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Abstract

Density Functional Theory is the standard method for ab initio computational investigations of
novel materials since DFT codes became widely available. However, DFT can be computationally
burdensome to investigate a large number of systems (high throughput investigations) or for sys-
tems with large number of atoms. As a shortcut to circumvent full electronic structure calculations,
machine learning algorithms that benefit from databases of DFT structures have been shown to
perform with up to DFT precision when predicting ab initio results. One recent model for atomistic
systems are Message Passing Neural Networks, which model the interactions between atoms using
an atomistic graph structure. In this work, one molecular dataset and two materials databases are
investigated as a testbed for predicting formation energies, electronic band gaps. Additionally, the
possibility of uncertainty estimates for single predictions using Monte-Carlo Dropout is tested.
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1. Introduction

Traditionally, ab initio methods such as density functional theory (DFT)[1] are used in compu-
tational materials science in order to explore new materials [2][3][4]. However, it is unfeasible to
use DFT on the entire space of possible materials and as such researchers have looked for short-
cuts to screen for promising candidate materials such as superconductors or for given applications,
such as efficient solar cells. [5][6][7]. Artificial-intelligence and machine learning methods have
revolutionised tasks in numerous areas of science and engineering, which have been thought to be
impossible or intractable, e.g. image recognition [8], image-to-text translation [9], protein folding
[10], quantum chemistry [11], materials science [12], etc. The interest of the materials science
community in machine learning techniques is undeniable if one looks at the investments that are
made into the research of domain specific models and development of ” Al-ready” databases [4][13].
As reference data, e.g. experimental or high-level theory material science data, are still expensive
to generate, data efficiency, defined as the ability to generalise to unseen data using only a small
amount of training, or known dataset, is also an important concern. One approach to solve this
problem is transfer learning [14], which aims to build up general knowledge from a large low-fidelity
dataset and then continuously fine tuning the model to capture detail in higher accuracy data.

A recent approach in machine learning has been to include invariances and inductive biases of
the training data into the model. For instance, in image recognition, convolutional neural net-
works exploit the spatial correlation between neighbouring pixels by learning filters that pick out
important correlations in neighbouring pixels [15]. A particular challenge for materials science is
how to incorporate the oftentimes known geometry of our material in useful way to the model.
ElemNet [16] was able to predict properties like bandgap and energy per atom quite well without
any information about the geometry/structure of a material but only about what elements are
used to create this material. Feature engineering which uses descriptors such as SOAP, Coulomb
Matrix, attempts to include more structural information into the model [17]. The SOAP matrix
encodes local atomic environments by expanding atomic pairs in radial basis functions and spher-
ical harmonics and calculating the overlap of neighboring atoms. The Coulomb Matrix describes
the pairwise correlations of atoms using a Coulomb potential based on the interatomic distance.
Recently, graph neural networks have appeared as a promising method where we can input the
material or chemical structure to the model. This allows the model to distinguish two materials
with the same stoichiometry (chemical formula).

This thesis presents work using graph neural networks, specifically message passing neural net-
works. We first discuss regression generally in terms of statistical learning. We then describe
convolutional neural networks in terms of additional symmetries of the data. Then, we move on to
the desire for rotational invariance in physical systems and how graph neural networks can achieve
this invariance. The final message passing neural network is then evaluated on three different
datasets. The first two of which, QM9 consisting of small organic molecules and the Materials
Project database consisting of existing as well as hypothetical inorganic crystals, serve to compare
the model against literature. The third dataset, AFLOW which contains bandgaps and formation
enrgies of DFT calculations on crystal systems is used as a new testbed for evaluating inferences
on crystal structures.



2. Machine learning models

2.1 Types of machine learning tasks

Different types of machine learning can be charaterized as supervised and unsupervised learning
and regression and classification tasks. With supervision, the model learns to predict output
features from an input datapoint as a mapping f : X — Y that maps x € X toy € Y. This is
often done by defining a loss function L(y,¢) that is minimal when the prediction § is equal to
the target output y. When the target values y are single or multiple scalars this can be seen as
(multiple) regression. On the other hand, if y is a class label, i.e. a discrete variable, then the
prediction ¢ is often the estimated probability of different classes, and the problem becomes one
of classification. In unsupervised machine learning there are no labels attached to the input, and
the goal might be to e.g. find out different classes or subsets in the input space. Another task
might be to generate new data which is in the input domain of the data that the model learns on
[18] or to learn a compressed representation of the input data [19]. There are also intersections
between supervised and unsupervised tasks where datasets are partially labelled [20] or the input
features are reconstructed from injected noise [21]. These methods deal with incomplete, noisy
data in order to improve prediction accuracy. This work focuses on supervised prediction of graph
labels, i.e. single scalars, using graphs as input/training data.

2.2 Neural networks

Figure 2.1: Visualization of a neural network, with three input nodes, three hidden layers with
five neurons each, and two output nodes. Fully connected layers connect the different layers of the
network.

In order to understand Graph Neural Networks, one first needs to introduce Neural Networks,
which form a basic building block of most state-of the-art models for learning on graph topologies
and modeling the interactions between nodes in a graph. More precisely Artificial Neural Networks,
hinting at the inspiration from biological neurons, are computational models that learn from data
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and have the ability to generalize, to some extent, to new data. This is done by applying learnable
linear transformations and non-linear activation functions on the input vector successively.

This paradigm of training models to perform complex tasks, such as character recognition is in
contrast to the previous hand engineered features used for such tasks [15]. The model learns from
the input data by calculating a forward pass, in which the input is passed through the model
successively, as shown in Fig. 2.1, while the activation of each hidden layer and output is saved.
The three-dimensional input is passed from the three input nodes into the first hidden layer by
multiplying with a 3 x 5 weight-matrix, adding a bias term and applying a non-linear function,
resulting in a 5-dimensional hidden representation. If the weight-matrix is non sparse, this layer is
called a fully connected layer. This is repeated for the 2nd, 3rd, and the output layer, resulting in a
two-dimensional output. In the supervised learning setting the output of the model, which we will
call the prediction, is compared to the target of the input data, and their deviation is quantified
in a cost- or loss function which is defined as:

Clw,b) = = 3 (yle) — i, {w, b)) (21)

Here, w and b are the learnable weights and biases of the model, y(z) is the target scalar for input
x, and §(z,{w,b}) is the prediction of the model for input x, given its weights and biases. The
summation goes over all inputs z in the dataset of size V.

The act of training the model on data can then be defined as minimizing the loss function for all ex-
amples in the dataset. This would ideally be done with gradient descent through back-propagation,
but due to computational constraints such as limited memory and a sometimes unstable gradient
leading to an ill-converged model, most often stochastic gradient descent is used, where a small
batch of data is fed into the model one by one [22]. This also prevents the optimiziation from
getting stuck in local minima and in Eq. 2.1, in order to normalize the loss function, N becomes
the number of samples in one batch, Ngg.

2.3 Convolutions

Another key concept in Graph Neural Networks is the convolution. Convolutional Neural Networks
(CNNs) make use of the fact that relevant features in the input, which could e.g. be an image, are
translationally invariant. For example, if the task is to detect whether a dog is present in an image,
it is not important where in the image the dog is located. This translational invariance is exploited
through spatial filters, so called convolutions. A single convolution in the sense of CNNs for im-
ages i.e. two-dimensional data, maps a region of pixels to one output value corresponding to the
location of the pixel-region, by taking a weighted sum of the neighboring pixel values (see Eq. 2.2).

1 1

x;j = Z Z WpmTitn,j4+m (22)

n=—1m=-1

The weights of this sum are shared for a single filter which means that it is parameter efficient,
and they can be learned through backpropagation [9]. For image recognition often multiple filters
are learned to pick out different features in the image. Each of the k filters are swept across the
2D input image using a specific stride length and for each point the convolution is calculated. The
result is one 2D output for each filter. The side length of the output data depends on input data
size, filter size and stride length. Using multiple convolutions in conjunction with pooling layers
and non-linearities, Deep Convolutional Neural Networks can be built up, which for a long time
have been state-of-the-art in image recognition [8].
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Figure 2.2: Visualization of a convolution operation with & filters and 2D input data, resulting in
k convoluted feature layers.

2.4 Graph neural networks

Graph neural networks are a relatively new development in the field of deep learning. They first
have been introduced as a generalization of recurrent neural networks, which have been primarily
designed to work on sequences. This first model [23] was tested on graph theory tasks and showed
the possibility to learn from local neighbourhood interactions on graphs. Subsequent research went
in two directions. On the one hand multi-task models have been developed that perform well on
all kinds of tasks from graph theory through computer vision to chemical predictions [24]. On the
other hand, very problem-specific models are developed in the chemical and materials science fields,
e.g. DimeNet [25] and NequlP [26], that exploit additional constraints imposed on the graphs and
their properties. These models are still accurate given comparatively few datapoints for training.

2.4.1 Invariances in training data

Certain invariances in the training data can be exploited to improve training and generalization
capability of a model. In CNNs, parameters are shared in single convolutional layers, thus making
the model more parameter efficient [15], and in turn reduce overfitting, which generally increases
with the number of parameters.

Convolutions can not only be defined for two-dimensional data structures, but also for arbitrary
topologies when a local neighborhood can be defined. This is the case for graphs, since they are
defined by nodes that interact pairwise with other nodes through edges, which allows us to abstract
complex relational structures as objects and their pairwise relations [27]. To draw another analogy
to image convolutions, just as a convolutional filter acts on a local patch of a two-dimensional
datastructure, i.e. 3-by-3 pixel grid within an image, a graph convolution updates a node based
on the neighboring nodes and the connecting edges to them. In the possibly simplest graph con-
volution, the central node is updated by adding the average feature of the connecting nodes. This
results in something like a diffusion model on the graph. On this relational inductive bias, very
general, yet accurate models can be built.

The important symmetries of a physical system, under which the model should be invariant, are
translational-, rotational- and permutation symmetry. Translational and rotational invariances
are given if the representation only includes pairwise distances, thus a global translation of posi-
tions does not change the graph representation. These two symmetries are given by isotropy of
space in which the physical system is embedded. Permutational invariance is wanted if the system
represents e.g. a collection of atoms because similar atoms should be indistinguishable, and the
order in which the atoms are listed should not change the system representation or model output.
Another strategy to induce symmetries within the model is data augmentation. In this method,
training samples are transformed in a way in which the input changes significantly, but the output
target stays the same [28]. This relates back to the idea of the target being invariant under certain
transformations. With these augmentations, the network is trained to learn an invariant mapping
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from input to target even though the invariance is not inherently given by the architecture of the
model.

Even though these two strategies can be seen as orthogonal, they are often used in parallel to
reduce the number of parameters and expand the training data at the same time, to produce state-
of-the-art results [29]. In conjunction with an auxiliary loss, adding noise to graph representations
(similar to augmenting the graph training samples) can work as a powerful regularization tool that
enables much deeper networks to be trained effectively [21].

Figure 2.3: Two 2-dimensional projections of the same 3-dimensional structure. The differing angle
results in two very different images of the structure. The material is SiO2 in space group number
205, with two atoms in a face-centered cubic (fcc) lattice.

2.4.2 Graph representation

In order to explain specific models that operate on graph structured data, the basics of graph
theory and representation need to be defined. A graph is defined as a set of nodes V' (for vertex,
being equivalent to nodes), corresponding edges E, and a global state of the graph, wu:

G=(V,E,u) (2.3)

Nodes in the graph have features vectors h; € RY, and N nodes can be concatenated into the node
feature matrix, H:

H = {hy,hy,...hy} € RV*F (2.4)

The edges of graph G are defined by the adjacency matrix A:

Ay = 1 %f r'lodg iis conne(.:ted to node j (2.5)
0 ifi=j or otherwise
The neighbourhood of node ¢ is defined as the set of all neighboring nodes:
N@@) ={j| Ay =1} (2.6)

The global state u can also be called label, e.g. if we use this attribute for regression. It can have
any number of dimensions: u € IR, but in the following sections we will usually refer to it as
a scalar. This state describes the graph as a whole, and plays the central role when predicting
graph-level features.
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2.4.3 Graph convolutional neural networks

The first graph neural networks were refined by the development of a graph convolutional network
which takes more inspiration from convolutional neural networks [20]. This model was then trained
on real world data, namely citation and knowledge graphs, to predict node labels, while only a
small amount of labels could be used for supervised learning. The node update equation for a
graph convolutional layer [ is defined as:

HWY = o(D" 2 AD" 2 HOW®) (2.7)

Here H! ¢ RV*F describes the node feature matrix in layer [ with NV nodes in the graph and F’
features per node. A = A+ Iy is the adjacency matrix with added self connections, Dy; =} A;;
is the degree matrix, which counts the number of connections of each node and W is a trainable
weight matrix for layer I. o denotes an activation function such as ReLU(-) = maxz(0,-). This
simple update layer is able to propagate information through the graph along the edges with ev-
ery step, and thus model interactions between nodes. The functional form is inspired by spectral
graph convolutions. This convolution smoothes label information out over the graph and is used to
classify unlabelled nodes, resulting in a model where connected nodes via edges are seen as having
similar labels, i.e. the adjacency matrix encoding node similarity.

This notion is however not true when modeling interaction between atoms which might be very
different, e.g. hydrogen and silicon which have 1 and 14 electrons, respectively. Even though
these two elements are close in a material and therefore share an edge (see Section 4.1), they are
not at all similar. What this tells us, is that an extension or generalization of the simple Graph
Convolution is needed.

2.4.4 Message passing neural networks

Further generalization of the graph convolutional model resulted in the development of message
passing neural networks [11]. This model now includes edge features between adjacent nodes
and the concept of a message being passed between nodes that depends on the information in
both connecting nodes and the edge feature. With the ability to approximate complex interactions
between nodes, the model was used to fit quantum chemistry calculations on the QM9 dataset [30].

The so-called message M;;, with sending node j and receiving node ¢, is an edge-wise vector
of length F,,. As every node can have different numbers of incoming and outgoing messages, for
every node these messages need to be aggregated in a size- and permutation-invariant way. This
is usually done by summing or taking the average of incoming or outgoing messages, but other
methods are possible and sometimes beneficial, as shown in [24]. We call the aggregated node-wise

message for node i, m;:
mitt =" Mji(hl B el)) (2.8)

JEN(3)

The node-wise aggregated message is then used in the node-update equation for layer ¢ and node i
Rt = Sy(hl,mith). (2.9)

The edges can also be updated in a similar way as detailed in [31], depending on the previous edge
vector and the connecting, updated nodes

et = By (b Rt el) (2.10)
This updating of edges is not necessary to build a message passing model, but it enables the model
to learn different interactions, depending on the latent representations of nodes and edges. After
T steps of message passing, the node features are aggregated to produce a predicted global feature
4, using a readout function:

§=R({WT € GY) (2.11)

This global feature can have one or more dimensions, depending on the regression or classification
task. When there are multiple possible targets for regression in a single graph, like e.g. molecular
properties, it is usually beneficial to train one model for each property, at the expense of compu-
tation time [25] [21].
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2.5 Related work

There are numerous variants of how the general graph network as defined in [27] can be imple-
mented, and many different ways of making use of the capabilities of GNNs. In order to explain
the choice of model used in this thesis, some related models are introduced. The most closely
related implementations of the message passing neural network are SchNet [12], CGCNN [7] (ar-
chitecture shown in Fig. 2.5), which also predict energies of formation and electronic band gaps
but use discrete edge attributes and no edge update function. The MatErials Graph Network
(MEGNet) presents a simple framework that incorporates not only edge updates but also global
input properties and global updates, with streamlined update functions. An illustration of this
model is shown in Fig. 2.4. The model surpasses the preceding CGCNN and SchNet in predictive
performance on the QM9 and Materials Project dataset, but is slightly lower performing than the
MPNN with edge updates in [31]. The advantage of the MPNN model with edge updates could be
an effect of the improved update function with elementwise multiplication, reminiscent of ResNet
[32]. The importance of choosing the right update function is also shown using CGCNN [7], where
two update functions are tested on otherwise equivalent models.

Other approaches use transfer learning to train a model on a large but less accurate dataset
and then fine-tune it to be accurate on smaller but more accurate data, like experimental material
science data [14]. All of these approaches have the potential to apply well in other domains while
the understanding of each component can still be improved.

Figure 2.4: Overview of a MEGNet module as taken from [33] with permission. The graph rep-
resents a methane-like structure. The graph has node attributes V' = {v;!_,.5}, edge attributes
E = {(ei, Tk, Sk)5_q1.n} (with receiver node r, and sender node sj), and global state attributes
u. This visualizes the iterative updating of graph features as described in the message passing
algorithm.

10
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Figure 2.5: Illustration of the crystal graph convolutional neural network (CGCNN) from [7],
taken from the publication with permission. (a) Construction of the crystal graph. Crystals, i.e.
periodic structures, are converted to graphs with nodes representing atoms in the unit cell and
edges representing atom connections. Nodes and edges are characterized by vectors corresponding
to the atoms and bonds in the crystal, respectively. (b) Structure of the convolutional neural
network on top of the crystal graph. R convolutional layers and L; hidden layers are built on top
of each node, resulting in a new graph with each node representing the local environment of each
atom. After pooling/aggregation a vector representing the entire crystal is connected to Lo hidden
layers, followed by the output layer to provide the prediction.

11



3. Datasets

3.1 Quantum Machines 9

The QM9 database, as it is often referred to in the literature, has 133,885 molecules with up to
nine atoms (C, O, N, F) besides hydrogen. The QM9 database was published to enable bench-
marking and testing of new and existing methods [30]. All structures have been relaxed and
properties such as energies, harmonic frequencies, and dipole moments have been calculated at the
B3LYP/6-31G(2df,p) level of quantum chemistry. The variety of different properties also uncovers
shortcomings of specific models that otherwise might not have been noticed [33][21]. This dataset
has been used in numerous publications on graph neural networks and can thus be cross referenced
and used as comparison with many other models. [25][11][31][21].

3.2 Materials Project

The Materials Project database ("MP-DB” in the following, in order to distinguish from ”message
passing” as "MP”) is a core program of the Materials Genome Initiative, and aims to develop
a platform for accelerating materials design by making high-throughput materials science com-
putations open-source [34]. The database contains compounds based on the Inorganic Crystal
Structure Database (ICSD) [3], together with hypothetical compounds. Relaxed geometries and
energies are calculated using the Vienna Ab initio Simulation Package (VASP) [35]. For a subset
of calculations, other properties like elastic, or thermoelectric properties are computed [36]. The
MP-DB is continuously updated with new materials and corrections to old calculations, so that
the number of compounds (state October 2022) is 146k. Some older literature in machine learning
still worked with the database when it contained only 70k compounds [31][33].

3.3 AFLOW

The ALOW database is also based on the mostly experimentally reported structures in the ICSD,
along with binary-alloy cluster expansions and hypothetical compounds [36]. Properties reported
are relaxed geometries, energies, band structures, bulk- and shear moduli, thermomechanical prop-
erties, etc. in different subsets of the dataset [5]. Standards for the underlying calculations within
the AFLOW repository are described in [37].

Structures are either taken from the ICSD database or generated from prototype crystal geometries
and then relaxed using consistent convergence parameters such that the forces on each atom are
below a certain threshold. After obtaining the relaxed structures (if the material did not come
from the Binary Alloy database), two more calculations are performed: STATIC and BANDS, the
first of which is the basis for thermodynamic and electronic properties in AFLOW, and the second
generates the electronic band structure.

Then the parameters for k-point sampling, potentials and basis sets, Fourier transform meshes,
DFT+U, etc., corrections are chosen based on predefined rules that take into account the con-
tributing elements and the dataset from which the structure came. If a calculation fails due to
hardware constraints or at runtime, the parameters are adapted. The electronic band gap in the
AFLOW repository is obtained by taking the difference between the conduction band minimum
and the valence band maximum, using the band structure calculated along high-symmetry paths

12
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in reciprocal space. [38]

The samples used in this work were pulled from the AFLOW repository using its REST API
and querying for materials where both the enthalpy of formation per atom and the electronic band
gap have been calculated, along with all the parameters that are used to construct the relaxed unit
cell used in the DFT calculation. The calculations were also filtered to only use calculations with
the "PAW-PBE” DFT-type label. This resulted in 102,428 entries (as pulled in June 2022). As
no structure had external pressure applied (pV=0), the values labelled as enthalpy of formation in
AFLOW are equivalent to energy of formation and therefore comparable to the MP-DB. Energies
of formation are a widely used benchmark to test machine learning models for materials science
[7][31][33][14][39] since energies can be interpreted in an atomistic way, with a specific contribution
from each atom and its local neighborhood. Also, the energy of formation at zero temperature
(T=0K) and no applied pressure can be used in conjunction with the convex hull to assess the
stability of a given phase of a crystal in comparison to other competing phases [38].

3.4 Comparison of materials databases

As described before, both materials databases (excluding the molecules dataset QM9), use VASP
as the underlying software package. The pseudo potential method is employed by projector-
augmented-wave (PAW) with the Perdew-Burke-Enzerhof (PBE) [40] parameterization of a generalized-
gradient approximation (GGA) to the DFT exchange-correlation functional [36]. Although both
databases use the same DFT methods, the parameters used in the individual calculations are dif-
ferent, e.g. choice of pseudopotential, which value to use as elemental reference state for formation
energies, and when to use DFT+U correction. One such parameter is the plane wave energy cut-
off, whose effect can be seen in differences in relaxed unit cell volumes, when comparing AFLOW,
OQMD and MP-DB structures. The energy cutoff for AFLOW is the highest with 560 eV, while
MP-DB, and OQMD have cutoffs of 520 eV and 400 eV, respectively. This parameter choice also
affects band gaps and hints at the fact that the band structures might be more converged in the
AFLOW dataset and therefore more consistent overall, leading to a better model.

Differences in the reference chemical potential of oxygen also contribute to deviations in ener-
gies of formation between the different databases, but when training on a single dataset, this
offset for oxides should be easily learned by the model. Another parameter is the choice of PAW
pseudopotential for different structures. VASP makes different choices with respect to pseudo po-
tentials with changing settings in the high-throughput databases. The potential has minimal effect
on formation energies, but the band gap values are affected severely. Some of these parameters
will be investigated in how they affect the prediction performance of the GNN.

13



4. Methods and Implementation

In the following section, the explicit methods for generating graphs is introduced along with the
equations that define the message passing algorithm and how the network is implementend in
code. The code is available at [41]. In the end of this chapter, the benchmark results using similar
datasets as in [31], QM9 and MP-DB, are discussed.

4.1 Representing systems of atoms as graphs

As discussed in Section 2.4.1, graphs allow us to construct a representation of a physical system
that has the proper invariances, and in section 2.4.2 this graph data structure was described. In
this section, we will define the physical system that we want to represent, and how we embed this
in a graph structure.

In materials science, an ideal material (or crystal) can be described just using a single unit cell
and defining the periodic boundaries [42]. This includes the lattice vectors and the positions of N
atoms within the unit cell. The lattice vectors define the tiling of space and can be grouped into
one of the 14 Bravais lattices. Every crystal in three-dimensions has three lattice vectors ay, ag,
ag, which span the primitive (unit) cell and can be defined in terms of their lengths and pairwise
angles. When we produce linear combinations of the lattice vectors with integer multiples, every
point R in the lattice can be reached (Eq. 4.1),

R =nja; + nsag + ngag,n; € N (41)

After defining the lattice vectors, in order to characterize the full crystal, a basis of N atoms is
needed. The basis describes the positions of the atoms within the primitive cell, and it can consist
of any number of atoms. Examples for different basis are elemental crystals with only a single
atom as the basis, like Cu, Ag or Au, the binary material NaCl has a basis of two atoms, while
protein crystals may consist of thousands of atoms per unit cell. When the atomic positions are
given with periodic boundariy conditions (PBC) or without PBC, then a local neighborhood can
be defined for each atom. This is usually done by calculating the distance to every other atom
within a specified cutoff radius. When there are PBCs, this can result in one or more neighbors
being in the periodic images of the unit cell, i.e. the distance vectors between pairwise neighbors
going across unit cell boundaries. Specifically, for smaller unit cells, if the cutoff is larger than the
unit cell length (e.g. for cubic unit cells), the atoms neighbor themselves, possibly multiple times.
This reflects the periodic boundaries of the system in the resulting graph, even though the graph
is not explicitly periodic. The adjacency matrix (see Eq. 2.5) is then defined by the neighborhood,
in contrast to Eq. 2.6, where the neighborhood is defined by the adjacency. In fact, it is not
possible to construct the adjacency matrix as defined in Eq. 2.5 for periodic systems, as there can
be multiple edges for each pair of atoms, and the representation is not considered a simple graph
with at most one edge per pair of nodes, but it is considered a multi-graph.

Apart from the constant cutoff, which is an intuitive way to construct the atomic neighborhood,
it can also be constructed using the k-nearest neighbors (KNN). As the name suggests, only the k
nearest atoms are defined as the neighborhood of each atom. When the cutoff is a constant length,
the resulting graph is symmetrical, whereas for KNN the graph is not symmetrical but the number
of neighbors is constant. This has several benefits. Firstly, there are no isolated atoms without
neighbors, where the neighborhood is undefined and which could make the prediction unstable or
undefined. Secondly, it was hypothesized that a constant number of neighbors makes the message
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passing algorithm more stable in general [31]. Lastly, the dynamic batching scheme (explained
in Section 4.5) is less likely to fail if the number of edges is bounded by the number of nodes
(Nedge = kNyode, for KNN), however, this is only a problem for small datasets with a large vari-
ance in graph sizes. It has been shown in [31] that a KNN cutoff with k& = 24 neighbors produces
the lowest mean absolute error when predicting formation energies on the OQMD dataset. So
this neighborhood cutoff will be used in this work, going forward, but if faster gradient steps are
desired or if the network architecture is changed significantly, this cutoff should be re-evaluated.

4.2 Message passing implementation

In the following sections, the specific functions used for graph updates will be defined, as taken
from [31]. We found this to be a good benchmark network, that achieved state of the art results
when it was introduced, while still being relatively simple to implement.

4.2.1 Node-/Edge embedding

Before nodes are updated, the raw node and edge features have to be embedded. The atomic
number (per node) and pairwise distance (per edge) is transformed into representations that the
neural network can learn from. With class labels this is usually done by one-hot encoding (OHE).
The atomic species of atom 4, Z;, is one-hot encoded into a vector with the number of different
atomic species as length. This OHE is then transformed into a vector with latent size Fj by
multiplying with a trainable weight matrix Wy, as follows:

hY = W, - OHE(Z;) (4.2)

The edges are embedded using a radial basis expansion, where the pairwise distances d;; between
atoms is described using Gaussians,

o (— R 2
e = eap [ - (dij — (—pmin — kA)) =0 ks 1. 43
/ A

This dimensional expansion from a scalar to a vector of size k.4, is analogous to one-hot encoding,
in that the model can decorrelate the input and output more easily [31].

4.2.2 Node-/Edge update functions

The nodes and edges are updated at each message passing step t. First the edge update is calculated
and applied, and then the node update is applied using the updated edges. For each edge, an edge-
wise message M;; is defined, that connects node 7 to node j. The equation for M;; is:

My(hi, by, ei5) = My(hi, e5;) = (Wihi) © o(Wio(Wiei). (4.4)

17 7 ) ’L]
The ® denotes element-wise multiplication. This function can be seen as a continuous filter, where
the edge feature attenuates the node feature, after both have been transformed by feed-forward
layers. The aggregation of edge-wise messages is defined as follows:

1
m?r = Z (hfv h§7 zg) (4.5)
JEN()
Edge-wise messages are aggregated into node-wise messages by either taking the sum of neighboring
features (as in Eq. 4.5) or the mean of neighbors. The edge update equation is defined as follows:

et = (W+1U(Wt+1(ht+1 ht“v zg))) (4.6)

ij
Eq. 4.6 consists of concatenating the sending and receiving node for nodes ¢ and j with the edge
feature e;;, which connects the two nodes. This concatenation is then passed into a two-layer
neural network with two shifted soft-plus activation functions. Nodes are then updated with the
node update equation:

h’?H = Sy(ht, t“) = hl + Wga(WimEH). (4.7)
Eq. 4.7 uses the aggregated messages mt+1 and the original node features h;. The node-wise
message is transformed in a two-layer neural network with one activation function and added with
the node feature to gain the updated node hﬁ“. This addition with the previous feature has
similarities to the residual connections used in ResNet [32], which enables researchers to train
deeper convolutional networks than without the residual connections.
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4.2.3 Global readout function

After T message passing steps, the interactions between nodes are stopped and the graph feature
is read by aggregating the node features to a single scalar. This is done by transforming the node
features in a neural network with one activation function and a hidden size of C'/2 and subsequently
summing over all nodes in the graph or taking the mean:

R({h{ € G}) = Z Wra(Wsh) (4.8)
hfeq

Whether the sum or the average is taken over all nodes (in Eq. 4.8 depends on the dataset and the
fitted property, here we show the equation for summation. This aggregation has to be invariant
with respect to the permutation of nodes, as their ordering should not matter and it also different
numbers of nodes have to be aggregated, as the graphs can have variable sizes.

Other aggregation functions for the readout have been tested and notably the set2set function
resulted in the best performance in [11]. set2set is based on the hidden state of a recurrent neural
network and can thus be expected to pick up on more complicated relations in a set of nodes.
However, this aggregation function is not evaluated here, since it adds more hyperparameters and
thus increases the training and evaluation complexity.

4.3 Libraries / Frameworks

As a computational framework, the JAX ecosystem [43] is used because of its use in recent state-
of-the-art research [21]. Features like automatic gradients and just-in-time compilation, and active
development that foster new scientific discoveries are especially appealing. In conjunction with
JAX, we use Haiku [44] for trainable neural network layers and Optaz [45] for optimization rou-
tines. Finally, for general graph networks we use Jraph [46] which provides a functional API to
apply transformations to arbitrary graphs. These four libraries form a cohesive framework for the
whole process of training a machine learning model (preferably neural network), apart from the
database interface.

As a local database for atomic structures the Atomic-Simulation-Environment database (ASE-
DB) is used for its straight forward selection and manipulation of compounds from the database.
The conversion of atomic structures to graphs is done only once for each database as described in
Section 2.4.2, using a constant cutoff or k-nearest neighbors, therefore the time consuming graph
generation does not have to be repeated for each hyperparameter experiment.

4.3.1 Complete algorithm

All of the single functions, like node update function and readout function are defined indepen-
dently in separate JAX functions. They are then put together inside multiple GraphNetwork
functions provided by Jraph which perform the algorithm on the whole graph. This allows the
whole algorithm to be just-in-time compiled by JAX, which provides a significant speedup over
non-compiled functions.
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Algorithm 1 Message passing algorithm with edge updates

function GNN(V,E) > First, embed edges and nodes
for all dij € F do
e} < RBF(d;;) > expand distances in radial basis functions
end for
for all Z, € V do > Loop over atomic number of nodes in graph
h} < Wy - OHE(Z;) > One hot encode atomic numbers and multiply by weight matrix
end for
t<0 > Initialize layer counter
while ¢t < T do
eﬁj‘l — Et(hEH, h;H, eﬁj) > Update edges with edge update function
M;j < M (hf, %, ef;) > Calculate edge-wise messages
m;"’l « ZieN(j) M, > Aggregate edge-wise messages to nodes
R« Sy(ht, mith) > Update nodes with incoming messages
t+t+1
end while
Y ﬁ Zh?eg NN(hT) > Apply Neural net on nodes and take mean over all nodes
return g

end function

4.4 Optimizer

For optimizing all message passing neural networks in this thesis, the Adaptive Moment Estima-
tion (ADAM) optimizer [47] is used. The ADAM optimizer combines adaptive learning rate and
momentum updates [48] in order to efficiently find global or at least good local minima in the
landscape of the loss function with very high dimensional models. The adaptive learning rate is
important in the case of our heterogeneous materials dataset, as some features of the data, i.e.
atomic number, are sparse, since some atomic species are very rare compared to others in the
dataset. Momentum in this context means that the present gradient step also takes into consider-
ation the previous gradient step. Momentum is used to avoid oscillatory behavior in regions with
steep gradient curve in one dimension and a flat gradient other dimensions.

The update rule for Adam is written as:

9t+1 = 9t - (49)

n .
= Ny
\V U + €
where 7 is the learning rate, m; and 9; are bias corrected first and second moment estimates of
the gradient, which are updated in the following way:

my = Bimy—1 + (1 — B1)ge (4.10)

v = Bovi—1 + (1 — B2)g; (4.11)

Common values for 51 and 1 are 0.9 and 0.999, which are also used in the implementation of this
thesis.

Despite the adaptive learning rate and momenta built into Adam already, most publications use a
decaying learning rate and exponential moving average in addition to the optimizer. This is mostly
a heuristic strategy, but it has proven to be a reliable strategy for making training more stable and
improving convergence of the training and evaluation losses. Many different learning schedules are
used in the literature like cosine decay, warm up steps, exponential decay, or a combination of two.
For simplicity and in order to stay close to the reference implementation in [31], an exponentially
decaying learning rate is used in this work. This mimics annealing the parameters and avoids
jumping between local minima at the end of the training process.

17



4.5. TRAINING LOOP CHAPTER 4. METHODS AND IMPLEMENTATION

4.5 Training loop

The training loop defines how the weight matrices are updated, when the model is evaluated on
the training dataset, when training is stopped, and when the state is checkpointed. Before the
training of the model, the data is divided into training, validation, and test data in an 80:10:10
split. Training and validation data are used for cross validation, and the model is finally evaluated
on the test data to asses the model’s performance on samples it has not encountered.

The model is trained with dynamic batches of a maximum of Npger, = 32 graphs (including
a padding graph) using the ADAM optimizer [47] provided by Optax. Batches are sampled with-
out replacement from the training dataset and reshuffled every epoch. Dynamic batches are created
by calculating the average number of nodes and edges for Nputen, — 1 graphs and rounding this
result up, in this case to the next multiple of 64. This value (power of 2) is motivated by the
processor architecture that is used, in that CPUs are often 64 bit and GPUs use banked memory
and specific optimized kernels that work best with data sizes of 2%V,

Then, during the training loop, graphs are sampled without replacement from the training dataset,
until the maximum number of nodes or edges is reached, or Npgtcp, — 1 graphs are retrieved. The
rest of the budget is then used for padding, and the result is a static number of nodes, edges, and
graphs. This only needs to be just-in-time compiled once and therefore greatly increases the speed
of each graph network evaluation.

During each training step, the gradient of the loss function with respect to the model weights
W, is computed, and the model weights are updated according to the gradient and the ADAM
optimizer state and momenta. The loss function is the mean-squared-error:

1 NBatch

> @) —w)? (4.12)

i=1

L({zi}, {Wn}) =

NBatch

Here, x; is the input to the model, i.e. the crystal graph, §(z;) is the predicted scalar of the
model for input x;, and y; is the true label for the graph . Every 50,000 gradient steps the
model is evaluated on all splits, but only the validation error is used for model selection. During
evaluation, the mean-squared-error (MSE) and the mean-absolute-error (MAE) are evaluated, and
if the validation MSE decreases, the model is saved as the new best model.
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5. Results

In this chapter, the results of the graph neural networks are described. First the model is evaluated
on two benchmark datasets QM9 and MP-DB, as to include both molecules and periodic structures
for reference. The comparability of these results is discussed with respect to other literature on this
data. Secondly, we present promising results on the AFLOW dataset, both when fitting energy of
formation and the electronic bandgap, followed by evaluation on unseen test data. These results
are compared to a descriptor based model and the advantages of GNNs are discussed.

5.1 Learning internal energy on QM9

The procedure for normalizing the inputs is the same as described in [31]. Though the target
energy is the total for the whole molecule, we want the model to fit energy contributions of each
atom, as this fits closest with the architecture of the model, with respect to updating the nodes and
edges iteratively. To achieve this, the mean energy per atom for the whole dataset is calculated by
o= % > :T, where t; is the target energy and n; is the number of atoms in the i-th sample, N
is the number of samples in the whole dataset. Then the standard deviation of the mean energy

1 b

per atom is calculated as: 6 = 371/>,(-~ — f1)2. Finally the targets are rescaled be subtracting

n;-times the mean energy per atom and dividing by the standard deviation: ¢; = t‘%'"l“ The
scaled targets are used to train the model, so the model also outputs scaled predictions, which
need to be scaled back, by multiplying by standard deviation and adding the atom-wise mean.
This step is implied in all following regression tasks.

The model performance on the internal energy as obtained from the QM9 dataset can be seen
in Fig. 5.1. As shown, the energy regression is precise with respect to the standard deviation of
the data, with a coefficient of determination of R? > 0.999 on the test set. On this dataset and
model, overfitting on the training data is not too prominent but still observable, when looking at
the MAE on training data compared to the MAE on the test data (8.7 meV compared to 13.9
meV). As discussed in Section 4.5, we define the optimization as minimizing the MSE, i.e. the
gradient is calculated using the MSE, which is a smooth function at the origin, while the MAE is
not smooth at zero error. The reason for choosing the MSE for the loss function and gradient is
being able to compare with other literature on QM9, but heuristically, the MSE should also weight
outliers in the target distribution more as the gradient of the MSE increases towards higher errors,
while the gradient of the MAE is flat over the whole target range.

When comparing to the original results for this model architecture, it is obvious that the MAE
on unseen data (test split) in this work is around 30% larger than in [31]. This can have various
reasons, like different molecules in each split, especially in the test split. Another possibility is the
different batching. In [31], the batching was done statically, i.e. with one batch size for the whole
training loop, while in this work, we use dynamic batching, where the batch size is adapted to the
size of the included graphs. These differences in the training/evaluation paired with errors of the
same magnitude in our implementation and that of [31], suggests that the re-implementation is
successful.
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Figure 5.1: Model prediction for the internal energy Uy from the QM9 dataset, using the base
model on the test split. The blue squares represent histogram bins.

5.2 Learning formation energy on MP-DB

When trying to test the model on data from the MP-DB [49], we are facing not only the problem
of unavailable split data, but also that the database has expanded since the publication of the
reference model [31]. Nonetheless, we do the same filtering for elements, excluding noble gases
(He, Ne, AR, Kr, Xe) and get 84 different elements, similar to the reference. For our dataset, this
results in a total of 126,147 materials, divided into a 80:10:10 split. In comparison, the reference
dataset from the MP consisted of 69,640 compounds, so nearly half as many. In theory, nearly
doubling the dataset size should help the model with generalization and improve the overall test
error, but it is unclear whether the additional data come from the same distribution.

We compare the regression models by fitting formation energies, that have been normalized in
the standard way by subtracting the mean and dividing by the standard deviation of the targets
and after model inference, the targets and predictions are scaled back to the original distribution.
This produces a model with an MAE of 42 meV /atom on the test dataset, with a coefficient of
determination R? = 0.994. As the accuracy of DFT predictions compared to experimental results
(assumed ground truth, although there can be significant variance between different experiments)
is around 100 meV /atom [50], the model’s fit of DFT data can be considered relatively precise.
But when comparing this MAE to the reference result of 22.7 eV/atom [31], our model is not as
accurate, not taking into account the different underlying datasets, which is hard to correct for.

From the learning curve (in Fig. 5.3), we can also see that the model stops improving after
fewer than 1 million gradient steps, on the validation and test data. This is undesirable and hints
at tuning the learning rate (which was taken from the reference implementation) or adding reg-
ularization (not included in the reference model), as the training error continues improving even
after 1 million gradient steps. Evidently, the model has the capability to adapt to the training
dataset as the training loss decreases steadily, but it lacks generalization capability. This is likely
due to a relatively high number of parameters (around 2.5 million weights) without a regularizing
loss.
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Figure 5.2: Model predictions for formation energy per atom on the Materials Project database,
using the test split. The dashed grey line is the ideal fit §(z) = y. Every blue square is one
histogram bin.

Figure 5.3: Learning curves for fitting the reference model on Materials Project data. Root mean
squared error on the top, mean absolute error on the bottom for all three splits. The training is
stopped when the validation RMSE does not improve in the last one million gradient steps. Here,
this is the case at step 1.4 million. The model with the lowest validation RMSE (here, at step
700,000) is saved and used for evaluation on the test split.
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5.3 Learning formation energy on AFLOW

In order to evaluate this model on untested data from the ALOW database, we pull the data as
described in Section 3.3. The target values are normalized as described before in Section 5.2 using
the mean and standard deviation. Outliers with a formation energy of less than -10 eV /atom or
higher than 70 eV /atom were removed. This is equivalent to removing outliers of more than 5 o
away from the mean. Also, only calculations using the PAW-PBE DFT-type label are used to be
more consistent. Calculations with other functionals are present in AFLOW, but only represent a
small fraction of the data. With this filtering, the relatively heterogenous dataset is made slightly
more homogeneous.

The regression of formation energies results in a fit with an MAE of 19 meV on the test set,
with a coefficient of determination of R? = 0.991, which is more precise than the fit of the MP-DB.
The regression result is shown in Fig. 5.4, along with the learning curve in Fig. 5.5. This improved
result on the AFLOW materials can be interpreted as an indicator of the heterogenity of the Ma-
terials Project data, while the ALFOW data is more homogenous. This can be a result both from
tighter convergence of the calculations or from more similar input structures in AFLOW, i.e. fewer
different atomic species (84 in MP-DB, after removing noble gases, versus 74 in AFLOW, including
noble gases). Another observation can be made when grouping the structures with their respective
prediction error into one of seven crystal systems. It can be seen that the error is lowest for cubic
systems in the test split. This might be expected, since around 87% of the dataset consists of
cubic systems. However, it also confirms that the model learns from the graph topology and not
only from pairwise distances and thus predictions including their precision is heavily influenced
by graph connectivity. This is facilitated by including next-neighbor interactions with multiple
message passing steps.

Model Property | MAE RMSE R? Accuracy
(meV) (meV)

MPEU Ep /atom | 24413 69 £ 16 0.993 +£0.004 | -

MPEU FEpa 251 + 28 524 + 54 0.917+0.021 | 0.984 £ 0.003

PLMF [5]x Epc 350 510 0.90 0.93

Table 5.1: Summary of tenfold cross-validated models on formation energies (Er) and band gaps
(Epg). (* indicates an earlier AFLOW dataset snapshot). The model in this work is denoted
as MPEU (message passing with edge updates). The last column shows accuracy of the logistic
regression applied to the band gap predictions, and the other metrics on Epg refer to predicted
non-metals. Error values are calculated from the standard deviation over ten random training-
validation-test splits.
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Figure 5.4: Predicted versus DFT energy of formation for compounds from the AFLOW database,
using the test split. This model resulted in the best performance from the cross-validated hyper-
parameters. The dashed line shows §(z) =y, i.e. where points of a perfect fit would lie.

Figure 5.5: Learning curves for different splits when fitting the AFLOW energies of formation
per atom, evaluated using root mean squared error (RMSE) and mean absolute error (MAE). The
outlier in the training split likely results from a bad gradient step that produces a highly inaccurate
prediction on a single datapoint. In this case, the optimizer still recovered from this gradient step.
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Figure 5.6: Box plot of absolute prediction errors for formation energy per atom with respect to
the crystal system. The dashed grey line shows the median error of all classes, as a guide to the
eye.

Figure 5.7: Box plot of absolute prediction errors for band gap with respect to the crystal system.
The dashed grey line shows the median error of all classes, as a guide to the eye.
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5.4 Learning electronic band gap on AFLOW

Predicting the electronic band gap is expected to be a more challenging task than energies of
formation. Formation energies can still be understood as having contributions from each atom
and their bonds, whereas the band gap cannot be estimated from contributions of single atoms.
The property ”electronic band gap” is calculated in reciprocal space, which challenges the basic
architecture of GNNs that act on local neighborhoods within the atomistic graph. Additionally,
in terms of density functional theory, the property that is actually calculated in the materials
databases is the difference in Kohn-Sham energies, which is systematically different from the true
band gap of a structure. Even if the exact functional was used in the DFT calculation, the calcu-
lated Kohn-Sham band gaps are not equal to the true band gaps, whereas the formation energy
would be exact. However, this does not prevent us from learning Kohn-Sham band gaps, and thus,
this property can still serve as a useful benchmark.

Another indicator for the difficulty of predicting band gaps is the scaled MAE for the E, and
the E; benchmarks on the Materials Project’s MatBench [51]. The scaled MAE is defined as the
mean absolute error divided by the mean absolute deviation for the dataset and indicates how good
a fit is similar to the R? coefficient. The best model on both benchmarks, ALIGNN [39], has a
scaled MAE of 0.02 and 0.14 for energies of formation and bandgaps respectively. Furthermore, it
is widely known that density-functional theory in the local-density-approximation (LDA) and the
generalized-gradient-approximation (GGA) systematically underestimates band gaps [52][53][54].
This systematic error can be improved by the use of hybrid functionals [55], but an expansive
database has yet to be created using this method. It is expected that the model that is fitted on
the same data, carries the same bias. This should be kept in mind when discussing the use of
GNNs trained on DFT data in high throughput searches, e.g. for large band gap materials.

Figure 5.8: Workflow of band gap fitting using MPNN and post-classification using a logistic
regression model. First, a message passing neural network is trained to predict band gaps from the
crystal structure. These predictions are combined with the true band gap type label (as produced
by the AFLOW calculation) to train a logistic regression model. This model produces a band
gap cutoff threshold. Compounds with a predicted band gap below the cutoff are classified as
metals, and compounds with predicted band gaps above the cutoff are predicted as non-metals.
Following the procedure in [5], we first classify our test data as non-metal and metal and report
classification metrics. We then report band gap regression metrics for the materials in the test
dataset we classify as non-metal.

Before fitting the model, the dataset is cleaned by only using calculations with the PAW-PBE
DFT-type label (similar to the selection when filtering enthalpy of formation in Section 5.3). The
result of the band gap regression can be seen in Fig. 5.9. The high coefficient of determination
of R? = 0.930 on the test set shows that despite the data distribution, the prediction of unseen
data is relatively accurate. We also see that there is a strong dependence on the space group,
when predicting the band gap (Fig. 5.7). The difference between cubic systems and other systems
is even more evident than for the energy of formation model. However, the mean absolute error
is underestimated, since the classes metals and non-metals are not balanced (about 80% of the
structures in the AFLOW database are predicted by DFT to be metals). This leads to a bias in
the model to make null predictions, i.e. predicting a band gap of 0, regardless of composition and
structure. In order to have a less biased MAE, we calculate the MAE for non-metals only. To
achieve this, the predictions for the band gap are used in a logistic regression, along with the true
DFT band gap type to produce a model that classifies metals vs. non-metals/insulators. This
workflow is illustrated in Fig. 5.8. In other publications this metal/non-metal classification is done
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by training an additional model, using a similar architecture, with a classification loss, like binary
cross-entropy [5][7][33].

We show that in contrast to common practice, a single model can be trained to estimate band
gaps and classify metals/non-metals. The overall classification rate is high with a total accuracy
of 0.984 (see Table 5.1), averaged over 10 training/validation/test splits. As the dataset is quite
unbalanced with 80% metals, the total accuracy is not the best measure to be looked at. The
area-under-curve of the receiver-operator characteristic gives a threshold independent metric that
accounts for unbalanced classes and gives a more accurate representation of the classification, es-
pecially if the goal is to find non-metals or insulators. The AUC for the logistic regression model is
relatively high with 0.98 (see Fig. 5.10). Other metrics to consider are sensitivity and specificity.
If the correct classification of a metal is considered a true-positive result, the average sensitivity
of the model is 0.994 and the average specificity is 0.934. This shows the expected bias towards
predicting a structure to be a metal as a result of the unbalanced dataset classes. In other words,
a non-metal is correctly classified 93.4% of the time (averaged over all models from using different
training/validation/test splits).

We see that the model predicts one structure to have a band gap of -2 eV. This structure is
SiOs, in the hexagonal space group and trigonal-trapezoidal point group. This is a nonphysical
prediction from our model which is not constrained to predict only positive bandgaps. It might be
a result of the scaling and normalization of inputs, which is routine in all neural network models.
More investigation is needed into how the output can be constrained to be positive. In Section 5.6,
we show that oxides are predicted with lower accuracy than other species, therefore this outlier
fits the observation with respect to space groups and species.

Figure 5.9: Band gap regression result on the test set overlaid with the binary classification in
terms of metal vs. non-metal. The classifier calculates the threshold that best divides metals
and non-metals using the band gap prediction from the GNN. This is done with a simple, binary
logistic regression. One outlier with a negative predicted band gap can be seen, as there is no prior
assumption made for the distribution of target band gaps. The outlier material is SiOs.
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Figure 5.10: Band gap classification receiver-operator-characteristic (ROC) curve.

5.5 Cross validation and grid search

The hyperparameters of the base model in [31] were optimized for the OQMD and MP databases,
thus the precision might not be optimal on a different dataset, e.g. AFLOW. For this reason,
a full grid search of chosen hyperparameters is done in order to identify and easily visualize the
important settings for the model. We opt to focus on optimizing the latent size, number of message
passing steps, initial learning rate, and learning rate decay. The first two determine the model
architecture and number of learnable parameters, while the two latter define the training process
and parameter updates using the ADAM optimizer.

For each set of hyperparameters, the training is performed as described in Section 4.5, holding
out the test split evaluation until the model with the best performance on the validation split is
found. This ensures that the hyperparameter combination is not overfit on the specific test split
and a truly separate split is evaluated on in order to assess the final predictive performance. The
results of the grid search is shown in Fig. 5.11. The most important and also sensitive parameters
are the latent size, number of message passing steps, and initial learning rate. Here, the best
parameters are 128 latent nodes as hidden representation, five message passing steps and an initial
learning rate of 1e-4 for the ADAM optimizer. We can see that compared to the hyperparameters
in [31], the optimal model is deeper and not as wide when adapting to the AFLOW dataset. This
also means that the model has fewer parameters, as the number of weights scales linearly with the
number of message passing steps and quadratically with the latent size. The same can be said
about time complexity of a gradient step, which scales linearly with the number of message passing
steps and quadratically with the latent size.

However, this resulting optimal network configuration has quite high variance when repeating
the training on different training splits and even with the same splits due to the stochastic na-
ture of the training. Trends for model hyperparameters can be seen from the grid search, but if
the true optimal model is desired, nested cross-validation [56] should be used. This produces an
almost unbiased performance estimate with respect to the training-validation-test split. As the
computational demand for the nested procedure is quite high, however, this evaluation is not in
the scope of this thesis. In other publications, the prohibitive cost also deters researchers from
using the nested cross-validation technique.
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As a whole, the hyperparameters given in [31] are useful as base guesses for the optimal parameters
for the AFLOW energy of formation fit, but more optimal parameters can be found using a simple
grid search. These hyperparameters are used to fit the band gaps on the AFLOW structures, as
there are more parameters with larger latent sizes and more message passing steps, which should
be beneficial when fitting a more complicated, non-local function such as band gap, compared to
simple energies, such as energy of formation per atom.

Figure 5.11: Grid search results for optimal hyperparameters, on the AFLOW dataset. Shown are
the root mean squared errors (RMSE) on the validation split when fitting the energy of formation
per atom, as the minimum of the learning curve, i.e. the lowest validation error evaluated during
training. The model is evaluated every 50,000 gradient steps. For better visibility of the trends,
some outlier points with non-converged models are not shown.

5.6 Species analysis

In order to better understand the models’ capacity and shortcomings, we analyze its ability to pre-
dict the formation and band gap of unseen structures with varying atomic species. This shows in
how far the prediction error depends on the number of examples per atomic species in the training
set. It might also show that some classes of materials are harder to predict even though there are
many training examples. In Fig. 5.12, it is shown that mostly the MAE decreases with increasing
number of samples with the same species and there is an approximate upper bound on the MAE
that decays roughly exponentially with the number of samples. We see that most samples are from
the transition metal class of the Periodic Table, and the errors are clustered around an MAE of
0.01 eV/atom.

The biggest outliers are the elements neon and oxygen. The great predictive performance on
neon compounds is easily explained by the fact that from the 26 compounds containing Neon in
the dataset, all but one are elemental crystals with the same space group. This means that the
structures are very similar and mostly describe different densities of the same material, making it
easy for the model to interpolate. Oxides, i.e. compounds containing oxygen on the other hand
seem to be hard to predict, despite there being more than 9000 oxides in the training split. One
possible explanation for this is the complicated electronic structure of transition metal oxides which
are a subgroup of rather strongly correlated materials that challenge the predictive accuracy of
DFT. For this reason, often methods that go beyond DFT are used to correct for this behavior
[57], such as the DFT+U correction in the AFLOW database [37]. This parameter is chosen on
a per element basis in the calculation of the database entries, but it is not fed into the model.
As a consequence the model has to infer the corrected formation energy without knowing if the
calculation uses the DF'T+U correction.
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Figure 5.12: Prediction performance based on mean absolute error and number of species in the
training split, when predicting formation energies on the AFLOW dataset. MAFEs are based on
the test data split. Some species are highlighted with a label, in order to show outliers or give
examples for specific families in the Periodic Table.

The differences between prediction errors grouped with species become even more evident when
predicting the band gap. In Fig. 5.13, the mean absolute error for band gap predictions depending
on number of compounds with specific elements in the training split is shown. The MAEs of the
tight cluster of transition metals are now spread from 0.001 eV to about 0.02 eV. This shows that
the different numbers of valence electrons are more important when predicting band gaps, which
makes sense, intuitively. We also see that now lanthanoids are predicted more precisely than noble
gases, whereas it was the other way around for formation energies. Again, oxides are an outlier
in this plot, and it can be hypothesized that this is again an effect of the more complicated inter-
atomic interactions in oxides, and the deviation from other materials is more pronounced for band
gaps.

This kind of analysis is important when applying the model on new domains, where no refer-
ence label is available and the validity of the prediction is important. If the application of this
specific model is e.g. high-throughput search, then the most precise predictions should be expected
for transition metals, but predictions for oxides are expected to be less accurate. If the goal is
prediction on a specific material class, the training can also be adapted to be more precise on
this specific class, by weighting the loss function more for the desired class. This kind of model
specialization should be examined further, while also investigating the effect of smaller training
data size, but is not in the scope of this thesis. The MAE has also been shown to drop off with
increasing training data size [7][39][26].
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Figure 5.13: Prediction performance based on mean absolute error and number of species in the
training split, when predicting band gaps on the AFLOW dataset. MAEs are based on the test
data split. Color-code for the different element classes can be taken from Fig. 5.12. Some families
are highlighted with a label, in order to show outliers or give examples for specific species.

5.7 Monte-Carlo-Dropout uncertainty

Reliable uncertainty estimates are important when deploying a machine learning model in a real
application [58], as well as is in active learning, where data points are picked based on the uncer-
tainty in a certain region of input space or in high throughput searches, when candidate structures
to simulate or even synthesize are picked [59]. One possibility to get an uncertainty estimate is
Monte-Carlo Dropout (MCD). The dropout enables stochastic predictions from a ”virtual ensem-
ble”, and aggregating these predictions gives an uncertainty in the same way as a Gaussian Process
would [60].

In order to add dropout into the model while not changing the model architecture too much,
we opt to add additional funnelling layers after the aggregation of nodes in the readout function,
containing dropout layers. These are tested with dropout rates of 0, 0.1, and 0.2. As can be
seen in Fig. 5.14, the prediction standard deviation does not directly correlate very well with the
absolute error of the prediction, for the training and test splits. A similarly absent correlation
can be found in [59] for their experiment on the Online News Popularity dataset. In contrast,
they achieved much better correlation (Pearson correlation coefficient equal to 0.93) on the CT
(computed tomography) slices dataset [59].

Going back to results of MCD on AFLOW data, however, we can see better uncertainty esti-
mates, when splitting the data into different subsets, with different numbers of training data.
Looking at distributions of uncertainties when the data is split into crystal systems (Fig. 5.15), it
is apparent that the model is more ”certain” (i.e. lower standard deviation with MCD) for cubic
systems, than all other symmetries. This confirms the expectation that the model is more certain
for systems it has more training data on, since the dataset consists of about 87% cubic systems,
but this effect is not reflected in the overall uncertainty depending on absolute error. The same

30



CHAPTER 5. RESULTS 5.7. MONTE-CARLO-DROPOUT UNCERTAINTY

can be observed when dividing the test data into DFT+U corrected calculations and uncorrected
calculations. In Fig. 5.16, we see that the model is more certain of predictions that are not cor-
rected using the Hubbard U correction. This observation warrants further investigation, since the
model might also be better trained on uncorrected calculations, due to the unbalanced dataset,
with respect to number of corrected and uncorrected calculations.

Figure 5.14: Monte-Carlo dropout uncertainties plotted against absolute errors for the different
splits. For each structure from the AFLOW dataset, ten predictions of the energy of formation
per atom are made using dropout with different seeds and the standard deviation is calculated.
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Figure 5.15: Violin plot of model uncertainties on test AFLOW dataset, targeting formation
energies for different crystal systems. Violins show the distribution of standard deviations together
with median and quarter-percentiles. Above each violin is the number of structures in the training
split with the respective space group.

Figure 5.16: Distribution of uncertainties with Monte-Carlo dropout with ten samples per struc-
ture, for whether or not a Hubbard U correction was applied on the original structure. Predicted
property is energy of formation per atom of the AFLOW database. All structures are taken from
the test split. Also shown is the number of corrected and uncorrected calculations in the training
split.
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6. Conclusion and outlook

In this thesis, it was shown that the popular Message Passing framework for Graph Neural Networks
can achieve high precision when predicting DFT calculated energetic and electronic properties.
However, it is important to note that the model learns the same biases as the DFT calculations.
This is even more important when looking at the results of band gap prediction, which carry a
systematic error in DFT, compared to experiment. Here, the model predictions do not quite match
DFT precision, after filtering out predicted metals, even though the classification between metal
versus non-metal reaches high accuracy. All of these results are achieved on the AFLOW dataset,
which has not been widely used as a machine learning benchmark, however the results are promis-
ing for future use of this data.

It is also shown in how far the data distribution affects the predictive power and uncertainties
of the model. As expected, the model performs better and with more certainty in regions of the
data where more training data exists. This is reflected when splitting the data in crystal classes,
which shows the model’s dependency on local topology when predicting formation energies, as this
is a key feature of MPNNs. Furthermore, even information hidden to the model, like Hubbard U
correction, which can only be inferred from pairwise distances in the relaxed structure, affects the
model uncertainty in a significant way. In order to get a general uncertainty estimate, one that is
linearly correlated to the actual absolute error, the model needs to be modified, potentially with
dropout nodes in every hidden layer or with an ensemble of models. These experiments are left to
future research, however.

There are some well known and proven limitations of MPNNs in which structures they can differen-
tiate, even when the graphs are non-isomorphic [61]. This poses a challenge for theoreticians as the
MPNNSs limits are still relatively unexplored on real-world data, as there might be an interesting
class of materials or chemicals that act very differently in the real world, but are indistinguishable
for the model. A simple example of this is chirality, which the model cannot account for. Some
of these problems are addressed with GNNs that take into account three-body terms and angles
[25][39]]26], but even these have representational limitations [61]. The challenges created by these
limitations are still to be explored.

Applications that have been tested and those which have been hypothesized are plenty. The most
obvious usage of a fast approximation of DFT energies and electronic properties is high-thoughput
screening with a very large pool of possible structures, enabling very fine-grained filters for e.g.
stability, mechanical, thermal and electronic properties. This would allow for the prototyping of
very finely tuned materials that have the exact properties that are needed. This process can also
be turned around with generative models, which are based on good predictive models like GNNs.
With a generative model the high amount of initial structures can be reduced and structures with
the desired properties are generated directly. The systematic errors of predictions based on DFT
can also be reduced by fine tuning a model based on DFT data, using experimental data in a
process called transfer learning.

The most important aspects when evaluating a machine learning model is not only the mean
absolute error in regression or accuracy in prediction but also specific tests that probe the gener-
alization capability of the model. While the models can be improved further and further in the
performance on a specific test set of benchmark, there are still some questions that have to be
kept in mind. First, do we need more accurate models? If the underlying training data is biased
or if the application the predictions should be used for does not need more accurate predictions,
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perhaps other aspects should be focused on. If the average absolute error is comparatively low,
but the model is not able to generalize to some interesting materials or domains, then not overall
performance should be targeted, but the domain of applicability should be questioned. Second,
what are the valid domains in which the model has enough predictive power? With the material
dataset used, good predictions can only be expected for relaxed structures, that are generated using
the same methods as have been used for generating the training dataset. Structures that are not
similar to the training dataset, i.e. are out of distribution, with respect to some input parameter
or output target, are not expected to be well predicted by the model. Another aspect of this can
be transferred from the computer vision field of machine learning. Here significant insights have
been gained from transforming the input data, by masking it or adding small amounts of noise.
This leads to insights in the attention to specific features in the model or how easy adversarial
attacks are on the network. This kind of insight could also be useful in future research in order to
make GNN models for materials science more robust and generalise better.
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