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1 Introduction

The goal of theoretical condensed matter and materials physics is a precise description of
the fundamental properties of matter. In view of technological applications, particularly
in photovoltaics and optoelectronics, the optical properties like the absorption behavior
of a material are of special interest [1]. They are determined by the excitations of
coupled electron-hole pairs, excitons, which are formed due to the attractive Coulomb
potential between the particles. Of particular importance is the binding energy of the
excitonic ground state, which determines the optical absorption onset. The interaction
strength between electron and hole and, thus, the binding energy, are affected by the
formation of polarization clouds around the charge carriers. This process, known as
screening, plays a central role in the exciton formation, and is therefore a major object
of research [2, 3].

Many materials studied owing to their technological applicability are polar. Classical
examples are GaN and MgO [4,5], but in the last decades also more complex materials
like Ga2O3 [6, 7] and various perovskites [8] have attracted attention due to their
outstanding properties. At variance with non-polar semiconductors like silicon, the
coupling between electrons and phonons, collective vibrational modes of the crystal
lattice, plays a crucial role in the formation of excitons. For large wavelengths, the
polar nature of the crystal gives rise to macroscopic electric fields, that can directly
couple to charge carriers. The attraction between electron and hole is therefore not
only screened by electrons but also by the lattice. However, the lattice polarization
is not always able to follow the exciton formation. In materials with large excitonic
binding energies, the exciton formation is so fast that the lattice is unable to follow and
does not contribute to the screening. In this case, the screening is solely given by the
electronic contribution. By contrast, the lattice can fully contribute to the screening
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if the binding energy is small and the exciton formation is slow. In all cases between
those extremes, the lattice contributes partially to the screening [2].

For understanding the optical properties and designing novel materials for optoelectronic
devices, the precise simulation of excitonic effects is indispensable. In this context,
ab-initio or first-principles methods, describing physical processes on a fundamental
quantum-mechanical level, are highly relevant. Those methods require no empirical
information about the system and are therefore widely applicable and more predictive
than parameterized methods relying on experimental input. A rigorous theoretical
framework allowing for first-principles calculations of both electron-hole and electron-
phonon interactions is given by a many-body formulation based on quantum field
theory. In particular, the solution of the Bethe-Salpeter equation (BSE) has become
the state-of-the-art technique in order to deal with electron-hole interactions in periodic
systems and molecules [9, 10].

However, many BSE implementations (see, e.g., [11, 12]) consider only electronic
screening effects, that can be calculated ab initio in the random-phase approximation
[13]. Regarding the impact of electron-phonon coupling on the electron-hole interaction,
so far no description from first principles exists, although the problem is well-known in
the literature [2, 14]. Therefore, the effects of lattice screening are either completely
neglected or treated at a certain level of approximation. The simplest approach consists
of replacing the pure electronic dielectric constant by an effective dielectric constant
obtained from fitting the calculated binding energy to an experimental value [5]. A more
refined strategy used in the literature, is the use of models for the dielectric function.
Nevertheless, simplifying assumptions are needed, which include the restriction to
the long-wave-length limit and the coupling to only specific phonon modes [15, 16].
Despite the fact that these approaches improve the theoretical predictions of exciton
binding energies in a quantitative way, it is clear that a more fundamental description
is desirable. Especially for complex materials like Ga2O3, having multiple phonon
modes, more general models are crucial to correctly capture the physical processes
taking place.

The aim of this work is to provide a first-principles approach describing the influence
of electron-phonon coupling on excitonic binding energies in polar insulators and
semiconductors. This is achieved by deriving a phonon contribution to the screened
Coulomb interaction, which is then included in the solution of the BSE. Here, a
central step is the explicit treatment of dynamical effects. The implementation into
the all-electron code exciting [17] enables the numerical evaluation of the developed
approach.

The thesis is structured as follows: Chapter 2 is devoted to the calculation of the
electronic ground state using density-functional theory, and the computation of phonons
in polar materials. In Chapter 3, the central ideas of many-body perturbation theory
and the calculation of excited states via the BSE are presented. Here, also the
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fundamentals of electron-phonon interactions are reviewed. Chapter 4 begins with a
general derivation of the phonon contribution to the screened Coulomb interaction
and its effect on the solutions of the BSE. The approach is applied to polar materials
and the implementation into exciting is presented. In Chapter 4.3, the results for
various polar semiconductors and insulators are discussed. The values computed within
the first-principles approach are compared with results obtained by the Wannier-Mott
model and with experimental data.
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2 Basic ground-state theory

2.1 The many-body problem

All physical properties of a solid-state material, consisting of N electrons and NK
nuclei, are fully described by a many-body wave function obeying a time-independent
Schrödinger equation. However, solving the full equation is computational impossible as
it depends on 3N+3NK spatial coordinates, that both are in the order of 1023. Therefore,
simplifications are needed in order to determine the wave function of the system. The
first one usually made in this context is the Born-Oppenheimer approximation. It is
based on the fact that the electron’s mass is much smaller than the masses of the nuclei
such that electronic and nuclear degrees of freedom can be separated. As a consequence,
the electronic wave function can be determined for a given nuclear configuration entering
the equation only parametrically. After applying this approximation, it remains the
following equation† describing the behavior of N interacting electrons in the external
field generated by the nuclei:−∑

i

∇2
i

2 + 1
2
∑
i 6=j

1
|ri − rj|

−
∑
i,I

ZI
|ri −RI |

Ψ(r1, r2, ..., rN) = EΨ(r1, r2, ..., rN),

(2.1)

with the set of atomic numbers {Z1, Z2, ..., ZNK} and the sets of electronic coordi-
nates {r1, r2, ..., rN} nuclear coordinates {R1,R2, ...,RNK}. The summation indices in
Eq. (2.1) are i for the electrons and I for the nuclei. The electronic wave function is

†Throughout this thesis, atomic units are used, i.e., ~ = e = me = 1, where ~ is the reduced Planck
constant, and e and me are the electron’s charge and mass, respectively.
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denoted as Ψ(r1, r2, ..., rN). The first and second term describe the electrons’ kinetic
energy and their interaction among each other. They are universal operators for every
system of N electrons, whereas the third term is an external potential V̂ext that is
caused by the nuclei and depends on the system to be studied. The external potential
can be written as a sum of one-particle potentials v̂ext according to

V̂ext =
∑
i

v̂ext(ri). (2.2)

Equation (2.1) now depends on 3N spatial coordinates. A full solution, however, is
still computationally not feasible due to the electron-electron interaction. An approach
avoiding to find the full electronic wave function is density-functional theory, which
shall be introduced in the following section.

2.2 Density-functional theory

Within the framework of density-functional theory (DFT), the electronic ground-state
(GS) density nGS(r), depending only on 3 variables, is used as a central object instead
of the electronic wave function. All observables can be defined as functionals of the
density, which significantly reduces the computational effort as the solution of the full
Schrödinger equation (Eq. (2.1)) can be avoided.

The legitimacy of DFT is given by the two theorems of Hohenberg and Kohn [18]. The
first Hohenberg-Kohn (HK) theorem states that there is a one-to-one correspondence
between the external potential v̂ext(r) in Eq. (2.1) and the GS electronic density. As a
result of this, the GS energy (in the following also referred to as the total energy) of
the system is also a functional of the GS density, which has the form

E[nGS] =
∫
dr vext(r)nGS(r) + T [nGS] + U [nGS] =

∫
dr vext(r)nGS(r) + F [nGS], (2.3)

where T [n] and U [n] are universal functionals arising from the kinetic energy of the
electrons and their interaction, respectively, and F [n] is their sum. The second theorem
states that the functional E[n] is minimized if (and only if) the input density is the
true GS density. To do actual computations, an explicit expression for F [n] is needed,
which is not yet given by the two theorems. One possible form was introduced by Kohn
and Sham (KS) [19] who proposed a separation of the functional into three parts:

F [n] = T0[n] + EH[n] + Exc[n]. (2.4)

Thus, F [n] is divided into the kinetic-energy functional of non-interacting electrons
T0[n], the Hartree-energy EH[n] resulting from the classical electrostatic interaction,
and the exchange-correlation functional Exc[n] including all many-body quantum effects,
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which have not been accounted for. According to the second HK theorem, the functional
derivative of E[n] vanishes for the true GS density. Under the condition that the number
of electrons N is a constant, which can be ensured by introducing a Lagrange multiplier
µ, this leads to

δE[n] =
∫
dr
[
δT0[n]
δn(r) + vKS(r)− µ

]
δn(r) = 0. (2.5)

In this equation, the effective KS potential vKS(r) is given by

vKS(r) = vext(r) +
∫
dr′ n(r′)
|r− r′|

+ δExc[n]
δn(r) . (2.6)

Equation (2.5) also holds for a system of non-interacting electrons in an effective
external potential vKS(r). Consequently, the problem of finding the GS density of
a system of N interacting electrons in an external potential can be reformulated as
finding the GS density of a system of N non-interacting electrons in the effective
KS potential. The GS density can therefore be obtained by solving N single-particle
Schrödinger equations, also referred to as the KS equations:[

−∇
2

2 + vKS(r)
]
ψi(r) = εi ψi(r). (2.7)

The set of single-particle wave functions {ψ1, ψ2, ...ψN} yields the GS density of the
interacting system as

nGS(r) =
N∑
i=1
|ψi(r)|2. (2.8)

Since the density itself also depends on the single-particle wave functions, Eq. (2.7)
has to be solved self-consistently until sufficient convergence is reached. From their
definition, it is clear that there is no physical meaning associated with the KS eigenvalues.
However, they are often interpreted as electronic single-particle energies [20] defining
the KS band structure.

When solving Eq. (2.7) for periodic crystals, one can take advantage of the invariance
of vKS(r) under a translation by any lattice vector r, i.e., vKS(r) = vKS(r + R). In
this case, according to Bloch’s theorem, the electronic wave function of a band i at
a wavevector k takes the form ψik(r) = eik·ruik(r), where uk(r) is a lattice-periodic
function. In infinite systems, k is a continuous quantity. For practical calculations,
however, the system is assumed to be finite, consisting of Np copies of the unit cell,
which also restricts the wavevector to a finite number of Np k-points. Besides the band
index, the wavevector therefore becomes a second quantum number.
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So far, all unknown information about the many-body system was put into the exchange-
correlation functional for which plenty of approximations have been developed over
the last decades. The most prominent classes are the local-density (LDA) and the
generalized gradient approximations (GGA) [2]. In LDA, the exchange-correlation
functional depends only on the density n(r) and can be expressed as

ELDA
xc [n] =

∫
dr exc

(
n(r)

)
n(r), (2.9)

where exc is the exchange-correlation energy per particle of the homogeneous electron
gas at constant density. In GGA, the functional depends additionally on the gradient
of the density |∇n(r)|. Despite the success of LDA or GGA for many systems, it has
been shown that the standard methods for the calculation of electronic spectra based
on those approximations break down in materials with strong electron correlation [21].
Therefore, higher level functionals have been developed, that are dependent on occupied
or on both occupied and unoccupied orbitals. Using orbital-dependent functionals,
the exchange interaction in molecules can be treated exactly [22,23], while accurate
expressions for the correlation functional can be obtained from many-body perturbation
theory [24,25].

2.3 The LAPW+lo method

To numerically solve Eq. (2.7), the KS wave functions are expanded in a basis. Among
many possibilities of choosing a basis, the use of linearized augmented plane waves
and local orbitals (LAPW+lo) is widely considered to be the gold standard of DFT for
extended systems, as they allow for solving the KS equations with high precision [17].
The expansion of the KS wave functions in basis functions φG+k and coefficients CG

ik
reads

ψik(r) =
∑
G
CG
ik φG+k(r), (2.10)

where the sum runs over reciprocal lattice vectors G. Within the LAPW framework,
the unit cell is divided into two distinct regions, one being the muffin-tin spheres (MT):
These are spheres centered at each atomic position rα, having a radius RMT,α such that
spheres around different atoms do not overlap. The basis functions are given by

φG+k(r) =


∑
lm
AG+k
lmα ulα(rα)Ylm(r̂α), if rα ≤ RMT,α

1√
V
ei(G+k)·r, if r ∈ I.

(2.11)

Inside the muffin-tin spheres, an expansion into spherical harmonics Ylm(r̂α) and radial
functions ulα(rα) as functions of the variable rα = r−Rα is employed. The remaining
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part of the unit cell is called the interstitial region I where plane-waves are used. The
coefficients AG+k

lmα are determined imposing continuity of the basis functions at the
sphere boundary. A major advantage of this procedure is its capability of accurately
describing the wave functions in the vicinity of the nuclei (where they are strongly
varying) and their smooth and slowly varying behavior elsewhere.

Assuming that the KS potential vKS(r) is spherically symmetric inside the muffin-tin
sphere, it can be replaced by its spherical average v0(r). With this assumption, the
radial functions ulα(r) are required to obey the radial Schrödinger equation[

−1
2
d2

dr2 + l(l + 1)
2r2 + v0(r)− εik

] (
r ulα(r)

)
= 0. (2.12)

From here, it follows that the basis functions defined in Eq. (2.11) themselves depend
on the energy-eigenvalues εik resulting in a non-linear eigenvalue-problem. To overcome
this difficulty, Eq. (2.12) is linearized by choosing fixed energies εlα. The resulting
error can be reduced in the spirit of an expansion in the energies by approximating the
radial functions as

ulα(rα, ε) = ulα(rα, εlα) + u̇lα(rα, εlα) [εlα − ε], (2.13)

where u̇lα(rα, εlα) = ∂ulα(rα, ε)/∂ε. This leads to the linearized augmented plane-wave
(LAPW) basis where the part of the basis corresponding to the MT part changes from
the definition in Eq. (2.11) to

φG+k(r) =
∑
lm

[
AG+k
lmα ulα(rα; εlα) +BG+k

lmα u̇lα(rα; εlα)
]
Ylm(r̂α). (2.14)

Again, the expansion coefficients AG+k
lmα and BG+k

lmα are obtained requiring the continuity
of the basis and its spatial derivative at the boundaries of the MT spheres. A different
method proposed to linearize the problem is the additional use of local orbitals [26].
These are basis functions being only non-zero inside the MT sphere and defined by

φµ(r) =

δααµδllµδmmµ [aµ ulα(rα; εlα) + bµ u̇lα(rα; εlα)]Ylm(r̂α), if rα ≤ RMT,α

0, if r ∈ I.
(2.15)

The coefficients aµ, bµ are chosen such that the local orbital is normalized and vanishes
at the MT boundary. The use of local orbitals gives a highly-flexible basis set, which
can be adjusted to each specific system.
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2.4 Phonons in polar materials

The central quantities in the calculation of phonons are the matrix of the interatomic
force constants (IFCs) and the dynamical matrix. The matrix of the IFCs is defined as
the second derivative of the total energy E with respect to the atomic displacements:

Cκ′α′p′

καp = ∂2E

∂τκαp ∂τκ′α′p′

∣∣∣∣∣
0
, (2.16)

where |0 means that the derivative is taken at the equilibrium configuration with
vanishing forces and stresses. The displacement of the atom κ from its equilibrium
position in direction α in the cell p with vector rp is denoted by τκαp. The Fourier
transform of C is defined as

C̃κ′α′

κα (q) =
∑
p

Cκ′α′p
κα0 exp(iq · rp), (2.17)

and is related to the dynamical matrix by D̃κ′α′
κα (q) = C̃κ′α′

κα (q)/
√
MκMκ′ , where Mκ is

the mass of the κth nucleus. The squares of the phonon frequencies ων(q) of a mode ν
and the corresponding eigendisplacements eκαν(q) are obtained by diagonalizing the
dynamical matrix according to∑

κ′α′
D̃κ′α′

κα (q) eκ′α′ν(q) = ω2
ν(q) eκαν(q). (2.18)

At the Brillouin-zone (BZ) center, as well as along high-symmetry directions in the
BZ, the phonon modes can be separated into longitudinal and transverse modes.
Additionally, they can be classified into optical and acoustical phonons by the movement
of the atoms relative to each other. Optical modes correspond out-of-phase movements
of the atoms in the lattice where neighbouring atoms move in opposite directions
whereas acoustical modes displace the atoms in the same direction. For a material
with Nat atoms in the unit cell, there exist 3Nat modes in total, 3 acoustical of which
two are transverse (TA) and one is longitudinal (LA). The remaining 3Nat − 3 modes
are transverse (TO) and longitudinal (LO) optical modes.†

In polar materials, the atoms carry non-zero Born effective charge tensors Z∗κ, which
are defined as the derivative of the polarization P per unit cell with respect to the
atomic displacements:

Z∗κ,αβ = ΩUC
∂Pβ
∂τκα

∣∣∣∣∣
0
. (2.19)

†Although a strict separation in LA and TA as well as LO and TO modes is only possible at Γ and
along high-symmetry directions, these labels are extended to the corresponding modes over the
whole BZ.
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In this equation, ΩUC is the unit-cell volume and the derivative has to be evaluated
at zero displacement, which is denoted by |0. Due to the Born effective charges,
longitudinal optical modes are accompanied by macroscopic electric fields in the long
wavelength limit q → 0. These electric fields result in an additional restoring Coulomb
force, which is not present for transverse optical modes. Therefore, the LO frequencies
ωLO increase at the Brillouin zone center above those of the corresponding TO frequency
ωTO, which is known as LO-TO splitting [14]. A convenient way of dealing with this
problem in the computation of long-wavelength phonons is to exploit the known
analytic properties of the dynamical matrix [27]. In the long-wavelength limit, the
force-constants C̃ can be separated into two contributions, one being analytical (an),
the other nonanalytical (na):

C̃κ′α′

κα (q → 0) =
[
C̃κ′α′

κα (q = 0)
]an

+
[
C̃κ′α′

κα (q → 0)
]na

. (2.20)

The analytical part is obtained from the response to a long-wavelength phonon, calcu-
lated under the use of boundary conditions corresponding to zero macroscopic electric
field. The nonanalytical part is given by [27]

[
C̃κ′α′

κα (q → 0)
]na

= 4π
ΩUC

(q · Z∗κ)α (q · Z∗κ′)α′

q · ε∞ · q
. (2.21)

If the eigendisplacements of C̃(q → 0) are identical to those of C̃(q = 0), which is the
case for instance in cubic crystals, the LO and TO frequencies of a mode ν are linked
by [28]

ω2
ν(q → 0) = ω2

ν0 + 4π
ΩUC

|q̂ ·Qν |2

q · ε∞ · q
, (2.22)

where ε∞ is the pure electronic static dielectric tensor (further discussed in Section 3.3.1),
and ων0 = [ων(q = 0)]an denotes the phonon frequency corresponding to the analytical
part of the force constants at q = 0. The polarization vector Qν is defined as

Qν(q) =
∑
κ

1√
Mκ

Z∗κ · eκν(q). (2.23)

The macroscopic electric fields associated with long wavelength LO phonons do not
only modify the phonon frequencies, but also result in a contribution of the ions to the
dielectric tensor. The full static dielectric tensor, ε0, is obtained by adding the ionic
contribution to ε∞ according to [28]

ε0,αβ = ε∞,αβ + 4π
ΩUC

∑
ν

Qν,αQν,β

ω2
ν0

. (2.24)

In cubic materials, the dielectric tensors are diagonal and have only one independent
element each, which are denoted as ε∞ and ε0. In the case of a diatomic basis, where
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only one LO mode exists, LO and TO frequencies (ωLO and ωTO) are connected with
the dielectric constants by the famous Lyddane-Sachs-Teller relation [29]. It states that

ε0

ε∞
=
(
ωLO
ωTO

)2

. (2.25)

From Eqs. (2.22) and (2.24), it becomes clear that both LO-TO splitting and the ionic
contribution to the dielectric tensor will not be present in non-polar materials where
all Born-effective charges vanish.
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3 Many-body perturbation theory

In the previous chapter, the ideas behind density-functional theory (DFT) for calcu-
lating ground-state properties and phonons were discussed. While electron-phonon
interactions (EPI) can be treated within density-functional perturbation theory [30,31],
the computation of excited states, being responsible for the optical properties of a
system [2], is notoriously difficult within the traditional DFT approach of Kohn and
Sham [32]. Consequently, a more general framework is required in order to account for
the effects of EPI on excited states.

A rigorous mathematical treatment aiming at the description of both excited states and
electron-phonon interactions from first principles is many-body perturbation theory
(MBPT), which will be briefly reviewed in this section. A central idea of MBPT is
the introduction of quasiparticles, effective single-particle states, which are “dressed”
by the interaction with the many-body system. Excitations can then be described in
terms of interacting quasiparticles, which simplifies the computation compared to the
evaluation of the whole many-body system. The concept of quasiparticles is embedded
in a description through Green’s functions, which accordingly are central quantities of
the theory [33]. The single-particle Green’s function, for instance, reveals information
about the single-particle excitation spectrum.

For the calculation of optical properties, also the knowledge of two-particle excitations is
required since interactions between quasielectrons and quasiholes come into play. These
excitations are contained in the two-particle Green’s function and a related quantity,
the correlation function. A widely used method to account for two-particle excitations
is the solution of the Bethe-Salpeter equation (BSE), which is the equation of motion
of the correlation function [34]. The BSE can be reformulated as an eigenvalue problem
by introducing an effective two-particle Hamiltonian with an interaction part consisting
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of a screened Coulomb term (also referred to as direct term) and an exchange term.
The eigenvalues and eigenfunctions of this Hamiltonian are closely related to the optical
spectrum.

3.1 Electron-phonon interactions (EPI)

3.1.1 The electron-phonon coupling Hamiltonian

The Hamiltonian describing the coupled system of electrons and phonons is given
by [35]

Ĥ =
∑
nk
εnk ĉ

†
nk ĉnk +

∑
qν

~ωqν
(
â†qν âqν + 1

2

)

+ 1√
Np

∑
k,q
mnν

gmnν(k,q) ĉ†mk+q ĉnk
(
âqν + â†−qν

)
.

(3.1)

In this equation, the first line stems from the separate electron and phonon subsystems.
εnk is the single-particle eigenvalue of an electron in the band n, carrying crystal
momentum k. The eigenvalues are obtained by solving the Kohn-Sham equations
as given in Eq. (2.7). Compared to preceding section, the notation ωqν ≡ ων(q)
was introduced for the frequency of a lattice vibration in the mode ν carrying crystal
momentum q. The pairs (ĉ†nk, ĉnk) and (â†qν , âqν) are creation and annihilation operators
associated to fermionic and bosonic fields, respectively. Np is the number of unit cells
in the crystal. The second line in Eq. (3.1) accounts for the coupling between electrons
and phonons to first order in the atomic displacements. The electron-phonon interaction
(EPI) is expressed in terms of the EPI matrix element gmnν(k,q), which specifies the
coupling strength.

3.1.2 The electron-phonon matrix element

The matrix element of EPI depends on the crystal momenta of the participating
particles and has the physical dimension of an energy. Formally, it is defined by

gmnν(k,q) = 〈ψmk+q|∆qνvKS|ψnk〉 . (3.2)

This expression can be seen as the probability amplitude for the scattering of an
electron in ψnk into the state ψmk+q due to a perturbation of the KS potential ∆qνvKS
caused by a phonon in the mode ν carrying crystal momentum q. This process is
depicted in Figure 3.1.
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mk + qgmnν(k,q) −→

nk

qν

Figure 3.1: Diagrammatic representation of the electron-phonon scattering process.

In order to account for the electron-phonon coupling in real space, one can define the
screened electron-phonon coupling functions gqν(r, ω) and gccqν(r, ω) by

gqν(r, ω) =
∫
V
dr′ ε−1

el (r, r′, ω) ∆qνvext(r), (3.3)

gccqν(r, ω) =
∫
V
dr′ ε−1

el (r, r′, ω)
[
∆qνvext(r)

]∗
, (3.4)

where ε−1
el is the electronic contribution to the inverse dielectric function (see Sec-

tion 3.3.1), and ∆qνvext the perturbation of the external potential. With the definition
in Eq. (3.3), the electron-phonon matrix element can be rewritten as [35]

gmnν(k,q) = 〈ψmk+q|gqν(r, ω)|ψnk〉 . (3.5)

A common approximation is to neglect the frequency dependence of the screened
coupling function by setting gqν(r, ω) ≈ gqν(r, 0).

3.1.3 Fröhlich coupling

In general, the EPI matrix element has to be obtained numerically by evaluating
Eq. (3.2). However, for polar materials, where two or more atoms in the unit cell carry
non-zero Born effective charge tensors, an analytic expression can be derived. Due
to the Born charges, atomic displacements associated with longitudinal optical (LO)
phonon modes generate macroscopic electric fields. These fields, in turn, can strongly
couple to charge carriers like electrons and holes. An early model of describing this
type of electron-phonon coupling was given by Fröhlich [36] who assumed an electron
in a parabolic band interacting with one dispersionless LO phonon in an isotropic
material. The resulting matrix element is given by

gF(q) = i

|q|

[
4π

ΩUC

ωLO
2

( 1
ε∞
− 1
ε0

)] 1
2

, (3.6)
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where ε∞ and ε0 are the macroscopic dielectric constants (see Eq. (3.32) for a formal
definition) and ωLO is the LO phonon frequency. The interaction between electrons and
phonons diverges for large wavelengths (q → 0) and vanishes for large q. Compared to
the general definition of the electron-phonon matrix element in Eq. (3.2), it should be
noted that the Fröhlich coupling is not depending on the electron wave vector k and
on the band indices (since only one electronic band is considered).

3.2 The electron self-energy

3.2.1 The single-particle Green’s function

Introducing combined indices of the form 1 ≡ (x1, t1), the single-particle Green’s
function G at zero temperature is defined as the expectation value

G(1, 2) = −i 〈0|T̂ ψ̂(1) ψ̂†(2)|0〉 , (3.7)

where T̂ is Wick’s time-ordering operator and ψ̂ is a fermionic field operator. Green’s
functions are also called propagators, as they express correlations between particles
created (annihilated) at a given point in space and time and annihilated (created) at
a different point. Depending whether t1 > t2 or t2 > t1, the single-particle Green’s
function describes the probability amplitude of the propagation of an electron or a
hole, respectively.

The fully interacting Green’s function G can be linked to the Green’s function of
non-interacting particles G0 through the Dyson equation

G(1, 2) = G0(1, 2) +
∫
d(34)G0(1, 3) Σ(3, 4)G(4, 2), (3.8)

which can be represented in terms of Feynman diagrams as shown in Figure 3.2. In this
equation, Σ is the self-energy, a non-local and energy-dependent function describing
all exchange and correlation effects due to the interaction of an electron with the
many-body system [3]. Within the scope of this thesis, in particular the couplings to
electrons and phonons are relevant. The self-energy therefore takes the form

Σ(1, 2) = Σel(1, 2) + Σph(1, 2), (3.9)

where Σel and Σph are the self-energy contributions arising from electron-electron
and electron-phonon interactions, respectively. When considering only Σel, the effects
of the vibrating lattice on the electron are completely neglected, which is known as
clamped-nuclei approximation. For a non-interacting system, the self-energy vanishes,
and the interacting and non-interacting Green’s functions are equivalent.
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G
=

G0
+

G0 G
Σ

Figure 3.2: Diagrammatic representation of the Dyson equation. The thick line
represents the fully interacting Green’s function G, the thin line corresponds to the
non-interacting G0.

3.2.2 Band structure renormalization

The electronic eigenenergies computed including many-body effects through the evalu-
ation of the self-energy constitute the quasiparticle band structure. The quasiparticle
eigenvalues εQP

nk differ from the eigenvalues εnk, which are obtained within the KS-
DFT framework. It can be shown [37] that in a single-shot G0W0 approximation the
eigenvalues of the two approaches are connected by

εQP
nk = εnk + Znk [Re Σnk(εnk)− vxcnk] , (3.10)

where the operators of the self-energy and the exchange-correlation potential are
evaluated in the basis of the KS states according to

Σnk(εnk) = 〈nk|Σ̂(εnk)|nk〉 (3.11)

vxcnk = 〈nk|v̂xc|nk〉 . (3.12)

The renormalization factor Znk accounts for the energy-dependence of the self-energy.
A simple approximation of the many-body correction to the KS band-structure is the
use of a scissor operator, which rigidly shifts the KS eigenvalues. The quasiparticle
band-structure within this approach is accordingly obtained by

εQP
nk = εnk + ∆, (3.13)

where the scissor parameter ∆ is chosen such that the fundamental quasiparticle band
gap equals the experimental one.
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Γ

W el

G

Figure 3.3: Feynman diagram of the electronic contribution to the electron self-
energy expressed in terms of the fully interacting electron Green’s function G (straight
line), the electronic screened Coulomb interaction W el (dashed line), and the vertex Γ
from Eq. (3.16).

3.2.3 Electronic contribution

The electronic contribution to the self-energy can be obtained in principle by self-
consistently solving the closed set of Hedin’s equations [38]:

Σel(1, 2) = i
∫
d(34)G(1, 4)W el(3, 1+) Γ(4, 2, 3) (3.14)

W el(1, 2) = vC(1, 2) +
∫
d(34) vC(1, 3)P el(3, 4)W el(4, 2) (3.15)

Γ(1, 2, 3) = δ(1, 2) δ(1, 3) +
∫
d(4567) δΣ(1, 2)

δG(4, 5) G(4, 6)G(7, 5) Γ(6, 7, 3) (3.16)

P el(1, 2) = −i
∫
d(34)G(1, 3)G(4, 1+) Γ(3, 4, 2). (3.17)

In these equations, P el is the electronic polarizability, W el the screened Coulomb
interaction due to electrons, and Γ is the vertex function. The bare Coulomb interaction
is denoted as vC. The notation “1+” indicates that the corresponding time t1 is
infinitesimally later than the one of the combined index without the superscript. The
electronic contribution to the self-energy can be depicted by the Feynman diagram
shown in Fig. 3.3.

Equation (3.15) for the screened Coulomb interaction can be rewritten by introducing
the electronic part of the inverse dielectric function ε−1

el (see also Eq. (3.30)) by

ε−1
el (1, 2) = δ(1, 2)−

∫
d(3) vC(1, 3)P el(3, 2). (3.18)

The screened Coulomb interaction including the inverse dielectric function then reads

W el(1, 2) =
∫
d(3) ε−1

el (1, 3) vC(3, 2). (3.19)

A full solution of Hedin’s equations is quite difficult to find since explicit expressions
for all functions are needed.
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An often used approximation is the neglection of vertex corrections by setting

Γ(1, 2, 3) = δ(1, 2) δ(1, 3). (3.20)

Within this approximation, the self-energy and the polarizability are given by

Σel(1, 2) = i G(1, 2)W el(1+, 2), (3.21)

P el(1, 2) = −i G(1, 2)G(2, 1+). (3.22)

Due to the form of the self-energy in Eq. (3.21), this approach is known as “GW -
approximation”. The independent-particle Green’s function G0 of the KS system at
zero temperature can be expressed as

G0(r1, r2, ω) =
∑
nk

ψnk(r1)ψ∗nk(r2)
ω − εnk + i η sgn(εnk − εF) , (3.23)

with the KS single-particle wave functions and energies ψnk and εnk, respectively, the
Fermi energy εF and a positive infinitesimal η.

3.2.4 Phonon contribution

The self-energy due to EPI consists of three parts, which are the Fan-Migdal (FM)
self-energy ΣFM, the Debye-Waller contribution ΣDW, and a correction term ΣdGW [35]:

Σph = ΣFM + ΣDW + ΣdGW. (3.24)

Within the scope of this thesis, however, only the FM contribution is relevant, as the
two other terms do not contribute to the screened Coulomb interaction. The FM term
is a dynamic correction to the electronic excitation energies and describes the effect
of the dynamic polarization of the lattice. In real space, the FM self-energy can be
written as [35]

ΣFM(1, 2) = i
∑
νν′

∫ dω
2π

∫
ΩBZ

dq
ΩBZ

∫
d(34) e−iω(t4−t+1 )

×G(1, 3) Γ(3, 2, 4)

× gccqν(r4, ω)Dqνν′(ω) gqν′(r1, ω).

(3.25)

This equation contains the fully interacting phonon propagator Dqνν′(ω) and the
screened electron-phonon coupling functions gqν(r, ω) and gccqν(r, ω) (Eqs. (3.3) and
(3.4)). The integration in reciprocal space extends over the first Brioullin zone whose
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G

Figure 3.4: Feynman diagram of the Fan-Migdal contribution to the electron self-
energy expressed in terms of the electron-phonon coupling function g, the fully interact-
ing electron Green’s function G (straight line), the fully interacting phonon propagator
D (wavy line), and the vertex Γ from Eq. (3.16).

volume is denoted as ΩBZ. The Feynman diagram of the FM contribution is shown in
Fig. 3.4. As can be seen by comparing with the electronic self-energy in Fig. 3.3, the
diagrams of the two contributions have the same structure. Therefore, the FM term
can be written in a similar way as the electronic contribution (Eq. (3.14)) as

ΣFM(1, 2) = i
∫
d(34)G(1, 3)W ph(4, 1+) Γ(3, 2, 4), (3.26)

where the phonon part of the screened Coulomb interaction W ph is defined by

W ph(1, 2) =
∑
νν′

∫ ∫
ΩBZ

dω
2π

dq
ΩBZ

e−iω(t2−t1) gccqν(r2, ω)Dqνν′(ω) gqν′(r1, ω). (3.27)

Applying the GW -approximation (see preceding section) yields

ΣFM(1, 2) = i G(1, 2)W ph(1+, 2). (3.28)

3.3 Optical excitations

The optical properties of a system are determined by its optical excitations due to
the interaction with a light wave. The absorption of light excites a quasielectron
to a previously unoccupied state of the system, which leaves behind a positively
charged quasihole. Electron and hole interact through the screened Coulomb potential
and the interacting two-particle state is called exciton. Experimental spectroscopy
probes the optical properties and, hence, excitonic effects through the determination
of the frequency-dependent macroscopic dielectric tensor. In this section, the Bethe-
Salpeter equation approach of MBPT is presented, which allows to obtain this quantity
theoretically.
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3.3.1 Linear optical response

The 3×3 microscopic dielectric tensor ε(r, r′, ω) is a central quantity in spectroscopy, as
it contains information about the response of a system to an external electromagnetic
field. In the most general way, it can be defined by relating linearly the components of
the electric displacement D to those of the electric field E by

Di(r, ω) =
∫
dr′

∑
j

εij(r, r′, ω)Ej(r′, ω). (3.29)

In the following, the discussion is restricted the longitudinal dielectric function. This
approximation is valid for optical perturbations associated to vanishing momentum q
as has been shown in Ref. [39]. This dielectric function can be rewritten in terms of
the polarization P as

ε−1(r, r′, ω) = δ(r, r′) +
∫
dr′′ vC(r, r′′)P (r′, r′′, ω), (3.30)

where vC is the bare Coulomb potential. The polarization can be obtained from the
solution of the Bethe-Salpeter equation presented in Section 3.3.2.

It is convenient to move to the reciprocal space and to analyze the Fourier coefficients
εGG′(q, ω) of the dielectric function, where G is a reciprocal-lattice vector and q is a
vector from the first BZ. The set of coefficients is also called the dielectric matrix with
indices G and G′. The dielectric function in real space is periodic in both arguments
by a displacement of the same lattice vector, i.e., ε(r + R, r′ + R) = ε(r, r′), such that
according to Eq. (C.8) the following expansion can be applied:

ε(r, r′, ω) = 1
V

BZ∑
q

∑
GG′

ei(q+G)·r εGG′(q, ω) e−i(q+G′)·r′
, (3.31)

where V is the volume of the crystal. The head element G = G′ = 0 of the inverse
dielectric matrix ε−1

GG′(q, ω) can be related to the experimentally accessible quantity
of the macroscopic dielectric tensor εM(q, ω). Of major interest is the limit q → 0,
which can be associated with the absorption of photons. In this case, it can be shown
that [28]

∑
αβ

q̂α ε
αβ
M (ω) q̂β = lim

q→0

1
ε−1

00 (q, ω)
, (3.32)

where q̂ denotes the direction in which q approaches zero. The tensor character of εM(ω)
takes into account the anisotropy of crystals with symmetries lower than cubic [40].
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A quantity of particular relevance is the static macroscopic dielectric tensor which,
when only screening effects from electrons are considered, is denoted as ε∞:

εαβ∞ = lim
ω→0

εαβM (ω). (3.33)

It is worth mentioning that in polar materials the ions also give a contribution to the
dielectric tensor. The full static tensor is commonly denoted as ε0 (see also Section 2.4).

3.3.2 The Bethe-Salpeter equation (BSE)

In order to compute the dielectric function according to Eq. (3.30), the polarization P
is needed, which can be obtained by solving the Bethe-Salpeter equation (BSE) for
the correlation function L. This function is closely related to the two-particle Green’s
function.†, as it is defined by

L(1, 1′, 2, 2′) = G2(1, 1′, 2, 2′)−G(1′, 2′)G(1, 2), (3.34)

which is the difference between the full two-particle Green’s function G2, describing
the coupled electron-hole pair, and the product of two one-particle Green’s functions
G. The correlation function therefore accounts for the interaction between electron
and hole. From the two particle correlation function, the polarization can be obtained
by the contraction

P (1, 2) = −i L(1, 1, 2, 2). (3.35)

The correlation function L obeys a Dyson-like equation, the Bethe-Salpeter equation
(BSE), which is given as

L(1, 1′, 2, 2′) = L0(1, 1′, 2, 2′) +
∫
d(33′44′)L0(1, 1′, 3, 3′) Ξ(3, 3′, 4, 4′)L(4, 4′, 2, 2′),

(3.36)

where L0(1, 1′, 2, 2′) describes the propagation of two independent particles. The
interaction kernel Ξ is given by [9]

Ξ(1, 1′, 2, 2′) = −i δ(1, 1′) δ(2, 2′) vC(1, 2) + δΣ(2, 2′)
δG(1, 1′) , (3.37)

where the first term describes the exchange interaction through the bare Coulomb
potential vC, and the second one accounts for the screened electron–hole attraction.

†In general, Eq. (3.7) can be extended to define an N -particle Green’s function GN (1, 2, ..., 2N) by
inserting the corresponding number of field operators. Note that the field operators have to be
ordered according to the situation to be studied.

21



Including the self-energy contributions from electrons and phonons on the GW -level
(Eqs. (3.21) and (3.26)), the total self-energy is given by

Σ(1, 2) = Σel(1, 2) + ΣFM(1, 2)

= i G(1, 2)W el(1+, 2) + i G(1, 2)W ph(1+, 2).
(3.38)

For the following discussion, it is useful to define the total screened Coulomb interac-
tion as

W (1, 2) = W el(1, 2) +W ph(1, 2). (3.39)

The expression for the self-energy in Eq. (3.38) then simplifies to

Σ(1, 2) = i G(1, 2)W (1+, 2) (3.40)

and for the interaction kernel given in Eq. (3.37) it follows

Ξ(1, 1′, 2, 2′) = −i δ(1, 1′) δ(2, 2′) vC(1, 2) + i δ(1, 2) δ(1′, 2′)W (1, 1′), (3.41)

where the derivative of the screened Coulomb interaction with respect to the electron
Green’s function was neglected (δW/δG ≈ 0).

3.3.3 The screened Coulomb interaction

In Eq. (3.41), the total screened Coulomb interaction enters into the electron-hole
interaction kernel. The electronic part W el was defined in terms of the bare Coulomb
interaction vC and the inverse electronic dielectric function ε−1

el in Eq. (3.19). Similarly,
the total screened Coulomb interaction can be expressed using the total inverse dielectric
function by

W (1, 2) =
∫
d(3) ε−1(1, 3) vC(3, 2). (3.42)

By Fourier transforming Eq. (3.42), we find

WGG′(q, ω) = 4π ε−1
GG′(q, ω)

|q + G||q + G′|
. (3.43)

Since the bare Coulomb interaction is material independent, the separation in a phonon
and an electron contribution of the screened Coulomb interaction in Eq. (3.39) translates
to the dielectric function:

ε−1
GG′(q, ω) = ε−1

el,GG′(q) + ε−1
ph,GG′(q, ω). (3.44)
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The frequency dependence of the dielectric matrix was assumed to come from the phonon
contribution, whereas the electronic contribution is usually treated statically (ω = 0).
This is a valid approximation due to the fact that typical frequencies of plasmons,
collective excitations of electrons, are much higher than the frequency of the exciton
formation (given through the excitonic binding energy) [2,10]. Therefore, electrons can
follow the exciton formation adiabatically, whereas the phonons, having much lower
frequencies, can follow only partially. The electronic part ε−1

el,GG′ can be obtained by
matrix inversion of the electronic dielectric matrix εel,GG′ , which can can be computed
from the electronic polarizability P el by Fourier transforming Eq. (3.18):

εel,GG′(q) = δGG′ − vC,G′(q)P el
GG′(q). (3.45)

The static electronic polarizability, in turn, can be computed ab initio in the random-
phase approximation (RPA) by [40]

P el
GG′(q) = 4

V

∑
vck

MG
vc(k,q)

[
MG′

vc (k,q)
]∗

εQP
vk − ε

QP
ck+q

, (3.46)

where the electronic polarizability is expressed as a sum over virtual transitions from
all valence bands v to all conduction bands c over the whole Brillouin zone. The
plane-wave matrix elements are defined by

MG
nm(k,q) = 〈ψnk|e−i(q+G)·r|ψmk′〉 , (3.47)

where, due to the Bloch property of the wave functions, only the combinations
k′ = k + q are non-vanishing in Eq. (3.47).

For the phonon contribution, to the best of our knowledge, no description from first
principles exists in the literature. A usual model for the whole screening based on the
Fröhlich coupling described in Section 3.1 is given by [2]

1
ε(ω) = 1

ε∞
−
( 1
ε∞
− 1
ε0

)
ω2
LO

ω2
LO − ω2 . (3.48)

In this equation, one considers solely the q = G = G′ = 0 components of the dielectric
matrix. The model assumes an isotropic system in which a single LO phonon with
dispersionless frequency ωLO contributes to the screening. For low frequencies ω � ωLO,
the phonon can fully contribute to the screening and ε(ω)→ ε0 holds. In the opposite
limit ω � ωLO, the phonon contribution vanishes such that ε(ω)→ ε∞.
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3.3.4 The BSE as an eigenvalue equation

The Bethe-Salpeter equation (Eq. (3.36)) can be formally rewritten in terms of a
generalized eigenvalue problem which can be solved in reciprocal space. A detailed
derivation lies beyond the scope of this thesis (see, e.g., [11, 40] for an extensive
discussion), and therefore a simplified derivation will be briefly sketched in the following.

Owing to translational symmetry when shifting each of its spatial arguments by the
same lattice vector, the frequency-dependent two-particle correlation function L as
defined in Eq. (3.34) can be expressed as the sum over reciprocal-space contributions Lq:

L(r1, r′1, r2, r′2, ω) =
BZ∑
q
Lq(r1, r′1, r2, r′2, ω). (3.49)

Analogous expansions apply to the interaction kernel Ξ and the correlation function
of independent particles. The vector q belongs to the first Brillouin zone and can be
associated with the momentum of the external perturbation. For optical excitations, the
only relevant case is the one of vanishing momentum and consequently L = Lq=0. Since
the Lq=0 contribution has the symmetry of the lattice, it can be expanded in a complete
set of Bloch functions. A convenient choice are the quasiparticle functions ψQP

nk , which
can be approximated by the Kohn-Sham wave functions ψnk. Using combined indices
of the form i = nk, the expansion reads

L(r1, r′1, r2, r′2, ω) =
∑

i1i2i3i4

ψ∗i1(r1)ψi2(r′1)ψi3(r2)ψ∗i4(r′2)L(i1i2)(i3i4)(ω). (3.50)

In order to simplify the notation, Eq. (3.36) is now formulated in a symbolic notation,
where the spatial variables are omitted:

L(ω) = L0(ω) + L0(ω) Ξ(ω)L(ω). (3.51)

Using the expansion in KS wave functions, a matrix equation is obtained:

L(i1i2)(i3i4)(ω) =
∑
j3j4

[
1− L0(ω) Ξ

]−1

(i1i2)(j3j4)
L(j3j4)(i3i4)(ω). (3.52)

By using the single-particle Green’s function in the independent quasiparticle approxi-
mation, one obtains

L0
(i1i2)(i3i4)(ω) = −i (fi2 − fi1) δi1i3 δi2i4

εQP
i2 − ε

QP
i1 − ω − iη

. (3.53)
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The Fermi-Dirac distribution function of the state i is denoted as fi and η is a positive
infinitesimal. The correlation function can now be written in the compact form

L(i1i2)(i3i4)(ω) = i
[
He-h − ω

]−1

(i1i2)(i3i4)
(fi4 − fi3), (3.54)

where the excitonic Hamiltonian He-h is defined as

He-h
(j1j2)(j3j4) =

(
εQP
j2 − ε

QP
j1

)
δj1j3 δj2j4 − i(fj2 − fj1) Ξ(j1j2)(j3j4). (3.55)

The BSE-kernel Ξ mixes the independent quasi-particle transitions. In principle, the
correlation function can now be obtained by inverting the excitonic Hamiltonian for
each frequency ω according to Eq. (3.52). Using the spectral theorem, however, it can
be shown that this can be circumvented by expressing the correlation function and in
turn the dielectric function in terms of the eigenvalues and eigenvectors of He-h.

In insulators and semiconductors, the excitonic Hamiltonian can be simplified by
considering the nature of excitations for applied photon energies around the band gap.
Here, all transitions occur from fully occupied valence states v to unoccupied conduction
states c, such that fv = 1 and fc = 0. To reduce the size of the excitonic Hamiltonian,
the Tamm-Dancoff approximation [33] is usually applied. It neglects the coupling
between resonant and anti-resonant transitions, i.e., excitations and de-excitations.
This approximation is justified if the band gap in Eq. (3.55) is larger as the average
electron-hole interaction [11]. The size of the resulting Hamiltonian is given in terms
of the number of participating valence and conduction bands Nv and Nc, respectively,
and the number of k-points Nk as N2

cN
2
vN

2
k . The eigenvalue equation takes the form∑

v′c′k′
He-h
vck,v′c′k′ Aλv′c′k′ = EλAλvck, (3.56)

where Eλ is the energy eigenvalue belonging to the eigenvector Aλvck of the excitations
labelled λ. If, for a given excitation, transitions from the valence band maximum
to the conduction band minimum are allowed, the excitonic binding energy EB can
be defined as the negative difference between the excitation energy and the band
gap, i.e., −EB = Eg − Eλ. The effective Hamiltonian incorporates the transitions of
independent quasiparticles and additionally the interaction between electron and hole
via the BSE-kernel defined in Eq. (3.37):

He-h
vck,v′c′k′ =

(
εQP
ck − ε

QP
vk

)
δvv′ δcc′ δkk′ + iΞvck,v′c′k′ . (3.57)

The corresponding excitonic wave function Φλ is given as an expansion into single-
particle wave functions using the eigenvectors Aλ as expansion coefficients according to

Φλ(re, rh) =
∑
vck

Aλvck ψ
∗
vk(rh)ψck(re). (3.58)
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Here, rh and re are the coordinates of the hole and the electron, respectively. In order to
simplify the notation, the transition coefficient tλ of a given excitation λ is introduced.
It can be expressed as a sum over the matrix elements of the momentum operator p̂
weighted by the BSE eigenvectors:

tλα =
∑
vck

Aλvck
〈vk|p̂α|ck〉
εck − εvk

. (3.59)

The imaginary part of the macroscopic dielectric tensor can now be formulated under
the use of the transition coefficients as

Im εαβM (ω) = 8π2

V

∑
λ

tλα
[
tλβ
]∗
δ(ω − Eλ). (3.60)

3.3.5 The effective BSE-Hamiltonian

The effective Hamiltonian given in Eq. (3.57) with the interaction kernel in Eq. (3.41)
contains three contributions and can be written as

Ĥe-h = Ĥdiag + Ĥdir + Ĥx. (3.61)

The first term Ĥdiag stems from the independent quasiparticle transitions and is therefore
completely diagonal. It is given as the first term in Eq. (3.57). The exchange term Ĥx

is responsible for the repulsive exchange interaction between different electron-hole
pairs and is defined as

Hx
vck,v′c′k′ =

∫
dr1dr2 ψvk(r1)ψ∗ck(r1) vC(r1, r2)ψ∗v′k′(r2)ψc′k′(r2). (3.62)

Using the reciprocal space representation of the bare Coulomb interaction according to
the convention (C.3), the exchange term can expressed as

Hx
vck,v′c′k′ = 1

V

∑
G6=0

4π
|G|2

MG
v′c′(k′,q = 0)

[
MG

vc(k,q = 0)
]∗
, (3.63)

where the G = 0 term can be excluded from the summation over reciprocal lattice
vectors, since it yields no contribution. The plane-wave matrix elements MG

mn(k,q) are
defined in Eq. (3.47) and we recall that due to the Bloch form of the electronic states,
the different crystal momenta of the matrix element are related by k′ = k + q.

The direct term Ĥdir accounts for the attractive interaction between electron and hole.
Thus, it is responsible for the formation of excitons. In contrast to the exchange term,
instead of the bare Coulomb interaction vC it involves the screened Coulomb interaction
W (see Eq. (3.39)), which in general can be a frequency-dependent quantity.
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The matrix elements of the direct term are given in the literature [9, 10,41] as (in the
limit for η → 0+)

Hdir
vck,v′c′k′(Eλ) =

∫
dr1dr2 ψvk(r1)ψ∗ck(r1)ψ∗v′k′(r2)ψc′k′(r2)

× i

2π

∫
dω e−iωηW (r1, r2, ω)

×

 1
Eλ −

(
εQP
ck − ε

QP
v′k′

)
− ω + iη

+ 1
Eλ −

(
εQP
c′k′ − εQP

vk

)
+ ω + iη

.

(3.64)

In analogy to the procedure for the exchange term, the screened Coulomb interaction
can be expressed using its Fourier representation following the convention (C.9):

Hdir
vck,v′c′k′(Eλ) = 1

V

∑
GG′

MG
cc′(k,q)

[
MG′

vv′(k,q)
]∗

× i

2π

∫
dω e−iωηWGG′(q, ω)

×

 1
Eλ −

(
εQP
ck − ε

QP
v′k′

)
− ω + iη

+ 1
Eλ −

(
εQP
c′k′ − εQP

vk

)
+ ω + iη

,

(3.65)

where the coefficients WGG′(q, ω) are computed according to Eq. (3.43) through the
inverse dielectric matrix ε−1

GG′(q, ω). Note that the matrix elements themselves depend
on the BSE-solutions Eλ and, consequently, the eigenvectors Aλ do so as well. This
requires a self-consistent solution for every single excitation λ, what makes the compu-
tation extremely costly (or impossible) if one is interested in the whole spectrum. In
the case of static screening (ω = 0), Eq. (3.65) reduces to

Hdir
vck,v′c′k′ = − 1

V

∑
GG′

WGG′(q)MG
cc′(k,q)

[
MG′

vv′(k,q)
]∗
. (3.66)

The assumption of static screening has the advantage of avoiding a self-consistent
solution of the BSE for every excitation. However, this approximation is only appro-
priate when restricting to the electronic part of the screening where typical plasmon
frequencies are much higher than excitonic binding energies.
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3.3.6 The Wannier-Mott model

Within the Wannier-Mott (WM) model, the effects of dynamical lattice screening on
the binding energy of the excitonic ground state can be treated analytically as done
in [2]. Therefore, this model serves as a valuable reference allowing to compare the
results stemming from the first-principles approach developed in this thesis. In the
following, the most important results, assuming an isotropic system with only one
phonon mode, will be summarized.

In the WM model, one considers weakly bound and rather de-localized excitons as
modified hydrogen atoms with a positively charged hole and a negatively charged
electron with effective masses mh and me, respectively. Compared to the real hydrogen
atom, the characteristic distances are up to one or two orders of magnitude larger,
and the binding energies are smaller by the same amount. The electronic structure is
assumed to consist of two parabolic bands centered at the Γ-point:

εck = Eg + k2

2me
(3.67)

εvk = − k2

2mh
. (3.68)

The effective reduced mass of the electron-hole pair can be defined as µ−1
ex = m−1

e +m−1
h ,

such that the difference between conduction and valence band energies at a given
k-point in the BZ is given by

εck − εvk = Eg + k2

2µex
. (3.69)

Due to their de-localized character, WM excitons are mainly composed of excitations
in a small region around the center of the BZ. For the case of pure electronic screening,
the dielectric function ε(q) is replaced by ε∞. Approximating the plane-wave matrix
elements MG

cc′ and MG
vv′ by δcc′ and δvv′ , respectively, and neglecting the exchange term,

the resulting two-particle Hamiltonian reads

HWM
k,k′ =

(
Eg + k2

2µex

)
δk,k′ − 1

V ε∞
vC,G=0(q). (3.70)

The excitonic eigenvectors and eigenvalues are consequently obtained by solving the
following BSE: ∑

k′
HWM

k,k′ Aλk′ = EλAλk. (3.71)

By transforming Eq. (3.70) into real space, one finds a hydrogen-like Schrödinger
equation with a reduced mass µex and a positive proton-like charge, which is reduced
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by screening effects. The binding energy of the excitonic ground state Eel
B is given in

terms of the Rydberg energy R∞ ≈ 13.6 eV and the free electron mass m by

Eel
B = µex

mε2
∞
R∞. (3.72)

This equation was derived under the assumption of pure electronic screening. In a
polar crystal, however, the lattice also contributes and the true binding energy EB will
be smaller. Therefore, an effective dielectric constant εeff has to be employed, which
accounts for the additional screening. The value of this constant depends on the ability
of the lattice to follow the exciton formation and requires the treatment of dynamical
screening effects.

To treat dynamical effects quantitatively, the BSE of the Wannier-Mott model in
Eq. (3.70) has to be replaced by its energy-dependent extension (see also Eq. (3.65))[

Eg + k2

2µex
− Eλ

]
Aλk(Eλ)−

∑
k′
Hdir

k,k′(Eλ)Aλk′(Eλ) = 0. (3.73)

In pursuance of the ground-state binding energy, we set λ = 0 and therefore focus on
the excitation energy Eλ=0 in the following. Assuming a heavy hole, i.e., µex ≈ mh,
and making use of the Fourier transform Aλ=0

k of the excitonic 1s ground state, it can
now be shown that the true binding energy EB is connected with the modified Rydberg
energy Eel

B by

EB =
[
1−

(
1− ε∞

ε0

)
D(x)

]2
Eel

B . (3.74)

The function D(x) accordingly describes the coupling strength of LO phonons to the
exciton. It is given by

D(x) = 1− 4x
(
√

1 + x+
√
x)2 , (3.75)

where
x = Eg − Eλ=0

ωLO
. (3.76)

In the limit of infinitely large phonon frequencies, it takes the value D(x) = 1, such
that EB = Eel

B (ε∞/ε0)2. For negligible phonon frequencies, one obtains D(x) = 0
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corresponding to EB = Eel
B . In all other cases, 0 < D(x) < 1 holds and the effective

dielectric constant can be defined by

EB = Eel
B

(
ε∞
εeff

)2
(3.77)

with ε∞ < εeff < ε0. Eq. (3.74) can be solved iteratively, starting with

x = Eel
B

ωLO
(3.78)

and updating the obtained binding energy until convergence is reached.
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4 Results

In this chapter, the results obtained within this thesis are presented, which can be
be divided into three parts: In the first part, a general first-principles formalism is
developed allowing for the inclusion of electron-phonon interactions (EPI) into the
solution of the Bethe-Salpeter equation (BSE). In the second part, the developed
formalism is applied to the case of polar crystals where strong Fröhlich coupling is
present. The numerical evaluation of the developed formalism constitutes the third
part. Here, the impact of EPI on excitonic binding energies is studied for various polar
insulators and semiconductors.

4.1 Phonon contribution to the screened Coulomb interaction

4.1.1 Real-space formulation

From Section 3.2.4, we recall that the phonon contribution to the screened Coulomb
interaction (Eq. 3.27) is given by

W ph(1, 2) =
∑
νν′

∫ ∫
ΩBZ

dω
2π

dq
ΩBZ

e−iω(t2−t1) gccqν(r2, ω)Dqνν′(ω) gqν′(r1, ω),

with the fully interacting phonon propagator Dqνν′(ω) and the screened electron-
phonon coupling functions gqν(r, ω) and gccqν(r, ω) (Eqs. (3.3) and (3.4)). The reciprocal
integration extends over the first Brioullin zone with volume ΩBZ.
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In order to make Eq. 3.27 amenable to first-principles calculations, it is common [35]
to make the following two approximations: First, the frequency dependence of the
coupling function is neglected and only the static limit is considered. Since the dielectric
matrix is real at ω = 0, we have the simple relation

gccqν(r, 0) = g∗qν(r, 0). (4.1)

Second, the fully interacting phonon propagator Dqνν′(ω) is replaced by its adiabatic
counterpart DA

qν(ω), which is diagonal in the phonon modes (η → 0+):

DA
qν(ω) = 1

ω − ωqν + iη
− 1
ω + ωqν − iη

. (4.2)

In view of practical calculations, we replace the integration in reciprocal space by a
summation over discrete points, i.e.,

∫ dq
ΩBZ
→ N−1

p

∑
q∈BZ, where Np is the number of

points in the q-grid. The screened Coulomb interaction then reads

W ph(r1, r2, ω) = N−1
p

BZ∑
q

∑
ν

Wqν(r1, r2)DA
qν(ω) (4.3a)

Wqν(r1, r2) = g∗qν(r2) gqν(r1), (4.3b)

where we introduced Wqν(r1, r2) as the spatial contribution of a phonon mode qν
to W ph(r1, r2, ω). This will be helpful, on the one hand, to keep the notation more
compact and, on the other hand, to stress similarities with the electronic part of W in
the following derivations. Due to the symmetry of the lattice, the coupling function g
can be written as a Bloch wave:

gqν(r) = eiq·r∆qν
P vKS(r), (4.4)

where ∆qν
P vKS(r) is the lattice-periodic part of the coupling function [35]. It can now

be verified that W ph is periodic with respect to a shift of both arguments by the same
lattice vector R, i.e.,

W ph(r1, r2, ω) = W ph(r1 + R, r2 + R, ω). (4.5)

It should be stressed that the definition of W ph in Eq. (4.3a) includes the coupling
to all phonon modes of the crystal. This is a significant difference from simplifying
screening models as the one presented in Section 3.3.3 where the coupling to only one
specific phonon mode is assumed.
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4.1.2 Fourier representation

Since the contribution of phonons to the screened Coulomb interaction is lattice
periodic as shown in Eq. (4.5), its Fourier coefficients can be computed according to
the convention (C.6) as

W ph
GG′(q, ω) = 1

V

∫ ∫
V
dr1dr2 e

−i(q+G)·r1 W ph(r1, r2, ω) ei(q+G′)·r2 . (4.6)

The two spatial integrations are independent due to the definition ofW ph in Eqs. (4.3a)
and (4.3b). Therefore, it is convenient to introduce the Fourier coefficient of the
coupling function as

g̃G
q′ν(q) = 1

V

∫
V
d3r gq′ν(r) e−i(q+G)·r δqq′ . (4.7)

One may verify that only terms for which q = q′ are nonvanishing by exploiting the
property of the coupling function as a Bloch wave as shown in Eq. (B.7). Equation (4.6)
can now be rewritten by inserting the expression of W ph in real space (Eq. (4.3a)) and
making use of the Fourier transform defined in Eq. (4.7):

W ph
GG′(q, ω) = V

Np

∑
ν

g̃G
qν(q)

[
g̃G′

qν (q)
]∗
DA

qν(ω). (4.8)

The prefactor V/Np = ΩUC simply gives the unit cell volume.

4.1.3 Expansion of the coupling function

To make a connection between the theory developed within this thesis and the standard
formulation of EPI in terms of electron-phonon matrix elements (defined in Section 3.1),
we expand the coupling function in real space in terms of single-particle electronic
wave functions.

To carry out the expansion, a local operator ĝqν is defined. Its matrix elements in real
space are denoted as g(2)

qν (r, r′) and are related to the coupling function by

〈r|ĝqν |r′〉 = g(2)
qν (r, r′) = gqν(r) δ(r− r′). (4.9)

An expansion into single-particle wave functions is possible by inserting twice the
completeness relation 1̂ = ∑

nk |ψnk〉 〈ψnk|. The preceding expression can then be
expanded as

g(2)
qν (r, r′) =

∑
nk

∑
mk′
〈ψmk′ |ĝqν |ψnk〉ψmk′(r)ψ∗nk(r′), (4.10)
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where the matrix element on the right-hand side can be identified as the electron-phonon
coupling element gνmn(k,k′,q) defined in Eq. (3.5) for k′ = k + q. As it will become
clear later, it is helpful to keep the crystal momenta independent, such that formally
the matrix element depends on two independent electron momenta.

To obtain the Fourier coefficients of the coupling function using the expansion in
Eq. (4.10), we rewrite the Fourier transformation in Eq. (4.7) as

g̃G
qν(q) = 1

V

∫ ∫
V
d3rd3r′ g(2)

qν (r, r′) e−i(q+G)·r. (4.11)

Moreover, for the sake of a compact notation, we define the Fourier transform ψ̃ of a
wave function as

ψ̃G
nk(q) = 1

V

∫
V
d3r e−i(q+G)·r ψnk(r). (4.12)

After inserting the expansion in Eq. (4.10) inside Eq. (4.11) and making use of the
definition in Eq. (4.12), we can rewrite Eq. (4.8) as

W ph
GG′(q, ω) = ΩUC

∑
ν

WGG′

qν (q)DA
qν(ω) (4.13a)

WGG′

qν (q) = g̃G
qν(q)

[
g̃G′

qν (q)
]∗

(4.13b)

g̃G
qν(q) = V

∑
nk

∑
mk′

gνmn(k,k′,q) ψ̃G
mk′(q)

[
ψ̃0
nk(0)

]∗
. (4.13c)

In order to keep the notation as it used in Eq. (4.3a), WGG′
qν (q) is introduced as the

Fourier coefficient of the spatial contribution Wqν(r1, r2) of a single phonon mode qν.

4.1.4 Contribution to the direct BSE term

Thus far, we have derived an expression for the Fourier coefficients of the lattice-induced
part of the screened Coulomb interaction. To do calculations within the BSE formalism,
we need to evaluate their influence on the total direct interaction term. Similar to the
total W in Eq. (3.39), the total direct term is the sum of an electronic contribution
Hel and a contribution Hph stemming from the coupling to phonons:

Hdir
vck,v′c′k′ = Hel

vck,v′c′k′ +Hph
vck,v′c′k′ . (4.14)
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The direct interaction term including dynamical screening is given in Eq. (3.65). Using
the expressions for the Fourier coefficients of W ph according to Eq. (4.13a), one finds
that the lattice vibrations give the following contribution:

Hph
vck,v′c′k′ = 1

V

∑
ν

∑
GG′

WGG′

qν (q)MG
cc′(k,q) [MG′

vv′(k,q)]∗

× i

2π

∫
dω e−iωη

 1
ω − ωqν + iη

− 1
ω + ωqν − iη



×

 1
Eλ −

(
εQP
ck − ε

QP
v′k′

)
− ω + iη

+ 1
Eλ −

(
εQP
c′k′ − εQP

vk

)
+ ω + iη

,

(4.15)

where here and in the following equations the different wave vectors are related by
k′ = k + q. The definition of the adiabatic phonon propagator (Eq. (4.2)) was inserted.

We now move to the complex plane (ω → z) to evaluate the frequency integral in
Eq. (4.15) as a contour integral, which allows the use of the residue theorem (see
Appendix C.2). We have to solve the following contour integral:

I = i

2π

∫
C
dz f(z), (4.16)

where

f(z) = e−izη
[

1
z − ωqν + iη

− 1
z + ωqν − iη

]

×

 1
Eλ −

(
εQP
ck − ε

QP
v′k′

)
− z + iη

+ 1
Eλ −

(
εQP
c′k′ − εQP

vk

)
+ z + iη

. (4.17)

Due to the complex exponential, the contour can be closed in the lower half of the
complex plane where the integral vanishes. The contour and the poles of f in the
complex plane are sketched in Figure 4.1. The integrand has four poles lying in the
complex plane, which are given by

z1 = Eλ −
(
εQP
ck − ε

QP
v′k′

)
+ iη, z2 = −ωqν + iη (4.18)

z3 = ωqν − iη, z4 = −Eλ +
(
εQP
c′k′ − εQP

vk

)
− iη. (4.19)
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Im z

z2z1

z3 z4

C

Figure 4.1: Analytical structure of f(z) in the complex plane.

Since the contour is closed in the lower half of the complex plane, only the residues of
the third and the fourth pole will contribute to the integral through

I = i

2π

[
2π iRes

z=z3
f(z) + 2π i Res

z=z4
f(z)

]
. (4.20)

According to Eq. (C.11), the residues of a simple pole zi can be obtained by

Res
z=zi

f(z) = lim
z→zk

(z − zi) f(z). (4.21)

In the present case, one obtains for the residues at poles z3 and z4

Res
z=z3

f(z) =
[
Eλ −

(
εQP
ck − ε

QP
v′k′

)
− ωqν

]−1
+
[
Eλ −

(
εQP
c′k′ − εQP

vk

)
+ ωqν

]−1
(4.22)

Res
z=z4

f(z) =
[
Eλ −

(
εQP
c′k′ − εQP

vk

)
− ωqν

]−1
−
[
Eλ −

(
εQP
c′k′ − εQP

vk

)
+ ωqν

]−1
. (4.23)

Adding up the residues according to Eq. (4.20), the result of the integral is

I =
[
ωqν +

(
εQP
ck − ε

QP
v′k′

)
− Eλ

]−1
+
[
ωqν +

(
εQP
c′k′ − εQP

vk

)
− Eλ

]−1
. (4.24)
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Finally, we can plug in this result inside Eq. (4.15) to obtain the following expression
for the phonon contribution of the direct term:

Hph
vck,v′c′k′ = 1

V

∑
ν

∑
GG′

2
ωqν

WGG′

qν (q)MG
cc′(k,q) [MG′

vv′(k,q)]∗

× ωqν

2

 1
ωqν +

(
εQP
ck − ε

QP
v′k′

)
− Eλ

+ 1
ωqν +

(
εQP
c′k′ − εQP

vk

)
− Eλ

.
(4.25)

In order to illustrate the dynamics more clearly, the expression was extended by 2/ωqν
in the first line and the corresponding inverse in the third line. The second and third
line in Eq. (4.25) then yield a factor in the interval (0,1) weighting the contribution
of each mode. In the limit of large phonon frequencies, i.e., ωqν � εQP

c′k′ − εQP
vk − Eλ,

the mode can fully contribute to the screening and the weighting factor becomes equal
to one. In the limit of small phonon frequencies, ωqν � εQP

c′k′ − εQP
vk − Eλ holds and

the mode is not able to follow the exciton formation at all. The weighting factor
accordingly vanishes in this case. Thus, we find that the lattice fully contributes to the
screening if the excitonic binding energy is small compared to the phonon frequencies
and that, in the opposite limit, the lattice does not contribute to the screening at all.
In all other cases, each mode contributes partially to the screening.

It should be noted that the derivation so far is completely general and no assumptions
about the character of the electron-phonon coupling are made. To do quantitative
calculations, the electron-phonon matrix element gνmn has to be given, which will
depend on the material to be studied.

4.2 Application to polar crystals

In the preceding section, general expressions accounting for the contribution of phonons
to the screened Coulomb interaction and to the direct BSE term were developed. In
this section, we will focus on polar insulators and semiconductors, where the coupling
of electrons to long-range longitudinal-optical (LO) phonons dominates. To study
materials on a computational basis, this interaction needs to be specified in terms of an
electron-phonon matrix element. In polar materials, an explicit expression capturing
the long-range interaction exists, which is a generalization of the well-known (original)
Fröhlich vertex described in Section 3.1.3. Under the assumptions made in the original
work [36], a widely-used screening model can be recovered.
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4.2.1 Generalized Fröhlich coupling

In polar materials, at least two atoms in the unit cell carry nonvanishing Born effective
charges [28]. This results in the Fröhlich interaction, which describes the coupling
of electrons and holes to macroscopic electric fields generated by LO phonons. The
expression derived in the original work [36] described in Section 3.1.3, considering an
isotropic system with a dispersionless LO phonon, has been generalized [42] in order to
define the Fröhlich coupling in a way that includes the coupling to all phonon modes
and allows the description of anisotropic materials. Within the generalized approach,
the total coupling element is given as a sum of a long- (L ) and a short-range (S )
part:

gνmn(k,q) = g(S )
νmn(k,q) + g(L )

νmn(k,q). (4.26)

The long-range part corresponds to the original Fröhlich coupling and contains all
contributions leading to the divergence at small q, such that the short-range part will
be finite. This approach is comparable to the calculation of LO-TO splitting in polar
materials by separating the analytical and nonanalytical parts of the interatomic force
constants (see Section 2.4). The long-range component of the matrix element reads

g(L )
νmn(k,q) = iBqν

∑
G6=−q

C(q + G) · Q̄νG(q) 〈ψmk+q|ei(q+G)·r|ψnk〉 . (4.27)

The appearing quantities are defined by

Bqν = 4π
ΩUC

(
1

2ωqν

)1/2

(4.28a)

C(q + G) = (q + G)
(q + G) · ε∞ · (q + G) = XG(ε∞,q)

|q + G|
(4.28b)

XG(ε∞,q) = êq+G

êq+G · ε∞ · êq+G
(4.28c)

Q̄νG(q) =
∑
κ

1√
Mκ

Z∗κ · eκν(q) e−i(q+G)·τκ . (4.28d)

The dielectric tensor ε∞ and the Born effective charges Z∗κ are given by 3×3 tensors.
The vector Q̄νG is closely related to the polarization vector qν defined in Eq. (2.23),
but each nuclear contribution is weighted by a factor exp[−i(q + G) · τ κ], where τ κ is
the position of the κth nucleus. In the definition of XG(ε∞,q), we introduced the unit
vector êq+G in direction q + G, such that q + G = |q + G| êq+G. This will be useful
in the following section in the interest of deriving the contribution of phonons to the
inverse dielectric matrix.
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It is interesting to note that the long-range part truly reduces to the original Fröhlich
vertex when assuming one dispersionelss LO mode and an isotropic system [42]. This
leads to the fact that the derived expression for W ph similarly reduces to a known
model based on these assumptions, as will be shown in Section 4.2.3.

4.2.2 Long-range contribution to the screened Coulomb interaction

We have to evaluate Eqs. (4.13a), (4.13b), and (4.13c) in order to calculate the Fourier
coefficients of W ph needed for the calculation of the direct BSE term in Eq. (4.25).
Using the long-range matrix element from Eq. (4.27), the Fourier coefficients of the
coupling function are given as

g̃G
qν(q) = V

∑
nk
mk′

g(L )
νmn(k,k′,q) ψ̃G

mk′(q)
[
ψ̃0
nk(0)

]∗
. (4.29)

We express the matrix element as the long-range component in Eq. (4.27) but with
independent crystal momenta, i.e.,

g(L )
νmn(k,k′,q) = iBqν

∑
G′ 6=−q

C(q + G′) · Q̄νG′(q) 〈ψmk′|ei(q+G′)·r|ψnk〉 . (4.30)

Based on the completeness of the basis, it holds ∑nk ψnk(r)ψnk(r′) = δ(r− r′), which
can be used in order to evaluate the summations in Eq. (4.29). With the definition of
the Fourier coefficients of the wave function in Eq. (4.12), we find

∑
nk
ψnk(r)

[
ψ̃G
nk(q)

]∗
= 1
V
e−i(q+G)·r. (4.31)

Inserting the general form of the long-range matrix element from Eq. (4.30) in Eq. (4.29)
and using identity in Eq. (4.31), we are left with

g̃G
qν(q) = i Bqν

∑
G′ 6=−q

C(q + G′) · Q̄νG′(q) 1
V

∫
dr ei(G′−G)·r. (4.32)

The last factor can be expressed as a delta δGG′ , such that the final result for the
Fourier coefficients is given by

g̃G
qν(q) = i Bqν C(q + G) · Q̄νG(q). (4.33)
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Using Eq. (4.33) in Eq. (4.13b), we obtain the final result for the phonon contribution
W ph as

W ph
GG′(q, ω) = ΩUC

∑
ν

DA
qν(ω)B2

qν

[
C(q + G) · Q̄νG(q)

]
×
[
C(q + G′) · Q̄∗νG′(q)

]
.

(4.34)

To make the developed expression comparable with the general form of the screened
Coulomb interaction in Eq. (3.43), we insert the definitions in Eqs. (4.28) to express
the vector C(q + G) by XG(ε∞,q) and rewrite Eq. (4.34) as

W ph
GG′(q, ω) = ΩUC

∑
ν

DA
qν(ω)

( 4π
ΩUC

)2 1
2ωqν

[
XG(ε∞,q) · Q̄νG(q)

|q + G|

]

×
[
XG′(ε∞,q) · Q̄∗νG′(q)

|q + G′|

]
.

(4.35)

From the connection of the screened Coulomb interaction with the dielectric matrix by
Eq. (3.43), we can define the contribution of phonons through

W ph
GG′(q, ω) =

4π ε−1
ph,GG′(q, ω)

|q + G||q + G′|
. (4.36)

Comparing with Eq. (4.35), we can extract

ε−1
ph,GG′(q, ω) =

∑
ν

DA
qν(ω) 4π

ΩUC

1
2ωqν

[
XG(ε∞,q) · Q̄νG(q)

]
×
[
XG′(ε∞,q) · Q̄∗νG′(q)

]
.

(4.37)

4.2.3 Connection to a screening model

By applying the approximations made in the original work of Fröhlich [36] to the Fourier
coefficients calculated in Eq. (4.33), we can draw a connection between the theory
developed in this thesis and a screening model used in the literature (see Section 3.3.3).
The main approximation constitutes in the assumption of a cubic, isotropic material. In
this case, both the Born effective charge tensor Z∗κ and the dielectric tensor ε∞ become
diagonal, having each only one independent element Z∗κ and ε∞, respectively. Moreover,
only one longitudinal phonon with a dispersionless frequency ωLO is considered. Under
those assumptions and restricting to the case G = G′ = 0, Eq. (4.34) changes to

W ph(q, ω) = DA
LO(ω) 4π

|q|2
4π

ΩUC

Q2
LO(0)

2ωLO

1
ε2
∞
, (4.38)
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where QLO = |QLO|. Using the relation between the full static dielectric tensor ε0 and
the high frequency tensor ε∞ in Eq. (2.24), a connection between longitudinal and
transverse optical frequencies and the dielectric constants can be established. In the
case of an isotropic, cubic crystal with one longitudinal mode, Eq. (2.24) simplifies to

ε0 = ε∞ + 4π
ΩUC

Q2
LO(0)
ω2
TO

= ε∞ + 4π
ΩUC

Q2
LO(0)
ω2
LO

ε0

ε∞
, (4.39)

where we used the Lyddane-Sachs-Teller relation (Eq. (2.25)). Inserting Eq. (4.39) into
Eq. (4.38), we obtain

W ph(q, ω) = DA
LO(ω) 4π

|q|2
( 1
ε∞
− 1
ε0

)
ωLO

2 . (4.40)

Under the assumption of a constant electronic screening constant ε∞ and using the
adiabatic propagator from Eq. (4.2), the total W then writes

W (q, ω) = W el(q) +W ph(q, ω) = 4π
|q|2

[
1
ε∞
−
( 1
ε∞
− 1
ε0

)
ω2
LO

ω − ω2
LO

]
. (4.41)

The term in square brackets defines a frequency-dependent inverse dielectric function.
The expression is equivalent to the screening model used for isotropic polar crystals with
one LO phonon mode defined in Eq. (3.48). Therefore, our first-principles approach
can be seen as a generalization of this screening model to anisotropic crystals with
multiple phonon modes.

4.2.4 The case q = 0

When constructing W ph
GG′ according to Eq. (4.35), special care has to be taken if one

or both of the reciprocal lattice vectors G is zero for vanishing q as this will lead
to diverging contributions behaving as |q|−1 or |q|−2. The divergence is similar to
the one of the electronic contribution, where sophisticated methods of dealing with
this problem have been developed [43,44]. In principle, equivalent methods could be
adopted for the phonon contribution, but this would go beyond the scope of this thesis.
Therefore, a simple spherical averaging procedure is chosen in order to integrate out the
divergence, a method that was also applied to the electronic part as the most simple
approximation [40]. The general idea of the spherical average is to replace the value of
the Fourier components WGG′ at q = 0 by their corresponding average W ′

GG′ defined
by

W ′
GG′(q) = 1

Vq

∫
Vq
dpWGG′(p). (4.42)
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The integration extends over a subcell of the BZ extending between neighbouring
points of the mesh and has the volume Vq = 2π3/V . Considering a sphere of radius
qs = (6π2/V )1/3 with the same volume as the subcell, the average can be calculated an-
alytically. The results for the diverging factors are

1
Vq

∫
Vq
dp 1
|p|2

= 4π
Vq

qs, (4.43)

1
Vq

∫
Vq
dp 1
|p|

= 2π
Vq

q2
s . (4.44)

It should be noted that within this simple approach, the values of the dielectric matrix
and the phonon frequencies at the Γ point are not uniquely defined, as they depend on
the direction from where it is approached (see Eqs. (3.32) and (2.22)).

4.2.5 Implementation

The expressions derived so far have been implemented into the full-potential all-electron
code exciting [17]. Figure 4.2 schematically shows the workflow for including screening
effects from polar phonons. The steps shown in red correspond to a pure electronic
screening. Only the ones relevant for this thesis are shown - for a more detailed
discussion the reader is referred to [11,17], where the implementation in the code is
discussed in great detail. Quantities in yellow are added to the screening workflow
within this thesis and take into account the polarization of the lattice. Before the
actual solution of the BSE takes place, a ground-state Kohn-Sham-DFT calculation is
carried out. For the construction of the phonon part of the BSE Hamiltonian, a first
guess for the excitation energy is needed (see Eq. (4.25)). Therefore, it is reasonable to
begin with a BSE-calculation with pure electronic screening and to use the obtained
energy Eλ

el as input for the phonon part.

First, the dielectric matrix εRPAGG′(q) is calculated within the random-phase approx-
imation (RPA) and used to build the Fourier coefficients of the screened Coulomb
interaction W el

GG′(q) according to Eq. (3.45). The high-frequency tensor ε∞ is written
to file as it is needed in the following to compute the non-analytic part of the dielec-
tric matrix through Eq. (2.21) and the phonon contribution to the screened Coulomb
interaction. The electronic BSE Hamiltonian Hel

vck,v′c′k′ is set up (Eq. (3.66)) and
diagonalized in order to obtain the excitation energies Eλ

el.

The dynamical matrices D̃κ′α′
κα (q), the Born effective charge tensors Z∗κ, and the high-

frequency dielectric tensor are needed in order to obtain the phonon frequencies ωqν
and eigenvectors eκν(q). These, in turn, are used for the calculation of the phonon part
of the screened Coulomb interaction WGG′

qν (q) given through g̃G
qν(q) (Eqs. (4.33) and
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Figure 4.2: Schematic workflow of the screening part of the BSE including effects
from the lattice. Quantities shown in red correspond to a pure electronic screening.

(4.34)). This calculation as well needs the dielectric tensor as input. In the following,
the elements of the phonon contribution to the direct term Hph

vck,v′c′k′ are calculated
according to Eq. (4.25) where the excitation energy obtained from pure electronic
screening is used as starting point. The last step consists of the diagonalization of
the total direct Hamiltonian Hdir

vck,v′c′k′ defined in Eq (4.14) as the sum of electronic
and phonon contribution. This yields excitation energies Eλ corresponding to the full
screening of electrons and phonons. In principle, the new excitation energies can now
again serve as an input value, depicted by the dashed arrow. The total Hamiltonian
will then be set up and diagonalized again until convergence is reached. It should be
noted that in principle every excitation λ can be treated this way. However, this is
costly in terms of computation time since the Hamiltonian needs to be set up for each
excitation individually, such that in practical calculations one will focus on a specific
excitation.
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In order to carry out the workflow, a new routine gen_phonon_screening was added
to the exciting code, which computes the Fourier coefficient WGG′

qν (q). This is a
post-processing operation, which requires the previous calculation of the phonon modes,
the Born effective charges, and the high-frequency dielectric tensor. The calculation
of the phonon contribution to the BSE Hamiltonian Hph

vck,v′c′k′ is implemented in a
new routine gen_phonon_hamiltonian, which is called in the already existing routine
scrcoulint. This routine now includes both the electronic and the phonon part of
the direct BSE Hamiltonian, which has the advantage that the plane-wave matrix
elements MG

mn(k,q) (Eq. (3.47)) can be re-used. As their calculation is one of the most
time-consuming steps in the BSE workflow, the additional runtime for setting up the
phonon part of the BSE Hamiltonian is negligible compared to the runtime of the
whole BSE calculation.

4.3 Impact on the excitonic ground state

In this section, the numerical outcome of the theoretical derivations of the preceding
sections is presented. The effects of electron-phonon interactions on the excitonic
binding energy in different polar insulators and semiconductors are studied. The focus
lies on the excitonic ground state, λ = 0 (see Section 3.3.4). First, the selection of
studied materials is presented followed by the computational details. The excitonic
ground state is analyzed in the following where, especially, its composition of excitations
in reciprocal space is examined. The slow convergence of the binding energy with respect
to the k-point sampling is addressed. Hereafter, the computed phonon dispersions and
Born effective charges of the different materials are shown. Finally, the renormalization
of excitonic binding energies due to EPI are investigated. The computed values are
presented and compared with calculations based on the Wannier-Mott (WM) model
and experimental values. The convergence of the binding energy with respect to the
number of iterations of solving the BSE is studied. All computational details are
provided in Appendix A.1.

4.3.1 Materials of interest

The lattice is only able to follow the exciton formation if the phonon frequencies and
the excitonic binding energy are comparable and indeed this condition is fulfilled in
many polar semiconductors. The magnitude of the effects of EPI additionally depends
on the contribution of the lattice polarization to the screening. Consequently, the
pure electronic and the full static dielectric constants are relevant quantities as well,
determining which materials are affected by the additional screening arising from polar
phonons.

44



Table 4.1: Experimental parameters at room-temperature relevant for the effects of
EPI on the excitonic binding energy: The elements of the dielectric tensors ε∞ and ε0
(parallel and perpendicular (‖,⊥) are to be understood with respect to the c-axis of the
wurtzite crystals), the binding energy of the excitonic ground state EB, and the highest
LO phonon frequency ωLO. Additionally, the fundamental band gap Eg is shown. The
values for LiF are taken from [45–48], for MgO from [49], for GaN from [50–52], for
ZnO from [53,54], and for ZnS from [2,55].

Material ε∞ ε0 Eg [eV] EB [meV] ωLO [meV]
LiF 1.9 9.0 14.2 1600 82
MgO 2.9 9.8 7.7 85 89
ZnS 5.1 8.3 3.5 36 37
GaN 5.4(⊥) 9.5(⊥) 3.5 28 92

5.8 (‖) 10.4 (‖)
ZnO 3.7 (⊥) 7.8 (⊥) 3.2 59 73

3.8 (‖) 8.9 (‖)

The following materials are selected for this thesis: LiF and MgO in the cubic rocksalt
structure, ZnS in the cubic zinc-blende structure, and GaN and ZnO in the hexagonal
wurtzite phase. These simple binary compounds are chosen as they are classical polar
materials, which are well studied from both theory and experiment such that the
obtained results can be compared to reference values. Table 4.1 shows the experimental
values of the relevant parameters for these materials. As can be seen, the contribution
of the lattice influences the dielectric constants in the various materials to a different
extent. While in LiF an increase of more than 480% can be observed, the screening
only grows about 50% in ZnS. Also with regard to band gaps and binding energies,
large differences can be found. In general, it can be observed that large band gaps
correspond to large binding energies, as the electronic screening contribution is small
(compare Eq. (3.46)). In LiF, a band gap of more than 14 eV and a huge binding
energy of 1600meV are measured, whereas in ZnS, GaN, and ZnO gaps around 3 eV
and binding energies below 100meV are found. The phonon frequencies in all materials
are below 100meV, the smallest one being only 37meV in ZnS. Owing to the large
spread of the values for the different parameters, it can be expected that the impact of
EPI on the excitonic binding energy is significantly different for each of the materials.

4.3.2 Exciton analysis

Each electron-hole excitation obtained from the solution of the BSE is expressed as an
expansion into independent-particle transitions (Eq. (3.58)). The expansion coefficients
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Figure 4.3: Left panels: Imaginary part of the dielectric function of LiF (top) and
MgO (bottom). The fundamental band gaps are marked by dashed lines and the
positions of the lowest-energy excitations by red arrows. Broadenings of 0.2 eV (LiF)
and 0.3 eV (MgO) are applied. Right panels: Electron-hole coupling coefficients of the
lowest-energy excitation projected onto the band structure. The coupling coefficients
are represented as circles, their size is proportional to the magnitude of the coefficients.

are given by the BSE eigenvectors Aλvck corresponding to one vk→ ck transition. For
an analysis of excitonic states, it is therefore convenient to introduce the electron-hole
coupling coefficients wλvk and wλck, which define the contribution of a given valence or
conduction state to the exciton, respectively. In terms of the BSE eigenvectors, they
are computed as

wλck =
∑
v

|Aλvck|2, wλvk =
∑
c

|Aλvck|2. (4.45)

Exemplary, the coupling coefficients projected onto the band structure for the excitonic
ground states in LiF and MgO are shown in Figure 4.3, the results for the other
materials can be found in Appendix A.4. Additionally, the imaginary part of the
dielectric function is shown, where the position of the exciton is marked. In LiF,
the first exciton appears at 11.6 eV and is, therefore, responsible for the large peak
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Figure 4.4: Excitonic binding energy, Eel
B , of the first exciton in MgO computed with

pure electronic screening versus the inverse number of k-points, Nk, in one direction.
A linear extrapolation using the five highest points is shown as dashed line.

in the dielectric function shown in the upper panel. The largest coefficients can be
found for transitions from the valence band maximum (VBM) to the conduction band
minimum (CBM) around Γ, but also transitions in some distance from the BZ center
contribute significantly to this exciton. Due to the broad distribution of the coupling
coefficients, moderately dense sampled grids (1000-2000 k-points in total) suffice to
describe the variation of the excitonic wave function Aλvck in reciprocal space and, in
turn, to converge the binding energy.

Turning to MgO, we find the first excitation at 7.2 eV. Being a bright excitation, this
exciton is responsible for the first peak of the spectrum, which is shown on the left-hand
side of the lower panel in Figure 4.3. As can be seen from the figure, this exciton
consists mostly of strongly localized transitions from the VBM to the CBM around
Γ, and other bands contribute only to a much lower extent. Similar observations are
made for the other low-binding energy materials GaN, ZnS, and ZnO. This poses a
severe problem for computing converged values of the excitonic binding energy as very
dense samplings around the center of the BZ are needed to obtain a converged value of
the binding energy.

As an example, Figure 4.4 shows the excitonic binding energy Eel
B in MgO, computed

with pure electronic screening on a grid of Nk×Nk×Nk k-points, versus 1/Nk. It can
be seen that the binding energy decreases linearly for coarse grids up to a sampling of
10×10×10 points and only for very dense grids a converging behavior can be observed.
When increasing the grid from 17×17×17 to 18×18×18 points, the binding energy
changes less than 0.5%, which is seen as a sufficiently converged value. For the other
materials with even lower binding energies, much denser grids would be necessary to
reach convergence. However, such dense samplings are computationally not affordable
with equally distributed k-points, so that there were other methods developed like
hybrid meshes. In the case of GaN, for instance, it was shown that the excitonic ground
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Figure 4.5: Phonon-dispersion curves for LiF (left panel) and MgO (right panel). The
longitudinal optical phonon modes most responsible for EPI are marked by LO.

state can be converged by a dense sampling of an inner part of the BZ, which would
otherwise require 2 million points distributed equally over the whole Brillouin zone [4].
Unfortunately, such a technique is not implemented in the current version of exciting.
Therefore, it is not possible to obtain properly converged values for the binding energies
such that a different approach is needed to enable quantitative predictions within this
thesis. It is presented in Section 4.3.4.

A further method used in the literature to overcome the difficulty of dense sampling is
a simple extrapolation based on the linear decrease of the binding energy for coarse
grids [56] . However, we assume that this method does not give the same binding
energy as it would be obtained from a truly converged calculation. In MgO, the
linear extrapolation, applied using the five highest points, is marked by a dashed line
in Figure 4.4. The extrapolation yields a value of around 140meV, which is far below
the one of the converged system, which is around 500meV.

4.3.3 Phonon dispersions, Born effective charges, dielectric tensors

In Figure 4.5 the phonon dispersions of LiF and MgO are shown as examples. The
results for the other materials can be found in Appendix A.3. As both crystals have a
face-centered cubic structure with two atoms in the unit cell, their dispersion relations
share some features. Both materials have six phonon modes, three acoustical and three
optical. Two of the optical modes are transversal (TO), the other mode is longitudinal
(LO), and therefore the most responsible for screening effects from phonons. At Γ, the
two TO modes are degenerate and for both materials, the LO mode has a frequency of
around 80meV.
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Table 4.2: Computed parameters relevant for EPI: Elements of the full static dielectric
tensor ε0, the Born effective charge tensor Z∗, and the highest LO frequency. Only
nonvanishing tensor elements are shown. Parallel and perpendicular (‖,⊥) are to be
understood with respect to the c-axis of the wurtzite crystals.

Material ε0 ωLO [meV] |Z∗| [a.u.]
LiF 9.6 83 1.1
MgO 10.1 91 2.0
ZnS 7.8 44 1.9
GaN 9.0 (⊥), 10.0 (‖) 91 2.6 (⊥), 2.8 (‖)
ZnO 8.5 (⊥), 9.3 (‖) 73 2.1 (⊥), 2.2 (‖)

Table 4.2 shows the highest LO frequency ωLO and the elements of the full static
dielectric tensor ε0 and the Born effective charge tensor Z∗. All materials exhibit large
Born effective charges, which results in larger elements of the full dielectric tensors
ε0 compared to the high-frequency tensor ε∞ shown in Table 4.1. There is an overall
agreement between computed and experimental values (see Table A.3) with only small
discrepancies, in particular with regard to the Born effective charges and the phonon
frequencies. A slight deviation of the computed elements of the full static dielectric
tensor from the experimental counterparts can be observed, but for all materials the
deviation does not exceed 10%. Although the dielectric tensor ε0 does not enter the
construction of the screened Coulomb interaction in Eq. (4.35), it is instructive to look
at this quantity to quantify the effects of EPI on the excitonic binding energy: The
tensor on the one hand appears in the limiting case of our first-principles approach
in Eq. (4.41), and on the other hand is used for evaluations within the Wannier-Mott
model through Eq. (3.74).
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computed with and without the inclusion of EPI versus the inverse number of k-points
Nk in one direction.

4.3.4 Computational approach for low binding energies

With the current implementation of exciting, it is not possible to converge the low
excitonic binding energies in ZnS, GaN, and ZnO due to an insufficient k-point sampling
(see discussion in Section 4.3.2). In order to make quantitative predictions within this
thesis, we therefore follow an approach based on the use of results published in the
literature. More specifically, we use converged values for the binding energies Eel

B and
the corresponding excitation energies Eλ=0 obtained from the solution of the BSE using
pure electronic screening. These quantities are needed as starting point for the setup of
the BSE Hamiltonian in Eq. (4.25) and for an analysis within the Wannier-Mott model
in Eq. (3.74). The key idea is that the relative effect of EPI on the binding energy is
independent of the k-point sampling if the same starting point is used for every grid.
Therefore, also the ratio EB/E

el
B between the binding energy using the full screening

and the binding energy with pure electronic screening is independent of the sampling.
It is thus sufficient to compute both binding energies on a coarse grid and to use this
ratio in order to renormalize the converged value for Eel

B .

To justify the chosen approach, both binding energies are computed for MgO using
grids of Nk×Nk×Nk points and the variation of the ratio EB/E

el
B versus 1/Nk is

observed. MgO is chosen, as in this material the binding energy can be studied over
a broad range of 1/Nk until it converges. The corresponding values are shown in
Figure 4.6. For all calculations of the phonon BSE term through Eq. (4.25), the same
starting point for the excitation energy Eλ=0 corresponding to a binding energy of
Eel

B = 498meV is used. The same number of points are used as in Figure 4.4, thus the
whole range of the linear decrease up to the region where the binding energy converges
is covered. As can be seen from the figure, the ratio of the two binding energies varies
only very slightly with respect to the k-point sampling and a change from less than
1%-point can be observed when going from a 6×6×6 grid to a 18×18×18 grid. With
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Table 4.3: Components of the high-frequency dielectric tensor ε∞ as computed in
exciting compared to experimental values. For ZnS, GaN, and ZnO, additionally
literature values [4, 57, 58] are shown, which stem from the publications serving as
reference for the binding energy Eel

B . Parallel and perpendicular (‖,⊥) are to be
understood with respect to the c-axis of the wurtzite crystals. For experimental
references see Table 4.1.

Material exciting Literature Experiment
LiF 1.8 - 1.9
MgO 2.7 - 2.9
ZnS 4.9 5.1 5.1
GaN 4.8 (⊥), 4.9 (‖) 5.2 (⊥), 5.3 (‖) 5.4 (⊥), 5.8 (‖)
ZnO 3.7 (⊥), 3.7 (‖) not published 3.7 (⊥), 3.8 (‖)

increasing density of the grid, the ratio varies less, as for a large number of k-points
the two binding energies are converged. Also for the other materials, the ratio of the
binding energies varies only very slightly with increasing number of mesh points, and
the aforementioned procedure is therefore applied to these materials. The literature
values for the binding energy corresponding to the used initial excitation energies can
be found in Table 4.4 in the next section.

It is clear that this procedure does not provide a fully quantitative way to evaluate the
effects of EPI since results of different codes using different computational parameters
are used. Nevertheless, the BSE implementation within exciting has been shown to
be in good agreement with previous works at the same level of theory [11] and therefore
the findings are seen to be not just of a qualitative nature.

This assumption is supported by the values of the high-frequency dielectric tensors
ε∞, which agree among the different computations. The components of the dielectric
tensors of all investigated materials and their experimental counterparts are shown in
Table 4.3. One can observe a slight underestimation of the high-frequency dielectric
tensor as computed in exciting compared to the reference values from literature
calculations and experiment. The underestimation can be attributed to the use of
quasiparticle corrections of the electronic structure. Evaluating the screening using
the Kohn-Sham band structure, however, a much stronger overestimation is found.
Overall, the values are close enough to expect that the published binding energies
deviate only slightly from those which would have been obtained with exciting using
a dense sampling.
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Table 4.4: Binding energies in meV: Eel
B computed with pure electronic screening, and

EB with the additional effects of EPI. Results are obtained from our first-principles
calculations (BSE) and the Wannier-Mott (WM) model. Experimental (Expt.) values
are shown for comparison. Starting values Eel

B are extracted from the literature for
ZnS [57], GaN [4], and ZnO [58]. For experimental references see Table 4.1.

Material Eel
B (BSE) EB (BSE) EB (WM) EB (Expt.)

LiF 2568 2495 2502 1600
MgO 498 435 439 85 - 100
ZnS 52 43 42 32 - 36
GaN 37 24 21 18 - 28
ZnO 68 48 45 50 - 60

4.3.5 Renormalization of the binding energy

In Table 4.4, excitonic binding energies computed with pure electronic screening Eel
B

and with the additional contribution from EPI EB are presented. The values obtained
from our full first-principles approach (BSE) are compared with values obtained from
the Wannier-Mott (WM) model and experimental values. The initial excitation energies
for the setup of the BSE Hamiltonian (Eq. (4.25)) and the computation within the
WM model (Eq. (3.74)) are obtained from a BSE calculation employing pure electronic
screening. For ZnS, GaN, and ZnO, these values correspond to binding energies Eel

B
extracted from the literature [4,57,58]. The presented values for EB are obtained from
one-shot calculations for both the BSE and WM approach, i.e., the binding energies
are not updated. The convergence with respect to an update of the binding energy is
discussed in Section 4.3.7.

From the values in Table 4.4, we see that the exciton binding energy decreases in all of
the investigated materials when EPI is included. However, large differences become
apparent with regard to the magnitude of effects. While a reduction of the binding
energy of around 30% can be found in GaN and ZnO, there is only a decrease of less
than 20% in MgO and ZnS. In LiF, the binding energy decreases only about 3%. For
these differences, the different lattice polarizabilities, and, in particular, the dynamics
of the screening are responsible. These effects are further discussed in Section 4.3.6. It
can be found that the results obtained from our first-principles approach are close to
those obtained within the WM model. For LiF, MgO, and ZnS, only small (relative)
deviations can be observed, whereas larger ones are found for GaN and ZnO. As in
the two latter materials the effects of EPI are stronger, the deviations between the two
approaches become more pronounced. Overall, however, there is a good agreement
between the results. When comparing these values, one should be aware of the fact
that the ground-state excitons in the investigated materials (except LiF) fulfil the
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main assumption of the WM model, i.e., they are mostly composed of transitions
from the valence band maximum to the conduction band minimum (see Section 4.3.2).
Furthermore, only a small number of LO phonon modes is present. Therefore, the
assumptions made in Section 3.3.6 to solve the WM model analytically hold such that
comparable values can be found as from a full BSE solution. Our results are further
supported by a recently published study† of the effects of EPI on the excitonic binding
energy in ZnS, where a comparable result of 42meV was found [57].

Moreover, it can be observed that the computed binding energies in ZnS, GaN, and ZnO
come much closer to the experimental range when EPI is included, which demonstrates
the importance of correctly capturing these effects. In the case of GaN, it should be
noted that the literature value of Eel

B = 37meV was obtained using a dielectric tensor
whose elements are about 10% smaller than the experimental values (see Table 4.3).
An approximate reduction of the binding energy by 8meV (Eel

B = 29meV) is reported
in the publication when using the experimental values for the high-frequency dielectric
tensor [4]. Using this value as a starting point, a binding energy of EB = 19meV is
obtained.

For MgO and LiF, the discrepancies between computed and experimental values are
still large. However, we do not attribute this observation to an erroneous treatment
of EPI but to an overestimation of the binding energy computed with pure electronic
screening. Using exciting, binding energies Eel

B of 498meV (MgO) and 2.568 eV
(LiF) are obtained. Similar large values of 430meV and 2.050 eV are reported in the
literature [5,48], where the deviation from our results can be mainly traced back to the
fact that we used slightly lower dielectric constants (2.7 compared to 3.0 for MgO and 1.8
compared to around 2.0 for LiF). Within the hydrogen-like WM model, where Eel

B ∝ ε−2
∞

(see Eq. (3.72)), the effect of larger dielectric constants can be estimated, reducing our
values to binding energies of 410meV (MgO) and 2100meV (LiF), respectively. As
in the literature [5,48] the used values for ε∞ are even larger than the experimental
ones (1.9 for LiF and 2.9 for MgO), we assume that the binding energies Eel

B are
overestimating the true values EB not only by neglecting long-range EPI but also
by other effects. It is, however, difficult to specify where this overestimation stems
from. One possible reason could be the neglection of the short-range contribution to
the electron-phonon coupling in this work. From an evaluation of Eq. (3.74), it can
be found that values of around Eel

B = 140meV (MgO) and Eel
B = 1.7 eV (LiF) would

correspond to a full binding energy EB within the range of experimental values.

†This study also served as a reference for the converged value of the binding energy Eel
B with pure

electronic screening.
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Table 4.5: Ratio between binding energies EB/E
el
B and physical quantities determining

the impact of EPI on the binding energy.

Material ωLO/E
el
B flat [%] ε0/ε∞ EB/E

el
B

LiF 0.03 0.3 5.4 0.97
MgO 0.2 2 3.8 0.87
ZnS 0.8 17 1.6 0.83
GaN 2.5 25 1.9 0.65
ZnO 1.1 14 2.4 0.70

4.3.6 Effects of screening dynamics and lattice polarizability

In the interest of analyzing the effects of lattice polarizability and dynamical screening
on the excitonic binding energy, we again compare the binding energy computed with
pure electronic screening Eel

B with the full binding energy EB including effects from EPI.
As our approach accounts for Fröhlich coupling, one expects that the polarizability of
the lattice, i.e., the contribution of the lattice to the dielectric tensor, should determine
how strong EPI affects the binding energy. In the derivation of the phonon contribution
to the BSE Hamiltonian in Section 4.1.4, it was further found that the impact of EPI on
the binding energy depends on the ability of the lattice to follow the exciton formation.
In order to illustrate the dynamical effects, we make use of the WM model. From
Eq. (3.77), we recall that in this model the effective dielectric constant screening the
exciton formation can be defined by EB = Eel

B · (ε∞/εeff)2. Based on this relation, we
introduce the parameter flat as

εeff = ε∞ + flat · (ε0 − ε∞), (4.46)

which takes values between 0 and 1, and can be interpreted as the fraction of the
lattice polarizability contributing to the screening. While a value of 0 indicates that
only electrons screen the exciton formation (εeff = ε∞), a value of 1 occurs if the whole
lattice polarizability contributes to the screening(εeff = ε0). All values between 0 and 1
correspond to a fractional contribution of the lattice polarizability.

In Table 4.5, the ratios between the highest LO frequency and the binding energy
ωLO/E

el
B , between the averaged full static dielectric constant and the high-frequency

constant ε0/ε∞, and between the full binding energy including effects from EPI and
the binding energy computed with pure electronic screening EB/E

el
B as obtained from

BSE are presented. Additionally, the parameter flat is shown. It can be observed
that the larger ωLO is compared to Eel

B , the higher is the lattice contribution flat and,
in turn, the smaller is EB compared to Eel

B . This can be interpreted as follows: For
large binding energies, the exciton formation is so fast that the lattice is unable to
form a polarization cloud around the electron-hole pair. The contribution of the
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lattice polarizability to the screening is very small and the screening stems only from
electrons. For small binding energies, in contrast, the exciton formation is slow such
that the lattice vibrations have enough time to follow the motion of electron and hole.
Consequently, the screening significantly increases when EPI is considered. In LiF, the
phonon frequency is much smaller than the binding energy such that the lattice can
follow the fast exciton formation to a very low extent. The binding energy reduces by
solely 3% under the inclusion of EPI as only 0.3% of the lattice polarizability contribute
to the screening. In the other materials, a larger fraction of the lattice polarizability is
able to follow the exciton formation as phonon frequencies and binding energies are
closer. In GaN, the phonon frequency is more than 2 times larger than the binding
energy, which results in a reduction of the binding energy of 35%. The lattice is partly
able to follow the slow exciton formation, 25% of the lattice polarizability contribute
to the screening.

Moreover, it can be seen that the reduction from Eel
B to EB indeed depends on the

lattice polarizability and, hence, the ratio of the dielectric constants ε0/ε∞. The
larger ε0 is compared to ε∞, the stronger is the influence of EPI resulting in a larger
reduction of the binding energy. Looking at ZnS and ZnO, having comparable ratios
ωLO/E

el
B of 0.8 and 1.1 but different ratios ε0/ε∞ of 1.6 and 2.4, respectively, we see

that in ZnO the binding energy is reduced by 30%, whereas in ZnS only a reduction of
17% can be observed. A comparable value is found for MgO due to the large lattice
polarizability (ε0/ε∞ = 3.8), although in this material the binding energy is 5 times
larger than the LO phonon frequency. In LiF, the large lattice polarizability leads to a
reduction of the binding energy of 3%, despite the fact that the phonon frequency is
almost negligible compared to the huge binding energy.

To demonstrate the importance of correctly treating the screening due to EPI, Table 4.6
shows the binding energy of the various materials computed without and with the
inclusion of dynamical effects (the latter are equal to the values shown in Table 4.4).
The case of neglecting dynamical effects corresponds to setting the weight in the
second and third line of the phonon contribution to the direct BSE term Eq. (4.25)
equal to one. It becomes evident that dynamical effects have a strong influence on
the renormalization of the excitonic binding energy. In particular for LiF and MgO,
materials with large (computed) binding energies, the neglection of the dynamics leads
to binding energies much smaller than the values computed with dynamical screening.
This can be explained by the fact that without dynamical effects each mode fully
contributes to the screening, whereas in the dynamical case the lattice vibrations follow
the exciton formation only to a very low extent in these materials. For LiF and MgO,
it can further be observed that the binding energies computed under the assumption
of static screening are very close to the experimental values. However, this is only the
case due to a strong overestimation of the binding energy Eel

B computed with pure
electronic screening, as already discussed in the preceding section. For ZnS, GaN, and
ZnO, the neglection of dynamical effects similarly leads to a stronger renormalization
of the binding energies. At variance with LiF and MgO, the additional screening effects
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Table 4.6: Binding energies EB in meV computed with dynamical (dyn.) and static
(stat.) treatment of screening effects. For comparison, the values calculated with pure
electronic screening Eel

B and the experimental (Expt.) values are shown as well.

Material Eel
B EB (dyn.) EB (stat.) EB (Expt.)

LiF 2568 2495 1520 1600
MgO 498 435 92 85 - 100
ZnS 52 43 31 34 - 37
GaN 37 24 18 18 - 28
ZnO 68 48 26 50 - 60

are smaller, as also in the dynamical case the lattice follows the exciton formation to
a large extent as phonon frequencies and binding energies are in the same order of
magnitude.

Nevertheless, neglecting dynamical effects leads to an underestimation of the binding
energies in ZnO and ZnS. In GaN, the computed value moves to the lower limit of
the experimental range when a starting value of Eel

B = 37meV is used. However, this
value is likely to be overestimated due to an underestimation of the dielectric tensor
in the RPA screening (see the discussion in the previous section). Assuming that the
correct value is around Eel

B = 28meV, a binding energy of EB = 14meV is obtained
when dynamical effects of the phonon screening are neglected. Similar to the case of
ZnS and ZnO, this value also is below the experimental values, which were found in
the range of 18 - 28meV.

In conclusion, the results discussed in this section show that a correct treatment
of dynamical effects in the phonon part of the screening is crucial in order not to
overestimate the renormalization of the excitonic binding energy due to EPI. It should
be stressed that this is true for materials with large and small binding energies alike,
although, for LiF and MgO, the neglection of dynamical effects yields results much
closer to experiment which indicates that additional effects might be present.

4.3.7 Self-consistent solution of the BSE

As already discussed in Section 4.2.5, the BSE has, in principle, to be solved self-
consistently, as the direct term itself depends on the BSE solutions Eλ. In Figure 4.7,
the ratio EB to the initial of value Eel

B = 498meV for the first exciton in MgO is
shown versus the number of iterations. The first input energy for the ground-state
excitation is the one obtained from pure electronic screening and corresponds to Eel

B .
The resulting binding energy EB after the inclusion of EPI serves as the input energy
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Figure 4.7: Ratio of the binding energies EB/E
el
B of the first exciton in MgO versus

the number of iterations.

of the next calculation. From the figure, we can see that sufficient convergence is
reached after a few iterations. The reduction between the first to the fourth iteration
is roughly 1% with a change below 0.02meV from the third to the fourth iteration. A
similar convergence behavior is observed for the other materials. Only one iteration
is therefore seen to be satisfactory, as for ZnS, GaN, and ZnO exact numbers are in
any case out of reach due to insufficient k-point sampling. Moreover, even for fully
converged calculations the error of excitonic binding energies from the solution of the
BSE is presumably larger than the changes shown in Figure 4.7 being below 1%.
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5 Conclusions and outlook

In the present thesis, a first-principles approach was developed accounting for the
influence of electron-phonon interactions (EPI) on excitonic binding energies in polar
materials. The derivation includes the coupling to all modes, and no assumptions
about the crystal symmetry were made. This represents important progress as previous
models are usually based on the coupling to specific modes in isotropic systems. A
central element was the derivation of a frequency-dependent phonon contribution to
the screened Coulomb interaction, which is completely general and does not require any
assumptions about the material. Starting from the Fan-Migdal self-energy of electron-
phonon coupling, defining screening effects stemming from phonons on a fundamental
level, a real-space expression for the screened Coulomb interaction could be extracted.
A leading idea was the expansion in terms of the electron-phonon matrix element,
which allows the connection of the developed formalism to the standard notation. The
corresponding contribution of phonons to the direct BSE term was derived, which
results in an energy-dependent term due to the inclusion of frequency dependence.
Being valid for all types of materials, we applied the developed formalism to polar
crystals. Here, an explicit expression for the long-range electron-phonon matrix element
exists, which is a generalized version of the Fröhlich coupling. It could be shown that
a widely-used screening model is contained as a limiting case in our approach. The
derived expressions for the phonon contribution to screened Coulomb interaction and
the direct BSE term were implemented into the all-electron code exciting.

With the developed approach, effects of EPI on the excitonic binding energy of LiF and
the prototypical polar semiconductors MgO, GaN, ZnS, and ZnO were investigated.
Except LiF, the ground state excitons in these materials have relatively low binding
energies in the order of 100meV and are rather delocalized in real space. Hence, the
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excitons are composed of transitions strongly localized around the center of the Brillouin
zone, which requires an extremely dense sampling of this region in order to converge the
binding energy. In the current implementation of exciting, such a sampling technique
is not implemented and converged computations of binding energies are therefore
prohibitive for ZnS, GaN, and ZnO. Nevertheless, a computational approach based on
the use of converged values published in the literature allowed quantitative predictions
also for these materials. Specifically, converged values for the binding energies computed
with pure electronic screening were used, and their ratio to the values obtained when
including EPI could be computed. Both binding energies computed with exciting
and those extracted from the literature overestimate the binding energy if effects from
EPI are neglected. After the inclusion of EPI, the computed values come significantly
closer to or reach exactly the experimental range for the three materials ZnS, GaN,
and ZnO. For LiF and MgO, however, the reduction of the binding energy is not large
enough to reach the experimental range. Here, it is assumed that other physical effects,
which we do not account for, have an influence on the binding energy as well. However,
it is very difficult to specify where the overestimation stems from. One possible reason
could be the neglection of the short-range contribution to the electron-phonon coupling
in this work.

An analysis within the simplifying Wannier-Mott model yields values very close to
those obtained from the first-principles approach. Furthermore, it could be shown that
the developed method correctly accounts for dynamical screening effects: In LiF, where
the binding energy is above of 2 eV, EPI reduces the binding energy by less than 1%
as the lattice is unable to follow the fast exciton formation. In the other materials,
reductions up to 30% could be observed. Using results from different codes, the findings
are not fully quantitative. However, since the different BSE codes have been shown to
produce similar results for other calculations, the deviations are expected to be small.

Due to the aforementioned computational difficulties, the effects of EPI on excitonic
binding energies were analyzed only for small polar binary compounds, which are
already well studied in the literature. We intend to extend the study to more complex
polar materials such as Ga2O3 and perovskites, where strong effects of EPI on excitons
can be expected. The implementation of more flexible grids in reciprocal space is
urgently needed in this context. A future goal is also the inclusion of screening effects
on the whole optical spectrum, as in the current approach one is limited to study effects
on a specific excitation. Furthermore, as temperature effects on excitonic binding
energies can be observed in experiments [8], it would be interesting to advance the
developed formalism in this regard.
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A Supplementary results

This appendix supplements the results section for the materials not shown in the main
text. It provides phonon dispersions computed and electron-hole coupling coefficients
and optical spectra as obtained from the solution of the Bethe-Salpeter equation.

A.1 Computational details

The numerical results presented in this thesis are obtained with two different codes:
The pseudopotential code Quantum ESPRESSO [59] and the full-potential all-electron
code exciting [17]. In the following, it is summarized which code is used for which
calculation, and the computational parameters are presented. The various grids for k
and q-points are given in Table A.1.

Quantum ESPRESSO is used for all systems to relax the crystal structure and to
calculate the phonon modes as well as the Born effective charges. The ground-state
DFT calculations are performed within the general gradient approximation (GGA)
using the PBEsol functional [60]. The LO-TO splitting is computed including the
nonanalytical part of the force constants (see (Eq. (2.21)) through the Born effective
charges and the high-frequency dielectric tensor.

Ground-state calculations also performed with exciting, followed by the study of
excitonic properties through the solution of the BSE. The basis size is set by the
parameter RMT|G + k|max = 7.0, which is found to be sufficient for converging the
ground-state total energy of all systems. For the computation of spectra, the grids are
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Table A.1: Grids for k and q-points employed in the different calculations: Ground
state (GS), BSE (for MgO, different grids are used for the calculation of the optical
spectrum and the binding energy EB ), and phonons.

Material k-grid (GS) k-grid (BSE) q-grid (phonons)
LiF 10×10×10 12×12×12 4×4×4
MgO 10×10×10 12×12×12 (spec.) 4×4×4

18×18×18 (EB )
ZnS 10×10×10 12×12×12 4×4×4
GaN 10×10×8 12×12×8 4×4×4
ZnO 10×10×8 12×12×8 4×4×4

shifted by (0.097/Nx, 0.273/Ny, 0.493/Nz) (in lattice coordinates), in order to break
the symmetry. For computing binding energies, however, unshifted grids are used
such to include the Γ-point. This is relevant as, in these materials, the electron-hole
coupling coefficients of the lowest-energy excitation are largest at this point. Local-field
effects are included up to a cutoff of |G + q|max = 3.0 a.u.−1, and 100 empty states are
used in the RPA screening. A scissor operator is used in the screening and the BSE
part to adjust the computed band gaps to the experimental values from Table 4.1. In
the calculation of optical spectra, four valence bands and five conduction bands are
considered, and a broadening of 0.3 eV is applied. For the computation of the excitonic
binding energy, three valence and two conduction bands are included (for LiF, five
valence and four conduction bands).
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A.2 Structure relaxation

The following Table A.2 summarizes the relaxed structure constants found for the
different materials.

Table A.2: Relaxed structure constants a in bohr of the investigated materials as
computed and found by experiment. For GaN and ZnO in the wurtzite structure, the
ratios c/a are shown as well. Experimental values for LiF from [61], for MgO from [62],
for ZnS from [63], for GaN from [64], and for ZnO from [65].

Material a c/a a (Expt.) c/a (Expt.)
LiF 7.68 - 7.61 -
MgO 7.97 - 8.03 -
ZnS 10.12 - 10.22 -
GaN 6.02 1.63 6.03 1.63
ZnO 6.10 1.61 6.15 1.60
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A.3 Phonon dispersions

Figure A.1 shows the computed phonon dispersions of ZnS, GaN, and ZnO along
high-symmetry directions in the Brilouin zone.
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Figure A.1: Phonon-dispersion curves of ZnS (upper panel), GaN (middle panel),
and ZnO (lower panel) along high-symmetry directions in the Brillouin zone.
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A.4 Optical spectra
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Figure A.2: Optical spectrum (left) and e-h coupling coefficients of the first exciton
(right) of ZnS (upper panel), GaN (middle panel), and ZnO (lower panel). For GaN and
ZnO in the wurtzite structure, the spectra correspond to light polarized perpendicular
to the crystallographic c direction. The position of the first exciton is marked by a red
arrow.
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A.5 Experimental values

In Table A.3, we show the experimental values for the elements of the Born-effective
charge tensor Z∗, the full static dielectric tensor ε0, and the highest LO phonon
frequencies.

Table A.3: Experimental parameters: Elements of the full static dielectric tensor
ε0 and the Born-effective charge tensor Z∗, and the highest LO frequency inmeV.
Only non-vanishing tensor elements are shown, parallel and perpendicular (‖,⊥) are
to be understood with respect to the c-axis of the wurtzite crystals. Data for LiF
from [46,47, 66], for MgO from [49, 67], for ZnS from [2, 68], for ZnO from [53], and for
GaN from [51,52,69].

Material ε0 ωLO [meV] |Z∗| [a.u.]
LiF 9.0 82 1.0
MgO 9.8 89 2.0
ZnS 8.3 37 2.2
GaN 9.5(⊥), 10.4 (‖) 91 2.7(⊥), 2.8 (‖)
ZnO 7.8(⊥), 8.9 (‖) 73 2.1 (⊥), 2.1(‖)
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B Periodic crystals

In this appendix, the description of a periodic solid and the properties of Bloch waves in
a periodic potential are reviewed. Furthermore, some useful integrals and summations
over the crystal lattice are summarized.

B.1 Crystal lattice

Consider an infinite crystal composed of periodically arranged atoms. The crystal
structure is described by a periodically repeated unit cell having the volume ΩUC,
which is defined by a set of three basis vectors {a1, a2, a3}. All integer combination
of the basis vectors define the set of lattice vectors {R}. For the theoretical study of
crystals, the definition of a reciprocal lattice is useful. The basis vectors {b1,b2,b3}
in reciprocal space are defined by

ai · bj = 2π δij ∀ i, j ∈ {1, 2, 3}. (B.1)

Accordingly, the set of reciprocal lattice vectors {G} is given by all integer combinations
of the reciprocal basis vectors.

Usually, just a finite number of unit cells Np = Nx×Ny×Nz is considered instead of
infinitely large crystals. The set of these unit cells define the Born-von-Kármán (BvK)
volume V=Np ΩUC.
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Commonly used identities over the BvK volume involving the lattice vectors are given
in the following:

1
V

∫
V
dr ei(q−q′)·r = δqq′ , (B.2)

1
Np

∑
R
ei(q−q′)·r = δqq′ . (B.3)

B.2 Bloch waves

In a periodic potential obeying v(r + R) = v(r) for any lattice vector R, Bloch’s
theorem states that the solutions of the Schrödinger equation are of the form

ψnk(r) = unk(r) eik·r, (B.4)

where unk(r) = unk(r + R) has the periodicity of the lattice. Bloch waves are labeled
by a band index n and a wave-vector k. Not only electronic wavefunctions, but also
other quantites may have a Bloch form, for instance the electron-phonon coupling
function can be written as

gqν(r) = eiq·r ∆qν
P vKS(r), (B.5)

where ∆qν
P vKS(r) is the cell-periodic part of the function. In the main text, the Fourier

coefficient of the coupling function is needed which is defined according to Eq. (C.4) as

g̃G
q′ν(q) = 1

V

∫
d3r gq′ν(r) e−i(q+G)·r. (B.6)

Formally, the integration is to be taken over the whole crystal volume V , but due to
the Bloch-property of the coupling function it can be rewritten as an integral over
the unit cell with volume ΩUC. Further, the coefficient is only non-vanishing if q = q′.
Considering the Born-von-Kármán volume, the coordinate of an arbitrary vector r can
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be expressed as the sum of a vector from the unit cell and the coordinate Rp of the
pth unit cell. The integral can accordingly be rewritten as

1
V

∫
V
d3r gq′ν(r) e−i(q+G)·r = 1

V

∫
V
d3r ∆qν

P vKS(r) e−i(q−q′+G)·r

= 1
V

∑
p

∫
ΩUC

d3r ∆qν
P vKS(r) e−i(q−q′+G)·(r+Rp)

= 1
V

∑
p

e−i(q−q′+G)·Rp

×
∫

ΩUC

d3r ∆qν
P vKS(r) e−i(q−q′+G)·r

= δqq′
1

ΩUC

∫
ΩUC

d3r gq′ν(r) e−i(q+G)·r.

(B.7)

In the last equality, the result of the crystal summation in Eq. (B.3) was used.
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C Mathematical tools

C.1 Fourier transformations

Here, we summarize the conventions used in the thesis for various Fourier transfor-
mations. The expressions are given without proof, they can be found in any book in
solid-state theory.

C.1.1 Functions in time

Any function in the time domain f(t) can be transformed into the frequency domain by

F (ω) =
∫
dt f(t) eiωt. (C.1)

The inverse transformation is given by

f(t) = 1
2π

∫
dω F (ω) e−iωt. (C.2)
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C.1.2 Functions in real space

Any function in real space f(r) can be represented in terms of its Fourier components
FG(q) as

f(r) =
BZ∑
q

∑
G
FG(q) ei(q+G)·r, (C.3)

where the coefficients of the expansion are given by

FG(q) = 1
V

∫
V
dr f(r) e−i(q+G)·r. (C.4)

The integration extends over the Born-von-Kármán (BvK) volume V . Equivalently,
any function depending f(r, r′) on two spatial coordinates can be given by its Fourier
representation as

f(r, r′) = 1
V

BZ∑
q,q′

∑
G,G′

ei(q+G)·rFG,G′(q,q′) e−i(q′+G′)·r′ (C.5)

and the Fourier coefficients are defined as

FG,G′(q,q′) = 1
V

∫ ∫
V
drdr′ e−i(q+G)·r f(r, r′) ei(q′+G′)·r′

. (C.6)

C.1.3 Periodic functions

In the case of a lattice periodic function in a periodic crystal depending on one spatial
argument, i.e. f(r + R) = f(r), only the coefficient corresponding to q = 0 will give a
contribution to the expansion, such that in this case

f(r) =
∑
G
FG(0) e−iG·r. (C.7)

Similarly, if a function of two coordinates in real space is periodic with respect to a
shift of both arguments by the same lattice vector, i.e., f(r + R, r′ + R) = f(r, r′),
the Fourier coefficients will only depend on one single reciprocal coordinate and the
representation is given by

f(r, r′) = 1
V

BZ∑
q

∑
GG′

ei(q+G)·r FGG′(q) e−i(q+G′)·r′
. (C.8)
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The Fourier coefficients are obtained by integrating over the BvK volume V according to

FGG′(q) = 1
V

∫
V
drdr′ e−i(q+G)·r f(r, r′) ei(q+G′)·r′

. (C.9)

C.2 Residue theorem

Consider a positively oriented simple closed contour C in the complex plane and a
function f(z) of a complex variable z having n poles inside the contour. The residue
theorem states that integral over this contour can be evaluated by∫

C
dz f(z) = 2π i

∑
k

Res
z=ak

f(z), (C.10)

where Res
z=ak

f(z) is the residue of f with respect to the pole k. The residue of a simple
pole can be obtained according to

Res
z=ak

f(z) = lim
z→ak

(z − ak) f(z). (C.11)
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