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1 Introduction

In recent years, low-dimensional materials have garnered significant attention in the
field of condensed matter physics and materials science due to their unique electronic,
optical, and mechanical properties, which set them apart from their bulk counterparts.
This thesis primarily focuses on two-dimensional (2D) and one-dimensional (1D) mate-
rials. We are particularly interested in describing their electronic and optical properties.
Nowadays, the gold standard for obtaining these properties is to employ many-body
perturbation theory (MBPT). Specifically, the GW approximation for electronic struc-
ture and the Bethe-Salpeter equation (BSE) for optical properties have proven to be
very reliable tools. Both methods are implemented in the all-electron full-potential
code exciting [1]. However, when applied to low-dimensional materials, these methods
can have significant shortcomings. Problems arise due to the need to simulate low-
dimensional structures within a three-dimensional periodic computer code. In the case
of two-dimensional materials, this involves considering periodically repeated layers, while

in one-dimensional materials, periodically repeated wires must be taken into account.

The calculation of optoelectronic properties within MBPT, therefore, requires the intro-
duction of a cutoff 2] for the Coulomb potential, as the layers or wires would otherwise
interact with each other. A key ingredient for GW as well as BSE calculations is the
screened Coulomb potential, which depends on the inverse dielectric function. The intro-
duction of the cutoff leads to a stronger q dependence of the dielectric function around
q = 0, which requires a special treatment of the screened Coulomb potential in this
region. This problem was already addressed in Ref. |2] by introducing a model function
with a free parameter for the screened Coulomb potential. However, this approach was
not fully ab initio. On the other hand, in the exciting code, the q = 0 contribution
of the screened potential was neglected. Even though it leads to the exact result, this
approach requires a much denser sampling of the first Brillouin zone to capture the

long-wavelength contributions of the screened potential.

In another work [3], new analytical formulas for the plane-wave matrix elements of the
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screened potential were derived with ab initio methods in the limit q — 0. These
expressions are then integrated numerically in a small region around q = 0, accounting
for the stronger q dependence of the dielectric function. For this method, a significant
computational speedup was documented, compared to the approach, where the q = 0
contribution is completely left out. However, these formulas were only derived for the

case of a 2D cutoff and only applied to the GW approximation but not the BSE.

Within this thesis the approach from Ref. [3] is implemented in the exciting code.
The first goal is to implement this procedure for the GW method with a 2D cutoff,
intending to reproduce the results from Ref. [3]. Here, it is important to consider that
in the exciting implementation of the GW approximation, the so-called product basis
is used instead of plane waves. The subsequent goal is to extend the original work by
demonstrating the derivation of analogous formulas for a 1D cutoff and investigating
their performance in the GW approximation. In the final step, the analytic expressions
of the screened potential for both 2D and 1D cutoffs are implemented into the BSE.
This is more straightforward than for the GW approximation, as the BSE is already

implemented in a plane wave basis.



2 Theoretical Foundations

In this chapter, we briefly outline the fundamental principles of the electronic struc-
ture problem, mainly following Ref. [4]. In the Born-Oppenheimer approximation, the

electronic Hamiltonian can be written as

FI:Te—F‘Afen“—f/eea 2.1
with
T, = —EZV? 2.2
(5 2 Z 7 *
~ Z[
Ven=—=) —=—, 2.3
2R
N 1 1
Ve = = _ 2.4
22 ]ri—rj]

Here, small coordinates and indices r; represent electrons, while capital coordinates R;
represent the nuclei of the system. The Z; are the charge numbers of the corresponding

nuclei. Throughout this thesis, we use atomic units, where

4
h:mezez—W:L 2.5
€0

2.1 Density Functional Theory

The foundation of density function theory (DFT) lies in the Hohenberg-Kohn theorems,
which state that the ground-state electron density p(r) uniquely determines the external

potential and the total energy of a system. The total energy functional, denoted as E[p],
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can be expressed as the sum of various terms

Elp] = Tolp] + Eexc[p] + Enlp] + Exclp]. 2.6

Here, Ty[p] represents the independent particle kinetic energy, Eex[p] is the external
potential energy, Ey[p] corresponds to the Hartree energy, and E,.[p] is the exchange-
correlation energy. The Kohn-Sham approach is to introduce a fictitious system of
non-interacting particles, which has the same density as the original system. Then, the

density is expressed as a summation over all occupied orbitals

p(r) = fucltrux(r) P, 2.7

nk

where t,(r) are the wavefunctions of the non-interacting particles and f,x are the
occupation numbers. The Bloch wavevector k accounts for the translational symmetry
and lies within the first Brillouin zone (BZ). The wavefunctions can be obtained by

diagonalizing the Kohn-Sham Hamiltonian hxg(r)

his(X)Ynk(r) = €xnk(r), 2.8

with corresponding eigenvalues €,,. An expression for the Kohn-Sham Hamiltonian can
be obtained by minimizing the functional in [Eq. 2.6| with respect to the electron density.

The final expression is

his(r) = =5V + via6) + vin(r, [6]) + vue(r, o)) 2.9

Here, vex(r) represents the external potential, vy (r,[p]) is the Hartree potential, and
Uze(r, [p]) is the exchange-correlation potential. The external potential ve.(r) accounts

for the interaction between electrons and external sources. The Hartree potential vy (r)

_ [ ) L
UH(I‘)—/ /‘d : 2.10

r—r

is defined as

For the exchange correlation potential v,.(r) one needs to make appropriate approxima-
tions, which are not discussed in detail here. The eigenvalues obtained by solving the

Kohn-Sham equations cannot be interpreted as electron addition or removal energies.
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However, they serve as a good starting point for more elaborate methods which will be

described in the next section.

2.2 Many-Body Perturbation Theory

2.2.1 Quasi-particles and One Particle Green’s Functions

The idea behind the introduction of quasi-particles (QP) is to construct particles, that
extend beyond the scope of non-interacting particles in theories such as Kohn-Sham
theory. Quasi-particles are defined as particles dressed with their interactions with
other particles. Hence, they have effective properties which account for many-body
correlation effects of a system of interacting particles. Overall, they have modified
energies and lifetimes, while still maintaining the same quantum numbers as the non-

interacting particles.

The Green’s function is a powerful tool to describe quasi-particles in many-body pertur-
bation theory (MBPT). It can be defined for a system of quasi-particles and it contains
important information about the system. It can be interpreted as a propagator, contain-
ing the probability of a particle propagating from r; at time t; to ry at time t,. When
performing a Fourier transform to frequency space, it can be shown that the Green’s
function has poles at the eigenvalues of the system. One can derive the so-called Dyson
equation, that relates the Green’s function of the interacting system G with the Green’s

function of the non-interacting system Gy
G(1,2) = Go(1,2) +/G0(1,3)2(3,4)G(4, 2)d(3,4). 211
Here, we introduced the notation

1= (I'l,tl), 2.12
dl = drldtl. 2.13

The self-energy ¥ represents the effects of interactions between quasi-particles. It in-

cludes contributions from all possible interactions within the system. Using the Dyson
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equation, one can derive the so-called quasi-particle equation

—%V2 + Vext (1) —|—UH(I‘):| U,k (r) + /Z (r, 0 ERY W, (r)dr' = ER U, (r).  2.14

This equation looks like a Schrodinger equation for quasi-particles, but it is important to
note that the self-energy is a non-hermitian operator. This results in complex eigenvalues
EY. The real part of the eigenvalues then corresponds to the quasi-particle energy, while
the imaginary part can be related to the lifetime. Furthermore, the self-energy is non-
local and its dependence on the eigenvalues E,x makes non-linear. Therefore,

it is very complicated to solve this equation.

2.2.2 Hedin Equations and the GW Approach

In order to calculate the self-energy, Hedin originally derived [5] |6] the following coupled

equations
%(1,2) = / G(1,4)W(1,3)0(4,2;3)d(3,4), 2.15
W(1,2) = o(1,2) +/v )W (4,2)d(3, ), 2.16
P(1,2) = —z’/G(l,S)G(4,1)P(3,4; 2)d(3,4), 2.17

T(1,2:3) :5(1,2)5(1,3“/32& izG(4,6)G(7,5)F(6, 7:3)d(4,5,6,7). 2.8

Here, P is the irreducible polarizability, I' the vertex function, and W the screened

interaction. The bare Coulomb potential v(1,2) reads

1
—————(ty — ta). 2.19
E— (t —t2)

v(1,2) =
Solving Hedin’s equations is a very complex task since they are coupled to each other,
requiring iterative solutions. To simplify the complexity of the task, one common ap-
proximation neglects the second contribution to the vertex function in [Eq. 2.18, This

leads to the following simplified equations
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2(1,2) = iG(1,2)W(1,2), 2.20
W(1,2) =v(1,2) +/v(1,3)15(3,4)W(4, 2)d(3,4), 2.21
P(1,2) = —iG(1,2)G(2,1), 2.22
I'(1,2;3) = 6(1,2)0(1, 3). 2.23

When neglecting vertex corrections to the polarizability, one often speaks of the random
phase approximation (RPA). The simplified expression for the self-energy ¥ in
gives the GW approximation its name, since the self-energy is now computed as a prod-
uct of Green’s function and screened interaction. Furthermore, we can now introduce

the dielectric function as

£(1,2) = 6(1,2) — /v(1,3)15(3,2)d(3), 2.24

which allows solving the integral equation for the screened interaction W using its inverse

W(1,2) = /5—1(1,3)0(3, 2)d(3). 2.25

By performing a Fourier transform to frequency space and writing the r coordinates

explicitly, one gets following expressions as a starting point

Y(r,rw) = % / G(r,r’;w+w)W (', r;w) e dw, 2.26
W(r,r;w) = /5_1 (r,ry;w) v (ry,r’)dry, 2.27

e(r, v w)=6(,1)— [ v(r,r)P(r,r;w)dr, 2.28
P(r,r;w) = —% G (r,r';w+w)G (¢, r;w') e dw’. 2.29

The G(W, approximation

In exciting |1}, 7] first order perturbation theory is applied to simplify the solution

of [Eq. 2.26| to [Eq. 2.29, The common choice for the non-interacting system is the
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solution of the Kohn-Sham equation. It can be argued [8] that the wavefunctions of the
Kohn-Sham system, denoted as v,x, are a good approximation to their quasi-particle
counterparts V,. By inserting the Kohn-Sham wavefunctions into the quasi-particle
equation | we obtain the following simplified expression for the real parts of the

quasi- partlcle energies €. = Re (E7Y)
B = e+ (k1) [Re S (1,1 €8)] = 0,06 (0 — )| i () . 2.30

Introducing a shorthand notation, we can write the energies as

k = €,k + Re Enk ( ) Vzge,nk- 2.31

Here, the quasi-particle energy €} still appears on both sides of the equation. Hence,

we expand the self-energy around €nk

ReXx (€h) = Re Xk (€nx) + ((9% Re Enk(w)) (el — enx) - 2.32
wW=€nk

Inserting the expansion from |[Eq. 2.32|in [Eq. 2.31] we arrive at following equation

nk = €nk + an [Re Enk (Enk) 'U:L"c,nk} s 2.33

where we have introduced the quasi-particle renormalization factor

-1
0
Znk = [1 — (% Re E;k(W))w_EnJ . 2.34

Now, we discuss how to obtain the real space representation of the self-energy. For
the Green’s function, we use the non-interacting counterpart, obtained from solving the

Kohn-Sham equations

77an )
(r,r';w) Z iy 2.35

with
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€nk = €k + N Sgn (€p — €,x) - 2.36

We obtain the polarizability by inserting the non-interacting Green’s function in

Py(r,v';w) ——Zzwnk ) uie (X)) 40 (1)

nk mk’
w'n
. / o 4, 2.37
(w — €pk + w’)(w’ — Gmk/)

where spins have been summed, accounting for an additional factor 2. The remaining

frequency integral can be calculated to be[7]

i eiwn
an k7 ; = € €, d/
(aw)=—= [ (@ — fute - ) — Emtea)
1 1
:2n 1-— mk— in ‘ ‘
fk( ka){w—emkq+€nk+Z77 w—i—emkq_ﬁnk—m}

2.38

The occupation numbers f, arise, because the poles only contribute to the integral,
when one is in the upper and the other in the lower complex plane. This situation
corresponds to having one occupied and one unoccupied state, cf. Otherwise,
their contributions to the integral cancel. We also introduced the vector q = k — K/, to

rewrite the dependence on k’. Overall, the final expression for the polarizability reads

(r,15w0) =D Y Fun(K, @ W)k () e (0) 8 (8) kg (r') - 2.39

n,m k,q
One can then insert the polarizability in to obtain the dielectric function e.
By inverting the dielectric function, one can utilize to arrive at an expression
for the screened interaction Wj. In the context of GW calculations, one often defines a

correlation part of the screened potential by subtracting the bare Coulomb potential

W§ (r,r';w) = Wy (r,r’;w) — v (r,1'). 2.40



CHAPTER 2. THEORETICAL FOUNDATIONS

Then, the correlation part of the self-energy is defined by inserting the correlation part
of the screened potential in
i

e /. _
(r7r ,U.)) 27T

/Go (r,r;w+ W) WS (¢, r;0') do’
W¢ (r', ;')
* / 0 )’ /
= n — 0 2dw. 241
> )i e) [ D
The remaining frequency integral cannot be simplified further and has to be evaluated
numerically. Finally, the exchange part of the self-energy is obtained by inserting the
bare Coulomb potential in [Eq. 2.26

¥ (r,r') = QL/GO (r,r;0) v (r',r) e dw’
7r

- = Z fnk¢nk(r)v (IJ) I') ¢:k (I'/> : 2.42
nk

2.2.3 The Bethe Salpeter Equation

So far, we have described the one-particle excitation energies of electronic systems. Now
we want to shift the focus on describing optical properties of the system, where we
follow Refs. [4,9]. In order to understand these properties correctly, it is important
to realize that photons can create electron-hole pairs. One is especially interested in
excitons, which are defined as bound electron-hole pairs with the lowest energies below
the band gap. Electron-hole pairs are formally described by using the two-particle

Green’s function G5. The two-particle correlation function can be defined as

L(1,1,2,2) =Gy (1,1,2,2) — G(I',2)G(1,2). 2.43

It is possible to derive the Bethe-Salpeter equation for this correlation function L

L(1,1,2,2)) = Lo (1,1/,2,2)
2.44
+ /d (3,3,4,4) Lo (1,1,3,3)2(3,3,4,4) L (4,4,2,2') .

Here, = is the interaction kernel, which is defined as the functional derivative of the

self-energy Y with respect to the one-particle Green’s function

10
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. 0% (4,4
=(3,3,4,4)=—i0(3,3) 0 (4,4)v(3,4) + ——"—+~. 2.45
(3.3 4.4) = ~i0 (3.3)0 (4.4) 03,4 + S s
Furthermore, we introduced the quantity Ly, which describes the independent motion

of two particles

Lo(1,1,2,2) = G (1',2)) G(2,1). 2.46

From the solution of the BSE the complete polarizability P can be obtained via the
relation

P(1,2) = —iL(1,1,2,2). 2.47

The BSE in the GW Approximation

In order to solve the BSE, we need an approximation for the interaction kernel defined
in [Eq. 2.45] We have previously discussed that the self-energy can be calculated in the
GW approximation, as shown in By using the GW approximation in this case,

we obtain following expression for the interaction kernel

2(3,3,4,4") = —i6(3,3) 5 (4,4") v(3,4) +i6(3,4)8 (3',4) W (3,3
SW (4,4

+iG (4,4) S 53

2.48

The only unknown in this equation is the functional derivative of W with respect to G.
However, it is usually believed to contribute significantly less than the other two terms.
Therefore, we neglect the term in the following. The term containing the bare Coulomb
potential describes the repulsive and unscreened exchange interaction. The other term
contains the screened interaction and describes the attractive electron hole interaction.
So far, the BSE implicitly contains the spin coordinates. It can be demonstrated that
the equation can be split up in singlet and triplet contributions. Schematically the BSE

then reads

Lt — Lo +iLo [W — 20] L708 2.49
Ltriplet — LO + ’iL0WLtriplet ) 2.50

11
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While the Coulomb potential does not enter the triplet contribution, it contributes twice

to the singlet. In this work we focus on the BSE for singlets.

The BSE Hamiltonian

In order to get a solution for the two-particle correlation function L, it is useful to

reformulate the problem into an effective two-particle Schrédinger equation. To do so,

we insert the independent particle Green’s function from [Eq. 2.35|in [Eq. 2.46] perform

a Fourier transform to frequency space, and find that L, takes following simple form in

the basis of non-interacting particles

0 ( ) - —9 (fZ2 — fu) 5i1i35i2i4

0 ) 2.51
ezst €y — € —W — 1N
Here, we introduced the short hand notation
il = nlk, 2.52
7:2 = ngk, 2.53
ig = ngk,, 2.54
i4 = TL4k/, 2.95

where we have restricted ourselves to optical transitions, meaning that there is no mo-
mentum transfer between i; and iy or i3 and i4. The factor 2 comes from a summation
over spins and the f; are occupation numbers. The BSE can then be expanded in this

basis, which yields following result

. —1
Li1i2,i3i4 (w) = {Lal + EE:| =2 [HQp — |z]

1112,1314

-1

1112,1314

(fis = fis)- 2.56
with the effective two particle Hamiltonian

HZZZQ,QM = (Ez‘g - Eil) 0iyigOigiy — 1 (fm - le) Eiyig,inta- 2.57
This Hamiltonian exhibits a 2x2 block structure, when one distinguishes between res-

onant (i.e. from a valence state v to a conduction state ¢) and anti-resonant (from a

conduction state ¢ to a valence state v) transitions

12
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Hrr Hra
H?* = . 2.58
Har Haa

This problem can be further simplified by applying the so-called Tamm-Dancoff approx-

imation (TDA), which neglects the coupling between resonant and anti-resonant parts.

Then we just have to investigate contributions of the type

2p _ =
vieikyvacaks (€crks = €urky) OvyvnOererOkrky T 1Z01c1ks vpeakes - 2.59

We restrict ourselves to the singlet contribution and write the Hamiltonian as a sum of

diagonal, exchange and direct term

H2p — Hdiag + Hx + Hdir, 260

where the matrix elements are defined as

diag _
Hvlclkl,chkg - (Eclkl - 6’011(1) 51}1?}25010251(11(2 2.61

31611{1,1)2621{2 = 2 / drl /drﬂbvﬂq (rl) 77Z):1k1 (rl) v (r17 r2) 1/}321(2 (r2) ¢02k2 <r2> 262
H s == [ s [ vt () Ui, (02) W (0153) Wi, (00) G (1) 263

In order to get an expression for L, we need to invert the matrix [H? — Iz]. This can

be straightforwardly done by diagonalizing it

2 A A A
Z vak,v’c’k’Av’c’k’ =F Avck' 2.64
v’ 'k’
The eigenvalues of this Hamiltonian are interpreted as exciton energies, and the eigen-
vectors as the corresponding wavefunctions. With them we can express L as
A/\

)\ *
. k [A k}
Lv101k17U2C2k2 <w) = 2,\: UICIEI”\ —UzJC2 2

Optical Properties from the BSE

One can define the macroscopic dielectric function €,/(q, w) as

13
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ev(q,w) = [sgol(q, w)} . 2.65

The optical absorption spectrum is then defined as the imaginary part of the macroscopic
dielectric function in the limit q — 0. By introducing a new polarizability P, which
neglects the long-wavelength contribution of the Coulomb potential, we define the short

wavlength part of the Coulomb potential as

0 for G=0
b(q+ G) = . 2.66
v(q+G) for G#0

We can calculate L with the BSE by replacing © — v in the interaction kernel Z. P is
then obtained by making use of[Eq. 2.47] It can be shown that the macroscopic dielectric

function becomes
m(q, UJ) =1- U(Q)Poo(q, w). 2.67

The absorption spectrum is obtained by solving the BSE for L, then transforming L back
to real space and calculating the matrix element Pyy. After a few further manipulations,

we arrive at the final form of the absorption spectrum

(vk k
ZAvck vk|p|c )

€k — €
wck ck vk

S(E* —w), 2.68

Imey(q— 0,w) = Q Z

where (vKk|p |ck) are the transition matrix elements of the momentum operator and {2

is the unit cell volume of the crystal.

14



3 Many-Body Perturbation Theory in

exciting

3.1 The GoW, Equations in Matrix Form

Here, we explain how the GoWj equations can be evaluated efficiently within the exciting
code [7]. In order to do so, we need an appropriate basis to expand the desired expres-
sions. From it is evident that we are interested in the quantities

¥ = /Vdr /v dr’ [t (r)]" 27 (v, ) i (7))
= =3 foe [ A [ @8 W)} 60 () e (0 e (0] 31

mk’

and

Siae) = [ dr [ o) 5 i) v
= /dr/dr’ 3.2
i , 1

[ ()] Wi (£) W (1,775 ") Yac (1) [Wier (x)]" . 3.3

21 w+w — €k
mk

Here, the integrals extend over the whole crystal space V' = N_.{2. We see that in both
expressions products of two Kohn-Sham functions appear. This motivates the introduc-
tion of a basis that is appropriate to describe these products. Hence, we introduce basis

functions x(r), that are normalized within in the unit cell volume . Then we can

15
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write

1/)Tbk< mk q Z k q Xz ) 3.4

with M! (k,q) being expansion coefficients, which can be calculated to be

My (ki) = [ A0 nsea(0)] vilr)i 35
Q
This basis is referred to as product basis and its explicit construction can be seen in

Ref. [7]. The next step is to expand the bare Coulomb potential, as well as the screened

Coulomb potential in this basis. One writes

ZZUW X (@) 3.6
We(r,r',w) ZZ )[Xj( )}*, 3.7

and inserts the bare Coulomb potential into [Eq. 3.0} to arrive at the expression for the

exchange part

Yk = _Ni Z Z vij(q) Z Jmk—q [Mvim<k» q)} "M, (k,q). 3.8

a iJ m

Here, we see that the Coulomb potential appears together with the expansion coefficients
M, (k,q). Therefore, it is numerically convenient to introduce a symmetrized form of

the Coulomb potential, which can be split up to the expansion coefficients by writing

Z vi;(q) M}, (k, q). 3.9

In this way the exchange part of the self-energy can be written as

52 = Z Z Z Frtea [ MO, @) | 313, ). 3.10

16
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By inserting the matrix representation of W in | we find following result

Xom kq )
Ec d/ ’ 311
ol szzﬁ/

where we introduced the abbreviation

ij

Now we discuss how to obtain the matrix elements of the screened interaction I/VZ‘;

The polarizability is defined in |[Eq. 2.39, and we can conveniently calculate its matrix

elements as

P (q,w) = / / D P (15 0) X () drdr

N, ZZan (k, &; ) My, (k, q) [M;,,(k,q)] 3.13

For the dielectric function, we use a symmetrized form with respect to the Coulomb
potential. This allows us to use the modified matrix elements from again. We

obtain following expression

el w) =0 — Y \/va(@) P (q, w)y/vmj (a)

Ilm

Z > Funlk, q;w)M;,, (k, q) [M,Zm(k, q)} " 3.14

k nm

After inverting the dielectric function, we can calculate the matrix elements of the cor-

relation part of the screened interaction
w) =Y\ va(@) [gm (@ w) = dm] \/vms(@)- 3.15
lm

If we insert this in we arrive at following expression for the auxiliary quantity
Xnm

17
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ij

3.1.1 Treatment of the I'-Singularity

In reciprocal space, the Coulomb potential exhibits a divergence as q approaches zero,
which gives rise to numerical challenges. This divergence is particularly evident in the
plane wave basis, where the expression for the Coulomb potential takes the form

A7

’UGG/(q) = m§gg/. 3.17

From this equation, it becomes apparent that the singularity is confined to the com-
ponent where G = G’ = 0. As a result, it is common practice to isolate this partic-
ular component and handle the singularity separately. Especially, one can split up the

Coulomb potential in a singular v and a regular vge part, by writing

1 -
Uggl(q — 0) = UEG/W + vga/, 3.18
with
USGG/ = 47T(5G050G/ 319
- 47
lge = @5(;(;'(1 —dGo). 3.20

However, accomplishing this task in the exciting implementation is not straightforward,
since the singularity of the Coulomb potential extends beyond a single matrix element.
In the subsequent discussion, we explore a basis transformation that still enables us to

manage the singularity using conventional techniques, as outlined in Ref. [10].

The central concept is to introduce a new basis in which the Coulomb potential takes
on a diagonal form. When q # 0, achieving this goal is straightforward since the matrix
representing the Coulomb potential does not encompass divergent elements. Conse-
quently, one can compute the potential within the mixed product basis, perform its
diagonalization, and utilize the resultant eigenvectors as the new basis vectors. How-
ever, when approaching the limit q — 0, a distinct approach becomes necessary due to

the divergence of the Coulomb potential. In principle, it is again possible to isolate the
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q dependence, as seen in for the plane wave basis. Hence, within the mixed

product basis, we can also express this as

v
vij(q = 0) = —= + vy, 3.21

|l
although it’s important to note that the singular component is no longer confined to
a single element. The regular part can be evaluated in the mixed product basis due
to its absence of divergencies. Subsequently it is diagonalized and its eigenvectors are
used to construct the basis. In this way, the contribution of the singular part is still
missing. We know that it should be the same as in the plane wave basis, as both bases

are mathematically equivalent. Therefore, we artificially set

UZV = 471'5#05,/0, 3.22

where the indices pr denote the new basis, in which the Coulomb potential is diagonal.
As the eigenvectors explicitly only appear in expressions of the form as in [Eq. 3.5 we
add the G = 0 contribution by setting

1
MOk, q — 0) = ﬁMfio(k, q—0), 3.23

where MG (k,q) will be defined in [Eq. 3.45 Overall, we constructed a basis in which
the diverging component of the Coulomb potential is set to the one of the plane wave
basis and where the other eigenvalues are finite. In this way we can apply standard

techniques to address the singularity in the following.

We need to address the singularity in three distinct equations in the GW implementation:
1. The exchange part of the self-energy
2. The correlation part of the self-energy
3. The dielectric function

The expressions for exchange part in and correlation part in contain both
a sum over the vectors of the first Brillouin zone. One usually replaces the g = 0 term
in the sum by an average over a small region (5. We abbreviate the terms under the

sum with S7°(q) and write
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:z{:-zs:s(: -y s+ [ dasiia) 321
q#0 o

Here, the small region €2y around q = 0 is typically defined as the volume that one q

point occupies in the Brillouin zone

QBZ
N

q

Qp = 3.25
After transforming the function S* to the Coulomb diagonal basis, we find the following

expression

@) = 5 D2 0ula) Y e M, (k) M () 3,20

In the limit ¢ — 0, we assume that the elements M} (k,q) and the non-diverging
eigenvalues of the Coulomb potential v,(q) to be constant when compared to the vy(q)
element. Furthermore, we can insert q = 0 in and find

1
_6nm7
VQ
which we insert for the y = 0 contribution. Overall, we arrive at following expression
for the integral of S*

MH=0(k,0) = 3.27

[ Satada == 53" 6,0 3 fo (M (k.0 M (.0

u#O

_Jnx da. 3.28
vﬁﬂ@q

In order to calculate the integral of the diverging element of the Coulomb potential,
the so-called spherical approximation is made, where )y is assumed to be a sphere. In

this case, one can easily derive a closed expression for the average of the bare Coulomb

300 3
/UO(Q)dq=167T2 (4—0) . 3.29
Qo a

potential
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We continue to discuss the singularity in the correlation part of the self-energy. The

function Sy, reads

Xom (K, q; ')
du’ had 3.30
NCHS 227(/ Wt w — €mk—q

By assuming the eigenvalues €,,x—q are not strongly q dependent, the quantity that

needs to be averaged is X,,,, which reads in the Coulomb diagonal basis

Xom(k, qiw) = Y [ME, (k. q)] Wi, (q,w) M, (k, q). 3.31

uv

If we further assume that the only relevant q dependence lies within the matrix elements
WC

s We can write the average as

/Xnm(k,q;W)dqzz (K, 0)] / w)dqM,,, (k,0)
o pr#0 o

(5nm
+ -5 Woo(% )dq

Q
Z /Q dqM* (k,0)

u#O

Z w)dq [M},,(k,0)]" . 3.32

The remaining task is, to perform the integration over the matrix elements of the
screened Coulomb potential. However, it is not as straightforward as for the bare
Coulomb potential, as the inverse dielectric function also appears under the integral.
Thus, we now explore the q dependence of the matrix elements of the dielectric func-
tion in the long-wavelength limit. It is expected that only the head g9 and the wings
euo and g, may contain potential divergences arising from the Coulomb interaction.
From [Eq. 3.14] it is evident that the dielectric function relies on the polarizability of the
system. To investigate its q dependence, we apply an approximation [11] for the M?
elements

1 " Pnm
M° (k,q— 0) = —— 3 Prmk 3.33

\/ﬁ €mk — Enk’
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where the p,,, x are matrix elements of the momentum operator

By inserting this into we can write the head and the wings of the polarizability

as

Poo(q = 0,w) = q - P(w)q = |q|*q - P(w)q, 3.35
Po(d—0,w) =q-pu(w) =1q|q - pu(w), 3.36
Pou(d = 0,w) =q-s,(w) = [d|q - su(w), 3.37

with a 3 X 3-tensor P and the vectors p, and s, which are defined as

ank *
w) Fom(k,0;w) Mr (k,0 3.38
Pl \F; D37 Fanlc0:0) (a1 (0. 0)
Pnmk
s, (w) SN Bk, 0;0) "5 a2 (k,0 3.39
: N\/_nm - ) e — e (1 0)
pnmk & Pnmk
E E Fon(k, 0;w)—————. 3.40
Q (Emk - 6nk)2
n,m k

Using this approximation for the polarizability, we arrive at the following expressions

for the dielectric function

500((31—)0,(,0):1—471'61'7)( )A 3.41
£u0(d— 0,w) = —4/v,(0)V4rq - pu(w 3.42
gop (4 = 0,w) = —4/v,(0)V4drq - s, (w 3.43

where q is the direction in which the limit is taken. The fact that the limit depends on the
direction in which it is taken, is often referred to as dielctric anisotropicity [10]. For us
it is also particularly useful that it is not dependent on the absolute value of q. Hence,
we can still apply the spherical approximation for averaging the screened interaction
and split up the integration in a radial and angular part. The y = 0 component of the
bare Coulomb potential is then averaged over the radial part as in [Eq. 3.29] while the

dielectric function is averaged over the angular part. It is worth noting, that due to
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the matrix inversion all elements of €, ! are dependent on the direction ¢, and therefore
have to be averaged. The angular mtegratlon of the inverse dielectric function must be

solved numerically, which is not discussed in detail here.

3.2 The BSE in Matrix Form

The implementation of the BSE in exciting uses a plane wave basis [12] to expand the

relevant equations. We are interested in integrals of the type

/ P (r)e T Dy 1 (r)dr. 3.44

It can be shown that it vanishes if k' # k 4+ q [9]. Hence, we are only interested in the

expansion coefficients where k’ = k + q and define

ME (k@) = [ dium)e O () 3.45
Q

The Coulomb potential in this basis is diagonal, and has the following form

47

f = ——— = A4
elel lq+ GP? GG 3.46

For the exchange part of the BSE Hamiltonian, we use the short wave-length part defined
in [Eq. 2.66 Its real-space representation can be written as

ZZ Q|q+ a g Hat@)rr), 3.47

G#0 q

By inserting it into [Eq. 2.62 we arrive at

Hfflclkl vacoks — =2 Z Z /dr1¢v1k1 (ri)e” i(q+G) r11/161k1 (r1) /dr2¢02k2 (ry) e i(q+G) 200k, (r2)
G;éO q
Z ’G|2 UQCQ k27 q-= O) |:Mvcfcl (kla q= 0)] ' . 3.48
G;«éO

Here, we made use of the fact, that the integrals are only non-vanishing when q = 0.

Therefore, the sum over the q vectors vanishes.

In order to evaluate the direct term of the BSE Hamiltonian, we first construct the
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matrix elements of the dielectric function
cga(q,w) = daar — —UG' Z o (k, q;w [Mr?m(k’ Q)r Mr?n;(ka Q). 3.49
nmk

This expression is very similar to the dielectric function in the product basis of the
GW implementation in |[Eq. 3.14. The only difference is, that here one normalizes the
polarizability with 1/V, because the plane wave appearing in [Eq. 3.45|is not normalized.

After inverting the dielectric function, the screened interaction reads

Waa (q) = UG(q)gélc;,(q,w = 0)v/va(q), 3.50

and its real space representation is

-1
71 (q+G)r 8(;(}/ (q) i(CH*G’)I‘Q 3 51
I‘1,I‘2 gGZG, q+G||q+G’|e . .

After inserting in [Eq. 2.63] we find the following expression for the direct term of the
BSE Hamiltonian

1 ‘ "
Hdlr _ _V Z WGG’ (kg o kl) M (k k2 kl) [MG (k) kQ — kl)] . 3.92

viciky,vacaka cica v1v2
GG/

Here, also the sum over the q vectors has disappeared, because integrals of the type as
in are non-vanishing only for q = ko — k;.

3.2.1 Treatment of the I'-Singularity

The singularity of the Coulomb potential also needs to be addressed in the implemen-
tation of the BSE. However, here the treatment becomes simpler compared to the GW
implementation. This is due to the fact that the non-local operators are expressed in
terms of plane waves. Moreover, the singularity only enters in the expression of the
direct Hamiltonian, [Eq. 3.52] Here, we have to average the screened interaction again,

for which the procedure is the same as in the GW part. Here, we give a brief overview
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of the differences in the formulas. The polarizability can be expanded as

Poo(q — 0) = q-Pq=|q/*q- Pq,
Pgo(a = 0) =q-pc = |4|q - pa,
Poc(a — 0) =q-sg = |q/|q - sq,

with the quantities

53 P 050) 22 (01 1, 0)]

nm k Emk — €nk
Prnm.k G
Fum(k, 0;w)———M_> (k,0
v%? Erer i
1 Prnmk ®pnmk
- Fon(k, 0; ) =t — 2t
\% ; ; ( ) (Emk — €nk)?

In this way, we can rewrite the dielectric function in the plane wave basis as

Eoo(q%O,W):l—éLﬂ'(i'P( )A
£co (4 = 0,w) = —\/vg(0)V4rq - pe(w
coc (@ = 0,w) = —\/vg(0)Vinq - sg(w

3.53
3.54
3.55

3.56

3.57

3.58

3.59
3.60
3.61

The averaging of the screened interaction can be performed in the same way as in the

GW implementation.
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4 Coulomb Cutoffs for

Low-Dimensional Materials

Simulating low-dimensional materials in computer codes with 3D periodic boundary con-
ditions, such as exciting, requires the incorporation of vacuum to mimic the reduced
dimensionality. The inclusion of vacuum allows for the separation and isolation of indi-
vidual layers, nanowires, or molecules within the computational framework. However,
in practice it can be difficult to include a sufficient amount of vacuum to completely
turn off the interaction between periodically repeated images. Therefore, a scheme was
proposed in Ref. , that cuts off the Coulomb potential between the images. The dif-
ferent geometries of low-dimensional materials and the resulting cutoffs are discussed in
this chapter following Ref. [2].

4.1 2D Materials

Figure 4.1: Example of slab geometry for the case of MoS,.

We begin with the slab geometry, where the system is periodic in the zy plane. The slab
is then repeated periodically along the z-direction, see In order to cut off the

interaction between the layers, we choose a truncation length r. and define the modified
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Coulomb potential as follows

Olre—2l)

Ve +22

Here, 6 denotes the Heaviside step function and r| is the coordinate in the zy plane.

’U(I‘H,Z) = 4.1

The Fourier transform of the truncated Coulomb potential can then be calculated to be

4 k. .
UQD(k> = # {1 + e~ kylre |im Sln(kzrc> - COS(kzrc)} } ) 4.2
I

where |ky| = /&2 + k2. Notably, this formula diverges when [ky| — 0 for any nonzero
k. and is unsuitable for arbitrary r.. However, this problem can be solved by choosing
re = L,/2, where L, is the distance between the layers. In this case, the sin(k,r.) term
vanishes, since the reciprocal lattice vectors can be written as k, = 27n, /L, for integer

n,, leading to k,r. = mn,. Consequently, expression simplifies to
~2D Am — [k |r
07 (k) = k2 {1—e ™l cos(k.re)} . 4.3

Now, the Coulomb interaction is finite for any |kj| when k. # 0. For k. = 0, it diverges
as 4mr./|kj| when |kj| — 0, which is milder than the untruncated 3D case. Thus, our

choice of r. confines the divergence to the single wave vector k& = 0.

4.2 1D Materials

& B P

Figure 4.2: Example for a wire geometry in the case of poly(para-phenylene).

In the wire geometry, the periodic direction is usually chosen to be along the z-axis,
and the system is confined in the zy plane, see Similarly to the 2D case,
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we introduce a cutoff by turning off the interaction outside a certain region. This is
expressed by the function 0(z,y), which is one if  and y lie in a finite region around
the wire, and zero if x and y lie outside the region. The specific choice of the region will

be discussed below. In real space the 1D truncated Coulomb potential reads

v'P(r) = . 4.4

With this general form, we can calculate the Fourier transform in z-direction, which

yields
V1K) = / da / dy (. ) 2Ko( kIt |) cos(haz + kyy). 45

This expression contains the modified Bessel function Ko(|k.||r)|). It diverges as k. — 0,

and the asymptotic form can be written as
Kolkeleyl) = = ([ lry ) + O(=). 46

As the xy integral is over a finite region, the divergences in v'P(k) arise due to the

asymptotic behavior of K. Hence, the divergent term of the Coulomb potential is
—21n(|kz|)/d:v/dy9(x,y) cos(k,x + kyy). 4.7

To eliminate this divergence for any wave vector with k., # 0, we restrict the basis
vectors in the zy plane to be orthogonal and set 6(z,y) # 0 in exactly one Wigner-Seitz
cell centered on the wire in the zy plane. In this way, the z and y integration can be

written as

_ 4sin(kya/2) sin(k,b/2])

/dx/dy&(x,y) cos(kx + kyy) = "y : 4.8
ahy

with a and b being the length of the lattice vectors in the xy plane. In the 1D case, k,
and k, are reciprocal lattice vectors, turning the integral above zero. This means, that
the divergence in gets restricted to the case k, = k, = k, = 0. The expression in
cannot be simplified further, meaning that v'P (k) must be computed numerically.
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4.3 0D Materials

For 0D materials, the most natural choice is to cut off the Coulomb interaction outside
a sphere of radius r,,

W (r) = O(re — [r])—. 4.9

‘ r]

This leads to a closed expression in reciprocal space

oD 47

. = B (1 — cos(|k|r.)) . 4.10

v
This truncated interaction remains finite for any wave vector k. However, one has to be
careful with the choice of the cutoff radius r.. In exciting, it is chosen to r. = L,/2,
where L, is the length of the unit cell in z-direction. With this choice it could happen

that one cuts off intramolecular interactions accidentally.

4.4 Analytic Expressions of the 2D Screened Potential

In the current implementation of exciting the treatment of the singularity as outlined
in was not fully adapted to the case of an applied Coulomb cutoff and its
altered q dependence. In the case of the GW implementation, the singular terms of
the matrix of the screened interaction were set to zero. Leaving this contribution out
requires a much denser sampling of q points to capture the behavior of the screened
potential near the I point. Similarly, in the BSE implementation the treatment of the
singularity was not adapted to the cutoff potential, completely ignoring the altered q
dependence. Overall, this motivates the need of a more sophisticated method to treat

the singularity. In Ref. [3] the following analytical expressions for the correlation part
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of the screened interaction with a 2D cutoff were derived in a plane wave basis

2
. A7 (1 — e—\q\L/2) q-Aq
Weo (@ — 0) = _< Pl T M AG 411
. 47 (1 — 6_‘q|L/2) Uc,(O)q -ag
Wéo(a=0) =~ Il 14 dn (1 — e lL2) g A’ 412
(a0 A=) sl -be
0G lq| 1 +4r (1 —elall/2) g - Aq’ ‘

41 (1 — e"q‘Lﬂ) (61 . ag) (61 . bgl)

Woe (4= 0) = via(0)ve(0) 1+ 4r (1 — e L) q- Aq

Bc_;lG, - 5GG’ _|_

4.14

Here, A is a 3x3 tensor and ag and bg are 3D vectors, that will be properly introduced
in the next chapter in [Eq. 5.11) to [Eq. 5.13] It is worth noting, that the reduced dimen-

sionality leads to non-divergent behavior of the head contribution. While it diverges in

the 3D case, it now converges to the finite value
W, (q=0) = —(2rL)%q - Aq. 4.15

Nevertheless, it remains beneficial to integrate the analytical expressions over a small
region around q = 0, in order to capture all long-wavelength contributions to the screen-

ing.
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5 Efficient Screening in

Low-Dimensional Materials

In this chapter, we generalize the derivation of the analytic expressions for the cor-
relation part of the screened Coulomb potential to 1D and 0D materials. Then the
implementation of these analytic expressions to exciting is described. We follow the
derivation from Ref. [3] using an arbitrarily q dependent bare Coulomb potential. Tt
is crucial to note that the main ingredients of this derivation are the long-wavelength
limit of the polarizability and the diverging element of the Coulomb potential. We re-
call that the long-wavelength limit of the polarizability can be expanded analogously in
both the plane wave basis (cf. [Eq. 3.53| to [Eq. 3.55) and the Coulomb diagonal basis
(cf. [Eq. 3.35 to [Eq. 3.37). Furthermore, the diverging component of the bare Coulomb

potential is identical in both bases by construction. Hence, we perform the derivation
only in the plane wave basis, keeping in mind that it is completely analogous in the

Coulomb diagonal basis.

By combining the Coulomb potential and the long wavelength limit of the polarizability
from [Eq. 3.53[Eq. 3.55] with the expression for the dielectric matrix [Eq. 3.49, we can

write

Eoo(q—)O):l—/I}o( )|q|2q77(] 5.1
eco (@ — 0) = —v/vg(0)\/vo (q) || 4 - P 5.2
coc (@ = 0) = —\/vg(0)\/vo (q) |d|q - sa- 5.3

Here, and in the rest of the derivation, we do not write the frequency dependence
explicitly. We assume that the components of the Coulomb potential where G # 0, are

constant for small values of q. In this way, only the head and wings are q dependent,
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while the body is not. For the body, G # 0 and G’ # 0, we introduce the notation
Bge = cgar (q — 0) . 5.4
This motivates us to write the dielectric matrix in a block form, in order to treat the q
H w'
€= . 5.9
v B

For a block matrix of the above shape, one can give a closed expression for the inverse

dependence properly,

matrix

B (H - WTB_lv)_1 - (H - WTB_lv)_1 w B!
154 1 - -1 -1 . 56
—-B v (H — WTB_IV) B!+ Bly (H — WTB_lv) w'B

Writing the components of the inverse block matrix, we arrive at following expressions:

—1
00 = Bg: 5.7
€00 = [€00 — foGDOggfao ) .
G,G'#£0
500 § BGG/gG’()? 5.8
G'#0
E—:OG - 500 § EOG’BGi/Gv 5.9
G'#0
—1 E E : ~1
e = GG’ + 800 ( BGG//€G”0> < €0G”BguG/> . 5.10
G''#0 G0

It can be simplified by introducing the auxiliary vectors ag, bg and the tensor A given
by

=~ Baa Ve (0)pe, 5.11
G'#0
Z AV4 UG/ SG/BG’G’ 5.12
G'#0
A=-P— Z AVA%e (0)5@@&@,, 5.13
G#0

where ® denotes the tensor product. The simplified long wavelength limit of the inverse
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dielectric function is then

1
~1
600 (q % O) = = N 5.14
1+vo(q)la’a- Ag

~ Vw(a)lalg-ac 515

-1
fgo(a—0) = —
&0 1+vo(q)lal*a-Ag
_—
ol (q—0) = — Vv(q)|alq-bg 16

1+vo(q)|a*a-Ad’
o(@)]al’ (a-ac) (q-be)

SR . 5.17
1+wo(q)ld"q-Aq

_ B v
6Glc;' (q—0) = Bgg +

Now, we can combine the inverse dielectric function with the Coulomb potential again,

to arrive at the final expression for the correlation part of the screened interaction

q-Aq
Wo (g — 0) = — (vo(a) [al)” —, 5.18
% 1+vo(q)lal*a- Ad
c vg(0)q-a
Wéo (q — 0) = —vo(q) |ql c(0)4-ac 5.19

1+vo(q)lal*a-Ad’
Vvc(0)d - ba 5.20

1+wvo(q)la®a-Ad’

oc (@ — 0) = —vo(q)|q

o(a) la* (@ ac) (4 ba)

SRS 5.21
1 +wo(q)la"q-Aq

_ (¥
W (@ — 0) = y/va(0)ver(0) Bglg/ —dga +

5.1 2D Materials

5.1.1 Implementation to the GW Method

By inserting the 2D cutoff Coulomb potential from [Eq. 4.2] we arrive at the analytical
expressions in [Eq. 4.11] to [Eq. 4.14] In [Fig. 5.1 we show the head component of the

dielectric function, highlighting the impact of the 2D cutoff on its behavior. The dielec-
tric function for bulk MoS, converges to a finite material-dependent value and exhibits
a relatively flat behavior as q approaches zero. This justifies the assumption that the
dielectric function does not depend on q in the long wavelength limit in 3D. In contrast,
for the 2D case, a significant q dependence is observed: While for larger q values the
dielectric function is similar to the bulk case, for smaller q it always approaches one,
leading to a steep behavior for vanishing q. This highlights the crucial role played by

using an analytical expression to average the screened interaction, which captures the
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intricate q dependence in a more accurate manner.

8 A ® No cutoff
Cutoff
7 -
—~ 6 1
o
I
3°7
=2
< 47
<
3 -
2 -
1 -
0.0 0.1 0.2 0.3 0.4 0.5

la| [Bohr~1]

Figure 5.1: Dielectric function of MoS, with and without a 2D cutoff. The points are
numerically calculated values, while the lines are splines to illustrate the q
dependence for small q.

Now we investigate the validity of the approximations made to derive the analytic ex-
pression. In [Fig. 5.2] we compare the head of the dielectric function, the head of its
inverse, and the final expression for the head of the screened potential with results from
numeric calculations on a dense q grid. We can see that, in the limit of small ¢, the
approximation to the dielectric function describes the numerical values outstandingly
well. However, the inversion of the dielectric matrix worsens the quality. This is due to
the fact, that also wing and body elements enter the head of the inverse, for which the
quality of the approximation is expected to be worse, as they rely on a 1st (wings) or
Oth (body) order approximations of the polarizability (see [Eq. 3.53| to [Eq. 3.55)). The

description of the screened potential is satisfactory because it is a product of the inverse

dielectric function and the bare Coulomb potential, and evidently the Coulomb potential

dominates, improving the overall result.

In [Fig. 5.3 we investigate the head of the screened Coulomb potential in more detail,
seeing again good agreement between numerical results and the analytical expression.
In this figure, the orange bars represent a simple approximation to the integral over the
first Brillouin zone. In principle, it would be possible to only use the q = 0 value of
the analytical expression for W, , corresponding to using the whole bar at
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Figure 5.2: Components contributing to the screened interaction with a 2D cutoff for
MoS,: a) head of the dielectric function, b) 2D bare Coulomb potential, c)
head of the inverse dielectric function minus one, d) head of the correlation
part of the screened interaction. The dots represent the numerical results,
while the lines represent the analytical expressions in the limit q — O.

q = 0. While the area under the curve is well approximated for larger q values where
the function is flat, the bar at q = 0 is a bad approximation for the area under the curve
due to its steep convex behavior. Hence, we integrate the analytical expression over a
small region €y around q = 0 to cut out the gray area from the bar at this point. By

using this procedure, the integral needs significantly less q points to be converged.

In order to perform the integration, we apply the integration procedure described in
Ref. . In more detail, the primitive cell is sampled regularly along the two basis
vectors defining the 2D structure. This defines a new lattice represented by the blue
points in [Fig. 5.4 Now we define Qq as the first Wigner-Seitz cell around q = 0 with

its volume being

Qpz
Qp = . 5.22
0 N,

We introduce a new sub grid with N, q points, represented by the orange dots, to
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Figure 5.3: Head element of the correlation part of the screened Coulomb potential. The
red dots represent the numerical results on a 18x18 q grid, while the lines
represent the analytical expressions in the limit g — 0. The bars under the
red dots represent the numeric approximation of the BZ integral.

sample the region 2y. In order to make the integration more efficient, we define a small
circle g suparound q = 0 on the sub grid with radius ro g (cf. [Fig. 5.4/ b))

Qo

7TNq,sub

To,sub = 5.23

On this circle we analytically integrate an approximation to [Eq. 4.11] In more detail,
we define the quantity x = qL/2 and the rotational average

1 2

:% ;

A x(p) - Ax(p)dep. 5.24
With this, we can write the head of W€ as

We(2x/L) = (2nL)* Al (x) 5.25
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a) b)

Qy

ax qx

Figure 5.4: a) Sampling of the unit cell in reciprocal space. The black arrows represent
the basis vectors and the blue points a 3x3 grid. The blue arrows define a
new sub-lattice, whose Brillouin zone is sampled with the orange points. b)
Zoom into the region of the orange points in a): Around q = 0, we define a
circle with radius 7¢ g, for an analytic approximation of the integral.

with the simplified function

i 1— e x\? 1 9
“’(X)__( x| )1+47TA(1—6—|><|)' '

For small x, we use the Padé approximation of this function

1
D N — .2
V)~ T T A 02

leading to the following approximated analytical integral on the circle around q = 0

~ —27 (47TATO sub + T0,sub — In (47TATO sub + T0,sub + 1))
X)dx =~ . : : : . 5.28
/Qo,sub w( ) (47“4 + 1)2

In we see that this method leads to an improved convergence of the numerical
integral. Hence, it will be used as the standard method throughout this thesis.
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6.2 4 ® ® Analytical integral around q =0
' Numerical integral
—26.4
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|u8 —26.8 1
—27.0
—27.2
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Number of points on the sub grid in one dimension

Figure 5.5: Integral of the head of the correlation part of the screened Coulomb potential
around q = 0. The blue points represent the method presented in the text,
whilst the orange points come from a numerical sum for the integration.
Here, we introduced the abbreviation Wy, = QLO fQo W§,(q,w = 0)dq.

5.1.2 Implementation to the BSE

After having discussed the implementation to GW, we now investigate the necessary
changes to achieve an implementation to the BSE. The direct term of the BSE Hamilto-
nian is originally expressed in terms of the complete screened interaction, encompassing
both its correlation part and the bare potential. As the bare Coulomb potential is diag-

onal in the plane wave basis, the only difference will appear in the diagonal elements

W 0) — A7 (1 — e~ lalL/2) 1 .
0o (g —0) = \q]Q 1+47 (1 —eal2)q- Aq .
A7 (1 — e 19L/2) (§ - ag) (4 - ba
Waa' (@ — 0) = \/va(0)ve (0) | Bgey + ( ) (4 ac) (4 be) 5 30

1447 (1 —elalli2)q- Aq

The wings are the same for the correlation part and also the modification of the expres-
sion for the body is rather small, since we just have to leave away the Kronecker delta
when comparing to [Eq. 5.21, However, the head element of the full screened interaction
diverges when including the bare Coulomb potential. This divergence makes it challeng-

ing to converge the numerical integral of the head element. Hence, we propose another
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approach, where we make use of the formula of the head of the correlation part. We

write the screened interaction as a sum of its correlation part and the Coulomb potential
W =W*+w. 5.31

By doing so, we can perform the integral over the bare Coulomb potential analytically.
For the correlation part, we can use the GW implementation to compute the integral
numerically. With this idea, we are able to converge the integral much faster as one
can see in |[Fig. 5.6l Even for a sub grid of 225x225, the integration of the full screened
interaction does not look fully converged, while the new approach converges significantly

faster.

)
m
800 A
700 A
= 600 -
500 A
® Analytic expression for W§,
400 - Analytic expression for full Wqq

0 50 100 150 200
Number of points on the sub grid in one dimension

Figure 5.6: Integral of the head of the full screened interaction in the BSE implementa-
tion. The convergence with respect to the number of q points is investigated
for the two different methods described in the text. Here, we introduced the
abbreviation Wy, = QLO fQo Woo(q,w = 0)dq.

5.2 1D Materials

5.2.1 Implementation to the GW Method

For a 1D cutoff, there is no closed expression of the Coulomb potential (cf. [Eq. 4.5]).

Consequently, there is also no closed expression for the screened Coulomb potential.
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However, it is still possible to evaluate the numeric expression and insert it in
to Using the divergent term from [Eq. 4.7] we can see that the exact limit of
the head becomes

Wso (@ =0) =0. 5.32

® No cutoff
Cutoff
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1.8~
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0.00 0.05 0.10 0.15 0.20 0.25
lq| [Bohr=1]

Figure 5.7: Dielectric function of PPP with a 1D cutoff.

Like in the case of the 2D cutoff, we display the head of the dielectric function, it’s
inverse, and the screened Coulomb interaction in [Fig. 5.8] Since the unit cell of the
later investigated material contains too many atoms, we introduce a toy model here,
in order to be able to calculate the numerical values on a dense enough q grid. This
model consists of a chain, where a hydrogen dimer is alternating with one vacancy. This
system is used, because it is expected to have a band gap and has only two atoms per

unit cell, making it feasible to go to larger grids.

The head element of the dielectric function is described very well by the analytic formula,
just as well as in the 2D case in[Fig. 5.2l We can also see that the description of the head
element of the inverse dielectric function is worse. One problem here is, that the values
of the function in c) are very small, meaning that the relative error grows. After
multiplication with the Coulomb potential, the relative error is inherited by the screened
interaction. This explains, why the overall description of the screened interaction looks
worse than in the 2D case. However, for small q values it still seems to be sufficient,

such that we implement a procedure analogous to the 2D case.
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Figure 5.8: Components contributing to the screened interaction with a 1D cutoff: a)
head of the dielectric function, b) 1D bare Coulomb potential, ¢) head of
the inverse dielectric function minus one, d) head of the correlation part of
the screened interaction. The dots represent the numerical results, while the
lines represent the analytical expressions in the limit q — O.

The q sampling of the 1D Brillouin is much simpler, making the integration easier in

this case. The volume one q point has is given by

2
p——

== a_Nq' 5.33

Where a is the lattice parameter in the periodic z-direction. For the averaging we
now evenly sample between —ﬁ and ﬁ to sum up the contributions to the screened
interaction. Compared to the 2D case, the integration is also simpler, because the
screened Coulomb potential is not as steep for ¢ — 0. In one can see that the
integral converges quickly, indicating that no sophisticated method, as required in the

2D case, is necessary.
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Figure 5.9: Integral of the head of the correlation part of the screened Coulomb po-
tential around q = 0. Here, we introduced the abbreviation WSO =

QLO fQo Wéfo(q’ w = O)dq

5.2.2 Implementation to the BSE

For the full screened interaction used in the BSE implementation, we apply the same
method as in the 2D case. We make use of the GW implementation of the correlation

part of the screened interaction and add the averaged bare Coulomb potential afterwards.

5.3 0D Materials

Finally, we discuss the type of materials with the lowest possible dimension, 0D materials.
This scenario differs slightly from the previous cases, since it lacks periodicity in real
space along any direction. Consequently, there exists only a single q point in reciprocal

space, eliminating the continuous q variable seen in previous cases. Therefore, we insert
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the expression from and arrive at the following limits for q = 0

Wy (@ =0) =0, 5.34
W&o (@a=0) =0, 5.35
Wig (a=0) =0, >0
éor (@ =0) = y/ve(0)ve/(0) [Bge — dga] - 5.37

It was previously mentioned, that in the current implementation in exciting the zero
elements of the screened interaction were left out. Looking at [Eq. 5.34] to [Eq. 5.37, it is

evident that in the 0D case both methods are equivalent. Hence, 0D materials are not

further investigated in this thesis.
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6 Computational Results

6.1 2D Materials

6.1.1 GW Results

The two 2D materials investigated in this thesis are molybdenum disulfide (MoS,) and
hexagonal boron nitride (h-BN). Both materials have relatively simple structures, each
consisting of a hexagonal lattice, with three atoms per unit cell for MoS,; and two atoms
per unit cell for h-BN. Even though their structure is similar, both materials exhibit
distinctive electronic properties. While MoS, can be classified as a semiconductor with

a direct band gap, h-BN is an insulator with an indirect band gap [13].

The structures of both materials have been relaxed with the PBE functional in previous
works [14} [15]. Their ground states have been calculated with PBE using a 30x30x 1
k grid.

Table 6.1: Computational parameters for the investigated 2D materials MoS, and h-BN.
Material ‘ Lattice constant Vacuum DFT functional Empty states
MoS, 3.1858 A 30 Bohr PBE 400
h-BN 2.5170 A 30 Bohr PBE 400
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Figure 6.1: Direct band gap at K of MoS, calculated with GoW,. The q grids range
from 6x6x1 to 18 x18x 1 for the implementation with the analytical screened
interaction and up to 30x30x1 for the old implementation. The respective
extrapolated band gap is depicted with the corresponding color.

Applying the procedure described in in the GoW, approximation yields satisfac-
tory results for MoS,. Using a q grid of 18x18x 1, we find a direct band gap of 2.52 eV
at the high symmetry point K. In [3], a value of 2.54 eV was calculated using PBE for
the structure relaxation and the ground state. In [Fig. 6.1, one can see the convergence
behavior of the band gap with respect to the number of q points. The blue points rep-
resent the old implementation in exciting and are taken from [15], while the orange
points represent the new implementation using the analytic expression. From this plot
we can see that with the new method the result is well converged within 0.05 eV using
an 18x18x1 q grid. On the other hand, the old method drastically overestimates the
gap for small numbers of q points and converges much slower. Unfortunately, it was not
feasible to go to larger q grids within the scope of this thesis. To better compare the
results in the limit of a large number of q points, we extrapolate the band gap for both

methods with a function of the form:

A

. 6.1
B+ N,

Ey(Ng) = Exs +

This yields values of LY = 2.50 eV for the new method including the analytical @ — 0
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limit and E94 = 2.54 eV for the old method without q = 0 contribution. So both meth-
ods agree well within a tolerance of 0.05 eV. For comparision, an experimental value of
2.5 eV was reported in [3]. However, one has to keep in mind, that the structure re-
laxed with the PBE functional does not perfectly agree with the experimental structure,
meaning that experiment and theory cannot be compared straightforwardly. The issue

of the dependence of the band gap of MoSy on the structure is extensively discussed in
[15].

In the case of h-BN we calculate an indirect band gap (K — I') of 6.75 eV with a q grid
of 18x18x1. This lies well within a reported range of 6.00-7.32 eV [13]. Similar to
the case of MoSy, we can also see a great improvement in the convergence of the gap
in compared to the previous implementation. We don’t have reference data to
the same extent as for MoSs, so we cannot compare the values of the gaps in a larger
limit for the number of q points. However, the improved convergence makes the results

overall satisfactory.

- —&— No q =0 contribution
' Analytical q—0 limit
7.6 A
S
QL 7.4 4
S 7.2 1
7.0 A
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© ) 2 “ D
" of + + +
N ~? N
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Figure 6.2: Indirect band gap at K — I' of h-BN calculated with GoW,. The q grids
range from 6x6x1 to 18x18x 1 for both implementations.

6.1.2 BSE Results

Continuing with the discussion of excited state properties, the 2D Coulomb cutoff was
implemented into the exciting code. In one can see the absorption spectrum
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of MoS; calculated with and without a cutoff. The overall shape of the spectrum looks
reasonable when comparing with results from [16]. The only difference is that in our case
we do not see a splitting of the first peak, because spin-orbit coupling was not applied
[17]. It is evident that the primary effect of the cutoff is a rigid shift of the spectrum
towards lower energies. Notably, the overall effect of the cutoff is significantly smaller
compared to its impact in GW calculations. Nevertheless, its implementation remains
essential to ensure that both GW and BSE calculations are performed on a consistent

theoretical basis.

161 —— No cutoff
14 ~ Cutoff
12 -
10 -
&
8 .
£
6 .
o
41 A\ N
™~
2 .
01 I
0 1 2 3 4 5

w [eV]

Figure 6.3: Imaginary part of the dielectric function of MoSy calculated with the BSE.
The spectra were calculated with and without a cutoff using a 45x45x1

q grid.

After discussing the general impact of the cutoff on the spectrum, our focus now shifts
to examining the performance of averaging the analytical expression of the screened
interaction. In [Fig. 6.4 we illustrate the convergence behavior of the exciton binding
energy Fj with respect to the number of q points. Three distinct methods are employed

for comparison:
1. The binding energy is calculated without using a cutoff.

2. The calculation is performed with a cutoff, but the screening for q — 0 is not

adapted, i.e. a 3D limit is taken. (This corresponds to the old implementation.)
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3. The 2D analytic treatment for q — 0 is employed.

The curve with the cutoff and using the exact 2D limit is nicely converged with a
33x33x1 grid and exhibits a flat behavior when increasing the grid up to 60x60x1.
On the other hand, the curve with cutoff using 3D screening and the curve without
cutoff do not converge satisfactorily within the range of q points considered. This
observation emphasizes the importance of not only introducing a cutoff but also applying
an appropriate treatment to address the singularity of the screened interaction. The
numerical value for the exciton binding energy, calculated with the 2D screening, is
0.47 eV. This result is in good agreement with previously reported values, e.g. 0.54 €V in
[16]. The plot clearly illustrates a significant improvement over the old implementation,

which consistently underestimates the binding energy.

0.8
—— No Cutoff
0.7 A —@— Cutoff with 3D g—0 limit
Cutoff with analytical g—0 limit
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Figure 6.4: Binding energy of the lowest-lying exciton in MoS, calculated with the BSE
based on GyWj applying three different procedures. The q grids range from
9x9x1 to 60x60x1.

The spectra for h-BN are plotted in where one can see that the effect of the
cutoff is again a rigid shift. It is significantly larger than for MoS,. The spectral shape

is very similar to previously calculated spectra |18} [13].
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Figure 6.5: Imaginary part of the dielectric function of h-BN calculated with the BSE.
The spectra were calculated with and without cutoff and a q grid of
45x45x 1.

Finally, the convergence of the exciton binding energy is shown in for the three
different methods. The binding energy does not converge for the case of no applied
cutoff within the considered number of q points, which means that the cutoff is even
more important than in the case of MoS,. With cutoff and the analytic treatment of the
q — 0 singularity, the curves look well converged. The final value of the binding energy
Ey, =2.06 ¢V lies well within the range of 1.50 — 2.19 eV reported in [13].
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Figure 6.6: Binding energy of the lowest-lying exciton in h-BN calculated with the BSE
based on GyWj applying three different procedures. The q grids range from
15x15x1 to 60x60x1.

6.2 1D Materials

6.2.1 GW Results

The 1D material investigated in this thesis is poly(para-phenylene) (PPP). We assume
that the polymer consists of infinitely repeated units of phenylene rings. The system
does not exhibit a torsion angle between adjacent phenylene units, which reduces the
computational cost. The structure was previously relaxed in our research group using
the PBE functional|19]. Using the method described in we calculated the band
gap with an applied 1D cutoff. In [Fig. 6.7, we compare the results of the old and
the new implementation. As in the 2D case, the new one represents an improvement,
making the band gap converge faster with respect to the number of q points. However,
the overall improvement is not as drastic as before. This can be explained as follows:
Due to the further reduced dimensionality, the screening weakens, resulting in a lower
overall contribution of the correlation part of the self-energy ¥¢. Hence, the correction
achieved by our method also becomes weaker. The calculated value of E; = 4.23eV is in
reasonable agreement with values from [20], even though a precise comparison is difficult

because we don’t include the torsion angle in our calculation.
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Figure 6.7: Direct band gap of PPP at I' calculated with GoWj, with and without cutoff.
The q grids range from 1x1x5 to 1x1x20 for both methods.

6.2.2 BSE Results

In the BSE implementation of exciting, there was previously no option for a 1D
Coulomb truncation. Hence, it had to be implemented together with the correct an-
alytical treatment of the singularity. In we can see that the effect of the 1D
cutoff is very similar to the 2D case: It mainly shifts the spectrum without drastically
changing its shape. However, there is a small difference in the third peak, which appears
a little wider with the cutoff.
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Figure 6.8: Imaginary part of the dielectric function of PPP calculated with the BSE.
The spectra were calculated with and without a cutoff using a 1x1x20 q grid.

In one can see the exciton binding energy plotted against the number of q points
for the three different implementations. Without cutoff, the binding energy diverges and

becomes even larger than the band gap for large number of q points. This might be due

to the relatively small vacuum size of 20 Bohr in x and y direction. The influence of the

analytical q — 0 limit is hard to investigate, as its effect is on a different scale than the

one of the cutoff.
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Figure 6.9: Binding energy of the lowest-lying exciton in PPP calculated with the BSE
based on GyWj applying three different procedures. The q grids range from
1x1x10 to 1x1x50. The vacuum in x and y direction is 20 Bohr.

Therefore, in only the values obtained by using a cutoff are compared with
the 3D limit. The analytical limit yields further improvement, since the binding energy
converges faster than with the 3D limit. Overall, the latter approaches the curve with
the analytical limit for a large number of q points. The final value of E, = 1.95 eV is in

good agreement with values found in [20].
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Figure 6.10: Binding energy of the lowest-lying exciton in PPP calculated with the BSE
based on GoW,. Same results as in but without the values for no
applied cutoff.

The fact that in the case of no applied Coulomb cutoff the binding energy is becoming
larger than the band gap (i.e. the first exciton energies are negative) is clearly indicating
numerical difficulties, which might arise due to interaction between the periodically
repeated images. Therefore, we investigate in [Fig. 6.11] whether increasing the vacuum
improves this issue. We can see that for varying vacuum, the values with cutoff are
constant, which meets our expectations. Also the values without Coulomb truncation
approach the values with Coulomb cutoff in the limit of large vacuum. However, even
larger vacuum sizes would be needed to solves the issue. Unfortunately, the ground state
calculations with larger vacuum were hard to converge, such that it was not possible to

increase the vacuum further.
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Figure 6.11: Binding energy of the lowest-lying exciton in PPP calculated with the BSE
based on GyW, with and without cutoff. Here, the vacuum is varied with
a fixed q grid of 1x1x30.
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7 Conclusions

The first goal of this thesis was, to make GW calculations with a 2D cutoff more efficient
by implementing the analytical limits for the screened interaction as presented in Ref. [3]
in exciting. This goal was successfully achieved, as demonstrated in the case of MoSs.
In comparison to previous calculations that utilized larger q point grids, we applied the
analytical limits and achieved superior precision in the band gap calculations. More
specific, using a 12x12x1 q grid, we attained a higher level of precision than with the
older implementation with a 30x30x1 q grid. Also for h-BN, we observed a significant

improvement of convergence speed.

Then, we aimed at extending the analytical method from the case of a 2D cutoff to a
1D cutoff. The example of PPP demonstrated that, we could achieve also in this case
an improvement in terms of convergence. While it was not as drastic as in the 2D case,

it still presented a noticeable difference.

The final objective was, to extend the approach to the BSE. Previously, there was no
cutoff implemented within the exciting BSE framework. The incorporation of a 2D
cutoff had a significant impact on the convergence of the exciton binding energy of h-BN.
Implementing a 1D cutoff, we could as well observe a significant speedup as shown for
the exciton binding energy of PPP. The implementation of the analytical limits of the
screened Coulomb potential improved the results further. For instance, in the case of
MoS,, the exciton binding energy converged much faster. With our correction we were
able to correct the binding energy by around 100 meV, which lead to better agreement

with theoretical literature values.

In summary, all goals of this thesis could be achieved. Overall, they makes low-dimensional
MBPT calculations easier to converge with respect to the number of q points and the
vacuum size. This opens a wide range of possibilities to compute more complex low-

dimensional materials within the exciting code.
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