

to obtain the gradient of the occupied orbitals.
The radial functions ¢ (r,) and g3 "(r,) are defined as

S B O F(d £A+1> N
g3~ (ra) = [Qb\ +1 dr r 93(ra) (4.29)
0H+1 F ( d A)
a+ — _ —
5700 = = s | (5 2 ) gs0), (A30)
5=t

and the vector spherical harmonics Y
harmonics, defined as:

‘A, (F) are expanded in terms of scalar spherical

—1,0,1 £+l

74 £y ,m A~
Yziii( a) = Z Z Czi +1,m,1 7foilmew- (A.31)
Y m:—(b\:l:l)

The coefficients C’ il mi1~ are the Clebsch-Gordan coefficients. The spherical basis is
given by:

1
& = ——=(&, +i&,), & = &, 61 = —(&; —i¢).  (A.32)

V2

Then the gradient for the total wave function in terms of the scalar spherical harmonics
in the direction ~ is given by

Ir+1

nka Oy ,my A
ZC K ( CY) Z Clj+lm1'yn>\+17m<ra)
m:—(b\+1)
Iyx—1 ;
+ giéi (TCV) Z CZ;\ niLAm 1 'y}/v@)\fl,m(f‘a) : (A33)
=—(lx—1)
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Appendix A. Derivations

To obtain the KED the product of the gradient of the wave function needs to be evaluated:

A1A2

nka* nka
U= D COX { (A.34)
O+l Oy, o ,
a+ a+ ApTA AgoTAg *
A SR DR W s e e e e e
(4A1+1) (fA2+1)
(A.35)

f/\l-l-l €A2—1 g ;
a+ a— %17m/\1 Agvm/\z *
o X 3 (G n) OO Y Y]
(AI—H) (Z)Q—l)
(A.36)
f)\l 1 @>\2+1 [ ;
a— o+ INELLONT A9 Mg *
+ |:g>\1 I, Z Z Z( Oy, —1,m/ ,1,7) C€A2+1,m”,1,7}/@1fl,m’n/\2+1,m"i|
(fx —1) (4A2+1)
(A.37)
S
~ a— E,\ BN Lxg M
@ o 1 1 27 2 *
+ |:g>\1 9Ixo Z Z Z < £y, —1,m’ 1'y> CZA —1,m/" 17nA1—1,m’§/€>\2—1,m”:| )
(fxlfl) *(ZAQ*U
(A.38)

and plugged into the definition of the positive-definite KED, see Eq. 3.6. On the other
hand, we want to obtain the coefficients 7, (r,) of the KED, which are defined through
the expansion:

= Z Téam<ra>R€m(f'a)' <A39)

alm
For this, both sides of the equation (A.39) and (A.34) are multiplied by R}, and we
integrate over the whole unit cell. Due to the orthogonality condition (R, | Rym) =
S0 Oy [95], the coefficients 7, (r,) can then be determined from (A.39). For the right

hand-side (A.34) an integral over three spherical harmonics is obtained, which are given
by the Gaunt coefficients [95]:

Gty = Yeoms | Bom | Yeama) = [ Vit Rem Yeams 490, (A.40)

Consequently, by defining

LV = BN

+4/ _ fxl,mxl Org Mg
me§€A1mA1€A2mA2 - Z Z Z < O +1m "1~ CZAQZH m/’ 1,y <nk1i17m/’R£m‘Y2A2f1m”> ’
m'= Y
) (=)
(A.41)
the coefficients for each muffin-tin sphere a are given by

Tim = 5 ZZwkfnk( W) C ‘““ZZ Pt may trgmay 950 95 - (A.42)

)\1)\2 nk
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Additionally, defining the matrix

D, = Zwkfnk (CRker)” ke, (A.43)

leads to the final implemented expression for the KED:

a ++/ at at’
Tem = {Z D3 x, ZZsz O g Oy mag 9N s } : (A.44)

A1A2

A.4. Derivation of the Matrix Elements

In the following, the matrix elements for any multiplicative potential Vi (r) within the
LAPW basis are derived, considering both the muffin-tin and interstitial regions. The
basis functions used are defined in Section 3.2.2, where the matrix elements for the non-
multiplicative potential are also derived. For the muffin-tin region «, the matrix elements
can be expressed as follows:

Ve = (O | “ch“)

= [ dr o) Vi (ra)Yin(Fa) 95k (r)
= OMOAW / 01 g5, (7o) Ve g () 65, (7a) Y7o s (Fa)Yon(Fa) Yoy, (Fo)
A1 Ao
- Z C)\l,uc)\gl/ Z Rf’m )\1)\2Gem lemklekjmkz
A Ao
(A.45)
where the summation over {¢m} is independent of any k-points. Here,
Ry,
B = | 05, (1) 0 (ra) 65, () 2 dr (A.16)
0
is the integral over the radial functions, and
Gém%AlmAléme)\Q = <Y€A1m1 | Yo | }/@AQm)\2> (A47)

is the spherical integral over three spherical harmonics, known as the Gaunt coefficients.
To evaluate the matrix elements in the interstitial region, the following expression is
derived:

Vegias = (barti | Ve | ¢G2+k>

_/ dr ¢, 1) Vie (r) b4k (r)

= S uB(G) [ dreni G G G @y )
¢ (A.48)
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In practice, the product of the characteristic function ©(G) and the potential is multiplied
in real space to avoid the computational cost of a convolution, as outlined in Sections A.3
and 3.2.2.
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B. Plots

B.1. Convergence Plots: Band Gap
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Figure B.1.: Convergence behavior of the Si band gap.
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Figure B.2.: Convergence behavior of the SiC band gap.
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Figure B.3.: Convergence behavior of the Ge band gap.
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Figure B.8.: Volume Optimization curve E(V) for different materials.
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B.3. Convergence Plots: Magnetic Moments
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Figure B.9.: Convergence behavior of the magnetic moment for Ni.
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Figure B.10.: Convergence behavior of the magnetic moment for Fe.
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Figure B.11.: Convergence behavior of the magnetic moment for Co.
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