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ABSTRACT

A focus of material science is the discovery of novel materials for the use in high-tech devices, recently
driven by sustainability concerns. One such material is the thermoelectric clathrate Ba8AlxSi46≠x, a
potential alternative to GaGe-based compounds. GaGe-based compounds have low thermal and high
electrical conductivity, beneficial for thermoelectricity, but both elements are scarce resources. Al and
Si, instead, are abundant and cheap. The theoretical description of materials properties is commonly
conducted from first-principles using density functional theory. However, this approach becomes
unfeasible due to the clathrate’s complex configurational space. Instead, the cluster expansion (CE)
method is employed. In CE, properties of materials are modeled in terms of substructure interactions
within the crystal. While this method has been successfully applied to multicomponent alloys,
we show that the CE does not converge and introduces spurious interactions when the property
demonstrates a nonlinear configuration dependence. Such nonlinearities occur in the energies of
mixing and bandgaps of Ba8AlxSi46≠x. Two solutions with limited usability have been reported in the
literature. We propose a novel approach where we treat the standard CE method as solving a linear
problem, allowing us to incorporate common machine learning techniques to treat nonlinearities. We
call this new solution the nonlinear CE. The idea is to utilize polynomial feature expansion to create
nonlinear features (out of the cluster correlations) and employ linear models in combination with
cross-validation to identify the optimal feature subset. We use linear models such as LASSO and
orthogonal matching pursuit. This method exactly reproduces toy data models with varying degrees
of nonlinear configuration dependence while significantly reducing the required number of features
compared to standard CE models. In a systematic study of the energy of mixing of Ba8AlxSi46≠x,
we find that a 3rd-order nonlinear CE with a small number of initial clusters returns more accurate
predictions than standard CE models. Furthermore, our study reveals concentration-dependent
2-point interactions, which exhibit temperature dependence. When fitting bandgaps, our approach
demonstrates comparable precision to a standard CE with many clusters despite being initialized
with significantly fewer clusters. This points to higher computational e�ciency. Finally, we explore
the adaptation of CE to classification tasks using support vector machines, extending its potential
utility.

ABSTRACT v



vi



1

INTRODUCTION

In recent years, in our society, a discussion has arisen about the sustainability of raw materials used
in high-tech products. In particular, the commercial distribution of semiconductor-based devices has
increased the need for technology-critical elements, which typically occur in host minerals scarcely
present in Earth’s crust. Their extraction as by-products is energy-intensive and costly, causes large
amounts of greenhouse emissions, and negatively impacts biodiversity. One focus of current materials
research is therefore on investigating the physical and chemical properties of materials containing
technology-critical elements in order to replace them in the long term with not-yet-synthesized
materials for use in respective high-tech devices. Such materials ideally show comparable properties
without causing adverse e�ects on the ecology.

One example of such devices is thermoelectrics, which enable the conversion of electricity into
heat and vice versa. Thermoelectric generators are highly scalable and free of moving parts and
are viewed as potential solutions to recover electric energy from the vast amounts of waste heat
generated, for example, by computers, server farms, engines, or lasers. The underlying mechanism,
thermoelectricity, is based on carrier di�usion in a material owing to a temperature gradient. For good
conversion abilities, thermoelectric materials need a high figure of merit zT , which is approximately
given as the temperature-dependent ratio of electric conductivity ‡ and thermal conductivity Ÿ.
Consequently, increasing zT can be achieved by materials with high electrical and low thermal
conductivity. However, finding such materials is very challenging since high zT values are hindered
by the counterplay of electrical and thermal conductivity: the thermal conductivity Ÿ is the sum
of two contributions, namely Ÿl, originating from phonons traveling through the crystal, and Ÿe,
resulting from charge carriers transporting heat. Ÿe and ‡ are roughly proportional through the
Wiedemann-Franz law, which means that, in general, minimizing the total thermal conductivity also
reduces the electrical conductivity. Thus, the ratio of ‡ and Ÿ to optimize in the figure of merit would
not be a�ected. Possible solutions are doped small-band-gap semiconductors, where the phonon
contribution is larger than the electronic contribution, enabling the decoupling of the electronic and
vibrational degrees of freedom. This allows for individual optimization of electronic and thermal
conductivity. A class of materials that help to achieve this goal are phonon-glass electron-crystals [1].

An example of phonon-glass electron-crystals are the clathrates, which exhibit a substitutional
crystal structure that can be used as a playground for tuning its properties. Clathrates based
on gallium and germanium were found to have glass-like thermal conductivity, i.e., very low Ÿl,
making them promising for thermoelectric applications [2], [3]. Unfortunately, Ga and Ge are only
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sparsely present in other minerals and are extracted as their by-products, making their production
energy-intensive. Additionally, they depended on the mining of the primary material and, thus, are
potentially unsustainable. Therefore, it is of considerable interest to substitute these elements with
more abundant, cheaper, and lighter elements while retaining the beneficial properties. In the case
of GaGe-based clathrates, this could be achieved by replacing Ga and Ge with the isoelectronic
species Al and Si, respectively. AlSi-based clathrates have been the subject of experimental [4]–[7]
and theoretical studies [8]–[10], and are taken as an application example for the methods introduced
in this thesis.

The standard approach for the ab initio theoretical description of materials properties is density
functional theory (DFT). DFT utilizes a fictitious system of non-interacting electrons to compute the
electronic density and ground state energy of the material. Hence, in principle, it can be employed
to find the stability of di�erent clathrate compositions in the search for new clathrate materials.
For clathrates, not only the amount per species in the compound, the composition, but also their
location in the crystal lattice, the configuration, are relevant for the theoretical description of their
properties. This was demonstrated in Ref. [8], where it was found that properties such as the
total energy and the electronic structure are very sensitive to the configuration. However, the
compositional and configurational space of clathrates is astronomically large. Just for the unit cell
of the clathrate, finding the structure of lowest energy would require the computation of around
1010 di�erent structures. Due to the computational e�ort, such a task is infeasible for DFT.

One way to approach this problem is to use the cluster expansion (CE) method [11]. It enables
the modeling of materials properties that depend on the configuration, which in turn determines
the structure. This method has been employed in a wide range of problems and systems, including
the calculation of phase diagrams [12]–[15], surface alloying [16], and catalysis [17]. The models
obtained with CE enable the evaluation of materials properties at a minimal computational cost,
making it an ideal tool to address the above-mentioned problem.

Nevertheless, CE encounters di�culties when modeling properties with nonlinear dependencies
on configuration. For instance, it has been demonstrated that the CE of properties that depend
quadratically on the concentration of a binary alloy cannot be converged [18]. This problem has also
been the topic of recent discussions in the literature [19], [20]. In fact, for clathrate materials, it was
found that the CE model of the energy of formation was hindered by the presence of a nonlinear
kink in the energy-versus-concentration curve [8], [10].

In this work, in order to propose a novel solution to the problem, we show that the CE method can
be conveniently formulated such that standard machine learning (ML) techniques can be applied.
This novel solution is inspired by methods common in the ML community. After describing the
thermoelectric clathrate Ba8AlxSi46≠x in more detail in the subsequent section, Sec. 2.2 and Sec. 2.3
introduce the theoretical grounds of the CE method and the nonlinear problem, respectively. Sec. 3
presents the novel ML-based solution. Its application to the energy of mixing and band gap energies
of an AlSi-based clathrate are described in Sec. 4.3 and Sec. 4.4, respectively. In Sec. 4.5, we
utilized the nonlinear CE to obtain a materials descriptor that can be used for metal-semiconductor
classification. Finally, the implementation of the novel method into the Python CE package CELL
is shown in Sec. 5.
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2

THEORETICAL BACKGROUND

In the following, we introduce density functional theory (DFT) in Sec. 2.1, as it is a precursor to
most cluster expansion (CE) applications and also has been employed to obtain the dataset that
will be used for the studies in Sec. 4. Subsequently, Sec. 2.2 and Sec. 2.3 introduce the CE method
and discuss the di�culties that arise when expanding nonlinear properties, respectively.

2.1 Density Functional Theory

Density functional theory is a first-principles method to compute the electronic structure of materials
and their properties. Since its introduction in Ref. [21] it has been successfully employed for
describing the ground state properties of various crystal and molecular systems.

In DFT, the system of interacting electrons is replaced by an auxiliary system of non-interacting
electrons, yielding the same electronic density as the interacting one. Kohn and Sham introduced
the auxiliary system [22] and, together with the Hohenberg Kohn (HK) theorem [21], it constitutes
the core of DFT. The HK theorem postulates the one-to-one relationship between external potentials
and electronic densities. This allows an enormous simplification since instead of having to deal with
the many-body quantum wave function, which depends on the coordinates of all electrons in the
system, the problem can be recast in terms of the electronic density, which only depends on three
spatial coordinates. The Kohn-Sham equation in atomic units is given by

5
≠1

2�2 + vKS(r)
6

�i(r) = ‘i�i(r) .

Here, the �i(r) represent the single-particle wavefunctions that yield the electron density by

n(r) =
Nÿ

i=1
|�i(r)|2 ,

where ‘i are the eigenenergies, and vKS is the Kohn-Sham potential. The Kohn-Sham potential is
the sum of the external potential vext (e.g., the electrostatic potential of the fixed nuclei, as seen
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by the electron), the Hartree potential vH , which represents the classical Coulomb electrostatic
interaction of the electrons with the electronic cloud, and the exchange-correlation potential vxc:

vKS = vext + vH + vxc .

The exchange-correlation potential is a functional derivative defined as

vxc(r) = ”Exc[n(r)]
”n(r) .

The exchange-correlation energy Exc contains all remaining classical and quantum correlation e�ects
and is defined in terms of the di�erence between the ground state energy computed with the full
many-body wave function and the one computed with the single Kohn-Sham Slater determinant.

In principle, the Kohn-Sham scheme yields the exact ground state energies, provided that the exact
Exc is known. Unfortunately, Exc and vxc(r) are unknown, requiring their approximation. Over the
years, multiple approximations have been developed, di�ering in levels of sophistication. The simplest
is the local density approximation (LDA), which is based on replacing the exchange-correlation
energy density at point r in space by the exchange-correlation energy density of the homogeneous
electron gas with density n(r), Á

hom
xc (n(r)). Thus, the exchange-correlation energy in the LDA

approximation is given by
E

LDA
xc =

⁄
Á

hom
xc (n(r)) dr .

A more sophisticated approximation is the generalized gradient approximation (GGA) in which the
exchange-correlation energy density depends on the electron density n(r) and its gradient Òrn. The
GGA functional used in Ref. [8], relevant for Sec. 4, is a version of the functional introduced by
Perdew, Burke, and Ernzerhof [23] that was specifically adapted to solids, called PBEsol [24].

2.2 Cluster Expansion

The theoretical description of materials properties often begins with a ground state search. However,
for materials with a large unit cell, the problem of finding the ground state is complicated because
the configurational space becomes too vast for DFT to computationally handle. However, it is
possible to cheaply predict property values of arbitrary configurations with the CE method, which
only requires the a priori calculated values for a subset of structures. Thus, CE can be used for
the theoretical description of properties presenting a combinatorial explosion of the configurational
space.

Cluster expansion builds on the relationship between the property of a material and the configuration
of its structure. The idea was first introduced by Kikuchi in 1955 [25], and a general formalism for
the cluster expansion for multicomponent systems was described by Sanchez, Ducastelle, and Gratias
in 1984 [11]. A mulitcomponent system refers to a system composed of more than one constituents.
For materials, these could be di�erent elements, chemical compounds, phases of matter, or vacancies.

A multicomponent material is described by the number of crystal lattice sites N and their occupation
with di�erent species. The occupation of a lattice site is indicated by the occupation variable
‡i œ {0, ..., M ≠1} which in the example of a binary alloy of atoms A and B results in ‡ = 0 and
‡ = 1 describing the occupation with A and B, respectively. An arbitrary configuration is then
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represented by the vector of occupation variables at all lattice sites ‡ = (‡1, ‡2, ..., ‡N ), and thus,
any configuration-dependent property of a material can be written as a function of ‡. In the cluster
expansion, any such configuration-dependent property is expanded in terms of cluster functions
�–(‡), which form a basis set in configurational space. The expansion is given by

P (‡) =
ÿ

–

J–�–(‡) , (1)

where the sum runs over all clusters –. Clusters are sets of crystal sites representing n-body
interactions. The expansion coe�cients J– are called the e�ective cluster interactions (ECI), and
the cluster functions form a complete and orthonormal basis with respect to the scalar product

È – | — Í =
ÿ

‡

�–(‡) �—(‡) = ”–—. (2)

A cluster function corresponding to –, �–(‡), is given by the product of site basis functions “i(‡i)
over all lattice sites i œ {1, ..., N},

�–(‡) =
NŸ

i=1
“–i(‡i) . (3)

The site basis functions fulfill the orthonormality condition:

M≠1ÿ

‡=0
“–(‡)“—(‡) = ”–— . (4)

Note that the domain of the functions “ comprises integer scalars (i.e., the occupation variable of a
single site), while the domain of functions � comprises integer vectors (i.e., the crystal configuration).
The orthonormality property of the “ functions, Eq. 4, guarantees the orthonormality of the cluster
functions � [11], [26]. In the binary case, the set of site basis functions per lattice site ‡i is
{“0(‡i), “1(‡i)}. Generally, site basis functions are chosen such that they include a constant function.
For ‡ = 0, 1, a possible set is given by

“0(‡) = 1
“1(‡) = ≠cos(fi‡) = ≠1, 1 .

(5)

The choice of the constant basis function “0(‡i) = 1 ensures that in Eq. 3 only the evaluation of the
site basis functions of sites with –i ”= 0 are relevant. Thus, the product in Eq. 3 can be restricted to
the cluster of sites for which –i ”= 0. This allows the definition of clusters as the set

– = {–i|–i ”= 0} . (6)

More generally, clusters may be defined by the vector – = (–1, –2, ..., –N ), where the variables
–i œ {0, ..., M ≠1} indicate the choice of basis function per lattice site. This more general definition
does not require the introduction of the constant function in the set of site basis functions.

Using the basis defined in Eq. 5, an example of a 2-point cluster is a vector of N elements with
–2 = 1, –3 = 1, and –i”=2,3 = 0. Consequently, because of Eq. 6, �2p reduces to the product of the
site basis functions at sites ‡2 and ‡3,

�2p(‡) = “0(‡1) ◊ “1(‡2) ◊ “1(‡3) ◊ · · · ◊ “0(‡N )
= “1(‡2) ◊ “1(‡3) .
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Note that so far, all clusters in a crystal that are equivalent under its symmetry operations count as
distinct clusters. However, two such symmetrically equivalent clusters add an equal contribution to
the expansion, i.e., they have equal ECIs. To understand this, one must keep in mind that the vector
of indices – of a cluster function transforms in the same way as the configuration vector ‡ under
the symmetry operations of the crystal. That is, for any crystal symmetry S, �–(‡) = �S–(S‡).
Toghether with P (‡) = P (S‡), this implies J– = JS–. Consequently, the summation over all
clusters in Eq. 1 can be divided into a sum over symmetrically inequivalent (s.i.) and a sum over
symmetrically equivalent clusters,

P (‡) =
ÿ

–

J–�–(‡)

=
s.i.ÿ

–

J–

ÿ

—©–

�—(‡).

Here, — © – denotes the sum over all clusters — symmetrically equivalent to –. Furthermore, the
number of symmetrically equivalent clusters is introduced as the multiplicity of cluster –, M–. As
the sum over all clusters — symmetrically equivalent to – has M– terms, by inserting M–/M–, one
obtains the average of all symmetrically equivalent cluster functions:

P (‡) =
s.i.ÿ

–

J–M–
1

M–

ÿ

—©–

�—(‡)

=
s.i.ÿ

–

J–M–È �—(‡) Í–.

The average defines the correlation of cluster – with the configuration ‡,

X–(‡) = 1
M–

ÿ

—©–

�—(‡) . (7)

It can be read as counting how often cluster – is present in ‡ divided by how many possibilities
exist in the crystal for – to exist. Finally, with the cluster correlations, the cluster expansion of a
property of configuration is written as

P (‡) =
s.i.ÿ

–

J–M–X–(‡) . (8)

Inspecting the vectors of configuration ‡, one can see that the configurational space is of
dimension M

N . The same is true for the number of possible clusters in a crystal. Thus, the number
of configurations is equal to the number of clusters, which becomes infinite in the thermodynamic
limit. Consequently, Eq. 8 is an expansion over an infinite number of clusters. As this cannot
realistically be computed, it is approached by limiting the expansion to finite sets of compact clusters
[12], [27]–[29]. These sets usually contain clusters with only a few sites and close-by neighbors,
such as 1-point, 2-point first neighbor, or 3-point first neighbor clusters. This consideration can be
regarded as equivalent to the truncation of an infinite Fourier transform after the lowest and most
relevant frequencies. In the case of the energy of formation of an alloy, a converging CE that can
be reduced to a finite sum of expansion coe�cients casts the energy of formation in the form of an
Ising-type model.

Lastly, it should be mentioned that in the CE literature, di�erent choices can be found for the domain
of configuration variables ‡i. For instance, in Ref. [11], ‡ = ≠1, 1 for a binary and ‡ = ≠1, 0, 1
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for a ternary are used, instead of ‡ = 0, 1 and ‡ = 0, 1, 2 as above. Also, occasionally, alternative
site basis functions to the trigonometric basis of Eq. 5 are employed. These include Chebyschev
polynomials [11], [30], indicator functions [31], and pair probabilities [30]. A very convenient basis
for the case of binary systems is the indicator function basis (IFB) defined by

{“0(‡i), “1(‡i)} = {1, ‡i} with ‡ = 0, 1 . (9)

Although lacking orthogonality, the IFB is complete and enables the direct representation of
a substituent’s concentration with the 1-point cluster correlation X1p(‡). That is, the cluster
correlation of the 1-point cluster is identical to the substituent concentration of the alloy defined
by x = NB/(NA + NB). It also allows for the identification of clusters as distinct substructures of
substituents at the pristine crystal sites.

2.3 Cluster Expansion of Nonlinear Properties

The cluster expansion method has been used successfully to study structure stabilities, phase
diagrams, order-disorder transitions, electrochemical properties, or thermodynamics of substitutional
materials, such as alloys [12]–[15], [32]–[34]. However, if the property has a nonlinear dependence on
the concentration of substituents in the material, its CE does not always converge, and a truncated
CE might not accurately represent the material’s property. This can be shown, for example, in a
binary alloy. In this case, while the CE of the energy of alloy formation normally converges, one can
show that, in general, it cannot necessarily be reduced to a finite sum of expansion terms [35]. In
fact, a cluster expansion of a property with nonlinearities typically results in an infinite expansion
[18], [19].

To show this, we assume the crystal of a binary alloy with N atoms, consisting of NA atoms A and
NB atoms B, and a property of configuration given by

P (‡) = x(‡)2
, (10)

where x is the concentration of substituent B in the crystal. Next, we will demonstrate how x

depends on the configuration. For this example, we use the domain of site occupation variable
‡ = 0, 1 with the IFB as in Eq. 9. Then, with Eq. 7 and Eq. 3, the 1-point cluster correlations X1p

are given by

X1p(‡) = 1
M1p

ÿ

—œ1p

NŸ

i=1
“—i(‡i)

= 1
M1p

ÿ

—œ1p

Ÿ

iœ{—i ”=0}
“—i(‡i)

= 1
N

Nÿ

i=1
‡i

= NB

N
= x .

(11)

Here in the second line, we have used the fact that “0(‡) = 1. Next, we consider that there exist
N symmetrically equivalent clusters — to the 1-point cluster, M1p = N . Thus, summing ‡i at all
lattice sites is equivalent to counting the number of substituents NB.
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Now, we will derive the exact CE of the property given by Eq. 10. From Eq. 11, we see that the
concentration is given by the 1-point cluster correlations, and thus,

P (‡) = X1p(‡)X1p(‡)

= ( 1
N

Nÿ

i=1
‡i)(

1
N

Nÿ

j=1
‡j)

= 1
N2

Nÿ

i=1
‡i‡i + 1

N2

Nÿ

i=1

ÿ

j ”=i

‡i‡j

= 1
N

X1p(‡) + 1
N2

ÿ

–œ2p

�–(‡) .

(12)

Here, we obtain a double sum that can be split into a part over equal lattice sites i = j and a part
over unequal lattice sites i ”= j. It is evident that the first part is equal to the derived 1-point cluster
correlations. The double sum of unequal lattice sites evaluates the cluster function of all possible
2-point clusters in the structure, with the sum containing N(N ≠ 1) terms. The ECIs are given by
J1p = 1/N

2 for the single 1-point cluster and by J2p = 1/N
2 for all 2-point clusters. Now, in the

thermodynamic limit, the number of 2-point clusters becomes infinite, whereas all their coe�cients
equally approach zero. Consequently, the CE of x

2 is exactly represented by the 1-point cluster and
an infinite expansion in 2-point clusters, each with the same infinitesimally small coe�cient.

As mentioned in Sec. 2.2, a CE of the property of a crystal is, in principle, always an infinite
expansion in the number of clusters and is usually truncated. However, as demonstrated in Eq. 12
the CE of the property given in Eq. 10 does not converge, and a truncation of the expansion results
in spurious interactions. This can be illustrated by assuming the exact CE of an arbitrary property
P (‡), containing infinite terms, and a summation over clusters in a finite set C, representing the
cuto�. Then the truncated CE can be expressed by

Ptruncated(‡) =
ÿ

–œC
J–M–X–(‡)

=
ÿ

–

J–M–X–(‡) ≠
ÿ

–/œC
J–M–X–(‡)

= Pexact(‡) ≠
ÿ

–/œC
J–M–X–(‡) . (13)

It can be seen that the truncated CE is an approximation of the infinite expansion only if the ECIs
of clusters not included in C are negligible. In the example of Eq. 12, this is not the case; hence,
the truncated ECIs introduce a spurious configuration dependence given by the second term on the
right-hand side of Eq. 13.

Next, we want to consider the energy of formation of the random alloy, which is given for the totally
disordered configuration. The random alloy is characterized by the fact that a lattice site occupation
is independent of the occupation of all other lattice sites, i.e., two sites i and j are uncorrelated.
This occurs, for instance, in the high-temperature limit. This fact can be used to show that, in a
random alloy, the cluster correlation of any 2-point cluster is identical to the squared concentration.
For simplicity, we prove this for the 2-point cluster corresponding to k-nearest neighbor sites in a
linear chain. The proof for any other p-point cluster in a general crystal is analogous.

X2p(‡) = 1
N

ÿ

i

‡i‡i+k = Pr(‡• = 1 · ‡•+k = 1) , (14)
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where we use the fact that for an infinite system, the sum on the r.h.s. is equal to the joint probability
of having simultaneous occupation of an arbitrary site (denoted by • and • + k) with atoms of type
B, which is denoted by Pr(‡• = 1 · ‡•+k = 1). A random alloy is defined by the property of having
uncorrelated site occupations, i.e.,

Pr(‡• = 1 · ‡•+k = 1) = Pr(‡• = 1)Pr(‡•+k = 1) . (15)

Again, for an infinite alloy, we can identify

Pr(‡• = 1) = 1
N

ÿ

i

‡i = X1p(‡) . (16)

Using equations Eq. 15 and Eq. 16 in Eq. 14, we obtain

X2p(‡) = X1p(‡)2
. (17)

Analogously, one derives for the 3-point and any p-point cluster X3p(‡) æ x
3 and Xpp(‡) æ x

p,
respectively. This means Eq. 8 for the energy of formation of the random alloy is a power expansion
in concentration,

P (‡) = (
ÿ

–œ1p

J–m–)x + (
ÿ

–œ2p

J–m–)x2 + (
ÿ

–œ3p

J–m–)x3 + . . . , (18)

where 1p, 2p, and 3p, denote sets of all 1-point, 2-point, and 3-point clusters, respectively.

Equation 18 has been derived in Ref. [19] to demonstrate that the standard CE is able to describe
nonlinear behavior. This equation also shows that for a property as given in Eq. 10, and in the case
of a random alloy, a CE containing any number of 2-point clusters would su�ce to capture the x

2

dependence. This expression of the CE is used in Ref. [19] to argue that one can use the standard
CE to represent nonlinearities of concentration in a property. It is pointed out that this is the case
for the CE of the regular solution model, which can be used to describe the enthalpy of formation in
alloys and is given by

H(‡) = Ê
(1 ≠ x

2)
4 ,

where x is the concentration and Ê a constant. However, it is essential to understand that the
expression in Eq. 18 only holds for the special case of random alloys, and hence it alone does not
solve the problem of nonlinearities in CE.

A possible solution is proposed in Ref. [18] and is called the variable basis cluster expansion.
Its core idea is the introduction of a set of concentration-dependent basis functions, where the
concentration dependence is set to match the concentration of substituents in the structure whose
property is expanded. With regard to the formation energy of alloys, the variable basis cluster
expansion separates the expansion into a concentration-dependent random alloy energy term and
a concentration-independent ordering energy term. The former then incorporates the nonlinear
concentration dependence that has been shown to converge slowly, while the latter converges rapidly
and can be treated with the standard CE methods but has concentration-dependent expansion
coe�cients. For practical purposes, this approach implies applying a di�erent basis set per alloy
composition, questioning its usefulness.

From this discussion, it is evident that the main reason nonlinearities in materials properties can
hinder the e�ectiveness of a CE lies in obtaining an infinite expansion that cannot be e�ectively
truncated. Accordingly, to e�ciently model the properties of materials, a modification to the CE
method must be found that enables converging expansions of nonlinear properties. This is the main
goal of this work.
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3

THE NONLINEAR CLUSTER EXPANSION

In this section, we discuss the utilization of CE in practice and expose how this usage can be regarded
as a machine learning problem in Sec. 3.1 and Sec. 3.2, respectively. This serves as a foundation for
introducing the novel method developed in this work — the nonlinear CE — in Sec. 3.3. Lastly, we
apply the nonlinear CE to an illustrative toy problem in Sec. 3.4.

3.1 Cluster Expansion in Practice

The previous two sections have shown that the CE of a property (Eq. 8) is generally an expansion
over infinite clusters. For a well-converging CE, the cluster basis can be truncated while retaining a
good accuracy of the expansion. However, in the case of a property with nonlinearities, the CE can
necessitate an infinite expansion with infinitesimally small coe�cients, where a truncated cluster
basis might not result in a converging CE. That being said, in both cases, the ECIs are still unknown.

Mathematically, the ECI of an arbitrary cluster –k, J–k , can be derived from Eq. 1 by use of the
scalar product Eq. 2, performing a basis transformation from –-space to ‡-space:

È –k | P Í =
ÿ

‡

�–k(‡)P (‡)

=
ÿ

i

J–i

ÿ

‡

�–k(‡)�–i(‡)

=
ÿ

i

J–i”k,i

= J–k .

Thus, evaluating the ECIs requires knowing the property value of every configuration, which for a
crystal is an infinite number of values. Furthermore, even if all these values were known, this would
also include the property value of the configuration to be estimated with CE in the first place, which
contradicts the whole idea.

In practice, the ECIs are approximated by obtaining the materials properties for a subset of structures
S = {‡1, ‡2, . . . , ‡Ns} and fitting the property values P (S) = {P (‡1), P (‡2), . . . , P (‡Ns)} to find
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optimal ECIs. Here, Ns is the number of structures in the subset. Employing ab-intio methods
such as DFT is the standard procedure to calculate P (S). Note that the accuracy of these DFT
calculations defines the maximum possible precision that can be reached with CE. Additionally,
as mentioned in Sec. 2.2, the summation over infinite clusters in Eq. 8 is cut o� by considering
finite sets of clusters C = {–1, –2, . . . , –Nc}. Then, with a subset of structures S and a finite set of
clusters C, one can write Eq. 8 in matrix from as

P̂ = XJ . (19)

Here, J denotes the Nc-dimensional vector of e�ective cluster interactions and P̂ is the
Ns-dimensional vector of predicted property values, i.e., the values are approximations of the
true values P (S) due to using subsets of all clusters and structures. Note that J includes the
multiplicities: J – = m–J–. X is the Ns ◊ Nc-dimensional matrix of correlations,

X =

st
ru

ct
ur

es

`̀
`̀
`̀
˘

clusters≠≠≠≠≠≠≠≠≠≠≠≠≠≠≠æ
Q

ca
X1,1 . . . X1,Nc

... . . . ...
XNs,1 . . . XNs,Nc

R

db ,

where the matrix element Xi,j is given by the cluster interaction between structure ‡i and
cluster –j , Xi,j = X–j (‡i).

3.2 CE Viewed as Machine Learning Problem

The representation of the CE method as the linear problem in Eq. 19 is convenient because it
suggests the utilization of machine learning (ML) methods, such as linear regression or compressed
sensing [36] for finding the model coe�cients J yielding optimal property predictions. For the
connection between CE and ML, we introduce ML terminology in Table 3.1 that will be used
interchangeably with their CE counterparts. Additionally, we will call the CE of a property with a
distinct set of ECIs a CE model or, simply, a model.

Table 3.1. Synonyms between terms used in cluster expansion and machine learning as used in this work.
CE term ML term

Correlation matrix Input matrix
Structures Samples
Clusters Features

Property values Targets
Predicted properties Predictions

ECIs Coe�cients
CE model Model

In ML, the simplest approach to solve the linear problem posed by Eq. 19 is linear regression. In
linear regression, one minimizes the residual sum of squares (RSS) with respect to the coe�cients J .
The RSS serves as cost function (C(J )) and is given by

CLR(J ) =
Nsÿ

i=1
(Pi ≠ P̂i)2 = ÎP ≠ P̂ Î2

2 . (20)
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Here Î·Î2
2 is the squared ¸

2-norm, which is given by using p = 2 in the ¸
p-norm defined by

||u||p = (
ÿ

i

|ui|p)
1
p .

After inserting Eq. 19, Eq. 20 can be cast as a quadratic form,

CLR(J ) = P €P ≠ P €XJ ≠ J €X€P + J €X€XJ . (21)

Then, the optimal coe�cient J can be obtained by minimizing the cost function,

ˆ

ˆJ ú CLR(J ú) = 0 , (22)

which yields
J = (X€X)≠1X€P . (23)

Graphically, the contour surfaces of Eq. 21 can be represented as hyperellipsoid in feature space.
The solution yielding the smallest RSS lies in the center of the ellipsoids and is denoted by JLR in
Fig. 3.1. Furthermore, Eq. 23 tells us that finding J requires inverting X€X, and thus it must be
of full rank, i.e., rank(X€X) = Nc. This can only be fulfilled if the number of samples is equal to
or larger than the number of features.

However, in computational material science, generating many samples is computationally expensive,
and often the feature set size exceeds the sample set size. This results in an underdetermined
problem, where the matrix cannot be inverted and infinite solutions exist. To solve this problem,
the minimization problem posed by Eq. 22 must be regularized. One form of regularization consists
of penalizing large values of the coe�cients J .

A widely used regularization is called Ridge regression and penalizes possible solutions with the
¸

2-norm of the coe�cients [37],

CRidge(J ) = ÎP ≠ XJ Î2
2 + ⁄ÎJ Î2

2 (24)
∆ J = (X€X + ⁄I)≠1X€P ,

where ⁄ is the regularisation parameter and I the identity. Ridge regression shrinks the regression
coe�cients toward zero, where ⁄ controls the amount of shrinkage applied to the regression
coe�cients.

Penalization of linear regression is also possible with the ¸
1-norm, called the least absolute shrinkage

and selection operator (LASSO) [38], and the ¸
0-norm. In LASSO, the absolute values of the

coe�cients are penalized, ÎJ Î1 =
q

j |Jj |. When using the ¸
0-norm, the penalized quantity is the

number of nonzero coe�cients, ÎJ Î0 = #{Ji | Ji ”= 0}. Their cost functions are, respectively,

CLASSO(J ) =
Nsÿ

i=1
(pi ≠ p̂i)2 + ⁄

Nfÿ

j=1
|Jj | (25)

C¸0(J ) =
Nsÿ

i=1
(pi ≠ p̂i)2 + ⁄

Nfÿ

j=1
1x ”=0(Jj) .

Here 1x”=0 is an indicator function such that 1x ”=0(J ) = 0(1) for J = 0(J ”= 0).
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Figure 3.1. Estimation process of RSS with penalization. The blue circle and square represent the constraint
regions —

2
1 + —

2
2 Æ t

2 and |—1| + |—2| Æ t of ridge regression (left) and LASSO (right), respectively. The orange
ellipses indicate the contours of constant RSS solutions.

Figure 3.1 illustrates how the penalization works when finding an optimal solution for J with least
squares fitting in the two-dimensional feature space of the coe�cients J1 and J2. The colored
patches describe the constraint regions introduced by the ¸

p-norms. Possible solutions have to lie
within the patches, and thus, the optimum solution will be found at the intersection of the patch
edge and contour of constant RSS. In contrast to the circle, the square has corners positioned directly
on the axes; for a small ⁄, a solution will most likely be found on the square corner, with the result
of setting a coe�cient equal to zero. This e�ectively discards certain features.

In summary, while Ridge regression only increases or decreases the influence of the features of the
model, LASSO and the ¸

0-norm set some feature coe�cients to zero, thereby actively reducing the
feature space. Hence, the latter two belong to the compressed sensing methods [39], [40]; they reduce
the dimensionality of the solution and therefore create sparse models. In terms of CE, LASSO and
¸0 regularization perform a cluster selection.

Another type of regression model that performs cluster selection is known as orthogonal matching
pursuit (OMP) [41]. It is a type of greedy algorithm that is used for sparse signal recovery. The
OMP algorithm works by iteratively selecting the most relevant feature column vectors in Eq. 19 to
represent the property until a maximum level of sparsity has been reached or the residual falls below
a certain threshold. Such a set of most relevant features is called the support S. The relevance of
a feature is chosen such that it minimizes the correlation between its vector and the residual of
the targets calculated with the model predictions of the previous iteration, i.e., the inner product
between the feature and residual vectors is maximized. Next, the feature is added to S, and a new
residual of the targets and the predictions made with the updated support model is evaluated. The
updating of the support model coe�cients is performed with least squares fitting and ensures that
the new residual is orthogonal to all feature vectors in S, which consequently cannot be chosen in
the next iteration.
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In order to obtain an estimate of the model performance on unknown data, cross-validation (CV) is
used. The idea is to split the available data into a training and a validation set. Subsequently, the
model is fitted to the training data and then tested on the validation set to get an estimate of its
performance on the unseen validation data. A commonly used form of CV is known as k-fold CV and
is characterized by dividing the data into k subsets (or folds), with each subset consisting of roughly
the same number of samples. CV is also used to choose the hyperparameters of the model, e.g., ⁄ in
Eq. 24 and Eq. 25. An optimal model finds the sweet spot between underfitting and overfitting (i.e.,
high and low ⁄), which is the minimum of the CV error as a function of the hyperparameter.

Now in order to find a CE model that can make good predictions on materials properties, Eq. 19 can
be solved by employing ridge regression, LASSO, or regression with the ¸0-norm. An optimal value
for the strength of regularization can be found with CV, which, depending on the regularization
method used, also selects a set of optimal clusters out of the initial clusters set C. The prediction of
the property of a new structure is then made with the optimal model.

3.3 Nonlinear Features in Cluster Expansion

The method developed for this work builds on the idea to augment the initial feature space of the
linear problem in Eq. 19, and then use regularization to find an optimal set of features. Extending
the feature space is a common procedure in machine learning and aims at retaining the simplicity of
linear models while introducing nonlinearities to the feature space [42].

To introduce the nonlinear behavior of data into linear models, the feature space is extended with
new features that are nonlinear transformations of the existing ones. The intention is to turn the
feature space into a new space where a linear model can easily be fitted. The expansion of a function
f(X), where X is, for now, the vector of input features, is then denoted by

f(X) =
ÿ

i

—ihi(X) , (26)

where hi(X) are the augmented features. In principle, hi(X) can take the form of any nonlinear
transformation, but for the purpose of demonstration, we restrict ourselves to polynomial features,
such as hm(X) = X

2
k or hm(X) = XkXl, which is called polynomial feature expansion.

X in Eq. 26 is one row of cluster correlations from the correlation matrix X. Then, nonlinearities
can be introduced into the model by expanding the columns with new columns that represent the
nonlinear cluster correlations created by multiplying the columns of initial correlations with each
other. For example, a polynomial expansion up to the polynomial degree 2 of a Ns ◊ 2 correlation
matrix with two clusters and Ns structures yields the Ns ◊ 5 correlation matrix

Q

ca
X1,1 X1,2

...
...

XNs,1 XNs,2

R

db ∆

Q

cca

X1,1 X1,2 X
2
1,1 X1,1X1,2 X

2
1,2

...
...

...
...

...
XNs,1 XNs,2 X

2
Ns,1 XNs,1XNs,2 X

2
Ns

R

ddb . (27)

As the new correlations are created out of the initial cluster correlations, one can speak of polynomial
features that are created out of the initial clusters pool. The number of features Nf that are created
out of an initial clusters pool of size Nc by a polynomial expansion of degree d is given by

Nf (Nc, d) = (Nc + d)!
Nc!d! . (28)
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Figure 3.2. Workflow for predicting with the nonlinear CE.

We call this novel method the "nonlinear CE".

A workflow of how the nonlinear CE can be used for making predictions is shown in Fig. 3.2. It
describes the procedure used in the following sections. A more detailed introduction to the nonlinear
CE in the Python package CELL will be given in Sec. 5. The creation of a CE model starts with
obtaining a set of sample structures with known property values, typically calculated with DFT.
Next, one defines a pool of clusters. Both the structures set and the clusters pool are derivative
structures from a common parent lattice, which defines the primitive lattice, the crystal symmetry,
and the possible substituents. Both sets are used to calculate the correlation matrix. As described
in Eq. 27, the matrix is then polynomially expanded to form the input for the feature selection
methods. Feature selection is performed using compressed sensing methods, such as LASSO. With
the optimal feature set, the parameters of the nonlinear CE model can be estimated. Finally,
to perform property predictions of a previously unseen structure, the nonlinear features for that
structure must be computed and used as input for the nonlinear CE model. The nonlinear features
are computed by first determining the cluster correlations for that structure and then performing
the polynomial expansion, retaining only the terms given by the feature selection before.

If we return to the problem of the binary alloy discussed in Sec. 2.3, the advantages of this method
become evident. When expanding the squared concentration with a nonlinear CE of degree two,
x

2 = X1p(‡)X1p(‡) is exactly given by the squared 1-point cluster correlations shown in the third
column of the expanded correlation matrix in Eq. 27. Consequently, the exact representation of
the squared concentration in the binary alloy with the nonlinear CE is given only by this single
feature. This is an important benefit compared to the non-converging infinite expansion of 2-point
clusters with the standard CE. This idea also holds for more sophisticated nonlinearities. Thus,
the novel approach of introducing nonlinear features drastically reduces the number of expansion
terms needed for an exact representation of properties with nonlinearities. As will be shown in the
following sections, our method, in combination with feature selection methods, such as LASSO, is
able to find compact and accurate CE models for the e�cient prediction of materials properties.

Classification

The idea of viewing the CE as a common ML task opens up its application to another major ML
field: classification. In materials science, it is of interest to categorize new structures with little
computational e�ort. For instance, in solids, classifying structures as metals or semiconductors with
a minimum number of materials descriptors would be beneficial.
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A common method to classify data is to find linear boundaries that separate the data into various
classes in feature space. A well-established supervised ML method for linear classification is called
the support vector machine (SVM) [43]. SVMs can also be employed to find nonlinear decision
boundaries by the use of the kernel trick [42], [44]. The idea behind the SVM method is to find a
separating hyperplane where the margin, i.e., the distance from the plane to the closest data points,
is maximal. In the linearly separable case, all training points lie on their respective side of the
boundary and outside their margin. New observations are then classified according to the sign of
their distance from the decision boundary. The intuition is that the margin maximization will also
lead to a good separation of new data that has not been used for training.

However, in cases when the data is not easily separable, or outliers would enforce a bad decision
boundary, the method can be improved by allowing some training data points to lie on the wrong
side of their margin, i.e., they can be misclassified in training. The misclassified points are defined
by their o�set into the wrong side of the margin. Thus, by limiting the maximum size of this
o�set (through the number of points or their distance from the margin), one e�ectively introduces a
regularisation to the maximization of the margin. The o�set of misclassifications can be formalized
by the hinge loss,

t = max(0, 1 ≠ yf(x)) .

Here,
f(x) = x

T
— + —0 (29)

is the function used to evaluate the distance of a point x from the plane, and y yields the class
label 1(≠1). For f(x) = 0, Eq. 29 defines the hyperplane. The margin is given by 1/|—|, and thus
maximizing M is equivalent to minimizing —.

With these elements, we obtain an optimization problem under two constraints, formalized by

min
—,—0

1
2—

€
— + C

nÿ

i=1
ti , subject to

ti Ø 1 ≠ y(x€
— + —0)) ,

ti Ø 0 .

(30)

Here, C is the regularization coe�cient, and n is the number of features. This is a convex optimization
problem and can be solved with Lagrange multipliers. After solving, for predicting the class of an
observation, one obtains

class of x = sign

A
ÿ

i

–iyix
€
i x + —0

B

. (31)

Here, –i are the Lagrange multipliers; they are zero for all points on the correct side of their margin
and larger than zero for all other points. The latter are called the support vectors because these are
used to construct the margin.

The support vector machine expressed by Eq. 30 and Eq. 30 is restricted to identifying linear decision
boundaries in the input feature space. As shown for linear regression, one can augment this method
by introducing nonlinear features, for example, with polynomial expansion. In higher-dimensional
space, it is often possible to find a hyperplane that achieves better training-class separation or
separates previously inseparable data. This linear boundary in higher-dimensional space translates
to a nonlinear boundary in the original space.
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3.4 Nonlinear CE Demonstrated on Toy Model

To illustrate the shortcomings of the CE method, Ref. [18]–[20] introduced a toy data model with
squared concentration dependence. In this section, we show that the nonlinear CE can capture
such a dependence exactly. For this, we consider both a simple toy model similar to that of
Refs. [18]–[20], and a generalization obtained by introducing configuration dependence through
concentration-dependent two-body interactions. In the generalized toy data model, the physical
situations found in, e.g., binary alloys, are better represented.

The first property is simply the squared concentration as used in the discussion, adjusted to yield
zero for the pristine crystal (x=0) as well as the fully substituted one (x=1). It is given by

P (‡) = ax(1 ≠ x) , (32)

where x is the concentration of configuration ‡, and a is a real number, the so-calleed bowing factor.

Next, we introduce a configuration dependence into the property by adding a 2-point interaction
with concentration dependence. The second property is given by

P (‡) = a1x(x ≠ 1) + J(x)X(‡)2p + µx , (33)

where X(‡)2p describes the 2-point first neighbor for configuration ‡. The term µx is introduced to
make P (1) = 0, with a properly selected value of the constant µ. J(x) is a concentration-dependent
2-point interaction defined by

J(x) = b1(1 ≠ x) + b2x + b3x(1 ≠ x) , (34)

where the coe�cients b1, b2, and b3 can be used for adjusting the complexity of the added concentration
dependence. Possible choices are

Figure 3.3. Complexity of the 2-point interaction concentration dependence. It is given by the J(x) =
b1(1 ≠ x) + b2x + b3x(1 ≠ x). For b1 = b2 and b3 = 0, the introduced 2-point interaction is constant for all
concentrations (beige). Unequal b2 and b3 make it linearly increasing for higher concentrations (brown). A
positive or negative nonlinear bowing is introduced by the choice of b3 > 0 (light blue) or b3 < 0 (teal).
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Figure 3.4. 1-point, 2-point first neighbor, and 2-point second neighbor cluster in the binary alloy. These
three clusters comprise the smallest used clusters pool P1, and polynomial features for the nonlinear CE are
created from their corresponding cluster correlations.

1. constant for b1 = b2, b3 = 0,

2. linear for b1 ”= b2, b3 = 0, and

3. nonlinear for b1 ”= b2 ”= b3.

Fig. 3.3 illustrates four possibilities for J(x).

We consider a binary alloy consisting of a pristine copper crystal and gold substituents that we
describe using the IFB basis defined in Eq. 9. We recall that in this basis, X(‡)1p = x, the
concentration of Au, and X(‡)2p is just the concentration of the first neighbor Au-Au pairs. The
supercell is an 8◊8 two-dimensional lattice with 64 atoms. A training set consisting of 132 structures
was created. Besides the pristine Cu and Au structures and those with a single Au or a single Cu
atom, various concentrations corresponding to a number of Au substituents between 2 and 62 were
considered. For each Au concentration, 8 random structures were created. LASSO with LOO CV is
used for feature selection. Subsequently, the model parameters are fitted with linear regression.

The clusters can be visualized as the atoms occupying the lattice sites. The first three smallest
clusters are illustrated in Fig. 3.4. These are the 1-point, the 2-point first neighbor, and the 2-point
next neighbor cluster. The smallest clusters pool, which will be referred to as P1, is made up of these
three clusters, which correspond to the cluster correlations from which nonlinear features are created
for the nonlinear CE. For a polynomial of degree three, this results in features such as x

2, xX2p, or
x

2
X2p. Larger clusters pools contain larger 2-point clusters, i.e., 2-point interactions between further

away atoms and 3-point clusters, starting with the first neighbors and then increasing in size.

Fig. 3.5 and Fig. 3.6 compare the standard CE and the nonlinear CE when modeling the properties
defined by Eq. 32 and Eq. 33, respectively. In Fig. 3.5, the property values and the model predictions
for the two considered properties are plotted as a function of the concentration of substituents x.
Figure 3.6 shows the model coe�cients for the two properties using standard CE and nonlinear CE.

The upper left panel shows the predictions of the property of Eq. 32 made with the standard CE.
As the property does not have configuration dependence, all 8 configurations per composition yield
the same value, as is evident from the fact that there is a single target value (black circle) per
concentration. It can be seen that the predictions are inaccurate, especially in the region around
x = 0.5. The RMSE is 0.0088. Di�erent configurations per composition show di�ering predictions,
suggesting the introduction of a spurious configuration dependence of the underlying property by
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Figure 3.5. Predictions (blue diamonds) of standard (upper panels) and nonlinear (lower panels) CE models
for configuration-independent (left panels) and configuration-dependent (right panels) property targets versus
the substituent concentration x.

the standard CE, which does not converge. Additionally, it can be seen in the upper-left panel of
Fig. 3.6 that all clusters contribute to the final model. The linear concentration term in Eq. 32 is
exactly captured by the negative 1-point cluster ECI, while the squared concentration cannot be
exactly expanded by the remaining 2-point cluster correlations. From Sec. 2.2, we know that an
accurate representation would require an expansion over all possible clusters. In fact, fitting Eq. 32
with the standard CE and a clusters pool consisting of the 1-point cluster and all 14 symmetrically
inequivalent 2-point clusters yields a perfect fit. Nevertheless, as argued in Sec. 3.3, the squared
concentration dependence is exactly captured by the nonlinear CE, as can be seen in the prediction
matches in the bottom left panel of Fig. 3.5. The fact that the model exactly reproduces the
concentration dependence is expressed by the strength of the 1-point and 1-point squared cluster
correlation features with -1 and 1, respectively, as shown in the lower left panel of Fig. 3.6.

Predictions of the configuration-dependent property with nonlinear concentration dependence are
presented by the right panels of Fig. 3.5. In contrast to the previous case, now the target values
show a dependence on configuration, as can be seen by the fact that di�erent property target values
are present at fixed concentrations. The target property is given by Eq. 33 and Eq. 34 with the
coe�cients a1 = ≠1, b1 = 2, b2 = 1, b3 = 1.5, and µ = ≠b2.

The upper panel displays the predictions obtained by a standard CE model using clusters pool P3.
Despite the model having a relatively large number of clusters, the predictions were found to be
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Figure 3.6. E�ective cluster interaction of two standard (upper panel) and two nonlinear CE models (lower
panel). The ECIs correspond to the models that were used to fit the configuration-independent and the
configuration-dependent properties, with predictions shown in Fig. 3.5.

inaccurate and unable to capture the precise configuration dependence introduced, with a RMSE
of 0.014. Taking a look at the coe�cients in the upper right panel of Fig. 3.6, almost all clusters
contribute to some degree. ECI 1 again corresponds to the 1-point cluster and captures the linear
concentration dependence as in the case of the simpler property (left panels).

Again, the nonlinear CE has no trouble fitting this more sophisticated nonlinear configuration
dependence in the property. All predictions are within machine precision, and fewer coe�cients
contribute to the model. The coe�cients in the lower right panel of Fig. 3.6 are directly related to
the above-chosen coe�cients of the toy data model. The relation is found by recasting the toy data
model in terms of the linear and nonlinear features x, X2p, x

2, xX2p, x
2
X2p,

P (x) = a1x(1 ≠ x) + [b1(1 ≠ x) + b2x + b3x(1 ≠ x)]X2p + µx

= (a1 + µ)x + b1X2p ≠ a1x
2 + (≠b1 + b2 + b3)xX2p ≠ b3x

2
X2p

= C1x + C2X2p ≠ C4x
2 + C5xX2p ≠ C11x

2
X2p .

Here, the coe�cients Ci are numbered according to the position of the corresponding feature in the
expansion. The relationship between the coe�cients is given in Tab. 3.2. Inserting the returned
coe�cients C1 = ≠2, C2 = 2, C4 = 1, C5 = 0.5, and C11 = 1.5, the correct toy data model can be
derived exactly,

P (x) = ≠1x(1 ≠ x) + [2(1 ≠ x) + 1x + 1.5x(1 ≠ x)]X2p ≠ 1x .
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Table 3.2. Equalities between expansion coe�cients of nonlinear CE model of P (‡) of Eq. 33 (bottom row)
and the coe�cients of the underlying model (top row).

a1 b1 b2 b3 µ

c4 C2 C2 + C5 + C11 ≠C11 C4 ≠ C1

These examples show that the nonlinear CE can accurately fit materials properties with varying
complexities of nonlinear concentration and configuration dependence. Even if an exact fit can be
obtained with the standard CE by using more clusters in the clusters pool, this requires a much
larger number of features when using the standard CE instead of the nonlinear CE. This means
the nonlinear CE can create simpler models with at least equal accuracy than the standard CE.
Considering that the evaluation of the cluster correlation is the main computational e�ort in CE,
the benefits of these simple models are evident.

In conclusion, the introduction of nonlinear features created out of the cluster correlations is an
e�ective method to solve the problem of nonlinear dependence in alloy properties and solves the
problem discussed in Ref. [18] and Ref. [19].
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CLATHRATE STUDY

As a test of the nonlinear CE on real-world problems, we model the energy of mixing and the
bandgaps of the thermoelectric type-I clathrate Ba8AlxSi46≠x . In Sec. 4.1, we introduce the crystal
structure and electronic properties of type-I clathrates. Section 4.2 describes the dataset and justifies
the selection of Ba8AlxSi46≠x as an exemplary case for applying the nonlinear CE. Our results of
modeling the energy of mixing and of fitting the bandgaps are presented in Sec. 4.3 and Sec. 4.4.
Lastly, we demonstrate the use of the nonlinear CE for the classification of the Ba8AlxSi46≠x

bandgaps in Sec. 4.5.

4.1 Type-I Clathrates

As stated in Sec. 1, the phonon-glass electron-crystal concept can be realized in intermetallic type-I
clathrates. In 1865, two cubic phases of NaSi were the first discovered intermetallic clathrates [45],
and in 1998 Ge-based intermetallic clathrates were described using the phono-glass electron-crystal
concept and predicted to be promising thermoelectrics with a figure of merit greater than one [3].

The structure of type-I clathrates is characterized by a cage-like framework of host atoms with
loosely bound guest atoms inside the cages. It is shown in Fig. 4.1 taken from Ref. [8]. Its unit cell
(Fig. 4.1 (a)) belongs to the cubic space group Pm3̄n and consists of 46 covalently bound atoms
located at the three symmetrically distinct Wycko� sites 24k, 16i, and 6c. They form eight cavities,
six tetrakaidecahedra and two dodecahedra (Fig. 4.1 (a)), centered at the Wycko� sites 6d and 2c,
at which guest atoms can be located, resulting in a total of 54 atoms in the unit cell. Figure 4.1 (b)
depicts the framework of bonds between each Wycko� site and its four nearest neighbors. Four
distinct types of bonds result: k-k, k-i, k-c, and i-i. The guest atoms, typically alkali or alkaline-earth
metals, vibrate at low frequencies and scatter acoustic phonons, which are responsible for thermal
transport. Consequently, the guest atoms reduce the lattice part of the thermal conductivity and,
hence, are also called "rattlers" [46].

The pristine host crystal X46, populated with group IV elements (e.g., Ge or Si), creates a covalently
bound semiconductor [47]. However, the introduction of eight guest atoms, A8X46, each donating
two valence electrons, turns the clathrate into an n-doped metal. This doping can be compensated by
substituting group IV host atoms with group III atoms that have one valence electron less (p-doping).
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Figure 4.1. Unit cell with guest containing cages (a), and host site nearest neighbors (b) of A8MxX46≠x type-I
clathrates. The host framework consists of group IV atoms at the Wyko� sites 6c, 16i, and 24k in green, blue,
and red, respectively, building tetrakaidecahedra (light blue) and dodecahedra (light green) cages with guest
atoms at sites 2a and 6d at their center (yellow). Figures are taken from Ref. [9] (left panel) and Ref. [8]
(right panel).

The electronic properties of A8MxX46≠x can be well approximated by the Zintl-Klemm model [48].
Assuming pure ionic host-guest interactions, the charge-neutral composition at x = 16 is expected
to be semiconducting [49]–[51], which is favorable for thermoelectric behavior.

Promising candidates for thermoelectric clathrates are the GaGe-based compounds Sr8GaxGe46≠x

and Ba8GaxGe46≠x [52]–[54]. For thermoelectric materials, zT values greater than one are an
important milestone, which has been surpassed for GaGe-based clathrates, with a zT up to 1.63
[55]. However, Ga and Ge are considered critical raw materials with limited production around
the world. As such, it is of considerable interest to find clathrates with substitute elements for
Ga and Ge, which retain their low thermal and high electric conductivities and the tunability of
these properties in the material. Replacing Ga and Ge with Si and Al, respectively, are obvious
choices and have already shown promising results [4]. Moreover, experimentalists have been able to
synthesize compositions up to x < 15 [5], which is close to the desired charge neutral composition
x = 16. It has been demonstrated that the charge-neutral ground state configuration indeed exhibits
semiconducting behavior, while higher energy configurations undergo a semiconductor-to-metal
transition [8].

The theoretical description of type-I clathrates is complicated, as the number of configurations
increases exponentially when the number of substituents rises, which leads to a combinatorial
explosion. For example, for 16 substituents, the number of possible structures in a unit cell
exceeds 1010. Consequently, the configurational space becomes too vast for ab initio methods or
DFT to computationally handle.
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4.2 Ba8AlxSi46≠x Dataset

The ground state energies and electronic structure of Ba8AlxSi46≠x were studied in Ref. [8]–[10].
These studies included the calculation of total energies for multiple compositions and configurations
with the code exciting, which is a full-potential all-electron DFT package [56]. To represent the
wavefunctions e�ciently and accurately in both the atom and the inter-atom region, exciting
employs the linearized augmented plane-wave method. Augmented plane waves are wavefunctions
with a dual basis of, first, spherical harmonics and radial functions in the mu�n-tin region close to
the cores and, second, plane waves in the interstitial region between cores. This basis set successfully
treats all electrons. We reuse the datasets used for these studies for various analyses of the energy
of mixing and the bandgap with the nonlinear CE.

The energy of mixing for a given concentration x describes if an alloy mixes or forms separate phases.
It represents the o�set from the linear interpolation between the energies for both the pristine and
the fully-substituted cases. The energy of mixing per atom is given by

Emix(‡) = 1
54

;
Etotal(‡) ≠

5
E

0
total + (E 46

total ≠ E
0
total)

NAl

46

6<
. (35)

Here, Etotal(‡) is the total energy of a configuration calculated with DFT and E
0
total and E

46
total denote

reference energies of the pristine and the fully substituted crystal, respectively (E 0
total = ≠78361.24 Ha

and E
46
total = ≠76192.94 Ha). For this example, for convenience, the reference energies were not

computed by DFT but predicted using a CE model. The conclusions of the analysis below do not
depend on their precise value.

The thermoelectric clathrate Ba8AlxSi46≠x introduced in Sec. 4.1 poses an interesting problem for
multiple reasons. First, considering that doping occurs only in the host framework, it can be treated
as a binary alloy with the two species Si and Al. Second, its mixing energy and band gap energy
depend not only on the composition but also on the configuration of Al substituents. Third, as
shown in Ref. [8], the energy of mixing has a nonlinear concentration dependence that can, to
some extent, still be fitted with the standard CE. In that work, the nonlinear behavior given by
a kink in the energy of mixing against Al concentration was attributed to an abrupt change of
the occupied electronic states around x = 13. This change is reflected by the electronic density of
states at the Fermi level, which presents a local minimum around x = 13 (see Fig. 4.2, left panel,
reproduced from Ref. [8]). The energy of mixing is presented in Fig. 4.2 (right panel), where the
two linear fits of the low-lying ground state configurations intersect at x ≥ 13, putting in evidence
the presence of the kink. Lastly, it was found that fitting the data with a single standard CE for the
full concentration range considered (x = 6 ≠ 16) leads to poor predictive performance. This suggests
that improvements in predictive performance by using the nonlinear CE method developed in this
thesis could be obtained.

In Ref. [8], to improve the accuracy of energy predictions, the data set was split into two regions:
one for concentrations between 6 and 13 and the other for concentrations between 12 and 16. Then,
for every split, an independent standard CE model was obtained. This approach led to a significant
improvement in global accuracy. Such a procedure presents a great disadvantage, however, since
prior knowledge of the behavior of the property is needed for selecting an adequate split. Another
obvious disadvantage is that two di�erent models are needed for predictions of the full compositional
range. By using the nonlinear CE, we demonstrate that one can make energy predictions that are at
least comparable in accuracy to split CE predictions while having a single model to describe the full
concentration range.
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Figure 4.2. Left: Density of states of Ba8AlxSi46≠x calculated with DFT exchange-correlation functionals
LDA and PBEsol. The increase at around 13 Al substituents is attributed to the nonlinear kink in the energy
of mixing. The figure was taken from Ref. [8]. Right: DFT calculated energy of mixing values (green) with
ground state configurations (black). The two linear fits (orange) in the ranges 6 to 13 and 13 to 16 indicate
the nonlinear kink at 13 substituents

Attempts to model the bandgap of clathrates with standard CE in Ref. [8] led to models with
poor generalizability. That is to be expected since fitting the bandgap is a notoriously di�cult
task because of the discontinuity introduced by fitting metals and non-metals. With the help of
the non-linear CE, we are able to improve on bandgap fitting with a single model for the full
configurational range.

For the energy of mixing study, we employ a dataset of 56 structures from Ref. [8], calculated with
the LDA functional. In Ref. [8], it was found that very similar results are obtained by using the
PBEsol functional. Here, we use the LDA data set, as it contains more data points than PBEsol.
This is convenient for the learning task in this study. The set consists of di�erent compositions
with a range of 6 to 16 Al substituents, with 16 representing the charge-neutral composition. Per
composition, multiple configurations exist. The values of the energy of mixing of this dataset are
shown in the right panel of Fig. 4.2.

The data set for constructing a CE model of the band gap is also in the range of 6 to 16 Al
substituents. It combines the PBEsol data from Ref. [8] and the data from Ref. [9]. Both were
used in Ref. [10], where it was found that the standard CE yields poor models for the band gap.
At x = 16, there is a larger concentration of data points as for the other compositions, which is
due to the fact that the charge-balanced composition x = 16 is more relevant for thermoelectric
applications. The band gap energies were derived from the Kohn-Sham eigenvalues. Due to the
Brillouin Zone discretization, it was necessary to set up a threshold such that all bandgaps below
5.44 meV are considered metals. After removing duplicate structures, the data set contained 78
structures in total. The values of the DFT bandgaps for this dataset are shown in Fig. 4.11.
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4.3 Energy of Mixing

In this section, the energy of mixing of Ba8AlxSi46≠x is modeled with a CE model trained by
employing LASSO with CV for feature selection and ridge regression with CV for estimating the
model coe�cients. As in Sec. 3.4, the correlations are evaluated using the IFB (Eq. 9). Before
obtaining an optimal CE model, the three main hyperparameters that influence model convergence
are systematically studied. These are the range of ⁄ values for LASSO, the degree of polynomial
feature expansion, and the choice of the initial clusters pool.

Four clusters pools are created, for an increasing number of points and radii. The first pool consists
of the three 1-point clusters at the three Wyko� sites 24k, 16i, and 6c, visualized in Fig. 4.1, and
is called P0. By Eq. 11, these correspond to the fractional occupation factor of Al in the various
Wycko� sites of the host framework. To the next pool, P1, the four nearest neighbor 2-point
clusters are added for a total of 7 clusters. These correspond to the first neighbor bonds depicted in
Fig. 4.1 b). In the next pool, P2, larger 2-point clusters are added, which are clusters of two Al
atoms with a Si atom in between. Ba8AlxSi46≠x contains 8 such pairs, increasing the size of P2
to 16 clusters. The last clusters pool, P3, includes 3-point interactions and includes 36 clusters.
Additional fixed hyperparameters are the range of regularisation parameters for ridge regression of 1
to 1 ◊ 10≠5. Ridge regression was employed to allow for additional regularisation when estimating
the accuracy of a model. For validating the model on unseen data, we used leave-one-out (LOO) CV.

The search of the optimal ⁄ value for LASSO is performed by minimizing the MSE in a grid-search
LOO-CV procedure. For this task, we employ the LassoCV() method of the Python library scikit-
learn. Initially, a wide range of values (1 ◊ 10≠4 – 1 ◊ 10≠10) is used for ⁄ to ensure entering the
regimes of under- and overfitting and not to miss any local minima in between. The polynomial
degree 3 and clusters pool P1 were kept fixed, resulting in 120 features. Fig. 4.3 shows the convergence

Figure 4.3. Root mean squared error versus LASSO regularization strength.

curve of the RMSE versus ⁄. The high RMSE-CVs for large and small values of ⁄ describe under-
and overfitting, respectively. Conversely, the RMSE-fit decreases monotonously for decreasing ⁄;
this is expected since LASSO yields denser models as lambda is decreased. In the RMSE-CV curve,
besides a few local minima (e.g., around 2 ◊ 10≠8), a well-defined global minimum at the optimal
⁄ = 3.7 ◊ 10≠7 is found. Thus, the lambda range for the grid-search CV in the results presented
below is narrowed down to 5 ◊ 10≠5 to 1 ◊ 10≠7 for the subsequent studies.
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Figure 4.4. Boxplot of errors versus polynomial degree in nonlinear cluster expansion. The boxes show the
absolute error (AE) per leave-one-out cross-validation (CV) split, and the yellow circle and red diamond
display the fit and RMSE-CV in meV/atom. The number of features per model after feature selection is
shown below. The three gray lines display 1 meV/atom, 5 meV/atom, and 10 meV/atom as visual guidelines.
The best generalization with the lowest number of features is given for degree 3 (RMSE-Fit = 0.77meV/atom,
RMSE-CV = 1.2meV/atoms, number of optimal features is 25).

Next, the influence of di�erent degrees of the maximal order term in the polynomial feature expansion
on the model performance is examined. As given by Eq. 28, higher-order polynomials vastly increase
the model complexity. For instance, for the pool P1 used in this analysis, the polynomial degrees 2, 4,
and 6 yield feature spaces of size 36, 330, and 1716, respectively. However, higher-order terms
potentially capture behavior that otherwise requires many more clusters to describe. Fig. 4.4 shows
a boxplot of the errors for models with varying polynomial degrees ranging from 1 to 6. The thin
horizontal lines indicate the values 1 meV/atom, which corresponds to the estimated intrinsic error
of the DFT data for this dataset (see Ref. [8]), 5 meV/atom, which is a moderate accuracy, and
10 meV/atom, which indicates a large error for this learning task. The boxplots show the distribution
of absolute errors (AE) per LOO CV split, and RMSE-CV and -Fit are added to visualize the
model convergence for increasing degrees. It can be seen that the RMSE-CV is usually higher
than the median absolute error, which is expected since the RMSE is more sensitive to outliers
than the MAE. As expected, the RMSE-Fit reduces for more complexity of the model induced by
higher-order polynomials. By the reduction in the number of features after polynomial degree 4, it
can be assumed that there exist higher-order features that are more suitable for fitting the energy.
However, the RMSE-CV is comparable for degrees 3, 5, and 6, indicating convergence. Overall, the
model with degree 3 appears to have the lowest CV error with a reasonable number of features. The
errors are: RMSE-Fit = 0.77meV/atom, RMSE-CV = 1.2meV/atom, and the number of optimal
features is 25. In conclusion, in the remaining calculations, we employ a polynomial degree of 3.

Lastly, the influence of the di�erent clusters pools P0–P3 on the obtained CE models is analyzed.
This analysis is done both for the nonlinear CE and the standard CE. In the second case, we
distinguish two cases, namely, global standard CE models obtained using the whole data set and
standard CE models using the split dataset as in Ref. [8] (see explanation at the start of Sec. 4).
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Figure 4.5. Boxplot of errors versus clusters pool (upper panel) and number of features in an optimal cluster
expansion model (lower panel). The boxes show the distribution of absolute errors in LOO-CV, and the
yellow circle and red diamond display the RMSE-CV and -Fit in meV/atom. The barplot below shows the
number of features of the optimal CE model per CE type and clusters pool. The light-coloured bars represent
the number of clusters before the cluster selection and the dark-coloured bars after the cluster selection, as
used in the optimal model. With respect to RMSE-CV and model complexity, the nonlinear CE with P1
performs best.

These are denoted with "standard CE" and "standard CEsplit " in what follows. In Fig. 4.5, the
prediction errors of the three CE models, namely, standard CE, standard CEsplit, and nonlinear CE,
for di�erent clusters pools are presented as boxplots. It can be seen that the nonlinear CE and the
standard CEsplit are more accurate than the standard CE for all four clusters pools. Furthermore,
in all cases, the fit error decreases for larger clusters pools, as expected. The RMSE-CV for the
nonlinear CE converges at pool P1, whereas in the case of the standard and the standard CEsplit, the
CV error increases after P2. For P2, the errors of the split CE and nonlinear CE are comparable. The
best-performing models, regarding generalization error and robustness, are the ones obtained with
the nonlinear CE for P1, P2, and P3. Hence, by favoring simplicity at comparable accuracy, clusters
pool P1 appears to result in the best CE model for fitting the energy of mixing. Additionally, the
RMSE is close to the 1 meV/atom mark, while the median absolute error is lower than 1 meV/atom.
The errors for the optimal model, namely nonlinear CE using P1, are RMSE-Fit = 0.77meV/atom
and RMSE-CV = 1.2meV/atom, with a number of optimal features of 25. The features per model
are presented by the barplot in the lower panel of Fig. 4.5. For the nonlinear CE, an exponential
increase in the amount of input features can clearly be seen. However, the amount of clusters of the
optimal models only increase slightly from 25 to 39 for P1 to P2, respectively, and reduce again to 36
for P3. This shows that the vast number of features created by the nonlinear CE is not problematic
as it is e�ciently reduced by LASSO. Also, a larger, more diverse feature set does not necessarily
improve performance. From the barplots of the standard and standard CEsplit, we observe that until
P3, all features contribute to the optimal model. Only for the largest clusters pool can a reduction
be seen. It is di�erent for both models, as the number of features of the standard CEsplit is the
maximum of the two trained models as opposed to the standard CE.
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The result presented in Fig. 4.5 is one of the central results of this thesis. It clearly illustrates
how the nonlinear CE solves the problem of modeling a property with nonlinearities in a case
where the standard CE fails unless physical intuition, namely the selection of the split point in
the concentration axis, is employed. Our method does not require having such physical intuition
beforehand.

Figure 4.6. Energy of mixing versus the number of aluminum substituents fitted with the optimal nonlinear
CE. The fit (blue dots), as well as the CV predictions (red crosses), lie accurately within the DFT energies
(green circles), with a maximum absolute error of 3 meV/atom.

The energy predictions of the optimal nonlinear CE model are presented in Fig. 4.6. The predictions
on the fitted data, as well as the predictions on CV, are very accurate, with a maximum absolute error
of only 3 meV/atom. The high accuracy is especially prevalent for the ground state configurations,
as indicated by the good overlap of circles and crosses inside circles, which indicate the target
values computed with DFT. With 0.68 and 1.17 meV/atom, the RMSE-Fit and RMSE-CV are lower
than the respective errors obtained with the standard CEsplit of 1.06 meV/atom RMSE-Fit and
1.92 meV/atom RMSE-CV. Additionally, they are lower than the errors reported in Ref. [8] with
1.43 meV/atom and 1.45 meV/atom for RMSE-CV of the structures set from 6 to 13 substituents
and from 13 to 16 substituents, respectively.

The optimal model contains 23 features that contribute to the expansion [57]. Their coe�cients
are displayed in Fig. 4.7. The three 1-point clusters are denoted with their Wyko� site letters k,
i, and c, and the nearest neighbor pairs with the contributing 1-point clusters letters kk, ii, ki,
and kc. The names of the nonlinear features are constructed as the combination of names of the
contributing clusters, e.g., XkcXkk = Xkc kk. One can see that the three 1-point and four 2-point
nearest neighbors all contribute to the model, as is the case in the split CE model of Ref. [8]. Note
that in Fig. 4.7, the coe�cients are not normalized by their multiplicities. For comparison with
Ref. [8], Tab. 4.1 shows the ECIs corresponding to the initial clusters pool of the nonlinear CE;
those clusters make up the split CE of Ref. [8]. It can be seen that the 6c 1-point cluster has the
lowest energy, followed by 24k and 16i. This ordering is also found for the split CE of the reference.
Here, it is important to note that for those important interactions, the nonlinear CE gives similar
results as the standard CE.
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Figure 4.7. Coe�cients of features as present in the optimal nonlinear CE model. The barplot gives an
indication of the strength of feature importance in the model.

Furthermore, a great deal of insight can be obtained by re-arranging the interaction terms in the
nonlinear CE in order to compare the behavior of the 2-point interaction ECIs as a function of
Al concentration of the nonlinear CE and the split CE. This can be achieved by recasting the
nonlinear CE in terms of an expansion in the initial clusters while factoring together nonlinear
interaction terms containing the initial clusters. This is possible since the nonlinear features in
the polynomial expansion are obtained by multiplying cluster correlations. Thus, for example, the
following factoring is possible: Jkk kcXkk kc = (Jkk kcXkk)Xkc. For the four 2-point interactions, this
yields the coe�cients

Jkk(‡) = (Jkk + tJkk kcXkc(‡) + Jc2 kkXc(‡)2)/mkk

Jkc(‡) = (Jkc + (1 ≠ t)Jkk kcXkk(‡) + Jc2 kcXc(‡)2)/mkc

Jii(‡) = (Jii + Jc iiXii(‡))/mii

Jki(‡) = Jki/mki .

(36)

Table 4.1. Coe�cients of nonlinear CE features and of the split CE clusters in Ref. [8] for splits 1 and 2. The
values are given in meV. For the 1-point clusters at sites 16i and 24k, the di�erence between the lowest energy
1-point cluster 6c is given.

CE Model Jk ≠ Jc Ji ≠ Jc Jc Jkk Jii Jki Jkc

Nonlinear 181.7 220.2 1019.5 250.1 318.5 283.4 192.4
standard CEsplit 1 283.5 301.1 1281.9 265.7 296.4 213.6 258.8
standard CEsplit 2 323.0 372.1 1282.1 150.5 327.0 163.2 259.8
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Here, the coe�cients Jú(‡) are divided by the multiplicities of the respective 2-point interactions,
which are 12, 24, 48, and 8 for mkk, mkc, mii, and mki, respectively. t is an arbitrary real number
— any choice of t yields the same model. Here, we choose t = 0.5, such that the contribution of
the correlation Xkk kc is split in half for Xkk and Xkc. By performing this reordering of terms,
the nonlinear CE can be interpreted as a CE with configuration-dependent interactions, which is
an interesting finding, as it aligns with the derivation of concentration-dependent coe�cients in
Ref. [18].

Figure 4.8. Comparison of the 2-point interaction ECIs over the range of Al substituents. The ECIs are given
in meV. Jkk for the random alloy case, and the two constant ECIs of the split CE model taken from Ref. [8].
For the nonlinear CE, Jki is a constant independent of concentration and of configuration. Thus the J

nl,GS

and J
nl,rand overlap.

Employing the configuration dependence of cluster interactions of Eq. 36, it is interesting to consider
two limiting cases, namely, the GS configurations and the random alloy. These limiting cases
correspond, respectively, to the alloy in thermodynamical equilibrium at T = 0 and at T æ Œ,
and are depicted in Fig. 4.8. They are compared with the piece-wise constant ECIs of the split CE
models of Ba8AlxSi46≠x calculated with LDA taken from Ref. [8]. The calculation of the ECIs for
the random alloy is performed using the fact that the 1- and 2-point cluster correlations in that case
are identical to x and x

2, respectively (see Sec. 2.3). It is observed that, in most cases, the J
nl,GS

show a similar trend to that of the split CE model, J
split, the main qualitative di�erence being

a smooth transition of the interaction value around the split point, instead of an abrupt change.
Note that this transition of the interaction value is obtained directly by the nonlinear CE method,
while in the split CE, physical insight outside the CE formalism was needed. In general, the J

nl,rand

shows a smooth monotonous increase with concentration. Interestingly, in some cases (kk, ii), the
interactions of the split CE lay in between the two limiting cases found with the nonlinear CE.
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From these results, we can assume that the nonlinear CE is better able to capture the nonlinear
behavior in the energy of mixing than a split standard CE. Most notably, no prior knowledge of
the other material properties is required. Additionally, only one model is needed for training and
for making predictions, which simplifies the application of the CE model, such as for calculating
thermodynamic averages. To obtain thermodynamic properties, methods such as Markov Chain
Monte Carlo [58] are used for sampling the configurational space of the material. These require
many energy predictions of new configurations, where the cluster correlations have to be recalculated.
Therefore, the nonlinear approach can be more e�cient as it only requires the correlation evaluation
for a small set of 7 clusters, P1, and can then expand the feature space at a low cost through
polynomial expansion.

4.4 Band Gap

For Ba8AlxSi46≠x to have good thermoelectric performance, semiconducting behavior is needed.
However, in Ba8AlxSi46≠x, the band gap changes strongly depending on the Al concentration and the
configuration. This also includes metal-to-semiconductor transitions within the same composition.
Constructing CE models for the bandgap is hampered by such a nonlinear discontinuity of bandgap
energies, which can take a continuous range of positive values or zero, but not negative values. This
has been demonstrated in Ref. [10], where the bandgaps are predicted with the split CE technique
explained in Sec. 4.3, and which is only trained on semiconducting samples, such to elude the
problem of strong non-linearities in the regression problem. The quality of the found models in
Ref. [10] was rather poor. As for the energy of mixing, we expect an improvement in bandgap fitting
with the nonlinear CE.

For comparison, the bandgap energies were fitted with the standard and the non-linear CE. Cluster
selection was performed with the OMP algorithm. As explained in Sec. 3.2, this algorithm e�ciently
finds a subset of relevant features for an optimal representation. The number of features is a
hyperparameter and can be used to easily adjust the model size. A 10-fold CV with ten random
runs was chosen for hyperparameter selection and model evaluation. More precisely, the training set
(78 structures) is randomly split into ten folds for CV; this is repeated ten times to obtain a better
estimate of the RMSE-CV in terms of its average and standard deviation. One small and one large
clusters pool were used. The small clusters pool, Ps, is the same as P1 in the previous section, i.e.,
seven clusters: the three 1-point clusters and the four first neighbor 2-point clusters. In contrast,
the large pool, Pl, consists of all 1-, 2-, and 3-point clusters that fit in the 54-atom unit cell of the
clathrate. This sums to 368 clusters. Polynomial expansion of Ps to the order 2 and 3 results in
36 and 120 features, respectively. The CE models trained in the study were:

• a standard CE with Ps (7 features),

• a nonlinear CE with initial clusters pool Ps with polynomial degree 2 (36 features),

• a nonlinear CE with initial clusters pool Ps with polynomial degree 3 (120 features), and

• a standard CE with large clusters pool Pl (368 features).

We first compare the fitting accuracy of the standard CE with Ps and Pl and the nonlinear CE
with degree 3. Fig. 4.9 shows prediction versus target and convergence plots for all three models.
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Figure 4.9. Top: Convergence of RMSE-Fit and RMSE-CV with one-sigma standard deviation intervals as
vertical bars for RMSE-CV. Optimal models yielding the largest generalizability are obtained by selecting the
number of features with the lowest RMSE-CV within one-sigma: 6, 33, and 14 features for the standard CE
with Ps, the nonlinear CE, and the standard CE with Pl, respectively. Bottom: Band gap predictions versus
DFT targets in eV.

Looking at the convergence of RMSE-CV for the nonlinear CE and the standard CE with Pl, we can
see that both models show overfitting quickly. However, the nonlinear model displays two minima:
a first minimum between 11 and 13 features, and a second between 28 and 33 features. Within
the one-sigma standard deviation interval, models with comparable precision exist in both ranges.
Therefore, we can conclude that the nonlinear CE model with 33 nonzero coe�cients is the best
model in terms of fit and CV error, with an RMSE-Fit of 0.023 eV and RMSE-CV of 0.057 eV. The
standard CE with Pl also exhibits a global minimum at its first minimum. This indicates that the
model does not generalize well with more clusters. Its RMSE-Fit and RMSE-CV at 14 clusters
are 0.041 eV and 0.065 eV, respectively. In contrast, the standard CE with Ps yields comparable
RMSE-CV, but the worst RMSE-fit. At six clusters, the RMSE-fit and RMSE-CV for standard CE
with Ps are 0.058 eV and 0.064 eV, respectively. These results are summarized in Tab. 4.2.

Model No. Features RMSE-Fit RMSE-CV
Std. CE, Ps 6 0.058 0.064

Nonlinear CE 33 0.023 0.057
Std. CE, Pl 14 0.041 0.065

Table 4.2. Number of features, RMSE-Fit, and RMSE-CV for the optimal models Fig. 4.9. An optimal model
is chosen for the minimal RMSE-CV within a one-sigma standard deviation and the lowest RMSE-Fit. The
errors are given in eV.

The predictions of these three optimal models are displayed in the three parity plots in the lower
panel of Fig. 4.9. Note that the predictions are obtained by training and predicting on the whole
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Figure 4.10. Predictions versus targets of the optimal fit predictions with three CE models: standard CE with
small clusters pool (top), nonlinear CE with degree 3 and small initial clusters pool (middle), and standard
CE with large clusters pool (bottom).

dataset; they reflect the RMSE-Fit at the optimal number of features in the upper panel. As
expected, the accuracy rises with an increasing number of features. In the nonlinear case, this is
particularly true for the metals, which appear as a collapsed cloud of points at the origin and are
fitted much better than in the other two cases.

In the previous analysis, the models with the best generalisability were found. Nonetheless, it is
also interesting to analyze the ability of the available features to fit the data, with disregard for the
model’s generalisability. Since ultimately, this determines the quality of the feature space. To this
end, parity plots of the prediction of models converged on the RMSE-Fits are shown in Fig. 4.10.
The data distribution demonstrates a significant improvement in the predictive performance of the
nonlinear CE model compared to the standard CE with the small pool Ps, particularly for the
metals. The RMSE-Fit values are recorded as 0.058 eV and 0.0089 eV, respectively. This indicates
that by simply adding nonlinear features to a small clusters pool, the quality of the feature space
can be highly improved. However, we observe that this 3rd-order feature space does not su�ce to
find an exact solution, as can be obtained with the standard CE with Pl. The reason is that, for
this case, the number of clusters of the model matches the number of samples in the data set (78),
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Figure 4.11. Predicted (orange dots) and ab-initio (black circles) band gap energies of the nonlinear CE with
degree 3 and Ps. The model uses 63 features.

Figure 4.12. Convergence plots of four di�erent CE models. Left: RMSE-Fit versus the number of clusters for
standard CE, nonlinear CE with degree 2 (D2), and nonlinear CE with degree 3 (D3), all with clusters pool
Ps, containing seven clusters. Right: RMSE-Fit versus the number of clusters for the nonlinear CE with D3
and Ps and the standard CE with Pl.

and the linear problem (assuming colinearities are absent) can be solved exactly. Thus, the bottom
panel shows a perfect fit. Here, it must be stressed that to obtain the excellent fit of the middle
panel of Fig. 4.10, one needs to compute only seven cluster correlations, while the bottom panel
requires the computation of 368 cluster correlations.

Next, we want to analyze how the band gap predictions of the nonlinear CE distribute over the
configurations. Fig. 4.11 depicts DFT (black circles) and predicted band gaps (orange dots) made
with the nonlinear CE from Fig. 4.10. Over the full compositional range (left panel), the predictions
are mostly accurate, especially for metals. This is also mostly true at the charge-neutral composition
(right panel), although some predicted band gaps deviate visibly from the DFT targets.

Finally, it is instructive to compare the convergence of the RMSE-Fit against the number of features
for the standard CE with Ps, the nonlinear CE to the polynomial order 2 and 3 and the standard
CE with Pl. Fig. 4.12 describes how much the band gap data fit improves for an increasing number
of features in the respective CE model. On the left, we see how much the nonlinear CE with Ps,
containing only 7 clusters, can increase the number of features and how strongly this improves the
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fit. While the standard CE can only reach a maximum accuracy of 0.058 eV, the nonlinear CE
at the lowest degree, namely D2, is able to halve the error. A further reduction to nearly exact
predictions (RMSE-Fit = 0.0089 eV) can be reached by expansion to the 3rd order. The right plot
compares the RMSE-Fit of the nonlinear CE model with degree 3 and a standard CE with Pl. Up
until around 40 features, both models are comparable in precision (RMSE-Fit: nonlinear CE =
0.019 eV, standard CE = 0.017 eV). Eventually, the standard CE with Pl converges to machine
precision, which is not the case for the nonlinear CE. Nonetheless, one can then deduce that a
CE model with features created out of a very small set of cluster correlations is comparable to a
model created with a very large number of clusters. This is a key finding, as calculating the cluster
correlations accounts for the highest computational e�ort in training, and, more importantly, when
predicting, indicating a strong advantage in terms of computational e�ciency for the nonlinear CE.

In conclusion, the comparative analysis of fitting accuracy and convergence behavior among di�erent
CE models highlights the advantages of using nonlinear features to improve the accuracy of a CE
model when fitting Ba8AlxSi46≠x band gaps. By polynomially expanding the small initial clusters
pool Ps, it is possible to create models with a comparable level of accuracy to those generated
using a much larger pool of clusters. This represents a significant advantage from the perspective
of computational e�ciency, given that calculating cluster correlations is the most computationally
demanding aspect of generating predictions with CE. Overall, the study highlights the potential of
this approach to improve the accuracy of CE models in a computationally e�cient way.

4.5 Nonlinear CE for Classification

Determining if a structure of Ba8AlxSi46≠x is a metal or semiconductor is a task that can be
solved using classification techniques from ML. Here, we devise a method to combine CE with
ML for classification. The idea is to create descriptors for the structures with CE and then find a
representation in which data separation with the linear support vector machine described in Sec. 3.3
is possible. Next to using the standard CE, we employ the nonlinear CE to enable nonlinear decision
boundaries in linear feature space.

For this study, we evaluated the cluster correlations of the data set with the three clusters of pool P0
(only the three 1-point clusters), and with the seven clusters of P1 (three 1-point and four 2-point
clusters). By then polynomially expanding both correlation matrices to the degree of 2 and 3, we
end up with a total of six classifiers. Their dimensionalities are shown in Tab. 4.3. The 12 metals
and 66 semiconductors in the data set were labeled with 1 and -1, respectively.

D1 D2 D3
P0 3 9 19
P1 7 35 119

Table 4.3. Dimension of feature space for clusters pool P0 and P1 and polynomial degrees D1, D2, and D3.

For the seven-dimensional classifier, we observed perfect classification when training the classifier and
predicting the same data. The confusion matrix of its predictions is shown in Fig. 4.13 (right panel).
The same results could also be obtained when using the 2- and 3-order classifiers. However, for P0,
none of the three classifiers yields a perfect fit, as is presented by the four false-classified metals
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Figure 4.13. Confusion matrix of support vector classifier trained with three 1-point and four first neighbor
2-point clusters.

and two false-classified semiconductors of the 3-order classifier shown in Fig. 4.13 (left panel). This
indicates that perfect separation of the data requires the inclusion of at least two-body interactions.

It is indeed possible to identify a descriptor that enables a representation where a linear decision
boundary can e�ectively separate the data. To visualize the data, we map the data points into
a hyperplane perpendicular to the decision boundary. We achieve this by projecting the data
points along a vector parallel to the decision boundary and along the vector — of Eq. 29, which is
perpendicular to the decision boundary.

This projection is used in Figure 4.14, which shows the semiconductor and metal regions, as
predicted by the classifier, in colors green and red, respectively. The boundary between the two
colors corresponds to the decision boundary found by the support vector machine. The classified
target and prediction labels of the six classifiers are also depicted. For P1 (lower panels), we clearly
see that the decision boundary can perfectly separate between the two classes, in accordance with the
confusion matrix of Fig. 4.13, right panel. As expected, we observe that nonlinear features improve
separability as the margin of the decision boundary (indicated with thin gray lines) increases while
the clouds of data points contract. Conversely, for P0, we see that the representation is unable to
transform the data to separate the true labels. Rather, perfect class separation is impossible, even at
degree 3. This points to the fundamental importance of the presence of 2-point cluster correlations
to capture the metal or semiconductor character of the samples. For increasing polynomial order,
the misclassified points move closer to the boundary, as indicated by the thin gray lines, which
could mean that the separation is still improved. It should also be noted that, using the small
clusters pool P0, we were not able to perfectly classify the metals and semiconductors with more
sophisticated fine-tuned models. These included support vector machines that utilize the kernel
trick for e�ciently exploiting higher dimensional feature spaces. We employed the polynomial kernel
with high orders and the radial basis function kernel (Gaussian kernel), which theoretically moves to
infinite dimensions.

From this, we conclude that it is not possible to perfectly classify metals and semiconductors by
just using the site occupation factors (i.e., the one-point cluster correlations and features derived
from them) as a descriptor and that many-body interactions are required. Indeed, when including
many-body interactions, it is possible to use the CE in combination with the support vector machine
to find descriptors that enable a representation in which separation by a liner boundary is possible.
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Figure 4.14. Classifier decision boundary in 2D representation of input data.

The new application of the CE method presented here has the potential to be applied to a wide
range of problems in materials science.
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5

IMPLEMENTATION IN CELL

The studies presented in this work have been conducted with the Python package CELL (Cluster
Expansion for large parent ceLLs) [59], [60]. CELL implements the CE method for alloy materials with
a focus on complex unit cells. It is structured modularly such that the construction of workflows for
CE models can be tailored to specific needs in a flexible way. The Atoms class of Atomic Simulation
Environment is used as a base class for the creation of crystal structures, which allows for the
creation of databases of structures and to interface to various ab-initio calculators. Futhermore, it
provides an interface to estimators from the machine learning library scikit-learn [61].

In CELL, the easiest way to create a CE model is by using the helper class ModelBuilder. The
ModelBuilder combines the main steps of the CE method and returns a fitted CE model with
minimal user input. Prerequisites for a CE are a set of structures with known property values and a
pool of clusters. These are realized in the StructuresSet and ClustersPool classes. An instance
of the StructuresSet class also contains the known property values of each structure. All three can
be created and calculated directly in CELL, or the structure parameters and property values can be
imported from external files. The latter allows for the universal usage of precalculated data sets,
such as DFT calculations. A more detailed description of the construction of sets of structures and
pools of clusters with CELL is given in the tutorials on the CELL website [60] and in Ref. [59].

Listing 5.1 presents the ModelBuilder function call to create a nonlinear CE with polynomial features
to the third order. Note that CELL is imported with the Python package name clusterx in Python
code. It is assumed that a tructures set with total energies (sset) and a clusters pool (\cpool) have
already been created. Two flags are relevant for the nonlinear CE: nonlinear=True initializes a
nonlinear model, and nonlinear_degree=3 sets the maximum polynomial degree to three. Note that
using only one of the flags su�ces to invoke a nonlinear CE. Only setting nonlinear=True, a default
second-order expansion is performed, and passing a value to nonlinear_degree, the nonlinear
flag is automatically activated. Passing "LassoCV" to the estimator_type, scikit-learn’s Lasso
estimator with built-in CV is invoked. The desired parameters can be passed as a dictionary with
estimator_opts. The method build() performs all steps to create a correlation matrix, perform
feature expansion and selection, fit the estimator model, and return a CE model. The CE model
can be used for predictions or for analysis, such as to report the fitting and CV errors.

To illustrate how the ModelBuilder.build() method works internally, List. 5.2 shows the
individual steps if one were to build a CE model without using the helper function. Listing 5.2
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1 # Assuming a structures set (sset)
2 # with property values ("total_energy_emt")
3 # and a clusters pool (cpool) are created.
4

5 from clusterx.model import ModelBuilder
6

7 mb = ModelBuilder(
8 estimator_type="LassoCV",
9 estimator_opts={

10 "fit_intercept": False, "cv": 10, "alphas": np.logspace(-2, -7, 50)
11 },
12 nonlinear=True,
13 nonlinear_degree=3
14 )
15 ce_model = mb.build(sset, cpool, "total_energy_emt")
16 ce_model.report_errors(sset)

Listing 5.1. Creation of a nonlinear CE model with the helper class ModelBuilder.

exposes the main (internal) steps of constructing a nonlinear CE, omitting other features of the
ModelBuilder implementation that would be distracting for this description. The first step
in cluster expansion is to evaluate the cluster correlations. This starts with initializing the
CorrelationsCalculator and calculating the correlation matrix between the structures set and
the clusters. The CorrelationsCalculator is also needed to calculate single structure correlations
when making predictions. In lines 21 and 22, the input data are then set up, namely the correlation
matrix X and the array of material properties y.

When considering the usage of a fitted CE model for predictions on new data, the most e�cient
implementation of a polynomial expansion is a pipeline that fuses the expansion of the correlation
matrix with an estimator. This pipeline can then be used interchangeably as an estimator. It can
be fitted, and the fitted estimator can be passed to functions for making predictions. With the
EstimatorFactory in List. 5.2 line 25 scikit-learn’s linear model LassoCV is initialized with the
passed estimator parameters. It is combined in a scikit-learn Pipeline with the preprocessing step
PolynomialFeatures in the following lines. The pipeline is then fitted to the input data, which
invokes two steps. First, nonlinear features are created by expanding the matrix polynomially. Second,
fitting LassoCV, the optimal nonlinear features are selected by finding the optimal regularization
parameter (here alpha). Consequently, the fitted pipeline includes a fitted estimator with a number
of nonzero coe�cients that represent the optimal feature set. The last step of the ModelBuilder is to
create a CE model. This is seen in lines 37–39, where the Model object is initialized with the initial
correlations calculator, the fitted estimator and the corresponding property, and the nonlinear flag
set to True. The flag is required for analysis steps, such as returning the actual estimator coe�cients.
When predictions are made with the CE model, first, correlations of a new structure with the initial
clusters pool are calculated with the initial correlations calculator, and second, they are passed to
the pipeline, expanded, and multiplied with the coe�cients to evaluate the prediction.

In comparison with the standard case, when creating a nonlinear CE model with the ModelBuilder,
two points must be noted: one of nonlinear or nonlinear_degree have to be set, and the estimator
used should implement a CV scheme and perform feature selection. More advanced applications of
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1 # Assuming a structures set (sset) with property values ("total_energy_emt"),
2 # a parent lattice (platt) and a clusters pool (cpool) exist.
3

4 from clusterx.correlations import CorrelationsCalculator
5 from clusterx.clusters_selector import ClustersSelector
6 from clusterx.model import Model
7 from clusterx.estimators.estimator_factory import EstimatorFactory
8

9 from sklearn.pipeline import Pipeline
10 from sklearn.preprocessing import PolynomialFeatures
11

12 # ModelBuilder parameters:
13 estimator_type = "LassoCV"
14 estimator_opts = {"fit_intercept": False, "cv": 10, "alphas": np.logspace(-2, -7, 50)}
15 nonlinear_degree = 3 # max order of polynomial expansion
16

17 # Correlation matrix
18 corrcal = CorrelationsCalculator(
19 basis="trigonometric", parent_lattice=platt, clusters_pool=cpool
20 )
21 X = corrcal.get_correlation_matrix(sset, outfile="corrmat.dat")
22 y = sset.get_property_values("total_energy_emt")
23

24 # Create estimator with pipeline
25 lasso = EstimatorFactory.create(estimator_type, **estimator_opts)
26 estimator = make_pipeline(
27 PolynomialFeatures(include_bias=False, degree=nonlinear_degree),
28 lasso
29 )
30 estimator.fit(X, y)
31

32 # Create CE model
33 ce_model = Model(
34 corrc=corrcal, property_name="total_energy_emt", estimator=estimator, nonlinear=True
35 )
36

37 ce_model.report_errors(sset)

Listing 5.2. Manual creation of a nonlinear CE model with CELL.

the nonlinear CE can be realized by following the individual steps indicated here instead of using the
helper class ModelBuilder. Most notably, for other machine learning tasks, such as classification, the
relevant functionality of CELL is the creation of the correlation matrix and, thus, the implementation
of the cluster function, the structures, the clusters, and their lower-level objects.
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6

CONCLUSIONS

In this work, the cluster expansion method has been augmented with machine learning techniques to
improve the modeling of materials properties that show nonlinear concentration dependencies. This
is relevant as a contribution to the discovery of novel materials for high-tech devices. An example
of such materials is the thermoelectric clathrate Ba8AlxSi46≠x, which is hoped to provide similar
qualities for the usage in heat-energy conversion components as GaGe-based clathrates. To assess
good thermoelectric behavior, the theoretical description of material properties over a range of
compositions is required. Given the vast configurational space of the crystal, this is computationally
unfeasible with common methods like DFT but can be accomplished with the cluster expansion
method. However, this material exhibits nonlinear behavior of its properties as a function of the
atomic configuration, specifically the energy of mixing and the bandgap. This poses insurmountable
di�culties to the standard CE, which does not converge when nonlinearities are present. In this
thesis, we show how this lack of convergence leads to the emergence of spurious interactions, which
hamper an accurate description of materials properties with CE.

To solve the issue, we proposed an innovative solution that we call the "nonlinear CE". First, we
demonstrated that one can conveniently reformulate the CE method as a linear problem, which
makes cluster expansion amenable to the application of machine learning techniques. Most notably,
this enables us to augment the feature space to include nonlinearities by polynomially expanding
the cluster correlations. Moreover, we argue that this insight opens up the CE method for use
in classification tasks with the support vector machine. To demonstrate the e�ectiveness of the
nonlinear CE, we were able to exactly model the nonlinear properties of toy models as the squared
concentration of the alloy. In this case, we observe the lack of convergence and the introduction of
spurious interactions with standard CE. Conversely, our novel method shows exact convergence with
a few expansion terms. From this, we can conclude that the nonlinear CE can e�ectively model
nonlinear properties of materials, such as the ones solving the long-standing problems introduced in
the discussion of Ref. [18] and Ref. [19].

As a real-world test, we studied the energy of mixing of Ba8AlxSi46≠x with the nonlinear CE in
comparison to the standard CE. The data set was taken from Ref. [8]. From a systematic study of
the hyperparameters relevant to the nonlinear CE, we derived an optimal model, which only required
the three 1-point and four first neighbor 2-point clusters expanded to the 3rd order. Excitingly,
this model outperformed the standard CE and reached a RMSE-CV close to the estimated intrinsic
error of the DFT data set. Upon examination of the ECIs of the nonlinear CE, we observed a
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good agreement with the findings reported in Ref. [8]. Additionally, by analyzing the two-point
interactions as a function of Al substituents, we found configuration-dependent interactions, which
are consistent with the concentration-dependent coe�cients introduced in Ref. [18] and introduce
a temperature dependency. Based on these results, we conclude that the nonlinear CE is more
proficient in capturing the nonlinear behavior of the energy of mixing compared to the standard
CE. Most notably, no prior physical intuition is required. This is an important advantage of our
method in comparison with standard CE, which required the specification of physically motivated
domains of applicability to circumvent the issue of nonlinearities in Ref. [8]. Moreover, we have
also shown that the nonlinear CE boosts the application of the CE method for computationally
expensive tasks, as it su�ces with the calculation of a small number of cluster correlations and
their cheap nonlinear expansion. This is considerably advantageous when, for example, calculating
thermodynamic averages, which require millions of property predictions where the cluster correlations
have to be recalculated each time. This is underlined by fitting the Ba8AlxSi46≠x bandgaps. Here, we
show with a comparative analysis of fitting accuracy and convergence behavior that using nonlinear
features strongly improves the ability of a CE model to fit Ba8AlxSi46≠x band gaps. We demonstrate
that comparable fit accuracies to those obtained with a standard CE with hundreds of clusters can
be achieved with a nonlinear CE, which only requires the evaluation of seven cluster correlations.

Lastly, we showcased how the CE can be employed in a novel context: classification. For this, we used
CE to construct a descriptor of the material, which allowed for the separation of the Ba8AlxSi46≠x

structures into metals or semiconductors. We observed that for a descriptor including the seven
smallest clusters a linear decision boundary could perfectly separate the data and moving to higher
dimensions simplified this separation visibly, whereas no separation was possible with only the
three 1-point clusters. Based on these findings, we can deduce that using only the site occupation
factors as descriptors is insu�cient for accurately classifying metals and semiconductors. To achieve
better results, the inclusion of many-body interactions was found to be imperative. In sum, we have
demonstrated that the application of the novel CE method presented here has the potential to be
successfully applied to various domains within materials science.

Even though the obtained results are promising, multiple angles for refinement exist. Assessing
the generalizability of the computed models can be problematic if the datasets are small. Some
of these di�culties were exposed in this work when assessing the CE models for the bandgap in
Sec. 4.4. Thus, it would be interesting to employ this methodology in larger datasets, where the
di�erences with the standard CE in terms of generalizability could be better tested. It is also worth
exploring di�erent ML algorithms. In order to introduce the nonlinear CE from the basics, we
focussed on polynomial expansion; however, transformations in terms of other functions, such as the
logarithm or the square root, have also been proposed in the ML literature [42]. Also, in the context
of symbolic regression [62], the construction of descriptors by combining such functions and selecting
the optimal mathematical expression could represent a generalization of our method. One can also
access infinite dimensional feature spaces by employing kernel ridge regression with, e.g., Gaussian
kernels, which take as input cluster correlations. Moreover, we showed how CE can be utilized
as a materials descriptor, and with it, we introduced the CE method to classification tasks. As
multicomponent materials often incorporate classifiable properties such as metal-to-semiconductor
or order-to-unorder transitions, this realm of application should be further investigated.

In conclusion, the nonlinear CE represents a significant advancement that not only enhances the
applicability of CE to existing use cases but also unveils opportunities for novel applications in the
realm of materials discovery. As datasets grow and methodologies evolve, the future holds promise
for even more robust and versatile CE-based approaches.
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