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1 Introduction

The significance of Fermi surfaces arises from a fundamental physical principle:
Only energy states in close proximity to the Fermi surface can actively participate
in a material’s response to external stimuli at temperatures around and below room
temperature [1]. Consequently, the topology and characteristics of Fermi surfaces
strongly determine many material properties, including electronic, optical, thermal,
and magnetic properties [2, 3]. With this knowledge, the concept of Fermi-surface
engineering emerged as an approach to design and control material properties for
specific applications [4]. Only metallic materials possess a well-defined Fermi surface.
All considerations in this thesis are made under the assumption that they take place
at 0 Kelvin.

The goal of this thesis is the implementation of an easy-to-use, interactive Fermi-
surface visualization software package named FSvisual [5]. It should be well inte-
grable to web-applications and offer an intuitive user interface for interacting with
the visualized Fermi surfaces. To achieve this, FSvisual pairs every energy value
for each band to a corresponding point in a 3D grid. This grid is built after the
open-source software XCrySDen, which established the file type providing the band-
energy data. On this grid of band-structure data, the Marching Cubes algorithm [6]

is applied, that creates the Fermi surface as a triangulated structure.

The band-energy data which are used as starting point for this thesis, are ob-
tained by first-principle calculations performed by Qiang Fu [7]| using the software
package exciting [8]. This code implements the density-functional theory for ob-
taining the electronic band structure [9]. These data, first downloaded for 37 ele-
mental metals from the NOMAD database [10], are then parsed by FSvisual.

This thesis is structured as follows: In Chapter 2 a brief introduction to direct
and reciprocal lattices of a crystal, electronic structure, density-functional theory,
and the Marching Cubes algorithm is given. Chapter 3 provides information about
the heritage, composition, and access to the band-energy data. In Chapter 4 the

implementation of FSvisual is covered. Chapter 5 presents the results of the thesis,



starting with an introduction on how to use FSvisual. Additionally, all the visual-
ized Fermi surfaces are presented on a website [11]. Chapter 6 provides a summary

of the thesis as well as considerations for future work.



2 Theoretical Background

This chapter provides an overview of the theoretical background needed in this the-
sis. Unless not stated otherwise, we follow the detailed descriptions in the textbooks
of Gross and Marx [12], Ashcroft [13], and Griffiths [14].

2.1 Direct and reciprocal lattice

Many solid materials consist of periodically repeating structural elements, i.e., they
are crystals. The crystal structure describes the arrangement of atoms in these

materials. The repeating unit of atoms is the unit cell (UC) with volume:
Vuc = a1 - (a2 x a3)], (2.1)

where ai, ay, and az are the unit-cell vectors. If the UC contains only a single
lattice point, it is called primitive cell. The lengths of the UC vectors are the lattice

constants. The set of all vectors R that can be obtained as
R = n1ai + NaQs + N3A3 s (22)

where n1, ny, and ng have integer values, identifies the Bravais lattice or direct lattice
of the crystal. For every Bravais lattice, there exists a reciprocal lattice, composed
by the vectors:

G = m1b; + maby + msbs, (2.3)

where my, ms, and mg are integers and by, by, and bz are basis vectors in reciprocal
space. These vectors can be derived from the basis vectors of the direct lattice using

the relations:
b1:—a2><a3; b2:—a3><a1; b3:—a1><a2. (24)

The (first) Brillouin zone (BZ) is the Wigner-Seitz cell in reciprocal space. It is
defined as the region, in which any k-point is closer to an arbitrarily chosen lattice
point than to any other lattice point. The left panel of Figure 2.1 shows the example
of a BZ for the face-centered cubic (fcc) lattice. The right panel of Figure 2.1 shows
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Figure 2.1: First BZ of the three-dimensional fcc lattice with high-symmetry points
(left) and for a two-dimensional square lattice (right). In the right
panel, empty circles (the full red circle) represent reciprocal-lattice
points (the I' point), black/red lines indicate the border of the first BZ,
and blue arrows represent reciprocal lattice vectors.

how the BZ is constructed for the representative case of a two-dimensional square
lattice. The red circle marks the origin of the first BZ, representing the chosen
lattice point. At the midpoint between this lattice point and each of its nearest
neighbors, a plane is defined (a line in two dimensions), that is perpendicular to the
connecting line (blue) between the neighbor and the BZ origin. The intersections
of these planes define the vertices of the BZ. Vertices are defined as points in space
where two or more lines, edges, or curves meet. The BZ is identified as the region
where every point can be reached from its origin, without crossing any boundary

plane.

2.2 Electronic band structure

In the following, we introduce the fundamental concepts that are required to intro-
duce the concept of Fermi surfaces. To do so, we first make use of the free-electron
gas (FEG) approximation. Here, the main assumption is that both electron-electron
and electron-nuclei interactions are neglected. Then, the energy states of an electron
with periodic boundary conditions in a large cubic volume V = L3, can be calcu-
lated by finding the solution of the single-particle time-independent Schrédinger
equation:
_@ FEG

hwc 04 (r) = 5 Ok (1) = BN 6 (r) (2.5)



where m is the free-electron mass. The normalized solutions of Eq. (2.5) for a given

wave vector k are plane waves of the form:

1
FEG :
r)=——=exp(tk-r), 2.6
OFPS(r) = = exp(ik - v) (2:6)
with energies
FEG FEG W’k FEG

Due to the periodic boundary conditions, the only allowed values for k are:
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k, =+ (2.8)
where n,,n,, and n, are quantum numbers, indexing the states. Because of Pauli’s
exclusion principle, every state can be occupied by two electrons of opposite spin,
i.e., spin-up and spin-down. The available states are then filled sequentially from
the lowest (n,=n,=n.=0 ) to the highest energy. The energy eigenvalue of the
highest occupied state, Er, is called Fermi energy or Fermi level. Due to the fact
that the energy in Eq. (2.7) depends only on the length of the vector k, the number
of states that share the same energy increases with this length. In the continuous
limit (V' — o0) the k-vectors which correspond to the occupied states at the Fermi

energy define the surface of a solid which is called Fermi sphere.

The Fermi energy, Er, can be computed from the electronic density-of-states (DOS).
For the FEG, it is given by [12]:

vV o2m\?
DEF)=—|— E 2.
B) =5 (52 ) (2:9)
so that the integral of D(FE) from 0 to Er equals the number of electrons N in the

system:
Er

D(E)dE = N. (2.10)

Figure 2.2 shows the DOS of the FEG with a separation in occupied (blue) and
unoccupied states at the Fermi energy. Inserting Eq. (2.9) into Eq. (2.10) allows to

calculate the Fermi level:

V [2m 3/2 rEr
N=:5 <§) 0 VEdE
. % 2m 3/2 E3/2
T 3m2 \ R2 F
h?
Er = o (3n°n)"". (2.11)
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Figure 2.2: Density of states D(FE) as a function of the energy E for a FEG. Occu-

pied states are indicated in blue and the red line represents the Fermi
level Er.

Only few materials behave like FEGs. In order to improve the theoretical de-
scription of the electrons, we introduce a lattice of static positive atomic cores. We
consider the periodic potential of that lattice to be very weak (almost vanishing),
allowing the electrons to move as in a FEG. This approximation is commonly de-
noted as empty lattice model. In contrast to the energy spectrum of the FEG, the
solution of the Schrodinger equation for electrons in the described system yields a
set of energy values E, (k) for every k-vector. Each energy value of that set belongs
to an energy band, which is indexed by n. These energy bands consist of energy

states that electrons are allowed to occupy.

Reduced-zone scheme

In Figure 2.3, the energy bands of the FEG-like system under consideration are
depicted for a one-dimensional example. The dotted lines mark the border of the
first BZ. An expression for the FEG energy bands is given by:
n*(k + G,)*
E.(k) = (;)’ (2.12)

2m

where G, is a specific reciprocal lattice vector that extends from the lattice point
at the origin to any lattice point in k-space. This makes the band structure (BS)
appear identical at every lattice point to meet the periodicity of the lattice. In case
of n equals zero, G is also zero. Since the BS shares the periodicity of the lattice,
as demonstrated by Eq. (2.12), it is sufficient to consider the BS within the first BZ
of the underlying lattice. This representation is referred to as the reduced-zone
scheme, shown in Figure 2.4. Each energy band originating from the various lattice
points is represented within the reduced zone, collectively forming the overall BS, as
illustrated by bands n=2 and n=3. This behavior is often easier to understand as a

folding process at the BZ boundary: When an energy band extends beyond the BZ,
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Figure 2.3: Electron bands in one dimensional reciprocal space of a FEG in the
empty-lattice model. The dotted lines mark the BZ border.
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Figure 2.4: One-dimensional BS of a FEG in the empty-lattice model within the
reduced-zone (light blue) scheme. With the vectors Gy and G3 the
folding process of the energy band originating at k, = 0 (red) is illus-
trated, yielding band 2 (dark blue) and 3 (green).

it is folded back into it by adding the corresponding reciprocal-lattice vector G,

mapping each point outside the reduced zone back into the reduced zone.

High-symmetry points

Visualizing the BS of a three dimensional material is challenging. This is because,
in addition to k-space coordinates, the band energies have to be displayed on ev-
ery point. Thus, for a three-dimensional lattice, a four-dimensional plot would be

required to fully represent the BS.

To address this challenge, we introduce high-symmetry points, which are specific
locations in the BZ that remain invariant under certain symmetry operations of the
crystal. Consequently, they vary across different crystal structures, depending on

the crystal-structure symmetry. High-symmetry points allow for a visualization of



Figure 2.5: Left: BS for Cs along the standard bcc high-symmetry path in re-
ciprocal space. The zero of the energy axis is taken at the Fermi
energy. Right: BZ, high-symmetry points, and standard k-path (solid
red lines) for a bece crystal (reproduced from [15]).

a BS for a three-dimensional material in a two-dimensional plot along the so-called
standard paths [15]. Figure 2.5 displays on the left an example of a BS along a
path containing the high-symmetry points for Cs in the bce crystal structure. On
the right, the high-symmetry points and the standard path between them [15] are

shown for the bee case.

If an energy band crosses the Fermi level in a three-dimensional space, the result-
ing cross-sectional surface is called Fermi surface. Figure 2.6 shows a schematic ex-
ample of the BS and their relationship to the Fermi surface (FS) for insulators/semi-
conductors, metals, and semi-metals simplified in one dimension. From Figure 2.6
it can be seen that FSs are only relevant for metals and semimetals, since the Fermi
level of semiconductors and insulators (left panel) lies within the band gap and thus
no occupied state can match the Fermi level. On the contrary, for metals (center
panel) and semimetals (right panel) there are energy bands that contain occupied
as well as unoccupied states resulting in a F'S. Furthermore, a FS can have contri-
butions that originates from different bands. In this case the different contributing

parts are usually called branches of the FS.
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Figure 2.6: Schematic representation of the BS around the Fermi level of a one-
dimensional insulator/semi-conductor, metal, and semi-metal. The
Fermi level is represented by red dotted lines. The intersection be-
tween an occupied energy band and the Fermi level (one single point
in this example) defines the Fermi “surface”. The occupied states are
represented by straight blue lines the unoccupied states by dashed gray
lines (see text for discussion).

2.3 Density-functional theory

The electronic BS of the metals considered in this thesis has been calculated by
Qiang Fu [7] using density-functional theory (DFT). DFT is based on the Hohenberg-
Kohn theorem [9], which allows to write the ground-state total energy E of a sys-
tem of interacting electrons in an external potential v(r) as a sum of an universal
functional F'[n] of the ground-state electron density n(r) and a contribution which

depends explicitly on v(r):
E[n] = F[n] + /v(r) n(r)dr. (2.13)

This approach is advantageous over the wave-function based methods in that it
solely depends on n(r). The electron density is a function of only three coordinates,
whereas the many-body wave-function (7,7, ..., 7y) depends on 3N coordinates.
An analytical expression for F'[n] is unknown, indicating that for practical purposes

it must be approximated.

As demonstrated by Kohn and Sham (KS) [16], a many-particle problem of inter-
acting electrons can be mapped onto a system of non-interacting electrons with the

same ground-state electron density as the real system. The standard KS approach



to DFT starts by separating from F[n] everything that is explicitly known,
Fn] =To[n] + Euln] + Exc|n] (2.14)

where Tj[n] is the kinetic-energy functional of a non-interacting electron system with
ground-state density n(r), Ey[n| is the Hartree energy functional, which covers the
classical Coulomb interaction, and Exc[n| is the unknown exchange-correlation (XC)
energy functional. In the KS approach, the ground-state electron density is obtained
by solving the single-particle Schrodinger-like KS equations, which effectively de-

scribe a system of N non-interacting particles:
1
|:—§V2+Ueff<7‘):| Z(’I”) = eiwi(r) with 7 = 1,2,...,N, (215)

where 1;(7) is a single-particle orbital and ¢; is the corresponding eigenenergy. The

effective potential veg(7) can be written as follows:

=o\r 5EH[n] 5EXC[”] = v(r VH\T v r
vr(r) = o) + G+ TOE S = ule) o) foxelr). (216)

Equation (2.16) defines the Hartree potential, vg(r), and the XC potential, vxc(r).

Then, the ground-state electron density is obtained as:

n(r) = 3" J(r)l” (217)

Exchange-correlation energy functionals

Since Exc[n| is unknown, it has to be approximated. Typical approximations
for this term are the local-density approximation (LDA) [17] and the generalized-
gradient approximation (GGA). Popular GGA functionals are, e.g., the Perdew-
Burke-Ernzerhof (PBE) functional [18] and PBEsol [19].

In the simplest form among the three, LDA, the XC energy is given by:

EXPA[n] = /n(r) 6%2(3(71(1")) dr, (2.18)
where €169 (n) represents the exchange-correlation energy per particle of the homo-
geneous interacting electron gas (HEG) with constant density n. The LDA func-
tional typically underestimates unit-cell volumes (or equivalently, overestimates the
BZ volume) and thus produces the largest reciprocal-lattice parameters among the

XC functionals under consideration.

10
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Figure 2.7: Schematic illustration of the DOS and Fermi levels of a FEG-like metal
obtained by calculations performed using PBE, PBEsol, and LDA. Here, for
simplicity, the lowest energy in the bands are aligned.

On the contrary, PBE slightly overestimates unit-cell volumes, while PBEsol
typically stays between the two [20]. For metals with FEG-like BS, these differences
in the UC volume result in the lowest DOS values at the Fermi energy for LDA
and in the highest for PBE (see Eq. (2.9)). Thus, for these systems, a lower DOS
leads to a higher Fermi energy, since less states can be occupied. This behavior
is represented schematically in Figure 2.7, where the areas below the curves are

separated into occupied (colored) and unoccupied states.

The exciting code

The DFT calculation of the electronic band-structure of the metals considered in
this thesis were performed using the exciting code [8]. exciting is an all-electron
full-potential code which implements density-functional theory for the ground-state
properties of materials. The exciting code is not restricted to ground-state calcu-

lations, but has a major focus on excited-state properties.

2.4 Marching Cubes

The calculated band-energy data are usually available at a grid of points in the BZ.
This discretization has the inconvenience that the FS directly calculated from these
data can be quite rough. In order to obtain a smooth FS, the data needs to be
post-processed. Here, we use the Marching Cubes (MC) algorithm [6]. This is a
general method to construct triangulated surfaces from a wvozel graphic, which is a
3D object represented within a regular Cartesian grid of coordinate points. In our
case these voxel graphics are the FSs, where each point in k-space gets a band-
energy value assigned as an attribute. The combination of grid point and attribute
is called vozxel. The MC algorithm for the identification of the F'S within the grid of

k-points (voxel grid in the remainder) consists of four major steps. These steps are

11



Step 1 Step 2 Step 3 Step 4

Figure 2.8: Illustration of the four steps of the MC algorithm. In the first, second,
and fourth step, a voxel grid, partitioned into cubes, is displayed. The
third step shows an arbitrarily chosen cube of the grid to illustrate how
a triangulated surface is built. The green (black) circles mark vertices
with energy values larger (smaller) than the Fermi energy. In Step 3
along the 3 edges connecting marked and unmarked vertices, a corner
point of a triangle (light blue) is located, building the FS.

shown in Figure 2.8. First, as shown in the outermost left panel, the MC algorithm
partitions the voxel grid into cubes, where each voxel serves as a corner point of a
cube. In the second step (center-left panel), the algorithm iterates over all cubes
to determine whether the band energy at each corner voxel is greater or less than
the Fermi energy. If a corner’s value exceeds (or equals) this energy, it is marked.
In Figure 2.8, the marked corners are colored in green (in step two, three, and
four). The center right panel of Figure 2.8 shows Step 3: For all edges, it is tested
if one of their corners is marked and the neighbor is not, which indicates that
the FS intersects that edge. Since each of the eight corners can be either marked
or unmarked, there are 2° = 256 possible ways the FS can intersect the edges
of a cube. Each of the 256 cases can be identified using an 8-digit binary index,
which assigns the value 1 for marked corners and 0 for the others. However, when
considering symmetry, this number of distinct cases can be reduced to 15, which
are shown in Figure 2.9. These 15 configurations are stored in a lookup table that
the algorithm uses during computation to construct the surface. Depending on
the eight-digit index, the lookup table either returns the stored configuration, or
an equivalent symmetric version. For instance, the configuration labeled as index
one in Figure 2.9 depicts a single marked vertex located at the front-bottom-left
corner of the cube. However, an equivalent triangulation would result if any of the
other seven corners were marked instead. Since the lookup table contains only one
representative configuration per case of a single marked vertex, the algorithm must
apply appropriate symmetry operations, such as mirroring or rotating the stored
configuration, depending on the actual position of the marked vertex within the
cube. In Step 4, the exact position of each vertex along each edge is determined by

linear interpolation.

12
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Figure 2.9: The 15 possible ways in which a surface composed of triangles (light
blue) can intersect a cube.

When the MC algorithm is completed, we retrieve a connected surface consisting
of triangles. The continuity is given because of the fact that adjacent cubes always
share 4 voxels on their adjacent side with each other. Thus, for these 4 vertices, the
linear interpolation yields the same results for both cubes as shown in Step 4 of Fig-
ure 2.8. The MC algorithm then outputs all vertices of the triangles, together with
the order in which these vertices should be connected to form the triangles. These
orders are called facets. The accuracy of the MC algorithm is mainly influenced by

the resolution of the voxel grid and the chosen interpolation technique.

13



3 Data

In this chapter, we describe the data that is visualized in this work. The band
structures (BSs) are computed with exciting [8]. The functionals used for the BS
calculation are PBE, PBEsol, and LDA (see Section 2.3). In total, BS of 37 metals
were calculated [7]. The crystal structures under consideration are fce, bee, and hep.

These structures are shown in Figure 3.1.

bcc fcc hcp

<

Figure 3.1: The crystal structures under consideration in this thesis. The bcc, fec,
and hcp stucture are displayed on the left, middle, and right panel,
respectively.

3.1 Band-structure files

The band-energy values, used for the determination of the Fermi surface (FS), that
are computed with exciting, are stored in the bxsf format, which is a file type
established by the software project XCrySDen [21|. These bxsf files are human

readable and contain the energy data in tabular form in the following order:

i) The 3 reciprocal basis vectors by, by, and bs;

ii) The Fermi energy in units of eV of the considered elemental crystal;
iii) The number of energy bands within the file;
iv) A triple of integers determining the k-point sampling grid,;

v) The list of energy values in units of eV for each band.

14



The reciprocal basis vectors are used to calculate the vertices and facets of the
first BZ. The Fermi energy is used by the Marching Cubes algorithm as the value at
which the Fermi surface is built. The number of energy bands is not needed, since
for reading the energy values we use an algorithm which iterates through every band.
The knowledge of the partition of the unit cell (UC) in reciprocal space determined
by the k-point sampling grid is essential for determining at which k-point the given
band-energy values were calculated. Finally, the list of energy values is parsed in

our algorithm for each band as attributes to the mesh grid.

The band-structure files that we used have a very high resolution. The k-point
sampling grid consists of 161x161x161 mesh points. This makes for a total of
1613 = 4173281 k-points for the whole grid.

3.2 API access to NOMAD

The data that is used in this work is hosted on NOMAD [10]. NOMAD is the world-
wide largest database of DF'T calculations, containing more than 15.5 million code
runs. More recently, NOMAD has been expanded to include experimental data.
NOMAD offers access to the data both through a graphical user-interface (GUI)
and a web application programming interface (API). The API allows to search and
download the data programmatically. To download the data, we used the latter

approach via the Python package requests.

To obtain the data files, we retrieved a list from the NOMAD API of all entries
associated with Qiang Fu, the author of the dataset. The specific API query [7]
used for this purpose is documented in the references. Since each entry contains
multiple files, the results had do be filtered to identify the bxsf files. If an entry
included a bxsf file (which was not always the case), the entry ID and the name of
the bxsf file were recorded. The files were downloaded by sending GET requests with
the corresponding entry IDs and file names to NOMAD. Each downloaded file was
categorized based on the XC functional used and was named to include the element

name, entry ID, and crystal structure for clear identification [10].

15



4 The Software Package FSvisual

The process of visualizing Fermi surfaces (FSs) starting from the raw band-structure
data is performed with the help of the software package FSvisual [5], which we
developed for this special purpose. The implementation of FSvisual for the purpose
of obtaining the visualization of the FSs consists of three major steps which are
described in this chapter. The first step is to parse the raw band-energy data from
exciting calculations into FSvisual (see Section 4.1). This action is handled by
the Python script input.py of the package. At the second step, a k-point sampling
grid is defined to assign band-energy values to their corresponding k-points in the 3D
k-space (see Section 4.2). This is performed using the fermi_surfaces.py script.
The Marching Cubes (MC) algorithm is then applied to the sampling grid to build
the FS. Additionally, the first Brillouin zone (BZ) is constructed and stored using
the script brillouin_zone.py. The third and final step handles the creation of the
F'S plots (see Section 4.3). In the next sections, the parts of FSvisual corresponding

to the three steps are analyzed in detail.

4.1 Parsing the data

Inside the script input.py, the read_energy_numbers function reads all values in
the bxsf file (see Section 3.1), excluding the number of energy bands. Since the
bxsf files have a consistent structure, it is possible for the read_energy_numbers
function to iterate over each line and handle each section separately. For instance,
the information on the grid size is always located at the 9th line of the bxsf file for
each material. When the function reaches this line, the three integer values defining
the k-sampling grid are stored to an array. For the band-energy values, the reading
process differs slightly. If a line after the previously described sections begins with
the keyword "BAND", all subsequent energy values are stored in an array. The
process continues until another line starting with "BAND" appears, at which point
a new array is created for the following energy values. The arrays generated in this
way are appended to a list, which ultimately contains all the band-energy arrays of

each band, upon reaching the end of the bxsf file.
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mesh_axis_one = np.arange(Imin[0], Imax[0] + 1)
mesh_axis_two = np.arange(Imin[1], Imax[1] + 1)
mesh_axis_three = np.arange(Imin[2], Imax[2] + 1)

np.where(mesh_axis_one >= 0, mesh_axis_one,
mesh_axis_one + Imax[0])

mesh_axis_two = np.where(mesh_axis_two >= 0, mesh_axis_two,
mesh_axis_two + Imax[1])

mesh_axis_three = np.where(mesh_axis_three >= 0,

mesh_axis_three, mesh_axis_three + Imax[2])

mesh_axis_one

index_mesh = np.ix_(mesh_axis_one, mesh_axis_two,
mesh_axis_three)

Listing 4.1: Code snippet of the create_cartesian_mesh function to create the
k-point grid. Here, the abbreviation np is used for NumPy. See text
for full description.

4.2 Building the mesh

To construct the three-dimensional k-vectors sampling grid, we re-implemented the
algorithm used by XCrySDen. This step is critical, because there is no explicit infor-
mation in the bxsf files about how the band-energy values and k-vectors are related
to one another. The original implementation in XCrySDen uses the programming lan-
guage C. The direct translation of this code to Python lead to significant increases in
the runtime. This is because, unlike C, Python is an interpreted language, meaning
that Python code is executed line by line by the interpreter. This way of execution
adds extra processing steps compared to C, where a code is directly compiled into
machine instructions. Consequently, the execution of "for" loops is less efficient with
Python. To improve performance, the function was restructured using NumPy [22],
which replaces explicit loops with efficient matrix operations through vectorization.
This allows operations to be applied to entire arrays at once, eliminating the need
for element-wise iteration. In addition to enhancing efficiency, NumPy also makes

code easier to read.

The create_cartesian_mesh function of the script fermi_surfaces.py cre-
ates an index grid in Cartesian coordinates first, containing indices of band-energy
values in the band-structure (BS) file at every grid point. This grid is mirrored
along each of the reciprocal-space basis vectors, resulting in a grid of eight times
the size of the original grid. This is done to ensure that the process of folding the
points outside the BZ back into the BZ covers the entire BZ. Subsequently, an en-
ergy grid for each band is constructed by replacing the indices of the index grid
with the actual band-energy values. A snippet of the source code of this function

is shown in Listing 4.1. In the first three lines of Listing 4.1, three one-dimensional
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sets of ordered integer indices are created, ranging from a negative minimum (Imin)
and a positive maximum (Imax = —Imin) value corresponding to the size of the
k-point sampling in one direction. This is done by the NumPy.arange function.
Then, the value of Imax is added to all negative indices (using NumPy.where). The
three arrays are subsequently combined in order to generate an ordered list of triples
of integer indices by using the NumPy.ix_ function. This effectively results in the
creation of a grid of points that is a 2x2x2 “super” mesh of the original k-point sam-
pling grid. Then, the ordering index created by NumPy.ix_ is used for associating
at each grid point the corresponding band energies. For instance, if a grid point
has the number 42 as an ordering index, then, the 43rd list of band-energy values is

assigned to that point.

4.3 Creating Fermi-surface plots

Once the index grid is in place, a grid for each band based on the indices of the index
grid is created. The MC algorithm (see Section 2.4) is then applied to these grids,
generating surfaces that show the contribution of each band to the F'S. Since the MC
algorithm can only process inputs from a Cartesian mesh, the grid points are initially
not stored in the their reciprocal basis. Consequently, once the algorithm returns
the vertices and facets for the FS, a basis transformation is required. Additionally,
the surface generated by the MC algorithm may extend outside the first BZ, due to
mirroring the grid points of the whole reciprocal UC (see Section 4.2). Since the FS
is, by definition, represented only within the BZ boundaries, these external parts
are removed using a slicing algorithm which is discussed in details in Appendix A.
The slicing process is performed using the Trimesh [23] library, which is designed to
handle triangular meshes. The process addressed in Appendix A is repeated for every
energy band listed in the bxsf file. The FS resulting from surface contributions of all

bands is collected into a list, which is then passed to Plotly [24] for visualization.

4.3.1 Construction of the first Brillouin zone

FSvisual displays the FSs along with the first BZ, requiring the computation of
the BZs vertices and facets for the considered crystal structure. This is done using
the Python package pymeshlab.core via the function get_wigner_seitz_cell(),

which takes the reciprocal basis of the crystal structure as input.

18



4.3.2 Plotting the Fermi surface using Plotly

Finally, to create the plots, we implemented a function called plot() using the
routines of the Python library Plotly [24]. plot() takes the vertices and facets of
the FS and BZ, as well as the band index as arguments. The function utilizes two
types of 3D plots from the Plotly.graph_objects library: Scatter3D for point-
based visualization and Mesh3D for surface representation. Scatter3D takes lists of
(x,y, z) coordinates and plots them as points in 3D space. By setting the plot mode
to "line" the points are connected by lines in the same order as they are parsed to
Plotly. This feature makes the Scatter3D an ideal choice for displaying the BZ.
Mesh3D, which is used to visualize the FSs, also takes lists of (z,¥, z) coordinates
of the vertices along with ¢, j, and [ indices as facet information. The mesh plot
structure expects the facets to be in a triangular shape, which is the case due to
the MC algorithm. The indices ¢, j, and [ correspond to the first, second, an
third vertex of the triangle facet, respectively. The Mesh3D objects of each branch
in the fermi_surface_list are stored in a mesh_fermi_surfaces list. The
Scatter3D object and the list of Mesh3D objects are combined into a graph_objects
figure, which handles the final visualization and layout of the FSs. To save the
visualized FSs as an HTML file, we used the Plotly.io.write_html() function,
which takes the figure and a specified file-name as input. The files along with svg

images of the FSs are stored together.
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5 Results

In this chapter, we present the application of the code FSvisual, introduced in
Chapter 4, to the data presented in Chapter 3, generating interactive 3D visualiza-
tions of the 37 metals under consideration. This proceeds through downloading the
data from the NOMAD database (Section 3.2), followed by data processing (Sec-
tions 4.1 and 4.2), and finally creating Fermi-surface (FS) plots (Section 4.3). In
Section 5.1, we provide a guide for using FSvisual. The interactive website for vi-
sual exploration of the F'Ss is introduced in Section 5.2. Finally, Section 5.3 presents
an analysis of the visualized FSs, highlighting cases where they show large variation

in dependence of the XC functionals.

5.1 Usage of FSvisual

If bxsf files are available, e.g., those generated by exciting, the basic usage of
FSvisual [5] and the resulting Fermi-surface plots is relatively simple. To start a
visualization process, the user has to open the program_call.py script, which is
part of FSvisual. Within this script, it is necessary to specify the directory path
(dirpath) to indicate where the bxsf files are located and to set the output directory
path (save_fermisurf_path), where the FSvisual-generated HTML scripts and SVG
images of the F'S will be stored. The code will automatically iterate through all bxsf
files within the specified directory until all F'Ss plots and SVG images are created.

The HTML scripts for the visualization of the FS can be opened in any web
browser. Once the file is loaded, an entire F'S will be displayed. The lest panel of
Figure 5.1 illustrates the expected appearance of the interface. In this interface, the
screen acts as a virtual camera. The user can rotate the camera view of the FS
by holding the left mouse button and dragging the cursor in the desired direction.
Releasing the button stops the movement. Holding the right mouse button (or
pressing the control key on the keyboard + left mouse button) locks the vertical
axis of the camera. Subsequent movements will translate the camera along the
horizontal axes. Any alteration of the camera position can be reset by reloading the
page. The user can zoom in and out using the mouse wheel. An interactive legend

is located in the upper-right corner of the screen. As shown in the right panel of
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Figure 5.1: Left panel: Visualization of the Fermi surface of Pd. The legend at
the top of the page rules the appearance of the available bands and
BZ. Right panel: Same as the left panel, but with the display of the
second band being disabled.

Figure 5.1, the user can hide each F'S band, as well as the edges of the Brillouin zone
(BZ), by left-clicking on the targeted object in the legend. To reduce the opacity of
the F'S, the user can adjust the corresponding settings in the visualization. py file.
Lowering the opacity is particularly useful when presenting only images of the F'S, as
it can improve visibility of internal structures or surface parts facing away from the
viewer, without the need of rotating the camera or hiding any branches. It is also
possible to assign individual colors for the different F'S branches. To do this, add
any number of HEX color codes to the facecolor array in the program_call.py
script. The first color in the array corresponds to the first branch of the bxsf files,

the second to the second branch, and so forth.

5.2 Website

The visualizations of the FSs are also available through a specially designed web-
site [11]. This page is created using the hypertext markup language (HTML) and
displays a periodic table of elements, where images of the FS are shown for each
available element. In Figure 5.2 a snapshot of the periodic table in the website is
shown. Every element with an SVG image is clickable. Once an element is selected, a
subpage opens. This subpage shows SVG images of the F'S for all available XC func-
tional for that element. Additionally, the unit-cell volume (UCV) is given together
with a link to the entry in the NOMAD database for the original data. Figure 5.3
shows the subpage of Ba as an example. Each image in the subpages can be clicked,

to open the interactive visualization of that particular FS.
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Figure 5.2: Snapshot of the periodic table of elements as presented on the website.
Every element with a Fermi surface in the SVG format can be hovered

over and is clickable.

Ba Ba Ba

PBE PBEsol LDA

UCV: 63.41288 A3 UCV:58.283 A3 UCV: 54.027 A3
NOMAD NOMAD NOMAD

Figure 5.3: Snapshot of the subpage showing the Fermi surface of Ba obtained
using the PBE, PBEsol, and LDA functionals. The FS for each func-
tional is clickable to open the interactive visualization. Additionally,
the unit-cell volume (UCV) in Angtrom and a direct link to the entry

in the NOMAD database are provided.
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Figure 5.4: From left to right: First Brillouin zone and high-symmetry points of
the fce, hep, and bece crystal structure, respectively.

5.3 Analysis of the Fermi surfaces

In this section, we show examples of FSs generated using FSvisual for various
elements, comparing results across different XC functionals. In order to discuss the
topology and features of the F'S, we show the first BZ and high-symmetry points of

the fcc, hep, and bece crystal structure in Figure 5.4.

In our first example, Figure 5.5 presents the F'S of Al, which has an fcc crystal
structure. The black lines represent the BZ. The panels from left to right refer to
calculations with a specific XC functional. Different colors denotes the different
branches of the F'S. The Fermi surface plots in each panel are very similar. Indeed,
Aluminum is representative of the entire set of elemental crystals which show mini-

mal qualitative differences among the FSs obtained with different XC functionals.

For some materials, however, stronger deviations are visible. One example for
minor qualitative differences is W in the bcc structure, which is shown in Figure 5.6.
From left to right in Figure 5.6, one can see that the small green pockets close to the
H point become smaller and smaller in passing from LDA to PBEsol and, finally, to

PBE, where they almost vanish.

Figure 5.7 displays the FS of Cd in the hep crystal structure. Here, the differ-
ences between XC functionals are more pronounced: LDA and PBEsol display three
branches, while PBE shows four. This fourth branch of PBE (colored in orange)
together with an addition of the branch colored in purple, are close to the R and Z

point (see Figure 5.4).
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Figure 5.5: From left to right: Fermi surface of Al in the fcc structure calculated
using LDA, PBEsol, and PBE XC functionals. The FS of Al consists
of two branches, here colored red and green.

LDA PBEsol PBE

Figure 5.6: Same as Figure 5.5 for W in the bcc structure. Here, three branches
are found, colored red, green, and purple.

Figure 5.7: Same as Figure 5.5 for Cd in the hcp structure. For LDA and PBEsol
we find three branches, colored in red, green, and purple. For PBE a
fourth branch is displayed in orange.
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Figure 5.8: Same as Figure 5.5 for Ca in the fcc structure. Here, the F'S has two
branches colored red and green.

Figure 5.9: Same as Figure 5.5 for Sr in the fcc structure. Here, the F'S has two
branches colored red and green.

In Figure 5.8 the FS of Ca in the fcce structure is shown. This F'S has two branches.
When comparing the FS computed with PBE and PBEsol, no qualitative differences
can be observed. However, for the LDA functional in contrast to with the other two

cases, the red branch near the borders of the BZ is not a connected surface.

Figure 5.9 shows the FS of Sr, which has an fcc structure. For this metal, the
largest deviation between the three functionals is visible. For PBE and PBEsol, the
FS consists of two branches, which are colored in red and green. For LDA only the
green branch is present. PBE and PBEsol share similarities, as both show green
circle-like structures and red cones. However, for PBEsol, the green circles are not
connected as for PBE, but are separated in multiple pieces with gaps in between.
Each piece also has a reduced width relative to the boundaries of the green circles.
Also, the red cones appear significantly smaller. For LDA, the green branch shows

even larger gaps between the pieces and a further reduced size.

25



Figure 5.10: Same as Figure 5.5 for Cs in the bcc structure. Here, the F'S has only
one branch (depicted in red).

Figure 5.10 shows the FS of Cs in the bce structure. It consists of a single branch,
colored in red. The FS exhibits one of the most noticeable qualitative differences
across PBE, PBEsol, and LDA. While from PBEsol to PBE the corners of the FS
become slightly more rounded, for the LDA functional the Fermi surface is no longer
closed, but has holes at the border of the BZ.

To understand why the FS of a material can differ when different XC functionals
are used, it is important to note that the FSs were computed at the equilibrium
UC volume obtained for the respective XC functional. These volumes are shown
in Figure 5.11, where triangles (circles, squares) represent the PBE (PBEsol, LDA)
equilibrium UC volume of each material. It can be seen that for many materials with
small UC volumes (~ 100 A®), the differences are small. However, the differences
increase significantly for larger UC volumes above 200 A3. In all cases, using LDA
results in the smallest volume, while PBE results in the largest. Figure 5.11 suggests
a correlation between larger UC volumes and a visible difference in the FSs across
the XC functionals. The elements that show qualitative differences in their FSs are

depicted in red.

Additionally, metals with larger average UC volumes (average over the volumes
of every XC functional for a metal) tend to show greater deviations in UC volume
across the XC functionals. To ensure that the observed deviation is not simply
proportional to the average UC volume of each metal, the deviations were normalized
by the corresponding average values. Figure 5.12 shows the normalized volume
deviation for each investigated metal across the XC functionals. For each metal, the
average UC volume, as well as the deviation percentage of every XC functional was
calculated. In Figure 5.12 elements along the horizontal axis are ordered according to
increasing values of the average UC volume. The data points in this figure represent

the average of all the UC volume deviation percentages for each metal.
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Figure 5.11: Equilibrium unit-cell volume of all investigated metals using different
XC functional. Elements that show qualitative differences of their F'S
in dependence on the XC functionals are depicted in red. The blue
marked labels indicate that the corresponding metals have an hcp
crystal structure.
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Figure 5.12: Relative unit-cell volume deviation across the XC functionals in per-
cent of for each metal. Elements that show qualitative differences on
their FSs are colored in red. The blue marked labels indicate, that

the corresponding metals have an hcp crystal structure. See text for
further details.

The average over every red-marked data point in Figure 5.12 is 4.0%. If we compare
this value to the average of the black-marked data points, which is 2.3%, we see a
higher deviation of 1.7% for the red-marked data points. Consequently, a relative
increase in the relative UC volume deviation can be observed for metals that show

qualitative differences in their FSs.
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Figure 5.13: Electronic band structure (BS) of bee Cs calculated using the LDA
(green), PBE (red), and PBEsol (blue) XC functionals. Top panel:
BS along the standard path for bce crystal structures I'-H-N-I'-P-H.
Bottom panel: Details of the BS around the Fermi energy along the
H-N-T" path. Notice that while the N-I" path is fully contained inside
the first BZ, the H-N-T" path lies entirely on a BZ boundary face.

To further investigate these correlations, we focus on bece Cs, which exhibits the
largest average UC volume as well as the largest UC volume deviation. As one can
see in Figure 5.10, for PBE and PBEsol the FS fits within the BZ. For LDA, the
UC volume is smaller and the bands do not fit within the BZ. Thus, they are folded
back. To illustrate that, we show the band structure (BS) of Cs for LDA, PBE,
and PBEsol in Figure 5.13. Since a “hole” in the F'S of the LDA calculation for Cs
(see Figure 5.10) appears close to the N point (see Figure 5.4), we display in the
bottom panel of Figure 5.13 the details of the BS around the Fermi energy along a
symmetry path close to the N point. Along the H-N direction, which is a line on
the border of the BZ, the LDA BS intersects the Fermi energy. This result indicates
that in a repeated-zone representation the F'S extends itself beyond the boundaries
of the first BZ. When using a reduced-zone representation (see Section 2.2) the
exceeding part of of the F'S is folded back by a specific reciprocal lattice vector. The
appearance of characteristic “holes” in the F'S at the boundary of the BZ is an effect

of this folding process.
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Figure 5.14: Details around the Fermi energy of the band structure of bcec Cs
calculated with LDA (green lines), PBE (red), and PBEsol (blue)
along the H-N-I" path in the BZ. The panel from top to bottom show
the results obtained from calculation performed at the equilibrium
volume of LDA, PBEsol, and PBE, respectively.

To confirm if these effects can be solely attributed to the volume, or indicate more
fundamental differences between the two types of functionals (LDA and GGA), we
compute the BS with all three functionals at the equilibrium volumes obtained with
LDA (Vipa =96.11 A%), PBE (Vppg = 116.74 A%), and PBEsol (Vppgso = 108.77 A3).
In particular, we focus on energy values close to the Fermi energy along the H-N-I"
path in the BZ. The results are shown in Figure 5.14. In all cases, the BS of both
GGA functionals, PBE and PBEsol, are visually indistinguishable. Furthermore, it
can be seen from the top panel of Figure 5.14 that the “hole” structure of the FS
appears for all three XC functionals for calculations performed at Vi pa. Finally, the
overall trend when passing from GGA to LDA XC functionals at the corresponding
equilibrium volumes is a downwards rigid shift of the energy bands relative to the

Fermi energy.
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Viba

Figure 5.15: Left panel: DOS of bee Cs calculated with LDA, PBE, and PBEsol
at the corresponding equilibrium volumes. Right panel: Same as the
left panel calculated at the LDA equilibrium volume.

As described in Section 2.3, a change in UC volume also has an impact on the DOS.
According to Eq. (2.10), a different DOS yields a different Fermi energy, which also
causes changes in the visual appearance of the FS. Therefore, it is also important to
compare the DOS across the XC functionals in our test case of bee Cs. The explicit
comparison of the DOS is displayed in Figure 5.15 in the energy region between -2.00
and 0.250 eV, with the Fermi energy E¥ set, as indicated by the dotted line, at 0 eV.
In the left panel of Figure 5.15, the DOSs corresponding to the three XC functionals
exhibit significant differences at energy near the Fermi level. In particular, the
maximum of the DOS in the displayed energy range changes its position for the
three XC functional from slightly below Er (LDA) to slightly above it (PBE and
PBEsol). If the DOS shape changes close to the Fermi energy, then, the intersection
points of the BS with the Fermi level may also change their position, causing visual
changes in the FS. The right panel of Figure 5.15 shows the DOS with the three
XC functionals calculated with the same UC volume Vipa. In this case, the DOS
for LDA, PBE, and PBEsol are nearly identical. This indicates that for bee Cs, the
differences in DOS up to the Fermi energy, are predominantly determined by the
UC volume. This also explains why the BSs of the different XC functionals, at a

fixed volume, appear similar to each other around the Fermi energy.
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Following the indication given by the example above, we can argue that the most
noticeable qualitative differences for the F'S in dependence on the XC functionals
are most likely caused by large deviation in UC volume. However, the opposite
statement is not always true: The FS of the metals K and Rb (accessible on the
website [11]) show almost no visible differences across LDA, PBE, and PBEsol,
although their overall UC volume (see Figure 5.11), as well as their UC volume
deviation (see Figure 5.12) are very high. This is not in contrast with the previous
results, since both these metals only show intersections of the Fermi level with
their BSs inside the BZ. Consequently, despite the differences in the BS of the XC
functionals is expected to be significant, if the differences from one functional to the
other do not cause a BS intersection with the Fermi level outside the BZ (as for Cs),

the qualitative differences can be small.
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6 Conclusions and Outlook

The main task of this thesis was the development of the fully interactive and well-
integrable software package FSvisual for the visualization of the Fermi surface (FS)
of metallic systems. Starting from the available raw data consisting of electronic
band-structure files in the bxsf format, FSvisual implements a three-step proce-
dure for getting HTML plots and svg images of the FS. The input data are down-
loaded from the NOMAD database. The data consist of the results of ab initio
electronic-structure calculations performed by Qiang Fu [7| using the exciting
code. Included in the data are files for 37 elemental metals, each calculated with
three different exchange-correlation (XC) functionals (see Section 2.3) and some

with multiple atomic structures.

Concerning the implementation of FSvisual, the initial step is to parse the
downloaded data. Then, the band-energy values are associated to their correspond-
ing k-points in the sampling grid (see Section 4.2). Finally, the Fermi surface is
constructed by using the Marching Cubes interpolation algorithm (see Section 2.4)
and polished to be entirely contained in the first Brillouin zone of the considered
crystal by means of the slicing algorithm (see Appendix A). As a result, the Fermi
surfaces are visualized with the help of the Plotly library.

The visualized FSs were compared qualitatively (see Section 5.3) for each avail-
able metal, highlighting the differences resulting from the choice of XC functionals.
This investigation pointed out a correlation between qualitative changes in the F'S
of an element across the XC functionals and its average unit-cell (UC) volume. Fur-
thermore, it was shown, that an increasing average UC volume is correlated with an

increased UC volume deviation across the XC functionals.

In our major example, the band structure of Cs in the bcce structure was inves-
tigated for all three considered XC functionals. It was then shown, that by fixing
the UC volume and using various XC functionals, the differences in the BS and
density of states near the Fermi level decreases significantly. All the available F'S

plots created by FSvisual are made accessible through a website [11].
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As for future work, a deeper investigation of the differences of the FSs across the
three used XC functionals is possible. Additionally, we plan the integration of
FSvisual into NOMAD services. We also aim to make the implementation more
user-friendly and improve the usability of the code. This development is planned

and has already started to take place.
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Appendix A: Slicing Algorithm

The FSs built with the bxsf files have parts that extend beyond the borders of
the BZ. The purpose of the slicing algorithm is to remove these surface parts. To
archive this, the vertices and facets of the FS are converted into a Trimesh object.
This Trimesh object provides a slice_plane function, which is capable of slicing
a surface in three dimensions into two peaces along a plane. The function takes the
planes origin and the normal vector of that slicing plane as input. Since the border
of the FS is the BZ, the algorithm iterates over each facet of the BZ and passes
the facet’s origin and normal vector to the slice_plane function. The origin of
each facet is defined by one of its vertices, which is consistently chosen to be the
first vertex of the facet. In order to retrieve the facets normal, we implemented
a function called face_center_BZ. Its purpose is to return the center point of a
facet of the BZ. The input of the function are the facets and vertices of the BZ (see
Section 4.3.1).

At first, all the facets of the BZ are triangulated, meaning that the surface is
partitioned into triangles by the function triangulate_faces 6, which also takes
the vertices and facets of the BZ as input. To achieve this, the function classifies each
facet into three categories based on the number of vertices. The simplest case occurs
when the facet is already a triangle and requires no further processing. In the second
case, the facet is a square, which can always be divided into two triangles. Here,
the order in which the vertices of the first triangle are connected is arbitrary. The
second triangle consists of the three remaining vertices. For facets with more than
four vertices, the third case applies, using a method called fan-triangulation. This
method selects an arbitrary starting vertex and iterates through every subsequent
one. From one iteration to the next, the third vertex of each triangle becomes the
second vertex in the next triangle. Figure A.1 shows a pentagonal shape, which is
triangulated using the fan-triangulation method. Each created triangle is presented
in a different color. Technically, the fan triangulation also works for case one and
two, but it is less efficient and, more importantly for FSvisual, less readable. Once

the list of triangles is generated, the face_center_BZ [6] can proceed.
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Figure A.1: Pentagonal shape that is triangulated using fan-triangulation. Each
vertex is indexed starting at the fist vertex with 0. Every triangle is
colored differently.

The face_center_BZ function then iterates through each facet of the BZ. For each
triangle inside every of those facets, both its area and center are calculated. Using

this information, the function is capable of calculating the centroid of each facet:

G = Zz’Ai ’ Cy ; ZiAi ’ c= ZiAi 7

where (C,, Cy, C,) represent the Cartesian coordinates of the centroid of the entire
facet, (Cy4, Cyi, Csi) (A;) denote the centroid (area) of the i-th triangle. With that,

the computed facet centroids are ready to be returned to the slicing loop. The

(1)

slicing_plane function then slices the FS along each facet, retaining only the part
within the BZ.
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def triangulate_faces(facets):
triangles = []
for facet in facets:
if len(facet) ==
triangles.append(facet)
elif len(facet) ==
triangles.append([facet[0], facet[1], facet[2]])
triangles.append([facet[0], facet[2], facet[3]])
else:
# For facets with more than 4 vertices,
# use a fan triangulation
for i in range(l, len(facet) - 1):
triangles.append([facet[0], facet[i],
facet[i + 111)

return triangles

def face_center_BZ(brillouin_zone_facets):
triangle_list = triangulate_faces(brillouin_zone_facets)
face_centers = []
j=0
for facet in brillouin_zone_facets: calculates the center of it
triangle_areas = []
triangle_centers = []
for triangle in triangle_list[j:j + len(facet) - 2]:
# triangle area:
if triangle_area(triangle) != 0:
triangle_areas.append(triangle_area(triangle))
triangle_centers.append(triangle_center(triangle))

j += len(facet) - 2

x_coord = np.array([point[0] for point in triangle_centers])
y_coord = np.array([point[1] for point in triangle_centers])

z_coord = np.array([point[2] for point in triangle_centers])

# calculation of the facet center (geometrischer Schwerpunkt)

xS = np.sum(x_coord * np.array(triangle_areas)) / np.sum(
triangle_areas)

yS = np.sum(y_coord * np.array(triangle_areas)) / np.sum(
triangle_areas)

zS = np.sum(z_coord * np.array(triangle_areas)) / np.sum(
triangle_areas)

face_centers.append([xS, yS, zS])

return face_centers
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