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1. Introduction

The interaction between bosons and fermions is a fundamental component of many-
body physics. One of the manifestations in materials is the interaction of electrons
with collective vibrational modes, the (bosonic) phonons. Electron-phonon interaction
influences the properties of matter and contribute to multiple phenomena. These
include the temperature dependence of the electrical resistivity and carrier mobility
in semiconductors [27, 35], optical absorption in indirect gap semiconductors [28], the
temperature dependence of band structures [22,23,42], the formation of kinks, polaronic
satellites and Kohn anomalies in photoemission spectra [17,19,39,50,64,66,68,69], as
well as conventional superconductivity [4]. Additionally, the scattering of electrons and
phonons results in dissipation phenomena, such as hot-carrier relaxation [11, 12, 16],
phonon damping [28], and the decay of collective charge-density fluctuations (plasmons)
[10,14,18,55].

A quantitative understanding of electron-phonon interaction from ab initio calcula-
tions can help to find materials for applications, in which the time-scales of dissipation
phenomena are important for the device function [18]. Such applications are plasmonic
devices [25,34] which employ charge-density fluctuations, the plasmons and surface-
plasmon-polaritons (SPP’s) [13,65], that exist in nanostructured materials. SPP’s allow
for the amplification, concentration, and manipulation of light-waves at the nanoscale,
exhibit large excitation cross-sections, and can cause field strengths around the nano-
particles, significantly larger than this of the incident light beam [25,41]. Plasmonic
devices allow to overcome the diffraction limit of conventional optics and may help to in-
crease the resolution and sensitivity of optical probes [25]. The applications of plasmon
excitations range from ancient stained glass [35], up to modern biomedicine [24,29],
and especially radiation therapy [31,57], energy generation [6,37,46,62], environmental
protection [7,38,51], information technology [8,45,58] and sensing [32]. The number
of applications for plasmonics increases rapidly with the capability to manifacture
nanomaterials [25]. As large enough plasmon lifetimes are indispensable for the device
functionality [34], the development of predictive theories, that account for the damping
mechanisms of plasmons may contribute to the development of plasmonic applications.

Plasmon excitations correspond to the roots of the macroscopic dielectric function ε
of the system, and have a dispersion relation between their momenta k and frequencies
ωpl [18, 44]. Plasmons can be observed in electron-energy-loss spectroscopy (EELS).
In EELS an electron beam is directed on a specimen [21] and the change of the
electron energy and momentum after interacting with the sample is measured to deduce
information about the structural and chemical properties of the system [20]. The
electron loss can be described by the loss function L

L (k, ω) = =(ε(k, ω)−1), (1)

which exhibits poles for values (k, ω), at which plasmons or electron-hole pairs can
be excited [56]. The loss function for the free electron gas (in the random-phase
approximation [4]) in three dimensions as depicted in Fig.1, exhibits plasmon excitations
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Figure 1: Poles of the loss function for the free electron gas [53, p.239], with frequency ω
over momentum k = |k|. kF is the Fermi wavevector [35] and ωpl the plasma
frequency, that marks the onset of the plasmon mode in the system (dashed
line). The parabolic lines mark the boundaries, in which electron-hole pairs
can be excited.

(the dashed line).
The lifetime of the plasmon modes can be calculated by including electron-phonon

and electron-electron interactions in the dielectric function. In recent years, substantial
advancements have been made [5,48,52,59,73,74], though most of these approaches
concentrated on absorption spectroscopy. Recently, the effects of plasmon damping
in the homogeneous electron gas have been calculated, relying on corrections of the
electron Green’s function [18]. However, the impact of electron-hole interactions in
this model, the electron-phonon vertex correction, has not yet been considered.
In this work, I will use the Hedin-Baym equations, which constitute an exact

formalism to investigate interacting electrons and phonons in the harmonic approxima-
tion [18, 27], to calculate the electron-phonon vertex correction to the homogeneous
electron gas. In the model, electron-electron interaction is neglected to focus on
electron-phonon interaction, which is appropriate for small energy excitations [2, p.187].
To allow by hand calculations, a single optical phonon is considered, that interacts
with electrons with a non-dispersive coupling strength. The calculations will be done
in a zero temperature framework and exemplified for carrier densities representative
of metals. Within this model, I will investigate the properties of the vertex function.
I aim to check the validity of Migdal’s theorem [47], that the vertex correction can
only have a small impact on the dielectric function. Additionally, I investigate whether
compensation effects between the correction from Green’s functions [18] with the
vertex correction take place, similar to the findings for the electron-electron interacting
systems [9]. Eventually, I will assess the influence of the vertex correction on the
plasmon lifetimes.
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2. Theoretical background and methodology

In this section, I first present the model Hamiltonian of the homogeneous electron gas,
then introduce the method of Green’s functions, the Feynman rules of the theory, the
equation of motion for the Green’s functions and the concept of the self-energy. After-
wards, I discuss the scope of this methodology, the dielectric function, the random-phase
approximation, the Hedin-Baym equations and I outline the calculation procedure that
I used and how I validated my results. The model that I investigate is the homoge-
neous electron gas with electron-phonon interactions and phonons in the harmonic
approximation1 at zero temperature. The treatment is simplified by neglecting the
Coulomb interactions between the electrons, so that the effect of electron-phonon
interactions can be more easily assessed. Additionally, I approximate the coupling of
electrons and phonons and the phonon frequency ωph as non-dispersive. The scope of
this approximation is discussed in Secs. 2.5 and 3.3.

The Hamiltonian of the system, which can be found for example in [27], is, in second
quantization2

Ĥ =
∑

k
ε(k)c†kck +

∑
q
ωph

(
a†qaq + 1

2

)
+
∑
k,q

g c†k+qck(aq + a†−q) (3)

where ck denotes an electron annihilation operator for momentum k, aq an annihilation
operator for a phonon of momentum q, and the † denotes the Hermitean conjugate
creation operators. ε(k) denotes the energy of an electron with momentum k (in
the non-interacting system). The non-dispersive electron-phonon coupling strength
g depends in real materials on the momenta k and q and additionally on the band
indices of the involved phonon and electron. To make by hand calculations of the vertex
tractable, I work in the homogeneous electron gas with one parabolic electron band and
one phonon mode only, so the band-indices are omitted for brevity. I aim to predict the
behaviour of the system, especially regarding charge-density fluctuations (plasmons) [53].
For this purpose, I employ field theoretical methods - more precisely the Hedin-Baym
equations [27], that constitute a rigorous formalism to investigate interacting electrons
and phonons in the harmonic approximation, and the diagrammatic expansion [33].
The field theory approach is for my purpose preferable to other methods [67]. Other
approaches, such as the Schödinger formulation of perturbation theory, suffer drawbacks:
Their perturbation formulas get tediously complex at low orders and one needs to
know the eigenstates of the system [53]. Both the Hedin-Baym equation and the
diagrammatic approach build on the methods of Green’s functions in the treatment of

1There is no unmediated phonon-phonon interaction.
2I work in atomic units

~ = Ha = me = 1
4πε0

= 1, (2)

where ~ denotes the reduced Planck constant, Ha the unit of energy, Hartree, me the free electron
mass and ε0 the vacuum permittivity.
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interacting many-particle systems, which is discussed in the next sections.

2.1. Green’s function approach to many-body systems
Green’s functions allow a mathematical treatment of interacting many-particle systems
without knowledge of the precise partition function [53]. I discuss here their definition
and connection to experimental data, for example from spectroscopic measurements
[30,63]. The discussion in this and the next section follows Ref. [53, p.109 ff.] closely.

2.1.1. Definition of Green’s functions

I investigate a system under an external perturbation. For that reason I aim to compute
response functions of the system, that allow to evaluate the evolution of an expectation
value 〈Ô〉 of an operator Ô in the presence of an external perturbation P (t), where t is
the time. The field P , that is assumed scalar, may couple to an operator M̂ , yielding
a perturbation to the Hamiltonian of the unperturbed system Ĥ0. The Hamiltonian of
the perturbed system is then

Ĥ (t) = Ĥ0 + M̂P (t) = Ĥ0 + Ĥp. (4)

In the presence of this perturbing field, I want to calculate the change of 〈Ô(t)〉 with the
help of the linear-response theory. In this framework, the time evolution of the system,
represented by the density matrix ρ, is truncated at first order in the perturbation. This
approach is justified if the perturbation P is sufficiently small. I discuss in Sec. 2.5 what
"sufficiently" means. For a rigorous derivation of the linear-response, the interested
reader is referred to [4, p.360ff.] or [53, p.115ff.]. Assuming that the perturbation was
turned off at t = −∞, the change in the observable 〈∆Ô〉 is [53, p.118]:

〈∆Ô〉(t) = 〈Ô〉(t)− 〈Ô〉(−∞) =
∫ t

−∞
dt′P (t′)〈[Ô(t), M̂ (t′)]〉0 (5)

where [, ] means the commutator [a, b] = ab− ba, and 〈...〉0 indicates that the average
is taken for the unperturbed system.
The retarded Green’s function of the operators M̂ and Ô is

G
Ô,M̂

(t, t′) = −iθ(t− t′)〈[Ô(t), M̂ (t′)]〉0. (6)

Here, the operators are in the Heisenberg picture, and θ is the Heaviside function. In
terms of Green’s functions, Eq.(5) can be recast as

〈∆Ô〉(t) =
∫ ∞
−∞

dt′P (t′)G
Ô,M̂

(t, t′). (7)

This representation justifies the term Green’s function in the mathematical sense [49,
p.795] and makes evident that the system response to small external perturbations is
given by retarded Green’s functions.
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Important is the Fourier transformed version of Eq.(5), the Kubo equation

〈∆Ô〉(t) =
∫ ∞
−∞

dωP (ω)G
Ô,M̂

(ω) exp(−i(ω + i0)t). (8)

2.1.2. The dielectric function

In this work the dielectric function is the most important response function. The
dielectric function describes the linear-response of a system to a perturbing external
charge density ρp. In a medium with free charge carriers, this perturbing charge density
is screened: Charge carriers in the system are attracted or repelled in such a way
to compensate the perturbation locally. A measure of this screening is the dielectric
function ε.
I use the Fourier decomposition of the perturbing charge density

ρp(r, t) =
∫
R

dω

2π
∑

q
ρp(k, ω) exp(ikr− i(ω + i0)t). (9)

This charge density couples via the Coulomb interaction to the other charge carriers in
the system. The interaction energy is

Hp(t) = −
∫
dr
∫
dr′ρ(r)ρp(r′, t)

|r− r′|
. (10)

With the space-like Fourier transform of the density of the valence electrons ρ(k),
∫
drdr′ exp(i(kr + k′r′))

|r− r′|
= δk,−k′

4π
k2 , (11)

δx,y being the Kronecker delta, and the Fourier transform of the Coulomb interaction
v(k) = 4π

k2 one obtains

Hp(t) =
∫
R

dω

2π exp(i(ω + i0)t)
∑

q
v(q)ρp(q, ω)ρ(−q). (12)

I assume now, that the background of ions just compensates the electronic charges.
The total charge density is

ρt = ρp + ρi (13)

where ρi represents the induced charge density. With Maxwell’s equations [54]

ik ·D(k, ω) = ρp(k, ω), (14)
ik · E(k, ω) = 4π(ρp(k, ω) + ρi(k, ω)), (15)
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and the material equation

D(k, ω) = 1
4πε(k, ω)E(k, ω), (16)

one obtains

ρi(k, ω) =
(

1
ε(k, ω) − 1

)
ρp(k, ω). (17)

The screened or effective Coulomb potential is then

W (k, ω) = v(k)
ε(k, ω) . (18)

Up to now, the considered theory is not quantized. The quantization is achieved by
introducing the density operator ρ̂, for the internal electrons:

ρ̂(k) =
∑
q′
c†q′cq′+k. (19)

Then, the perturbation becomes

Ĥp(t) =
∑

q
ρ̂†(q)Ft(q) (20)

where Ft is a perturbing field (but no operator here):

Ft(k) = v(k)
∫
R

dω

2π exp(−i(ω + i0)t)ρp(k, ω). (21)

In the linear-response theory, the expectation of the induced charge density is

〈∆ρ̂i(k, t)〉 =
∑
q′

∫
R
dt′Ft′(q′)Gρ̂(k),ρ̂(q′)(t, t′)

=
∫
R
dt′Ft′(k)χ(k, t, t′) (22)

where Gρ̂(k),ρ̂(q′)(t, t′) = χ(k, t, t′) is the density-density response function, that is by
translation symmetry diagonal in k. One obtains finally

1
ε(k, ω) = 1 + v(k)χ(k, ω). (23)

It is evident from Eq.(23) that charge-density fluctuations are directly related to the
dielectric function. The dielectric function will later be calculated with the aid of
approximations to the density-density response χ.
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2.1.3. Spectral density

It should be clarified how direct the connection between Green’s functions and ex-
periment is. The most direct fashion is the introduction of a spectral density: In
spectroscopy experiments, such as photoemission, inverse photoemission or electron
loss spectroscopy, beams of incident light or electrons hit a material and thereby cause
elementary excitations in the material, which in turn cause the emission of either light
or electrons. The emitted particle’s properties disclose information about the electronic
structure of the material.
I consider the transition operator T̂ , that is for electron emission ĉk,n, where k, n

denote a quasi-electron state in the material. The spectral density is defined as [53]

S(t, t′) = 1
2π 〈[T̂ (t), T̂ †(t′)]〉0 (24)

and can be related to the current of photoelectrons that leave the sample [30]: While
moving out of the sample, the photoelectron interacts with the solid, leading to an
energy loss of the photoelectron, so that the measured current is not only dependent
on the excitation process. However, if the energy loss of the photoelectron can be
approximately neglected, the photoelectron spectra can be directly related to the
Fourier transform of the spectral density (Eq.(24)), that actually only encapsulates the
excitation process itself. Interested readers can find a profound discussion in [30].

As the spectral density is a Green’s function, it is evident that Green’s functions can
be related to experiments. It can be shown [2, p.50,51], that the Fourier transform of a
Green’s function has poles corresponding to the excitations of the system. The entire
macroscopic thermodynamics of a system is determined by the Green’s functions [53,
p.141 ff.]. To obtain information about a system, it remains to calculate the Green’s
functions. For this purpose I introduce calculation methods for Green’s functions.

2.2. Diagrammatic methods for Green’s functions

To simplify later discussions, I introduce two equivalent calculation methods of Green’s
functions: the method of Feynman diagrams, in this section, and the equations of
motion for Green’s functions Sec.2.4. As the latter is less discernible, and diagrams
lead to the same results, I begin with a brief derivation of the diagrammatic method.
This can be done for a Green’s function that is related to the retarded Green’s function
defined in Eq. (6). The derivation will only address objects that are relevant for this
thesis and thus be a short glimpse on the theory. Interested readers can find profound
discussions in Refs. [4, 36, 53,61].

Recall the Hamiltonian of the system, Eq.(3). There, the last term can be interpreted
as a perturbation to the free electron-phonon system

Ĥp = g
∑
k,q

c†k+qck(aq + a†−q). (25)
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If g is sufficiently small (see Sec. 2.5), the interpretation as a perturbation is justified.
Two additional definitions are necessary: Wick’s time-ordering operator is

T̂c(Ô1(t), Ô2(t′)) = θ(t− t′)Ô1(t)Ô2(t′) + rθ(t′ − t)Ô2(t′)Ô1(t), (26)

where r is the commutation factor of the operators, which is +1 for bosonic and −1
for fermionic operators. The time-ordered Green’s function is

Gc

Ô1,Ô2
(t, t′) = −i〈T̂c(Ô1(t), Ô2(t′))〉. (27)

To obtain a "new" perturbation expansion, assume that the system was unperturbed
at time t = −∞ and the interaction is turned on "adiabatically" until t reaches the
measuring time t ≈ 0, before it is turned off again to lead to a non-interacting system
at t = +∞.
One can then write the time-dependent Hamiltonian in terms of the unperturbed

Hamiltonian Ĥ0 as

Ĥ = Ĥ0 + Ĥp exp(−η|t|) (28)

where η is a positive infinitesimal. Switching to Dirac’s interaction picture, the
perturbing Hamiltonian then becomes

Ĥ D
p = exp

(
iĤ0t

)
Ĥp exp(−iĤ0t), (29)

and the corresponding time evolution operator of the system is

Uη(t, t′) =
∞∑
n=0

1
n!

∫ t′

t
dt1...dtn exp

(
−η

n∑
i=1
|ti|
)
T̂ (Ĥ D

p (t1)...Ĥ D
p (tn)). (30)

With these preparations I can use the Gell-Mann-Low theorem:

Theorem 1. Be |0〉 the non-interacting ground state. If the state

lim
η→0

Uη(0,−∞)|0〉
〈0|Uη(0,−∞)|0〉 =: lim

η→0

|ψη(0)〉
〈0|ψη(0)〉 (31)

exists to any order in perturbation theory, then it is an exact eigenstate to Ĥ .

I aim to compute the expectation value of an operator Ô in the Heisenberg picture.
Therefore, one has to evolve the system from the non-interacting ground state to time
0 and then back to the non-interacting ground state. Assuming that the exact ground
state is normalized, one finds

〈ψ(0)|Ô(t = 0)|ψ(0)〉 = lim
η→0

〈0|Uη(∞, 0)Ô(0)Uη(0,−∞)|0〉
〈0|Uη(∞,−∞)|0〉 . (32)
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The rest of this section aims to compute this expectation value 〈ψ(0)|Ô(t = 0)|ψ(0)〉.
In the denominator one finds the scattering matrix Sη = Uη(∞,−∞). The same fashion
that was used to find the expectation of Ô can be used for the time-ordered Green’s
functions. The machinery cannot be applied to the other Green’s functions [53], so that
the now developed diagrammatic machinery only applies to the time-ordered Green’s
functions, which, however, can be transformed into the others.
Two more definitions are necessary: The normal product is the product where

all creation operators stand at the left (by commutation in arbitrary order) and all
destruction operators stand to the right. This defines the operator N(Ô1...Ôn). Note
that any average over a normal product vanishes at zero temperature. The contraction
C is defined as

C(Ô1, Ô2) = T̂ (Ô1, Ô2)−N(Ô1, Ô2). (33)

With these definitions I can now introduce key theorems that enable the computation
of expectation values in a diagrammatic perturbation theory. The first theorem is
Wick’s theorem

Theorem 2. The time ordered product of any operators can be written in terms
of all normal products of all partially contracted operators

T̂ (Ô1...Ôn) = N(Ô1...Ôn)
+

∑
one contraction in normal product

N(...)

+
∑

two contractions in normal product
N(...)

+ ...+
∑

all operators pairwise contracted
(...). (34)

Note that all operators can only be contracted, if the number of operators is even. In
this case, a corollary of Wick’s theorem is

〈0|T̂ (Ô1...Ôn)|0〉 =
∑

all operators pairwise contracted
(...), (35)

which only enables the computation of any expectation value.
The contractions can now be interpreted in a diagrammatic way. In that manner, any

perturbation to any correlation function can be computed - formally. The identification
procedure of operators and diagrams can be found in [53, p.341] - only the computation
rules for the diagrams are important, which will be introduced shortly, after additional
simplifications. A Green’s function corresponds in diagrammatic language to the sum
of all diagrams with a fix number of external phonons and electrons. To compute
the Green’s function to order n of the perturbation, one has to compute all diagrams
composed of n vertices and all possible connections between them, with this fixed
number of external particles, see Fig. 2.

10



Figure 2: Diagram rules for the model system Eq.(3). The arrows on the electron line
denote the charge flow.

Figure 3: Topologically identical diagrams. All four diagrams can be transformed into
each other by flipping or rotating.

I am about to draw combinatorially many diagrams, to calculate the denominator
and the numerator in Eq.(32). Fortunately, there are two more theorems that reduce
the number of diagrams to draw dramatically.

Theorem 3 (Linked cluster theorem). Diagrams that have the same topology (i.e.
that can be transformed into each other by rotating, flipping, or distorting), have
to be considered only once.

The theorem is illustrated by Fig. 3 - and only one such diagram has to be computed,
as the others are topologically identical. I define connected diagrams, to be the
diagrams that have paths from each one-particle Green’s function to the other, and
closed diagrams, to be any diagrams that have no external legs. With these definitions,
the corollary of the linked cluster theorem can be derived [53, p.349]: Every expectation
value can be computed from connected diagrams values D only

〈0|Uη|0〉 = exp
 ∑
v∈connected diagrams

Dv

 . (36)

The other theorem is the theorem of closed diagrams: The scattering matrix expectation
value is the sum of all closed diagrams.

So, the denominator in the calculation cancels the unconnected diagrams that
contribute to the numerator. Thus, by the linked cluster theorem, any expectation

11



value can be computed by connected diagrams only

〈ψ|Ô(t = 0)|ψ〉 =
∑

connected diagrams for Ô

D
Ô
. (37)

2.3. Feynman rules
Now I can write down the Feynman rules for the model theory Eq. (3), that are
explicitly derived in Refs. [2, p.52,53], [27] and [53]. Note that a line of the diagram is
a one-particle Green’s function. The electron Green’s function is

iG(k, ω) = i

ω − ε(k) + iηk
, (38)

with ηk = η sgn(|k| − kF ). η is considered a positive infinitesimal and kF is the Fermi
wavevector. The Fermi wavevector denotes the highest occupied momentum state of the
free electron gas at zero temperature. By Pauli exclusion, electrons in the homogeneous
electron gas cannot occupy the same state. This means, that the states are filled from
the lowest energy up to the Fermi energy εF , that corresponds to the Fermi wavevector.
The electron Green’s function accounts for this change in occupation by a change of the
sign of the infinitesimal η sgn(|k| − kF ), distinguishing between excited electrons (with
energies higher than the Fermi energy) and empty electron states below the Fermi
surface, holes.
The phonon Green’s function of the theory is

iD(ω) = i

ω − ωph + iη
− i

ω + ωph − iη
. (39)

The interaction vertex is non-dispersive and is simply a factor g (see above). The
remaining rules stem from [53].

• As the system is translation invariant in space and time, Noether’s theorem
guarantees at each vertex energy and momentum conservation [4, 36].

• The momenta and energies of particles that are created and destroyed in the
process (internal particles), are integrated over.

• Every closed fermion loop is summed over spins and contributes the factor −1.

• Every vertex, including external ones, contributes a factor (−i).

• Self-energy diagrams, like the polarizability χ0 carry an additional factor i.

The term "self-energy diagram" will be clarified shortly.
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2.4. Equation of motion for Green’s functions

In this section, I define the equation of motion for the Green’s function and the self-
energy, following [15, p.23,24] closely3. I define the one-particle Green’s function to
be

G(r, t; r′, t′) = −i〈Ω|T̂c[c(r, t)c†(r′, t′)]|Ω〉 (40)

where c and c† denote annihilation or creation operators at a spacetime point and Ω
denotes the ground state. The generalization of the Green’s function to N particles is
then

GN(r1, t1; ...; rN , tN |r′1, t′1; ...; r′N , t′N) =
(−i)N〈Ω|T̂c[c(r1, t1)...c(rN , tN)c†(r′1, t′1)...c†(r′N , t′N)]|Ω〉

(41)

. The Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy now determines
the function GN , if GN+1 is known. This "equation of motion" for the single-particle
Green’s function is[

i
∂

∂t1
− h0(r1, t1)

]
G(r1, t1; r2, t2) + i

∫
dr3dt3v(r1; r3)δ(t1 − t3)×

×G2(r1, t1; r3, t
+
3 |r2, t2; r3, t

++
3 ) = δ(r1 − r2)δ(t1 − t2). (42)

Here, t+ = t + iη, and h0 is the Hamiltonian for the single electron, which is here
simply the kinetic term. Equation (42) can be obtained from the anticommutation
relations of the involved operators. However, Eq.(42) is not very helpful for actual
calculations, but it can be rewritten in a profitable way, introducing the self-energy.
The self-energy Σ is formally defined by∫

dr3dt3 [vH(r3)δ(t3)δ(r1 − r3)δ(t1 − t3) + Σ(r1, t1; r3, t3)]G(r3, t3; r2, t2) =

− i
∫
dr3dt3v(r1; r3)δ(t1 − t3)G2(r1, t1; r3, t

+
3 |r2, t2; r3, t

++
3 ) (43)

where vH is the Hartree potential, which vanishes in the model system due to the
absence of Coulomb interactions. Then, Eq.(42) can be written as[

i
∂

∂t1
− h0(r1, t1)

]
G(r1, t1; r2, t2)−

∫
dr3dt3Σ(r1, t1; r3, t3)G(r3, t3; r2, t2)

= δ(r1 − r2)δ(t1 − t2). (44)

The self-energy accounts for possible events that a particle encounters while propagating

3Even though this derivation includes only Coulomb interactions, the result is transferable to the
model system with Eq.(3).
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through the system - such as electron-hole-pair formation. These virtual processes
affect the propagation of the particle and so the Green’s function.
For the model system, that is invariant under spacetime translations, Eq.(44) can

be simplified, by Fourier transformation [49, p.465]. Most importantly, the Fourier
transform of the interacting one-particle Green’s function is

G(k, ω) = [ω − ε(k) + Σk(ω)]−1, (45)

where Σk(ω) is the Fourier transformed self-energy.

2.5. Scope of the methodology
In this section, I want to discuss the scope of the methodology, work out the interpre-
tation of Eq.(45) for elementary excitations, explain why the one-particle description
of the system is useful and what one can say about the excitations of the interacting
system, if the excitations of the non-interacting counterpart are known. The discussion
follows Ref. [63, p.6 ff.].
The methodology I describe is applicable to the "normal" Fermi liquid, that is the

system that evolves smoothly from the non-interacting Fermi gas when the interaction
is turned on adiabatically, similar to Eq.(31). So, I have to assume that the system
evolves smoothly into the interacting state for an infinitely slow switching procedure.
If this assumption is true, there is a one-to-one correspondence between the states of
the non-interacting and the interacting system and perturbation theory is applicable.
Now, the excitations of the interacting system can be put in relation to their non-

interacting counterparts in a similar way. Imagine a particle is plugged into the
non-interacting system and the interaction is switched on adiabatically. If the particle
evolves smoothly into an elementary excitation of the interacting system, there is a
one-to-one correspondence between the excitations of the two system. However, for this
procedure to be successful, the excitation in the interacting system has to be long-lived
enough to not decay during the switching. This means, only long-lived excitations
remain in one-to-one correspondence. The presence of the (long-lived) excitation in the
interacting system deforms the surrounding of the former particle. This deformation
is said to be the self-energy cloud, that dresses the particle. The dressed particle is
considered to be an independent entity, the quasiparticle.
As the interaction is encoded in this particle-like entity, it is plausible why a one-

particle description of the system is useful. However, many-body effects are still present,
and the one-particle theory is in this sense incomplete. One can rewrite and interpret
Eq.(45) with the bare one-particle Green’s function Eq.(38), to obtain Dyson’s equation

G(k, ω) = G0(k, ω) +G0(k, ω)Σk(ω)G(k, ω), (46)

that helps to interpret the quasiparticle interacts with it’s environment, yielding a
self-energy Σ, see Fig. 4. The Dyson equation, however, describes the whole system
and not only elementary excitations.
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Figure 4: The Dyson equation for electron Green’s functions in diagrammatic language.
The self-energy operator dresses the Green’s functions with interactions.

Figure 5: Diagrams that do not contribute to the self-energy, because they can be
disconnected by removing a single line.

In general, elementary excitations of the system are well defined if they have a long
lifetime. This holds also for collective modes, that are elementary excitations where
the system undergoes a coherent motion. The collective mode to be discussed in this
text is the plasmon.

2.6. Calculation of the self-energy

As I defined the scope of the theory, it remains to clarify, which diagrams contribute
to the self-energy. The contributing diagrams are called "irreducible" [61, p.216]: A
connected diagram is called one particle irreducible, if it cannot be disconnected by
removing a single line from the diagram.

Thus the diagrams in Fig. 5 do not contribute to Σ, while the diagrams in Fig. 6 do.
In the following I proceed to discuss some of the implications of these considerations
for the dielectric function.

Figure 6: One-particle irreducible diagrams that do contribute to the self-energy.
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Figure 7: Coulomb vertex of the Coulomb interacting homogeneous electron gas. The
value of the vertex is v(k) = 4π

k2 .

Figure 8: Diagrams that contribute to the free energy of the system at the second
order in the interaction, so they all have two interaction lines. The diagrams
to the left contain interaction lines that cannot transport momentum, and
vanish therefore. The right two diagrams are discussed in the text.

2.7. The dielectric function and the random-phase approximation

In this section, I want to put attention to the computation of the dielectric function with
the methods developed in the last sections. Therefore I introduce the random-phase
approximation (RPA) to the density-density response function, following the line of
Ref. [4, p.211 ff.]4. Reference [4] introduces the free energy of the system F , which is the
sum of all connected closed diagrams. The dominant contributions to this free energy
come from a certain class of diagrams which, considered alone, constitute the RPA of
the free energy. This free energy in the RPA can be linked to an effective Coulomb
interaction and the dielectric function. The diagram rules for the Coulomb-interacting
electron gas are given by the vertex with the bare Coulomb potential v(k) Fig. 7 and
by the bare electron Green’s function, see also Secs. 2.1.2 and 2.3.

The idea behind the RPA is best explained by writing the second-order contributions
to the free energy. At this order of the interaction, one can draw four diagrams, see Fig.
8, of which two (the left ones) are zero by charge neutrality (which causes v(0) = 0).

4Even though this derivation is made for the Coulomb-interacting electron gas it provides the basis
for the calculation in the model system, provided by Eq.(3).

16



The right two can be written in terms of the Feynman rules5

F1 = −4
∑

p1,p2,q

∫
R×R×R

dω1dω2dν

(2π)3 G(p1, ω1)G(p1 + q, ω1 + ν)×

×G(p2, ω2)G(p2 + q, ω2 + ν)v(q)2 (47)

F2 = 2
∑

p,q1,q2

∫
R×R×R

dωdν1dν2

(2π)3 G(p, ω)G(p + q1, ω + ν1)G(p + q2, ω + ν2)v(q1)v(q2).

(48)

In the homogeneous electron gas, at low temperatures, excitations near the Fermi
surface are responsible for transport. Thus, the Green’s functions acquire large values
only if their momenta are near the Fermi momentum |p| ≈ kF . In the first case, if
the momentum |q| is small, all Green’s function can have momenta near to the Fermi
surface - so that two unbound summations over momentum shells near the Fermi-surface
can take place with all Green’s functions having large values. In the second case on
the other hand, one needs to fine tune both photon momenta qi and then just one
unbound sum over a momentum shell near the Fermi-surface remains, so that the term
F1 dominates F2. This can be generalized to multiple ring diagrams of the form in Fig.
9, that are the dominant contributions to the free energy F and constitute the RPA.
As the free energy is directly related to the partition sum of the system [36, p.71], the
dominant contributions to the free energy are important also for the effective Coulomb
interaction in the system. In the RPA the effective Coulomb interaction is

W (k, ω) = v(k)
1− χ0(k, ω)v(k) = v(k)

ε(k, ω) , (49)

which is diagrammatically represented by Fig. 10. The dielectric function in the RPA6

is then defined as

ε(k, ω) = 1− v(k)χ0(k, ω), (50)

where χ0 is the single polarizability "bubble"

χ0(k, ω) = −2i
∫ dqdω′

(2π)4 G0(q + k
2 , ω

′ + ω

2 )G0(q − k
2 , ω

′ − ω

2 ). (51)

Eq.(51) has been evaluated by Lindhard for zero-temperature and an electron dispersion
ε(q) = q2

2m [26, p.161],

5I have choosen to write here sums for the momenta as in Ref. [4]. For the homogeneous electron
gas, the sums can be transformed into integrals.

6Note that the contribution of g2D(ω) to the effective interaction is neglected throughout this work,
which is feasible for large frequencies and small momenta.
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Figure 9: Ring diagram that contributes to the free energy. The inclusion of only
those ring diagrams to calculate the free energy is known as the random-
phase approximation. As virtual electron-hole pairs are generated in the
diagram, the single bubble is called polarizability χ0. The RPA diagrams
therefore reflect the contribution to the free energy through independent
virtual electron-hole pairs.

Figure 10: The Dyson equation for the effective interaction in the RPA. The thick
wiggly line corresponds to the effective interactionW , the thinner wiggly line
to the bare interaction v, and the bubble corresponds for the homogeneous
electron gas at zero temperature to the Lindhard polarizability χL0 Eq. (52).

Theorem 4. In three space dimensions the polarizability of the free electron gas
at zero temperature is

χL0 (k, ω) = N
kF
k

[
Φ(ω + iη

kvF
− k

2kF
)− Φ(ω + iη

kvF
+ k

2kF
)
]

(52)

where Φ(z) = z
2 + 1−z2

4 log( z+1
z−1), N = mkF

π2 and vF = kF

m
. m is the effective mass of

the quasi-electrons in the system.

The effective Coulomb interaction in the material can become very large, if <(ε)→ 0.
When this condition is obeyed, the material exhibits collective oscillations of the charge
density, the plasmons [63, p.211]. One can Taylor expand the result for χ0 for vF k

ω
� 1,
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Figure 11: Diagrammatic representation of the Dyson equation for the density-density
response function, which is the object to the left. The lighter shaded bubble
is the irreducible polarizability and the wiggly line represents the bare
Coulomb interaction v.

Figure 12: The diagrammatic representation of the vertex function (to the left) and
the vertex correction to the polarizability (to the right).

where vF is the Fermi velocity to obtain for small k [4, p.221]

W (k, ω) = 4πe2

k2
1

1− ω2
pl
ω2

(53)

where ωpl = (4πne2/m)1/2 is the plasma frequency of the material. If the perturbing
potential has just this frequency, it causes a resonance in the system, denoted as
"plasmon". Plasmons have a dispersion relation and can be observed by electron energy
loss spectroscopy.

I now introduce corrections to the dielectric function in the RPA approximation by
the use of the Dyson equation of the density-density response function [53, p.388]:

χ(k, ω) = χ0(k, ω) + χ0(k, ω)v(k)χ(k, ω), (54)

where χ0 is the irreducible polarizability. Eq.(54) can be put diagrammatically as in
Fig. 11.
In the following I go beyond the RPA and explore the influence of the electron-

phonon interaction on the dielectric properties of simple metals. In particular, I include
the electron-phonon interaction by dressing the Green’s function of the electrons and
by including vertex corrections. The Green’s function corrections can be calculated
using the dressed Green’s functions from the Dyson equation (46). The irreducible
vertex-contribution Γ is a higher Green’s function that is defined as the diagram Fig.
12 to the left, and contributes to the polarizability (to the right).

Now, the formal calculation techniques for the diagrams are complete. Before I start
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real calculations for the homogeneous electron gas, I will briefly address the full set of
equations of motion for the system, the Hedin-Baym equations.

2.8. Hedin-Baym equations
The Hedin-Baym equations are a set of exact integro-differential equations for the
coupled electron-phonon system in the harmonic approximation. Reference [27] gathered
the equations of motion of the system in real space and time. To obtain their Fourier
transforms I use [49, p.465].

ε(1, 2) = δ(1, 2)−
∫
d3v(1, 3)χ(3, 2) (55)

χ(1, 2) = −i
∫
d(3, 4)G(1, 3)G(4, 1)Γ(3, 4, 2) (56)

G(1, 2) = G0(1, 2) +
∫
d(3, 4)G0(1, 3)Σ(3, 4)G(4, 2) (57)

Σ(1, 2) = i
∫
d(3, 4)G(1, 3)Γ(3, 4, 2)D(4, 1) (58)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3) +
∫
d(4, 5, 6, 7) δΣ(1, 2)

δG(4, 5)G(4, 6)G(7, 5)Γ(6, 7, 3). (59)

Here, Γ is the vertex function, 1, 2, ... stand for spacetime points and δ
δG

denotes the
functional differential with respect to the Green’s function G [71, p.113]. The Hedin-
Baym’s equations allow for a different viewpoint on the interacting electron-phonon
system and are especially valuable for calculations for real materials [18, 27]. These
equations will later be used to independently derive the vertex correction and self-energy
contribution to the theory.

2.9. Calculational procedure
Finally, I aim to start real calculations for the homogeneous electron gas. Thereby I
am mostly concerned with integrals of the following type

χ0(k, ω) = −2i
∫ dqdω′

(2π)4 G(q + k
2 , ω

′ + ω

2 )G(q − k
2 , ω

′ − ω

2 ). (60)

To work out this integral, usually the integration over ω′ is carried out first followed
by a, possibly numerical, integration over q [18, 26]. Now, the integration over ω′
is analytically impossible, due to the self-energy term Σ, but the integration over q
remains tractable, as the self-energy that I consider is not depending on the wavevector
q. Therefore I first integrate q and then ω′. This method, however, suffers a serious
problem, that already piles up for the Lindhard function:

χ0(k, ω) = −2i
∫
R

dω′

2π

∫
R3

dq
(2π)3G(q + k

2 , ω
′ + ω

2 )G(q − k
2 , ω

′ − ω

2 ). (61)
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I define

Kχ(k, ω, ω′) =
∫
R3

dq
(2π)3G(q + k

2 , ω
′ + ω

2 )G(q − k
2 , ω

′ − ω

2 ), (62)

so that

χ0(k, ω) = −2i
∫
R

dω′

2π Kχ(k, ω, ω′). (63)

It is now proven in Sec. B.2.2 that for large ω′

Kχ(k, ω, ω′) ∝ 1√
ω′
. (64)

So, by definition from algebra, one sees that

|χ0(k, ω)| ∝ |
∫
R

dω′

2π Kχ(k, ω, ω′)|

∝ lim
Λ→∞

|
∫ Λ

−Λ

dω′√
ω′
|

∝ lim
Λ→∞

Λ1/2 > c, (65)

where c can be any real number. Then, the left side is said to diverge, by definition.
There is no cancellation between any terms in the proportionality. This is a serious
problem, as the integrals that I encounter are not well defined and can, thus, not
be calculated in this way7. However, there exists a method from quantum field
theory [61, p.265 ff.], which can be proven to be applicable here - renormalization8. I
did not find any literature reporting about this problem in the homogeneous electron
gas. To make sure, that the procedure, which is explained below, is correct, I have
tested especially whether the Lindhard function Eq.(52) can be reproduced by this
method. The result is affirmative, see Sec. B.2.4 and Fig. 29. Therefore I consider the
method of renormalization to be applicable.
The renormalization procedure that I use can be found in [61, p.377]. Suppose a

quantity Q is ill-defined, as in Eq.(65). In the first step, a well defined quantity is
introduced

Q(Λ) =
∫ Λ

−Λ
dxf(x), (66)

which should be related to the object Q for large Λ. To take the limit Λ→∞, I search

7It remains unclear whether this in my method appearing divergence is reasoned in the Fourier
transform of the theory [49, p.458 ff.] with respect to the Hedin-Baym equations. Maybe the issue
can be resolved by summing a convergent partial series [53, p.382]. As I am unable to proof and
use any of these options, I choose to renormalize the integrals.

8The proof of renormalizability can be found in Sec. A.
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a function h such that

Q− C = lim
Λ→∞

∫ Λ

−Λ
dxf(x)− h(x) (67)

is well defined. In this text, h never depends on any momenta or energies, that Q
may depend on. Then, C is considered a constant. As C is unknown, I use physical
reasoning to find C. Therefore I fix "renormalization conditions" [61, p.325] which meet
the expectations of solid state theory: The polarizability of the theory vanishes for
large frequencies

lim
ω→∞

χ0(k, ω) = 0 (68)

and the self-energy term vanishes at the Fermi-surface [43]

Σ(εF ) = 0. (69)

The procedure of renormalization leads to unique results if the renormalization condi-
tions are fixed, and the theory allows physical predictions from perturbation theory if
it is renormalizable [61, p.265 ff.], see Sec. A.
Unfortunately, the above described procedure is numerically not stable, as the

integrands are subtracted from each other, that are similar of magnitude. To reduce
the calculation error, I truncate the integrals as in Eq.(63), similar to renormalizing
them. To correct the error, the integrand is expanded in orders 1

ω′
, and then only the

part of the series is integrated that leads to convergent contributions. This procedure
is appropriate, if renormalization is applicable. I can then calculate the polarizability
from Eq.(63) shifted by a constant of the order 10−8, see Sec. B.2.2. Technical details
can be found in Sec. C, and the mathematical expansions are in Secs. B.1.2,B.2.2 and
B.3.3.

2.10. Checks and tests
I finally want to give an overview of the validation procedure. For the calculated
integrals, I carried out tests against their numerical implementation. Be the function
F represented by

F (x) =
∫

Ω
f(x,y)dy (70)

calculated over some region Ω, then the by hand result of F was tested against the
numerical integral Eq. (70) for at least a thousand random inputs x. If two by hand
calculated integrals should converge against each other for some vanishing parameter, I
did convergence tests. This has especially been done for the polarizability with g → 0
and the Lindhard function and for the vertex corrections to the polarizability with
and without dressed Green’s functions. When integrals needed to be expanded in ω′, I
checked their asymptotic expansions to converge against the function for large values
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ω′ with the correct scaling. This has been done up to order 1
(ω′)5 for every integral. I

additionally tested the calculated functions for expected symmetries. Moreover, the
implementation is checked by benchmarking, and parallelization tests. All these tests
are automated and have been performed on a weekly basis to minimize the chances
that mistakes in the implementation remain undiscovered. The tests are explained in
detail and denoted per calculated integral in Secs.B.1.4,B.2.4,B.3.6, B.4 and C.
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3. Results and discussion
In this chapter I present the results of my work, which are

• an analytic expression for the electron-phonon self-energy in the homogeneous
electron gas to order g2,

• the application of this self-energy in the calculation of the polarizability of the
homogeneous electron gas,

• the calculation of the vertex function of the homogeneous electron gas to order
g2,

• and the calculation of the vertex correction to the polarizability of the homoge-
neous electron gas.

This programme is visualized in Fig. 13. Additionally I have tried to obtain the impact
of these corrections on the plasmon lifetimes.

Figure 13: The plan of my master project in terms of approximations to the polarizabil-
ity. I start with the well-known Lindhard function Eq.(52) (left) and then
dress the electron Green’s function with an electron-phonon self-energy term
(middle). Afterwards, a vertex correction is added to the calculated diagrams
(right). The results are accurate to second order in the electron-phonon
interaction.

3.1. Self-energy and dressed Green’s function
To obtain the self-energy to second order in the interaction, it is necessary to draw all
diagrams with two interaction vertices, see Fig. 14. The left diagram simply contributes
a constant to the self-energy, as the phonon Green’s function carries no momentum.
The right diagram contributes a dynamical function, and is known as Fan-Migdal
term [27, p.26],

ΣFM(k, ω) = ig2
∫ dq dω1

(2π)4 G(k + q, ω + ω1)D(q, ω1). (71)

This term can be found with the diagram rules or the Hedin-Baym equations. If one
considers a non-dispersive model for the phonon (Einstein model), the phonon Green’s
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Figure 14: Diagrams that contribute to the electron-phonon self-energy at second order.
The small circles denote interaction vertices with value g.

function does not depend on momentum, so that one finds

ΣFM(ω) = ig2
∫ dq dω1

(2π)4 G(q, ω + ω1)D(ω1). (72)

The result for the Fan-Migdal self-energy, as well as the calculation and validation
of the result can be found in Sec. B.1. The main task is to consider the multi-
ple infinitesimals of the integrand in a correct manner. Straightforward Feynman
parametrization [61, p.195] is no option, because the infinitesimals may have different
signs, and the use of the residue theorem9 is not possible, because the resulting functions
may have denominators with subtractions between infinitesimals, which is ambiguous.
To circumvent this issue, I use Dirac’s identity [70]

1
x− a±

= 1
x− a∓

± 2πiδ(x− a), (73)

where a± = a ± i0. With this identity, I shift the poles of the integrand for the ω1
integration subsequently out of the contour, as illustrated in Fig. 15. When the contour
encloses no poles anymore, the resulting integral is zero, by holomorphy. If the arc of
the contour vanishes, the integral over ω1 vanishes.
The resulting function can be seen in Fig. 16. The calculated self-energy fits the

theoretic expectations, that are:

• The self-energy close to the Fermi surface has a vanishing imaginary part - which
assures that excitations near the Fermi surface have a long lifetime.

• The imaginary part switches sign at the Fermi energy. This is important to make
sure that the non-interacting Green’s function and the integrals over it, evolve
smoothly into their interacting counterparts when the interaction is switched
on [4, p.380].

• The self-energy does not grow faster than ω for large frequencies [2, p.164 ff.].

This self-energy model exhibits multiple effects that are expected: The excitation
energies in the interacting system are shifted and finite lifetime effects come into

9For function theory purposes, I use the language of Ref. [49].
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Figure 15: Complex ω plane, with a directed half-circle as integration contour. The y
axis denotes the imaginary part, the x axis the real part of ω. The figure
illustrates the use of Eq.(73) on an integrand with four poles, indicated
by the crosses. The arrow denotes which pole is shifted. After this shift
the contour integral is zero, because of holomorphy. If then the arc in the
integration contour is zero, the integral over the real axis vanishes as well.

play [18]. In a numerical simulation, Ref. [27, p.31] found also dynamical features in
the spectral function of this interacting system, such as satellites and phonon kinks.
This self-energy might be a model for simple metals that exhibit similarities to the
homogeneous electron gas, like aluminium [3,60] (see also the discussion in Sec. 3.3).
In this work, however, I want to focus on the impact that the dressing of the electron
Green’s function by the Fan-Migdal self-energy has on the polarizability χ0. The
dressed electron Green’s function is obtained from Eq. (45). Then, I can write down
the polarizability

χ0(k, ω) = −2i
∫ dqdω′

(2π)4 G(q + k
2 , ω

′ + ω

2 )G(q − k
2 , ω

′ − ω

2 )

= −2i
∫ dω′

(2π)Kχ(k, ω, ω′),

with Kχ(k, ω, ω′) =
∫ dq

(2π)3G(q + k
2 , ω

′ + ω

2 )G(q − k
2 , ω

′ − ω

2 ) (74)

where I have defined the kernel for the polarizability Kχ, which is derived in the
Appendix B.2. It turns out that the result for Kχ depends on whether none, one
or both Green’s functions in the integral for Kχ have a finite imaginary self-energy
contribution.

To obtain the result for Kχ it is not always possible to use Feynman parametrization.
If the self-energy terms in both Green’s functions have a finite imaginary part of
opposite sign, Feynman parametrization is not applicable. Therefore I followed a
different procedure for all three cases. The momentum q is shifted so that only one
Green’s function depends on the momentum k which is, for simplicity, aligned with
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Figure 16: Fan-Migdal self-energy from Eq.(99) for the homogeneous electron gas, with
g = 100meV, ωph = 200meV, m = 0.2 and εF = 2eV.

the z direction

Kχ(k, ω, ω′) =
∫ dq

(2π)3G(q, ω′ + ω

2 )G(q − k, ω′ − ω

2 )

=
∫ ∞

0

dq

(2π)2 q
2G(q, ω′ + ω

2 )
∫ 1

−1
dxG(q − k, ω′ − ω

2 ) (75)

where x = cos(θ) and θ is the polar angle, and this works because G only depends
on the magnitude |q − k|. The integration over x is a standard integral and leads to
integrals of the type

I(a, b, c) =
∫ ∞

0

dq q

q2 + a
{log[(q − b)(q − c)]− log[(q + b)(q + c)]} . (76)

By decomposing the rational function in front in partial fractions, it is possible to
transform the integral with partial integration into the form

J(a′, b′, y) =
∫ y

0
dξ

log(ξ − a′)
ξ − b′

(77)

which can then be rewritten in terms of logarithms and dilogarithms10. The final step of

10One has to keep track of the contour not to cross any branch cut of the integrand. This is always
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carrying out the limit is possible due to the asymptotic expansion of the dilogarithm [72]

Li2(x)
|x|�1
≈ 1

2 log(−x)2 + C (78)

with C being a constant. Even though Kχ is known now, this turns out to be not
enough to get the dressed polarizability from

χ0(k, ω) = −2i
∫ dω′

(2π)Kχ(k, ω, ω′). (79)

The reason is the behavior of Kχ(k, ω, ω′), that for large ω′11 can be proven, with the
aid of Feynman parametrization12, to be (see Sec. B.2.2)

Kχ(k, ω, ω′) = −im3/2

23/2π
√
|ω′|

∫ 1

0

du√
1 + f(u)ε(k)

|ω′|

= −im3/2

23/2π
√
|ω′|

+ O((ω′)−1), (80)

with f(u) = u2 + uh1(ω,k) + h2(ω,ΣFM(ω, ω′)), where h1 and h2 are linear in their
arguments. That means the integral in Eq.(79) needs to be renormalized, which is done
with the aid of expanding the squareroot in Eq.(80) in 1

ω′
≈ 0, see Sec. B.2.2. The

renormalization procedure has, however, the drawback that two functions of almost
identical value (Kχ and it’s expansion) are subtracted from each other. This is not
numerically stable, especially in the extrapolation procedure where χ0(k, ω) ω→∞→ c. c
is the constant to be subtracted from the result for χ0 to meet the renormalization
condition (Eq.(68)). To sufficiently reduce this error, that is estimated in Sec. B.2.2, I
expanded Kχ with Mathematica 11.1 up to order (ω′)−6 and then approximated the
integral for χ0

χ0(k, ω) ≈ −2i
∫ Λ

−Λ

dω′

(2π)Kχ(k, ω, ω′)

− 2i
(∫ ∞

Λ
+
∫ −Λ

−∞

)
dω′

(2π)K
(5)
χ (k, ω, ω′)−K(0)

χ (ω′), (81)

where K(n)
χ = Kχ + O((ω′)−(n+ 3

2 )). K(0)
χ is independent of (k, ω). This polarizability

and the difference to the Lindhard function can be seen in Figs. 17 and 18.
The corrected polarizability is quantitatively only slightly changed due to the electron-

phonon interaction. However, the imaginary part of the polarizability, which zero in
some regions is without electron-phonon interaction, acquires a finite, though small,

possible, because one can set
∫

dx
x = log(cx), with c ∈ C�{0}.

11A similar expression, of not-opposite sign, can be proven for large −ω′.
12Feynman parametrization is applicable here because the self-energy in both electron Green’s

functions is ΣFM(ω′) + O((ω′)−1/2).
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Figure 17: Polarizability with the electron Green’s function corrected by the Fan-
Migdal self-energy, for three different momenta, q = 0.07kF , (above), 0.5kF
(middle) and kF (below). The left graph has been truncated. These plots
look identical to that of the Lindhard function, however, the imaginary part
of the polarizability acquires a finite value everywhere. The parameters
used for this plot are g = 100 meV, m = 0.2, ωph = 60 meV, and εF = 2 eV.
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Figure 18: Difference between the Lindhard function and the polarizability with the
electron Green’s function corrected by the Fan-Migdal self-energy, for three
different momenta, q = 0.07kF , (above), 0.5kF (middle) and kF (below).
The left graph has been truncated. The imaginary part of the polarizability
acquires, as you can see, finite values everwhere. The change of the polariz-
ability is in all three plots of the order of g2χL0 . The parameters used for
this plot are g = 100 meV, m = 0.2, ωph = 60 meV, and εF = 2 eV.
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magnitude. This is both expected, as the electron-phonon interaction should only
slightly perturb the system. Though qualitatively, the elementary excitations of the
system acquire an additional decay channel through electron-phonon interaction. As
the imaginary part is finite everywhere, also the plasmons. This shows up in the loss
function

L = =( 1
ε(ω,k)) = =( 1

1− v(k)χ0(k, ω)), (82)

by the peaks at <(ε(ω,k)) = 0, where the plasmons acquire a finite lifetime. The
discussion about plasmon lifetimes in this interacting theory is found in Sec. 3.3.
Reference [18] found with an approximation to the ω integration the same qualitative
results, i.e. that the polarizability in the interacting theory is only slightly changed,
and that the plasmons of the system acquire a finite lifetime. As the polarizability is
only slightly changed, it is plausible that the system can evolve adiabatically into this
interacting state, so that this discussion is reasonable.
In real materials, I expect phonons to open new decay channels for elementary

excitations of the system, such as plasmons. Additionally, their effect on the properties
of the system should be small, except for particular cases, such as superconductors.
The results of this section should therefore be a good model for metals that exhibit
a homogeneous-electron-gas-like behavior and can be a first guess for the impact of
electron-phonon interaction in more complex systems.

3.2. The vertex correction
Having derived an expression for the propagator correction to the polarizability, I
proceed to introduce the vertex correction. I calculate the vertex function to order g2

in the interaction, which represents the phonon-mediated electron-hole interaction to
that order. I am then in a position to obtain the correction to the polarizability of this
model theory to order g2 in the interaction.

3.2.1. The vertex function

There is only one corresponding diagram, due to the Lehmann-Symanzik-Zimmermann-
reduction formula [61, p.222-230], see Fig. 19. For completeness, I show here the
derivation of the integral representation with the aid of the Hedin-Baym equations.

Σ(12) = ig2
∫
d(34)G(13)Γ(324)D(41+)

Γ(123) = δ(12)δ(13) +
∫
d(4567) δΣ(12)

δG(45)G(46)G(75)Γ(673) (83)

where the δΣ(12)
δG(45) denotes the functional derivative [71, p.113] of the self-energy with

respect to the Green’s function. To evaluate this, I simplify the self-energy by setting
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Figure 19: Vertex function to second order in the electron-phonon interaction. The
dashed line represents a virtual phonon, the solid lines represent virtual
fermions. The external momenta are p and q.

Γ(324) = δ(23)δ(34). Then, Σ(12) = g2G(12)D(21+) and with [49, p.465]∫
R
f1(x)f2(x) exp(ikx)dx = 1

2π

∫
R
F1(l)F2(k − l)dl, (84)

where capitalized letters denote the Fourier transforms of the functions. For the Fourier
transform of this self-energy, see the last section. With shift invariance I obtain

δΣ [G(1− 2)]
δG(4− 5) = ig2δ((1− 2)− (4− 5))D(12). (85)

Plugging this into the vertex, I define the quantity Γ1 as the first order correction to
the vertex function

Γ1(123) = ig2
∫
d(4567)δ((1− 2)− (4− 5))D(12)G(46)G(75)δ(67)δ(63)

= ig2
∫
d(456)δ((1− 2)− (4− 5))D(12)G(46)G(65)δ(63)

= ig2
∫
d(45)δ((1− 2)− (4− 5))D(12)G(43)G(35)

= ig2
∫
d4D(12)G(43)G((1− 2)− (3− 4)), (86)

and with Eq. (84) and some manipulations one obtains the result for the vertex:

1
g2 Γ1 = i

∫ dk1dω1

(2π)4 D(ω′ − ω1)G0(k1 + k
2 , ω1 + ω

2 )G0(k1 −
k
2 , ω1 −

ω

2 ). (87)

This result could have been obtained as well with the diagram rules of Sec. 2.3. The
result of this integral can be found in Sec. B.3. As the phonon Green’s function is
independent of momentum, the vertex function is independent of the external fermion
momentum. I then obtain an analytic expression for the vertex function in terms of
logarithms and dilogarithms, but my expression is complicated and bears insight only
after close inspection.
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Figure 20: Vertex function to order g2 is shown in surface plots of the real (above)
and imaginary part (middle), and by a cut through this surface at ω = ωph
(below). One can see that the function exhibits branch cut singularities.
These singularities correspond to multiparticle excitations [61]. When the
external frequency is small, and the internal frequency is close to the Fermi
surface, the imaginary part of the vertex function vanishes. The broadening
of the logarithmic divergences is artificial, with the infinitesimal set to
η = 1µHa. k = 0.5kF , m = 0.2, εF = 2 eV and ωph = 100 meV.
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The vertex function is shown in Fig. 20 for small external frequencies and internal
frequencies near the Fermi surface. It can be seen that its imaginary part vanishes for
small external frequencies ω and internal frequencies ω′ near the Fermi energy. This
behavior of the function is expected: If a boson in the homogeneous electron gas, with
low energy, excites an electron-hole pair, then the energy of this excitation is low as
well13. This means that both the electron and the hole are in a state close to the
Fermi-surface so that the lifetime of this excitation should be large. If the phonon
has a larger energy than this excitation, there is no interaction to let this excitation
decay, and the lifetime becomes infinite, i.e. the imaginary part of the corresponding
correlation function vanishes.
The vertex function exhibits logarithmic divergences whenever ω′ ± ω

2 = εF ± ωph.
Also this behavior is expected [61, p.216 par. 2 ff.]: The energies of the particles are
such of a multiparticle state, so the correlation function is singular. As this excitation
also exists with an infinitesimally changed external energy, the singularity is a branch
cut [61, p.225]. As expected, the vertex function is even in ω and is for large |ω′|
proportional to ω′−1/2, see Sec. B.3. The presented features of the vertex function
represent only a small part of all the properties, and I have yet not interpreted any
more of them.
With this insight, I expect the structure of vertex functions in systems with more

complex phonon dispersions to be similar with respect to the above mentioned properties:
Elementary excitations of the system that have a lower energy than the (lowest) phonon-
mode with appropriate momentum, cannot decay via phonon emission, and multiparticle
states will also be elementary excitations of more complex systems. Note that this
discussion is valid only for excitations with a long lifetime.

3.2.2. Vertex correction to the polarizability

With the vertex function, I can now calculate the vertex correction to the polarizability
(multiplied with a minus, by convention for Γ1)

∆χ(k, ω) = 2i
∫ dω′

2π Kχ(k, ω, ω′)Γ1(k, ω, ω′). (88)

Here, I have used that the integration over the loop momentum q to obtain Kχ

is independent of the vertex function. This integral just meets the "convergence
expectation" (Eq.(97)), so that KχΓ1 ∝ 1

ω′
, as shown in Sec. B.3.2. This means, that

the resulting integral needs to be renormalized, according to the same procedure as in
Eq.(79)14. The expansion of Γ1 in terms of ω′ can be found in Sec. B.3.3. The error of
this integral is shown to be negligible. The resulting corrections to the polarizability
are depicted in Fig. 21. The sum of the corrections due to dressing of Green’s function
and vertex are presented in Fig. 22. Figures 21 and 22 show, that the vertex correction
to the polarizability has roughly the same magnitude as the Green’s function correction
13In the language of [63, p.12].
14As for the polarizability I use the condition ∆χ(k,∞) = 0.
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but, compared to the imaginary part, the opposite sign.
This result shows, that the expectation of Migdal [47], that the vertex correction is

negligible, does not hold. For the case of electron-electron interaction, it was shown
for silicon and diamond that the vertex correction partially compensates the dressing
of the Green’s function [9]. One sees a similar effect in the case of electron-phonon
interaction. In the case of Ref. [9] this leads to improved agreement with experimental
results. I expect that these findings may also apply to metals, that exhibit the most
similar behavior to the homogeneous electron gas. However, for more complex materials,
further work is needed to estimate the impact of the electron-phonon vertex correction.

3.3. Plasmon lifetimes
Finally, I proceed to investigate the effect of electron-phonon interaction on the lifetimes
of plasmons. As explained, the coupling to phonons gives rise to a small but finite
imaginary part in the polarizability for most values k and ω, which causes a finite
lifetimes of the plasmons. Physically, the decay of the collective mode happens due
to incoherent scattering [63, p.51], when the decay in an electron-hole pair, Landau
damping, is forbidden [63, p.50]. Once the decay into a quasiparticle-pair becomes
possible, phonon-damping is not the dominant decay channel of the mode anymore.
Landau damping is enabled whenever the energy and momentum of a plasmon becomes
degenerate with those of electron-hole transitions, provided the necessary phase space
for plasmon decay. This happens roughly if [18]

k ≥ kF
[
(1 + ωpl/εF )1/2 − 1

]
. (89)

Below this wavevector, phonon-damping is the dominant damping mechanism of the
plasmons. The plasmon lifetime can be obtained from their peak width in the loss
function [44, p.438 ff.]

L = =
(

1
ε(k, ω)

)

= −=(ε(k, ω))
<(ε(k, ω))2 + =(ε(k, ω))2

⇒ τ(k) =
− ∂
∂ω
<(ε(k, ω))|ω=ωpl

=ε(k, ωpl(k)) =
∂
∂ω
<(χ0(k, ω))|ω=ωpl

=χ0(k, ωpl(k)) , (90)

where the formula in the last line is inspired by the Breit-Wigner formula [61, p.101].
Computing the plasmon lifetime by Eq. (90) suffers a serious problem: The calculated
shift of the polarizability χ0 is accurate only to a certain magnitude. Then, the
numerator of Eq. (90), which vanishes for k → 0, is divided by a (shifted) imaginary
part that does not vanish for small k, see Fig. 23. I, therefore, acquire the unphysical
property, that the lifetime of the plasmons vanish for small momenta k.
In contrast, Ref. [63, p.220] shows, that the imaginary part of the polarizability
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Figure 21: Vertex correction to the polarizability to order g2, for three different mo-
menta, q = 0.07kF (above), 0.5kF (middle) and kF (below). The left graph
has been truncated. By comparing to Fig. 17, one can see that the vertex
correction and the electron Green’s function correction to the polarizability
are of the same order of magnitude. The parameters m = 0.2, εF = 2 eV,
g = 100 meV and ωph = 60 meV were used.
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Figure 22: Sum of the corrections to the polarizability due to the dressed Green’s
function and vertex correction to order g2, for three different momenta,
q = 0.07kF (above), 0.5kF (middle) and kF (below). By comparison to Fig.
17, a certain amount of compensation of the Green’s function correction
due to the vertex takes place, as in the case of Ref. [9]. The parameters
m = 0.2, εF = 2 eV, g = 100 meV and ωph = 60 meV have been used.
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Figure 23: Imaginary part of the polarizability (left) and plasmon peaks in the loss
function (right) for the parameters g = 100 meV, ωph = 60 meV, εF = 2 eV
and m = 0.2, zoomed for k small. One can see, that the plasmon peaks
broaden for small k. This is caused by the shift of the imaginary part, that
is indicated by the red dashed line in the left plot.

should be proportional to k2 for k → 0. Therefore, I calculate the numerator and
denominator of Eq.(90) for values of k ∈ [0.2, 1]kLC and fit the function f(k) = ak2 + b
onto the resulting curves. This fitting procedure leads for the parameters used in
Fig. 23 to a relatively small error15. Then, the values for the parameters a, of the
fitted curves, are divided which leads to a plasmon lifetime of 160fs without the vertex
correction, and of 550fs including the vertex correction for these model parameters.
The plasmon peaks in the loss function look then like in Fig. 24. Convergence tests of
the results can be found in Sec. B.4.
The result for the plasmon lifetime without vertex correction is similar to that of

Ref. [18], even though the plasmon lifetimes are slightly larger. Including the vertex
correction shows, that the interaction between quasi-electrons and -holes in the system
suppresses the incoherent decay of the plasmon modes. Mathematically, this behavior
is easily understood and can be traced back to the compensation effects discussed
above.

The model Eq. (3) can only be taken into account if the damping through electron-
electron interactions in the material is dominated by the phonon-damping, which is for
this phonon-model expected if Landau damping is forbidden [2, p.187].

For the discussion how the results apply to real materials, I directly follow Ref. [63,
p.228 ff.]. If the plasma frequency of the material is not degenerate with interband
transitions in the material (between valence and conduction states), the collective
mode is expected to behave analogously to the model system. Simple metals, that have
an almost parabolic valence band close to the Fermi surface, may be approximately
described with the homogeneous electron gas model. Such simple metals are, for
example, gold, silver, aluminium or sodium.
15The root mean square error divided by the standard deviation is for both functions smaller than

5%.
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Figure 24: Plasmon peaks in the loss function for three different momenta. A detailed
analysis can be found in Sec. B.4. The parameters g = 100meV, ωph =
60meV, εF = 2eV and m = 0.2 have been used.
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4. Conclusions
In this work, I investigated the properties of the homogeneous electron gas including
electron-phonon interactions, using the Hedin-Baym equations to second order in the
interaction. It was found that the vertex function near the Fermi-surface exhibits a well
understandable structure of multiparticle excitations. Even though Migdal’s theorem
assures that vertex corrections remain small, relevant compensation effects between
vertex correction and correction due to the dressing of the Green’s function take place,
similar to the case of electron-electron interactions, discussed in Ref. [9]. The plasmon
lifetimes increase significantly in the model system, when the vertex correction is taken
into account.
Vertex functions with logarithmic divergences that correspond to multiparticle

excitations should appear also in more complex systems, even though the significance
of these excitations may vary. The approximation made in [18] for the correction due
to the dressing of the Green’s function to the polarizability is very likely to be a good
approximation to more complex materials as well, and it seems unnecessary to include
the frequency dependence of the self-energy in much detail. Further work is needed
to establish whether the compensation effects of the vertex correction on the Green’s
function correction and their impact on the plasmon lifetimes would apply also to
real materials. The best candidates for these findings to apply are the alkali metals,
alkaline earths and doped semiconductors [63, p.228] for which the valence band may
be approximately described as parabolic.
In the future, one may extend this work to investigate the properties of the two-

dimensional homogeneous electron gas, to infer properties of SPP’s. Additionally,
the calculations of this work can be readily adjusted to any momentum-independent
self-energy for the electron Green’s function in three dimensions. From the results of
this work, it is possible to calculate the electron-electron Green’s function of this model
system up to order g4, which might be an interesting model to study superconductivity,
according to Ref. [2]. Another another topic that may be addressed with this model
system is the impact of polaronic satellites in the spectral function on the polarizability.
The calculations of this work may also be extended to higher orders in g using the
Hedin-Baym equations. However, the most important task is to develop approximations
for the vertex to be used in ab initio calculations, to explore how the findings of this
work apply to real materials.
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A. Renormalizability
The method and argumentation in this section stems from Ref. [61, p.321 ff.]. Renor-
malizability is the property of a field theory, that occurring divergences can be absorbed
into a finite number of parameters of the theory, such as the mass of the particles or the
coupling strength. If the number of parameters that is needed to absorb the divergences
is finite, the number of parameters of the theory, which need to be measured, can be
finite. This means, only a renormalizable field theory allows physical predictions. To
proof this property, it is enough to show that there is only a finite number of divergent
amplitudes in the theory. This is shown, if the convergence of diagrams improves with
the number of particles that participate in the process - so that more complex diagrams
tend to be more convergent. This considerations can be quantified with the degree of
divergence of a quantity Q(Λ) =

∫ Λ
−Λ dxf(x).

Definition 1 (Degree of divergence). If a quantity Q(Λ) diverges as ΛN with Λ→∞,
then, the degree of divergence of Q is defined as

[[Q]] = N. (91)

A superficial estimate of the degree of divergence [Q] can be found by counting the
dimensions of integration and the asymptotic behaviour of the involved Green’s functions.
As symmetries might reduce the degree of divergence, the inequality [[Q]] ≤ [Q] holds.
To reassure, that the considered theory is meaningful, I will show now, that the model
theory Eq.(3) is renormalizable. Recall the Feynman rules from Sec. 2.3. The electron
Green’s function is16

iG0(k, ω) = i

ω − ε(k) + iηk
∝ 1
ε(k) ∝

1
k2 (92)

with ηk = η sgn(|k| − kF ). η is considered a positive infinitesimal. The phonon Green’s
function is

iD(ω) = i

ω − ωph + iη
− i

ω + ωph − iη
∝ 1
ω2 (93)

The interaction vertex is non-dispersive. It is thus simply a factor g.

The superficial degrees of divergence of the theory with respect to frequency ω
and momentum k are, by the fact that a loop carries an integration over momentum in
three dimensions and over frequency in one dimension:

Nk = 3NL − 2Fi
Nω = NL − 2Bi (94)

16Throughout the appendix, vectors are implied without bold signs.
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where Fi is the number of virtual (internal) electrons (fermions), Bi is the number of
internal phonons and NL is the number of closed loops. The number of loops can now
be related to the number of vertices and internal particles. The momenta and energies
of all internal fermions and bosons are integrated. So one obtains an integration for
each. Every vertex carries a δ function to conserve momentum. Additionally, one delta
function enforces overall momentum and energy conservation. So I find, with V the
number of vertices

NL = Bi + Fi − V + 1. (95)

Then, the number of vertices in a connected diagram can be calculated: From each
vertex, three lines come out. An internal particle docks to two vertices; an external
particle, denoted by e, docks to one. Then

3V = 2(Bi + Fi) + (Be + Fe). (96)

Inserting Eq. (96) in Eq. (95) I have

NL = Bi + Fi −Be − Fe
3 + 1.

Inserting this in Eq. (94)

Nk = (Bi − Fi)− (Be + Fe) + 3

Nω = 1
3(Fi − 5Bi)−

1
3(Be + Fe) + 1 (97)

The following arguments will proof the renormalizability of the theory: For a given
number of external particles, the number of internal bosons in a connected diagram can
not grow faster than the number of internal fermions, as for a created boson, also an
internal fermion is created, while the boson can be annihilated by exciting more than
one fermion - which is impossible vice versa. On the other hand, for a given number of
external particles, the number of internal fermions can not grow faster than double the
number of internal bosons: an internal boson excites four fermions. But these fermions
either contract (connect lines) or emit further bosons, such that they contract. This
means, the number of internal fermions cannot grow more than twice as fast as the
number of internal bosons. Therefore, the theory is renormalizable, as there is only a
finite number of divergent diagrams, so that the theory is expected to give physical
predictions.

B. Derivations and validations
This section is organized as follows: in each subchapter first the basic idea of what is
calculated is shown, then the result, the expansion for large ω′, the calculation and
validation. First I will present the calculation for the Fan-Migdal self-energy, then the
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Figure 25: The (only non-constant) self-energy diagram at order g2.

calculation of the polarizability kernel Kχ, the vertex calculation, and the convergence
tests for the integrands and integrals in the polarizability calculation.

B.1. The Fan-Migdal self-energy ΣFM

The only diagram that is non-constant at order g2 can be seen in Fig. 25.

B.1.1. Result

With the value

ΣFM(k, ω) = ig2
∫ dq dω1

(2π)4 G(k + q, ω + ω1)D(q, ω1). (98)

and, as D does not depend on q, I can shift q by −k, and see that the self-energy
becomes momentum independent.

Theorem 5 (Fan-Migdal self-energy). The self-energy from electron-phonon inter-
actions in the free electron gas to second order in g is

ΣFM(ω) = Σ̃(ω)− Σ̃(εF ) (99)

with

Σ̃(ω) = ΣR(ω − ωph,−1) + σ(ω + ωph,+1)− σ(ω − ωph,−1). (100)

Now ΣR is

ΣR(β, γ) = g2mβ

2π

√
2m
|β|

isgn(γ) β > 0
−1 β < 0

(101)

and σ is

σ(β, γ) = −mg
2

π2 (kF + βχ(β, γ)) (102)
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where

χ(β, γ) =

−i
√

m
2|β|

(
log(q − i

√
2m|β|)− log(q + i

√
2m|β|)

)kF

q=0
β < 0

−χ(−β, γ)− m
kF

√
β
εF

(log(x− φ−)− log(x− φ+))1
x=0 β > 0

(103)

and φ± = 1−i
2 ±

1+i
2

√
β
εF
.

B.1.2. Large ω′ expansion

For the renormalization of the kernel of the polarizability with dressed propagators, the
Fan-Migdal self-energy term needs to be known in orders 1

ω′
for large ω′. The procedure

to obtain the expansion is, in this case, straight forward: I have implemented the full
result in Mathematica 11.1 and left the expansion to the computer. The validation
of this expansion is found below, with the validation of the full result.

B.1.3. Calculation

I use Eq.(73) to bring all poles of Eq.(98) to one side of the contour. Then I contract
on the other half plane and by holomorphy, the last integral vanishs:

ΣFM(ω) = ig2
∫ dq dω1

(2π)4 G(q, ω + ω1)D(ω1)

= ig2
∫ dq dω1

(2π)4 {2πiδ(ω + ω1 − ε(q))θ(kF − q)D(ω1)+

1
ω + ω1 − ε(q) + i0

(
1

ω1 − ωph + i0 −
1

ω1 + ωph − i0

)
}

= ig2
∫ dq dω1

(2π)4 {2πiδ(ω + ω1 − ε(q))θ(kF − q)D(ω1)+

1
ω + ω1 − ε(q) + i0(−2πi)δ(ω1 + ωph) + 0} (104)

The integration over ω1 then yields

ΣFM(ω − ωph) = −g2
∫ dq

(2π)3{
[

1
ε(q)− ω − ωph + iη

− 1
ε(q)− ω + ωph − iη

]
×

θ(εF − ε(q)) + 1
ε(q)− ω + ωph − iη

} (105)

It can be seen, that the last fraction’s integral is divergent. It is renormalized simply
by subtracting a constant from the integrand. The renormalization condition is fixed

55



later.

ΣR(ω − ωph,−1) = −g2
∫ dq

(2π)3

(
1

ε(q)− ω + ωph − iη
− 1
ε(q)

)

= −g2
∫ dq

(2π)3
ω − ωph

ε(q)− ω + ωph − iη
1
ε(q) . (106)

This can be evaluated:

ΣR(β, γ) = −mg
2β

π2

∫ ∞
0

dq
1

ε(q)− β + iηγ
. (107)

For negative β, the integral is I(β) = π
2

√
2m
−β . For β > 0 it can be proven that

ΣR(β, γ) = ΣR(β,−γ)∗. For γ > 0, the pole in the q-plane has negative imaginary
location. Thus, I can Wick rotate the contour, noting that the arc of the contour
integral does not contribute, and find then, that for β > 0

ΣR(β, γ) = ig2sgn(γ)mβ2π

√
2m
β

(108)

and for β < 0

ΣR(β, γ) = −g2mβ

2π

√
2m
−β

(109)

The two other terms are of the type

σ(β, γ) = −g2
∫ dq

(2π)3
1

ε(q)− β + iηγ
θ(εF − ε(q))

= −mg
2

π2 {kF + β
∫ kF

0

dq

ε(q)− β + iηγ
} (110)

I define

χ(β, γ) =
∫ kF

0
dq

1
ε(q)− β + iηγ

(111)

I can evaluate this integral in a straight forward fashion, if β < 0. Then, I decouple
the denominator:

1
ε(q) + |β| = A

q − i
√

2m|β|
+ B

q + i
√

2m|β|
(112)
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Figure 26: The complex plane for the magnitude of the momentum. The contour for
the σ integration is hown by the directed line, and the pole of the integrand
by the cross.

Multiplying with the right denominator and comparison yields

A = −B = −i
√

m

2|β| (113)

so that the integral becomes

∫ kF

0
dq

1
ε(q) + |β| = −i

√
m

2|β|

∫ kF

0

 1
q − i

√
2m|β|

− 1
q + i

√
2m|β|


= −i

√
m

2|β|

(
log(q − i

√
2m|β|)− log(q + i

√
2m|β|)

)kF

0
(114)

When β > 0, I note that σ(β, γ) = σ(β,−γ)∗. For the case γ > 0 I shift the contour
into the upper half plane, as in Fig. 26

χ(β, γ) =
(∫ ikF

0
+
∫
γ2

)
dq

ε(q)− β (115)

Now, the first integral has been computed before, as
∫ ikF

0
dq

ε(q)−β = −
∫ kF
0

dq
ε(q)+β . The

integral over γ2 can be computed by parametrizing the contour: I start at q = ikF and
go in a straight line to q = kF . So a simple parametrization is q(x) = ikF −x(ikF −kF ).
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Then dq
dx

= (1− i)kF and
∫
γ2

dq

ε(q)− β = (1− i)kF
∫ 1

0

dx

ε(q(x))− β

= (1− i)kF
εF

∫ 1

0

dx

−2ix2 + 2(1− i)ix− 1− β/εF

= m

kF
(1 + i)

∫ 1

0

dx

x2 − (1− i)x+ −i
2 (1 + β/εF )

= (∗). (116)

Now, I decouple the denominator, just as above by finding the zeros

x0 = i− 1
2 ± 1 + i

2

√
β

εF
=: φ±. (117)

Now I choose

1
(x− φ−)(x− φ+) = A

x− φ−
+ B

x− φ+
(118)

which, by the sae procedure as above leads to A = −1−i
2

√
β
εF

= −B and

(∗) = −m
kF

√
εF
β

(log(x− φ−)− log(x− φ+))1
0 (119)

This calculation has been done for γ < 0 as well and is implemented in a MatLab
implementation. This implementation checks two things about σ, namely,

• Whether the imaginary part vanishs for β /∈ [0, εF ]

• whether σ(β, γ) = σ(β,−γ)∗ holds.

The result for ΣFM obeys importantly sgn=ΣFM(ω) = sgn(εF − ω).

B.1.4. Validation of the result

You can see in Fig. 27 that the self-energy is calculated accurately compared to the
numerical result for the same integral. In Fig. 28 it can be seen, that the approximation
to ΣFM is accurate to machine precision. As both the values for small and large ω′ fit
the expectation, also comparing to Ref. [27], I expect this result to be correct.

B.2. The kernel of the polarizability Kχ

I aim to compute the integral

Kχ(k, ω, ω′) =
∫ dq

(2π)3G(q + k

2 , ω
′ + ω

2 )G(q − k

2 , ω
′ − ω

2 ), (120)
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Figure 27: Result for the self-energy (with values in hartree). The numerical calculation
gives precisely the same result as the analytically calculated. To see both
lines, one has been shifted by ε′. The parameters for this calculation are
g = 100meV, ωph = 100meV and m = 0.2.

Figure 28: Result for the self-energy (with values in hartree). The approximation
to the self-energy Σ(n)

FM = ΣFM + O(ω−(n+ 3
2 )), with n = 5 is accurate to

machine precision in this range for ω′, for both positive (left figure) and
negative (right figure) frequencies. The parameters for this calculation are
g = 100meV, ωph = 100meV and m = 0.2.
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which then allows to find the polarizability. The result of this integral has three cases,
dependent on whether none, one or two Green’s functions have a finite imaginary part.
The result is found in the theorem block below, where I1(ω1, ω2) = Kχ and ωi is the
(self-energy shifted) frequency inside the electron Green’s function.

B.2.1. The result

Theorem 6 (Kernel of the polarizability). The kernel of the polarizability is for
two real frequencies

I1 = M +B1 (121)

with

M = m2

(2π)2k

∑
a∈±ξS

(
SR(a, ξ+

p , ξ
−
p )− SR(a,−ξ+

p ,−ξ−p )
)

(122)

and ξ±p = 1±
√
−2mω2
k

, ξS =
√
−ω1+i0sgn(ω1+εF )

ε(k) as well as ϑ = <(
√
−ω2
ε(k) ). If ϑ = 0

SR(a, b, c) = −
∑
p∈b,c

IR(a, p) (123)

with x0 = =(ab∗)
=(a+b) it is for −<(a+x0

b−a ) < 1

IR(a, b) = log(a) log( b

b− a
) + log(b− a)2

2 (124)

and otherwise

IR(a, b = − log(a− b) (log(b− a)− log(a− b)) + log(a) log( b

b− a
)

+ log( a

a− b
)
(

log( b

b− a
)− log( b

a− b
)
)

+ log(b− a)2

2 . (125)

If ϑ > 0

SR(a, b, c) =−
∑
p∈b,c

(
log(a+ p)2

2 + log |p| log( a

a+ p
)
)

+ iπ (log(κ+ + a)− log(κ− + a)) (126)
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with κ± = max(0, 1± ϑ). And

B1 = im2

2πk
∑
a∈ξ±

[l1(a) + l2(a) + l3(a)] (127)

with

l1(a) = θ(µ1) (log(µ1 + a)− log(a))− log(µ2 + a)
l2(a) = θ(εF + ω2) (log(1 + ξF + a)− log(|1− ξF |+ a))

l3(a) = log(δ + a). (128)

For one complex frequency, where ωR is the real frequency

I1(ωR, ωC , k) = −m2

(2π)2k

∑
a∈±ξp

∑
b∈ξ±

[PR(a, b)− PR(a,−b)] (129)

with ξp =
√
− ωR

ε(k) − i0sgn(ωR − εF ) with now

PR(a, b) =


P2(a, b) a ∈ R+

P11(a, b) x0 = − =(ab∗)
=(a+b) > 0 and <(a−x0

a+b − 1)
P12(a, b) else

(130)

with the three objects

P11(a, b) = log( a

a+ b
− 1) log(−a)−

(
log( −b

a+ b
)− log( b

a+ b
)
)

log( a

a+ b
)

−
(
− log(a+ b)2/2 + log(−(a+ b))(log(a+ b)− log(−(a+ b)))

)
,

(131)

P12(a, b) = log( b

a+ b
) log(−a) + log(a+ b)2, (132)

and

P2(a, b) =− iπsgn(=(a)) (log(<(a) + b)− log(b))− log( b

a+ b
) log(a)

− log(a+ b)2/2. (133)

For two complex frequencies I find, with α = ω1−Σ(ω1), and β = ω2−Σ(ω2)

I1(α, β, k) = m2

(2π)2k

∑
a∈±ξS

∑
b∈ξ±

[
JR(a, b)− JR(a,−b)

]
(134)
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with ξS =
√

α
ε(k) and ξ± = 1±

√
β
ε(k) . Then, I find

JR(a, b) =

J
R
2 (a, b) x0 = − =(ab∗)

=(a+b) > 0 and <(a−x0
a+b − 1) < 0

JR1 (a, b) else
(135)

with

JRi (a, b) = jRi (a, b)− ji(a, b, 0) (136)

with

jR1 (a, b) = − log(a+ b)2/2 + (log(a+ b)− log(−(a+ b))) log(−(a+ b))
jR2 (a, b) = − log(a+ b)2

j1(a, b, 0) = log(−a) log( −b
a+ b

) +
(

log( b

a+ b
)− log( −b

a+ b
)
)

log( a

a+ b
)

j2(a, b, 0) = log(−a) log( b

a+ b
). (137)

B.2.2. Large ω′ expansion and error estimation

I1 = −
∫ dq

(2π)3
1

ε(q + k
2 )− ω1 − iηq+ k

2

1
ε(q − k

2 )− ω2 − iηq− k
2

(138)

Note here, that the infinitesimals only play a role if the denominator is zero. So I can
replace

ηq± k
2

= η sgn(ω1/2 − εF ) = η γ1/2 (139)

I1 = −
∫ dq

(2π)3
1

ε(q + k
2 )− ω1 − iηγ1

1
ε(q − k

2 )− ω2 − iηγ2
(140)

Now, it is important to notice, that the frequencies ωi = ω′ ± ω
2 − ωph lead to the same

γi = sgn(ω′) if |ω′| > |ω2 |+ ωph + εF . So, replacing in the integral, α = ω1 + i0γ and
β = ω2 + i0γ, I can write

I1 = −
∫ dq

(2π)3
1

ε(q + k
2 )− α

1
ε(q − k

2 )− β
. (141)

That α and β have the same sign in their imaginary part, holds true, also in the dressed
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case and is vital, to use Feynman parameters

1
AB

=
∫ 1

0

du

[uA+ (1− u)B]2 . (142)

I can set A = ε(q + k
2 )− α and B = ε(q − k

2 )− β. Now, I complete the square

uA+ (1− u)B = uε(q + k

2) + (1− u)ε(q − k

2)

− uα− (1− u)β. (143)

The first line of this is

1
2m [q2 + ukq + u

k2

4 + (1− u)(−kq) + (1− u)k
2

4 ] = 1
2m [q2 + (2u− 1)kq + k2

4 ] = (∗)
(144)

Now I introduce l = q + 2u−1
2 k so that

(∗) = 1
2m [l2 + k2u(1− u)]. (145)

Then I obtain (| ∂l
∂q
| = 1)

I1 = −4m
∫ 1

0
du
∫ dl

(2π)3
1

[l2 + k2u(1− u)− 2muα− 2m(1− u)β]2 . (146)

I then define φ := k2u(1−u)− 2muα− 2m(1−u)β and switch to spherical coordinates
in l, and note that the integrand is symmetric in l:

I1 = −m
2

π2

∫ 1

0
du
∫
R

l2dl

[l2 + φ]2 . (147)

The denominator has zeros at l±0 = ±
√
−φ. Now, by definition of the squareroot

sgn(=(
√
−φ)) = −sgn(=(φ)) =: −κ and sgn(=(l±0 )) = ∓κ. I now choose the contour

that circumvents l+0 . Then I get
∫
R

l2dl

[l2 + φ]2 = −sgn(κ)2πi d
dl

l2

[l + l+0 ]2 |l=l
+
0

= −sgn(κ) iπ2l+0
(148)

and put this back into I1:

I1 = im3/2

23/2π
√
ε(k)

sgn(κ)
∫ 1

0

du√
u2 + u

(
α−β
ε(k) − 1

)
+ β

ε(k)

. (149)

Now, as I aim to expand the object in ω′, I identify α − β = O(ω′0) and β = O(ω′).
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This means, if

|ω′| > |β − ω′|+ |α− β − ε(k)|+ ε(k), (150)

I can expand in ω′−1. I define f(u) = u2 + u
(
α−β
ε(k) − 1

)
+ β−ω′

ε(k) . Now, for ω
′ > 0,

I1 = −im3/2

23/2π
√
|ω′|

∫ 1

0

du√
1 + f(u)ε(k)

|ω′|

. (151)

and for ω′ < 0

I1 = −m3/2

23/2π
√
|ω′|

∫ 1

0

du√
1− f(u)ε(k)

|ω′|

. (152)

The integrand can now be expanded in terms of f(u)ε(k)
|ω′| , and integrated term by term,

leading to an asymptotic expansion of I1. This is implemented in a Mathematica 11.1
script and linked to MatLab to compute corrections to the integrals over I1, see Sec.C.
The generalization to the dressed case, lies in including the expansion for ΣFM in f(u).
This converges because |ΣFM(ω)| < |ω| for |ω| large.

The error estimation for the polarizability in Eq.(81) can now be calculated.
I aim to calculate the polarizability. To do this I start with the following integral

χ̃(k, ω) =
∫ Λ

−Λ

dω′

2π (Kχ(k, ω, ω′)− f(ω′)) + O(ω−1/2) + c. (153)

Now, introducing correction terms, I can reduce the error with respect to the threshold:

χ̃(k, ω) =
∫ Λ

−Λ

dω′

2π (Kχ(k, ω, ω′)− f(ω′)) + O(ω−n) + c. (154)

To now find the polarizability, I have to extract the constant c with the fixPolarizabilityAsymptotics
procedure. Then I obtain the polarizability as

χ(k, ω) =
∫ Λ

−Λ

dω′

2π (Kχ(k, ω, ω′)− f(ω′)) + O(ω−n) + (c− c̃). (155)

The task of this section is to estimate the calculation errors that are introduced. The
three errors are caused by, first, the accuracy of the integration routine, that can be
defined by an input parameter, secondly the error made, when the integral is truncated,
which can be reduced by introducing higher order corrections and, lastly, the error due
to the back-shift procedure determining c. The error by the correction terms can be
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calculated as follows. I take the identity Kχ = I1 and Eq. (151) for large |ω′|

I1 = im3/2

23/2π
√
|ω′|

∫ 1

0

du√
1 + f(u)ε(k)

|ω′|

. (156)

I define now

F (x) = 1√
1 + x

(157)

and it’s approximating functions to be polynomials with F (n)(x) = ∑n
i anx

n so that
F (x)− F (n)(x) = O(xn+1). Then I find from Ref. [49, p.376]

|F (x)− F (n)(x)| = |Rn+1(x)| ≤ M|x||x|n+1

1− |x| = |x|n+1

(1− |x|)3/2 (158)

I define the helping function

I
(n)
1 = im3/2

23/2π
√
|ω′|

∫ 1

0
duF (n)(x(u)). (159)

The difference I1 − I(n)
1 can now be calculated as

|I1 − I(n)
1 | =

m3/2

23/2π
√
|ω′|
|
∫ 1

0
duF (x(u))− F (n)(x(u))|

≤ m3/2

23/2π
√
|ω′|

max
x(u)|u∈[0,1]

|F (x(u))− F (n)(x(u))|. (160)

Now I want to estimate |F (x(u))− F (n)(x(u))|.

|F (x(u))− F (n)(x(u))| ≤ |x|n+1

(1− |x|)3/2 (161)
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and

x(u) = f(u)ε(k)
|ω′|

|f(u)| = |u2 + u

(
α− β
ε(k) − 1

)
+ β − ω′

ε(k) |

≤ 1 + |α− β
ε(k) − 1|+ |β − ω

′

ε(k) | = f̂

→ |x(u)| ≤ f̂ ε(k)
|ω′|

= x̂(ω′)

→ |F (x(u))− F (n)(x(u))| ≤ x̂(ω′)n+1

(1− x̂(Λ))3/2 (162)

Looking back to Eq.(155), I find the error O(Λ−n) as

∆2 = 4
∫ ∞

Λ

dω′

2π |I1 − I(n)
1 |

≤ m3/2
√

2π2

(f̂ ε(k))n+1

(1− x̂(Λ))3/2
1

(n+ 1
2)Λn+ 1

2
(163)

Note that, with the dressed propagator, I additionally need to expand the self-energy.
When this is done, an additional correction of the order g2∆2 appears, that is neglected
here. The last equation can be evaluated and yields for the extrapolation frequen-
cies around ω = 103εF for n = 1 an estimate of 4.2× 10−4, for n = 4 an estimate of
4.1×10−7 and for n = 5 an estimate of 1.3×10−8. The parameters for this calculation are
g = 100meV, ωph = 100meV and m = 0.2, k = kF . This error is in for small frequencies
negligible, if n > 2. Note that, for large external frequencies, x̂(ω′) = 3ω

2ω′ . So, for large
frequencies, this procedures delivers the largest error - therefore the order of the expan-
sion needs to be pushed ahead, if c should be calculated accurately. The error of the shift
procedure is determined within the routine see Sec.C. The absolute error of the integra-
tion routine is set to be 10−11, which is tested internally in MatLab’s integral routine,
see https://www.mathworks.com/help/matlab/ref/integral.html (looked up on
the 10th of march 2019 at 10:44:24).

B.2.3. The calculation of Kχ

To avoid confusion: I1 and Kχ are the same integrals.

66



The computation of I1 for two real frequencies.

I1 = −
∫ dq

(2π)3
1

ε(q + k
2 ) + ωph − ω′ − ω

2 − iηq+ k
2

1
ε(q − k

2 ) + ωph − ω′ + ω
2 − iηq− k

2

= −
∫ ∞

0
dq

q2

(2π)2
1

ε(q) + ωph − ω′ − ω
2 − iηq

×∫ 1

−1
dx

1
− qk

m
x+ q2+k2

2m + ωph − ω′ + ω
2 − iηq−k

= m

k

∫ ∞
0

dq
q

(2π)2
1

ε(q) + γ − iηq
A(φ)

= m

k

∫ ∞
0

dq
q

(2π)2
1

ε(q) + γ − iηq
{log(1 + φ− iη)− log(−1 + φ− iη)

+ 2πi{(θ(k − kF − q) + θ(q − kF − k))θ(−(1 + φ))
+ θ(q + kF − k)θ(q + k − kF )θ(kF + k − q)θ(−(φ+ x0))
− θ(q + k − kF )θ(1− φ)}} (164)

with γ = ωph−ω′− ω
2 , φ = m

qk

(
− q2+k2

2m − ωph + ω′ − ω
2

)
and A from Eq. (192) below. I

will first take care about the first line, which I call M . Without any change, I multiply
both logarithm arguments by qk

m
and can then write them as

log(−(q − q+
p )(q − q−p )− iη)− log(−(q + q+

p )(q + q−p )− iη) (165)

with η̃ = ωph − ω′ + ω
2 and q±p = k ±

√
−2mη̃. Then I decouple q

ε(q)+γ−iηq
with

qS =
√
−2m(γ + iηsgn(εF + γ)) and change variables ξ = q/k

M = m2

(2π)2k

∑
a∈±ξS

∫ ∞
0

dξ

ξ + a
( log(−(ξ − ξ+

p )(ξ − ξ−p )− iη)

− log(−(ξ + ξ+
p )(ξ + ξ−p )− iη)). (166)

In order to solve this integral, I define the helping quantity

Ss(a, b, c; y) =
∫ y

0

dξ

ξ + a
log(−(ξ − b)(ξ − c)− iη) (167)

with y � 1. Note that b, c are real, or their complex conjugates:

b = s+ 1/k
√
−2mη̃

c = s− 1/k
√
−2mη̃

s = ±1 (168)
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I split the logarithms real and imaginary part to obtain

S(a, b, c; y) =
∫ y

0

dξ

ξ + a
log | − (ξ − b)(ξ − c)|

− iπθ((ξ − b)(ξ − c)) (169)

In order to have an analytic function again, I split the region of integration into three.
I call ϑ = <(

√
−2mη̃/k) and κ± = max(0, s± ϑ). Then

S(a, b, c; y) =
(∫ κ−

0
+θ(ϑ)

∫ κ+

κ−
+
∫ y

κ+

)
dξ

ξ + a
log | − (ξ − b)(ξ − c)| − iπθ((ξ − b)(ξ − c)).

(170)

Case 1: ϑ is zero. Then I find the indefinite integrals of the functions above with

T (ξ) =
∫
dξ

log((ξ − b)(ξ − c))
ξ + a

= log(ξ + a) log((ξ − b)(ξ − c))−
∑
g∈b,c

∫ log(ξ + a)
ξ − g

(171)

S(a, b, c; y) = T (y)− T (0)− iπ [log(y + a)− log(a)] . (172)

Now I define

I(a, b; y) =
∫ y

0

log(ξ + a)
ξ − b

. (173)

I have to be sure, the new contour crosses no branch cut. I find with

x0 = 1
y

=(ab∗)
=(b− a) , (174)

that if −<(a+x0y
b−a ) < 1 and x0 ∈ [0, 1], the integral is

I(a, b; y) = {log((a+ b)ψ) log(1− ψ) + Li2(ψ)}
a+y
a+b

a
a+b

(175)

and otherwise

I(a, b; y) = {log((a+ b)ψ) log(ψ − 1) + Li2(ψ)+

log(ψ)(log(1− ψ)− log(ψ − 1))}
a+y
a+b

a
a+b

.

(176)
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To find the implemented functions, I will now separate the terms that cancel each other
in the limit y → ∞. The rest, or regularized term, I call SR. I use the asymptotic
expansion of the dilogarithm (|y| � 1) [72]

Li2(y) = −1
2 log(−y)2 + C (177)

with C some constant. Then, for the first case

I(a, b; y � 1) = log(y + a) log(b− y
a+ b

) + Li2(a+ y

a+ b
)

− log(a) log( a

a+ b
)− Li2( a

a+ b
). (178)

I call the second line −Il(a, b) and use that for y � 1: =(log(y + a)) ≈ 0 for every
a ∈ C, so that log((y + a)/b) = log(y + a)− log(b) without an extra phase

I(a, b; y � 1) = log(y + a) (log(y − b)− log(−(a+ b)))

− (log(y + a)− log(−(a+ b)))2

2 + C − Il(a, b)

= 1
2 log(y + a) log(y − b)− 1

2 log(−(a+ b))2 + C − Il(a, b) (179)

and for the second case

I(a, b; y � 1) = 1
2 log(y + a) log(y − b)− 1

2 log(−(a+ b))2

+ log(a+ b) [log(−(a+ b))− log(a+ b)] + C − log(a) log( −b
a+ b

)

+ Li2( a

a+ b
) + log( a

a+ b
)
[
log( b

a+ b
)− log( −b

a+ b
)
]

(180)

where I call I(2)
l (a, b) = log(a) log( −b

a+b)+Li2( a
a+b)+log( a

a+b)
[
log( b

a+b)− log( −b
a+b)

]
. Then

I can define their regularized contribution to the integral: I can extinct all y dependent
functions by subtraction of I(a, b; y)− I(a,−b; y) and just keep the rest term:

IR(a, b) = log(a) log( b

b− a
) + log(b− a)2

2 (181)

and

IR(a, b) = − log(a− b) (log(b− a)− log(a− b)) + log(a) log( b

a− b
)

+ log( a

a− b
)
(

log( b

b− a
)− log( b

a− b
)
)

+ log(b− a)2

2 . (182)
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And the regularized S then is

SR(a, b, c) = −
∑
p∈b,c

IR(a, p). (183)

Case 2: for non-zero ϑ I find

S(a, b, c; y) =
∫ y

0
dξ

log(|(ξ − b)(ξ − c)|)
ξ + a

− iπ [log(y + a)− log(κ+ + a) + log(κ1 + a)− log(a)]

=
∑
g∈b,c

θ(g)
∫ g

0
dξ

log(g − ξ)
ξ + a

+
∫ y

max(0,g)
dξ

log(ξ − g)
ξ + a

− iπ [log(y + a)− log(κ+ + a) + log(κ− + a)− log(a)]

=
∑
g∈b,c

[
log |ξ − g| log(ξ + a

a+ g
) + Li2(g − ξ

a+ g
)
]y

0

− iπ [log(y + a)− log(κ+ + a) + log(κ1 + a)− log(a)] (184)

this becomes for large y

S(a, b, c; y) =
∑
g∈b,c

[
1
2 log(y − g)2 − 1

2 log(a+ g)2 − log |g| log( a

a+ g
)− Li2( g

a+ g
)
]

− iπ [log(y + a)− log(κ+ + a) + log(κ1 + a)− log(a)] (185)

and the regularized part of this is

SR(a, b, c) = −
∑
p∈b,c

(
log(a+ p)2

2 + log |p| log( a

a+ p
)
)

+ iπ (log(κ+ + a)− log(κ− + a)) (186)

with ϑ = <(
√
−2mη̃/k) and κ± = max(0, s± ϑ). With these equations, I have found

the solution of M

M = m2

(2π)2k

∑
a∈±ξS

(
SR(a, ξ+

p , ξ
−
p )− SR(a,−ξ+

p ,−ξ−p )
)

(187)

The θ functions yield now an extra term of

B1 = im2

2πk
∑

a∈±ξS

[l1(a) + l2(a) + l3(a)] (188)

li corresponds to the ith line of the θ functions in the integral. With η̃ = ωph − ω′ + ω
2 ,

ϑ = <(
√
−2mη̃)/k, µ1 = min(1 − ξF , 1 − ϑ), µ2 = max(1 + ξF , 1 + ϑ) and δ =
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max(0, ξF − 1, ϑ− 1), I have

l1(a) = θ(µ1) (log(µ1 + a)− log(a))− log(µ2 + a)
l2(a) = θ(εF + η̃) (log(1 + ξF + a)− log(|1− ξF |+ a))
l3(a) = log(δ + a) (189)

Then I1 = M +B1.
And here I used especially the auxiliary integral A(φ)

A(φ) =
∫ 1

−1

dx

x+ φ+ iηq−k
. (190)

The indefinite integral is log(x + φ + iηq−k). So that I have to find out, where the
infinitesimal switches sign, and when this happens in x ∈ [−1, 1]. The function switches
for x < −1 if k + q < kF ; for x > 1 if k − q > kF ; and at x0 = q2+k2−k2

F

2k1k
in the third

case.
The x integral depends on the infinitesimal involved. So the integral splits. The

latter integral becomes

A(φ) =θ(kF − k − q){log(1 + φ− iη)− log(−1 + φ− iη)}
+(θ(k − kF − q) + θ(q − kF − k)){log(1 + φ+ iη)− log(−1 + φ+ iη)}
+θ(q + kF − k)θ(q + k − kF )θ(kF + k − q)
{log(1 + φ− iη)− log(−1 + φ+ iη) + 2πiθ(−(φ+ x0))}. (191)

I note, that for q < kF the last θ in the second row is wrong; while the third in the
third row is true. Now I can proceed by using the the integrated version of Eq. (73),
which I already used once for log(x0 + φ + iη)− log(x0 + φ− iη) = 2πiθ(−(φ + x0))
for φ ∈ R. I shift all infinitesimals to negative sign, with

log(a+ φ+ iη) = log(a+ φ− iη) + 2πiθ(−(a+ φ)).
Then, I obtain

A(φ) = log(1 + φ− iη)− log(−1 + φ− iη)
+2πi{(θ(k − kF − q) + θ(q − kF − k))θ(−(1 + φ))

+ θ(q + kF − k)θ(q + k − kF )θ(kF + k − q)θ(−(φ+ x0))
− θ(q + k − kF )θ(1− φ)} (192)

The integral I1 for two complex frequencies.

I1(α, β, k) = −
∫
R3

dq

(2π)3
1

ε(q + k
2 )− α

1
ε(q − k

2 )− β
. (193)
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Now, I shift q → q − k
2 and can write, in spherical coordinates with x = cos(θ)

ε(q − k)− β = 1
2m [q2 − 2kqx+ k2 − 2mβ]

= −kq
m

[x− q2 + k2 − 2mβ
2kq ] (194)

so that∫ 1

−1

dx

ε(q − k)− β = −m
kq

log(x− q2 + k2 − 2mβ
2kq )|1x=−1. (195)

Then

I1 = m

(2π)2q

∫ ∞
0

dq
q

ε(q)− α
(
log(−(q − k)2 − 2mβ)− log(−(q + k)2 − 2mβ)

)
(196)

Now I split the first fraction apart:
q

ε(q)− α = m

q −
√

2mα
+ m

q +
√

2mα
. (197)

with qS :=
√

2mα I obtain

I1 = m2

(2π)2q

∑
a∈±qS

∫ ∞
0

dq

q − a
(
log(−(q − k)2 − 2mβ)− log(−(q + k)2 − 2mβ)

)
.

(198)

I substitute ξ = q/k (ξS = qS/k) and get

I1 = m2

(2π)2q

∑
a∈±ξS

∫ ∞
0

dξ

ξ − a

(
log(−(ξ − 1)2 − β

ε(k))− log(−(ξ + 1)2 − β

ε(k))
)
.

(199)

Decoupling the log’s argument gives with ξ± = 1±
√

β
ε(k) yields

I1 = m2

(2π)2q

∑
a∈±ξS

∫ ∞
0

dξ

ξ − a
(log(−(ξ − ξ+)(ξ − ξ−))− log(−(ξ + ξ+)(ξ + ξ−))) .

(200)

Using partial integration I get

I1 = − m2

(2π)2q

∑
a∈±ξS

∑
b∈ξ±

∫ ∞
0

dξ

(
1

ξ + b
− 1
ξ − b

)
log(ξ − a). (201)
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To evaluate this, I define

J(a, b, y) =
∫ y

0
dξ

log(ξ − a)
ξ + b

. (202)

I aim to reduce this to a dilogarithm. For this purpose, I substitute φ = ξ − a

J(a, b, y) =
∫ y−a

−a
dξ

log(φ)
φ+ a+ b

. (203)

and χ = −φ/(a+ b)

J(a, b, y) =
∫ − y−a

a+b

a
a+b

dξ
log(−χ(a+ b))

χ− 1 . (204)

I aim to use partial integration once more. But I have to exercise caution, as the
integral contour is not allowed to hit a branch cut of the integrand. For that reason, I
note ∫

dχ
1

1− χ = − log(1− χ) + C1 = − log(χ− 1) + C2. (205)

Which integration I choose, depends on the parameters: Look at the function log(χ−1)
along our contour from a

a+b to −y−a
a+b . If, for an x ∈ [0, y] I have =(−x−a

a+b − 1) = 0 and
<(−x−a

a+b − 1) < 0, I cross a branch cut. The condition for the imaginary part yields
x = − =(ab∗)

=(a+b) . If now <(−x−a
a+b − 1) < 0, I have to integrate in the other illustrated

fashion (case 2). In case 1, I get

J1(a, b, y) =
∫ − y−a

a+b

a
a+b

dξ
log(−χ(a+ b))

χ− 1

= [log(−(a+ b)χ) log(χ− 1)]−
y−a
a+b

χ= a
a+b

−
∫ − y−a

a+b

a
a+b

log(χ− 1)
χ

dχ

= (log(−(a+ b)χ) log(χ− 1) + Li2(χ)

+ (log(1− χ)− log(χ− 1)) log(χ))−
y−a
a+b

χ= a
a+b

(206)
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In case two I get

J2(a, b, y) =
∫ − y−a

a+b

a
a+b

dξ
log(−χ(a+ b))

χ− 1

= [log(−(a+ b)χ) log(1− χ)]−
y−a
a+b

χ= a
a+b

−
∫ − y−a

a+b

a
a+b

log(1− χ)
χ

dχ

= [log(−(a+ b)χ) log(1− χ) + Li2(χ)]−
y−a
a+b

χ= a
a+b

. (207)

Now, I can again use the asymptotic expansion of the dilogarithm [72] for large input
values. I define j1 and use this expansion for large y

j1(a, b, y) = log(y − a) log(−y + b

a+ b
) + Li2(−y − a

a+ b
)+

+ (log(y + b

a+ b
)− log(−y + b

a+ b
)) log(−y − a

a+ b
)

≈ 1
2 log(y − a)2 − 1

2 log(a+ b)2 + (log(a+ b)− log(−(a+ b)))×

× log(−(a+ b))

= 1
2 log(y − a)2 + jR1 (a, b) (208)

then, I define j2 similarly

j2(a, b, y) = log(y − a) log(y + b

a+ b
) + Li2(−y − a

a+ b
)

= 1
2 log(y − a)2 − 1

2 log(a+ b)2

= 1
2 log(y − a)2 + jR2 (a, b). (209)

Then, I obtain in general

Ji(a, b, y) = ji(a, b, y)− ji(a, b, 0) = jRi (a, b)− ji(a, b, 0) + f(y) (210)

and by subtraction, I can define

JRi (a, b) = jRi (a, b)− ji(a, b, 0) (211)

and then have found

I1 = m2

(2π)2q

∑
a∈±ξS

∑
b∈ξ±

[
JR(a, b)− JR(a,−b)

]
(212)
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I1 for one complex and one real frequency is obtained in a similar fashion.

Is1(ωR, ωC , k) = 2m2

(2π)2k

∫ ∞
0

dξ
ξ

ξ2 + ωR

ε(k) − i0sgn(ωR − εF )×

×
[
log(−(ξ − ξ+

0 )(ξ − ξ−0 ))− log(−(ξ + ξ+
0 )(ξ + ξ−0 ))

]
(213)

where ωR ∈ R. I split the leading fraction

ξ2 + ωR
ε(k) − i0sgn(ωR − εF ) = (ξ − ξP )(ξ + ξP )

ξ

ξ2 + ωR

ε(k) − i0sgn(ωR − εF ) = 1
2

(
1

ξ − ξP
+ 1
ξ + ξP

)
(214)

so that then

Is1(ωR, ωC , k) = −m2

(2π)2k

∑
a∈±ξP

∫ ∞
0

1
ξ − a

( log(−(ξ − ξ+
0 )(ξ − ξ−0 ))

− log(−(ξ + ξ+
0 )(ξ + ξ−0 ))). (215)

with ξP =
√
−ωR

ε(k) + i0sgn(ωR − εF and ξ±0 = −1±
√
−−ωC

εF
. Then, I again use partial

integration, with

d

dξ
log(−(ξ − ξ+

0 )(ξ − ξ−0 )) = 1
ξ − ξ+

0
+ 1
ξ − ξ−0

(216)

and find

Is1(ωR, ωC , k) = m2

(2π)2k

∑
a∈±ξP

∑
b∈ξ±0

∫ ∞
0

(
1

ξ − b
− 1
ξ + b

)
log(ξ − a). (217)

To evaluate this integral, I define

P (a, b, y) =
∫ y

0

dξ

ξ + b
log(ξ − a). (218)

Note, that a can be positive real (+ an infinitesimal). So, the integral has to be
calculated in two cases. In the case where a is not positive real, the integral can be
computed just as in the complex case. If a is real, it is easiest to split the integral in
two: ξ ∈ [0, a] and ξ ∈ [a, y]. For the first integral I find∫ a

0

dξ

ξ + b
log(ξ − a) = −iπ sgn (=(a)) (log(a+ b)− log(b))

− log( a

a+ b
) log(a)− Li2( a

a+ b
). (219)
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Figure 29: Convergence of the integral over I1 against the Lindhard function. Note
that one function was shifted to make both lines visible to the reader. The
momentum is randomly chosen. The parameters for this calculation are
g = 100meV, ωph = 100meV and m = 0.2.

The second integral can now be calculated as follows∫ y

a

dξ

ξ + b
log(ξ − a) =

∫ y−a

0

dφ log(φ)
φ+ a+ b

= −
∫ − y−a

a+b

0

dχ log(−(a+ b)χ)
1− χ

= log(1− χ) log(−(a+ b)χ) + Li2(χ)|χ= a−y
a+b

(220)

I now execute the old program to find the limit of this object for y →∞ in the correct
subtraction order. It turns out that the upper bound yields −1

2 log(a + b)2, and the
lower stays as it is. Implementing all three integrals for I1 then enables us to compute
the corrected polarizability.

B.2.4. Validation of the result

The first test is, whether the integral over I1 (or Kχ) without coupling, leads after
renormalizing to the Lindhard function, as one would expect, see Fig. 29.

Then, I tested whether the integrals with and without dressed propagator I1 (or Kχ)
do converge against each other if the coupling vanishes g → 0, and how the scaling of
this difference is, with g, see Figs. 30 and 31.
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Figure 30: Convergence of the integrals I1 for vanishing g. One function is shofted, to
make both visible, one can see how the functions exhibit same behavior.
The parameters for this calculation are g = 100meV, ωph = 100meV and
m = 0.2, k = kF .

Figure 31: Convergence of the integrals I1 for vanishing g. The convergence resembles
a g2 dependence as expected. The parameters for this calculation are
g = 100meV, ωph = 100meV and m = 0.2, k = kF .
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Then, I tested whether the integrals with and without dressed propagator I1 (or Kχ)
do converge against their asymptotic expectations, see Fig. 32.

Table 1: The leading exponents for the integral I1 subtracted by it’s approximation
for large |ω′|, positive or negative ω′. The measurements have been made in
regions, where the approximation is not everywhere accurate to double preci-
sion. The values for the approximation to order 5 do not fit the expectation,
because at double precision the scaling cannot be shown with the computer
anymore. "o.a." stands for "order of approximation", which means for o.a. n
that the exponent should be equal to −n− 1

2 .
Description Exponent
Positive ω′, without self-energy, o.a. 1 -1.5051.
Negative ω′, without self-energy, o.a. 1 -1.495.
Positive ω′, with self-energy, o.a. 1 -1.5052.
Negative ω′, with self-energy, o.a. 1 -1.4724.
Positive ω′, without self-energy, o.a. 5 -2.8851.
Negative ω′, without self-energy, o.a. 5 -2.9755.
Positive ω′, with self-energy, o.a. 5 -3.1666.
Negative ω′, with self-energy, o.a. 5 -3.0117.

Then, I tested whether the integral over I1 with the dressed propagators converges
against the Lindhard function, see Fig. 33. Note that the scaling is not perfect, because
of the shift error, see above.
Additionally to these tests, I have compared the calculated integrals for Kχ with

their numerical implementations. The results can be seen in Tab. 4.

B.3. The vertex correction
The vertex correction to order g2 corresponds to the diagram in Fig. 34

B.3.1. The result

Theorem 7 (The vertex correction to the theory). The vertex correction to order
g2 can be written as

Γ1(ω, ω′, k) = g2(I1(ω′ + ω/2− ωph, ω
′ − ω/2− ωph, k) + I2 + I3) (221)

where I1 has real frequency entries and is shown in Sec.B.2. Now, I find I2 as

I2 = K(−ω/2,−ωph
+,−ω)−K(−ω/2, ωph

−,−ω) (222)
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Figure 32: Convergence of the integrals I1 against their asymptotic expectation. To
the left the convergence for positive frequencies is shown, to the right, the
convergence with respect to negative frequencies. The second and fourth row
represent the self-energy corrected calculations, the upper four calculations
have only the terms for renormalization subtracted, the lower plots show
subtraction up to order ω−6.5. With the getScaling procedure see Sec.C.
I have then calculated the exponents of the differences, see Tab. 1. The
parameters for this calculation (when used) are g = 100meV, ωph = 100meV
and m = 0.2, k = kF .
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Figure 33: Absolute difference between the integral over the dressed I1 and the Lindhard
function. The convergence resembles a g2 dependence only for large enough
g because of the shift error. Note that above, I tested whether the integrands
converge against each other, which they do, much better. The parameters
for this calculation are g = 100meV, ωph = 100meV and m = 0.2, k = kF .

Figure 34: The vertex function to order g2 in the electron-phonon interacting electron
gas. The dashed line represents a virtual phonon, the solid lines represent
virtual fermions.
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with L(α, ψ) = K(τ, σ, ρ), α = τ + σ− ω′, ψ = m
k

(ρ− ε(k)) and L = L1 +B2 with

L1(ξS, ξF , ψ) = m2

(2π)2k

∑
a∈±ξS

(− log |1− ξF | log(a+ ξF
a+ 1 )+

log(ξF + 1) log(ξF + a

a− 1 ) + Li2(ξF + 1
1− a )− Li2(1− ξF

1 + a
)+

iπθ(ξF − 1) (log(ξF − a)− log(−a))) (223)

and ξF = kF/|ψ|, ξS =
√
−2mα
|ψ| . I find

B2 = im2

2πk
∑
a±ξS

(θ(−ψ) (log(γ1 + a)− log(a)) + log(γ3 + a)− log(γ2 + a))

(224)

with γ1 = max(min(ξS − ξF , ξF , 1), 0), γ2 = min(ξF ,max(<(
√
φ), |ξS − ξF |, 0))),

φ = ξ2
F − 2sgn(ψ)ξS − ξS2 and γ3 = min(ξF ,max(sgn(ψ), ξF − ξS, 0)). The solution

of integral I3 turns out to be a spin-off of the last integrals’s calculation:

I3 = L1(β1, ψ, k)− L1(β2, ψ, k) + C (225)

with β1 = ω
2 − ω

′ − ωph + i0, β2 = ω
2 − ω

′ + ωph + i0 and C = D(γ1)−D(γ2) with
γi =

√
−2mβi/|ψ| and ∆ = max(1, ξF )

D(β) = im2

2πk
∑

α∈±ξS

θ(−ψ)(log(∆− α)− log(ξF − α))

− θ(ψ)θ(ξF − 1)(log(ξF − α)− log(1− α)). (226)

B.3.2. Properties of the vertex function

The leading term for large ω′ comes from the I1 contribution. This means that for
large |ω′|: |Γ1| ∝ |ω′|−1/2.

Symmetry of the vertex function From the equation

i

g2 Γ1 =
∫ dqdω1

(2π)4 D(ω′ − ω1)G(q + k

2 , ω1 + ω

2 )G(q − k

2 , ω1 −
ω

2 ) (227)

I reflect the integral variable q → −q and use G(q, ω) = G(−q, ω) to find

Γ1(ω, k, ω′) = Γ1(−ω, k, ω′) (228)

The meromorphism of the vertex function. I found logarithmic divergences at
ω′ = εF ± ωph, ω = 0. They occur, when the L(α, ψ) integral is evaluated at −α = εF
which is ω′ = εF + q1ωph + q2

ω
2 and qi = ±1.
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Other candidates are the lines where ξS = ξ±p which are ω = ωph + (ω−ε(k))(ω+ε(k))
4ε(k)

B.3.3. Large ω′ expansion

The expansion for I1 is found in Sec. B.2.2. I now need to do the same expansion for
the integral L, which will enable us to compute corrections accurately in practice.

L(α, ψ) = m

k

∫ kF

0

dq

(2π)2
q

ε(q) + α

∫ +1

−1

dx

x+ ψ/q + iηq−k
=∴ (229)

I transform the infinitesimal

1
x+ ψ

q
+ iηq−k

= 1
x+ ψ

q
+ iη

+ 2πiδ(x+ ψ

q
)θ(εF − ε(q − k)) (230)

∴= Φ(α, ψ) + C(α, ψ), (231)

with

Φ(α, ψ) = m

k

∫ kF

0

dq

(2π)2
q

ε(q) + α

∫ +1

−1

dx

x+ ψ/q + iη
(232)

The x integration can now be performed right away

Φ(α, ψ) = m

k

∫ kF

0

dq

(2π)2
q

ε(q) + α
log(x+ ψ/q + iη)|1x=−1 = Φ+(α, ψ)− Φ−(α, ψ)

(233)

with

Φ±(α, ψ) = m

k

∫ kF

0

dq

(2π)2
q

ε(q) + α
log(±1 + ψ/q + iη) =∴ (234)

Now, I aim to expand this function in 1
ω′
, as α = α′ − ω′ with α′ = O((ω′)0). Then I

will exploit this by [1]

F (q, n) =
∫
dqqn log(q) = qn+1

(
log(q)
n+ 1 −

1
(n+ 1)2

)
+ C. (235)

Someone might conceivably object here, that this way of inserting the integrated function
is unfeasible because of the logarithm’s branch-cut. However, such an objection is
overly doubtful as a geometric argument explains: The logarithm has a branch cut
along the negative real axis. The integral contour goes from the origin to kF ∈ R,
which is perfectly parallel. As the logarithm has a positive infinitesimal it is at the
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correct branch for this integral formula to hold.

∴ = m

ω′k

∫ kF

0

dq

(2π)2
q

1 + ε(q)+α′
ω′

log(±1 + ψ/q + iη)

= m

ω′k

∫ kF

0

dq

(2π)2 q
∞∑
n=0

(
−ε(q) + α′

ω′

)n
log(±1 + ψ/q + iη)

= m

ω′k

∞∑
n=0

(−1)n
(ω′)n

∫ kF

0

dq

(2π)2 q (ε(q) + α′)n log(±1 + ψ/q + iη)

= m

(2π)2ω′k

∞∑
n=0

(−1)n
(2mω′)n

∫ kF

0
dqq

(
q2 + 2mα′

)n
log(±1 + ψ/q + iη)

= m

(2π)2ω′k

∞∑
n=0

(−1)n
(2mω′)n

n∑
p=0

(2mα′)n−p
(
n

p

)∫ kF

0
dqq2p+1 log(±1 + ψ/q + iη)

(236)

I use, that I can multiply the log by any positive constant, such as q and now the ways
of Φ± split. For Φ+ I substitute ρ = ψ + q

Φ+(α, ψ) = m

(2π)2ω′k

∞∑
n=0

(−1)n
(2mω′)n

n∑
p=0

(2mα′)n−p
(
n

p

)
×

×
∫ kF +ψ

ψ
dρ(ρ− ψ)2p+1 log(ρ+ iη)

= m

(2π)2ω′k

∞∑
n=0

(−1)n
(2mω′)n

n∑
p=0

(2mα′)n−p
(
n

p

) 2p+1∑
q=0

(
2p+ 1
q

)
(−ψ)q×

×
∫ kF +ψ

ψ
dρρ2p+1−q log(ρ)

= m

(2π)2ω′k

∞∑
n=0

(−1)n
(2mω′)n

n∑
p=0

(2mα′)n−p
(
n

p

) 2p+1∑
q=0

(
2p+ 1
q

)
(−ψ)q×

× (F (kF + ψ, 2p+ 1− q)− F (ψ, 2p+ 1− q)) . (237)
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For Φ− I substitute ρ = −q + ψ, use 2p+ 1 is odd,

Φ+(α, ψ) = m

(2π)2ω′k

∞∑
n=0

(−1)n
(2mω′)n

n∑
p=0

(2mα′)n−p
(
n

p

)
×

×
∫ −kF +ψ

ψ
dρ(ρ− ψ)2p+1 log(ρ+ iη)

= m

(2π)2ω′k

∞∑
n=0

(−1)n
(2mω′)n

n∑
p=0

(2mα′)n−p
(
n

p

) 2p+1∑
q=0

(
2p+ 1
q

)
(−ψ)q×

×
∫ −kF +ψ

ψ
dρρ2p+1−q log(ρ)

= m

(2π)2ω′k

∞∑
n=0

(−1)n
(2mω′)n

n∑
p=0

(2mα′)n−p
(
n

p

) 2p+1∑
q=0

(
2p+ 1
q

)
(−ψ)q×

× (F (−kF + ψ, 2p+ 1− q)− F (ψ, 2p+ 1− q)) . (238)

which boils down to

Φ(α, ψ) = m

(2π)2ω′k

∞∑
n=0

(−1)n
(2mω′)n

n∑
p=0

(2mα′)n−p
(
n

p

) 2p+1∑
q=0

(
2p+ 1
q

)
(−ψ)q×

× (F (kF + ψ, 2p+ 1− q)− F (ψ − kF , 2p+ 1− q)) .
(239)

this is already all I need for I3, where I truncate n at a certain value (here n = 8) for
reasonable accuracy and limited execution time. For I2 the only missing thing now is
C(α, ψ).

C(α, ψ) = im

2πq

∫ kF

0

dq

(2π)2
q

ε(q) + α

∫ 1

−1
dxδ(x+ ψ/q)θ(εF − ε(q) + ρ) (240)
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where I have used the δ function.

C(α, ψ) = im

2πq

∫ kF

0
dq

q

ε(q) + α
θ(q − |ψ|)θ(εF − ε(q) + ρ)

= im

2πq

∫ Λ

λ
dq

q

ε(q) + α

= im

2πω′q

∫ Λ

λ
dq

q

1 + ε(q)+α′
ω′

= im

2πω′q

∞∑
n=0

1
(−ω′)n

∫ Λ

λ
dqq (ε(q) + α′)n

= im

4πω′q

∞∑
n=0

1
(−2mω′)n

∫ √Λ
√
λ
dl (l + 2mα′)n

= im

4πω′q

∞∑
n=0

1
(−2mω′)n

n∑
p=0

(
n

p

)
(2mα′)n−p

∫ √Λ
√
λ
dllp

= im

4πω′q

∞∑
n=0

1
(−2mω′)n

n∑
p=0

(
n

p

)
(2mα′)n−p
p+ 1

(√
Λ
p+1
−
√
λ
p+1
)
. (241)

B.3.4. Error estimation for Φ and L

In the following, I will argue why the error of the vertex correction to the polarizability
is negligible. Therefore I will show that the error of Φ and L, that compose I2 and I3
are negligible compared to I1.
The integrals are then L(α, ψ) = Φ(α, ψ) + C(α, ψ). Now for Φ I have

Φ(α, ψ) = Φ+(α, ψ)− Φ−(α, ψ)

Φ±(α, ψ) = m

ω′k

∫ kF

0

dq

(2π)2
q

1 + ε(q)−α′
ω′

log(±q + ψ + i0) (242)

Then, the approximated function is F (x) = 1
1+x , so that |Rn+1(x)| ≤ |x|n+1

(1−|x|)2 and our x
is |x| = | ε(q)+α

′

ω′
| ≤ εF +|α′|

|ω′| = x̂(ω′). The estimate becomes

|Φ±(α, ψ)− Φ(n)
± (α, ψ)| ≤

∣∣∣∣∣ mω′k x̂n+1

(1− x̂)2

∫ kF

0

dq

(2π)2 q log(±q + ψ + i0)
∣∣∣∣∣

≤
∣∣∣∣∣ mk2

F

(2π)2ω′k

x̂n+1

(1− x̂)2 (π + log(|kF |+ |ψ|))
∣∣∣∣∣ . (243)

The only integral that I have to calculate now is C(α, ψ).

C(α, ψ) = im

2πk

∫ Λ

λ
dq

q

ε(q) + α
(244)
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and 0 ≤ λ ≤ Λ ≤ kF . Then

|C(α, ψ)− C(n)(α, ψ)| ≤ mk2
F

4πkω′
x̂n+1

(1− x̂)2 (245)

and the same x̂ as for Φ±. Comparing I1’s error and I2’s or I3’s error17 yields now,
that the error for the vertex correction has the leading term of g2∆(I2

1 ) where ∆(f)
means the error of f . Then g2∆(I2

1 ) = 2g2I1∆I1, which is negligibly small compared
to the error of I1 and is therefore neglected.

B.3.5. Calculation

1
g2 Γ1 = i

∫ dk1dω1

(2π)4 D(ω − ω1)G0(k1 + k

2 , ω1 + ω

2 )G0(k1 −
k

2 , ω1 −
ω

2 ) (246)

To perform the ω1 integration, I can read of the poles from the definition of the
propagators. I aim to push all poles to one side of the contour by Eq.(73). By the
residue theorem, a contour that does not contain any poles in a complex plane is zero.
As the integrand of our integral vanishes, I can, without mistake, add the arcbow to
the contour (which is zero) and use holomorphy. With these definitions in advance,
the ω1 integration can be performed. I define

ωs,1 = ω′ − ωph (247)
ωs,2 = ω′ + ωph (248)

ωs,3 = ε(k1 + k

2)− ω

2 (249)

ωs,4 = ε(k1 −
k

2) + ω

2 . (250)

and write the vertex as

i

g2 Γ1 =
∫ dk1dω1

(2π)4 {
1

ω1 − (ωs,2 − iη) −
1

ω1 − (ωs,1 + iη)}

1
ω1 − (ωs,3 − i0k1+ k

2
)

1
ω1 − (ωs,4 − i0k1− k

2
) = (∗). (251)

17The errors of these terms are smaller, because they are expanded three orders more.
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Now, as explained, I use Eq.(73).

(∗) =
∫ dk1dω1

(2π)4 − 2πiδ(ω1 − ωs,1) 1
ω1 − (ωs,3 − i0k1+ k

2
)

1
ω1 − (ωs,4 − i0k1− k

2
)

+
∫ dk1dω1

(2π)4 {
1

ω1 − (ωs,2 − iη) −
1

ω1 − (ωs,1 − iη)}
1

ω1 − (ωs,3 − i0k1+ k
2
)×

× 1
ω1 − (ωs,4 − i0k1− k

2
)

=
∫ dk1dω1

(2π)4 − 2πiδ(ω1 − ωs,1) 1
ω1 − (ωs,3 − i0k1+ k

2
)

1
ω1 − (ωs,4 − i0k1− k

2
)

+
∫ dk1dω1

(2π)4 {
1

ω1 − (ωs,2 − iη) −
1

ω1 − (ωs,1 − iη)}
1

ω1 − (ωs,4 − i0k1− k
2
)

2πiθ(εF − ε(k1 + q

2))δ(ω1 − ωs,3)

+
∫ dk1dω1

(2π)4 {
1

ω1 − (ωs,2 − iη) −
1

ω1 − (ωs,1 − iη)}
1

ω1 − (ωs,3 − iη)×

× 1
ω1 − (ωs,4 − i0k1− k

2
)

=
∫ dk1dω1

(2π)4 − 2πiδ(ω1 − ωs,1) 1
ω1 − (ωs,3 − i0k1+ k

2
)

1
ω1 − (ωs,4 − i0k1− k

2
)

+
∫ dk1dω1

(2π)4 {
1

ω1 − (ωs,2 − iη) −
1

ω1 − (ωs,1 − iη)}
2πi

ω1 − (ωs,4 − i0k1− k
2
)×

× θ(εF − ε(k1 + q

2))δ(ω1 − ωs,3)

+
∫ dk1dω1

(2π)4 {
1

ω1 − (ωs,2 − iη) −
1

ω1 − (ωs,1 − iη)}
2πi

ω1 − (ωs,3 − iη)×

× δ(ω1 − (ωs,4)θ(εF − ε(k1 −
k

2)) (252)

Now, I carry out the ω1 integrations.

Γ1

g2 =
∫ dk1

(2π)3{ −
1

ωs,1 − ωs,3 + i0k1+ k
2

1
ωs,1 − ωs,4 + i0k1− k

2

+
(

1
ωs,3 − ωs,2 + iη

− 1
ωs,3 − ωs,1 + iη

)
θ(kF − |k1 + k

2 |)
ωs,3 − ωs,4 + i0k1− k

2

+
(

1
ωs,4 − ωs,2 + iη

− 1
ωs,4 − ωs,1 + iη

)
θ(kF − |k1 − k

2 |)
ωs,4 − ωs,3 + iη

}. (253)

Now, I define each line of Eq. (253) to be an integral I1, I2, I3. Note, that the ω
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integration for GGΓ in terms of two k-integrations is simple.

The integral I2 Recall the integrals from above. I define

K(τ, σ, ρ) =
∫ dq

(2π)3
1

ε(q + k
2 ) + τ + σ − ω′

θ(kF − |q + k
2 |)

q·k
m

+ ρ+ iηq−k/2
(254)

with ω−ph = ωph − iη and note that then

I2 = K(−ω2 ,−ω
+
ph,−ω)−K(−ω2 , ω

−
ph,−ω) (255)

A shift q → q − k
2 and two definitions α := τ + σ − ω′, ψ := m

k

(
ρ− k2

2m

)
lead to

K(τ, σ, ρ) = L(α, ψ) =
∫ dq

(2π)3
1

ε(q) + α

θ(kF − |q|)
q·k
m

+ k
m
ψ + iηq−k

. (256)

I switch to spherical coordinates and rotate the sphere, such that k ∝ ez. Then

L(α, ψ) = m

k

∫ kF

0

dq

(2π)2
q

ε(q) + α

∫ +1

−1

dx

x+ ψ/q + iηq−k
. (257)

and with Eq. (192)

L(α, ψ) = m

k

∫ kF

0

dq

(2π)2
q

ε(q) + α
{log(1 + ψ/q − iη)− log(−1 + ψ/q − iη)

+ 2πi{θ(k − kF − q) + θ(q − kF − k))θ(−(1 + ψ/q))
+ θ(q + kF − k)θ(q + k − kF )θ(kF + k − q)θ(−(ψ/q + x0))
− θ(q + k − kF )θ(1− ψ/q)}} (258)

Note that there might be a pole close to the real axis in [0, kF ] at qS =
√
−2mα. The

first line of L I call L1. I perform the transform ξ = q
|ψ| , and denote ξS/F = qS/F

|ψ| .

L1(ξS, ξF , ψ) = m2

k

∫ ξF

0

dξ

(2π)2

(
1

ξ − ξS
+ 1
ξ + ξS

)
×

× {log(ξ + sgn(ψ)− iη)− log(−ξ + sgn(ψ)− iη)}
(259)

To simplify the calculation I note that the cases ψ > 0 and ψ < 0 give the exact
opposite results, with one single difference:

log(ξ + 1− iη)− log(−ξ + 1− iη) + log(ξ − 1− iη)− log(−ξ − 1− iη)
= 2πiθ(ξ − 1). (260)
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The whole result takes the form sgn(ψ)F + θ(−ψ)C, with F = L1(ξS, ξF , |ψ|) and
C = im2

2πk θ(ξF − 1) (log(ξF − ξS)− log(−ξS) + log(ξF + ξS)− log(ξS)).

Case 1 : Assume ξS is not near the real axis, then

L1(ξS, ξF , |ψ|) = m2

k

∫ ξF

0

dξ

(2π)2

(
1

ξ − ξS
+ 1
ξ + ξS

)
{ log(ξ + 1)− log(−ξ + 1− iη)}

(261)

In the implementation, I use for each logarithm a function F±(a) =
∫ ξF
0

dξ
(2π)2

1
ξ+a log(ξ±

1− i0) Where the first logarithm yields, with suppressed prefactor m2

(2π)2k

Li2
(
ξF + 1
ξS + 1

)
+ log (ξF + 1) log

(
1− ξF + 1

ξS + 1

)
+ Li2

(
ξF + 1
1− ξS

)

+ log (ξF + 1) log
(

1− ξF + 1
1− ξS

)
− Li2

(
1

ξS + 1

)
− Li2

(
1

1− ξS

)
. (262)

Case 2 is more delicate in one special case: If ξF < 1, the phase only of the ξS
survives. For this case, the result is

Li2
(

1− ξF
1− ξS

)
+ log (1− ξF ) log

(
1− 1− ξF

1− ξS

)
+ Li2

(
1− ξF
ξS + 1

)

+ log (1− ξF ) log
(

1− 1− ξF
ξS + 1

)
− Li2

(
1

1− ξS

)
− Li2

(
1

ξS + 1

)
(263)

For ξF > 1 I get rid off the logarithmic infinitesimal by noting that

log(−ξ + 1− iη) = log |1− ξ| − iπθ(ξ − 1) (264)

and obtain

− iπ [log(ξF − ξS)− log(1− ξS) + log(ξF + ξS)− log(1 + ξS)] θ(ξF − 1)

− Li2
(

1
1− ξS

)
− Li2

(
1

ξS + 1

)
+ Li2

(
ξF − 1
ξS − 1

)
+ log (ξF − 1) log

(
1− ξF − 1

ξS − 1

)

+ Li2
(
ξF − 1
−ξS − 1

)
+ log (ξF − 1) log

(
1− ξF − 1
−ξS − 1

)
(265)
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which means, the polylogarithm stay as they have been before. The final result for the
second integral becomes

− iπ [log(ξF − ξS)− log(1− ξS) + log(ξF + ξS)− log(1 + ξS)] θ(ξF − 1)

− Li2
(

1
1− ξS

)
− Li2

(
1

ξS + 1

)
+ Li2

(
ξF − 1
ξS − 1

)
+ log |ξF − 1| log

(
1− ξF − 1

ξS − 1

)

+ Li2
(
ξF − 1
−ξS − 1

)
+ log |ξF − 1| log

(
1− ξF − 1
−ξS − 1

)
(266)

with ξF ∈ R. Then the full integral L1 is

L1(ξS, ξF , ψ) = m2

(2π)2k

∑
a∈±ξS

sgn(ψ){log |1− ξF |
(
− log

(
a+ ξF
a+ 1

))

+ log (ξF + 1) log
(
a+ ξF
a− 1

)

+ Li2
(
ξF + 1
1− a

)
− Li2

(
1− ξF
a+ 1

)
+ iπθ(ξF − 1) (log(ξF − a)− log(−a))}. (267)

The θ functions now yield the following extra term

B2 = im2

2πk
∑

a∈±ξS

{θ(−ψ)(log(γ1 + a)− log(a)) + (log(γ3 + a)− log(γ2 + a))}

(268)

with γ1 = max(min(ξ̃ − ξF , ξF , 1), 0), γ2 = min(ξF ,max(<(
√
φ), |ξ̃ − ξF |, 0))), φ =

ξ2
F − 2sgn(ψ)ξ̃ − ξ̃2 and γ3 = min(ξF ,max(sgn(ψ), ξF − ξ̃, 0)).
I3 is now simple, and left to the interested reader.

B.3.6. Validation

At first, I have tested the calculated integrals against their numerical counterparts and
the results can be found in Tab. 4.

Then, I tested the asymptotic expansions of all the participarting integrals, see Figs.
35 and 36.

Then, I tested whether the integrands and integrals for the vertex converge against
each other, if g → 0. These tests are illustrated in Figs.37, 38 and 39.

B.4. Plasmon peaks
The plasmon peaks have been converged for εF = 2eV, g = 100meV, ωph = 60meV,
m = 0.2. Then, I have plotted below the peaks first for multiple values of η and then
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Figure 35: Convergence of the integrals I2 (first row), I3 (second row) and L (third
row) against their asymptotic expectation. To the left the convergence for
positive frequencies is shown, to the right, the convergence with respect to
negative frequencies. The plots show subtraction up to order ω−6.5. With
the getScaling procedure see Sec. C I have then calculated the exponents
of the differences, see Tab. 2. The parameters for this calculation are
g = 100meV, ωph = 100meV and m = 0.2, k = kF .
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Table 2: The leading exponents for the integrals I2 and I3 subtracted by the approxi-
mation for large |ω′|, positive or negative ω′. The measurements have been
made in regions, where the approximation is not everywhere accurate to
double precision. The values for the approximation to order 8 do not fit the
expectation, because at double precision the scaling cannot be shown with the
computer anymore. "o.a." stands for "order of approximation", which means
for o.a. n that the exponent should be equal to −n− 1

2 .
Description Exponent
For positive ω′, I2 with o.a. 8 -3.9542.
For negative ω′, I2 with o.a. 8 -3.7477.
For positive ω′, I3 with o.a. 8 -3.9823.
For negative ω′, I3 with o.a. 8 -4.476.
For positive ω′, L with o.a. 8 -3.4898.
For negative ω′, L with o.a. 8 -3.4898.

Table 3: The leading exponents for the integrals Γ1 and I1Γ1 subtracted by the ap-
proximation for large |ω′|, positive or negative ω′. The measurements have
been made in regions, where the approximation is not everywhere accurate to
double precision. The values for the approximation to order 8 do not fit the
expectation, because at double precision the scaling cannot be shown with the
computer anymore. "o.a." stands for "order of approximation", which means
for o.a. n that the exponent should be equal to −n− 1

2 .
Description Exponent
For positive ω′, Γ1 with o.a. 5 -4.5059.
For negative ω′, Γ1 with o.a. 5 -4.3828.
For positive ω′, I1Γ1 with o.a. 5 -3.4742.
For negative ω′, I1Γ1 with o.a. 5 -3.4875.
For positive ω′ with self-energy, I1Γ1 with o.a. 5 -3.5265.
For negative ω′, with self-energy, I1Γ1 with o.a. 5 -3.4898.
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Figure 36: Convergence of the integrals Γ1 (first row), Ib1Γ1 (second row) and Id1 Γ1
(second row) against their asymptotic expectation, b stands for bare, without
self-energy correction, d for dressed. To the left the convergence for positive
frequencies is shown, to the right, the convergence with respect to negative
frequencies. The plots show subtraction up to order ω−6.5. With the
getScaling procedure see Sec. C I have then calculated the exponents
of the differences, see Tab. 3. The parameters for this calculation are
g = 100meV, ωph = 100meV and m = 0.2, k = kF .

93



Figure 37: Difference between the kernels of the integral for the vertex correction
(dressed and undressed) for a random value (k, ω, ω′), with g → 0. The
scaling is g4, as was expected. The measurement with getScaling gives
the exponent -4.02. The parameters for this calculation are ωph = 100meV
and m = 0.2, k = kF .

Figure 38: Difference between the kernel of the integral for the vertex correction for a
random value (k, ω, ω′), with g → 0. To make both curves visible, one has
been shifted by a constant value. The parameters for this calculation are
ωph = 100meV and m = 0.2, k = kF .
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Figure 39: Difference between the vertex correction, with and without self-energy in
Kχ for a random value (k, ω), with g → 0. To make both curves visible, one
has been shifted by a constant value. The parameters for this calculation
are g = 10meV, ωph = 100meV and m = 0.2, k = kF .

of the grid density. The results for the lifetime are also given below and seem well
converged, see Figs. 40 and 41.
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Figure 40: Plasmon peaks in loss function for different values of the broadening η, with
values clockwise from the upper right 6× 10−10, 4× 10−10, 4× 10−14 and
10−12 with a resolution of 4× 10−4ωpl. The parameters for this calculation
are g = 10meV, ωph = 100meV and m = 0.2, k = 0.2kF .

96



Figure 41: Plasmon peaks in loss function with η = 10−12 for different grid densities of
resolution of 1× 10−4ωpl, 2× 10−4ωpl and 4× 10−4ωpl . The results for the
plasmon lifetimes are all about 170fs. The parameters for this calculation
are g = 10meV, ωph = 100meV and m = 0.2, k = 0.2kF .
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C. Implementation details
In the following I will sketch the software implementation for my master thesis. The
system consists of more than 200 scripts with over 11000 lines of code (6th of march 2019),
for the calculations, validations and plots (pls notify me if you want the implementation:
"huebner@physik.hu-berlin.de"). To calculate the impact of electron-phonon coupling
on the spectral function and polarizability of the free electron gas, I have calculated the
Fan-Migdal self energy, the kernel of the polarizability and the vertex function of the
interacting electron-phonon system to second order in the interaction and implemented
these functions, their expansions for large ω′ and the other methods, explained in this
text, in Matlab R2018b.

The implementation falls into three parts: the library functions, the self-energy and
the vertex function. The validation procedures are also implemented and their results
are found in Sec.B above.

C.1. Library
The library has the following purposes,

• Read the parameters of the electron gas,

• support the methods explained in this text, such as fixing the renormalization
condition,

• compute necessary functions, such as the dilogarithm,

• convert units,

• provide interfaces to run all necessary calculations,

• compute the observables from the polarizability and the spectral density, such as
the spectral density and plasmon lifetimes

• and call all tests of the system.

With this, it simplifies the programming task and supports the implementation of the
other elements.

There are the following functions in the package. The Lindhard function for the free
electron gas is computed according to Ref. [26]. The functions that can be measured
by spectroscopy are computed, namely the loss function from EEL spectroscopy

L = =(ε−1) (269)

the spectral density

S = 1
π
=(Gret) (270)
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the absorption function

A = =(ε) (271)

and the dielectric function

ε = 1− 4π
q2 χ0. (272)

Another important function is the dilogarithm Li2. As MatLab’s routine dilog,
is slower, I used a routine, made by Didier Clamond, that is in my code called
canonicalDilogarithm. It transforms the dilogarithm into the Debye function and
applies the rational approximation (that is exact within machine precision) [40,72].

Next to this, I implemented the routine fixPolarizabilityAsymptotics to capture
the constant that is introduced during the renormalization procedure, c. I extract the
constant by evaluating the function of interest, the polarizability χ, for large frequencies.
The values of the function are then used in a fitting procedure: I assume a form of the
polarizability, motivated by the f-sum rule

χ(q, ω) + c = c+ α−2(q)ω−2 + O(ω−3). (273)

Then, I define my test functions to be f1(ω) = 1 and f2(ω) = ω−2. I compute
the functions at the frequencies at which χ was evaluated to determine c. These
"correlations" are put into the correlation matrix X. Then, I perform a singular value
decomposition of the correlation matrix. The left-singular matrix U then enables
us, to compute the standard deviation of the shift at each momentum: The error is
proportional to the root mean square error of the fit. This is, when χ is approximated
as χ̃(ω, qi) = c+ α−2(q)ω−2

RMSE(q) =
(

1
n

n∑
i=1
|χ(ωi, q)− χ̃(ωi, q)|2

) 1
2

. (274)

Now, we have

χ(ω, q)− χ̃(ω, q) = (1− UU ′)χ(ω, q) (275)

with χ interpreted as a vector with an entry per frequency. Then, the error of c can be
calculated for this momentum:

∆c(q) = ||U1||2RMSE(q) (276)

where U1 is the first column of U and || • ||2 is the euclidean norm. c, which is q
independent, can be calculated for each momentum

c(q) = V1Σ−1U ′χ(q, ω) (277)
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with V the right-singular matrix of X and Σ the diagonal matrix that contains the
singular values of X. The averaged shift is computed via Gauss propagation of
uncertainty

c = 1∑
q ∆c(q)−2

∑
q

c(q)
∆c(q)2

∆c =
(∑

q

∆c(q)−2
)−1/2

. (278)

Then, the polarizability is corrected by c, and the routine warns, if the uncertainty ∆c
is larger than the predefined relative tolerance of the system. Additionally the routine
tests, if the coefficient α−2(q) meets the expectation from the f-sum rule.

To test whether the expansions of g(x, y) in x−1, that are calculated by Mathematica,
are accurate, I assume that the subtracted function scales like

g(x, y)− gn(x, y) ∝ x−β(n) (279)

with β ∈ Q. To obtain β, that should be linear in n, I use that for k(x) = a−γx
−γ +

O(x−γ−d), (a−γ and d > 0)

γ ≈ −d log |k(x)|
d log(x) . (280)

This formula is implemented in the routine getScaling, which also includes an error
estimation: The routine uses N calculations of k(x) on a manifold of points for x� 0
or x � 0. The differential quotient, that approximates the derivative in Eq.(280),
obtains then N − 1 values for γ. I assume then a Gaussian distribution of the values
of γ and by this obtain a standard deviation of the distribution.
If this standard deviation is larger than 1, it usually hints at that the subtraction

leads to double precision errors in the result. In this case, I will test, whether the
relative error of our approximation of g is of the order of the machine precision. If the
error is not of this order, the routine returns a warning.

C.2. Self-energy
The tasks of this part are

• Compute the Fan-Migdal approximation to the electron-phonon self energy in
jellium,

• the self-energy corrected polarizability and

• the effects of satellites in the spectral function on the polarizability.

The corrected polarizability needs a correction term to be extrapolated accurately.
The reasoning and error calculation have been presented in Sec. B.2.4. The correction
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Figure 42: Workflows to calculate the polarizability χD and it’s vertex correction ∆χ.

terms stem now from the expansion of the integral I1, that is the kernel of the corrected
polarizability χD:

I1 = −m3/2

23/2π
√
|ω′|

∫ 1

0

du√
1− f(u)ε(q)

|ω′|

. (281)

I aim to compute correction terms, that are

cn(Λ) =
∫ ∞

Λ

dω′

2π I
(n)
1 (ω′)|C , (282)

where I(n)
1 is the function that I1 − I

(n)
1 = O(ω−(n+ 3

2 )). To find I
(n)
1 I expand the

squareroot in the representation of I1 to order n. For the convergence discussions see
Sec. B.2.4. Then, the expanded integrand is a polynomial in f(u). The integral in u
can be solved exactly. To solve it, I have implemented the procedure in Mathematica
11.1 and use the ToMatlab package, by Harri Ojanen18, to convert the resulting
expressions to MatLab executables. The resulting functions I(n) and their integrals
cn(Λ) are then tested by the getScaling routine to meet the defining condition
I1 − I(n)

1 = O(ω−(n+ 3
2 )). Then the correction terms, that are calculated analytically,

are compared to the numerical integrals over I(n)
1 − I(0)

1 . Note that, in the case of the
corrected polarizability, the function f(u) depends on the Fan-Migdal self energy, and
so ΣFM has to be expanded in 1

ω′
as well. The integral for the polarizability is then

χD(q, ω) =
∫ Λ

−Λ

dω′

2π I1(q, ω, ω′) + cn(Λ) + c̃n(−Λ) + O(Λ−n+1). (283)

Finally the corrected polarizability is adjusted by fixPolarizabilityAsymptotics,
so that χ(q,∞) = 0.

The procedure to calculate the polarizability is depicted in Fig. 42 and applies also
to the vertex correction.
18See http://library.wolfram.com/infocenter/MathSource/577/, called 10th of march, 2019,

12:15:37.
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C.3. The vertex correction
The main purposes of the vertex part are

• the computation of the vertex function

• and of the vertex correction to the polarizability.

Additionally I have tested the vertex function for its monodromy and calculated the
average of the vertex correction around the Fermi surface. This might, in a later work,
help to find approximations for ab initio calculations.

To compute the integrals correctly, I needed to expand the integrals I2 and I3 for large
ω′. The expansions of these function have then again been tested with getScaling.
The correction terms for the vertex function are calculated numerically only, as their
components have been tested in-depth before. The function finally needs to be corrected
by a constant, using fixPolarizabilityAsymptotics.
To test the monodromy, I have calculated |Γ1(q, ω, ω′)| for ≈ 109 points in the

box q ∈ [0, 3kF ], ω ∈ [0, 2εF ] and ω′ ∈ [−5εF , 5εF ] and have looked for sharp local
peaks of the function, that may indicate branch cut divergences. The divergences may
correspond to elementary excitations of the system, as explained in Sec.3.2.

C.4. Additional tests for the integrals
Additionally, I tested the calculated integrals against their integral representation
numerically. This has been done for thousand random sets of input parameters for
each integral. The maximum relative error can be seen in Tab. 4. These tests have
been carried out for all my integrals: I1, I2, I3, L, L1, K,Γ1, σ,ΣR,ΣFM.

To make sure that the integrals (that have been calculated pointwise above) are also
calculated correctly if parallelized, I have checked their serialized versions against their
parallelized results. These results you can see in the Tab. 5.
The correction terms to my integrals

∫∞
Λ gn(x)dx = cn can be obtained analytically

(and have been, with Mathematica), and are tested against their integral representations.
The results you can see in Tab. 6.

The reader is welcomed to ask for a copy of the package. Write to the e-mail:
"huebner@physik.hu-berlin.de".
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Table 4: Maximum relative error of the calculated integrals in this work with respect
to their integral representations. Both values have been evaluated numerically
for thousand random sets of input parameters for each integral. This table
also includes subintegrals of the integrals shown in the text: F1, F2, BFM

1 and
BFM

2 .
Output Relative Error
Integral I1 for two real input frequencies 3.89×10−8

Integral I1 for one real input frequency 1.43×10−8

Integral I1 for two complex input frequencies 9.46×10−11

Integral I1 interface for two complex input frequencies 2.56×10−13

Integral I2 6.71×10−9

Integral I3 2.93×10−8

Integral F1 3.97×10−11

Integral F2 6.05×10−9

Integral L1 7.66×10−9

Integral L 5.09×10−7

Integral M 8.15×10−9

ΣFM 1.18×10−5

ΣR 4.31×10−16

σ function 1.17×10−15

Integral BFM
1 1.17×10−15

Integral BFM
2 2.91×10−15

Li2 2.22×10−16
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Table 5: The integrals implementations are tested in serialized and parallelized fashion,
for vector and matrix inputs in all input parameters, are compared here (1000
calculations per test, or table row). Ic1 means the implementation of I1 for
complex input frequencies. Therefore, I expect the implementation to work
well, as the integrals have been tested in the pointwise form in Sec. B. "p.w."
stands for "parallelized with respect to".

Description Error
Integral I1 p.w. k 0
Integral I1 p.w. ω′ 0
Integral I1 p.w. ω 0
Integral I1 p.w. all inputs 0
Integral Ic1 p.w. k 0
Integral Ic1 p.w. ω′ 0
Integral Ic1 p.w. ω 0
Integral Ic1 p.w. all inputs 0
Integral M p.w. k 0
Integral M p.w. ω′ 0
Integral M p.w. ω 0
Integral M p.w. all inputs 0
Integral SR p.w. first input 0
Integral SR p.w. second input 0
Integral SR p.w. third input 0
Integral SR p.w. all inputs 0
Integral IR p.w. first input 0
Integral IR p.w. second input 0
Integral IR p.w. all inputs 0
Integral L p.w. k 0
Integral L p.w. α 0
Integral L p.w. ψ 0
Integral L p.w. all inputs 0
Li2 with vector input 0
Li2 with matrix input 0
Γ1 p.w. k and ω′ 0
Γ1 p.w. all inputs 0
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Table 6: Test of the analytically calculated corrections to the polarizability, compared
to their numerical integrals over (I(n)

1 −I
(0)
1 )(x). The values to the left represent

relative errors, for different integration domains ([Λ,∞] and [−∞,−Λ]) with
and without self-energy corrected Green’s function.

Case Relative Error
For positive frequencies without self-energy 2.3362×10−8.
For negative frequencies without self-energy 3.6119×10−9.
For positive frequencies with self-energy 1.5082×10−9.
For negative frequencies with self-energy 1.4197×10−8.
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