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Abstract

We present ab-initio calculations of the elastic properties of the group-III nitrides.

The calculations are performed using density-functional theory as implemented in

the exciting code. The software tool ElaStic is used as pre and post-processing for

the elastic properties. Both second and third-order elastic constants are calculated

for the zincblende phase of these materials. We provide a benchmark for analysing

the elastic properties of these materials in terms of the convergence with respect to

a selected set of numerical parameters. In order to enable the possibility of using

automatized workflows for the determination of elastic constants without explicit

human intervention, we introduced the δ-parameter method. This method is used

to automatize the interpretation of the polynomial fits which are used for calculating

finite-difference derivatives of the elastic energy.
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Chapter 1

Introduction

The group-III nitrides (BN, AlN, GaN, and InN) all have different physical prop-

erties. For example, while boron nitride (BN) is well known to be very hard and

brittle, indium nitride (InN) is much less brittle and softer. BN is the second hard-

est material after diamond and is used often on metallic cutting tools for cutting

hard steels [1]. AlN has a high thermal conductivity, a low conductive of thermal

expansion, good electrical resistance and is a semiconductor. That makes AlN a

good solid for electrical applications and thermal management. Because it is cheap

and safe, it is the leading material in the production of hybrid microcircruits [2].

GaN has a high power density, a wide-energy band gap and is a semiconductor. It

will be used often in the next generation for 5G or satellites and further digitization

and industrialization [3]. InN has the lowest mass for all electrons of all group-III

semiconductors. This leads for the lowest saturation velocity and the highest mo-

bility [4]. Concerning the elastic and mechanical properties of these materials, it

is particularly relevant to analyze their behavior under pressure. This implies non

linear elasticity effects to be very important.

In this work, we investigate the linear and non-linear elastic properties of boron

nitride (BN), aluminum nitride (AlN), gallium nitride (GaN) and indium nitride

(InN) in the zincblende structure. In addition, we investigate wurtzite AlN, too.

The crystal structure and unit cell of these phases are shown in Figure 1.1. The

goal of this work is twofold. Our first goal is to provide converged values of the

second and third-order elastic constants and other elastic moduli calculated using

state-of-the-art ab-initio methods. Secondly, we want to provide a benchmark for

calculations of the elastic properties by analyzing explicitly the convergence with

respect to the numerical parameters used in the calculations. Every calculation in

this work is performed using density-functional theory (DFT) implemented in the

software package exciting [5]. The calculations of the second and third-order

elastic constants are performed using the ElaStic toolkit [6].
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Figure 1.1: Crystal structure and unit cell of the cubic zincblende (left panel) and

wurtzite (right panel) phase of group-III nitrides.

In addition, we analyze the possibility of using automatized workflows for the

determination of elastic constants without explicit human intervention. To this

purpose, we introduce the δ-parameter method, which can be used to automatize

the interpretation of the polynomial fits for calculating finite-difference derivatives

of the elastic energy.
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Chapter 2

Theoretical background

This chapter provides a basic theoretical overview of the physical properties investi-

gated in this thesis. We start by looking at the theory of the elasticity. Here, we give

a deeper look at the elastic constants and moduli. Then, there is a short discussion

about the energy of a quantum-mechanical system because the elastic constants are

related to the change in energy of the system. Afterwords, we introduce density-

functional theory (DFT) which allows to solve the quantum-mechanical problem for

a crystal. In the last part of this chapter, we describe shortly the software package

exciting [5] and the post-processing tool ElaStic [6].

2.1 Elasticity

In this section, we give a short introduction of the elastic properties of solid materials.

A further discussion can be found in Refs. [6, 7, 8, 9]. If we apply external force

on a solid material, the material experiences stress and with that a deformation.

The movement of atoms to a new equilibrium position occurs because the internal

forces try to cancel out the external forces. When the external forces and with that

the stress is removed, the atoms move back to the initial equilibrium state and the

deformation disappears. That is only possible if the stress was not too big and there

was no rupture or fracture.

All the fundamental elastic quantities are introduced explicitly in the next sec-

tions, just after a short introduction on the notation we use to denote them.

3



2.1.1 Notation on naming matrices and vectors

Most of the physical quantities encountered in the elasticity theory are complex

objects that cannot be simply expressed by a single scalar number. In this section,

we introduce the notation we use throughout the thesis.

• A general vector in a 3-dimensional Cartesian space (e.g., the position vector,

see next section) is denoted by a single underlined symbol:

v = (vx, vy, vz)
tr . (2.1)

where “tr” identifies the transpose operator and will be omitted in the next

for the sake of simplicity.

• A general 3×3 matrix expressed in Cartesian indices (e.g., strain and stress

matrices, see next section) is denoted by a double underlined symbol:

a =


axx axy axz

ayx ayy ayz

azx azy azz

 . (2.2)

• A general vector in a 6-dimensional space (e.g., the Voigt representation of

strain and stress matrices, see the next sections) is denoted by a single under-

lined bold symbol:

η = (η1, η2, η3, η4, η5, η6) . (2.3)

• A general matrix (6×6, 6×6×6, etc.) in a 6-dimensional space (e.g., the Voigt

representation of the elastic constants, see the next sections) is denoted by a

double underlined bold symbol:

C =



C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66


. (2.4)

Notice that in later sections, this notation is generalized to any matrix in more

than 3 dimensions.
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2.1.2 Strain and stress

The state of deformation of a solid material can be described by the physical strain

tensor ϵ:

ϵ =


ϵxx ϵxy ϵxz

ϵyx ϵyy ϵyz

ϵzx ϵzy ϵzz

 . (2.5)

Diagonal elements of the physical strain tensor signify deformations along the axes,

whereas elements that are a combination of different positions describe shearing.

From here now, we assume that all the discussed strain tensors are symmetric, i.e.,

ϵαβ = ϵβα . The tensor ϵ allows us to obtain the “strained” position of a point vector

r in 3 dimension out of the “unstrained” one as

rstrained = J · runstr. ≡ (1 + ϵ) · runstr. , (2.6)

where J and 1 are the deformation and identity matrix, respectively. There are many

types of strains for a crystal. In Figure 2.1 one can see some examples. Similarly,

Figure 2.1: Examples of different strains in a two-dimensional space.

the stress tensor can also be written as

σ =


σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 , (2.7)

where the single components, σαβ are defined in terms of derivatives of the elastic

energy, E(ϵ), as:

σαβ =
1

V

∂E(ϵ)

∂ϵαβ
, (2.8)

where V is the volume of the crystal.
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In Ref. [10] it was shown that for treating non-linear elastic properties in a ther-

modynamically invariant way an alternative description of the strain is needed. For

this reason, we introduce the Lagrangian strain tensor η:

η =


ηxx ηxy ηxz

ηyx ηyy ηyz

ηzx ηzy ηzz

 . (2.9)

The Lagrangian strain tensor determines how the length of a general vector v changes

during deformation:

| v′ |2 − | v |2= 2v · η · v . (2.10)

The connection between the Lagrangian, η, and the physical, ϵ, strain is given

through the following relationship:

η = ϵ +
1

2
ϵ2 . (2.11)

It is important to notice that for small physical strain η ≈ ϵ .

A great simplification of the representations in the elasticity theory is provided by

the Voigt notation, which we introduce in the next for the Lagrangian strain tensor η:

ηxx → η1 ηyy → η2 ηzz → η3

ηyz + ηzy → 2η4 ηxz + ηzx → 2η5 ηxy + ηyx → 2η6 .

Using the Voigt notation, the 3×3 matrix η transforms into a 6-dimensional vector η.

2.1.3 Elastic constants

We can write the elastic energy of a material as a Taylor expansion in the Lagrangian

strain η as

E(η) = E0 +
∑
i

σ
(0)
i ηi +

1

2

∑
ij

C
(2)
ij ηi ηj +

1

6

∑
ijk

C
(3)
ijk ηi ηj ηk + ... (2.12)

where C(2) and C(3) are the tensors of the second-order and third-order elastic

constants in the Voigt notation, respectively. E0 is the energy in the equilibrium

(zero strain, zero force, . . . ) state of the crystal. σ(0) is the stress at equilibrium

in the Voigt notation. The elastic constants of a given order are related to the
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derivatives of the elastic energy of the corresponding order. Thus, with the second-

order derivatives we obtain the second-order elastic constants (SOECs):

C
(2)
ij =

1

V

∂2E(η)

∂ηi∂ηj

∣∣∣∣
η=0

. (2.13)

In the Voigt notation, C(2) is a 6×6 matrix:

C(2) =



C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66


. (2.14)

In the next, we omit the upper index (2), as it is sufficient to consider only the

number of lower indices to identify the order of the elastic constants.

Because of the symmetry of the crystal, we can reduce the number of independent

elastic constants. For example, the matrix of the second-order elastic constants for

cubic systems is

C(2)

cubic
=



C11 C12 C12 0 0 0

C12 C11 C12 0 0 0

C12 C12 C11 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C44


, (2.15)

while the matrix for hexagonal (wurtzite) systems is

C(2)

hexagonal
=



C11 C12 C13 0 0 0

C12 C11 C13 0 0 0

C13 C13 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 (C11−C12)
2


. (2.16)
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Furthermore, the third-order elastic constants (TOECs), C(3), can be obteined in

terms of the third-order derivatives of the elastic energy:

C
(3)
ijk =

1

V

∂3E(η)

∂ηi∂ηj∂ηk

∣∣∣∣
η=0

. (2.17)

C(3) is a 6×6×6 matrix with only 6 independent elastic-constants components for

cubic system. These components are C111, C112, C123, C144, C155, and C456. The

tensor of cubic (wurtzite) C(3) is shown in the Appendix D (Appendix E).

2.1.4 Elastic moduli

We can connect the elastic constants to the mechanical properties of crystals in the

Voigt notation by defining the following elastic muduli:

• Shear modulus:

G =
1

15

[
(C11 +C22 +C33)− (C12 +C13 +C23) + 3(C44 +C55 +C66)

]
. (2.18)

• Bulk modulus:

B0 =
1

9

[
(C11 + C22 + C33) + 2(C12 + C13 + C23)

]
. (2.19)

• Young’s modulus:

EY =
9BG

3B + G
. (2.20)

• Poisson ratio:

υ =
3B − 2G

2(3B + G)
. (2.21)
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2.2 How to calculate the elastic energy

In order to perform an explicit calcuation of the elastic energy of a crystal introduced

in the last section, one has to access the energy of a crystal out of the fundamental

constituents (electrons and nuclei) and their (Coulomb) interactions. This task can

be accomplished by using the quantum-mechanical expression for the Total Energy

of a crystal seen as a system of electrons and nuclei. The concept of Total Energy

and how it can be calculated in practice is discussed in the following sections.

2.2.1 Quantum mechanical energies

The full energy E of a system of N ≡ Nelec electrons and Nnuc nuclei can be calculated

by solving the full Schrödinger equation:

Ĥ Ψ(r, R) = E Ψ(r, R) , (2.22)

where r denotes the set of positions of the electrons and is defined as r = {ri; i =

1, . . . , N}. In the same way, R is the set of positions of the nuclei and is defined as

R = {RI ; I = 1, . . . , Nnuc}. Ψ(r, R) is the wave funcion and Ĥ is the Hamiltonian

of the total system. Ĥ can be written as the following:

Ĥ = T̂e + T̂n + V̂nn + V̂ee + V̂ne , (2.23)

where T̂e and T̂n is the kinetic-energy operators of the electrons and nuclei and

the operators V̂nn, V̂ee and V̂ne describe the Coulomb interactions between nuclei

(index n) and electrons (index e). The full ground-state wave function can be

written as

ΨGS(r, R) = φ0(r, R)χ0(R) , (2.24)

here, we use the Born-Oppenheimer (BO) approximation [11]. χ0(R) is the nuclear

wave functions and φ0(r, R) is the electronic wave functions. With the help of

Eqs. (2.22) and (2.24) we can derive the following equation which only depends on

the nuclear coordinates:

ĤBO χ0(R) =
[
T̂n + V̂nn + E0(R)

]
χ0(R) = EBO χ0(R) , (2.25)

where T̂n is the operator for the kinetic energy of the nuclei and V̂nn the potential

between the nuclei. E0(R) is the ground-state energy of the electron system and

HBO is the nuclear Born-Oppenheimer Hamiltonian. It has an effective potential as

the following:

U(R) = V̂nn(R) + E0(R) . (2.26)
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We can calculate E0(R) by solving the following electronic equation:

Ĥe φ0(r;R) =
[
T̂ + Ŵ + V̂ (R)

]
φ0(r;R) = E0(R)φ0(r;R) . (2.27)

Ŵ is the potential between the electrons, V̂ represents the external nuclear potential

acting on the electrons and T̂ represents the kinetic energy for the electrons. In the

following we focus on calculations of the energy of the crystal at a fixed nuclear

configuration R. In this case, we can introduce what in the literature as usually

called Total Energy, Etot, by adding the constant term V̂nn(R) to the electronic

ground-state energy E0(R):

Etot = E0(R) + V̂nn(R) . (2.28)

2.2.2 Density-functional theory

For the calculation of the elastic constants, we can identify the elastic energy with

the total energy defined in Eq. 2.28. Because of the difficulty of the calculation of

E0(R), we use the density-functional theory (DFT). This theory is discussed in this

section.

DFT is based on the Hohenberg-Kohn (HK) theorem [12]. Hohenberg and Kohn

were able to show that the total energy Etot ≡ EGS in the ground state can be

obtained by knowing the ground-state electron density nGS(r) only. This is because

there is a one-to-one correspondence between every external potential V̂ and its

ground-state electron density nGS(r). Because of that every property of the system

can be written as a functional of nGS(r). In particular, we get:

EGS = EGS[nGS]. (2.29)

Nevertheless, the HK theorem does not provide the explicit form of the functional

in Eq. (2.29). Because of that, Kohn and Sham (KS) presented an approach which

allows an easy calculation of the ground-state energy and electron density [13]. They

showed that one can introduce a non-interacting single-particle system with the same

ground-state electron density as the interacting many-body system. With the help

of the KS approach, one can now write the ground-state energy functional as

EGS[n] = ⟨φGS[n] | T̂ + Ŵ + V̂ | φGS[n]⟩

= T0[n] + EH[n] + Eext[n] + Exc[n] , (2.30)

where EH[n] is the Hartree energy functional, Eext[n] is the energy functional cor-

responding to the external potential V̂ , Exc[n] is the (still unknown) exchange-

correlation functional, and T0[n] represents the kinetic energy of the KS non-inter-

acting system. The Hohenberg-Kohn theorem also states that EGS[n] is minimal for
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n = nGS. Because of that, we can calculate nGS by minimizing EGS[n]. This leads

to the following equation:

δT0[n]

δn(r)
+ vKS(r, [n]) = µchem , (2.31)

where µchem is the chemical potential [14] and vKS is the Kohn-Sham potential which

is defined as:

vKS(r, [n]) =
δEH[n]

δn(r)
+

δEext[n]

δn(r)
+

δExc[n]

δn(r)

= vH(r, [n]) + vext(r) + vxc(r, [n]) . (2.32)

The electron density which solve Eq. (2.31) is given as

n(r) =
N∑
i=1

| wi(r) |2 , (2.33)

where the single-particle KS wave functions, {wi(r)}, are the solution of the KS
equations for the system of non-interacting particles:

ĥKS(r)wi(r) ≡ ĥ(r)wi(r) =

[
− 1

2
∇2 + vKS(r, [n])

]
wi(r) = εiwi(r) . (2.34)

Here, {εi} are the single-particle KS energies.

Because vKS(r, [n]) itself is a function of the electron density n(r), the KS equations

must be solved self-consistently (see Figure 2.2). First, one take an initial guess for

the electron density n. Then, the KS potential vKS(r, [n]) and the Hamiltonian

ĥKS(r) are calculated by using the old electron density n. Solving the KS equations

a new density can be calculated. Now we compare the new density with the old one

and repeat this process until convergence is reached. This process is summarized in

Figure 2.2.

Due to the fact that vxc is not known exactly, one needs approximations for it.

The most simple one is the local-density approximation (LDA) [13, 15]. Here vxc is

substituted locally with that of a homogeneous electron gas with a (local) electron

density n(r). Within LDA, one gets reasonable results for the total energies of met-

als, but it underestimates bond lengths. A better approximation than LDA is the

generalized gradient approximation (GGA) [16]. It considers contributions from both

the local electron density n and density gradient ∇n. GGA leads to better lattice

parameters and total energies, nevertheless, band gaps are still underestimated. The

most used GGA approximations are the one labeled as PBE [16] and PBEsol [17].
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Figure 2.2: Scheme of a self-consistent cycle of a DFT-calculation.

2.2.3 Numerical solution of the Kohn-Sham equations

For a numerical solution of the self-consistent KS equations we use an expansion

of the KS wave functions, {wi,k(r)}, in terms of a “known” set of basis functions,

{ϕν,k(r)}:

wi,k(r) =
νmax∑
ν=1

γν
i,k ϕν,k(r) . (2.35)

Here, due to the periodicity of the crystal, we have made explicit the dependence of

the KS wave functions on the wave-vector index k. Using the expansion in Eq. (2.35),

the KS equations are transformed to a generalized matrix eigenvalue problem:(
h(k) − εi,k s(k)

)
· γ

k
= 0 . (2.36)

Where γ
k

is the vector of the unknown coefficients in Eq. (2.35), s(k) is the overlap

matrix with components

sν,µ(k) = ⟨ϕν,k | ϕµ,k⟩ , (2.37)

and h k is the matrix representation in the {ϕν,k(r)} basis of the single-particle KS
hamiltonian with components

hν,µ(k) = ⟨ϕν,k | ĥ | ϕµ,k⟩ . (2.38)

The choice of the basis functions must be careful because the KS wave functions

strongly vary close to the nuclei. In this work, the numerical solution of the KS
equations is performed as implemented in the exciting code which is described in

the next section.
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2.3 The software package exciting

The software package exciting [5] is here used to calculate the total energy of a

crystal for given nuclear configurations. exciting is a full-potential all-electron DFT
package implementing linearized augmented planewave methods. Its big advantage

with respect to other ab-initio codes is that in exciting core electrons are explicitly

treated without the use of a pseudo-potential.

2.3.1 Basis functions in exciting

The exciting code utilizes a basis set consisting of linearized augmented plane

waves (LAPWs) and local orbitals. The unit-cell volume is divided into muffin-tin

(MT) and interstitial (I) regions. The MT regions are spheres with the radius RMT

which are centered around the atoms with the position Rα. The MT wave functions

present strong oscillation in the MT regions while their variation in the interstitial

region is quite soft. In order to represent at best this behaviour, exciting uses as

basis functions the augmented plane waves (APWs):

ϕAPW
k+G (r) =


∑

lmAk+G
lmα ulα(rα)Ylm(r̂ α) , rα ≤ RMT

1√
V

ei(k+G)·r, r ∈ I ,
(2.39)

where G is a reciprocal lattice vector and rα = r − Rα. In the MT region, Ylm(r̂α)

are the spherical harmonics, ulα(rα) are radial functions and Ak+G
lmα are chosen such

that ϕAPW
k+G (r) are continuous at the boundary of the MT spheres. In the interstitial

region, the APW is a simple plane wave.

An alternative to the APWs are the linear augmented plane waves (LAPWs). The

basis function for the interstitial part does not change, but the MT part is now

written as

ϕLAPW
k+G (r) =

∑
lm

[
Ak+G

lmα ulα(rα; εlα) + Bk+G
lmα u̇lα(rα); εlα

]
Ylm(r̂ α) , (2.40)

where u̇lα is the energy derivative of the radial function ulα and Bk+G
lmα is determined

such that the derivative of the basis function is also continuous at the boundary of

the MT spheres.

In addition to the (L)APWs, exciting uses local orbitals (LOs) in the set of basis

functions. The LOs vanish inside the interstitial region. In the MT region, we have:

ϕLO
µ (r) = δααµ δllµ δmmµ

[
aµ ulα(rα; εlα) + bµ ulα(rα; εlα)

]
Ylm(r̂α). (2.41)

The coefficients aµ and bµ make the LO normalized and vanishing at the MT boundary.
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By including both LOs and APWs, the KS wave function can be written as:

wi,k(r) =
∑
G

γAPW
k+G ϕAPW

k+G (r) +
∑
µ

γLO
µ ϕLO

µ (r) . (2.42)

To keep the basis set size finite, we limit the values of |k + G| with a maximum

cut-off value Gmax and with finite number of local orbitals. In exciting, the size

of the APW basis-function set is given by fixing the parameter Rmin
MT Gmax (rgkmax in

the input file). Here, Rmin
MT is the smallest muffin-tin radius in the unit-cell.

2.3.2 Brillouin-zone sampling

In order to calculate the total energy within DFT, one has to perform integrations

over the first Brillouin zone of the crystal of quantities which are expensive to be

calculated. This problem is generally solved in DFT codes by approximating the

integrals by sum performed over discrete k-grid meshes. In exciting, the used

mesh is defined by the parameter(s) ngridk consisting of three non-vanishing natural

numbers each of them indicating the density of k-points along the basis vectors in

reciprocal space.

2.4 The ElaStic tool

The ElaStic tool [6] allows for the ab-initio calculation of the full second-order

(SOECs) and third-order (TOECs) elastic constants for materials with a variety of

crystal structures.

Figure 2.3 shows the process of the calculation of elastic constants. First, the

available computer package for the DFT calculation is chosen. In this work, all cal-

culations are performed using exciting. In the next step, the input file for the

equilibrium configuration with information on the structure (atomic positions, crys-

tal lattice, etc.) is read by ElaStic. Then, the space-group number is determined

by the program SGROUP. Thus, ElaStic has now a complete characterization of the

system. With the knowledge of the space-group number, ElaStic now specifies

deformation types.

The user gives two input values. The first value, η
(ElaStic)
max , is the absolute value

of the maximum Lagrangian strain. The second value is the number of the distorted

structures for each deformation type in the range −η
(ElaStic)
max to η

(ElaStic)
max . After that,

for every deformed structure an input file is created. DFT calculations are performed

including for each nuclear configuration the optimization of the internal degrees of

freedom.
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Figure 2.3: Flowchart of the process used in ElaStic (from Ref. [6]).

After the calculation, the total energy of the selected deformed structures is avail-

able. According to the definitions given in Eqs. (2.13) and (2.17) the elastic constants

are given in terms of derivatives of the total energy with respect to the lagrangian

strain. In order to calculate these derivatives the energy-versus-strain curves are

fitted with polynomials of different orders. Then, the derivatives are calculated an-

alytically from the expression of the fitting polynomials. However, the results which

are obtained following this procedure are strongly dependent on the fitting range.

In order to extract out of the fit the optimal value of these derivatives, a “plateau”

value must be identified [6]. This requires some human “eye” intervention. Finding

a method to circumvent this disadvantage is among the goals of this work, as we

discuss in the next chapters. Finally, the elastic moduli can be obtained as defined

in Section 2.1.4.
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Chapter 3

Results

In this chapter, we present and discuss the results of our calculations. First, we de-

scribe the computational parameters used in the calculations. Then, we briefly show

the obtained structural properties for the equilibrium state of the group-III nitrides.

For these materials, we evaluate the second and third-order elastic constants for

different sets of values of the computational parameters. In addition, we introduce a

method for optimizing the calculation of energy derivatives by means of polynomial

fits and show, how this procedure affect the values of the elastic constants. Then,

the converged values of the elastic constants are compared with the experimental

and theoretical values available in the literature. Finally, the results for the different

materials are analyzed in order to establish trends.

3.1 Computational details

All calculations presented here are performed using DFT as implemented in the

exciting code. For the exchange-correlation energy functional, we use the gen-

eralized gradient approximation (GGA), in the PBE [16] and PBEsol [17] approaches.

In particular, the PBEsol functional is taylored to improve the determination of equi-

librium properties of densely packed solids [16]. We use species files from Ref. [18].

The following set of computational parameters are responsible of the accuracy in

the evaluation of ground-state properties using exciting. In the following, we use

for these parameters a notation as given in the “Input Reference” of the exciting
code [19]. The first important parameter is rgkmax which determines the number

of basis functions used for the calculation and is defined as Rmin
MT |k+G|max (see Sec-

tion 2.3.1). The next parameter is ngridk, a set of three integers, which determines

the number of k-points along the directions of the basis vectors. As next, gmaxvr is

the maximum length of the reciprocal lattice vectors for expanding the interstitial

17



Figure 3.1: Example of the input file of an exciting calculation for AlN.

density and potential. The last parameters we consider in this work are lmaxvr
and lmaxapw which are the angular momentum cut-off used for the hamiltonian

and overlap matrix setup and for the augmented plane wave functions, respectively.

Figure 3.1 shows an example input file which contains these parameters.

In order to further simplify the denomination of the computational parameters

used in our calculation, we use from now on the shortened notation reported in

Table 3.1. Using this notation, the computational parameters used in a calculation

can be summarized in a single string, e.g., “r8.k8.g12.l8” means that rgkmax is

set to “8”, ngridk to “8 8 8”, gmaxvr to “12”, as well as lmaxvr and lmaxapw are

set to “8”.
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Table 3.1: Notation used in this thesis for the denomination of the most important

computational parameters of the exciting code.

parameter(s) in exciting short cut

rgkmax r

nkgrid (cubic) k

gvrmax g

lmaxvr
l

lmaxapw

For materials in the zincblende structure different sets of values of these parameters

have been used. At variance, we employed for the calculation of wurtzite AlN a

fixed set of values (shown in Table 3.2), due to time issues.

Table 3.2: Chosen parameters and values for AlN in the wurtzite structure.

rgkmax 9

ngridk 12×12×8

gmaxvr 16

lmaxvr/lmaxapw 8
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3.2 Structural properties

In this section, we give the results for the calculated lattice parameter and bulk

modulus for the equilibrium configuration. Later, these values are used for the

calculation of the elastic constants.

The equilibrium parameters are calculated according to the following procedure.

Starting from an initial non-equilibrium value of the lattice parameter, we performed

calculations of the total energy for a series of distorted structures where only the

lattice parameter a is changed in a range of positive and negative variations. Using

a similar approach to the one explained in the next section for obtaining the energy

derivatives, the lattice parameter which minimize the total energy has been obtained.

In a second step, the procedure is repeated by using as reference the equilibrium

lattice parameter determined in the first step. The second derivative of the energy

calculated at equilibrium gives us the value of the equilibrium bulk modulus B0,

multiplied by the number 9. Of course this procedure is valid only for the cubic

structures with only one structural degree of freedom. For the wurtzite structure

the lattice parameters are determined in a similar way by minimizing the total

energy with respect to both the a and c parameters.

An example showing the calculated total energy as a function of a “volume” strain

changes is given below in Figure 3.2. The values of the computational parameters

used for converged calculation of the structural properties of our zincblende mate-

rials are given in the “string” notation as r9.k12.g25.l12. For the AlN in the

wurzite structure we used the values given in Table 3.2. The converged result for

the equilibrium parameters is shown in Tables 3.3 to 3.7.

Figure 3.2: Calculated energy (blue solid circles) as a function of the lagrangian strain

corresponding to a homogeneous volume deformation for AlN in the zincblende structure.
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Table 3.3: Lattice constant a and bulk modulus B0 of BN.

BN Ref. Exc a [Å] B0 [GPa]

Present work PBE 3.6256 371.3

PBEsol 3.6066 385.3

Theory [20] PBE 3.63 374

[21] GGA 3.63 380

[22] GGA 3.615 362

[23] LDA 3.59 400

Experiment [29] - 400

[24] 3.6157 381.1

[25] 3.615 -

Table 3.4: Lattice constant a and bulk modulus B0 of AlN.

AlN Ref. Exc a [Å] B0 [GPa]

Present work PBE 4.4057 191.4

PBEsol 4.3793 199.3

Theory [23] LDA 4.32 203

[26] HSE 4.3647 -

[21] GGA 4.40 211

[27] PBE 4.38 195.5

Experiment [28] 4.38 -

[29] 4.373 -
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Table 3.5: Lattice constant, a, and bulk modulus, B0, of GaN.

GaN Ref. Exc a [Å] B0 [GPa]

Present work PBE 4.5554 169.3

PBEsol 4.5044 185.9

Theory [20] PBE 4.51 172

[26] HSE 4.4925 -

[30] GGA 4.582 162.2

[30] LDA 4.461 199.1

Experiment [31] 4.54 -

[32] 4.510 -

[33] 4.49 -

[34] 4.506 -

Table 3.6: Lattice constant a and bulk modulus B0 of InN.

InN Ref. Exc a [Å] B0 [GPa]

Present work PBE 5.0645 121.3

PBEsol 5.0022 136.3

Theory [26] HSE 4.9908 -

[23] LDA 4.92 139

Experiment [35] 4.98 -

[36] 5.01 -

Table 3.7: Lattice constant a and c and bulk modulus B0 of wurtzite AlN.

AlN Ref. Exc a [Å] c [Å] B0 [GPa]

Present work PBEsol 3.1147 4.9867 -

Theory [23] LDA 3.06 4.91 202

[37] LDA 3.100 4.964 209

[38] LDA - - 210.3

[38] GGA - - 185.4
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3.3 Elastic properties

In this section, we present the results of the calculation of the second (SOECs)

and third-order (TOECs) elastic constants for the group-III nitrides. In the follow-

ing, we describe the steps we followed for performing these calculations using the

ElaStic tool.

3.3.1 Using ElaStic for calculating elastic constants

• Step 1: Generate distortions

In the first step ElaStic generate input files for exciting for different distor-

tion types and different strain amplitudes in the range [−η
(ElaStic)
max , η

(ElaStic)
max ]

depending on the symmetry of the starting equilibrium structure. The distor-

tion types used by ElaStic for the zincblende (wurtzite) structure are shown

in Table 3.8 (Table 3.10) for the SOECs and Table 3.9 (Table 3.11) for the

TOECs, respectively.

Table 3.8: Distortion types used by ElaStic for cubic systems and SOECs.

Distortion η1 η2 η3 η4 η5 η6

Dst01 η η η 0 0 0

Dst02 η η 0 0 0 0

Dst03 0 0 0 2η 2η 2η

Table 3.9: Distortion types used by ElaStic for cubic systems and TOECs.

Distortion η1 η2 η3 η4 η5 η6

Dst01 η η η 0 0 0

Dst02 η η 0 0 0 0

Dst03 0 0 0 2η 2η 2η

Dst04 η η −η 0 0 0

Dst05 η 0 0 2η 0 0

Dst06 η 0 0 0 2η 0
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Table 3.10: Distortion types used by ElaStic for wurtzite systems and SOECs.

Distortion η1 η2 η3 η4 η5 η6

Dst01 η η η 0 0 0

Dst02 0.5 η 0.5 η −η 0 0 0

Dst03 0 0 η 0 0 0

Dst04 0 η 0 0 0 0

Dst05 0 0 η 2 η 0 0

Table 3.11: Distortion types used by ElaStic for wurtzite systems and TOECs.

Distortion η1 η2 η3 η4 η5 η6

Dst01 η η η 0 0 0

Dst02 0.5 η 0.5 η −η 0 0 0

Dst03 0 0 η 0 0 0

Dst04 0 η 0 0 0 0

Dst05 0 0 η 2 η 0 0

Dst06 0.5 η 0.5 η −η 0 0 2 η

Dst07 η η 0 0 0 0

Dst08 η 0 0 0 0 0

Dst09 η 0 0 2 η 0 0

Dst10 0 η 0 2 η 0 0

• Step 2: Energy data vs. strain values

For each input file, an exciting calculation is performed and the correspond-

ing total energy is extracted. Then, for a given distortion type a curve of

total energy as a function of the strain amplitude is obtained, e.g., as shown

in Figure 3.2.

• Step 3: Polynomial fits

At this step, a fit of the energy-vs.-strain curves is performed using polynomials

of order n = 2, 4, 6 (n = 3, 5, 7) for the SOECs (TOECs). This procedure

is repeated including calculated points corresponding to different symmetric

strain ranges in the form [−η
(fit)
max, η

(fit)
max] . In the next, we set η

(fit)
max ≡ ηmax .
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• Step 4: Extract energy derivatives: The “human-eyes” problem

Energy derivatives are calculated analytically for the polynomials obtained in

the previous step. The results for these derivatives as a function of the used

range of strains (here indicated by the value of ηmax=“maximum lagrangian

strain”) are summarized in plots similar to those shown in Figures 3.3 and 3.4.

The difference between the results shown in Figures 3.3 and 3.4 is that in the

first case (Figure 3.3) the used computational parameters (in particular for

rgkmax and ngridk) provide a poor description of the KS wave functions while

this description is very accurate for the choice of parameters in the second case

(Figure 3.4). In this last case, a “plateau” of the represented curves is very

easy to be identified with high accuracy. The same is not true for Figure 3.3.

As stated in Ref. [6], the value which corresponds to this “plateau” is the best

possible value for the energy derivative according to the polynomial fit.

Up to now, the recognition of the position and value of the “plateau” of the

energy derivatives was left by ElaStic to “human-eyes”, assuming the user to

check on the plots these values. Of course, this represents a problem in view

of a fully automatized calculation of converged elastic constants by means of

generals workflows.

Figure 3.3: Dependence of the calculated energy-per-volume derivatives on the maximum

lagrangian strain used in the fitting procedure. The parameters used in the calculations

are r6.k8.g12.l8 .
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Figure 3.4: Dependence of the calculated energy-per-volume derivatives on the maximum

lagrangian strain used in the fitting procedure. The parameters used in the calculations

are r9.k12.g25.l12 .

3.3.2 How to overcome the “human-eyes” problem

In the following, we present a method to overcome the “human-eyes” problem.

The δ-parameter method

First, we choose a range [η
(left)
max , η

(right)
max ] for the values of ηmax used for the polynomial

fit (see e.g., Figure 3.5). Then, the value of the parameter δ is defined by the

difference between the highest and lowest value of the energy derivative in this range

in correspondence to the highest polynomial order used for the fit. The value of the

parameter δ which is obtained in this way represents a measure of the accuracy of

the fit procedure for the determination of the energy derivative. Figure 3.5 shows

the situation for not fully optimized computational parameters, in particular the

value of gmaxvr is here set to “18”. The corresponding δ-parameter has a value of

about 0.6 GPa. A much better value of δ can be obtained by increasing gmaxvr to

the value “25”, which provides a value of at least an order of magnitude smaller, as

can be seen in Figure 3.6. At variance, the analysis which we performed indicates

that the contemporary increase of the values of lmaxvr and lmaxapw has only a

very small influence on the value of the δ-parameter.
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Figure 3.5: Identification of the plateau region of the second-order energy derivatives

performed with the δ-parameter method for Dst01 of zincblende BN with parameters

r9.k12.g18.l8 . Here, the vertical (red) solid lines correspond to the values of η
(left)
max (left

line) and η
(right)
max (right line).

Figure 3.6: Same as Figure 3.5 with gmaxvr=“25”.
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Table 3.12: Range
[
η
(left)
max , η

(right)
max

]
used for the analysis of the energy derivatives obtained

from the polynomial fits for the zincblende materials.

Material η
(left)
max η

(right)
max Distortion(s)

0.05 0.07 Dst01,Dst02
BN SOECs

0.04 0.06 Dst03

AlN SOECs 0.05 0.07 Dst01-Dst03

GaN SOECs 0.05 0.07 Dst01-Dst03

InN SOECs 0.05 0.07 Dst01-Dst03

0.05 0.07 Dst01-Dst06
BN TOECs

0.04 0.06 Dst03

AlN TOECs 0.06 0.08 Dst01-Dst06

GaN TOECs 0.05 0.07 Dst01-Dst06

InN TOECs 0.05 0.07 Dst01-Dst06

In this work, we used for the range [η
(left)
max , η

(right)
max ] the values indicated in Table 3.12.

As an example, the values of the δ-parameter calculated for each deformation used in

the determination of SOECs (TOECs) of zincblende AlN using are shown in Table 3.13

(Table 3.14). Tables for all materials are shown in Appendix A. From the analysis of

these tables, we can see that in most cases the higher the values for the parameters

are set, the smaller is the value of δ. For example, in Table 3.13 the smallest

value of δ is obtained for the parameters r9.k12.g25.l12 in Dst01 and Dst02,

Table 3.13: Values of the δ-parameter in units of [GPa] for the second-order energy

derivatives of zincblende AlN using PBEsol.

r k g l Dst01 Dst02 Dst03

8 8 12 8 3.07 1.83 1.51

8 8 25 12 2.05 1.25 1.07

8 12 12 8 2.24 1.62 0.58

8 12 25 12 0.59 0.19 0.16

9 8 25 12 0.38 0.31 0.04

9 12 16 8 0.37 0.53 0.14

9 12 25 12 0.07 0.03 0.19
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Table 3.14: Same as Table 3.13 for third-order energy derivatives.

r k g l Dst01 Dst02 Dst03 Dst04 Dst05 Dst06

8 8 12 8 524 753 352 169 496 331

8 8 25 12 62 108 29 46 46 40

8 12 12 8 618 607 305 229 438 329

8 12 25 12 36 38 44 38 11 20

8 16 12 8 678 597 304 189 404 311

9 8 25 12 11 38 22 3 15 9

9 12 16 8 50 16 43 10 5 16

9 12 25 12 6 11 11 3 1 1

but not for Dst03. However, the overall trend, also for Dst03, is very clear. As a

general statement, the parameters rgkmax and ngridk have obviously a big influence

on the convergence. This is shown in Table 3.13. Analyzing the combinations

r8.k8.g25.l12 and r8.k12.g12.l8 in Table 3.14, one can see that even if ngridk
is increased, the lower valuer of gmaxvr leads to much larger values of δ. Overall,

the values of the δ-parameter are much higher for TOECs than for SOECs, as one

might expect due to the higher order of numerical derivation.

In the next, we use the following notation for classifying the calculations of the

elastic constants performed using ElaStic:

EYE denotes all calculations which are performed using the “human-eyes” interven-

tion for identifying the best “plateau” value for the energy derivatives.

STD is used if the identification of the “plateau” value is performed using a fixed

value ηmax = 0.07, which turned to be the “suggested value” from the analysis

performed with the δ-parameter method introduced in this section.

3.3.3 Benchmark data for different parameter settings

In this work, we provide ab-initio calculations of the elastic constants of group-III

nitrides for several sets of values of computational parameters. The full results can

be found in Appendix B. These calculations represent a benchmark for analysing

the convergence of both SOECs and TOECs of these materials. In this section, we

focus on the results concerning zincblende AlN calculated using PBE, that are shown

in Tables 3.15 and 3.16 for the SOECs and TOECs, respectively.
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When using the ElaStic tool for calculating the elastic constants of a material, one

has to consider two main convergence behaviours. The first is related to the conver-

gence of the values of the elastic constants directly with respect to the computational

parameters. This can be extracted by analysing Tables 3.15 and 3.16. Secondly, one

has to consider the convergence of the numerical energy derivatives with respect to

the fit parameters. This information can be obtained by analysing the results of the

δ-parameter shown in Tables 3.13 and 3.14. Including both considerations, we can

argue that for this material the elastic data obtained for the numerical parameters

r9.k12.g25.l12 are converged up to 0.1 GPa for the SOECs and from 1 to 10 GPa

for TOECs (depending on the distortion type).

Table 3.15: SOECs of AlN in units of [GPa] calculated using PBEsol, only results obtained

using the EYE method are included.

r k g l C11 C12 C44

8 8 12 8 284.8 156.9 178.6

8 8 25 12 285.2 156.5 178.6

8 12 12 8 285.6 156.1 178.5

8 12 25 12 285.3 156.4 178.5

9 8 25 12 285.3 156.4 178.5

9 12 16 8 285.5 156.3 178.5

9 12 25 12 285.3 156.4 178.4

Table 3.16: Same as Table 3.15 for the TOECs of AlN in units of [GPa].

r k g l C111 C112 C123 C144 C155 C456

8 8 12 8 -1094 -999 -51 53 -718 3

8 8 25 12 -1073 -989 -53 58 -718 1

8 12 12 8 -1143 -980 -35 58 -722 3

8 12 25 12 -1051 -980 -47 57 -721 1

9 8 25 12 -1044 -980 -46 57 -721 2

9 12 16 8 -1061 -979 -46 56 -721 1

9 12 25 12 -1050 -980 -46 57 -720 1
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3.3.4 Elastic constants of zincblende group-III nitrides

In this section, we show the converged values of the elastic constants calculated for

the zincblende nitrides. When available, our results are compared with previously

published theoretical and experimental values. As an example, the SOECs and TOECs
of zincblende AlN are presented in Tables 3.17 and 3.18, respectively. Tables con-

taining our values of the elastic constants for all zincblende nitrides can be found in

Appendix C.

Table 3.17: SOECs of zincblende AlN in units of [GPa].

AlN Ref. Exc C11 C12 C44

Present work PBE EYE 279.7 147.2 176.9

PBE STD 279.8 147.2 176.9

PBEsol EYE 285.3 156.4 178.4

PBEsol STD 285.3 156.4 178.4

Theory [39] PBE 284 167 181

[20] PBE 283 150 180

[27] PBE 315 130 245

[26] HSE 309.5 166.1 196.9

[21] GGA 309 162 192

[40] LDA 304 160 193

Table 3.18: TOECs of zincblende AlN in units of [GPa].

AlN Ref. Exc C111 C112 C123 C144 C155 C456

Present work PBE EYE -1045 -945 -40 31 -725 -18

PBE STD -1046 -944 -39 31 -726 -18

PBEsol EYE -1050 -980 -46 57 -720 1

PBEsol STD -1055 -979 -46 58 -720 2

Theory [39] PBE -1070 -1010 -78 63 -751 -11

[26] HSE -1125 -1036 -44 51 -789 -11.6
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Our values for the SOECs agree well with the literature values. Our PBE results show

only minor differences with the ones of Refs. [20, 39], while slighty larger variations

are found in comparison with Ref. [27]. To the best of our knowledge, there are no

experimental values for cubic AlN and InN. In the case of the TOECs, our values are

slightly smaller than the PBE ones of Ref. [39]. Larger deviations are observed in the

comparison to the HSE results of Ref. [26]. We did not find any experimental values

for the TOECs of cubic AlN. Finally, for both SOECs and TOECs there is barely no

difference between STD and EYE results.

3.3.5 Elastic constants of wurtzite AlN

For the wurtzite system there were no benchmarks performed. Due to time limi-

tations, only one set of parameter values was used for the calculation of wurtzite

AlN. This parameter set is shown in Table 3.2. Since we have only one calculation,

we compare these results to different calculations in literature. In Tables 3.19 and

3.20 the calculated SOECs and TOECs of wurtzite AlN, respectively, are shown in

comparison with the theoretical and experimental values available in the literature.

Table 3.19: SOECs of wurtzite AlN in units of [GPa].

AlN Ref. Exc C11 C12 C13 C33 C44

Present work PBEsol EYE 377.0 135.1 105.7 352.9 110.9

PBEsol STD 377.0 135.2 105.7 352.8 110.9

Theory [22] PBE 413 129 96 386 126

[37] LDA 396 144 111 367 115

[38] LDA 397 143 112 372 116

[38] GGA 356 118 97 337 106

Experiment [41] 394 134 95 402 121

[42] 410.5 148.5 98.9 388.5 124.6

Table 3.20: TOECs of wurtzite AlN in units of [GPa] calculated using PBEsol.

AlN C111 C112 C113 C123 C133 C144 C155 C222 C333 C344

EYE -2922 -416 -246 -440 -1040 -145 -26 -2173 -923 -655

STD -2916 -425 -246 -436 -1041 -143 -25 -2187 -923 -656
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For the SOECs, our PBE and PBEsol values are slightly smaller than the LDA [37, 38]

ones and somehow different from the PBE results of Ref. [22]. The not further

specified GGA values from Ref. [38] are smaller than ours. Finally, to the best of our

knowledge, there are no calculated or experimental values for the TOECs of wurtzite

AlN in the literature.

3.4 Trends in elasticity of group-III nitrides

For the comparison of the group-III nitrides, we analyze the different elastic moduli

introduced in Section 2.1.4 in terms of the SOECs. In Table 3.21 we show the values

of these elastic moduli for the zincblende materials considered in this work.

Table 3.21: Bulk modulus at equilibrium B0, shear modulus G, Young’s modulus EY,

and Poission ratio υ for the group-III nitrides in the zincblende phase.

B0 [GPa] G [GPa] EY [GPa] υ

PBE BN 371.3 386.8 861.4 0.11

AlN 191.4 132.6 323.2 0.22

GaN 169.3 111.0 273.2 0.23

InN 121.3 57.5 148.9 0.30

PBEsol BN 385.3 395.4 883.9 0.12

AlN 199.4 132.9 326.1 0.23

GaN 186.0 115.3 286.6 0.24

InN 135.9 58.9 154.4 0.31

The values of the bulk moduli are very similar to the ones we calculated in

Section 3.2. We observe that BN is the hardest material and InN the softest. This

is shown by the bulk modulus B0, shear modulus G, and the Young’s modulus EY

as well as by the SOECs themselves. The higher are the values of SOECs or the

generalized elastic moduli, the harder is the material. Frantsevich and Bokuta [43]

state that a material with the Poisson ratio υ > 0.33, should be ductile. Every

group-III nitride has a Poisson ratio υ < 0.33 so these materials should be brittle.

Pugh’s rule [44] state that a material with the ratio of G/B0 > 0.5, should be brittle.

The ratios G/B0 obtained using PBE (PBEsol) for the zincblende nitrides are:

BN → 1.04 (1.03) AlN → 0.69 (0.67) GaN → 0.66 (0.62) InN → 0.47 (0.43) .
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It can be clearly seen that all investigated crystals, except InN, are brittle. BN

is the most brittle. The ambiguous behaviour of InN for both the Pugh’s and

Frantsevichs-Bokutas rule makes hard to classify clearly InN as brittle or ductile.
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Chapter 4

Conclusions and Outlook

In this work, we investigated the elastic properties of the group-III nitrides using DFT
calculations implemented in the software package exciting and the post-processing

tool ElaStic. Benchmark tests were performed to analyze the convergence of the

values of the second (SOECs) and third-order (TOECs) elastic constants and extract-

ing the accuracy of the calculated values.

To this scope, we have introduced the δ-parameter method. This method allows

for an explicit, not based on “human-eyes”, measure of the accuracy of the numerical

energy derivatives performed with the help of polynomial fits, which was the only

“weak point” of the ElaStic tool. We found that, among all computational pa-

rameters, the numerical derivatives are very sensitive to the value of the parameter

gmaxvr, which is the maximum length of the reciprocal lattice vectors for expanding

the interstitial density and potential.

The obtained results for the SOECs and TOECs are also compared with experi-

mental and theoretical values available in literature. The overall agreement for the

SOECs is very good. The TOECs obtained in this work show larger deviations than

the SOECs in comparison with experimental and other theoretical values. For BN,

the TOECs had been calculated the first time, to the best of our knowledge. A full

study of the convergence behaviour of the elastic constants of wurtzite AlN was not

possible, due to time issues. We can assume that the our results for the elastic

constants of wurtzite AlN are still not converged. In the analysis of common trends

in the elastic behaviour of these nitrides, our work shows that BN is the hardest

and InN the softest material.

In the future, the δ-parameter method could be directly integrated in the ElaStic
tool to overcome the “human-eyes”-intervention problem. This will allow for the

use of workflows for full-automatized calculations of elastic constants to the desired

accuracy.
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Appendix A

Convergence Tables for the

δ-Parameter

In this appendix, we present in Table A.1 to Table A.16 the convergence behaviour

of the values of the δ-parameter with respect to the sets of computational parameters

used in the calculations. Results are presented for all the materials considered in

this thesis and for all distortion types.

Table A.1: Calculated values of the parameter δ as defined in Section 3.3.2 for different

sets of computational parameters. Results are presented for all distortion types used in

the calculation of the SOECs of zincblende BN calculated using PBE. All values are given

in units of [GPa].

r k g l Dst01 Dst02 Dst03

8 8 18 8 0.13 0.10 3.24

8 8 25 12 0.61 0.23 2.63

8 12 25 12 0.13 0.20 1.80

9 8 25 12 0.21 0.03 2.10

9 12 18 8 0.56 0.26 3.66

9 12 25 12 0.01 0.03 1.87
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Table A.2: Same as Table A.1 for the SOECs of BN using PBEsol. Units are [GPa].

r k g l Dst01 Dst02 Dst03

8 8 25 12 0.75 0.23 0.61

8 12 25 12 0.54 0.10 0.54

9 8 25 12 0.06 0.03 0.56

9 12 18 8 0.46 0.15 1.16

9 12 25 12 0.08 0.03 0.65

Table A.3: Same as Table A.1 for the SOECs of AlN using PBE. Units are [GPa].

r k g l Dst01 Dst02 Dst03

8 8 25 12 0.83 0.19 0.75

8 12 25 12 1.03 0.19 0.58

9 8 25 12 0.38 0.14 0.10

9 12 16 8 0.51 0.59 0.42

9 12 20 8 0.07 0.04 0.16

9 12 25 12 0.15 0.03 0.11

Table A.4: Same as Table A.1 for the SOECs of AlN using PBEsol. Units are [GPa].

r k g l Dst01 Dst02 Dst03

8 8 12 8 3.07 1.83 1.51

8 8 25 12 2.05 1.25 1.07

8 12 12 8 2.24 1.62 0.58

8 12 25 12 0.59 0.19 0.16

9 8 25 12 0.38 0.31 0.04

9 12 16 8 0.37 0.53 0.14

9 12 25 12 0.07 0.03 0.19
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Table A.5: Same as Table A.1 for the SOECs of GaN using PBE. Units are [GPa].

r k g l Dst01 Dst02 Dst03

8 8 18 8 1.56 0.10 0.27

8 8 25 12 1.51 0.08 0.30

8 12 25 12 0.41 0.36 0.53

9 8 25 12 0.09 0.06 0.23

9 12 18 8 0.04 0.02 0.28

9 12 25 12 0.12 0.01 0.11

10 12 25 12 0.08 0.05 0.05

Table A.6: Same as Table A.1 for the SOECs of GaN using PBEsol. Units are [GPa].

r k g l Dst01 Dst02 Dst03

8 8 25 12 1.48 0.28 0.16

8 12 25 12 0.90 0.13 0.34

9 8 16 8 0.07 0.06 0.16

9 8 25 12 0.02 0.03 0.23

9 12 16 8 0.10 0.05 0.17

9 12 25 12 0.07 0.01 0.11

Table A.7: Same as Table A.1 for the SOECs of InN using PBE. Units are [GPa].

r k g l Dst01 Dst02 Dst03

8 8 25 12 0.32 0.62 3.99

8 12 25 12 0.24 0.28 0.83

9 8 25 12 0.73 1.20 3.87

9 12 25 12 0.11 0.36 0.86
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Table A.8: Same as Table A.1 for the SOECs of InN using PBEsol. Units are [GPa].

r k g l Dst01 Dst02 Dst03

8 8 25 12 0.27 1.78 3.83

8 12 25 12 0.23 0.50 1.05

9 8 25 12 0.37 1.31 4.29

9 12 25 12 0.18 0.39 1.01

Table A.9: Same as Table A.1 for the TOECs of BN using PBE. Units are [GPa].

r k g l Dst01 Dst02 Dst03 Dst04 Dst05 Dst06

8 8 18 8 152 196 226 14 61 26

8 8 25 12 92 145 321 7 7 6

8 12 25 12 44 39 112 17 11 7

9 12 18 8 189 101 362 52 119 67

9 12 25 12 16 9 92 3 6 9

Table A.10: Same as Table A.1 for the TOECs of BN using PBEsol. Units are [GPa].

r k g l Dst01 Dst02 Dst03 Dst04 Dst05 Dst06

8 8 25 12 134 114 100 32 77 18

8 12 25 12 48 21 128 45 33 15

9 8 25 12 13 15 12 13 3 5

9 12 18 8 123 33 148 34 15 35

9 12 25 12 21 2 32 4 6 3

Table A.11: Same as Table A.1 for the TOECs of AlN using PBE. Units are [GPa].

r k g l Dst01 Dst02 Dst03 Dst04 Dst05 Dst06

8 8 25 12 206 54 36 80 59 34

8 12 25 12 71 28 14 46 29 16

9 12 16 8 45 65 64 18 80 62

9 12 20 8 7 7 11 3 21 6

9 12 25 12 12 4 14 4 19 8
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Table A.12: Same as Table A.1 for the TOECs of AlN using PBEsol. Units are [GPa].

r k g l Dst01 Dst02 Dst03 Dst04 Dst05 Dst06

8 8 12 8 524 753 352 169 496 331

8 8 25 12 62 108 29 46 46 40

8 12 12 8 618 607 305 229 438 329

8 12 25 12 36 38 44 38 11 20

8 16 12 8 678 597 304 189 404 311

9 8 25 12 11 38 22 3 15 9

9 12 16 8 50 16 43 10 5 16

9 12 25 12 6 11 11 3 1 1

Table A.13: Same as Table A.1 for the TOECs of GaN using PBE. Units are [GPa].

r k g l Dst01 Dst02 Dst03 Dst04 Dst05 Dst06

8 8 18 8 194 87 27 58 117 76

8 8 25 12 195 87 29 62 115 74

8 12 25 12 161 37 19 26 88 12

9 8 25 12 13 19 41 3 11 5

9 12 18 8 4 7 55 5 7 16

9 12 25 12 19 8 27 11 11 8

10 12 25 12 1 4 15 0 1 2†

† Only for this calculation we chose η
(left)
max = “0.04” and η

(right)
max = “0.05”.

Table A.14: Same as Table A.1 for the TOECs of GaN using PBEsol. Units are [GPa].

r k g l Dst01 Dst02 Dst03 Dst04 Dst05 Dst06

8 8 25 12 400 157 48 94 170 90

8 12 25 12 92 108 72 81 35 12

9 8 16 8 44 16 52 10 24 9

9 8 25 12 45 20 40 2 24 9

9 12 16 8 4 8 35 7 14 15

9 12 25 12 3 3 38 1 11 13
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Table A.15: Same as Table A.1 for the TOECs of InN using PBE. Units are [GPa].

r k g l Dst01 Dst02 Dst03 Dst04 Dst05 Dst06

8 8 25 12 286 109 71 67 70 18

8 12 25 12 92 12 22 8 5 10

9 8 25 12 79 19 40 14 3 9

9 12 25 12 9 12 15 5 15 6

Table A.16: Same as Table A.1 for the TOECs of InN using PBEsol. Units are [GPa].

r k g l Dst01 Dst02 Dst03 Dst04 Dst05 Dst06

8 8 25 12 71 95 76 38 21 7

8 12 25 12 22 14 31 14 31 9

9 8 25 12 68 13 70 19 10 4

9 12 25 12 29 10 36 12 21 9
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Appendix B

Convergence Tables for the elastic

constants

In this appendix, we present in Table B.1 to Table B.16 the calculated values of the

elastic constants of the materials considered in this thesis for different sets of com-

putational parameters. All the results have been obtained using the EYE procedure

described in Section 3.3.2.

Table B.1: Calculated values of the SOECs of zincblende BN in units of [GPa] for different

sets of computational parameters. Only results obtained using the EYE method and the

PBE exchange-correlation energy functional are included.

r k g l C11 C12 C44

8 8 18 8 778.8 167.6 441.2

8 8 25 12 778.5 167.8 441.2

8 12 25 12 778.4 167.8 441.2

9 8 25 12 778.4 167.8 441.2

9 12 18 8 778.6 167.6 441.2

9 12 25 12 778.4 167.8 441.2
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Table B.2: Same as Table B.1 for the SOECs of BN using PBEsol. Units are [GPa].

r k g l C11 C12 C44

8 8 25 12 792.5 181.6 455.3

8 12 25 12 792.5 181.8 455.3

9 8 25 12 792.5 181.7 455.4

9 12 18 8 792.4 181.8 455.4

9 12 25 12 792.5 181.7 455.5

Table B.3: Same as Table B.1 for the SOECs of AlN using PBE. Units are [GPa].

r k g l C11 C12 C44

8 8 25 12 280.3 146.9 176.9

8 12 25 12 279.9 147.1 176.9

9 8 25 12 279.8 147.2 176.9

9 12 16 8 280.0 147.2 176.9

9 12 20 8 279.8 147.2 176.9

9 12 25 12 279.7 147.2 176.9

Table B.4: Same as Table B.1 for the SOECs of AlN using PBEsol. Units are [GPa].

r k g l C11 C12 C44

8 8 12 8 284.8 156.9 178.6

8 8 25 12 285.2 156.5 178.6

8 12 12 8 285.6 156.1 178.5

8 12 25 12 285.3 156.4 178.5

9 8 25 12 285.3 156.4 178.5

9 12 16 8 285.5 156.3 178.5

9 12 25 12 285.3 156.4 178.4
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Table B.5: Same as Table B.1 for the SOECs of GaN using PBE. Units are [GPa].

r k g l C11 C12 C44

8 8 18 8 250.9 128.6 144.2

8 8 25 12 250.8 128.6 144.2

8 12 25 12 250.8 128.5 144.2

9 8 25 12 250.9 128.7 144.3

9 12 18 8 250.8 128.6 144.2

9 12 25 12 250.8 128.6 144.2

10 12 25 12 250.8 128.6 144.2

Table B.6: Same as Table B.1 for the SOECs of GaN using PBEsol. Units are [GPa].

r k g l C11 C12 C44

8 8 25 12 268.6 144.6 151.1

8 12 25 12 268.0 144.9 150.8

9 8 16 8 268.3 144.9 151.1

9 8 25 12 268.3 144.9 151.1

9 12 16 8 268.2 144.8 151.0

9 12 25 12 268.2 144.8 151.0

Table B.7: Same as Table B.1 for the SOECs of InN using PBE. Units are [GPa].

r k g l C11 C12 C44

8 8 25 12 157.3 102.7 76.7

8 12 25 12 158.5 102.0 76.9

9 8 25 12 158.1 102.9 76.7

9 12 25 12 158.7 102.5 77.0

Table B.8: Same as Table B.1 for the SOECs of InN using PBEsol. Units are [GPa].

r k g l C11 C12 C44

8 8 25 12 171.6 117.5 79.1

8 12 25 12 172.7 116.9 79.6

9 8 25 12 172.2 118.0 79.4

9 12 25 12 173.1 117.3 79.6
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Table B.9: Same as Table B.1 for the TOECs of BN using PBE. Units are [GPa].

r k g l C111 C112 C123 C144 C155 C456

8 8 18 8 -4091 -1528 478 -272 -2284 -863

8 8 25 12 -4098 -1528 479 -272 -2283 -863

8 12 25 12 -4089 -1530 481 -272 -2285 -867

9 8 25 12 -4084 -1533 480 -273 -2284 -865

9 12 18 8 -4074 -1534 478 -272 -2286 -865

9 12 25 12 -4086 -1532 480 -273 -2284 -865

Table B.10: Same as Table B.1 for the TOECs of BN using PBEsol. Units are [GPa].

r k g l C111 C112 C123 C144 C155 C456

8 8 25 12 -4146 -1549 483 -244 -2295 -818

8 12 25 12 -4132 -1588 487 -245 -2297 -818

9 8 25 12 -4133 -1588 486 -245 -2297 -818

9 12 18 8 -4114 -1590 485 -246 -2299 -817

9 12 25 12 -4134 -1587 485 -245 -2296 -818

Table B.11: Same as Table B.1 for the TOECs of AlN using PBE. Units are [GPa].

r k g l C111 C112 C123 C144 C155 C456

8 8 25 12 -1048 -940 -38 31 -723 -17

8 12 25 12 -1067 -937 -39 33 -723 -18

9 8 25 12 -1052 -944 -41 32 -725 -18

9 12 16 8 -1063 -944 -41 30 -725 -19

9 12 20 8 -1047 -944 -40 32 -725 -18

9 12 25 12 -1045 -945 -40 31 -725 -18
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Table B.12: Same as Table B.1 for the TOECs of AlN using PBEsol. Units are [GPa].

r k g l C111 C112 C123 C144 C155 C456

8 8 12 8 -1094 -999 -51 53 -718 3

8 8 25 12 -1073 -989 -53 58 -718 1

8 12 12 8 -1143 -980 -35 58 -722 3

8 12 25 12 -1051 -980 -47 57 -721 1

9 8 25 12 -1044 -980 -46 57 -721 2

9 12 16 8 -1061 -979 -46 56 -721 1

9 12 25 12 -1050 -980 -46 57 -720 1

Table B.13: Same as Table B.1 for the TOECs of GaN using PBE. Units are [GPa].

r k g l C111 C112 C123 C144 C155 C456

8 8 18 8 -1178 -858 -230 -61 -578 -54

8 8 25 12 -1178 -858 -230 -58 -586 -54

8 12 25 12 -1188 -856 -227 -63 -587 -54

9 8 25 12 -1184 -857 -227 -63 -588 -54

9 12 18 8 -1188 -856 -227 -63 -588 -54

9 12 25 12 -1185 -857 -228 -64 -588 -54

10 12 25 12 -1188 -857 -228 -63 -588 -54

Table B.14: Same as Table B.1 for the TOECs of GaN using PBEsol. Units are [GPa].

r k g l C111 C112 C123 C144 C155 C456

8 8 25 12 -1252 -952 -262 -43 -584 -41

8 12 25 12 -1234 -931 -264 -46 -585 -40

9 8 16 8 -1241 -931 -263 -45 -585 -40

9 8 25 12 -1247 -930 -263 -45 -585 -41

9 12 16 8 -1246 -930 -264 -45 -585 -40

9 12 25 12 -1251 -929 -264 -45 -584 -40
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Table B.15: Same as Table B.1 for the TOECs of InN using PBE. Units are [GPa].

r k g l C111 C112 C123 C144 C155 C456

8 8 25 12 -750 -653 -308 -6 -266 7

8 12 25 12 -775 -649 -305 -7 -267 8

9 8 25 12 -758 -655 -310 -6 -267 6

9 12 25 12 -777 -650 -308 -6 -267 8

Table B.16: Same as Table B.1 for the TOECs of InN using PBEsol. Units are [GPa].

r k g l C111 C112 C123 C144 C155 C456

8 8 25 12 -824 -720 -358 16 -252 15

8 12 25 12 -831 -720 -357 21 -252 19

9 8 25 12 -825 -725 -362 16 -250 17

9 12 25 12 -840 -719 -358 16 -251 18
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Appendix C

Converged elastic constants

In this appendix, we present in Tables C.1 to C.8 the converged elastic constants

of the zincblende group-III nitrides obtained from our calculations. We estimate

that the SOECs are converged up to an absolute deviation of 0.1 GPa, while a larger

uncertainty of about 1 to 20 GPa in dependence of the distortion types has to be

considered for the TOECs. The tables also contain all other theoretical and exper-

imental values which are available in the literature, to the best of our knowledge.

Table C.1: Converged values of the SOECs of zincblende BN in units of [GPa]. Our values

are compared here with other theoretical and experimental results which are available in

the literature.

BN Ref. Exc C11 C12 C44

Present work PBE EYE 778.4 167.8 441.2

PBE STD 778.4 167.8 440.4

PBEsol EYE 792.5 181.7 455.5

PBEsol STD 792.5 181.7 455.3

Theory [20] PBE 781 170 439

[21] GGA 800 170 450

[22] GGA 816 168 469

[23] LDA 837 182 493

Experiment [45] 820 190 480

[24] 798.4 172.4 469

[25] 712 - -
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Table C.2: Same as Table C.1 for the SOECs of zincblende AlN in units of [GPa].

AlN Ref. Exc C11 C12 C44

Present work PBE EYE 279.7 147.2 176.9

PBE STD 279.8 147.2 176.9

PBEsol EYE 285.3 156.4 178.4

PBEsol STD 285.3 156.4 178.4

Theory [39] PBE 284 167 181

[20] PBE 283 150 180

[27] PBE 315 130 245

[26] HSE 309,5 166,1 196,9

[21] GGA 309 162 192

[40] LDA 304 160 193

Table C.3: Same as Table C.1 for the SOECs of zincblende GaN in units of [GPa].

GaN Ref. Exc C11 C12 C44

Present work PBE EYE 250.8 128.6 144.2

PBE STD 250.8 128.6 144.2

PBEsol EYE 268.2 144.8 151.0

PBEsol STD 268.2 144.8 151.0

Theory [39] PBE 255 147 148

[20] PBE 254 131 146

[26] HSE 288,4 153 166,7

[30] GGA 242.4 122.1 146.8

[30] LDA 286.9 152.8 165

[40] LDA 293 159 155

Experiment [31]/[46] 285 149 157.7
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Table C.4: Same as Table C.1 for the SOECs of zincblende InN in units of [GPa].

InN Ref. Exc C11 C12 C44

Present work PBE EYE 158.7 102.5 77.0

PBE STD 158.7 102.5 77.0

PBEsol EYE 173.1 117.3 79.6

PBEsol STD 172.8 117.4 79.6

Theory [39] PBE 160 115 78

[26] HSE 185.2 121.7 91.5

[40] LDA 187 125 86

[23] LDA 184 116 177

Table C.5: Same as Table C.1 for the TOECs of zincblende BN in units of [GPa].

BN Exc C111 C112 C123 C144 C155 C456

Present work PBE EYE -4087 -1532 480 -273 -2284 -865

PBE STD -4085 -1533 480 -273 -2285 -877

PBEsol EYE -4134 -1587 485 -245 -2296 -818

PBEsol STD -4135 -1587 485 -245 -2296 -819

Table C.6: Same as Table C.1 for the TOECs of zincblende AlN in units of [GPa].

AlN Ref. Exc C111 C112 C123 C144 C155 C456

Present work PBE EYE -1045 -945 -40 31 -725 -18

PBE STD -1046 -944 -39 31 -726 -18

PBEsol EYE -1050 -980 -46 57 -720 1

PBEsol STD -1055 -979 -46 58 -720 2

Theory [39] PBE -1070 -1010 -78 63 -751 -11

[26] HSE -1125 -1036 -44 51 -789 -11.6
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Table C.7: Same as Table C.1 for the TOECs of zincblende GaN in units of [GPa].

GaN Ref. Exc C111 C112 C123 C144 C155 C456

Present work PBE EYE -1185 -857 -228 -64 -588 -54

PBE STD -1185 -857 -228 -64 -588 -54

PBEsol EYE -1251 -929 -264 -45 -584 -40

PBEsol STD -1250 -929 -265 -45 -584 -40

Theory [39] PBE -1209 -905 -294 -45 -603 -48

[26] HSE -1277 -976 -252 -46 -647 -49

Table C.8: Same as Table C.1 for the TOECs of zincblende InN in units of [GPa].

InN Ref. Exc C111 C112 C123 C144 C155 C456

Present work PBE EYE -777 -650 -308 -6 -267 8

PBE STD -777 -650 -308 -6 -267 8

PBEsol EYE -840 -719 -358 16 -251 18

PBEsol STD -832 -721 -359 14 -252 18

Theory [39] PBE -752 -661 -357 16 -268 14

[26] HSE -786 -701 -327 28 -290 22
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Appendix D

TOECs tensor for cubic systems

In this appendix, we give in Table D.1 the full form of the tensor of the third-order

elastic constants for materials which crystallize in the cubic zincblende structure.
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Table D.1: TOECs tensor for cubic systems.

c
(3)
1jk c

(3)
2jk

C111 C112 C112 0 0 0

C112 C112 C123 0 0 0

C112 C123 C112 0 0 0

0 0 0 C144 0 0

0 0 0 0 C155 0

0 0 0 0 0 C155

C112 C112 C123 0 0 0

C112 C111 C112 0 0 0

C123 C112 C112 0 0 0

0 0 0 C155 0 0

0 0 0 0 C144 0

0 0 0 0 0 C155

c
(3)
3jk c

(3)
4jk

C112 C123 C112 0 0 0

C123 C112 C112 0 0 0

C112 C112 C111 0 0 0

0 0 0 C155 0 0

0 0 0 0 C155 0

0 0 0 0 0 C144

0 0 0 C144 0 0

0 0 0 C155 0 0

0 0 0 C155 0 0

C144 C155 C155 0 0 0

0 0 0 0 0 C456

0 0 0 0 C456 0

c
(3)
5jk c

(3)
6jk

0 0 0 0 C155 0

0 0 0 0 C144 0

0 0 0 0 C155 0

0 0 0 0 0 C456

C155 C144 C155 0 0 0

0 0 0 C456 0 0

0 0 0 0 0 C166

0 0 0 0 0 C166

0 0 0 0 0 C155

0 0 0 0 C456 0

0 0 0 C456 0 0

C155 C144 C155 0 0 0
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Appendix E

TOECs tensor for wurtzite systems

In this appendix, we give in Table E.1 the full form of the tensor of the third-order

elastic constants for materials which crystallize in the wurtzite structure. The ex-

plicit expression of the parameters Γi with i = 1, 2, · · · , 5 is given below.

Γ1 = C111 − C222 + C112

Γ2 =
3

4
C222 −

1

2
C111 −

1

4
C112

Γ3 =
1

2
C111 −

1

4
C222 −

1

4
C112

Γ4 =
1

2
(C113 − C123)

Γ5 =
1

2
(C155 − C144)
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Table E.1: TOECs tensor for wurtzite systems

c
(3)
1jk c

(3)
2jk

C111 C112 C113 0 0 0

C112 Γ1 C123 0 0 0

C113 C123 C133 0 0 0

0 0 0 C144 0 0

0 0 0 0 C155 0

0 0 0 0 0 Γ2

C112 Γ1 C123 0 0 0

Γ1 C222 C113 0 0 0

C123 C113 C133 0 0 0

0 0 0 C155 0 0

0 0 0 0 C144 0

0 0 0 0 0 Γ3

c
(3)
3jk c

(3)
4jk

C113 C123 C133 0 0 0

C123 C113 C133 0 0 0

C133 C133 C333 0 0 0

0 0 0 C344 0 0

0 0 0 0 C344 0

0 0 0 0 0 Γ4

0 0 0 C144 0 0

0 0 0 C155 0 0

0 0 0 C344 0 0

C144 C155 C344 0 0 0

0 0 0 0 0 Γ5

0 0 0 0 Γ5 0

c
(3)
5jk c

(3)
6jk

0 0 0 0 C155 0

0 0 0 0 C144 0

0 0 0 0 C344 0

0 0 0 0 0 Γ5

C155 C144 C344 0 0 0

0 0 0 Γ5 0 0

0 0 0 0 0 Γ2

0 0 0 0 0 Γ3

0 0 0 0 0 Γ4

0 0 0 0 Γ5 0

0 0 0 Γ5 0 0

Γ2 Γ3 Γ4 0 0 0
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Täuschung betrachtet und entsprechend der Prüfungsordnung und/oder der Allge-
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