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Introduction

First principle investigations are an indispensable tool for understanding the prop-
erties of existing materials and application-oriented design of new ones. In the past
decades the theoretical research of electronic, optical and chemical properties of ma-
terials has made great improvements by combined use of theoretical developments
and computer simulations. Deep insight into the properties of complex solid state
materials are made possible by the development of theoretical techniques such as the
density functional theory (DFT) and the many-body perturbation theory (MBPT).
The density functional theory has proven to yield a great number of ground-state
properties in an accurate manner. To obtain the excited state properties of systems,
one has to go beyond DFT and employ the many-body perturbation theory that
uses DFT calculations as a starting point.

In this thesis we want to apply both methodologies to investigate the single-
crystal polymorphs of TiO2 – rutile and anatase – with the goal of describing the
optical properties of this semiconductor material. TiO2 is of interest in the current
research – because of its low cost and availability it is used in photocatalysis, as
an electron-transporting substrate in dye-sensitized solar cells, and is considered for
use as an active material in solar-energy conversion.

By means of this study we also want to investigate the following problem. DFT
is by construction an exact ground-state theory. However, as we will see, a cen-
tral approximation must be made when adapting the DFT to practical calculations.
The complicated many-body effects of the system are contained in the so-called
exchange-correlation energy functional that is not known exactly and has to be ap-
proximated. The quality of this approximation determines the quality of the results
of the ground-state calculation. We want to investigate whether a different type of
an approximation to this functional play a significant role in the determination of
excited-state properties of the system as well. In other words, the starting point
dependence of MBPT is analyzed.

The work is organized as follows. In Chapter 1 the main concepts of DFT are
outlined. We start by explaining the theorems proven by Hohenberg and Kohn [1]
that provide the foundation for DFT, and proceed by outlining the Kohn-Sham ap-
proach that allows DFT to be implemented in practice. The exchange-correlation
approximations are discussed. After a detailed explanation of the reason that DFT
cannot be used to determine excited-state properties of systems, we proceed to
Chapter 2. There we give an overview over the many-body perturbation theory.
First, the G0W0 method is discussed. It is used for calculation of single-particle
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excitations allowing us to compute band structures. The Bethe-Salpeter formalism
presented next allows for calculation of optical absorption spectra including exci-
tonic effects. Chapter 3 gives a short overview over the all-electron full-potential
(L)APW+lo method is given. The method allows to represent the quantities of an
electronic structure calculation in a basis set. Chapter 4 is devoted to the discussion
of the results. For the calculations we use the exciting code [2].

A summary of the findings and an outlook towards possible improvements of the
presented theory and development of other methodologies close the thesis.
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Chapter 1

Density functional theory

1.1 The many-body problem

The fundamental task of solid-state physics consists of solving the Schrödinger equa-
tion for the Hamiltonian describing an interacting system of electrons and nuclei:

Ĥ = −
∑
i

~2∇2
i

2me

−
∑
I

~2∇2
I

2MI

+ 1
2
∑
i 6=j

e2

|ri − rj|
−
∑
i,I

ZIe
2

|ri −RI |
+ 1

2
∑
i 6=I

ZIZJe
2

|RI −RJ |
, (1.1)

where RI , ZI and MI are the coordinates, the atomic number and the mass of the
nucleus I, respectively, ri, e, me are the coordinates, the charge and the mass of the
electron i. Considering that the number of coupled differential equations contained
in this Hamiltonian is of the order of the Avogadro number ∼ 1023 for a macroscopic
solid, diagonalizing it is enormously complex. Inevitably, approximations must be
made. The Born-Oppenheimer approximation that is also called adiabatic approxi-
mation is employed in almost all studies of solids. It utilizes the fact that the motion
of the electrons is orders of magnitude faster that of the nuclei due to the vast mass
difference between them. It is thus justified to separate the motion of the electrons
from that of the nuclei allowing us to consider the problem of interacting electrons
in a potential generated by the ions fixed at the positions RI

1:

Ĥ = −
∑
i

∇2
i

2 −
∑
i,I

ZI
|ri −RI |

+ 1
2
∑
i 6=j

1
|ri − rj|

= T̂ + V̂ext + V̂ee.

(1.2)

There are various conceptually different approaches to this problem. Among the
first ideas was Hartree’s proposition to approximate the N-electron wave function
Ψ(r1, r2, ..., rN), where ri denotes spatial coordinates and the spin coordinate of the
i-th electron, by a product of single-particle wave functions ψi(ri). In this manner the
problem is reduced to solving N single-particle Schrödinger equations. This ansatz
was later extended in the Hartree-Fock theory to include the Fermi statistics in the

1Henceforth atomic units shall be used: ~ = 1, e = 1,me = 1, a0 = 1.
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many-electron wave function represented by the so-called Slater determinant. It can
be further improved upon by taking into account excited configurations in a linear
combination of Slater determinants which is known as Configuration Interaction.
All of these methods aim at computing the wave function directly, as the latter
can be used to calculate the expectation values of observables in a straightforward
manner. Unfortunately, the computational complexity of these wave-function based
approaches grows tremendously with the number of electrons.

However, it is not necessary to know the full many-electron wave function if one
is only interested in obtaining observables such as the total energy. The ground-state
electron density ρ(r), an “integrated” variable

ρ(r) = N
∫

dr2...drN |Ψ0(r, r2, ..., rN)|2, (1.3)

where Ψ0 is the ground-state wave function, is sufficient to describe the ground state
of an electronic system. The electron density is the central quantity of density-
functional theory (DFT), which is used for computation of the ground-state prop-
erties of the systems considered in this thesis.

In the following, we shall outline the basic ideas of DFT, the necessary approxi-
mations for practical application of DFT, its achievements and inherent limitations.2

1.2 The Hohenberg-Kohn theorems

The idea to use the ground-state density stems from independent works of Thomas
and Fermi in the early age of quantum mechanics. Under the assumption of uncor-
related electron motion they approximated the kinetic energy by the noninteracting
homogeneous electron gas, which is a function of the density εkin ∼ ρ

2
3 . Although

this approach could not be very successfully applied to real materials, it is regarded
as an origin of DFT.

The theoretical justification for using the density as a basic variable was given
in 1964 by Hohenberg and Kohn [1]. They proved a fundamental theorem of DFT
known as the Hohenberg-Kohn theorem. The theorem states that for a bound
interacting system of fermions in a static external potential V̂ext = ∑

i
vext(ri) a

one-to-one correspondence up to an arbitrary additive constant exists between the
ground-state density ρ(r) and the potential Vext.

The proof is by reductio ad absurdum, assuming the existence of two poten-
tials vext,1(r) and vext,2(r) (differing not by a constant) that lead to the same non-
degenerate ground-state density ρ(r). Let Ĥ1 be the Hamiltonian of the structure

2We will restrict ourselves to addressing density-functional theory for spin-unpolarized systems
as it was originally developed. The term ‘spin-unpolarized’ refers to systems containing equal
number of electrons with spin-up and spin-down polarizations and subjected to a spin-independent
external potential, so that no spin effects have to be accounted for. In practice, spin-polarized
systems are often encountered, for example systems with an odd number of electrons. In that case
spin-polarized DFT is applied, a generalization of DFT that distinguishes between the spin-up and
spin-down electron density.
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(1.2) corresponding to the external potential vext,1(r) and its ground state be de-
fined by the many-body wave function Ψ1 and the energy E1. The ground state
of Ĥ2 containing vext,2(r) is defined by Ψ2 and E2 accordingly. The ground-state
energy of each system can be expressed as the expectation value of the respective
Hamiltonian:

E1,2 = 〈Ψ1,2|T̂ + V̂ee|Ψ1,2〉+
∫

dr ρ(r) vext,1,2(r). (1.4)

Now consider the Raleigh-Ritz minimal principle for the ground state of Ĥ1:

E1 < 〈Ψ2|Ĥ1|Ψ2〉

= 〈Ψ2|T̂ + V̂ee|Ψ2〉+
∫

dr ρ(r) vext,1(r)

= E2 +
∫

dr ρ(r) [vext,1(r)− vext,2(r)] .

(1.5)

For the ground state of Ĥ2 the analogous reasoning applies:

E2 < E1 +
∫

dr ρ(r) [vext,2(r)− vext,1(r)] . (1.6)

Adding Eqs. (1.5) and (1.6) we arrive at a contradiction

E1 + E2 < E1 + E2, (1.7)

hence the assumption of the existence of the second potential leading to the same
ground-state density is wrong and the theorem hereby proven. The proof for a
degenerate ground-state can be found in the original paper [1].

Since the operators for the kinetic term T̂ and the Coulomb interaction V̂ee
(Eq. (1.2)) are identical for all many-electron systems, the theorem establishes a
unique correspondence between the Hamiltonian of the system and the ground-state
density. Hence the wave function is a functional of the density up to a phase factor.
As a consequence, Hohenberg and Kohn state further that the expectation value of
any observable of a many-electron system is a functional of the electron density:

〈Ψ0|Ô|Ψ0〉 = O[ρ]. (1.8)

In particular the Hohenberg-Kohn minimum principle applies to the ground-state
energy E0. The total energy E[ρ] can be minimized, yielding its minimum value,
the ground-state energy, at the ground-state density:

E0[ρ] ≤ E[ρ̃]. (1.9)

This principle can be formulated using the constrained search method developed
by Levy [3] and Lieb. Consider the Rayleigh-Ritz minimal principle for the total
energy:

E0 = min
{Ψ̃}
〈Ψ̃|Ĥ|Ψ̃〉 . (1.10)
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Let us denote the set of wave functions resulting in a certain density by {Ψ(ρ(r))}.
Eq. (1.10) can now be rewritten as a density functional

E[ρ] = min
{Ψ̃(ρ̃(r))}

〈Ψ̃|Ĥ|Ψ̃〉

= min
{Ψ̃(ρ̃(r))}

F [ρ̃(r)] +
∫

dr ρ̃(r) vext(r),
(1.11)

where we take advantage of the fact that all wave functions producing the same den-
sity ρ(r) also correspond to the same 〈Ψ|V̂ext|Ψ〉 in accordance with the Hohenberg-
Kohn theorem. F [ρ̃] is a universal, i.e. system-independent, density functional com-
prised of kinetic and Coulomb energy:

F [ρ̃(r)] = 〈Ψ̃|T̂ + V̂ee|Ψ̃〉 . (1.12)

Now we can perform the minimization with respect to the density:

E0 = min
{ρ̃(r)}

E[ρ]

= min
{ρ̃(r)}

{
F [ρ̃(r)] +

∫
dr ρ̃(r) vext(r)

}
,

(1.13)

obtaining the ground-state energy in accordance with the Hohenberg-Kohn mini-
mum principle.

At this point we have to point out that the above presentation implicitly uses
two assumptions. One assumption is that any density is N -representable, i.e., there
exists an antisymmetric N -electron wave function generating the density. It can
be indeed shown [4] that all non-negative densities that integrate to N fulfill this
condition. The other issue is referred to as the v-representability – the question
whether for any density there exists an external potential that reproduces this den-
sity. Levy [3] and Lieb showed that not all densities are v-representable. Still,
in practice, one can generally find a potential within sufficient accuracy. We will
assume v-representability throughout the discussion.

Summarizing, we can say that Hohenberg-Kohn theorems demonstrate the va-
lidity of a density-based approach to the many-electron problem, however, they do
not provide a practical recipe for determining the electron density. Unfortunately,
explicit variation of the total energy as shown in Eq. (1.13) is not feasible, since the
exact form of F [ρ̃] is unknown. Let us look at the work of Kohn and Sham [5] who
developed a self-consistent scheme for determining the ground-state density.

1.3 The Kohn-Sham equations

The central idea of Kohn and Sham was to map a system of interacting electrons
with the Hamiltonian

Ĥ = T̂ + V̂ext + V̂ee (1.14)
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onto a fictitious system of non-interacting electrons that has the same ground-state
density that is subject to a potential containing all the many-body effects:

Ĥ ′ = T̂ + V̂KS. (1.15)

Thus only a set of single-particle equations need to be solved instead of dealing with
a fully interacting Schrödinger equation. The exact form of these equations can be
obtained from the interacting system through the following considerations.3

Let us first apply the variational principle to the total-energy functional

E[ρ] = F [ρ] +
∫

dr ρ(r) vext(r), (1.16)

keeping the number of electrons N constant by introducing the Lagrange multi-
plier ε:

δE[ρ̃(r)] =
∫

dr
δ

δρ̃(r)

[
E[ρ̃(r)]−

(
ε
∫

dr′ ρ̃(r′)−N
)]
δρ̃(r)

=
∫

dr
[
δE[ρ̃(r)]
δρ̃(r) − ε

]
δρ̃(r)

=
∫

dr
[
δF [ρ̃(r)]
δρ̃(r) + vext(r)− ε

]
δρ̃(r) = 0.

(1.17)

To handle the unknown functional F [ρ] Kohn and Sham suggested to express it as a
sum of the kinetic energy of a non-interacting N electron system T ′[ρ], the classical
Coulomb interaction energy known as the Hartree energy, and a remainder Exc[ρ]
called the exchange-correlation energy:

F [ρ] = T ′[ρ] + 1
2

∫
dr
∫

dr′
ρ(r) ρ(r′)
|r− r′|

+ Exc[ρ]. (1.18)

Exc[ρ] is formally defined by the Eqs. (1.16) and (1.18) as

Exc[ρ] = T [ρ] + Vee[ρ]− T ′[ρ]− 1
2

∫
dr
∫

dr′
ρ(r) ρ(r′)
|r− r′|

. (1.19)

Using this formulation of F [ρ] Eq. (1.17) can be written as

δE[ρ̃(r)] =
∫

dr

 δT ′[ρ̃(r)]
δρ̃(r) + vKS(r)

∣∣∣∣∣
ρ̃(r)=ρ(r)

− ε

 δρ̃(r) = 0, (1.20)

defining the Kohn-Sham potential vKS in the following way:

vKS(r) = vH(r) + vext(r) + vxc[ρ]. (1.21)
3We assume the v-representability of both the interacting and the non-interacting systems.
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The Hartree potential vH(r) is given by

vH(r) =
∫

dr′
ρ(r′)
|r− r′|

. (1.22)

The exchange-correlation potential vxc[ρ] is a functional derivative of the exchange-
correlation energy with respect to the density evaluated at the ground-state density:

vxc(r) = δExc[ρ]
δρ(r)

∣∣∣∣∣
ρ̃(r)=ρ(r)

. (1.23)

Looking upon the structure of the variational equation (1.20) it is evident that the
same equation could have been written for a non-interacting system of electrons that
experiences the external potential vKS(r). Consequently Kohn and Sham deduced
that the ground-state density of the interacting system in question can be acquired
by solving a set of single-particle Schrödinger equations describing a non-interacting
system: [

−1
2∇

2 + vKS(r)
]
φj(r) = εj φj(r). (1.24)

The density is constructed from the single particle orbitals as follows:

ρ(r) =
N∑
i=1
|φi(r)|2. (1.25)

Then we can express the ground-state energy in the following manner:

E0[ρ] = −
N∑
i=1

∫
drφ∗i (r) ∇

2

2 φi(r) + 1
2

∫
drdr′

ρ(r) ρ(r′)
|r− r′|

+
∫

dr vext ρ(r) + Exc[ρ].

(1.26)
Equations (1.24) and (1.25) with vKS(r) given by Eq. (1.21) are called the Kohn-
Sham equations. They have to be solved self-consistently: Starting from a guess
for the potential vKS(r) the single particle equations (1.24) are solved, the density
is calculated using (1.25), and a new potential is constructed from Eqs. (1.21)-
(1.23). The procedure is repeated until the density is sufficiently converged, i.e., the
change in the density between two consecutive self-consistency cycles is less than a
predefined value.

It is important to note that the Kohn-Sham equations are exact - no approxi-
mations have been made during their derivation. All the many-body effects are pre-
served in the Kohn-Sham potential. However the exact expression for the exchange-
correlation energy Exc[ρ], which yields the exchange-correlation potential is not
known. By construction this term includes all non-classical electronic interactions
such as the Pauli exclusion principle, electron correlation effects and the difference
between the kinetic energy of the interacting system and the non-interacting one.
In other words all the difficulties of the many-body problem are transferred to the
exchange-correlation energy. The success of DFT in the Kohn-Sham formulation
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hinges therefore on finding the most accurate approximation for Exc[ρ]. The ex-
act exchange-correlation energy has to obey a number of formal properties such as
certain scaling relations, size consistency, functional derivative discontinuity.4 Such
properties can be used as guidelines for construction of suitable approximations,
thus facilitating the search, or they can be used for testing the accuracy of a given
approximation.

In the next section we will review some prominent approximations for Exc[ρ]. We
begin with LDA, the approximation being the most basic one, and continue with the
ones employed in this thesis – GGA, and an exact-exchange-based hybrid approach.

1.4 Approximations for the exchange-correlation
energy

1.4.1 The local-density approximation

The first and most simple approximation for exchange-correlation energy is the
local-density approximation (LDA) and was devised by Kohn and Sham [5] in 1965.
We can arrive at the expression for LDA by means of the following simplification.
Assuming that the density of a given system is sufficiently slow varying we can
think of this system as comprised of small volume elements dr each containing
a homogeneous electron gas5 described by a local density ρ(r) at the coordinate r.
Then the exchange-correlation energy of one such volume element can be represented
by the exchange-correlation energy per particle exc(ρ(r)) times the particle number
in the volume element ρ(r)dr. Summing over all elements we get the exchange-
correlation energy of the system:

Exc[ρ] =
∫

dr exc (ρ(r))ρ(r). (1.27)

The exchange part of exc(ρ(r)) is known analytically:

ex(ρ(r)) = 3kF
4π , (1.28)

with the Fermi wave vector
kF = (3π2n) 1

3 . (1.29)
The exact expression for the correlation part is known only in the limit of ex-
treme densities. To determine the correlation for arbitrary densities QuantumMonte
Carlo simulations were performed by Ceperly and Alder [7] and their results were
parametrized analytically (e.g. in [8, 9]).

The LDA is obviously exact for the homogeneous electron gas and close to exact
for systems with slow-varying density such as metals, more precisely for systems

4For a thorough discussion of these properties see [6].
5A model system where an infinite number of electrons produces a constant density over space

that is balanced by a uniform positive background.
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where the variation of the density is small over distances given by the Fermi wave-
length 2π/kF [5].

Despite the fact that in many real systems this condition is not fulfilled, LDA
turned out to produce astonishingly accurate results [10]. It yields bond lengths
of molecules and geometries of solids to within 5% of accuracy though tending to
underestimate them. Even systems with rapid density variations such as atoms and
molecules are described better than originally expected - their ionization and disso-
ciation energies agree to within 10%− 20% of the experimantal values. The reason
for the success of LDA can be attributed to the fact that it exhibits many correct
formal features such as correct coordinate scaling of the exchange and correlation
parts, size consistency and the correct low-density behavior of the correlation energy
[6].

Since the local-density approximation is computationally cheap and gives reliable
results with known systematic errors like the overestimation of bonding strength, it
is still widely used for electronic-structure calculations. Some shortcomings of LDA
can be improved upon by the generalized gradient approximation.

1.4.2 The generalized gradient approximation

An extension of LDA is the so-called generalized gradient approximation (GGA)
developed by Perdew and coworkers [11]. It goes beyond the local-density contri-
bution as it takes into account spatial variations of the density, thus accounting for
the inhomogeneity of the system:

EGGA
xc [ρ](r) =

∫
f(ρ(r), |∇ρ(r)|, ...) ρ(r)dr. (1.30)

The GGA is known to improve structural properties of systems greatly differing
from the uniform gas approximation such as molecules.

Various parametrizations of GGA exist that are constructed either by fitting of
empirical parameters or by parameter-free considerations using known exact prop-
erties of the exchange-correlation functional. In this work, we use a GGA functional
built with the latter method by Perdew, Burke, and Enzerhof [12]. We will refer to
it as the PBE exchange-correlation functional.

1.4.3 A hybrid approach using exact exchange

Further efforts to find better approximations for Exc has lead to potentials that treat
the exchange part exactly as it is known analytically. This approach is especially
attractive because the exact exchange (EXX) cancels out the self-interaction error,
a classical effect stemming from the Hartree term that allows a spurious repulsion
of the electron from itself. The LDA and GGA approximations do not account
for this error thus resulting, e.g., in inadequate treatment of localized orbitals (see
discussion in [62]). In this work, we want to employ an exchange-correlation ap-
proximation which is partly based on such a method: A hybrid approach containing

10



a combination of the exact-exchange functional and the GGA functional.
Let us first look at the exact-exchange method. Evaluating the Kohn-Sham

equations containing the exchange energy Ex is not straightforward. Ex is defined
as follows:

Ex = −1
2

N∑
i,j

∫
dr
∫

dr′
φ∗i (r)φj(r)φ∗j(r′)φi(r′)

|r− r′|
. (1.31)

It depends explicitly on a set of occupied Kohn-Sham orbitals and therefore implic-
itly on the electron density. However to obtain the corresponding vx one needs to
know the explicit density dependent expression for Ex since the potential is defined
as a functional derivative of Ex with respect to the density. In absence of a mapping
between the orbitals and density other schemes need to be formulated.

The “Optimized Effective Potential” (OEP) method enables the evaluation of
Eq.(1.31) and more generally of any orbital-dependent functional. Sharp and Horton
[13] were the first to present the method on a Hartree-Fock-like expression before the
emergence of DFT. It was later elaborated upon by Talman and Shadwick [14]. The
method rests upon the principle of energy minimization. But instead of minimizing
the total energy with respect to the density as in Eq. (1.13) a minimization with
respect to the effective potential is performed with the total energy expressed in
terms of Kohn-Sham orbitals:

δE[{φi}]
δvKS(r)

∣∣∣∣∣
vKS=vOEP

= 0. (1.32)

Both approaches are equivalent since the Hohenberg-Kohn theorem guarantees a
unique relationship between ρ and vKS. Making use of the chain rule for functional
derivatives one can further write

N∑
i

∫
dr′

δE[{φj}]
δφi(r′)

δφi(r′)
δvKS(r)

∣∣∣∣∣
vKS=vOEP

+ c.c. = 0. (1.33)

The first derivative in Eq. (1.33) can be easily calculated using Eq. (1.26):

δE[{φi}]
δφi(r′)

=
(
−1

2∇
2
r′ + vext(r′) + vH(r′)

)
φ∗i (r′) + δExc[{φi}]

δφi(r′)
. (1.34)

Using first-order perturbation theory we obtain an expression for the second deriva-
tive in the integrand of Eq. (1.33):

δφi(r′)
δvKS(r) = −

∞∑
k=1
k 6=i

φ∗k(r)φi(r)
εk − εi

φk(r′). (1.35)

By inserting Eqs. (1.34) and (1.35) into (1.33) and rewriting the first summand
of (1.34) with the help of Kohn-Sham equation (1.24) to include the exchange-
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correlation potential the OEP integral equation is derived:

N∑
i

∫
dr′ [vxc(r′)− uxc(r′)]

 ∞∑
k=1
k 6=i

φ∗k(r)φk(r′)
εk − εi

φi(r)φ∗i (r′) + c.c. = 0, (1.36)

with
uxc(r) = 1

φ∗i (r)
δExc[{φj}]
δφi(r) , (1.37)

where a functional derivative of Exs with respect to the orbitals is defined so that the
expression (1.31) for the exact exchange can be used resolving the problem stated
above.

However, the solution of the integral equation (1.36) is numerically very demand-
ing. If solids are to be handled using OEP, additional approximations like that of
Krieger, Li and Iafrate [15] have to be introduced. Because of these complications an
alternative methodology for treating the exact exchange was developed by Görling
[57]. It is based on an exact Kohn-Sham scheme derived with the help of pertur-
bation theory by Görling and Levy [59]. As will be seen later the method can be
converted into the OEP formalism but it has the advantage to be applicable to solids
without the need for further approximations.

Starting directly with the definition of the exchange potential, a functional-
derivative chain rule is applied twice:

vx[ρ] = δEx[ρ]
δρ(r)

=
N∑
i

∫
dr′

∫
dr′′

[
δEx

δφi(r′′)
δφi(r′′)
δvKS(r′) + δEx

δφ∗i (r′′)
δφ∗i (r′′)
δvKS(r′)

]
δvKS(r′)
δρ(r) .

(1.38)

In this manner the orbital dependence of Ex can be directly exploited. For the
functional derivative δEx/δφi(r) we obtain:

δEx
δφi(r′′)

=
N∑
l

∫
dr′

φ∗i (r′)φ∗l (r′′)φl(r′)
|r′ − r′′|

. (1.39)

For δφi(r′′)/δvKS(r′) we use the result obtained from perturbation theory specified
above in Eq. (1.35). The final term vKS(r)/ρ(r) occurring in Eq. (1.38) requires a
more thorough discussion. By virtue of the Hohenberg-Kohn theorem it is legitimate
to consider vKS(r) a functional of the density ρ(r): it ensures the existence of a one-
to-one mapping between the local potential of the system and its electron density
to within an addition of a constant to the potential. The static linear-response
operator X̂ mediates this mapping by relating the reaction of the electron density
ρ(r) to infinitesimal changes of the potential vKS(r):

δρ(r) =
∫

dr′X(r, r′) δvKS(r′). (1.40)
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Using the definition of the density ρ(r) =
N∑
i
φ∗i (r)φi(r) and Eq. (1.35) we get a

relation for X(r, r′):

X(r, r′) = δρ(r)
δvKS(r′) =

N∑
i

∫
dr′′

δρ(r)
δφi(r′′)

δφi(r′′)
δvKS(r′) + c.c.

=
N∑
i

∞∑
j=1
j 6=i

φ∗i (r)φj(r)φ∗j(r′)φi(r′)
εi − εj

+ c.c..
(1.41)

Inversion of X(r, r′) = δρ(r)/δvKS(r′) should therefore give us the functional deriva-
tive vKS(r)/ρ(r). Direct inversion is, however, not possible due to the following
problem: According to the Hohenberg-Kohn theorem an addition of a constant to
the potential leaves the electron density unchanged. Constant functions are there-
fore eigenfunctions of X̂ with zero eigenvalues. The problem can be sidestepped
by representing vKS(r) and ρ(r) within a finite basis set. In that case X̂ can be
inverted in a reduced basis set excluding the linear combinations of basis functions
representing constant functions.

Summarizing, the following relation for the exchange potential is obtained:

vx(r) =
∫

dr′

 N∑
i

∞∑
k=1
k 6=i

〈φi|v̂NLx |φk〉
φ∗k(r′)φi(r′)
εi − εk

+ c.c.

 δvKS(r′)
δρ(r) , (1.42)

containing the non-local exchange operator v̂NLx given by

〈φi|v̂NLx |φk〉 =
N∑
l

∫
dr
∫

dr′
φ∗i (r)φ∗l (r′)φl(r)φk(r′)

|r′ − r|
. (1.43)

If we apply
∫

dr′′X(r, r′′) on both sides of Eq. (1.42) the OEP relation Eq. (1.36) is
reconstructed.

Knowing how to treat exact exchange, a hybrid method combining a fraction
of it can be formulated. Here the following exchange-correlation functional that we
will call PBE0′ is employed:

EPBE0′
xc [ρ] = αEx + (1− α)EGGA

x + EGGA
c , (1.44)

with the mixing coefficient α = 0.25.
To take a mixing coefficient close to 1 is disadvantageous because the exact

exchange is, strictly speaking, incompatible with correlation functionals such as
LDA or GGA. Utilizing a concept of an exchange-correlation hole one can observe
a certain “cancellation of errors” taking place if both exchange and correlation part
exhibit the same, e.g., local, nature [6]. It is not present when a part of Exc is
highly non-local like the exact exchange and local or semilocal like the LDA or
GGA functionals.
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1.5 Interpretation of the Kohn-Sham eigenvalues
and the band-gap problem

Density-functional theory as presented in Sections 1.2–1.3 aims at describing the
ground-state properties of an interacting-electron system. The variational principle
on which the proof of the Hohenberg-Kohn theorem is based applies solely to the
ground state. However within this work we are particularly interested in the excited-
state properties of a system like the electronic band structure, the band gap, and
optical absorption. We want to examine the question whether some excited-state
properties can nevertheless be obtained using DFT. Since the ground-state den-
sity fully determines the Hamiltonian of the system which, in turn, determines the
excited-state properties, these should in principle be accessible through the ground-
state density [58]. However no practical scheme exists to link the excited-state
quantities to the density.

Let us consider the Kohn-Sham eigenvalues εi. It is customary to interpret them
as the electronic band structure of the system, even though they were introduced
as mathematical devices, Lagrange multipliers, with no physical meaning. This
interpretation proved to be successful but for one important limitation: The Kohn-
Sham band gap of insulators and semiconductors was found to be about 50% smaller
compared to their experimentally determined fundamental band gap. This was often
attributed to the failure of the local or semilocal approximations to the exchange-
correlation potential, however the problem lies within the Kohn-Sham approach
itself as shown in the following.

The fundamental band gap Eg(N) of an N electron system is defined as the
difference between the ionization potential I(N) and the electron affinity A(N)

Eg(N) = I(N)− A(N) (1.45)

which, in turn, are defined as single-electron removal and addition energies, respec-
tively,

I(N) = E
(0)
N−1 − E

(0)
N

A(N) = E
(0)
N − E

(0)
N+1

(1.46)

with E
(0)
N denoting the ground state of the N electron system. The band gap is

therefore expressed using ground-state energy differences of N − 1, N and N + 1
systems.

It is also possible to express the band gap through Kohn-Sham eigenvalues by
applying Janak’s theorem [16]. It states that the ith occupied eigenvalue is equal to
the partial derivative of the total energy with respect to the fractional occupation
of ith orbital. It can be shown [17, 18] that, following this theorem, only the eigen-
value εN(N) corresponding to the highest occupied orbital has a rigorous physical
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meaning6, namely:
εN(N) = −I(N). (1.47)

Since the electron affinity of an N electron system is equal to the ionization potential
of the N + 1 electron system (see Eq. (1.46)) A(N) = I(N + 1) the band gap can
be expressed as follows using Eq. (1.47)

Eg(N) = I(N)− I(N + 1) = εN+1(N + 1)− εN(N). (1.48)

Now we examine the Kohn-Sham band gap of the non-interacting electron system.
It is obviously the difference between the energies of the lowest unoccupied and the
highest occupied orbitals:

EKS
g (N) = εN+1(N)− εN(N). (1.49)

Combining Eqs. (1.48) and (1.49) we obtain a relation between the actual band gap
and the Kohn-Sham one:

Eg(N) = EKS
g (N) + (εN+1(N + 1)− εN+1(N)) = EKS

g (N) + ∆xc. (1.50)

Thus we see that the actual fundamental band gap differs from the Kohn-Sham gap
by a rigid shift denoted by ∆xc which constitutes the difference between the lowest
unoccupied orbitals of the neutral N and ionized N + 1 systems. We can analyze
which part of the Kohn-Sham scheme engenders this shift. The addition of an extra
electron in an extended solid with N � 0 causes only an infinitesimal change in
the electron density. Hence the external potential is in effect the same for the N
and N − 1 electron systems. Since the Hartree potential depends explicitly on the
density, it does not change either. The rigid shift ∆xc has to be therefore generated
entirely by the exchange-correlation potential. It is a well known property of the
exchange-correlation potential and is referred to as its derivative discontinuity: An
infinitesimal change in the density gives rise to a finite change in the exchange-
correlation potential

∆xs = δExc[ρ]
δρ(r)

∣∣∣∣∣
N+1
− δExc[ρ]

δρ(r)

∣∣∣∣∣
N

. (1.51)

The underestimation of the band gap is thus an inherent characteristic of the Kohn-
Sham scheme. The size of the discontinuity is dependent on the system in question.
In addition, the use of an approximate exchange-correlation functional introduces
further errors. Several studies [19, 20] showed that for typical semiconductors and
insulators the derivative discontinuity accounts for 80% of the band gap error using
LDA. To obtain correct excitation spectra we have to go beyond DFT and employ
methodologies based on the many-body perturbation theory. The main concepts of
these methods are presented in the next chapter.

6We denote the ith Kohn-Sham orbital of an N electron system by εi(N).
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Chapter 2

Many-body perturbation theory

2.1 Introduction

We have briefly shown in the previous chapter that DFT cannot provide us with
excited-state properties of systems. A theoretically rigorous albeit computationally
heavy way to calculate them is given by many-body perturbation theory (MBPT).
In principle, we are interested in two qualitatively different types of excited-state
properties.

The first are the single-particle excitation spectra. These are directly linked to
direct photoemission and inverse photoemission experiments that are used to deter-
mine the band structure of a system. Within the former, an electron is extracted
from a solid in the ground state by means of a photon impinging on the system.
The corresponding occupied energy level is determined from the energy of the elec-
tron. Within the latter, an electron is absorbed into the solid, and by measuring the
energy of the ejected photon the unoccupied states are found. Thus, we deal with
excited states of the solid containing N − 1 and N + 1 electrons respectively. So if a
theoretical scheme is to be applied for the calculation of such single-particle spectra
it has to permit the variation of the electron number. As we will see, Green function
theory is the natural way to approach this problem. The solution of the equation of
motion for the one-particle Green function, determines the single-particle excitation
spectrum.

The second type of excited-state properties we are interested in are neutral ex-
citations that are probed in optical absorption experiments. The absorption of a
photon does not cause the emission of the electron, instead the system evolves to an
excited state with the electron occupying an energetically higher state and possibly
interacting with the remaining hole. The process is described by the formation of
electron-hole pairs also called excitons. These two-particle effects are captured by
the two-particle Green function. Its equation of motion, the Bethe-Salpeter equa-
tion, is used to determine the exciton spectrum.

In this chapter we shall outline the Green function formalism following the dis-
cussions in the works by Fetter and Walecka [21] and Strinati [22]. The first part
of the presentation will lead to a method for obtaining the single-particle excitation
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spectrum of materials - the G0W0 approximation. The second part will concentrate
on the electron-hole excitations. The G0W0 results as well as the electron-hole exci-
tations shall be incorporated in the derivation of the macroscopic dielectric function
which describes optical absorption spectra.

2.2 Single-particle excitations

2.2.1 Green functions

For the following discussion of the Green-functions method the language of second
quantization is most suited. So let us reformulate the many-body problem repre-
sented by the Hamiltonian (1.2) within this formalism. To that end let us first
rewrite Eq. (1.2) in a way that distinguishes the single- and two-particle contribu-
tions:

Ĥ =
∑
i

ĥ(ri) + 1
2
∑
i 6=j

v(ri, rj). (2.1)

The single-particle term

ĥ(r) = −1
2∇

2 +
∑
I

ZI
|r−RI |

(2.2)

contains the kinetic energy of the electrons and the electrostatic interaction of the
electrons with the nuclei. The demanding two-particle term describes the electron-
electron interaction:

v(r, r′) = 1
r− r′

. (2.3)

In second quantization, Eq. (2.1) is expressed with the help of field operators ψ̂(r)
and ψ̂†(r) that annihilate and create an electron at the position r, respectively. In
case of fermions – as considered here – they obey the anti-commutation relations

{ψ̂(r), ψ̂†(r′)} = δ(r− r′),
{ψ̂(r), ψ̂(r′)} = {ψ̂†(r), ψ̂†(r′) = 0.

(2.4)

The many-body Hamiltonian then assumes the following form:

Ĥ =
∫

dr ψ̂†(r) ĥ(r) ψ̂(r) + 1
2

∫
drdr′ ψ̂†(r) ψ̂†(r′) v(r, r′) ψ̂(r′) ψ̂(r). (2.5)

Formulating the time-evolution of the field operators in the Heisenberg picture as

ψ̂(r, t) = eiĤt ψ̂(r) e−iĤt (2.6)

we are now able to define the one-particle Green function:

G(r, t, r′, t′) = −i 〈Ψ(0)
N |T [ψ̂(r, t) ψ̂†(r′, t′)]|Ψ(0)

N 〉 . (2.7)
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Here |Ψ(0)
N 〉 indicates the normalized ground state of an N electron system. T is the

Wick time-ordering operator, which orders a product of time-dependent operators
from left to right according to decreasing time, with each corresponding permutation
of the (fermion) field operators producing a minus sign:

T [ψ̂(r, t) ψ̂†(r′, t′)] =


ψ̂(r, t) ψ̂†(r′, t′), t > t′

−ψ̂†(r′, t′) ψ̂(r, t), t < t′.
(2.8)

The Green function can be defined for any number of particles by extending the
definition (2.7) to include the creation and annihilation operators for each particle.
Apart from the one-particle Green function we are interested in the two-particle
Green function since it will be central to the discussion of electron-hole pairs. The
two-particle Green function is defined as

G2(r1, t1, r2, t2;r′1, t′1, r′2, t′2)
= −〈Ψ(0)

N |T [ψ̂(r1, t1) ψ̂(r2, t2) ψ̂†(r′2, t′2) ψ̂†(r′1, t′1)]|Ψ(0)
N 〉 .

(2.9)

Let us now consider the physical meaning of the (one-particle) Green function. The
physically intuitive interpretation of G(r, t, r′, t′) is given by its definition. For the
case t > t′ G(r, t, r′, t′) expresses the probability that an electron added to the
system at position r′ and time t′ is found at the position r at a later time t. For
t < t′ G(r, t, r′, t′) is the probability that a hole created at position r and time t
travels to r′ at time t′. So the one-particle Green function describes the propagation
of an added or removed particle through time - the processes happening in direct
and inverse photoemission experiments.

Writing the Green function in the so-called Lehmann or spectral representation
will clarify how excitation energies of the system are connected to the Green function
[21]. To obtain the Lehmann representation, we first insert the closure relation of
eigenstates |Ψ(n)

N+1〉
(
|Ψ(n)

N−1〉
)
corresponding to an excited system with N+1 (N − 1)

electrons between the field operators for the case t > t′ (t < t′). Extracting the time
dependence of the field operators by applying the eigenvalue equation

Ĥ |Ψ(n)
N 〉 = E

(n)
N |Ψ

(n)
N 〉 (2.10)

we obtain:

G(r, t, r′, t′) =
−i∑

n
e
−i
[
E

(n)
N+1−E

(0)
N

]
(t−t′)

〈Ψ(0)
N |ψ̂(r)|Ψ(n)

N+1〉 〈Ψ
(n)
N+1|ψ̂†(r′)|Ψ

(0)
N 〉 , t > t′

+i∑
n
e
−i
[
E

(0)
N −E

(n)
N−1

]
(t−t′)

〈Ψ(0)
N |ψ̂†(r′)|Ψ

(n)
N−1〉 〈Ψ

(n)
N−1|ψ̂(r)|Ψ(0)

N 〉 , t < t′.

(2.11)

Performing a Fourier transform with respect to t − t′ leads to the Lehmann repre-
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sentation in frequency space

G(r, r′;ω) =
∑
n

ψn(r)ψ∗n(r′)
ω − En − iη sgn(µ− En) , (2.12)

where

ψn(r) = 〈Ψ(0)
N |ψ̂(r)|Ψ(n)

N+1〉 , En = E
(n)
N+1 − E

(0)
N , if En > µ

ψn(r) = 〈Ψ(n)
N−1|ψ̂(r)|Ψ(0)

N 〉 , En = E
(0)
N − E

(n)
N−1, if En < µ.

(2.13)

µ denotes the chemical potential. The introduction of the term iη with η → 0+ is
necessary to ensure the convergence of the time integral.

We see that En - the poles of the Green function - correspond precisely to the
nth excitation energies of the system due to the addition or removal of a particle.
The excitation energies can be computed directly by solving the Dyson equation –
the reformulated equation of motion for the one-particle Green function. The next
section shall be devoted to the derivation of the Dyson equation following mainly
the presentation in Strinati [22].

2.2.2 Dyson equation

The equation of motion for the one-particle Green function can be obtained by
evaluating ∂G(r, t, r′, t′)/∂t. To that end we first calculate the equation of motion
for the field operator ψ̂(r, t) with the help of the anti-commutation relations (2.4):

i
∂

∂t
ψ̂(r, t) = [ψ̂(r, t), Ĥ] =

[
ĥ(r)−

∫
dr′ v(r, r′) ψ̂†(r′, t) ψ̂(r′, t)

]
ψ̂(r, t). (2.14)

While evaluating ∂G(r, t, r′, t′)/∂t using the above equation a term containing four
field operators emerges that is identified as the two-particle Green function G2:[
i
∂

∂t1
− ĥ(r1)

]
G(r1, t1, r′1, t′1) = δ(r1 − r′1) δ(t1 − t′1)

− i
∫

dr2 dt2 v(r1, r2) δ(t1 − t2)G2(r1, t1, r2, t2; r′1, t′1, r′2, t′+2 ).
(2.15)

The notation t+ indicates an infinitesimally larger time than t: t+ = lim
η→0+

(t+ η). It
allows us to employ the time-ordering operator as T cannot be applied to a product
of operators acting at equal times.

The presence of the two-particle Green function in the equation of motion for the
one-particle Green function is rather unfortunate: If we try to grasp G2 by means
of the same approach - evaluating its equation of motion - we will find that it is
coupled to the three-particle Green function. In general, Mattuck and Theumann
[23] showed that the equation of motion for the N particle Green function involves
the N+1 particle Green function. That means we would have to solve a hierarchy of
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coupled differential equations gaining us no advantages over the original formulation
of the many-body problem. There is however a way to bypass this problem. The
functional derivative technique by Schwinger [24], Martin and Schwinger [25] and
Kadanoff and Baym [26, 27] allows to express the two-particle Green function by
a combination of terms depending on a one-particle Green function thus effectively
decoupling the equations of motion.

In order to achieve this, we introduce an external perturbation Uext(r, r′; t). It is
in general defined to be nonlocal in spatial coordinates, local in time and to vanish
for |t| → ∞. We will use it only as a tool to sidestep the problem of coupled
equations of motion, and it will vanish at the end of the whole procedure. We can
use the interaction picture to define the perturbation Hamiltonian:

Ĥ ′(t) =
∫

drdr′ ψ̂†(r, t+)Uext(r, r′; t) ψ̂(r′, t). (2.16)

Then the so-called generalized one-particle Green function describing the perturbed
system is defined as follows:

G(r, t, r′, t′) = −i〈Ψ
(0)
N |T [Ŝ ψ̂(r, t) ψ̂†(r′, t′)]|Ψ(0)

N 〉
〈Ψ(0)

N |T [Ŝ]|Ψ(0)
N 〉

. (2.17)

The operator Ŝ contains the external potential in the form

Ŝ = exp
[
−i
∫ ∞
−∞

dt Ĥ ′(t)
]
, (2.18)

so that for the case Uext(r, r′; t) = 0 we return to the original definition of the
one-particle Green function.

We obtain the equation of motion for the generalized one-particle Green function
that at this stage contains the two-particle Green function:
[
i
∂

∂t1
−ĥ(1)

]
G(1, 2)

= δ(1, 2) +
∫

d(3)Uext(1, 3)G(3, 2)− i
∫

d(3) v(1, 3)G2(1, 3; 2, 3+).
(2.19)

To bring the notation in a more readable form we abbreviate different sets of coordi-
nates (ri, ti) by their index (i), the integrals over these both coordinates are denoted
by d(i) analogously. This coordinate index notation is also used for the following
special terms:

ĥ(ri) → ĥ(i),
v(ri, rj) δ(ti − tj) → v(i, j),

Uext(ri, rj, ti) δ(ti − tj) → Uext(i, j),
δ(ri − rj) δ(ti − tj) → δ(i, j).

(2.20)
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Evaluating the first-order variation of G(1, 2) with respect to Uext(3, 4) we obtain
the functional derivative

δG(1, 2)
δUext(3, 4) = −G2(1, 4; 2, 3+) +G(1, 2)G(4, 3+) (2.21)

that lets us dispose of the two-particle Green function in Eq. (2.19). Assuming in
the following a local perturbation potential

Uext(1, 2) = Uext(1) δ(1, 2), (2.22)

the equation of motion (2.19) becomes
[
i
∂

∂t1
− ĥ(1)− Uext(1)

]
G(1, 2)

= δ(1, 2)− i
∫

d(3) v(1, 3)
[
G(1, 2)G(3, 3+)− δG(1, 2)

δUext(3)

]
.

(2.23)

For the benefit of later considerations we will rearrange some terms in the above
equation. Let us define a local potential V (1)

V (1) = Uext(1)− i
∫

d(3) v(1, 3)G(3, 3+) (2.24)

that will enable us to replace references to the external perturbation Uext(1) later
on. Noting that the electron density can be expressed by a Green function in the
following way

ρ(1) = −i G(1, 1+), (2.25)

we see that the second term in Eq.(2.24) corresponds to the Hartree potential vH(1).
The equation of motion assumes then the form

[
i
∂

∂t1
− ĥ(1)− V (1)

]
G(1, 2) = δ(1, 2)− i

∫
d(3) v(1, 3) δG(1, 2)

δUext(3) . (2.26)

Using the inverse of the Green function G−1 defined by the identity∫
d(4)G(1, 4)G−1(4, 5) = δ(1, 5), (2.27)

we can write the functional derivative of G(1, 2) with respect to Uext(3) in a different
way. By varying Eq. (2.27) with respect to Uext(3), multiplying it with G(5, 2)
and integrating over the variable (5) we obtain the following functional derivative
identity:

δG(1, 2)
δUext(3) = −

∫
d(4, 5)G(1, 4) δG

−1(4, 5)
δUext(3) G(5, 2). (2.28)
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Inserting this relation into the equation of motion we finally obtain the Dyson equa-
tion in its differential form[

i
∂

∂t1
− ĥ(1)− V (1)

]
G(1, 2)−

∫
d(3) Σ(1, 3)G(3, 2) = δ(1, 2), (2.29)

where we have introduced an operator that will be central to the following discussion,
the self-energy operator:

Σ(1, 2) = −i
∫

d(3, 4) v(1, 3)G(1, 4) δG
−1(4, 2)

δUext(3) . (2.30)

Let us illustrate the physical meaning of Σ by reformulating the Dyson equation as
a quasi-particle equation. First a Fourier transform is performed to write Eq. (2.29)
in frequency domain:

[
ω − ĥ0(r)

]
G(r, r′, ω)−

∫
dr′′Σ(r, r′′, ω)G(r′′, r′) = δ(r, r′), (2.31)

with
ĥ0(r) = ĥ(r) + V (r). (2.32)

Combining Eq. (2.31) with the spectral formulation of the Green function (2.12) we
obtain the quasi-particle equation:

ĥ0(r)ψqpi (r)−
∫

dr′Σ(r, r′; Eqpi )ψqpi (r′) = Eqpi ψqpi (r). (2.33)

with the Lehmann amplitudes ψn(r) denoted by ψqpi (r) and the excitation ener-
gies En denoted by Eqpi . The quasi-particle equation is a Schrödinger-like equation
with Lehmann amplitudes as its eigenfunctions and the single-particle excitation
energies as its eigenvalues. The operator ĥ0 describes a non-interacting system sub-
jected to an external and the Hartree potential.1 All the many-body exchange and
correlation effects are contained in the self-energy which acts as a non-local, energy-
dependent single-particle potential. The self-energy is in general non-Hermitian so
that the eigenvalues Eqpi are complex. This fact is taken into account in the Lehmann
representation of the Green function by performing an analytic continuation, i.e.,
extending all quantities from the real frequency axis to the complex plane. Then
the real part of an eigenvalue Eqpi constitutes the single-particle excitation energy
and the imaginary part reflects the finite lifetime of the excitation.

It is now apparent that we have reduced the initial problem to having to find an
expression for the self-energy that determines the quasi-particle spectrum by means
of the Dyson equation. In particular we want to find a scheme that eliminates explicit
references to the external perturbation Uext(r). Such a procedure was proposed by
Hedin in 1965 [28, 29] and will be sketched in the next section.

1The external perturbation Uext(r) that is still included in ĥ0 will be eliminated in the next
section.
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2.2.3 Hedin equations

Hedin developed a set of coupled equations that yield the exact self-energy when
solved self-consistently. The complete derivation is based on functional derivative
techniques and can be found in [28, 29]. We restrict ourselves to discussion of the
results, namely the five coupled equations:

G(1, 2) = G0(1, 2) +
∫

d(3, 4)G0(1, 3) Σ(3, 4)G(4, 2), (2.34)

Σ(1, 2) = i
∫

d(3, 4)G(1, 4)W (1+, 3) Γ̃(4, 2; 3), (2.35)

W (1, 2) = v(1, 2) +
∫

d(3, 4) v(1, 3) χ̃(3, 4)W (4, 2), (2.36)

Γ̃(1, 2; 3) = δ(1, 2) δ(1, 3) +
∫

d(4, 5, 6, 7) δΣ(1, 2)
δG(4, 5) G(4, 6)G(7, 5) Γ̃(6, 7; 3), (2.37)

χ̃(1, 2) = −i
∫

d(3, 4)G(2, 3)G(4, 2) Γ̃(3, 4; 1). (2.38)

Let us clarify where the newly introduced quantities come from.
G0 denotes the single-particle Green function corresponding to a non-interacting

system on a Hartree level, i.e., if the self-energy is set to zero:
[
i
∂

∂t1
− ĥ0(1)

]
G0(1, 2) = δ(1, 2). (2.39)

By means of this definition, the Dyson equation is reformulated in integral form
resulting in Eq. (2.34).

χ̃ is the irreducible polarizability that expresses the variation of the density ρ
upon a variation of the total potential V :

χ̃(1, 2) = δρ(1)
δV (2) = −i δG(1, 1+)

δV (2) . (2.40)

At this point we also introduce the reducible polarizability χ that will be important
for the discussion of the Bethe-Salpeter equation. χ relates the variation of the
density ρ to the variation of the external potential Uext:

χ(1, 2) = δρ(1)
δUext(2) = −i δG(1, 1+)

δUext(2) . (2.41)

The vertex function Γ̃ is defined by

Γ̃(1, 2, 3) = −δG
−1(1, 2)
δV (3) . (2.42)

The iterative solution of Hedin equations corresponds to a perturbative expansion
of the self-energy in terms of the dynamical screened Coulomb interaction W . This
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quantity can be understood as the reduced Coulomb interaction between electrons
in a medium - it arises because of the fact that the bare Coulomb interaction v(1, 2)
is screened due to the presence of other electrons in the system. The interaction is
called ‘dynamical’ because it exhibits a frequency dependence as opposed to v(1, 2)
which is static. The screening effect is described by the inverse microscopic dielectric
function ε−1 that is defined as the change of the total potential V with respect to
changes in the external potential Uext:

ε−1(1, 2) = δV (1)
δUext(2) . (2.43)

Then the dynamical screened Coulomb interaction is defined by:

W (1, 2) =
∫

d(3) ε−1(1, 3) v(3, 2). (2.44)

Starting from these definitions, manipulations employing functional derivative tech-
niques yield the self-consistent set of equations as presented in [28, 22]. As the
equations do not include references to the external perturbation, the limit Uext → 0
can be safely taken.

The iterative solution of Hedin equations is generally not attempted since it
would be very involved computationally. Instead there exist various approaches
with different levels of self-consistency. The one we are interested in is the so-called
called G0W0 approximation.

2.2.4 G0W0 approximation

The G0W0 approximation amounts to stopping the self-consistent procedure after
one iteration, i.e., considering the first order of the self-energy expansion in W .
In detail, the following steps are carried out: Starting from Σ = 0, the Green
function is equal to the non-interacting one. The second, complicated part of the
vertex function is neglected leaving only a product of two delta functions. Then Γ̃0

reduces the polarizability to a product of two Green functions in what is called the
Random-Phase Approximation. Subsequently, the screened Coulomb interaction is
calculated. At the end of this cycle the self-energy is calculated as a product of the
Green function G0 and and the screened Coulomb interaction W0 giving rise to the
name of the approximation. The resulting equations are summarized below:

G(1, 2) = G0(1, 2), (2.45)
Γ̃0(1, 2; 3) = δ(1, 2) δ(1, 3), (2.46)
χ̃0(1, 2) = −i G0(2, 1)G0(1, 2), (2.47)

W0(1, 2) = v(1, 2) +
∫

d(3, 4) v(1, 3) χ̃0(3, 4)W0(4, 2), (2.48)

Σ(1, 2) = i G0(1, 2)W0(1+, 2). (2.49)

The formalism suggests to use the independent-particle Green function on a Hartree
level as a starting point. However, in practice a better choice for G0 is obtained
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from the Kohn-Sham calculations. To construct G0 we can then make use of the
Lehmann representation substituting the quasi-particle quantities φn(r) and εn by
the respective Kohn-Sham ones:

G0(r, r′;ω) =
∑
n

φn(r)φ∗n(r′)
ω − εn − iη sgn(µ− εn) . (2.50)

Furthermore, Hybertsen and Louie [30] assumed that the single-particle orbitals and
energies obtained from the Kohn-Sham calculations are good zeroth order approx-
imations to the quasi-particle quantities. For simple materials like silicon it was
shown that the Kohn-Sham orbitals are in very good agreement with the quasi-
particle ones [31]. Then the solution of the full quasi-particle equation (2.33) is
avoided by considering G0W0 eigenvalues as a first-order correction to the Kohn-
Sham ones:

Eqpi = εi + R 〈φi(r)|Σ(r, r′; Eqpi )− vxc(r) δ(r− r′)|φi(r′)〉 , (2.51)

where the notation 〈φi(r)|Â(r, r′)|φi(r′)〉 indicates the expectation value of an oper-
ator Â(r, r′):

〈φi(r)|Â(r, r′)|φi(r′)〉 =
∫

dr
∫

dr′φ∗i (r)A(r, r′)φi(r′). (2.52)

Because of the dependence of the self-energy on the quasi-particle energy we can
not evaluate Eq. (2.51) directly. The issue is treated by expanding the self-energy
around the Kohn-Sham energies up to the linear term:

Σ(r, r′; Eqpi ) = Σ(r, r′; εi) + (Eqpi − εi)
∂Σ(r, r′;ω)

∂ω

∣∣∣∣∣
ω=εi

+O[(Eqpi − εi)2]. (2.53)

Inserting this linearization in Eq. (2.51) and rearranging the terms we obtain the
final expression for the quasi-particle energies:

Eqpi = εi + Zi R 〈φi(r)|Σ(r, r′; εi)− vxc(r) δ(r− r′)|φi(r′)〉 , (2.54)

with the renormalization factor Zi given by

Zi =
1−R

∂ 〈φi(r)|Σ(r, r′;ω)|φi(r′)〉
∂ω

∣∣∣∣∣
ω=εi

−1

. (2.55)

With this we have given the main points of the G0W0 method employed within this
thesis. A detailed account of its implementation can be found in [32].

Starting from ground-state calculations that utilize PBE and PBE0′ exchange-
correlation functionals we use G0W0 for the determination of band structures of the
studied materials. Additionally, the obtained quasi-particle energies Eqpi serve as an
input for the following Bethe-Salpeter calculations.
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2.3 Two-particle excitations

2.3.1 Bethe-Salpeter equation

We now turn our attention to neutral excitations - the electron-hole pairs arising in
optical absorption experiments. A description using single-particle Green functions
would not be sufficient here because it would disregard interactions between the
involved particles like the electron-hole attraction. To account for these effects we
need to examine the two-particle Green function G2 leading to the Bethe-Salpeter
equation (BSE).

For its derivation it is convenient to use the two-particle correlation function L
instead of G2. It is defined such that the motion of two independent particles is
excluded from the two-particle Green function by subtracting the product GG from
G2:

L(1, r′t; 2, rt+) = −G2(1, r′t; 2, rt+) +G(1, 2)G(r′t, rt+). (2.56)

This definition coincides with the expression obtained by the variation of the single-
particle Green function with respect to the non-local external potential in (2.21):

L(1, r′t; 2, rt+) = δG(1, 2)
δUext(r, r′, t)

= −
∫

d(3, 4)G(1, 3) δG−1(3, 4)
δUext(r, r′, t)

G(4, 2).
(2.57)

In the second step we have used the functional derivative identity (2.28).
G−1(3, 4) can be rewritten by means of the Dyson equation in the following way.

Taking into account the non-local external potential Uext(r, r′, t) the Dyson equation
(2.29) is now defined as:

[
i
∂

∂t1
− ĥ(1)− vH(1)

]
G(1, 2)−

∫
d(3) [Uext(1, 3) + Σ(1, 3)] G(3, 2) = δ(1, 2).

(2.58)
Multiplying it by G−1(2, 4) from the right and integrating over the variable (2) we
get:

[
i
∂

∂t1
− ĥ(1)− vH(1)

]
δ(1, 2)− Uext(1, 2)− Σ(1, 2) = G−1(1, 2). (2.59)

Substituting G−1(3, 4) in Eq. (2.57) by means of the above expression we obtain:

L(1, r′t; 2, rt+) =

= −
∫

d(3, 4)G(1, 3)
δ
{[
i ∂
∂t3
− ĥ(3)− vH(3)

]
δ(3, 4)− Uext(3, 4)− Σ(3, 4)

}
δUext(r, r′, t)

G(4, 2)

=
∫

d(3, 4)G(1, 3)
[
δ(r, r3) δ(r′, r4) δ(t, t3) δ(t3, t4) + δ [vH(3) δ(3, 4) + Σ(3, 4)]

δUext(r, r′, t)

]
G(4, 2)
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= G(1, rt)G(r′t, 2) +
∫

d(3, 4)G(1, 3) δ [vH(3) δ(3, 4) + Σ(3, 4)]
δUext(r, r′, t)

G(4, 2). (2.60)

By virtue of the the chain rule for functional derivatives we can write

δ [vH(3) δ(3, 4) + Σ(3, 4)]
δUext(r, r′, t)

=
∫

d(5, 6) δ [vH(3) δ(3, 4) + Σ(3, 4)]
δG(5, 6)

δG(6, 5)
δUext(r, r′, t)

,

(2.61)

where the second functional derivative expresses the two-particle correlation function
L(6, r′t; 5, rt+). Introducing the effective two-particle interaction kernel Ξ:

Ξ(3, 5, 4, 6) = δ [vH(3) δ(3, 4) + Σ(3, 4)]
δG(5, 6) , (2.62)

we can write:

L(1, r′t; 2, rt+) = G(1, rt)G(r′t, 2)+

+
∫

d(3, 4, 5, 6)G(1, 3)G(4, 2) Ξ(3, 5, 4, 6)L(6, r′t; 5, rt+).
(2.63)

It is possible to generalize the above equation so that arbitrary time values can be
substituted for t and t+ [22]. Taking this into account and introducing the correlation
function for two independent particles as

L0(1, 1′; 2, 2′) = G(1, 2′)G(1′, 2), (2.64)
we obtain the Bethe-Salpeter equation for the correlation function:

L(1, 1′; 2, 2′) = L0(1, 1′; 2, 2′) +
∫

d(3, 4, 5, 6)L0(1, 4; 2, 3) Ξ(3, 5, 4, 6)L(6, 1′; 5, 2′).
(2.65)

The structure of the equation is clearly comparable to that of the Dyson equation
(2.34). The kernel Ξ relates the independent particle propagation L0 to the corre-
lation function L analogous to the self-energy Σ that links G0 to G.

In practice, the exact form of the kernel Ξ is unknown. We want to review typical
approximations in the next section.

2.3.2 Approximations for the effective interaction kernel Ξ

We can simplify the interaction kernel Ξ due to the fact that the derivative of the
Hartree term can be straightforwardly evaluated:

Ξ(3, 5, 4, 6) = −i
∫

d(2) v(3, 2) δG(2, 2+)
δG(5, 6) δ(3, 4) + δΣ(3, 4)

δG(5, 6)

= −i v(3, 6) δ(5, 6) δ(3, 4) + δΣ(3, 4)
δG(5, 6) .

(2.66)
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The form of Ξ already suggests the simplest approximation – neglecting the self-
energy derivative so that only the bare Coulomb potential remains:

ΞH(3, 5, 4, 6) = −i δ(5, 6) δ(3, 4) v(3, 6). (2.67)

This is called the time-dependent Hartree approximation or Random-Phase Approx-
imation (RPA), and it treats the motion of particles as that of free particles in an
effective potential.

To account for interaction effects which are responsible for the formation of
bound electron-hole states, the second term in Eq. (2.66) needs to be taken into
consideration. The obvious approximation for the self-energy is the already discussed
GW approximation: Σ = iGW . Then the evaluation of the second term Eq. (2.66)
yields:

δΣ(3, 4)
δG(5, 6) = i δ(3, 5) δ(4, 6)W (3, 4) + i G(3, 4) δW (3, 4)

δG(5, 6) . (2.68)

The first term expresses the attractive electron-hole interaction that is proportional
to the screened Coulomb interaction. The second term which describes the variation
of the screening due to the excitation is considered to be small in comparison to the
first term and is generally neglected. Thus, we arrive at the screened-interaction
approximation which shall be employed in our calculations:

ΞSI(3, 5, 4, 6) = −i δ(5, 6) δ(3, 4) v(3, 6) + i δ(3, 5) δ(4, 6)W (3, 4). (2.69)

In the following sections we want to depict a scheme for the solution of BSE within
the screened-interaction approximation focusing especially on the connection of the
BSE framework to quantities measurable by optical-absorption experiments.

2.3.3 Optical response from BSE

Before we outline a procedure leading to a solution of the Bethe-Salpeter equation let
us clarify the exact relation between BSE and experimental quantities. In optical-
absorption experiments we are interested in the average response of a macroscopic
system to an optical perturbation. The measured absorption spectrum is given
by the imaginary part of the macroscopic dielectric function εM . We have already
introduced the microscopic dielectric function ε. It is possible to link it to εM on
one hand and to the correlation function L on the other, so we want to discuss ε
more carefully.

The application of an external perturbation Uext on a system induces a screening
potential Vind, so that the total potential V acting on the system is given by:

Vtot(1) = Uext(1) + Vind(1). (2.70)

The microscopic dielectric function describes the response of the system in linear
order, i.e., the change of the total potential given the perturbation:

V (1) =
∫

d(2) ε−1(1, 2)Uext(2). (2.71)
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Using the definition (2.41) we can link the inverse dielectric function to the irre-
ducible polarizability, which describes the response of the density to the variation
of the perturbation:

ε−1(1, 2) = δV (1)
δUext(2) = δ(1, 2)−

∫
d(3) v(1, 3) δρ(1)

δUext(2)

= δ(1, 2)−
∫

d(3) v(1, 3)χ(3, 2).
(2.72)

Analogously a relation between the dielectric function and the reducible (complete)
polarization can be derived, so we can write in matrix notation:

ε−1 = 1 + v χ, (2.73)
ε = 1− v χ̃, (2.74)
χ = χ̃+ χ̃ v χ. (2.75)

The last equation is a Dyson equation for the polarization χ and was obtained by
combining the previous two. Its first term describes the polarization arising directly
from the perturbation whereas the second term gives the polarization due to the
field Vind induced by the perturbation.

Using the definition of the polarization χ (Eq. (2.41)) we get a connection to the
correlation function:

χ̃(1, 2) = −i δG(1, 1+)
δUext(2) = −i [G2(1, 2; 1+, 2+)−G(1, 1+)G(2, 2+)]

= −i L(1, 2; 1+, 2+).
(2.76)

So we can obtain the dielectric function ε from the two-particle correlation function
L by means of the polarizability.

On the other hand, Adler [33] and Wiser [34] showed that the macroscopic di-
electric function is related to its microscopic equivalent by:

εM(ω) = 1
ε−1

G=0,G′=0(q, ω)
, (2.77)

where εG,G′(q, ω) = ε(q + G,q + G′, ω) is the Fourier transform of the dielectric
function ε(r, r′, t − t′) to the reciprocal space and frequency domain. q denotes a
vector belonging to the first Brillouin zone, and G is a reciprocal lattice vector.
Thus, the macroscopic dielectric function is given by the G = 0,G′ = 0 component
of the inverse dielectric function which means that all components of ε(q, ω) con-
tribute to εM(ω). The physical meaning behind that is the following: We consider a
perturbing external field that varies slowly over the size of the unit cell. But due to
the inhomogeneity of the system (the dielectric function depends on the positions r
and r′ and not on the distance r−r′) the induced screening fields and hence the total
fields vary on the atomic scale. This behavior is referred to as local-field effects.

29



There is another issue we have to take into account. We are interested in optical
perturbations – their wavelengths being large compared to the unit cell size, which
corresponds to small q vectors. Thus, the correct treatment of optical perturbations
means taking the limit of vanishing q. In this case a divergent term stemming from
the Coulomb interaction arises in the Dyson equation for the polarizability (2.75).
Ambegaokar and Kohn [35] managed to avoid the problem by defining a modified
polarizability χ̄ that excludes terms with divergent long-range part of the Coulomb
potential:

χ̄ = χ̃+ χ̃ v̄ χ̄, (2.78)

with v̄ given by

v̄G(q) =

 0, G = 0

vG(q), G 6= 0.
(2.79)

Then the expression for the macroscopic dielectric function is modified to be:

εM(q, ω) = 1− lim
q→0

v(q) χ̄G=0,G′=0(q, ω), (2.80)

where the polarization is obtained from the BSE calculation by means of Eq. (2.76).

2.3.4 Reformulation of BSE as an eigenvalue problem

Now we briefly outline the procedure leading to the solution of BSE, which is ex-
tensively explained in [36, 37]. The strategy consists of transforming the integral
equation (2.65) into an eigenvalue problem by expanding the electron-hole correla-
tion function in terms of quasi-particle wave functions.

First two simplifications are applied. Within the scope of optical excitations
we want to discuss the simultaneous propagation and interaction of the considered
particles, the electron and the hole, which means setting t1 = t1′ and t2 = t2′ in
the correlation function L(1, 1′; 2, 2′). Due to the translational invariance in time
L depends on the time difference t1 − t2 which is transformed to frequency space
ω where the discussion shall be conducted. Further, the approximation of a static
screened Coulomb interaction W is made following the argumentation by Bechstedt
et al. [38] that the dynamical effects of the screening and one-particle Green function
cancel each other. The correlation function is now L = L(r1, r′1, r2, r′2, ω), and we
can symbolically write the BSE as:

L(ω) = L0(ω) + L(ω) ΞL(ω). (2.81)

As we have seen in previous sections, the excitations of single particles can be
described by quasi-particle wave functions and energies. It seems obvious to use
these quantities as we consider the propagation and interaction of two particles, i.e.,
to expand the correlation function L = L(r1, r′1, r2, r′2, ω) in a basis of quasi-particle
wave functions. Following the G0W0 discussion in Section 2.2.4, the quasi-particle
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wave functions are approximated by the Kohn-Sham ones:

L(r1, r′1, r2, r′2, ω) =
∑

i1i2i3i4

φ∗i1(r1)φi2(r′1)φi3(r2)φ∗i4(r′2)L(i1i2),(i3i4), (2.82)

with the expansion coefficients given by:

L(i1i2),(i3i4) =
∫

dr1dr′1dr2dr′2 φ∗i1(r1)φi2(r′1)φi3(r2)φ∗i4(r′2)L(r1, r′1, r2, r′2, ω). (2.83)

Since L0 is a product of two one-particle Green functions we can readily ex-
press it by employing the G0W0 approximation for the one-particle Green function
(Eq. (2.50)):

G(r, r′;ω) =
∑
nk

φnk(r)φ∗nk(r′)
ω − Enk − iη sgn(µ− Enk) . (2.84)

In the denominator we can use the quasi-particle energies Enk obtained from the
preceding G0W0 calculation. The Fourier transformation of L0 taking into account
the above equation yields

L0(r1, r′1, r2, r′2, ω) = i
∑

i1i2i3i4

φ∗i1(r1)φi2(r′1)φi3(r2)φ∗i4(r′2)
Eqpi2 − E

qp
i1 − ω − iη

(fi2 − fi1) δi1,i3 δi2,i4 ,

(2.85)
with fi denoting the Fermi-Dirac distribution functions - the occupation numbers
of the orbitals. Seeing that L0 can be expanded similarly to L (Eq. (2.82)), we can
identify the expansion coefficients in the above equation as

L0
(i1i2),(i3i4) = −i (fi2 − fi1) δi1,i3 δi2,i4

Eqpi2 − E
qp
i1 − ω − iη

. (2.86)

It is then possible to reformulate Eq. (2.81) as

L(i1i2),(i3i4)(ω) = i [He−h − ω]−1
(i1i2),(i3i4) (fi4 − fi3), (2.87)

with the electron-hole Hamiltonian

He−h
(j1j2),(j3j4) = (Ej2 − Ej1) δi1,i3 δi2,i4 − i (fj2 − fj1) Ξ(j1j2),(j3j4). (2.88)

It is thus necessary to invert the matrix He−h−ω to obtain the expansion coefficients
for the correlation function. In general the structure of the electron-hole Hamilto-
nian is complicated due to the various orbital-index combinations. However, the
Hamiltonian takes on a more simple form for systems with a band gap where we
have occupied valence states v and unoccupied conduction states c. In that case the
factor denoting the difference of occupation numbers fj2 − fj1 is zero for v − v and
c− c combinations. In detail, the analysis of He−h is given in [36], here, we present
the remaining Hamiltonian which can be divided in four blocks:

Heff =

 Hres
(vck),(v′c′k′) Hcoupling

(vck),(c′v′k′)

−[Hcoupling
(vck),(c′v′k′)]∗ Hantires

(vck),(v′c′k′)

 , (2.89)
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with

Hres
(vck),(v′c′k′) = (Eqpck − E

qp
vk) δvv′ δcc′ δkk′ + iΞvck,v′c′k′ , (2.90)

Hcoupling
(vck),(c′v′k′) = iΞvck,c′v′k′ , (2.91)

Hantires
(vck),(v′c′k′) = −[Hres

(vck),(v′c′k′)]∗. (2.92)

Hereby, we express the orbital index i through the corresponding Bloch vector k
and the band index v for valence or c for conduction states.

Thus, the diagonal matrices contain quasi-particle energy differences and the
electron-hole interaction kernel Ξ, whereas only the kernel contributes to the off-
diagonal coupling matrices. Consequently, for systems with a band gap larger then
the electron-hole interaction strength, the coupling matrices would be small com-
pared to the diagonal ones. In that case the Tamm-Dancoff approximation [21] to
neglect the coupling matrices is applied. The approximation is justified for most
semiconductors and is employed in our calculations.

From the diagonal matrices that remain, the resonant part contributes to positive
frequencies and the antiresonant part contributes to negative ones. We have now
reduced the problem of solving the Bethe-Salpeter equation to diagonalizing the
Hermitian resonant contribution Hres

(vck),(v′c′k) expressed by the following eigenvalue
equation: ∑

v′c′k′
Hres
vck,v′c′k′ A

λ
v′c′k′ = EλAλvck. (2.93)

2.3.5 The effective electron-hole Hamiltonian

Let us summarize the terms comprising the Hamiltonian. The large diagonal term
consists of the quasi-particle energy differences, two other terms – called the direct
and the exchange terms – stem from the electron-hole interaction kernel (2.69). Us-
ing the relation (2.82) the kernel is reformulated in the quasi-particle basis, with the
expansion coefficients calculated by means of (2.83). Thus, the terms are explicitly
given by:

Hdiag
vck,v′c′k′ = (Eqpck − E

qp
vk) δvv′ δcc′ δkk′ , (2.94)

Hdir
vck,v′c′k′ = −

∫
drdr′ φvk(r)φ∗ck(r′)W (r, r′)φ∗v′k′(r)φc′k′(r′), (2.95)

Hx
vck,v′c′k′ =

∫
drdr′ φvk(r)φ∗ck(r) v̄(r, r′)φ∗v′k′(r′)φc′k′(r′). (2.96)

The direct term Hdir contains the screened Coulomb interaction. Its attractive na-
ture is responsible for the formation of bound electron-hole pairs. The exchange term
contains the bare Coulomb interaction without the long-range part in accordance
with the discussion in Section 2.3.3.
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Then, the Hamiltonian can be written as

Hres = Hdiag + γdirH
dir + γxH

x (2.97)

with the factors γdir and γx letting us distinguish between different levels of ap-
proximation and spin channels. If both factors are set to zero we arrive at the
non-interacting independent particle approximation. By taking into account the
exchange term (γdir = 0, γx = 1) we include the local-field effects. The exchange
term is also important in the context of the spin structure of the Hamiltonian. For
systems with weak spin-orbit coupling compared to the electron-hole interaction the
single-particle states can be classified as spin up or spin down states [36, 22], so that
four subspaces emerge: |v↑c↑k〉 , |v↓c↓k,〉 |v↑c↓k〉 , |v↓c↑k〉. When the matrix elements
of the Hamiltonian between these subspaces are evaluated, one can see that the
Hamiltonian decouples into a spin-singlet and spin-triplet type of solutions. The
spin-singlet type corresponds to the subspace

{
1√
2

(|v↑c↑k〉+ |v↓c↓k〉)
}
, (2.98)

with the Hamiltonian
Hsinglet = Hdiag +Hdir + 2Hx. (2.99)

The triplet configuration is formed by the subspaces
{
|v↑c↓k〉 , |v↓c↑k〉 ,

1√
2

(|v↑c↑k〉 − |v↓c↓k〉)
}
, (2.100)

corresponding to the Hamiltonian

H triplet = Hdiag +Hdir. (2.101)

So the exchange term controls the splitting between singlet and triplet type of so-
lutions.

We apply the different levels of approximation to our calculations and compare
the results in Chapter 4.

2.3.6 Macroscopic dielectric function

Knowing the eigenvalues Eλ and eigenvectors Aλvck of the Hamiltonian He−h the
correlation function (2.87) can be reformulated by means of the spectral theorem as

Lvck,v′c′k′(ω) = −i
∑
λ

Aλvck [Aλv′c′k′ ]∗

Eλ − ω
. (2.102)

In the next steps, the real-space representation of L (Eq. (2.82)) is related to the
polarization P̄ by means of Eq. (2.76), the polarization is transformed to reciprocal
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space, and its G = 0,G′ = 0 component is used in the calculation of the macroscopic
dielectric function (Eq. (2.80)). After taking the limit q → 0 one eventually arrives
at the following expression for the imaginary part of the macroscopic dielectric
function:

Im εM(ω) = 8π2

Ω
∑
λ

∣∣∣∣∣∑
vck

Aλvck
〈vk|p|ck〉DFT

Eqpck − E
qp
vk

∣∣∣∣∣
2

δ(Eλ − ω). (2.103)

where p denotes the momentum operator and Ω the crystal volume. The detailed
discussion of the derivation can be found in [39].
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Chapter 3

The full potential (L)APW+lo
method

3.1 Generalized eigenvalue problem

In this chapter we want to clarify how to solve the Kohn-Sham equations numerically.
There exists a variety of methods to accomplish this task: Functions can be sampled
on a real-space grid or expanded in reciprocal space, one can take all electrons into
account or employ pseudo-potential approximations. The approach implemented
within exciting, an all electron full potential (L)APW+lo method, is among the
most accurate ones. As a basis-set based approach it can be generally outlined as
follows.

The Kohn-Sham wave functions φi are expanded in terms of a basis set {ϕj(r)}
most fitting to the problem at hand:

φi(r) =
∑
j

Cji ϕj(r), (3.1)

with expansion coefficients Cji. Inserting this expansion into the Kohn-Sham equa-
tion (1.24), multiplying the result with ϕ∗l (r) from the left and integrating over r
gives: ∑

j

Hlj Cji = εi
∑
j

Slj Cji, (3.2)

i.e. the Kohn-Sham equations are transformed into a generalized eigenvalue prob-
lem. By Hlj we denote the matrix elements of the single-particle Kohn-Sham Hamil-
tonian h(r) consisting of the kinetic energy operator and the Kohn-Sham effective
potential:

Hlj =
∫

drϕ∗l (r) ĥ(r)ϕj(r). (3.3)

Slj is the overlap matrix arising if the basis set is nonorthogonal:

Slj =
∫

drϕ∗l (r)ϕj(r). (3.4)
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The choice of a basis set is an important one in regards to computational efficiency.
Since we consider crystals, i.e. systems with periodic boundary conditions, plane
waves seem a natural choice. They are orthogonal and analytically easy to handle.
However, in the region of the nuclei electrons are still strongly bound and are best
represented by wave functions of rapidly varying nature similar to the atomic ones.
Consequently, an exceedingly large number of plane waves would be necessary to
describe electrons in the vicinity of the nuclei. A pure plane wave approach is there-
fore computationally impractical. It was Slater [40] in 1937 who first suggested to
augment plane waves by atomic-like functions in the regions of the nuclei establish-
ing the APW (augmented plane wave) approach. The variations of this idea are
nowadays widely used for density-functional-theory problems.

3.2 APW basis

Figure 3.1: Division of the unit cell in the in-
terstitial (I) and and muffin-tin (MT) region

The main idea of APW and related
methods is to divide the crystal in two
regions: the non-overlapping muffin-
tin spheres (MT) centered around the
atoms and the interstitial space (I) in
between. Atomic-like functions are em-
ployed to describe the oscillating nature
of the wave functions inside the muffin-
tin spheres. In the interstitial region
plane waves are most apt to describe the
slow-varying wave functions. The APW
basis set is then written in the following
way:

ϕAPWk (r, εl) =


1√
Ωe

i(k+G)·r r ∈ I∑
α,lm

Aαlm(k + G)ul(rα, εl)Ylm(r̂α) r ∈ MT
, (3.5)

where k denotes a vector within the first Brillouin zone and G a reciprocal lattice
vector. In the muffin-tin region the wave functions are built from radial functions
ul(rα, εl) times spherical harmonics Ylm(rα). rα denotes hereby a vector r−Rα with
Rα as the center of a muffin-tin sphere around the atom α. The radial functions
ul(rα, εl) are determined by solving the radial Schrödinger equation

{
−1

2
∂2

∂r2
α

+ l(l + 1)
2r2

α

+ vKS(rα)− εl
}
rαul(rα, εl) = 0, (3.6)

with the spherical component of the Kohn-Sham potential vKS(rα). The coefficients
Alm,k+G are constructed in such a way that each muffin-tin function matches a
plane wave at the muffin-tin boundary. Thus the plane waves are augmented by the
muffin-tin functions.

36



The Kohn-Sham potential can be handled in different ways. To reduce the
computational cost it is common to apply shape approximations for the potential,
e.g. the exact potential is considered only in the muffin-tin spheres, and in the
interstitial it is set to a constant. Contrary to that approach the full potential (FP)
is taken into account here providing the best possible accuracy for the APW-related
methods. The potential is expanded in a similar way to the wave functions:

vKS(r) =


∑
G
VG eiG r r ∈ I

∑
lm
Vlm(r)Ylm(r̂) r ∈ MT

. (3.7)

The pure APW approach has a significant disadvantage. By construction each
APW function depends on the energies εl through the radial functions ul(rα, εl).
However these are the energies we want to determine by solving the generalized
eigenvalue problem, they are not known beforehand. The problem becomes nonlin-
ear in energy. To solve it one would have to perform multiple consecutive rounds
of diagonalization: Starting with a trial energy for εl the APW basis is built and
Eq. (3.2) is diagonalized. If the obtained eigenvalues differ from εl new trial ener-
gies are taken and the procedure is repeated until both match. This is clearly an
inefficient approach. It is improved by the method called linearized APW (LAPW)
developed by Anderson in 1975.

3.3 LAPW basis

In LAPW, the energies εl enter the calculation as parameters used to construct the
basis that don’t have to be equal to the Kohn-Sham band energies. This is achieved
by expanding the radial functions in a Taylor series around εl up to the linear term:

ul(rα, ε) = ul(rα, εl) + (ε− εl) u̇l(rα, εl) +O[(ε− εl)2]. (3.8)

u̇l(rα, εl) denotes the derivative ∂ul(rα, ε)/∂ε calculated at ε = εl. The error in
the Kohn-Sham wave functions is therefore quadratic in the deviation of the true
eigenvalue from the chosen linearization energy εl. This amounts to an error of
the fourth order in the eigenvalues themselves. So we see that the termination of
the expansion after the linear term still allows us to cover a broad energy region
around the linearization energy because of the high order of the linearization error.
To minimize it εl are typically chosen to lie in the center of the corresponding l-like
band.

Accounting for Eq. (3.8) the LAPW basis is now described by the following
equations:

ϕLAPWk (r, εl) =


1√
Ωe

i(k+G)·r r ∈ I∑
α,lm

[Aαlm(k + G)ul(rα, εl) +Bα
lm(k + G) u̇l(rα, εl)]Ylm(r̂α) r ∈ MT

.

(3.9)
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The new matching coefficients Blm,k+G are determined by requiring that the first
derivatives of the basis functions with respect to r are continuous at the muffin-tin
boundary. The condition for Alm,k+G stated above remains. u̇l(rα, εl) are calcu-
lated by integrating the Schrödinger-like equation obtained after taking the energy
derivative of (3.6):
{
−1

2
∂2

∂r2
α

+ l(l + 1)
2r2

α

+ vKS(rα)
}
rαu̇l(rα, εl) = rα ul(rα, εl) + εl rαu̇l(rα, εl). (3.10)

Furthermore an orthogonality condition is imposed on ul(rα, εl) and u̇l(rα, εl).
LAPWmanages to avoid the nonlinearity problem of APW by removing the band

energy dependence from the basis and consequently making one diagonalization for
a given Kohn-Sham potential sufficient. But this is done at a price of a larger basis
size: the necessity to match the muffin-tin functions and plane waves up to the
first derivative requires a higher plane wave cut-off for the same accuracy as in the
APW method. It is possible to combine the advantages of both approaches in the
APW+lo basis set suggested by Sjöstedt et al. [41].

3.4 APW+lo basis

The idea of APW+lo is to supplement the APW basis (3.5) with local orbitals (lo).
For construction of the APW basis set fixed linearization energies εl are taken. To
improve the variational freedom of the basis and avoid the problem of having to
diagonalize the Hamiltonian several times as described in Section 3.2 local orbitals
are added:

ϕα,lolm (r) =


0 r ∈ I[
Aα,lolm ul(rα, εl) +Bα,lo

lm u̇l(rα, εl)
]
Ylm(r̂α) r ∈ MT

. (3.11)

The radial functions ul(rα, εl) and its energy derivatives are evaluated at the energy
εl of the corresponding APW orbital. The coefficients Aα,lolm and Bα,lo

lm are calculated
by imposing the normalization condition upon the local orbital and by requiring that
it vanishes at the muffin-tin boundary. So the basis size for APW+lo is comparable
to that of APW. Throughout this work the APW+lo method is used.

3.5 Local orbitals for semi-core states

When describing different states of an atom participating in chemical bonding with
neighboring atoms another issue arises. The electrons of the considered atom can be
generally separated into two types. There are those strongly bound to the nucleus
that behave essentially as if they were in a free atom. They are confined to the
muffin-tin spheres and are not involved in chemical bonding. These are called core
electrons. The second type are the valence electrons with an energy lying close to
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the Fermi level. They leak out of muffin-tin spheres and bond with electrons of
other atoms. The corresponding valence states are taken into account during the
construction of the basis (3.9).

For some materials it is hard to draw a clear distinction between the two types.
In particular there are certain states near the core region with a low principle quan-
tum number n that are not wholly confined to the muffin-tin sphere, but have the
same angular momentum l as some valence states with a higher n. Since these so-
called semi-core states can not be accounted for by the same εl as the higher lying
valence states, the question arises how to treat them. The problem is handled by
introducing additional basis functions also called local orbitals [42]. As they are
not the same type of local orbitals as defined in the previous section, we label these
local orbitals by ‘LO’. These are linear combinations of three radial functions: The
LAPW functions ul(rα, εl) and u̇l(rα, εl) and a new function ulLO(rα, εLOl ) that is
determined using the energy parameter εlLO set to the energy of the semi-core state
to be described. So the local orbital added to an atom α for a state with an angular
momentum l has the following form:

ϕα,LOlm (r) =


0 r ∈ I[
Aα,LOlm ul(rα, εl) +Bα,LO

lm u̇l(rα, εl)
+ Cα,LO

lm ul(rα, εLOl )
]
Ylm(r̂α) r ∈ MT

. (3.12)

The coefficients Aα,LOlm , Bα,LO
lm and Cα,LO

lm are chosen such that the local orbital is
normalized and vanishes at the muffin-tin boundary in value and slope. The local
orbital is completely confined to the sphere of atom α. It has zero value in the
muffin-tin spheres of other atoms and in the interstitial.
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Chapter 4

Results

We investigate bulk rutile and anatase TiO2 by means of methodologies outlined in
the preceding chapters. Hereby, the exciting code [2] is used for all computations.
After a short review of the structure of both crystals we present results of ground-
state calculations, the band structure and the optical spectra. As indicated in the
first chapter, the Kohn-Sham ground-state calculations are carried out using two
different types of exchange-correlation potentials: PBE and the hybrid PBE0′. In
the subsequent G0W0 and BSE calculations we investigate whether the excited state
properties are influenced by the choice of the exchange-correlation potential. We
compare the calculated band gaps and optical absorption spectra to the available
theoretical and experimental data.

4.1 Crystal structure

Rutile and anatase are the most common phases of TiO2 to be found in nature. Both
phases crystallize in a tetragonal structure (Fig.4.1). Rutile exhibits a simple tetrag-
onal structure with the lattice parameters a = b = 4.593Å and c = 2.959Å [43] and
belongs to the space group P42/mnm. Anatase is characterized by a body-centered
tetragonal structure with lattice parameters a = b = 3.73Å and c = 9.37Å [44].

Figure 4.1: Unit cells of rutile (left) and anatase
(right) TiO2

The spacial group of anatase is
I41/amd. In rutile phase, TiO2 con-
tains 6 atoms per primitive unit cell,
in the anatase phase there are 12
atoms in a conventional unit cell. In
both phases, the titanium atom is
surrounded by a distorted octahedron
formed by six oxygen atoms. The
TiO6 octahedron shares two edges
with its neighbours in rutile, while
in anatase four edges are shared with
the neighboring octahedra.
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4.2 Ground-state calculations

We proceed by first investigating the convergence of the PBE-based ground-state
calculations with respect to numerical cut-off parameters. Thereupon a structure
optimization of the unit cell is performed with the PBE functional. The obtained
equilibrium structure is used for all subsequent calculations including the PBE0′-
based ones. Let us discuss these steps in more detail.

4.2.1 Ground-state convergence tests

To investigate the convergence behavior of the PBE-based and following that, the
PBE0′-based and G0W0 calculations, we monitor the band gap. The convergence
tests are conducted with respect to the parameters crucial to the accuracy of the
calculation – RGkmax and the k-grid. The first parameter characterizes the quality
of the basis set: It represents the product of the smallest muffin-tin radius R and the
largest k +G vector Gkmax = |k +G|max in the APW+lo basis functions (3.5) thus
implicitly determining the number of basis functions. RGkmax captures the interplay
between the muffin-tin radius and the number of plane waves: A small muffin-tin
radius requires a large number of plane waves to describe the wave functions in the
vicinity of the nucleus outside of the muffin-tin sphere, whereas a smaller number
of plane waves suffices for a big muffin-tin radius.

Let us also remark upon the partitioning of the core and the valence region
within the APW+(lo) method at this point. In oxygen, 1s electrons are treated as
core and 2s 2p electrons as valence electrons. In titanium 1s 2s 2p states are treated
as the core and the 3s 3p 4s 3d states as the valence region.

The k-grid determines the number of Bloch vectors (k-points) entering the cal-
culation. In principle, an infinite number of k-points is needed to describe every
point in the first Brillouin zone. Evaluation of observables such as the total energy
necessitates the calculation of integrals over all k-points. Such calculations are very
demanding, so in practice, the integration is approximated by a sum performed over
a finite number of k-points distributed on a mesh. Some of the k-points are equiv-
alent due to crystal-symmetry considerations, so the calculations can be performed
with a reduced set of k-points in the irreducible part of the Brillouin zone. Semi-
conductors generally require a small number of k-points. The summation over the
Brillouin zone is carried out utilizing the tetrahedron method.

The results of the convergence tests for the Kohn-Sham band gap are presented
in Fig. 4.2 for rutile and anatase. In the case of the k-grid only the number of
k-points in kx direction is shown. We choose the ratio of the number of k-points
in each direction to approximately represent the the ratio of the reciprocal lattice
parameters. Thus, the sampled k-points are distributed in an approximately uniform
way in the unit cell. Then, the mesh nkx × nky × nkz becomes nkx × nkx × 1.5 · nkx
for rutile and nkx × nkx × nkx · 0.4 for anatase.

Guided by the convergence tests we choose RGkmax = 7 for both crystals, which
gives us an accuracy of 0.005 eV. With the muffin-tin radii of 2 Bohr for titanium
and 1.45 Bohr for oxygen, the chosen RGkmax corresponds to 880 basis functions
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Figure 4.2: Convergence behavior of the DFT-PBE band gap for rutile (top) and anatase (bot-
tom) obtained with respect to RGkmax and k-grid represented by the number of k-points in the
kx direction nkx .

for rutile and 2100 basis functions for anatase. In the muffin-tin spheres a spherical
harmonics expansion up to l = 10 is taken into account. For rutile, the k-mesh is
chosen to be 4 × 4 × 6 which corresponds to 24 k-points in the irreducible wedge.
For anatase, the mesh 6× 6× 2 is chosen corresponding to 20 irreducible k-points.

4.2.2 Structure optimization with PBE

Using the initial experimental lattice parameters a structure optimization with re-
spect to the total energy is performed. The optimization process entails alternating
variation of two parameters – the unit-cell volume and the c/a ratio – until the
parameters do not vary within a predefined accuracy, the convergence criteria. Dur-
ing the variation of one parameter the other is kept fixed. In each optimization
step we obtain a number of total-energy data points corresponding to the gener-
ated deformed structures. In the case of volume optimization the Birch-Murnaghan
equation of state is fitted to the total-energy data points to obtain the equilibrium
volume and energy. In the case of c/a ratio optimization a fourth-order polynomial
fit is used for calculating the equilibrium energy and the corresponding strain.

Convergence criteria of 0.01Å3 for the unit-cell volume and 10−4 for the c/a
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ratio are used. After a four step optimization procedure the lattice parameters of
a = b = 4.5991Å and c = 2.9257Å are obtained for rutile and a = b = 3.7268Å and
c = 9.7433Å for anatase. The optimized parameters agree with the experimental
ones to within 1% accuracy. We use the PBE-optimized unit-cell parameters for all
subsequent calculations.

Even though the Kohn-Sham gap does not represent the correct fundamental
band gap, we follow the common practice of discussing it. The rutile band gap
obtained with PBE is 1.99 eV and direct at the Γ-point. The band gap is quite
close to the recently reported DFT-PBE values of 1.88 eV by Landmann et al. [45]
and 1.93 eV by Chiodo et al. [46]. Similar to the observations of Landmann et al.
the local conduction band minima at the high symmetry points M and R lie only
0.04 eV and 0.02 eV, respectively, higher in energy than at the Γ-point. For anatase
the Kohn-Sham band gap is 2.36 eV and also direct at Γ, whereas slightly lower
indirect band gaps of 1.94 eV [45] and 2.15 eV [46] are reported.

4.2.3 Ground state with PBE0′

In PBE0′ calculations we examine the convergence with respect to the k-mesh and
the number of unoccupied states Nunocc that enters the calculation through the exact
exchange by means of Eq. (1.42). We note that in PBE0′ calculations we shift the
k-mesh by a small vector in order to avoid k-points in high-symmetry directions.
This serves to improve the numerical stability and convergence of the calculation.

Figure 4.3: Convergence behavior of the DFT-PBE0′ band gap with respect to the number of
unoccupied states and different k-meshes for rutile (left) and for the k-mesh 3× 3× 1 for anatase
(right).

The convergence tests for the band gap are presented in Fig. 4.3. We have to
use a lower number of k-points in these calculations because of the bad time-scaling
behavior of the exact exchange part. For rutile, we achieve an accuracy of 0.05 eV
with the k-mesh 3 × 3 × 5 and 50 unoccupied states. Then the PBE0′ band gap
has the value of 2.73 eV and it is direct at the Γ point. The Γ-point is still almost
degenerate with M and R points that are 0.03 eV and 0.06 eV higher in energy,
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respectively. This band gap is larger than the PBE one by about 0.7 eV. The result
follows the general tendency of hybrid functionals to increase the band gap compared
to local or semilocal exchange-correlation functionals [62].

For anatase, a full self-consistency field calculation can be performed with the k-
mesh 3×3×1 only. This makes it difficult to estimate the accuracy of the result: The
band gap is converged to 3.21 eV with respect to the number of unoccupied states
for Nunocc = 60 within the accuracy of 0.01 eV, however the k-point sampling causes
larger fluctuations judging from the investigation of rutile. We cautiously assume
that the convergence behavior is similar to the case of rutile, and the accuracy lies
within 0.05 − 0.1 eV. The obtained band gap of 3.2 eV that is direct at Γ looks
reasonable comparing the PBE-PBE′ band-gap shift of rutile (0.7 eV) to that of
anatase (0.9 eV).

4.3 G0W0 calculations

We now address the quasi-particle corrections of DFT energy levels conducted em-
ploying the G0W0 approximation on top of PBE as well as PBE0′ calculations. There
are several computational parameters that are essential to the convergence of the
results. The results are most difficult to converge with respect to the number of
k-points for the Brillouin-zone integration. Further, a summation over the num-
ber of unoccupied states Nunocc is required in the calculation of the self-energy and
polarization. To understand the other parameters, we have to briefly speak of the
basis set in G0W0 calculations. When evaluating the G0W0 equations (2.45)-(2.49)
with the chosen Green function G0 (Eq. (2.50)), products of two Kohn-Sham func-
tions arise. In order to reformulate the equations in a matrix form, these products
are expanded in a so-called mixed basis that is constructed within the APW+lo
framework. The radial functions in the muffin-tin spheres are constructed from
products of APW+lo radial functions. The latter are taken into account up to the
cut-off angular momentum lMB. In the interstitial the mixed basis is constructed
from plane waves. The resulting plane wave expansion is truncated at GMB

max. We
characterize it by the quantity GMB = GMB

max/Gmax with Gmax corresponding to the
APW+lo cut-off for the interstitial basis functions. Thus, the parameters lMB and
GMB determine the quality of the mixed basis set. Another parameter that impacts
the accuracy is Nω, the number of frequency points for the integration over the
frequency axis in the calculation of the self-energy. The integration is carried out
using the Gauss-Legendre scheme where the integral is split into two parts sepa-
rated at ω0. The G0W0 implementation containing a detailed description of these
convergence parameters is given in [32].

The convergence tests for rutile are presented in Fig. 4.4 for the direct band gap
at Γ. For every test the following parameters are used except for the ones being
varied: k-mesh 3 × 3 × 5, Nunocc = 200, lMB = 2, GMB = 0.8, and Nω = 20 with
ω0 = 1 eV. Relatively small values of lMB = 2 and GMB = 0.8 suffice to achieve
the accuracy of 0.01 eV for the mixed basis set, the same applies to Nω = 20 with
ω0 = 1 eV. Similarly Nunocc = 300 and the k-mesh 4 × 4 × 6 suffices for the same
accuracy. Thus, the direct band gap at Γ is 3.26 eV. Interestingly, when using the
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mesh 4× 4× 6 we obtain an indirect band gap of 3.16 eV between the valence band
maximum at Γ and conduction band minimum along the path X→R near point
R. The indirect band gap is 0.1 eV lower than the direct one. We recall that the
PBE and PBE0′ calculations yield almost degenerate conduction band minima at Γ
and R points. Here, we obtain either a direct or an indirect band gap depending on
the k-mesh. Tests for denser k-meshes with otherwise lower parameters show the
following: For the meshes 3 × 3 × 5 and 5 × 5 × 8 a direct band gap is calculated,
the meshes 4× 4× 6 and 6× 6× 9 yield the described indirect band gap. We keep
both values in mind when comparing the band gap to literature values in the next
section.

(a) (b)

(c) (d)

Figure 4.4: Convergence behavior of the direct band gap at Γ for rutile using G0W0 on top of
PBE with respect to Nunocc for different k-meshes (a), the mixed basis parameters GMB (b), and
lMB (c), and the number of points for the frequency integration Nω (d).

The convergence tests for anatase are given in Fig. 4.5 for the direct band gap
at Γ. We performed the tests using the following parameters except for the ones
being varied: k-mesh 6 × 6 × 2, Nunocc = 200, lMB = 2, GMB = 0.8, and Nω = 20
for ω0 = 1 eV. We see that the same mixed basis set and frequency integration
parameters can be taken here as in the case of rutile: lMB = 2, GMB = 0.8, and
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Nω = 20 with ω0 = 1 eV. Taking Nunocc = 350 and the k-mesh 6× 6× 2 we obtain
the band gap of 3.73 eV with the accuracy of 0.07 eV.

(a) (b)

(c) (d)

Figure 4.5: Convergence behavior of the direct band gap at Γ for anatase using G0W0 on top of
PBE with respect to Nunocc for different k-meshes (a), the mixed basis parameters GMB (b), and
lMB (c), and the number of points for the frequency integration Nω (d).

Let us now discuss the G0W0 calculations on top of PBE0′. For implementation
reasons the grids of the PBE0′ and G0W0 calculation have to be the same. Since
the ground-state calculation could be performed only for smaller grids, we run one
self-consistent cycle with a denser grid on top of the converged PBE0′ calculation.
For the mixed basis and the frequency integration parameters the same values are
determined as in the previously discussed calculations. We show the more problem-
atic convergence tests for different k-meshes and Nunocc in Fig. 4.6. For rutile the
indirect band gap between the valence band maximum at Γ and the conduction band
minimum at R with the value of 3.39 eV is obtained. The parameters Nunocc = 300
and the k-mesh 4×4×6 provide the accuracy of 0.05eV. The local conduction band
minimum at the point Γ lies only 0.06 eV higher than at the point R, so once more
we cannot make a definitive statement as to nature of the band gap.

For anatase, the convergence is poor with respect to the k-mesh. By choosing
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Figure 4.6: Convergence behavior of the band gap using G0W0 on top of PBE0′ with respect to
Nunocc and different k-meshes for rutile (left) and anatase (right). In case of rutile, the indirect
band gap between the valence band maximum at Γ and the conduction band minimum at R is
presented, in case of anatase the direct band gap at Γ is shown.

the mesh 6×6×2 the band gap is lowered by 0.5eV compared to the mesh 3×3×1.
Unfortunately, we are unable to use a denser grid since the PBE0′ calculation on a
9 × 9 × 3 mesh is too time-consuming to perform. Still, we expect the value to be
closer to the converged one than 0.5 eV if we compare the results to rutile. G0W0
shifts the band gap of rutile by 0.7 eV from the pure PBE0′ calculation, for anatase
the shift constitutes 0.9 eV.

4.4 Band structure

In this section we summarize the results for the electronic band structure procured on
different theory levels. The results for the electronic band gap of rutile are presented
in Tab. 4.1. To our knowledge, there is no study of electronic structure of rutile or
anatase using the same PBE0′ functional, so we can compare the G0W0@PBE0′
band gap only to experiment.

This work References
PBE 1.99 1.88 [45], 1.93 [46]
G0W0@PBE 3.16(I), 3.26 3.46 [45], 3.59 [46], 3.34(I) [47]
PBE0′ 2.73
G0W0@PBE0′ 3.39(I)
exp. 3.3± 0.5 [48], 3.6± 0.2 [49], 4.0 [50]

Table 4.1: Calculated band gaps in eV for rutile using different functionals compared to theoret-
ical and experimental references. (I) indicates an indirect band gap.

The available experimental data is spread over a broad range. Tezuka et al.
reported a band gap of 3.3 ± 0.5 eV [48] from combined photoemission and brems-
strahlung isochromat spectroscopy measurements. Rangan et al. [49] report a band
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gap of 3.6± 0.2 eV from combined UPS and IPES for the rutile [110] surface. Fur-
thermore a value of 4.0 eV was reported from angle-resolved photoemission experi-
ments [50].

The band gaps at DFT level are considerably lower than the quasi-particle and
experimental ones. This illustrates the effect of the exchange-correlation derivative
discontinuity as well as the deficiencies of the respective exchange-correlation ap-
proximation. Our G0W0@PBE calculations yield a band gap that is 0.2−0.4eV lower
than the references. Direct band gaps by Chiodo et al. [46] and Landmann et al.
[45] are reported as well as an indirect band gap by Kang et al. [47]. The reported
indirect band gap is between the same high symmetry points (Γ and R) as in our
calculation. Seeing that the experimental data lies in a wide range both G0W0@PBE
and G0W0@PBE0′ calculations are in good agreement with the measurements.

Tab. 4.2 summarizes the results for anatase. The is no photoemission data on
the fundamental band gap of anatase. An approximate assessment is nevertheless
possible by considering that the direct electronic gap can not be lower than the direct
optical gap of 3.7− 3.9 eV ([51, 52]). The value of the band gap for G0W0@PBE is

This work References
PBE 2.36 1.94(I) [45], 2.15(I) [46]
G0W0@PBE 3.7 3.73(I) [45], 3.83 (I) [46], 3.56(I) [47]
PBE0′ 3.2
G0W0@PBE0′ 4.1

Table 4.2: Calculated band gaps in eV for anatase using different functionals compared to theo-
retical and experimental references. (I) indicates an indirect band gap.

in good agreement with theoretical data, however in our case the band gap is direct
whereas the reported band gaps are all indirect. Ref.[46, 47] report a band gap
between a point close to X in the valence band and the Γ point in the conduction
band. Our calculation is more in line with [45]: Their valence band maximum is
along the path Γ → M near M, in our calculations this point is only 0.06 eV lower
than the Γ point.

In light of the optical gaps of 3.7 − 3.9 eV the G0W0@PBE gap may be too
small. The G0W0@PBE0′ band gap of 4.1 eV is more in agreement with the data.
Summarizing, we find that both G0W0@PBE and G0W0@PBE0′ prove to yield band
gaps comparable to recent theoretical and experimental data.

In conclusion of this section, we present the quasi-particle band structure of rutile
and anatase in Fig.4.7, along the high symmetry directions in the first Brillouin zone.
The PBE and PBE0′ Kohn-Sham results are included to demonstrate the quasi-
particle shift. For PBE, PBE0′, and G0W0@PBE′ the band structure is plotted
using 100 k-points for each band. The energy values for the k-points are obtained
by a Fourier interpolation scheme using the results of the respective ground-state
or G0W0 calculation. In the case of G0W0@PBE there are too few k-points for the
interpolation to give reasonable results, so we display only these points. The valence
band maximum is used as the zero point for the energy scale as it is located at the
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Figure 4.7: Electronic band structure of rutile (top) and anatase (bottom) along the high sym-
metry directions in the first Brillouin zone on different theory levels.
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Γ-point for each calculation.
The valence states in both phases are predominantly formed of 2p oxygen states

that are partially hybridized with titanium 3d states. The conduction band is mainly
formed by 3d states of titanium. Due to the octahedral-type crystal field the unoc-
cupied Ti 3d states split into two sub-bands: the lower lying threefold-degenerate
t2g-like and the higher lying two-fold degenerate eg-like states.[45].

4.5 Optical absorption spectra

In this section we discuss the macroscopic dielectric function obtained by solving the
BSE. The calculations are conducted on four different levels of theory – based on
PBE, PBE0′, G0W0@PBE and G0W0@PBE0′. The quantities that enter a BSE cal-
culation are the respective quasi-particle energies from G0W0 or Kohn-Sham energies
from DFT calculations and the wave functions known at DFT level.

The most relevant computational parameters we have to converge are the k-mesh
and the number of valence Nval and unoccupied states Nunocc that determine the
size of the BSE Hamiltonian 2.93. The parameters enter the calculation with the
third power if the full Hamiltonian is diagonalized, so the calculation grow extremely
demanding very fast. Furthermore, local-field effects are included by setting a cut-off
parameter |G|max so that the G are selected to lie within the cut-off.

Finally the number of unoccupied states that enter the calculation of the micro-
scopic dielectric function which serves to calculate the screened Coulomb interaction
has to be converged. A Lorentzian broadening of 0.1 eV is used for all spectra in
the summation over the exciton states λ in Eq. (2.103) for the calculation of the
dielectric function in order to smear out effects of the finite k-point sampling. The
k-grid is shifted by a small vector in a direction different from the high-symmetry
directions of the crystal, so that a maximum number of non-equivalent k-points can
be used to achieve a better sampling.

Our results are comprised of the imaginary part of the dielectric function for
the light polarization along the axes a, b and c of the crystal. The spectra along a
and b are equivalent because of the symmetry of rutile and anatase. We will refer
to spectra with the light polarization perpendicular to the c axis as the in-plane
component, and to those with the light polarization parallel to the c axis as the
out-of-plane component.

First we perform convergence tests for different starting points investigating the
singlet channel. The convergence tests with PBE as a starting point are presented in
Fig. 4.8 taking the parameters 4× 4× 6 mesh, Nval = 13, Nunocc = 15 and NG = 63
unless they are varied. Based on the tests we choose the spectra with the mesh
4× 4× 6, Nval = 12, Nunocc = 13 and 63 G vectors. For the screening 20 unoccupied
states are found sufficient.

We do not show the convergence tests for the parameters Nval, Nunocc and NG
when taking the functional PBE0′ and G0W0 calculations as a starting point as they
all exhibit a very good convergence with the PBE values. However, we find that the
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(a) (b)

(c) (d)

Figure 4.8: Convergence tests of the imaginary part of the macroscopic dielectric function for
rutile on top of PBE with respect to the k-mesh (a), number of G vectors (b), number of valence
bands Nval (c) and number of unoccupied bands Nunocc (d). The in-plane component of the singlet
channel is shown.

k-grid sampling is more difficult to converge. The tests are shown in Fig. 4.9 and
Fig. 4.10. For G0W0 the main peak positions and respective oscillator strengths do
not change significantly for both grids. In case of PBE0′ the oscillator strength of
both peaks are greatly increased when going form grid 2× 2× 3 to 3× 3× 5. The
resulting spectrum is comparable to the G0W0@PBE0′ spectrum that is shifted to
lower energies.

Utilizing the obtained computational parameters we compute the macroscopic
dielectric function on different approximation levels of the BSE Hamiltonian as de-
scribed in Section 2.3.5: the independent particle approximation (IP), the random-
phase approximation (RPA) containing local field effects and the singlet and triplet
channels (see Fig. 4.11). As a starting point the quasi-particle calculations are used.
We observe that the optical absorption spectrum for the simplest approximation
– that of the independent electron and hole – yields dramatically different results
compared to the inclusion of excitonic effects. The absorption onset is found at
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Figure 4.9: Convergence test of the imaginary part of the macroscopic dielectric function for
rutile on top of PBE0′ with respect to the k-mesh. The in-plane component of the singlet channel
is shown.

(a) (b)

Figure 4.10: Convergence test of the imaginary part of the macroscopic dielectric function for
rutile on top of G0W0@PBE (a) and G0W0@PBE0′ (b) with respect to the k-mesh. The in-plane
component of the singlet channel is shown.

higher energies (approximately 4 eV), the oscillator strengths are underestimated.
The inclusion of local field-effects in the RPA approximation does not alter the
features significantly. Looking at the singlet result we observe that the attractive
screened Coulomb interaction shifts the spectrum to lower energies by about 1 eV
and redistributes the oscillator strength towards lower energy peaks. The spectrum
is completely altered from the IP and RPA cases. Comparing singlet and triplet
we find no significant changes for G0W0@PBE. In case of G0W0@PBE0′ the second
peak is shifted to slightly lower energies for the triplet channel.

In the following we are interested in the singlet channel, since we can compare
it to theoretical and experimental data in the literature. Let us first discuss the
singlet spectra calculated from different starting points in Fig.4.12. It is evident that
the absorption edge is shifted in energy according to the band gap value produced
by different starting points. Going from PBE0 to G0W0@PBE0′ we see that the
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(a) (b)

Figure 4.11: Imaginary part of the macroscopic dielectric function for rutile using different
approximation levels for the BSE Hamiltonian with G0W0@PBE (out-of-plane component) (a)
and G0W0@PBE0′ (b) (in-plane component) as starting points.

(a) (b)

Figure 4.12: Imaginary part of the macroscopic dielectric function for rutile on different theory
levels for the in-plane (a) and out-of-plane (b) components. The singlet channel is shown.

oscillator strength of the first peak is greatly reduced, especially in the case of
in-plane polarization. The oscillator strength is redistributed in such a way that
a clear absorption edge is not visible, instead we observe the formation of several
small features before the first main absorption peak. We presume that the artifact is
mostly related to the G0W0 band energies and the insufficiency of the interpolation
algorithm between the calculated k-points. Going from PBE0′ to G0W0@PBE0′
does not reduce the oscillator strength significantly, the shape of the spectrum is
mostly preserved.

As a next step we compare the spectra @G0W0 to the available theoretical and
experimental data. G0W0@PBE0′ is generally in better agreement with the exper-
imental data than G0W0@PBE. The absorption edge of the first excitonic peak at
about 3.5 eV is reproduced well by G0W0@PBE0′ for both components. Slight devi-
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ation of the peak position of about 0.2− 0.3 eV is observed in the direction of lower
energies whereas other theoretical data tend to shift the peak to higher energies.
The differences in the calculated band gap are responsible for this variation. For

Figure 4.13: The in-plane (top) and out-of-plane (bottom) components of the imaginary part of
the macroscopic dielectric function for rutile compared to theoretical spectra calculated by Chiodo
et al. [46], Landmann et al. [45] and Kang et al. [47]. The experimental data is taken from
Cardona et al. [53].

the in-plane component the peak intensity is perfectly reproduced by G0W0@PBE0′,
and underestimated by G0W0@PBE. In the out-of-plane polarization all of the the-
oretical data predict lower intensity than seen in the experiment. Furthermore, the
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theoretical data predict a second major peak in the higher energy region above 6.5eV
that is not resolved in this intensity by the experiment. However, more recent ex-
perimental data by Tiwald et al. [54] indicate the existence of the major peak at
∼ 8 eV for both polarizations [45], so the experimental data is controversial on that
account.

We now turn to the absorption spectra of anatase. The convergence tests for the
singlet channel with PBE as a starting point are presented in Fig. 4.14 taking the
parameters 6 × 6 × 2 mesh, Nval = 23, Nunocc = 22 and NG = 119 unless they are
varied. 30 unoccupied states are taken into account for the screening. Based on the
tests we choose these parameters for further calculations.

(a) (b)

(c) (d)

Figure 4.14: Convergence tests of the imaginary part of the macroscopic dielectric function for
anatase on top of PBE with respect to the k-mesh (a), number of G vectors (b), number of valence
bands Nval (c) and number of unoccupied bands Nunocc (d). The out-of-plane component of the
singlet channel is shown in (a), (b)-(d) present the in-plane components of the singlet channel.

The convergence test for G0W0@PBE with respect to the k-grid is shown in
Fig. 4.15. The are still some differences concerning the intensity distribution when
going to the denser grid, however the major shape does not change.
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Since the necessary ground-state PBE0′ calculation could not be performed on
the grid 6× 6× 2 we have to take the grid 3× 3× 1 for PBE0′ and G0W0@PBE0′
keeping in mind that it is not well converged.

Figure 4.15: Convergence test of the imaginary part of the macroscopic dielectric function for
anatase on top of G0W0@PBE with respect to the k-mesh. The out-of-plane component of the
singlet calculation is shown.

Let us look at the different approximation levels of the BSE Hamiltonian in
Fig. 4.16 using the quasi-particle calculations as a starting point. As in the case

(a) (b)

Figure 4.16: Imaginary part of the macroscopic dielectric function for anatase using different
approximation levels for the BSE Hamiltonian with the G0W0@PBE (a) and G0W0@PBE0′ (b) as
starting points both in the out-of-plane polarization.

of rutile the spectrum is overall changed by including the excitonic effects. The
shift of the absorption edge to lower energies in singlet and triplet channels and the
appearance of a sharp peak at 4eV indicate a large excitonic effect. When comparing
IP and RPA approximations we observe that the local-field effects have a noticeable
effect in the higher energy part of the spectrum starting from ∼ 8eV: They shift the
oscillator strengths to higher energies. The same effect is found comparing singlet
and triplet channels. The triplet peak above ∼ 7 eV is blueshifted by ∼ 0.8 eV. The

56



comparison of the independent-particle and the drastically changed full interacting
BSE spectrum prove the need to include excitonic effects in our calculations.

The comparison of singlet spectra from different ground-state starting points is
depicted in Fig. 4.17. Once more we observe the shift of the absorption edge corre-
sponding to the respective band gap. A sharp absorption onset is found at 3.5eV and
3.8 eV in the in-plane component for G0W0@PBE and G0W0@PBE0′, respectively.
For the out-of-plane component the first peak coincides for the quasi-particle calcu-
lations at 4 eV and the higher lying ones differ only in the oscillator strength. The
intensity is slightly lowered going from PBE0′ to G0W0@PBE0′ calculation for both
components. Going from PBE to G0W0@PBE calculation the intensity remains the
same or is even increased.

(a) (b)

Figure 4.17: Imaginary part of the macroscopic dielectric function for anatase on different theory
levels for the in-plane (a) and out-of-plane (b) components. The singlet channel is displayed.

Comparing the quasi-particle spectra to the experimental results for the out-
of-plane polarization we see that the positions of the peak at the absorption edge
at 4 eV as well as the higher energy peak at ∼ 8 eV are remarkably well-described
by both G0W0@PBE and G0W0@PBE0′. However, the intensity of both peaks
are overestimated which is also the result of theoretical curves in the literature.
Comparing the in-plane components, only G0W0@PBE0′ matches the experimental
absorption onset exactly, the G0W0@PBE spectrum is slightly redshifted by 0.3 eV.
However, G0W0@PBE gives correct oscillator strength, whereas the intensity of the
first broad peak is underestimated by G0W0@PBE0′. The second peak in the energy
region 7− 8 eV is reproduced energetically, but the intensity is overestimated by all
presented theoretical spectra.

To summarize, the results indicate for both phases two absorption peaks that
can be either sharp or broad: The first is located at the absorption onset and the
second above 6.5 eV. The distribution reflects the interband transitions from the
valence band to crystal-field split conduction bands. The energetically lower peak
corresponds to transition from the valence band into the t2g sub-band and the higher
peak corresponds to transitions into the eg sub-band. The results indicate that the
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electronic band gap as well as the optical transitions are mostly well-described by
the many-body effects.

Figure 4.18: The in-plane (top) and out-of-plane (bottom) components of the imaginary part
of the macroscopic dielectric function for anatase compared to theoretical spectra calculated by
Chiodo et al. [46], Landmann et al. [45] and Kang et al. [47]. The experimental data is taken
from Hosaka et al. [55].
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Conclusions and outlook

In the present work we have investigated the electronic and optical properties of
rutile and anatase phases of TiO2. The fundamental band gaps obtained by G0W0
quasi-particle corrections were found to be generally in good agreement with the
available theoretical data. Due to the wide range or a lack of experimental data, we
can not determine whether the G0W0@PBE or the G0W0@PBE0′ approach performs
better as a starting point. Using the hybrid PBE0′ functional as a starting point
yields larger band gaps, the energy differences are about 0.2 − 0.4 eV compared to
the PBE starting point. This has a direct influence on the absorption edge of the op-
tical spectrum. We observed that the G0W0@PBE0′ spectra are mostly blueshifted
compared to the G0W0@PBE ones. Ideally, the application of MBPT should yield
band structures independent of the ground-state starting point. However, it is not
possible considering the approximations made in the derivation of G0W0. An im-
provement upon the situation may be achieved by performing a self-consistent or a
partially self-consistent GW calculation and taking the neglected terms of the vertex
function into account. This would come at a significantly increased computational
cost.

The qualitative features of experimental absorption spectra could be reproduced
employing both exchange-correlation potentials. There are, however, quantitative
differences concerning peak intensities and positions for both phases and light polar-
izations. The differences in the band structure attribute strongly to these deviations.
We also take into account that some PBE0′ calculations could not be well converged
due to the computation time. Very good convergence with respect to the k-grid
could not achieved in all cases as the size of the BSE eigenvalue problem constitutes
a bottleneck of the computation.

A further significant issue that may attribute to quantitative differences between
our results and the experiment is the neglect of the electron-phonon coupling present
in the experimental spectra. The excited-states calculations are conducted on a
frozen lattice so that no possible relaxation effects are accounted for. Forces shall
be implemented within BSE formalism in future research.

Currently we research a conceptually different approach to determine the opti-
cal properties of materials, the so-called constrained density functional theory. The
goal is to obtain optical excitations without having to invoke the computationally
expensive machinery of the many-body perturbation theory. Within this method,
we attempt to manipulate the occupation numbers of Kohn-Sham orbitals in a way
that emulates a neutral excitation. The idea is to account for the electron-hole ef-
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fects through the constraint of occupation numbers on DFT level, and subsequently
perform the calculation of the dielectric function in the independent-particle approx-
imation. In the best case scenario individual excitons would be accessible through
this procedure.
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