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Abstract

Finding out the elastic properties of materials is essential for their use in many tech-

nological applications. In this thesis, we compute the second-order elastic constants

of perovskite materials. For this, we make use of Kohn-Sham density-functional

theory (DFT) within the exciting code [1] which applies a linearized augmented

plane wave + local orbital (LAPW+lo) basis. Our calculations are carried out

using the ElaStic tool [2]. We employ a selection of exchange-correlation func-

tionals, starting from the local-density approximation (LDA) and going up Jacob’s

ladder [3] of complexity to hybrid functionals like the Heyd–Scuseria–Ernzerhof func-

tional (HSE). This thesis presents a purely theoretical approach, without relying on

empirical data. The results are compared with the available experimental values.

Our workflow starts with an initial structural relaxation, followed by a convergence

study of the necessary input parameters, including rgkmax, ngridk, and gmaxvr,
to achieve a numerical precision below 1 Gigapascal and down to 0.1 Gigapascal in

some cases.
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Introduction

Crystals show a specific elastic response when stress is applied to them, for instance,

a change in volume or shape of the unit cell. The elastic properties of a material

describe this elastic response. This quantitative knowledge can be applied to the

manufacturing of semiconductors [4] and biomedical materials [5]. Elastic constants

of a material give us insight into its stability, stiffness, and anisotropy. In particular,

the second-order elastic constants (SOECs) are of high importance, as they define

the linear elastic response and allow the derivation of material parameters such as

the bulk modulus and shear modulus, which are essential for predicting the behavior

of the crystal under relatively low pressure.

Perovskite materials are very versatile crystal systems due to their highly tunable

structural, electronic, and mechanical properties [6]. They show high flexibility,

enabling the integration of cations and anions to tune conductivity for applications

in photovoltaics and superconductor technology [7]. Their formula is ABX3, where

X is taken by oxygen for most structures [8].

First-principles (ab initio, meaning not derived from experiments) calculations

based on density-functional theory (DFT) have become essential in the theoretical

research around material properties, achieving good predictions that avoid empirical

parameters as input entirely. The exciting code [1] is a full-potential all-electron

implementation of the linearized augmented plane wave + local orbital (LAPW+lo)

method. By using it to find the energies of crystal structures for different strains,

this thesis aims to calculate the second-order elastic constants and the elastic tensor

of selected perovskite materials: Barium stannate (BaSnO3) and caesium lead iodide

(CsPbI3) in the cubic crystal structures and lanthanum indium oxide (LaInO3) in

the orthorhombic crystal structure.

The computational workflow of this study begins with structural relaxations

to obtain equilibrium geometries with no residual forces. For this, the Birch-

Murnaghan equation of state (BM-EOS) is used, an established model for describing

the equation of state of solids [9]. Then, a convergence analysis of fundamental com-

putational parameters, including rgkmax, ngridk, and gmaxvr, is made to achieve

accurate values for the elastic constants and sufficient numerical precision. The elas-
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tic tensor is derived through applying small deformations to the optimized structure,

then performing exciting calculations, and analyzing the resulting energy-strain

relations with polynomial fits. For this, we use the ElaStic tool [2] for exciting.
The computed data will be uploaded to the NOMAD repository [10] to serve as

benchmark data for future studies.

The structure of this thesis is as follows: Chapter 1 presents a theoretical overview

of elasticity and Kohn-Sham DFT. Chapter 2 introduces the perovskite materials

investigated in this study. Chapter 3 deals with the computational methodology

and the several convergence criteria. Chapter 4 presents the results and gives a

comparative analysis. Finally, we summarize the findings and give an outlook.
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Chapter 1

Theoretical background

Here, we give a compact overview of the theoretical background that is necessary

to understand the calculations performed in this thesis. First, we look at the the-

ory of elasticity in solids and introduce the elastic constants and how to compute

them. Then, we briefly discuss the theory that allows the explicit calculation of the

total elastic energy of a crystal, density-functional theory (DFT). In particular, we

mention the exchange-correlation functionals that are used in this work.

1.1 Theory of elasticity

In order to investigate the deformation of a crystal, we introduce the mathematical

framework to describe it accurately. What interests us is the relation between the

stress σ—a generalization of the concept of pressure that is applied on a solid—and

the strain ϵ, which describes the resulting change in volume or shape of the solid the

stress was applied to. Simplified, stress is equal to the external forces on the solid

per unit area [11]: σ = F/A. This work focuses on linear elasticity, which assumes

that the strain ϵ and stress σ are directly proportional by a constant, the elastic

constant C,

σ = C · ϵ . (1.1)

This is valid for small deformations, where the solid returns to the equilibrium

structure once the stress is relieved [12]. It is Hooke’s Law of elasticity. The goal

of this section is to arrive at a more generalized expression for this relation in

3 dimensions—accounting for the symmetry of the crystal—that we can later use to

compute its elastic constants.
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Figure 1.1: The unit cell of a 2 dimensional solid is stretched horizontally. The vectors X

and x point to the position of a single atom in the lattice before and after the deformation.

In order to map out the strain, we look at a 2 dimensional solid as an example, see

Figure 1.1. IfX is the vector denoting the position of an atom of the crystal structure

in space, then this point will shift to a new position x after a deformation has taken

place. This transformation can be described with the deformation matrix J , which

consists of the identity matrix 1 and the so-called physical strain matrix ϵ:

x = J ·X = (1 + ϵ) ·X . (1.2)

The physical strain ϵ takes the form of a symmetric 3×3 matrix. In 2 dimensions it

would be a 2×2 matrix:

ϵ =


ϵxx ϵxy ϵxz

ϵxy ϵyy ϵyz

ϵxz ϵyz ϵzz

 ; ϵ
2D
=

 ϵxx ϵxy

ϵxy ϵyy

 . (1.3)

The deformation that can be seen in Figure 1.1 is a uniaxial deformation (along one

axis only). This can be achieved with the following ϵ matrix:

ϵ =

 ϵxx 0

0 0

 . (1.4)

Other types of strain include expansions/compressions or shear strains which can

be seen in Figure 1.2 in 2 dimensions.
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Figure 1.2: Different kinds of deformations/strains that can be applied to a material.

The physical strain is not thermodynamically invariant under translations and

rotations. To ensure thermodynamic invariance, we need to define a new type of

strain by looking at the difference in the norm of a line element in the solid before

(|dX|) and after (|dx|) the deformation [13]:

|dx|2 − |dX|2 def
= 2 dX · η · dX . (1.5)

This new kind of strain, η in Eq. (1.5), is the so-called Lagrangian strain. Now,

drawing from Eq. (1.2) we can use:

dx = J · dX , (1.6)

and obtain the following:

dX · JTJ · dX − dX · dX = 2 dX · η · dX . (1.7)

Here we can identify η =
(
JTJ − 1

)
/2 and with J = JT = 1 + ϵ we find the following

expression for the Lagrangian strain in terms of ϵ :

η = ϵ+
1

2
ϵ2 . (1.8)

If the strain ϵ is sufficiently small, then η ≈ ϵ. Also, it follows directly from Eq. (1.8)
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that η too is a symmetric 3×3 matrix:

η =


ηxx ηxy ηxz

ηxy ηyy ηyz

ηxz ηyz ηzz

 . (1.9)

To reduce complexity it is advisable to employ the Voigt notation [11] which uses

only the six independent components and arranges them into a vector:

η
def
= (ηxx, ηyy, ηzz, 2ηyz, 2ηxz, 2ηxy) = (η1, η2, η3, η4, η5, η6) . (1.10)

The entries of the off-diagonal part of the matrix appear twice in the vector because

they also appear twice in the matrix, making notation easier for summations. For

the rest of this thesis, we use the Voigt notation.

The external forces acting upon the material must be cancelled out exactly by

internal forces in the opposite direction, otherwise the crystal would not reach a new

equilibrium position. These internal forces must come with a change in the potential

energy per equilibrium crystal volume ∆Ẽ = ∆E/V0. To express this elastic energy

density Ẽ = E/V0 as a function of strain, we expand the energy into a Taylor series

in terms of the Lagrangian strain (using the Voigt notation). The reference position

for the expansion is the equilibrium—here all forces are absent, the stress is zero.

The expansion reads as follows:

Ẽ(η) = Ẽ(η = 0)

+
6∑

i=1

∂Ẽ

∂ηi

∣∣∣∣
η=0

ηi

+
1

2

6∑
i=1

6∑
j=1

∂2Ẽ

∂ηi∂ηj

∣∣∣∣
η=0

ηi ηj

+
1

6

6∑
i=1

6∑
j=1

6∑
k=1

∂3Ẽ

∂ηi∂ηj∂ηk

∣∣∣∣
η=0

ηi ηj ηk + O(η4) .

(1.11)

Here, Ẽ(η = 0) is the energy in equilibrium. The term ∂Ẽ/∂ηi |η=0 is the change

of energy at zero strain—at the minimum of the energy-strain curve—and has to

vanish because of the equilibrium condition for the reference system. The constants

appearing in the second-order term of the expansion are the second-order elastic

constants (SOECs):

Cij =
∂2Ẽ(η)

∂ηi∂ηj

∣∣∣∣
η=0

. (1.12)
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The SOECs describe how much the energy changes when applying a strain in a

small region around the reference equilibrium configuration. They are related to the

curvature of the energy-strain curve at zero strain, hence, they describe how much

energy has to be put into the system to achieve a certain deformation, meaning that

they are indicators of the stiffness of a solid. The elastic constants of higher order

can be found in the higher-order terms in the expansion. This thesis studies only

the SOECs, thus we ignore the other terms in Eq. (1.11) and arrive at the following

change in elastic energy due to deformation, using the Einstein notation:

∆Ẽ(η) =
1

2
Cij ηi ηj . (1.13)

Looking at the derivative of this expression:

∂Ẽ(η)

∂ηi
= Cij ηj , (1.14)

we find the same structure as in Eq. (1.1). Thus, Eq. (1.14) can be considered the

3 dimensional analogue of Eq. (1.1) using Lagrangian instead of physical strain.

However, we note that when using physical strain the values for the SOECs are

actually identical. One can verify this by putting the definition of Lagrangian strain

in Eq. (1.8) into the expansion in Eq. (1.11). Since the linear term vanishes the

prefactor in the order of ϵ2 will still be Cij. This only applies for the second-order

elastic constants and not for higher-order terms [14].

The constants Cij are the components of the elastic tensor C. In Voigt notation

this is a 6×6 matrix:

C =



C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66


. (1.15)

The diagonal components C11, C22, and C33 refer to the uniaxial deformations in

the x-, y-, and z-direction, respectively. The components C44, C55, and C66 refer to

the stiffness of the material for pure shear distortions. The off-diagonal components

refer to the coupling of different directions: How great the tendency of the material

is to expand or contract in a direction perpendicular to the direction the original

strain was applied in. Just as well the material could show a shear stress in direc-

tions different from the direction of the strain. The tensor being symmetric is then
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equivalent to saying that the applied deformation and the resulting stress in other

directions are exchangeable. High values of the elastic constants are a sign of stiff

materials, while lower values are a sign of soft materials. This becomes obvious by

looking at the Hooke’s law of elasticity in Eq. (1.1): The higher C, the higher the

necessary stress σ to achieve the same strain ϵ.

For an actual crystal, the present crystal symmetry allows us to further simplify

this matrix. For instance, in a crystal with cubic symmetry the tensor C only

consists of three independent non-zero components C11, C12, and C44 [15]. The

elastic tensor in this case is:

C =



C11 C12 C12

C12 C11 C12

C12 C12 C11

C44

C44

C44


, (1.16)

where an empty entry means that the corresponding Cij vanishes. Any zero com-

ponent indicates that the respective deformations are entirely decoupled, one does

not influence the other.

1.2 Computation of elastic constants

In order to calculate the elastic constants, we first need to obtain the energy of the

crystal as a function of deformation. The next sections will deal with this problem.

Now, assuming that we already have this information (meaning the curvature of the

energy-strain curve at zero strain during a given type of deformation), we still have

to determine to which combination of the Cij these curvature values correspond. In

general, the curvature is a certain linear combination of the SOECs in Eq. (1.15),

depending on the crystal structure and the distortion.

For simplicity, we take a cubic crystal structure as an example, reducing the

number of SOECs to three. Inserting the values from Eq. (1.16) into Eq. (1.13), the

change in the energy density after distortion, yields:

∆Ẽ =
1

2
C11

(
η21 + η22 + η23

)
+C12 (η1 η2+η1 η3+η2 η3)+

1

2
C44

(
η24 + η25 + η26

)
. (1.17)

Let us assume the distortion is the isotropic volume deformation shown in Figure 1.2.
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The Lagrangian strain corresponding to this deformation is:

η = (η, η, η, 0, 0, 0) , (1.18)

where η is a parameter determining the size of the strain. Plugging this into

Eq. (1.17), we get:

∆Ẽ =
3

2
(C11 + 2C12) η

2 . (1.19)

This allows us to identify the linear combination of SOECs that describes the energy

curvature for an isotropic expansion around the reference equilibrium configuration.

In this expression one can identify the so-called bulk modulus for cubic systems

B = (C11 + 2C12)/3, describing the necessary change in external isotropic pressure

to lead to a certain change in volume of the sample.

If we now repeat the steps of Eqs. (1.18) to (1.19) for two other distortions, then

we have a linear system of three equations which will be enough to calculate the

three independent elastic constants C11, C12, and C44. The number of distortions we

have to compute the energies for is always the same as the amount of independent

constants in the elastic tensor C for the system.

1.3 The total energy of a crystal

As seen in the previous paragraphs, the main ingredient for the computation of the

elastic constants is the total energy of a crystal—a stationary system of Nn nuclei

and Ne electrons—as a function of deformation. In principle, what we would have to

do is to solve the time-independent Schrödinger equation (without external fields):

Ĥ Ψ(r, R) = E Ψ(r, R) , (1.20)

where Ĥ is the Hamiltonian of the system and Ψ(r, R) is the eigenstate with the

corresponding eigenvalue E . Ψ(r, R) represents the wave function of the system of

all nuclei and electrons and thus depends on two sets of variables: The coordinates

of the electrons r = {r1, ..., rNe
} and the nuclear coordinates R = {R1, ..., RNn

}. The
Hamiltonian Ĥ consists of the kinetic energies and the potential energies that result

from Coulomb forces between the nuclei and electrons:

Ĥ(r, R) = T̂n(R) + T̂e(r) + V̂nn(R) + V̂ee(r) + V̂en(r, R) , (1.21)

where T̂ is the kinetic energy operator and V̂ is the electrostatic Coulomb poten-

tial with the subscripts specifying between which charged particles, (n) for nuclei

and (e) for electrons. For our purposes, we do not need to solve the full problem
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with 3Nn + 3Ne degrees of freedom, which anyway would be an impossible task for

complex systems.

To simplify the problem, we employ the Born-Oppenheimer approximation [16],

which assumes that, due to their highly different masses, nuclei and electrons are

moving on highly different time scales, making it possible to treat their wave func-

tions separately. Using the Born-Oppenheimer approximation, and assuming that

the nuclei are clamped at their positions R, we can evaluate the total energy of our

system of electrons and clamped ions by solving the Schrödinger equation for the

electronic Hamiltonian Ĥe only (note the changes in notation):

Ĥe(r) = T̂e(r) + V̂en(r) + Vnn + V̂ee(r)

def
= T̂ + V̂ + Ŵ ,

(1.22)

where the dependence on R is parametric only and Vnn is just a constant offset. The

Schrödinger equation reads:

Ĥe φ(r) = Etot φ(r) , (1.23)

where Etot is the ground-state (GS) energy of the electronic system and φ(r) is the

electronic wave function. From now on, we focus on the GS solution of Eq. (1.23).

1.4 Density-functional theory

In an effort to further reduce complexity in the determination of the solution of

Eq. (1.23), the idea of density-functional theory (DFT)1 is to use the electron density

n(r) as a main quantity instead of a wave function dependent on the coordinates of

every electron. This drastically reduces the degrees of freedom from 3Ne to just 3.

That choice is justified by the Hohenberg-Kohn theorem [17], which states that the

GS energy of a system of interacting electrons, EGS, can be written as a functional

of the electron density:

EGS = E[nGS] . (1.24)

The goal now would be to find the exact form of this energy functional. We can

write in the Dirac notation:2

E[n] = ⟨φ[n] | Ĥe |φ[n]⟩ = T [n] + V [n] +W [n] . (1.25)

1For our description, we roughly follow Ref. [11], where a more detailed explanation of density-

functional theory can be found.
2The existence of this expression is not trivial, since n here is a general density as opposed to

the GS density nGS. The question whether the energy can be written as a functional of a general

density is a question that research around v-representability [18] is concerned with. However,

in most cases we can assume that E[n] exists for a density that is normalized to the number of

electrons Ne.
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The problem is that we do not know how to express T [n] and W [n] in terms of the

density. In other words, the forms of the functionals T [n] and W [n] are unknown.

The solution proposed by Kohn and Sham [19] is to split this expression into parts

that are in fact known and a part that accounts for the difference (Exc[n]). For the

known part a fictional system of independent non-interacting electrons is assumed.

E[n] = T0[n] + V [n] + EH[n] + Exc[n] . (1.26)

Here, V [n] is the external potential energy:

V [n] = ⟨φ[n] | V̂ |φ[n]⟩ =
∫
d3r n(r) v(r) , (1.27)

which is the integral over all the contributions of the Coulomb energies of the nuclei

in the material, v(r) =
∑Nn

ν=1 (Zν/|r −Rν |) + Vnn (where Zν is the respective nuclear

charge). It can be expressed with an explicit dependence on n(r) as a continuous

analogue of electrons feeling the nuclear potential at positions r.

EH[n] is the so-called Hartree energy:

EH[n] =
1

2

∫∫
d3r d3r′

n(r)n(r′)

|r − r′|
. (1.28)

This term describes the electrostatic energy of an electron density n(r). It is a part

of the interaction energy of electrons W [n], but it is not quantum-mechanical in

nature and therefore misses the exchange effects and the correlation of electrons

with each other as particles.

T0[n] is the kinetic energy of a system of single non-interacting electrons:

T0[n] = −
occ.∑
i

∫
d3r φ̃∗

i (r)
∇2

2
φ̃i(r) , (1.29)

where φ̃i(r) is an independent electron state. Note that the dependence on the

density here is still just implicit. One can only compute this value by knowing the

wave functions φ̃i(r). It is important to remember that these electrons carry no

physical meaning, the interaction operator Ŵ is zero for them. Yet they reproduce

the same energy as the system of interacting particles, simply because this is the

condition on which the extra term in Eq. (1.26), Exc[n], was defined. This term is

called the exchange-correlation functional. It includes all that was neglected by this

description, namely:

• exchange energy—arising from the antisymmetry of the wave function accord-

ing to the Pauli exclusion principle [20].
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• correlation energy—including the effects of electron-electron coupling arising

from the repulsion of particles with the same charge and also dynamical effects

depending on the movement of electrons.3

The contents of Exc[n] are unknown though and have to be approximated. In Sec-

tion 1.5 the approximations used in this thesis are presented.

Now, by the variational principle [11], if there exists a GS density nGS then it has

to be the one that minimizes the energy functional:

E[n] > E[nGS] = EGS, ∀n ̸= nGS . (1.30)

In order to find nGS we apply a constrained minimization of E[n], demanding that

the wave functions φ̃i(r) satisfy the orthonormality condition,

δ

δn

{
E[n]−

∑
i,j

λij
(
⟨φ̃i|φ̃j⟩ − δij

)}
= 0 , (1.31)

where λij are the Lagrange multipliers. Having performed the minimization,4 one

ends up with the Kohn-Sham (KS) equation [19]:[
− 1

2
∇2 + v(r) + vH(r, [n]) + vxc(r, [n])

]
ϕi(r) = εi ϕi(r) , (1.32)

where the ϕi(r) are the non-physical KS states with respective single-particle energy

eigenvalues εi, v(r) describes the external potential from Eq. (1.27), vH is the Hartree

potential:

vH(r, [n]) =
δEH[n]

δn
=

∫
d3r′

n(r′)

|r − r′|
, (1.33)

and vxc is the exchange-correlation potential:

vxc(r, [n]) =
δExc[n]

δn
. (1.34)

By solving Eq. (1.32) for the ϕi(r) the GS density can be computed:

nGS(r) = 2
occ.∑
i=1

|ϕi(r)|2 . (1.35)

This is simply the probabilities of finding an electron at position r of the KS wave

functions summed, since they are independent of one another. In principle the basis

3This also accounts for the difference of the non-interacting kinetic energy T0[n] and the inter-

acting kinetic energy [21].
4The full procedure can be found in Ref. [11].
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set of KS states is infinite, but the sum runs just over the occupied states. The 2 in

front of the sum accounts for the fact that every state can contain two KS electrons,

one with spin-up and one with spin-down. This density is normalized to the number

of electrons in the system Ne because of the orthonormality constraint from above:5∫
d3r nGS(r) = 2

occ.∑
i=1

∫
d3r |ϕi(r)|2 = 2

occ.∑
i=1

1 = 2Nocc. = Ne . (1.36)

With the help of Eq. (1.32) we can now find the energetic ground state. How-

ever, the effective potential in this equation, namely the Kohn-Sham (KS) potential

vKS(r, [n]) = v(r) + vH(r, [n]) + vxc(r, [n]), is still a functional of the density n which

in turn depends on the ϕi(r). This means that the problem must be solved iter-

atively: By first making an educated guess for nGS which will be inspired by the

external potential v(r), then using this density to construct a vKS. Then, Eq. (1.32)

is solved using this potential and the resulting KS states correspond to the config-

uration with the lowest energy in this trial potential. Then via Eq. (1.35) a new

density is constructed which will be a better estimate for the true nGS than the one

we started with. This process is repeated until self-consistency is reached, meaning

when the changes in density fall below a certain tolerance value. So finding the GS

becomes a problem of numerical convergence. When it is reached, the energy we

were looking for at the start of this section can be found by calculating Eq. (1.26).

1.5 Exchange-correlation functionals

There are several functionals we can choose to approximate Exc[n] in Eq. (1.26) with

varying computational cost and precision. They generally use as a starting point

the exact expression [14]:

Exc[n] =

∫
d3r exc

(
r, [n]

)
, (1.37)

where exc(r, [n]) is the exchange-correlation energy per crystal volume. We can

split this up into the energy per particle εxc(r, [n]) multiplied by the particles per

volume [14], in other words the electron density n(r), and obtain:

Exc[n] =

∫
d3r n(r) εxc

(
r, [n]

)
. (1.38)

5The minimization Eq. (1.31) was diagonalized by employing a new rotated basis set ϕ (see

Ref. [11]), as opposed to the φ̃ we started with. In this diagonalized equation the Lagrange

multipliers take the form of energy eigenvalues for the KS states. Because this was a unitary

transformation the orthonormality of the wave functions still holds.
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Now we are looking for ways to approximate εxc(r, [n]). This is a non-local term

in the sense that its value at a single point r depends on all the values of n(r′) for

any r′ in the crystal volume.

1.5.1 The local-density approximation

The simplest functional is the local-density approximation (LDA) [19]. It assumes

the energy per particle of a uniform electron gas (UEG). The exchange part of

this functional is analytically known [11]: εUEG
x [n] = −3/4 · (3/π)1/3 · n(r)1/3, the

correlation part εUEG
c [n] is known by numerical methods that calculate the total

energy directly for the electron gas and then subtract from this result the analytically

known external potential, the kinetic energy, and the Hartree energy of this simple

system [22]. Both only depend on the electron density n(r) at point r, so we can

write Eq. (1.38) as:

ELDA
xc [n] =

∫
d3r n(r) εUEG

xc

(
n(r)

)
. (1.39)

This is strictly local, since it only depends on the electron density at the point r, so

no long-range correlations are included. In principle, this is a very crude approxi-

mation. But it turns out that εUEG
x and εUEG

c compensate each other in such a way

that structural properties like the lattice constants in equilibrium and the elastic

constants can be computed with surprisingly high accuracy [14] in the LDA. The

LDA has proven to be a very effective and low-cost exchange-correlation functional.

1.5.2 Generalized-gradient approximations

One step further, we have the generalized-gradient approximations (GGA), a group

of functionals that also include the gradient of the density ∇n at point r [21]:

EGGA
xc [n] =

∫
d3r n(r) εGGA

xc

(
n(r),∇n(r)

)
. (1.40)

This is still semi-local, since it only depends on the immediate surroundings of

point r via the gradient. GGAs use the LDA as a starting point and refine it with

enhancement factors that depend on ∇n. A description of the explicit form of a

GGA would be beyond the scope of this thesis, see Ref. [3] for further information

about this. The GGA functionals we use in this thesis are known as the Perdew-

Burke-Ernzerhof (PBE) [23] and, derived from this, the so-called PBEsol [24], which

is a version of PBE optimized for solids [25].
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1.5.3 Hybrid functionals

The most expensive exchange-correlation functionals we use in this work are the

hybrid functionals. They mix the correlation energy obtained with other density

functionals with the exact exchange energy from Hartree-Fock theory [26] that is

calculated using the KS states ϕi(r) with:
6

EHF
x = −1

2

occ.∑
i

occ.∑
j

∫∫
d3r d3r′

ϕi(r)ϕj(r
′) ϕj(r)ϕi(r

′)

|r − r′|
. (1.41)

Thus, hybrids are strictly non-local exchange-correlation functionals. The PBE0-

functional [27] uses PBE for its correlation part and is described by the following

mixing equation:

EPBE0
xc = αEHF

x + (1− α)EPBE
x + EPBE

c , (1.42)

where α = 0.25 is the mixing parameter. PBE0 has been shown to take a long

time with converging Eq. (1.41) due to the slow decline of the (|r − r′|)−1 term for

long distances. The Heyd–Scuseria–Ernzerhof (HSE) [28] tries to make this more

efficient by only computing EHF
x for short-range distances of r and r′, leaving long

range entirely up to PBE. HSE is defined by the mixing equation:

EHSE
xc = αEHF,SR

x (ω) + (1− α)EPBE,SR
x (ω) + EPBE,LR

x (ω) + EPBE
c , (1.43)

where SR and LR stand for the short- and long-range terms, respectively. α deter-

mines the portion of exact exchange included in the short-range interaction and ω is

the screening parameter which defines where the transition between short and long

range is made.7 The typical choice here is α = 0.25 and ω = 0.11 Bohr−1.

6The exact exchange potential follows from a constrained minimization of the energy in

Eq. (1.25) when choosing a Slater-determinant of single-particle wave functions as the eigenfunc-

tions [11]. The Slater-determinant accounts for the fact that, according to the Fermi principle, the

wave function has to behave antisymmetrically under exchange of two electrons.
7It does this via the error function erf(x). In HSE, r−1 is redefined through the splitting

1/r = (1− erf(ωr))/r + erf(ωr)/r, where the first term vanishes for long distances r and the second

term vanishes for short distances r.
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1.6 Numerical solution of the KS equations

In practice, the KS states ϕi(r) are expanded into a basis set of self-chosen basis

functions ψi(r), in Dirac notation:

|ϕi⟩ =
∑
k

cik |ψk⟩ , (1.44)

with the coefficients cik = ⟨ψk|ϕi⟩. When plugging Eq. (1.44) into Eq. (1.32) and

projecting onto a component j with another bra-vector ⟨ψj| from the left, we get for

the i-th eigenvector: ∑
k

cik ⟨ψj|ĤKS|ψk⟩ = εi
∑
k

cik ⟨ψj|ψk⟩ , (1.45)

where ĤKS is the full KS Hamiltonian on the left side of Eq. (1.32). We can identify

the components of the Hamiltonian in the new basis Hjk = ⟨ψj|ĤKS|ψk⟩ and the

components of the overlap matrix Sjk = ⟨ψj|ψk⟩. In matrix notation this is a matrix

eigenvalue equation [29]:

H · ci = εi S · ci , (1.46)

where ci is the eigenvector in the new basis. To limit the size of the matrices in

Eq. (1.46) , we use a finite basis set and stop the expansion in Eq. (1.44) at a

certain kmax. The more basis functions you include in the expansion, the more

precise your results will be. The choice of the basis depends on the package you

are using. This thesis uses the exciting package and its basis is presented in

Section 3.1.
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Chapter 2

Materials

This chapter presents the materials that are investigated in this thesis. We look at

two materials in the cubic crystal system—barium stannate (BaSnO3) and caesium

lead iodide (CsPbI3)—and one in the orthorhombic system—lanthanum indium ox-

ide (LaInO3). They all belong to the perovskite crystal structure which refers to a

chemical formula of ABX3. A and B are always two cations with respective ionic

radii RA and RB, where generally RA > RB [6]. X is taken by an anion with ionic ra-

dius RX. In most cases the anion is oxygen (O), however there are also the so-called

halide perovskites for which the X is taken by a halogen, for example iodine (I). The

ideal perovskite structure is considered to be the cubic crystal system. In this, the

unit cell of a perovskite consists of a BX6 octahedron with the B-ion in the middle,

surrounded by the A-ions on the corners of the cell [8]. This ideal structure can be

seen in Figure 2.1.

Figure 2.1: The ideal cubic structure of a perovskite crystal. A and B are cations, the

X are anions. The image was taken from Ref. [30]
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Whether the specific composition of ions will actually crystallize in this structure

depends on their ionic radii though. At this point, we could start doing density-

functional theory (DFT) calculations to find out if there exists an energetically stable

convergent minimum for the cubic structure. However, there is a fairly reliable way

to predict it without much computation. Let us assume a unit cell like in Figure 2.1

with the lattice parameter a. In equilibrium, the distance between ions B and X must

then be exactly dBX = a/2 = RB +RX, since this is how ionic radii are defined.1 On

the other hand, the distance between A and X must be dAX = a/
√
2 = RA +RX.

Combining these expressions, we get:

t =
RA +RX√
2 (RB +RX)

, (2.1)

where in this case t = 1, meaning the composition will lie in a perfect cubic structure

as per the assumption. t is called the Goldschmidt tolerance factor [31]. In actuality,

most perovskites have a t of around 0.75 to 1, but a stable cubic structure can only

be achieved for t ≈ 1. A too small t hints at a size mismatch of the A- and B-ions:

If A is too small relative to B, then the octahedra in the middle of the cells will

collectively tilt or rotate [32] to reduce the empty space in order to achieve a state

of lower energy (with the X-anions and A-cations closer together). In this case the

cubic system was not stable and DFT would not have converged to a ground-state

energy if cubic input parameters were used for the calculation. The tilt results in

a reduction of symmetry, shifting the configuration to a different phase. This is

the case for orthorhombic LaInO3. The configuration can also be metastable which

actually is the case for CsPbI3, as it can exist in the cubic structure, but also in the

orthorhombic structure. This means that a too large deformation of the material

can lead to another minimum in the energy-strain curve. This does not affect our

calculations for CsPbI3 though, because—dealing with linear elasticity—we look at

a sufficiently small region around the energy minimum corresponding to the cubic

system.

Even though the perovskite structure was initially defined with a cubic structure

in mind [33], crystals with lower symmetry are included in the classification because

they all show a ‘nearly cubic’ [8] structure and often look like cubic crystals on the

macroscopic scale too. What makes perovskites especially interesting though, is that

a slight tilt of the BX6 octahedron (a change of phase) can drastically change the

electric properties of the solid. For example, an elastic deformation could shift the

central octahedron slightly off the center and introduce a polarization caused by an

electric dipole moment (“piezoelectricity”) [6]. Hence, perovskites attain their highly

1Ions are assumed to be effective hard spheres with radius R. The spheres of two ions in

equilibrium will be in direct contact to each other.
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Table 2.1: The investigated perovskites

Formula Crystal system Space group

BaSnO3 cubic 221-Pm3m

LaInO3 orthorhombic 62-Pnma

CsPbI3 cubic 221-Pm3m

tweakable nature and versatility. Their uses range from insulators to semiconductors

up to high-temperature superconductors [7]. The perovskites for which we calculate

the second-order elastic constants (SOECs) are listed again in Table 2.1.

BaSnO3 is an oxide perovskite in the cubic structure, especially known for being a

wide band gap semiconductor [34]. Its primitive unit cell consists of one barium ion

with charge 2+, one tin ion with charge 4+, and three oxygen ions with charge 2−.

The Goldschmidt tolerance factor for this composition is t ≈ 0.93, thus the material

is very stable in the cubic system. The lattice is perfectly symmetric, meaning the

elastic tensor for this perovskite will look like the one in Eq. (1.16), with only 3

independent SOECs:

C =



C11 C12 C12

C12 C11 C12

C12 C12 C11

C44

C44

C44


. (2.2)

In the case of BaSnO3, the constants are expected to be rather high due to a steep

energy valley that results from a good match of the ionic sizes of the two cations.

Like we discussed at the end of Section 1.1, this is equivalent to saying that the

material is relatively stiff. The structure is identical to the ideal cubic structure in

Figure 2.1.

CsPbI3 is a halide perovskite. Its primitive unit cell consists of one caesium ion

with charge 1+, one lead ion with charge 2+, and three iodine ions with charge 1−.

It is often used in the field of optoelectronics [35]. However, stabilizing the cubic

phase requires considerable effort due to a low tolerance factor of t ≈ 0.81. For

example, phase stability is often increased by the doping of metals [35]. In addition,

halide perovskites generally exhibit weaker bonds than oxide perovskites [36]. The

X-anions are larger here, hence their electron density is more diffuse, while in the

case of oxygen a more compact density allows the B- and X-ions to be closer together
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due to a more efficient shielding of the positively charged nucleus. Also, the iodine

has less charge than the oxygen in BaSnO3. The iodine cloud in CsPbI3 is more

easily polarizable, while the Sn and O in barium stannate exhibit strong directional

covalent bonds [37]. Hence—although the symmetry is the same, thus leading to

the same elastic tensor Eq. (2.2)—the energy curve is expected to be more shallow,

resulting in lower values of the SOECs (a softer material). The structure of CsPbI3
again is the same as in Figure 2.1.

LaInO3 is an oxide perovskite. The primitive unit cell consists of one lanthanum

ion with charge 3+, one indium ion with charge 3+, and three oxygen ions with

charge 2−. It crystallizes in the orthorhombic structure because the A-cation is

too small to accommodate the cubic structure. This introduces a high amount of

anisotropy to the system. The periodicity of the lattice is not the same along the

spatial axes. This also transfers to the elastic properties of the crystal: A uniaxial

deformation in the x-direction will now not yield the same change in elastic energy

as in y-direction anymore, and so forth. The elastic tensor for the orthorhombic

crystal system reads as follows [38]:

C =



C11 C12 C13

C12 C22 C23

C13 C23 C33

C44

C55

C66


, (2.3)

with 9 independent elastic constants. According to what we found in Section 1.2,

this means that we have to compute the changes in energy for 9 different distortions,

making the calculation more time-consuming than for the other two materials. The

anisotropy also means that the lattice parameter denoting the length of the cell that

we use for the computation will now be different in every direction. The structure

of LaInO3 can be seen in Figure 2.2. Since the In-ions have a small ionic radius

and a high charge of 3+, we expect the bond lengths in the central octahedra to

be relatively stiff compared to changes in rotation of the whole octahedron (which

keep the bond lengths the same) [39]. This could hint at an elastic tensor with

significantly higher values of the SOECs for volume deformations (C11, C22, and

C33) than for shear deformations (C44, C55, and C66).
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Figure 2.2: The orthorhombic structure of LaInO3. The octahedra of In-O bonds are

tilted in order to reach a state of lower energy. The computational cell is significantly

bigger than in Figure 2.1 to account for the reduced symmetry. All the lattice parameters

for the three spatial directions are different. The image was taken from Ref. [40]
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Chapter 3

Method

This chapter describes the method we use to calculate the elastic constants with

Kohn-Sham (KS) density-functional theory (DFT). First, the exciting package [1]

is introduced, a full-potential all-electron implementation of a basis set consisting of

linearized augmented plane waves and local orbitals (LAPW+lo). Then the workflow

of obtaining the second-order elastic constants (SOECs) is explained. We make use

of the ElaStic tool [2] for exciting here.

3.1 The exciting package

The exciting code [1] implements a basis set of specific functions ψi(r) into which

the KS states ϕi(r) from Section 1.4 can be expanded, according to Eq. (1.44). We

construct this basis set one by one. Since we are dealing with a periodic lattice, the

index i is abandoned in favor of the band index n and the wave vector k. For every

wave vector k in the Brillouin zone of the reciprocal lattice, there are many states

with different energies denoted by the band index n. Ideally, this gives a continuous

band structure for the whole crystal.1 The updated KS Eq. (1.32) is:

ĤKS ϕn,k(r) = εn,k ϕn,k(r) . (3.1)

It can be solved for every k, yielding a set of KS states ϕn,k(r). To find a new

formulation of Eq. (1.44) for a periodic lattice, we use Bloch’s theorem [41], which

states that wave functions in periodic potentials have to consist of a plane wave eik·r

modulated with a function w(r) that has the same periodicity as the crystal lattice:

ϕn,k(r) = eik·r wn,k(r) . (3.2)

1Look in Ref. [12] for a detailed description of the Bloch theorem and the reciprocal lattice.
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Using this form, we can now expand wn,k(r) into a Fourier series, where the sum

runs over reciprocal lattice vectors G, using the Fourier coefficients cn,kG :

ϕn,k(r) = eik·r
∑
G

cn,kG eiG·r =
∑
G

cn,kG ei(G+k)·r . (3.3)

The periodicity of this function can be verified by considering a translation by some

direct lattice vector R. Because of the relation G ·R = 2πm (m ∈ Z) [12], a trans-

lation would yield the same function: eiG·(r+R) = eiG·r eiG·R = eiG·r. Equation (3.3)

constitutes a basis set consisting of plane waves. The problem with this choice is

that the all-electron wave function will show much more oscillations near the strong

nuclear potentials than in regions further away from the atoms. The solution pro-

posed by the so-called augmented plane waves (APW) is to split the computational

cell of the crystal into two domains: The so-called muffin tin region (MT) consists

of spheres that are centered on every atom α. For every different type of atom

the muffin tin sphere is defined by the muffin tin radius Rα. The remaining region

between the atoms is called the interstitial region (I), in which the wave function

will be smoother. Thus it makes sense to describe these two domains with different

basis functions. The APW basis set is defined by:

ϕn,k(r) =
∑
G

cn,kG ψG+k(r) , (3.4)

where ψG+k(r) is different for the MT and I (r = |r|):

ψAPW
G+k (r) =


∑
l,m

AG+k
lmα ulα(rα)Ylm(r̂ α) , rα ≤ Rα, r ∈ MT,

1√
Ω
ei(G+k)·r , r ∈ I .

(3.5)

In I, we have the same plane waves like in Eq. (3.3), suitable for the smooth behavior.

Here Ω is the volume of the unit cell. In the MT though, instead of plane waves, the

basis contains atomic orbitals consisting of the radial functions ulα(r) for an atom α

and spherical harmonics Ylm(r̂). The sum runs over the orbital angular momentum

quantum numbers l, then over the magnetic quantum numbers m = −l, ..., l. The

vector rα is centered on the respective atom α, and r̂ α is its directional vector,

indicating that the arguments of Y are its two angular coordinates. The AG+k
lmα are

coefficients that ensure the continuity of ψAPW
G+k at the boundary of every MT and I.

To solve the KS Eq. (3.1) we now need to find these coefficients, AG+k
lmα and cn,kG .

The radial functions are solutions to the radial Schrödinger equation and therefore

implicitly depend on the energy eigenvalues themselves: ulα = ulα(rα; ε). Looking

at our matrix eigenvalue Eq. (1.46), this becomes a problem because H and S are
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now also dependent on the eigenvalues, since they are expressed in the APW basis:

H(εi) · ci = εi S(εi) · ci . This equation is non-linear. On top of the actual self-

consistent loop we described at the end of Section 1.4, one would have to iteratively

converge every energy eigenvalue at every single step. This would be very numeri-

cally expensive. The idea behind the linearized augmented plane waves (LAPW) is

to linearize the energy dependence of the radial functions by taking only the first

two terms in its Taylor series:

ulα(rα; ε) = ulα(rα; εlα) + (ε− εlα) u̇lα(rα; εlα) , (3.6)

where u̇lα = ∂ulα/∂ε |ε=εlα . The energy-dependent prefactor of the second term is

then absorbed into new coefficients BG+k
lmα , removing the energy dependency com-

pletely. The new LAPW basis set looks like the following for the MT regions:

ψLAPW
G+k (r) =

∑
l,m

[
AG+k

lmα ulα(rα; εlα) +BG+k
lmα u̇lα(rα; εlα)

]
Ylm(r̂ α) . (3.7)

This approximation is only good for states near εlα. The addition of local orbitals

(LAPW+lo) improves the accuracy for a wider range of energies by adding more

degrees of freedom in the expansion for the MT regions. Everywhere else the local

orbital basis functions vanish [1]:

ψlo
µ(r) =


δα,αµδl,lµδm,mµ

[
aµulα(rα; εlα) + bµu̇lα(rα; εlα)

]
Ylm(r̂α), rα ≤ Rα,

0 , r ∈ I .

(3.8)

Again, the coefficients aµ and bµ ensure continuity at the MT boundaries and that

every ψlo
µ(r) is normalized to 1. The local orbitals are specific for each atom α

and each channel (l,m). Due to the orthogonality of spherical harmonics [42], the

different local orbitals are also orthogonal to each other.

With this, we have now constructed the complete LAPW+lo basis set:

ϕn,k(r) =
∑
G

cn,kG ψLAPW
G+k (r) +

∑
µ

cnµ ψ
lo
µ(r) . (3.9)

Due to their locality, the coefficients that belong to the expansion of local orbitals, cnµ,

don’t depend on k.

To monitor the accuracy of this basis set and with it the overall computational

effort, exciting allows us to choose certain cutoff parameters as an input which

restrict the size of the basis set. These are explained in the following:

• ngridk: This discretizes the first Brillouin zone of the reciprocal lattice into

a cubic mesh of k-points. For every zone in the mesh, Eq. (3.1) is solved for a
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single vector k. Like this, we don’t have to solve it for all the (infinitely many

and not countable) k in the Brillouin zone, which makes it a very important

parameter to control the complexity of the calculation [43]. ngridk is also im-

portant when the electron density in Eq. (1.35) is computed [44] using the KS

states. Technically, this needs to be done using an integral over the Brillouin

zone [45]:

n(r) =
∑
n

∫
BZ

d3k

2π3
fn(k) |ϕn,k(r)|2 , (3.10)

where we sum over all the occupied energy bands n, weighted by a distribution

function fn(k) which models the occupancy of states across the k-space. By

sampling the k-space into a grid, this degenerates into the sum:

n(r) ≈
∑
n,k

wk fn,k |ϕn,k(r)|2 , (3.11)

running over n and a set of now fixed k-points, weighted by wk.
2 This simpli-

fication applies to any integral that needs to be evaluated over the k-space. If

the unit cell of the direct lattice is big and includes many atoms—like it was

the case with LaInO3 for example—then the Brillouin zone of the reciprocal

lattice (the Fourier transform of the direct lattice) is small, meaning we need

less k-points to achieve the same accuracy.

• rgkmax: This is the cutoff parameter for the plane wave expansion in Eq. (3.5)

and determines how many plane waves in I are included. It is defined as

rgkmax = |G+ k|max ·Rα [44]. The muffin tin radii Rα are included here be-

cause of the continuous matching at the MT boundary: Should they be too

small, one would need a higher resolution in the I to portray the more frequent

changes in the wave function near the atoms, meaning more terms in the G

expansion. This is why Rα is coupled with the plane wave cutoff in rgkmax.

The parameter should also be connected to the choice of the amount of (l,m)

channels in the LAPW expansion in Eq. (3.7), which is defined in the so-called

species files for the atoms (an example can be seen in Appendix A). rgkmax

needs to be high enough to match the resolution inside the MT. However, in-

creasing it comes with high computational cost as the runtime scales roughly

to the power of 9 with it [29].

• gmaxvr: In I, the external potential V (r), the density n(r), and other quan-

tities are expanded into a Fourier series, limited by the cutoff parameter

2If it is an even sampling, then all weights contribute the same portion to the result. It holds

that
∑

k wk = 1
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|G|max = gmaxvr. This parameter becomes important for functionals beyond

the LDA, since they take into account ∇n and thus need a higher resolution

of the electron density.

• rmt: The MT radii Rα are specified with this parameter for every type of atom

in the computational cell. As mentioned above, should they be too small, the

calculation becomes unnecessarily expensive. Should they be too large though,

the different MT regions could overlap with each other for certain deformations

of the cell, terminating the calculation.

3.2 The ElaStic workflow

Before calculating the energy of deformed unit cells to describe the elastic behavior

of the perovskites, we need to find the exact size of the unit cell when no stress is

applied. In other words, the lattice parameter a of the cell in equilibrium—or the

lattice parameters a, b, and c for the anisotropic LaInO3. In the case of the cubic

materials this is done by performing exciting calculations for a series of isotropic

volume deformations, then fitting the behavior with the Birch-Murnaghan equation

of state (BM-EOS) [9]:

E(V ) = E0 +
9V0B
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
[(

V0

V

) 2
3

− 1

]3

B′ +

[(
V0

V

) 2
3

− 1

]2 [
6− 4

(
V0

V

) 2
3

] , (3.12)

where E0 and V0 denote the equilibrium energy and volume, respectively, and B

is the bulk modulus (describing the elastic response under hydrostatic pressure).

B′ = ∂B/∂p |p=0 is the derivative of the bulk modulus with respect to the pressure

p. This value is not necessary in our description of linear elasticity, yet in the

BM-EOS it is taken as a fit parameter to obtain the right values for V0 and B.

For the orthorhombic perovskite LaInO3 we have to perform individual fits for

the volume and the relations of the lattice parameters b/a and c/a, because all three

parameters are different here and have to be relaxed independent of each other. The

volume fits were also done using the BM-EOS, for the ratios 4th order polynomial

fits were used. An example for this process can be found in Table 3.1. As a last step,

we also have to do internal relaxations of the relative atomic positions in the unit

cell, since the complex crystal structure of LaInO3 shifts the equilibrium positions

of each atom for every distortion of the whole unit cell.3

3This was done iteratively by minimizing the residual forces [46] for each nucleus,

using the respective exchange-correlation functional. For the optimization the Broy-

den–Fletcher–Goldfarb–Shanno algorithm [47] was used. When not successful, we switched to
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Table 3.1: Example for a structural relaxation of the LaInO3 unit cell. An external

optimization of the equilibrium cell was performed in 5 steps, alternating between isotropic

volume deformations and anisotropic deformations isolating the behavior when changing

single lattice parameters. In the final step an internal relaxation of nuclear positions was

performed (with a fixed unit cell). This example calculation was done using the LDA

functional, the lattice parameters are given in Angstrom. To showcase the convergent

behavior, four decimal places are included. The starting values are taken from Ref. [49].

The following set of input parameters was chosen: rgkmax = 8, ngridk = 4×3×4, and

gmaxvr = 18.

Step Opt. value a b c

0 5.9506 8.2159 5.7075

1 V 5.9031 8.1503 5.6620

2 b/a 5.9051 8.1447 5.6639

3 V 5.9050 8.1446 5.6638

4 c/a 5.9046 8.1440 5.6646

5 V 5.9046 8.1440 5.6646

When the equilibrium structures are obtained, the elastic deformation calcula-

tions can begin. For every crystal structure, the ElaStic tool [2] generates a series

of deformations in Lagrangian strain. The associated Lagrangian strain vectors in

Voigt notation for the cubic structure can be seen in Table 3.2, for the orthorhombic

structure in Table 3.3.

Table 3.2: The components of the Lagrangian strain vector η for the distortion types

that ElaStic generates for a cubic crystal structure. The value of η is specified by the

user. 3 linearly independent elastic constants demand 3 different distortion types.

Distortion η1 η2 η3 η4 η5 η6

Dst01 η η η 0 0 0

Dst02 η η 0 0 0 0

Dst03 0 0 0 2η 2η 2η

the harmonic method [48]. A full description of the underlying theory would be beyond the scope

of this work. Look in Ref. [11] for an overview of internal structural relaxation.

28



Table 3.3: The components of the Lagrangian strain vector η for the distortion types that

ElaStic generates for an orthorhombic crystal structure. The value for η is specified

by the user. 9 linearly independent elastic constants demand 9 different distortion types.

Distortion η1 η2 η3 η4 η5 η6

Dst01 η η η 0 0 0

Dst02 0.5 η 0.5 η −η 0 0 0

Dst03 0.5 η −η 0.5 η 0 0 0

Dst04 η −η 0 0 0 0

Dst05 0 η 0 0 0 0

Dst06 0 0 η 0 0 0

Dst07 0 0 0 2 η 0 0

Dst08 0 0 0 0 2 η 0

Dst09 0 0 0 0 0 2 η

As an input, the maximum Lagrangian strain ηmax and the number of distorted

structures that are evenly distributed along the interval defined by [−ηmax; ηmax]

are given. In this work, standard choices are ηmax = 0.05 with 11 (or 21) distorted

structures. Like this, the single η steps are located at clearly recognizable values:

0.01, 0.02, and so on.

Now exciting converges the ground-state energies for every configuration in

the different distortions. After the self-consistent cycle is completed, an internal

relaxation of atomic positions is executed, if the crystal structure allows for it. This

is often the case in the Dst03 for cubic materials. Here, a shear strain is applied

to the unit cell, which again allows for a relaxation of the atom along the axis

of the strain. For the complex structure of LaInO3, a relaxation of the nuclei is

possible for every single deformation step in every distortion. Because this internal

relaxation is not implemented for hybrid functionals in exciting yet, the relaxed

geometries obtained using the PBE functional were used as the atomic positions for

the PBE0 and HSE functionals. This is the coherent choice because, referring to

Eqs. (1.42) and (1.43), the basis that these functionals are built upon is the PBE.

These relaxations will apply a final correction to the elastic energies.

These energy values then describe the elastic behavior around the energy mini-

mum in equilibrium. An example can be seen in Figure 3.1. To find the curvatures

of these energy curves, which can be used to compute the SOECs like we discussed in

Section 1.2, ElaStic employs polynomial fits of different orders to the data points.
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Figure 3.1: Energy in Hartree for different Lagrangian strains. This example shows

Dst01 for BaSnO3 with the PBEsol functional, ηmax = 0.05, and 21 data points. If the

minimum of the curve is located at zero strain, then the structural optimization was done

correctly.

Here, lower-order polynomials may only represent a small amount of data points

with sufficient precision, while higher-order polynomials carry the risk of mistaking

statistical noise for physics due to their higher degrees of freedom. Hence, ElaStic
chooses to perform fits with polynomials of orders n = 2, 4, and 6, so that one can

choose the fit that approximates the data best.4 Starting from zero Lagrangian

strain, the data points from increasing symmetric ranges of strain around η = 0 are

used to perform the fits. The results are then shown in a plot with the respective

values for the second-order energy derivatives, see Figure 3.2. The second-order

polynomial only needs 3 data points for a fit, which is why the results corresponding

to these fits start at the η = 0.005 range. 4th- and 6-th order polynomials start at

η = 0.010 and η = 0.015, respectively. With an increasing amount of data points,

the polynomials will become overdetermined and fail to show convergent results, as

it is the case for n = 2 early on already. On the other hand, with too few data points,

noise dominates the fit parameters instead of the energy curvature. Inbetween those

cases there is a region where the results of the fits show a so-called plateau. This

plateau region is identified by the user who then chooses a specific polynomial order

4This choice of the orders depends on the order of the elastic constants one is computing. For

the third-order elastic constants, ElaStic would perform fits of orders n = 3, 5, 7 and so on [2].
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and η value to proceed with the calculation. Having done that for each distortion,

ElaStic sets up a system of linear equations according to Section 1.2, solves it and

gives the resulting elastic constants of the second order inside the elastic tensor and

the elastic moduli as an output file.

Figure 3.2: The second-order energy derivatives of the energy curve in GPa for different

polynomial fits: n = 2 in red, n = 4 in blue, n = 6 in green. Below is a magnification of

the plot shown above. This example shows Dst03 for diamond with the PBE functional,

ηmax = 0.05, and 21 data points.
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Chapter 4

Results

In this chapter, the results for the lattice parameters and the elastic constants for

the three perovskite materials are presented. Also, the values for the Voigt bulk

modulus B (describing hydrostatic pressure), the Voigt shear modulus G (describ-

ing shear strain), and the Voigt Young modulus Y (describing uniaxial stress) are

shown. The respective exchange-correlation functionals used to obtain the results

are specified. We also show theoretical and experimental values obtained by other

authors to compare the results in this thesis to, if available. The column “Type”

names the used exchange-correlation functional. The column “Code/Exp.” either

specifies with “Exp.” that this value has been found with experiments or, for theo-

retical studies, names the code that was used—if this information was available in the

sources. Other codes used in the references include: VASP [50], CASTEP [51], FHI-

aims [52], CRYSTAL14 [53], WIEN2k [54], ABINIT [55], and Quantum Espresso [56]

(QE). All results are given in either Angstrom for lattice parameters or Gigapascal

(GPa) for elastic constants. At the end, the results are discussed: We analyze the

contents of the elastic tensors, how the materials compare to each other, and how

the exchange-correlation functionals differ.

Convergence calculations can be found in Appendix C. Also, reference calculations

for diamond were made with all exchange-correlation functionals, these can be found

in Appendix D. In the discussion, these results are used for comparison.

The elastic calculations of LaInO3 for the two hybrid functionals PBE0 and HSE

could not be completed within this thesis due to convergence issues in the second-

order energy derivatives. The hybrids are a very expensive choice for LaInO3, having

significantly more atoms in the unit cell than the other two perovskites. Most likely,

the convergence issues could be fixed by increasing the parameter ngridk. A k-

point sampling of 4×3×4 was used for LaInO3 with LDA, PBE, and PBEsol and

provided sufficiently well converged results. The sampling 3×2×3 of the Brillouin
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zone proves to be a too crude approximation in test calculations with these three

functionals. Changing from a 3×2×3-grid to a higher-resolution grid of 4×3×4 leads

to an increase in computation time in a ratio of 18 to 48. Due to time limitations we

had to opt for 3×2×3 in the case of hybrids, them already being highly expensive.

Although with this choice the bulk moduli were converged within a range of 1.5%,

the ElaStic studies did not produce polynomial fits that were sufficiently well con-

verged. We expect to complete the study of LaInO3 after the completion of this

thesis though.

4.1 Barium stannate (BaSnO3)

The equilibrium lattice parameters for cubic BaSnO3 can be found in Table 4.1.

The computed elastic constants are presented in Table 4.2, the associated elastic

moduli in Table 4.3. Previous theoretical and experimental results are shown below

our results in the tables. Ref. [57] from Table 4.3 used ionic charge theory to

theoretically predict the bulk modulus, this is indicated by “Estimate” in the column

“Code/Exp.”. This also applies to Table 4.6 for the next material CsPbI3. For

the computationally less expensive functionals LDA, PBE, and PBEsol a set of

relatively high input parameters was used: rgkmax = 9, ngridk = 14×14×14, and

gmaxvr = 25 (18 for LDA). For the more expensive hybrid functionals PBE0 and

HSE the following set was used: rgkmax = 8, ngridk = 6×6×6, and gmaxvr = 25.
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Table 4.1: Lattice parameters for BaSnO3. All results are given in Angstrom.

Reference Code/Exp. Type a

This work exciting LDA 4.090

PBE 4.183

PBEsol 4.129

PBE0 4.115

HSE 4.116

Moreira et al. [58] CASTEP LDA 4.055

PBE 4.142

Bouhemadou and Haddadi [59] CASTEP LDA 4.059

PBE 4.1916

Zupancic et al. [60] FHI-aims PBEsol 4.119

Mat. Project [61] VASP PBE 4.189

Wang et al. [62] VASP PBE 4.186

HSE 4.129

Scanlon [63] VASP HSE 4.13

PBE0 4.13

Mountstevens et al. [64] Exp. 4.1151

Maekawa et al. [65] Exp. 4.116

Prodjosantoso et al. [66] Exp. 4.1168

35



Table 4.2: Elastic constants for BaSnO3. All results are given in GPa.

Reference Code/Exp. Type C11 C12 C44

This work exciting LDA 303.2 92.3 98.9

PBE 245.5 76.7 88.9

PBEsol 278.0 85.0 93.8

PBE0 294.4 99.1 100.7

HSE 289.3 99.2 101.0

Bouhem. and Had. [59] CASTEP LDA 358.5 93.5 110.3

PBE 285.2 68.5 84.3

Moreira et al. [58] CASTEP PBE 251 82.3 98.1

De Jong et al. [67] VASP PBE 250 76 92

Zupancic et al. [60] FHI-aims PBEsol 286.5 83.4 93.6

Duarte et al. [68] CRYSTAL14 PBE0 296.33 89.13 111.07

Guendouz et al. [69] WIEN2k mBJ-GGA 261.4 85.75 87.38
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Table 4.3: Elastic moduli for BaSnO3: Bulk modulus B, shear modulus G, and Young

modulus Y . All results are given in GPa. “Estimate” means that a theoretical prediction

was made based on ionic charge theory, see Ref. [57]. An (*) indicates that the moduli

were not mentioned explicitly in the respective reference, but computed here using the

elastic constants from the reference.

Reference Code/Exp. Type B G Y

This work exciting LDA 162.6 101.5 252.1

PBE 133.0 87.1 214.4

PBEsol 149.4 94.9 235.0

PBE0 164.2 99.5 248.3

HSE 162.6 98.6 246.1

Bouhem. and Had. [59] CASTEP LDA 181.96 118.7 292.4

PBE 140.7 93.2 229.1

Moreira et al. [58] CASTEP PBE 138.5* 92.6* 227.2*

Bévillon et al. [70] ABINIT PBE 84 207

De Jong et al. [67] VASP PBE 134 90 221*

Zupancic et al. [60] FHI-aims PBEsol 151.1* 96.8* 239.3*

Duarte et al. [68] CRYSTAL14 PBE0 158.20 108.08* 264.10*

Guendouz et al. [69] WIEN2k mBJ-GGA 144.6 87.55 218.47

Verma and Kumar [57] Estimate 150.9

Maekawa et al. [65] Exp. 145.8 99.9 244

4.2 Caesium lead iodide (CsPbI3)

The lattice parameters for cubic CsPbI3 can be seen in Table 4.4. The elastic

constants are shown in Table 4.5, the elastic moduli in Table 4.6—below the re-

spective previous theoretical and experimental results, if available. For the LDA,

PBE, and PBEsol the following set of input parameters was used: rgkmax = 9,

ngridk = 14×14×14, and gmaxvr = 25 (18 for LDA). For PBE0 and HSE the

following set was used: rgkmax = 8, ngridk = 6×6×6, and gmaxvr = 25.
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Table 4.4: Lattice parameters for CsPbI3. All results are given in Angstrom.

Reference Code/Exp. Type a

This work exciting LDA 6.195

PBE 6.451

PBEsol 6.301

PBE0 6.315

HSE 6.312

Murtaza and Ahmad [71] WIEN2k LDA 6.18

Chang and Park [72] - LDA 6.05

Afsari et al. [73] WIEN2k LDA 6.14

PBE 6.4011

PBEsol 6.25

Mat. Project [74] VASP PBE 6.414

Aktary et al. [75] CASTEP PBE 6.432

Zaidi et al. [76] CASTEP PBE 6.515

Alruqi and Ongwen [77] QE PBE 6.391

Idrissi et al. [78] QE PBEsol 6.28

Ghaithan et al. [79] WIEN2k PBEsol 6.262

Trots and Myagkota [80] Exp. 6.28940

Yuan et al. [81] Exp. 6.33

Marronnier et al. [82] Exp. 6.297

Eperon et al. [83] Exp. 6.1769
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Table 4.5: Elastic constants for CsPbI3. All results are given in GPa.

Reference Code/Exp. Type C11 C12 C44

This work exciting LDA 47.0 6.0 3.4

PBE 31.4 5.2 3.5

PBEsol 39.1 5.2 3.4

PBE0 43.0 5.7 4.1

HSE 42.3 5.4 4.1

Afsari et al. [73] WIEN2k PBE 34.405 4.709 3.848

Aktary et al. [75] CASTEP PBE 39.323 6.754 5.352

Roknuzzaman et al. [84] CASTEP PBE 34.23 4.46 3.24

Zaidi et al. [76] CASTEP PBE 47.90 7.94 4.84

Fadla et al. [85] CASTEP PBE 35.51 5.09 4.11

Koshi et al. [86] VASP PBE 34.84 4.73 3.66
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Table 4.6: Elastic moduli for CsPbI3: Bulk modulus B, shear modulus G, and Young

modulus Y . All results are given in GPa. “Estimate” means that a theoretical prediction

was made based on ionic charge theory, see Ref. [57]. An (*) indicates that the moduli

were not mentioned explicitly in the respective reference, but computed here using the

elastic constants from the reference.

Reference Code/Exp. Type B G Y

This work exciting LDA 19.6 10.2 26.1

PBE 13.9 7.3 18.7

PBEsol 16.5 8.8 22.5

PBE0 18.1 9.9 25.2

HSE 17.7 9.9 25.0

Murtaza and Ahmad [71] WIEN2k LDA 19.8

Jin et al. [87] - LDA 19.88

Afsari et al. [73] WIEN2k LDA 20.22

PBE 14.608 6.858 17.79

PBEsol 16.91

Alruqi and Ongwen [77] QE PBE 14.51 6.57 17.04

Aktary et al. [75] CASTEP PBE 17.61 8.522 22.015

Roknuzzaman et al. [84] CASTEP PBE 14.38 6.30 14.49

Zaidi et al. [76] CASTEP PBE 21.26* 10.90* 27.93*

Fadla et al. [85] CASTEP PBE 15.23 8.55 21.61

Koshi et al. [86] VASP PBE 14.76 8.22* 20.80*

Ghaithan et al. [79] WIEN2k PBEsol 17.85

Verma and Kumar [57] Estimate 16.5

Rakita et al. [88] Exp. 19.8 7.9 20.1
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4.3 Lanthanum indium oxide (LaInO3)

The lattice parameters for orthorhombic LaInO3 can be seen in Table 4.7. The

elastic constants are shown in Table 4.8, the elastic moduli in Table 4.9—below

the respective previous theoretical and experimental results, if available. Unfortu-

nately, not many references could be found for LaInO3. The following set of input

parameters was used: rgkmax = 8, ngridk = 4×3×4, and gmaxvr = 25 (18 for

LDA).

In Ref. [89], we suspect a discrepancy for the elastic constants in Table 4.8: In

the original reference, the constants C55 and C66 are exchanged. This presumably

is a mistake, since C66 > C55 for other references and in every calculation of this

work as well. Also, Zupancic et al. [60] make the same choice and exchange the two

values by Erkişi et al. [89].

Table 4.7: Lattice parameters for LaInO3. All results are given in Angstrom.

Reference Code/Exp. Type a b c

This work exciting LDA 5.905 8.144 5.665

PBE 6.020 8.362 5.781

PBEsol 5.954 8.235 5.712

PBE0 5.950 8.196 5.721

HSE 5.955 8.199 5.705

Erkişi et al. [89] VASP PBE 6.069 8.394 5.814

Mat. Project [90] VASP PBE 6.009 8.352 5.771

Zupancic et al. [60] FHI-aims PBEsol 5.939 8.210 5.698

Ubic and Subodh [91] Exp. 5.914 8.207 5.723

Jang et al. [92] Exp. 5.9414 8.2192 5.7249

Park et al. [93] Exp. 5.9404 8.2158 5.7229
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Table 4.8: Elastic constants for LaInO3. All results are given in GPa. Agreements of

Ref. [89] with PBEsol are significantly better than with PBE, however it is stated there

that PBE was used.

Reference Code/Exp. Type C11 C22 C33 C12 C13

This work exciting LDA 252.4 221.4 244.1 126.8 137.7

PBE 220.3 175.0 216.5 103.8 108.8

PBEsol 239.1 200.8 230.3 114.7 124.0

Erk. et al. [89] VASP PBE 238.12 195.28 225.81 111.46 121.69

Zup. et al. [60] FHI-aims PBEsol 243.9 204.7 234.8 118.8 129.1

Reference Code/Exp. Type C23 C44 C55 C66

This work exciting LDA 120.8 56.5 61.2 76.3

PBE 97.6 51.4 50.7 68.2

PBEsol 111.2 53.9 56.7 72.2

Erkişi et al. [89] VASP PBE 104.38 52.61 58.90 70.37

Zupancic et al. [60] FHI-aims PBEsol 112.2 54.7 58.1 73.6

Table 4.9: Elastic moduli for LaInO3: Bulk modulus B, shear modulus G, and Young

modulus Y . All results are given in GPa. An (*) indicates that the moduli were not men-

tioned explicitly in the respective reference, but computed here using the elastic constants

from the reference.

Reference Code/Exp. Type B G Y

This work exciting LDA 165.4 61.0 162.9

PBE 136.9 54.2 143.6

PBEsol 152.2 57.9 154.2

Erkişi et al. [89] VASP PBE 147.25 57.38 152.36

Zupancic et al. [60] FHI-aims PBEsol 156.0* 58.8* 156.7*
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4.4 Discussion

Overall, the calculated values are in good agreement with previous works. The

three structures are mechanically stable since all of the computed elastic constants

satisfy the Born elastic stability criteria [94]. A first look at the data shows that

larger lattice parameters a tend to correspond to smaller elastic constants, reflecting

weaker bonding. A smaller unit cell, on the other hand, often indicates stronger

bonds between the atoms and thus a stiffer material.

Looking at our three perovskite materials, firstly irrespective of the differences

in the exchange-correlation functionals, we can confirm the predictions made in

Chapter 2: BaSnO3 is found to have high elastic constants in the elastic tensor

compared to the other two materials. Its three identical diagonal components C11,

C22, and C33 corresponding to volume deformations lie in a range of 246 to 303 GPa,

indicating a steep energy valley for elastic distortions. Values for the bulk modulus

B range from 133 to 164 GPa. Still, this is only one third of B for bulk diamond, the

hardest known crystal structure, see Appendix D. The identical constants C44, C55,

and C66 describing the elastic response for shear distortions range from 89 to 101

GPa and are of similar magnitude to the identical off-diagonal coupling components

C12, C23, and C13. These ranges are in good agreement with the literature and very

similar to those of other oxide perovskites in the cubic crystal structure [95].

CsPbI3 is shown by the results to have the softest lattice of the three perovskites.

Values for C11 range from 31 to 47 GPa and values for B from 14 to 20 GPa.

Different directions of strain are only weakly coupled with a C12 of 5 to 6 GPa.

Given the low magnitude of the values, C44 still is significantly lower than C11 with

a range of 3 to 4 GPa. Compared to BaSnO3, these low values indicate the phase

instability of cubic CsPbI3: A tilt or rotation of the central octahedron in the unit

cell could shift the phase to the orthorhombic crystal structure. The values for the

bulk modulus and the elastic constants can be compared very well to other halide

perovskites [96], known to be soft materials, as discussed in Chapter 2.

The high anisotropy of the orthorhombic LaInO3 leads to the larger set of nine

independent constants in the elastic tensor. However, they can still be split into

three groups of constants with similar magnitudes: The diagonal components in

the upper-left C11, C22, and C33 with a range of 175 to 252 GPa almost reach the

respective values in the tensor for BaSnO3. The smallest of these clearly is C22,

meaning that the material is softest in the axis of lattice parameter b which is by

far the largest lattice constant in unit cell calculations.1 The anisotropic bonding

1Note that, when looking at other references, one always has to verify if the lattice parameters

a, b, and c are chosen to be the same. If this is not the case, then the elastic constants in the
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along the b direction, where the lattice symmetry repeats less frequently, allows for

more structural flexibility and thus exhibits a softer elasticity in this case. The

values for C12, C23, and C13 lie in a group of constants that range from 98 to 138

GPa. The diagonal entries in the lower-right C44, C55, and C66 range from 51 to

76 GPa. Unlike for BaSnO3—where C44 and C12 were of similar magnitude—this

suggests a relatively soft elastic response for shear deformations in LaInO3. It also

shows when looking at the shear modulus G, which ranges from 54 to 61 GPa:

This is low relative to the bulk modulus B, compared to the moduli of the other

perovskites. This confirms our predictions from Chapter 2: Because of the strong

bonds in the BX6 octahedron the structure resists volume deformations more than

shear deformations. Unfortunately, no experimental references could be found for

the elastic properties of LaInO3.

Now we compare the exchange-correlation functionals based on their results. In

our data, for all lattice parameters the LDA yields the smallest value and the PBE

functional yields the largest value. This is well known from previous theory [97]:

LDA, based on the homogeneous electron density, overestimates the negative ex-

change energy, as it does not take into account the variation of the electron density,

which will be higher and more fluctuating near the cores and significantly lower in

the interstitial regions. Hence, it predicts stronger bonds and underestimates the

lattice constant. For every investigated material in this work, the LDA results are

around 1% below the experimental reference values. The GGA functionals try to

compensate this error by taking into account the gradient of the density, as discussed

in Section 1.5. However, the PBE is known to overcompensate and tends to predict

bonds that are too weak [97], thus overestimating the lattice parameter. Here, the

PBE lattice constants lie 1% to 2% above the experiments. It can be said that the

LDA and PBE function as lower and upper bounds for the true lattice parameter.

This behavior of the two functionals replicates for the elastic properties, only vice

versa: Coinciding with the fact that smaller lattice parameters tend to produce

larger elastic constants, all the elastic results have the largest values for the LDA.

The lower bound here is the PBE, showing the smallest values. With one exception

(the bulk modulus for CsPbI3 by Rakita et al. [88]) the experimental elastic moduli

lie between the LDA and PBE predictions.

PBEsol tries to improve the equilibrium properties of the PBE functional for

solids [24]. Indeed, for every single calculation, be it lattice or elastic constant,

the values obtained with PBEsol lie between the LDA and PBE, often right in

the middle. Lattice parameters with PBEsol are very close to the experimental

findings for all three perovskites, exhibiting an agreement within 0.2% to 0.4% of the

tensor will change positions in the same manner.
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experimental consensus. There were no available experiments that studied the elastic

properties of LaInO3, however, there is a high agreement of the elastic constants

and moduli with Zupancic et al. [60] who also used the PBEsol functional. This

also applies to the same comparison in PBEsol for BaSnO3. Noticeable is also the

strikingly high agreement of PBEsol bulk moduli for BaSnO3 and CsPbI3 with the

findings of Verma and Kumar [57] who used ionic charge theory to theoretically

predict the bulk modulus of cubic perovskites. Overall, the results confirm the

better predictions for the structural properties of solids with the optimized PBEsol

functional. Considering computation time, PBEsol and PBE are comparable. For

LaInO3 they took roughly the same time to converge, while for CsPbI3, PBE reached

convergence slightly earlier. Interestingly, the computation time for BaSnO3 using

PBEsol was consistently only about one third of the time it took using PBE. To

conclude, PBEsol is a reasonable choice to calculate structural properties of solids,

it combines high precision with relatively low computational cost—compared to the

very expensive hybrids. For shortest waiting time, one can also resort to the LDA,

which will produce a good first reference point.

The two hybrid functionals PBE0 and HSE apply further corrections to the cal-

culations by incorporating a portion of exact exchange energy. Overall, they both

produce very similar results. For lattice parameters, they deviate from each other

by less than 0.1%, except for c of LaInO3 where they deviate by 0.3%. For elas-

tic constants and moduli, they show deviations of 1% to a maximum of 2%. For

the investigated materials, the limitation of Hartree Fock exchange to short-range

interactions seems to have only a small effect. Although the aim of the HSE is

to make computation more efficient by splitting up long- and short-range interac-

tions, thus reducing convergence time, a clear trend in our calculations suggests

otherwise for the current implementation in exciting: The HSE consistently took

more time to converge than PBE0. It was less noticeable for LaInO3, which could

suggest that the HSE effects only start to pay off for larger unit cells with more

atoms. However, different values for α and ω were not tested to further investigate

this topic. The trend definitely demands further study. Comparing the values for

the lattice constants predicted by the hybrids with the other functionals, we notice

that they are close to the PBEsol results, always showing less than 0.5% deviation

from them. In the case of BaSnO3, the hybrid lattice constants are a direct match

with the experimental findings, improving upon the PBEsol values. However, for

LaInO3 and especially CsPbI3 the experimental lattice parameters are too widely

spread to be able to make a similar observation. Considering that computation

time for hybrids was about ten times higher than for PBEsol, the choice of a hybrid

functional to calculate the size of the unit cell has to be well-founded—unless one

needs this optimization for further numerical studies with hybrids. For the elastic
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constants, PBE0 produces results that are slightly higher than for HSE. In most

cases both hybrid functionals yield values between PBEsol and LDA results, gener-

ally leaning towards LDA, sometimes even higher than LDA—despite the fact that

the respective lattice constants are higher for hybrids than for the LDA in every

material. This observation is supported by our test calculations for diamond, see

Appendix D. There, C11, C44, and all elastic moduli exceed the LDA values, while

at the same time the lattice constant a is also higher. This is verified by the given

literature. A source of error might be that the atom positions were not relaxed using

the respective hybrid functional but taken from internal relaxations performed with

PBE. However, R̊asander and Moram [98] were able to relax using hybrids but still

come to the same conclusion. Looking at their other investigated materials, one

can verify the general trend that PBE0 and HSE predict stiffer materials than most

other functionals, often with higher values than even the LDA. This suggests that

the incorporation of exact Hartree Fock exchange steepens the energy valley around

the equilibrium configuration, hinting at an increased sensitivity of exact exchange

energy to structural distortions. Last but not least, this proves that the connection

of low lattice parameters to large elastic constants and vice versa is too simple and

functions more as a rough guideline.

There were almost no experimental data describing the elasticity of the investi-

gated perovskites available, making it difficult to comment on the physical accuracy

of the hybrids compared to other exchange-correlation functionals. Also—apart

from Duarte et al. [68], who used the package CRYSTAL14 [53] to calculate the

elastic properties of BaSnO3 with PBE0—we found no theoretical elasticity studies

of the three perovskites that used hybrid functionals. The present work establishes

new benchmark data in the research field of first-principles calculations based on

density-functional theory and exchange-correlation functionals. In particular, our

calculations for BaSnO3 using the HSE, and for CsPbI3 using PBE0 and the HSE,

constitute new research results in the field.
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Conclusions and Outlook

We successfully calculated the elastic properties of the cubic perovskites BaSnO3 and

CsPbI3 and the orthorhombic perovskite LaInO3 using first-principles methods in the

framework of Kohn-Sham density-functional theory. We used the exciting pack-

age [1] with an implementation of the LAPW+lo basis set to perform iterative

calculations of the elastic energies for small deformations around an equilibrium

lattice. For this, we employed five different exchange-correlation functionals: The

LDA, the PBE and PBEsol functionals of the GGA and the PBE0 and HSE hybrid

functionals. Then we made use of the ElaStic tool [2] to use this data to compute

the second-order elastic constants and associated elastic moduli for the three ma-

terials. The calculations with PBE0 and HSE for the material LaInO3 could not

be performed in this work due to time limitations. However, we have established a

framework to continue this research after the completion of the thesis.

The present values are generally in good agreement with the literature, although

in some cases not enough previous studies could be found to compare our values

to. Especially for hybrid functionals there is very little literature presenting first-

principles calculations of elastic constants for perovskites. No previous calculations

for BaSnO3 using HSE and for CsPbI3 using PBE0 or HSE were available to us.

Hence, this work serves as a benchmark study and its results will be made available

on the NOMAD repository [10]. In the future, they can be used for predictions of

the elastic behavior of the investigated materials under strain in the domain of linear

elasticity and they can serve as reference values for further theoretical research.

The implementations of the hybrid functionals in exciting demand further stud-

ies, like we discussed in Section 4.4. The internal relaxation of the atom positions

in the unit cell by minimization of the forces could be implemented for PBE0 and

HSE in exciting in the future. Also, possible automations of the workflow in this

thesis could be investigated. Part of this endeavor is the thesis by Bächli [99], in

which a method is developed to choose the order of the polynomial and maximum

Lagrangian strain in the ElaStic-diagram in Figure 3.2 with numerical methods

instead of by manual selection. Furthermore, the calculations done in this work can

be extended to other materials in the time to come.
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Appendix A

Species files

The species files specify which (l,m) channels are included in the basis expansion

of the LAPW basis set for every type of atom, see Listing A.1. Afterwards, the

local orbitals used are included, Listing A.2 shows an extract of this part. Both

examples are from the species file for the Pb-atom (lead), which appears in the

cubic perovskite CsPbI3. All other 7 species files will be uploaded along with the

respective calculations on the NOMAD repository [10].
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Listing A.1: Atomic orbitals included in the species file Pb.xml.

<sp chemicalSymbol="Pb" name="lead" z="-82.0000" mass="377702.4941">

<muffinTin rmin="0.100000E-06" radius="2.0000" rinf="27.5273"

radialmeshPoints="800"/>

<atomicState n="1" l="0" kappa="1" occ="2.00000" core="true"/>

<atomicState n="2" l="0" kappa="1" occ="2.00000" core="true"/>

<atomicState n="2" l="1" kappa="1" occ="2.00000" core="true"/>

<atomicState n="2" l="1" kappa="2" occ="4.00000" core="true"/>

<atomicState n="3" l="0" kappa="1" occ="2.00000" core="true"/>

<atomicState n="3" l="1" kappa="1" occ="2.00000" core="true"/>

<atomicState n="3" l="1" kappa="2" occ="4.00000" core="true"/>

<atomicState n="3" l="2" kappa="2" occ="4.00000" core="true"/>

<atomicState n="3" l="2" kappa="3" occ="6.00000" core="true"/>

<atomicState n="4" l="0" kappa="1" occ="2.00000" core="true"/>

<atomicState n="4" l="1" kappa="1" occ="2.00000" core="true"/>

<atomicState n="4" l="1" kappa="2" occ="4.00000" core="true"/>

<atomicState n="4" l="2" kappa="2" occ="4.00000" core="true"/>

<atomicState n="4" l="2" kappa="3" occ="6.00000" core="true"/>

<atomicState n="4" l="3" kappa="3" occ="6.00000" core="false"/>

<atomicState n="4" l="3" kappa="4" occ="8.00000" core="false"/>

<atomicState n="5" l="0" kappa="1" occ="2.00000" core="false"/>

<atomicState n="5" l="1" kappa="1" occ="2.00000" core="false"/>

<atomicState n="5" l="1" kappa="2" occ="4.00000" core="false"/>

<atomicState n="5" l="2" kappa="2" occ="4.00000" core="false"/>

<atomicState n="5" l="2" kappa="3" occ="6.00000" core="false"/>

<atomicState n="6" l="0" kappa="1" occ="2.00000" core="false"/>

<atomicState n="6" l="1" kappa="1" occ="1.00000" core="false"/>

<atomicState n="6" l="1" kappa="2" occ="1.00000" core="false"/>
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Listing A.2: Extract of the local orbitals included in the species file Pb.xml.

<default type="lapw" trialEnergy="0.1500" searchE="false"/>

<custom l="0" type="lapw" trialEnergy="-0.150" searchE="false"/>

<lo l="0">

<wf matchingOrder="0" trialEnergy="-0.150" searchE="false"/>

<wf matchingOrder="1" trialEnergy="-0.150" searchE="false"/>

</lo>

<lo l="0">

<wf matchingOrder="0" trialEnergy="-0.150" searchE="false"/>

<wf matchingOrder="0" trialEnergy="-4.900" searchE="false"/>

</lo>

<lo l="0">

<wf matchingOrder="0" trialEnergy="-4.900" searchE="false"/>

<wf matchingOrder="1" trialEnergy="-4.900" searchE="false"/>

</lo>

<lo l="0">

<wf matchingOrder="0" trialEnergy="-4.900" searchE="false"/>

<wf matchingOrder="2" trialEnergy="-4.900" searchE="false"/>

</lo>

<custom l="1" type="lapw" trialEnergy="0.1500" searchE="false"/>

<lo l="1">

<wf matchingOrder="0" trialEnergy="0.1500" searchE="false"/>

<wf matchingOrder="1" trialEnergy="0.1500" searchE="false"/>

</lo>

<lo l="1">

<wf matchingOrder="0" trialEnergy="0.1500" searchE="false"/>

<wf matchingOrder="2" trialEnergy="0.1500" searchE="false"/>

</lo>

<lo l="1">

<wf matchingOrder="0" trialEnergy="0.1500" searchE="false"/>

<wf matchingOrder="0" trialEnergy="-2.720" searchE="false"/>

</lo>

<lo l="1">

<wf matchingOrder="0" trialEnergy="-2.720" searchE="false"/>

<wf matchingOrder="1" trialEnergy="-2.720" searchE="false"/>

</lo>
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Appendix B

Input files

An example for the structure of an input file for exciting is shown here in List-

ing B.1. The investigated crystal in this case is BaSnO3. The crystal scale at the top

gives the form of the unit cell. In this case, the cell is not distorted and belongs to the

equilibrium structure of BaSnO3 for the PBEsol functional. In the computational

cell this material has one Ba atom, one Sb atom, and three O atoms. The respective

muffin tin radii Rα from Section 3.1 are specified next to the atom types. In the

⟨groundstate⟩ element, the important attributes rgkmax, ngridk, and gmaxvr
from Section 3.1 are given. The exchange-correlation functional is specified here

too with the attribute xctype. After this, if the ⟨relax⟩ element is given, then an

internal structural relaxation will be performed after the self-consistent convergence

of the electron density.

65



Listing B.1: Input file for exciting for the cubic perovskite BaSnO3.

<input>

<title> BaSnO3 </title>

<structure speciespath="/users/sol/herrmanh/SPECIES">

<crystal scale="7.8018">

<basevect>1.0 0.0 0.0</basevect>

<basevect>0.0 1.0 0.0</basevect>

<basevect>0.0 0.0 1.0</basevect>

</crystal>

<species speciesfile="Ba.xml" rmt="2.2">

<atom coord="0.0 0.0 0.0"/>

</species>

<species speciesfile="Sn.xml" rmt="2.0">

<atom coord="0.5 0.5 0.5"/>

</species>

<species speciesfile="O.xml" rmt="1.6">

<atom coord="0.5 0.5 0.0"/>

<atom coord="0.0 0.5 0.5"/>

<atom coord="0.5 0.0 0.5"/>

</species>

</structure>

<groundstate

ngridk="14 14 14"

gmaxvr="25"

swidth="0.0001"

rgkmax="9"

xctype="GGA_PBE_SOL">

</groundstate>

<relax/>

</input>
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Appendix C

Convergence studies

Convergence studies were done for the bulk modulus B, observing the deviations

in this value for slightly changed input parameters. See Table C.1 for BaSnO3, Ta-

ble C.2 for CsPbI3, and Table C.3 for LaInO3. The bulk modulus is a combination

of elastic constants that can be obtained by only one series of isotropic volume dis-

tortions, which makes it suitable for convergence studies. Each bold entry for every

functional in the tables refers to the parameters that were used for the calculation

of the elastic properties which we discussed in Section 4.4. The bulk moduli there

exhibit a systematic deviation from the values used for convergence here, simply

because ElaStic makes use of a polynomial to fit the data in the energy curve,

while here the Birch-Murnaghan equation of state was used in the fits. The input

parameters are given in the columns of the tables. The nempty value gives the num-

ber of empty states or unoccupied states that are included in the expansion [44].

This parameter is important for the hybrid functionals.

For pair-wise comparisons of the parameters a convergence within 1% of the bulk

modulus is achieved in most cases, in some within 2% of the bulk modulus. However,

there is a notable residual dependence on nempty in the two hybrids PBE0 and HSE

for the material CsPbI3. The choice of 100 is only converged in a range of about

3% of the bulk modulus. The convergence calculation with a value of nempty = 140

shows that convergence here is significantly slower than for the local and semilocal

exchange-correlation functionals. A strict convergence would have required signif-

icantly higher values of nempty. exciting calculations with a high value of this

parameter are very demanding though and we had to opt for a compromise, settling

with a convergence of the bulk modulus within approximately 3%. Despite this rela-

tively high error, the overall trends between different functionals remain unaffected.

The results are considered sufficiently accurate for the purpose of this work.

67



Table C.1: Convergence calculations for the bulk modulus B of BaSnO3. All results

are given in GPa. r: rgkmax, k: ngridk, g: gmaxvr, n: nempty. In the cubic symmetry,

all three values of k are the same, so only one is shown here. If n is not specified, then

the default value of nempty was used, which is 5. The bold entries are the used sets of

parameters.

Functional r k g n B

LDA 9 14 18 161.69

9 16 18 161.70

9.5 14 18 161.65

9.5 16 20 161.66

PBE 9 14 25 130.81

9 16 25 130.83

8.5 14 25 130.12

9.5 16 27 131.17

PBEsol 9 14 25 147.79

9 16 25 147.80

9.5 14 25 147.75

9.5 16 27 148.09

PBE0 8 6 25 40 163.77

8 8 25 40 164.16

8.5 6 25 40 163.70

8 6 25 166.83

8.5 8 27 167.00

7 8 25 40 164.92

7 8 25 100 165.09

HSE 8 6 25 40 162.31

8 6 25 100 162.38

8 8 25 40 162.68

8.5 6 25 40 162.32

8 6 25 165.12

8.5 8 27 165.18
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Table C.2: Convergence calculations for the bulk modulus B of CsPbI3. All results are

given in GPa. r: rgkmax, k: ngridk, g: gmaxvr, n: nempty. In the cubic symmetry,

all three values of k are the same, so only one is shown here. If n is not specified, then

the default value of nempty was used, which is 5. The bold entries are the used sets of

parameters.

Functional r k g n B

LDA 9 14 18 19.58

9 16 18 19.59

9.5 14 18 19.56

9.5 16 20 19.56

PBE 9 14 25 13.92

9 16 25 13.92

9.5 14 25 13.92

9.5 16 27 13.92

PBEsol 9 14 25 16.49

9 16 25 16.49

9.5 14 25 16.46

9.5 16 27 16.47

PBE0 8 6 25 100 17.48

8 8 25 100 17.26

8 4 25 100 17.89

8 6 25 40 16.51

8 8 25 40 16.41

8.5 6 25 40 16.36

8 6 25 140 18.03

HSE 8 6 25 100 17.42

8 6 25 40 16.44

8 8 25 40 16.31

8.5 6 25 40 16.17

8 6 25 140 17.97
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Table C.3: Convergence calculations for the bulk modulus B of LaInO3. All results are

given in GPa. r: rgkmax, k: ngridk, g: gmaxvr. The default value nempty = 5 was used.

The bold entries are the used sets of parameters.

Functional r k g B

LDA 8 4×3×4 18 165.19

8 6×4×6 18 165.27

8.5 4×3×4 18 165.23

8.5 6×4×6 20 165.16

7 3×2×3 20 163.89

PBE 8 4×3×4 25 137.22

8 6×4×6 25 137.22

8.5 4×3×4 25 137.22

8.5 6×4×6 27 137.22

7 3×2×3 27 138.29

PBEsol 8 4×3×4 25 151.92

8 6×4×6 25 151.85

8.5 4×3×4 25 151.85

8.5 6×4×6 27 151.85

7 3×2×3 27 152.49
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Appendix D

Diamond reference calculations

Reference calculations with bulk diamond were done, since it is an inexpensive

material in exciting calculations, having only two C-atoms in its unit cell. Lattice

constants can be found in Table D.1, elastic constants in Table D.2, and elastic

moduli in Table D.3—along with theoretical and experimental reference values. The

table structure is the same as in Chapter 4. The following input parameters were

used: rgkmax = 9, ngridk = 14×14×14, gmaxvr = 25 (20 for LDA).

Table D.1: Lattice parameters for diamond. All results are given in Angstrom.

Reference Code/Exp. Type a

This work exciting LDA 3.534

PBE 3.572

PBEsol 3.555

PBE0 3.545

HSE 3.544

R̊asander and Moram [98] VASP LDA 3.533

PBE 3.570

PBEsol 3.553

PBE0 3.543

HSE 3.543

Pandit and Bongiorno [100] QE PBE 3.57

Shikata et al. [101] Exp. 3.5671

Madelung et al. [102] Exp. 3.545
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Table D.2: Elastic constants for diamond. All results are given in GPa.

Reference Code/Exp. Type C11 C12 C44

This work exciting LDA 1103.2 147.9 592.0

PBE 1052.6 124.5 558.7

PBEsol 1069.4 139.2 572.6

PBE0 1134.5 139.2 610.1

HSE 1135.4 139.9 610.4

R̊asander and Moram [98] VASP LDA 1106 149 594

PBE 1056 125 560

PBEsol 1075 141 577

PBE0 1145 138 613

HSE 1143 138 611

Barhoumi et al. [103] VASP LDA 1105.6 149.4 592.6

PBE 1053 125 560.2

HSE 1141.6 140.2 620

Pandit and Bongiorno [100] QE PBE 1054 124 559

Telichko et al. [104] Exp. 1082 125 579

Madelung et al. [102] Exp. 1079 124 578

Migliori et al. [105] Exp. 1079.26 126.73 578.16
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Table D.3: Elastic moduli for diamond: Bulk modulus B, shear modulus G, and Young

modulus Y . All results are given in GPa. An (*) indicates that the moduli were not men-

tioned explicitly in the respective reference, but computed here using the elastic constants

from the reference.

Reference Code/Exp. Type B G Y

This work exciting LDA 466.3 546.3 1178.6

PBE 433.9 520.8 1116.0

PBEsol 449.3 529.6 1140.6

PBE0 471.0 565.1 1211.0

HSE 471.7 565.3 1211.9

R̊asander and Moram [98] VASP LDA 468 547* 1181*

PBE 436 522* 1119*

PBEsol 452 533* 1148*

PBE0 473 569* 1218*

HSE 473 568* 1217*

Barhoumi et al. [103] VASP LDA 468.13 543.63 1176

PBE 434.30 519.5 1114.3

HSE 474 569 1219.4

Madelung et al. [102] Exp. 462

Gray [106] Exp. 442 514 1180
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