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Abstract

The ramework o Eliashberg theory and density-unctional theory based meth-
ods provides us with an ab initio method to study superconductivity. While
it is apparent that qualitative descriptions o superconductors are possible
within this ramework, it is not clear how accurate the prediction o critical
temperature Tc can be as many studies tune the coulomb interaction to obtain
the experimentally measured Tc . In this work, we present an ab initio study
o superconductivity in MgB2 combining ully anisotropic Eliashberg theory
with density-unctional and density-unctional perturbation theory. We are
able to validate the two gap structure o MgB2 , obtaining two clusters o gap
values, one centered at 2.4meV and the other at 6.5meV . For the critical
temperature Tc we obtain a Tc o 37K , which is in excellent agreement with
the experimental result. Our study also demonstrates that the combination o
Eliashberg theory and density-unctional theory based methods is capable o
accurately predicting Tc so long as the phonon energies are in good agreement
with experimental data.
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Chapter 1

Introduction

A superconductor is a material with vanishing resistivity and strong or perect
diamagnetism (Meissner eect). Materials that can become superconducting
have a critical temperature Tc at which they undergo a transition between
their normal phase (T > Tc) into a superconducting phase (T < Tc) [1].

The unique properties o superconductors, mainly the zero resistivity, have
made it possible to build powerul electromagnets and extremely sensitive mea-
surement devices that have already revolutionized many elds, e.g., medical
imaging o body interiors and particle accelerators. Superconductors are also
used or levitating trains and power cables without loss o energy.

The superconducting phase can be destroyed by a magnetic eld or a cur-
rent density above a critical magnetic eld Hc or current density Jc [1]. For
wider technical applications, it is important to nd materials with a high Tc,
Hc, and Jc [2]. An important threshold is a critical temperature o 77K, which
is the boiling temperature o liquid N2 . A material with Tc > 77K would not
have to be cooled below its Tc using expensive liquid He but could be cooled
using the vastly available liquid N2 .

Superconductivity was rst discovered in 1911 by Onnes [3]. In Onnes’s
work, it was shown that the resistance o Hg vanishes below 4.16K . The special
diamagnetic properties o superconductors where discovered in 1933 by Meiss-
ner and Ochseneld. They ound perect diamagnetism in superconducting Pb
and Sn [4]. It took almost 50 years since the discovery o the phenomenon until,
in 1957, Bardeen, Cooper, and Schrieer (BCS) presented a rst theoretical
ramework or the phenomenon known as the BCS theory [5]. In the BCS
theory, a phonon-mediated attraction leads to the binding o electrons at the
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Fermi surace into composite bosons called Cooper pairs. Phonon-mediated
superconductors are also called conventional superconductors.

There are dierent groups o unconventional superconductors not described
by the BCS theory. In 1986 the rst unconventional superconductor o the
group omaterials called cuprates, signied by CuO2 layers that are hole-doped
by other atoms in the compound [6], was discovered by Bednorz and Müller [7].
These materials can have a Tc o 30-160K [7], pushing the boundaries o what
critical temperatures could be achieved and exceeding the threshold o 77K .

In 2001 Nagamatsu and coworkers were able to show superconductivity in
MgB2 at 39K [8]. This is particularly interesting as a study by Bud’ko and
coworkers in the same year that measured the eect o the B isotopes within
the crystal, suggested that MgB2 is a conventional superconductor [9]. The
material being conventional allows its investigation within the BCS theory or
its generalizations. However, the anisotropic electron-phonon interaction at
the Fermi surace o MgB2 makes the ab initio description o its superconduct-
ing properties very challenging. A rst ab initio study within the Eliashberg
theory by Choi and coworkers [10] was able to qualitatively describe the mate-
rial and predict a good critical temperature Tc . Some o the methods used in
Re. [10], that lead to this Tc have been criticized [11, 12]. Another study by
Margine and coworkers [13] came to a similar qualitative result however with
a critical temperature signicantly above the measured Tc . An investigation
using superconducting density-unctional theory by Floris and coworkers [14]
was also not able to denitively address the discrepancy o Tc between the-
oretical studies and experimental values. Many other rst-principles studies
o MgB2 [12, 15–19] do not investigate the superconducting phase or use the
isotropic approximation to obtain a value or Tc . There are discrepancies
among these existing studies o MgB2 regarding phonon energies and electron-
phonon interaction.

In this bachelor’s thesis, we present an ab initio study o phonon-mediated
superconductivity in MgB2 . In our study, we use an approach based on the
Eliashberg theory [13], which is a generalization o the beore-mentioned BCS
theory. We treat the electron-phonon interaction as ully anisotropic in elec-
tron and phonon momentum. Within the Eliashberg theory, the Coulomb
interaction is approximated by an isotropic pseudopotential parameter, µ∗ .
This parameter can be calculated rom rst principles but is oten used as a
ree parameter. In our work, we use ab initio values or µ∗

rom Re. [20]. The
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necessary electron-phonon related quantities are calculated rom rst princi-
ples within the ramework o density-unctional (DFT) and density-unctional
perturbation (DFPT) theory [21, 22].

To perorm these calculations, we use the ull-potential all-electron code
exciting [23] to numerically solve both the Kohn-Sham and Sternheimer
equations, o DFT and DFPT, respectively. Then, we employ the ab initio

transport code elphbolt [24] to solve the Eliashberg equations. Within our
approach, we use Wannier interpolation, where quantities such as the elec-
tronic and phonon energies, as well as electron-phonon-coupling vertices, are
interpolated using a real-space representation. The electron-phonon quantities
in real-space representation are calculated by exciting and then transormed
onto dense meshes in reciprocal space by elphbolt. We test the construc-
tion o real-space quantities in exciting and the new interace between the
codes and validate the unctionality o the implemented methods, applying our
ormalism to doped diamond under pressure. Last but not least, we employ
these methods to study MgB2. We calculate the relevant electron-phonon re-
lated quantities o MgB2 rom rst principles and study the superconducting
properties o the material within the Eliashberg theory. Additionally, we com-
pare our results and other rst-principles studies, to give some insight into the
discrepancies between existing studies.

This thesis is organized into three main chapters. In Chapter 2 , we rst
introduce the theory o superconductivity that we employ within our study and
then the ramework based on DFT and DFPT used to calculate the necessary
quantities rom rst principles. In Chapter 3, ater presenting the general
workfow o our calculations, we show our results or MgB2 comparing them
to other rst-principles studies. Chapter 4 includes a nal discussion o our
results and the conclusions we are able to draw rom our study.
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Chapter 2

Theoretical Background

In this chapter, we show the theory we use or an ab initio description o
superconductivity. We rst introduce the phenomenon itsel, ollowed by a
discussion o the Bardeen-Cooper-Schrieer (BCS) and the Eliashberg (ET)
theory o superconductivity. Then, we discuss how the combined use o density-
unctional (DFT) and density-unctional perturbation (DFPT) theory allows
us to calculate the electronic and phonon energies, as well as the electron-
phonon interaction vertices. These quantities are obtained or a nite set o
eigenstates which can be expressed as Bloch wave unctions and are calculated
on a uniorm grid o the rst Brillouin Zone in reciprocal space. In the last
sections, we introduce Wannier unctions and Wannier interpolation which are
used to obtain the relevant quantities on dense grids in reciprocal space.1

2.1 Superconductivity

In this section, we briefy discuss the phenomenon o superconductivity, as
presented in Res. [1, 25]. A superconductor is characterized by a critical tem-
perature Tc, or temperatures T higher than Tc, the superconducting phase is
broken and the material is in a normal phase. The electrodynamic behavior

1Notice that throughout this thesis we use atomic units, where the reduced Planck con-
stant ~, electronic mass me, the electron charge e, as well as the dielectric ε0 and Boltz-
mann kB constants are set as ~ = me = e = 4πε0 = kB = 1 .
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o a superconductor can be described by the London equations [1],

∂Js

∂t
= ρsE , (2.1)

∇× Js = −ρsB , (2.2)

where Js is the superconducting current density, B the magnetic fux den-
sity, E the electric eld, t the time, and ρs the density o superconducting
electrons. Equation (2.1) describes perect conductivity as there is no explicit
resistance term. Furthermore, it can be shown, that combining Eq. (2.2) with
the Maxwell equations one obtains the equations [25],

∇2B = 4π ρs B , (2.3)

∇2Js = 4π ρs Js . (2.4)

The solutions o these equations are exponentially decaying at the edge o the
material, giving rise to the Meissner eect, where the magnetic eld is expelled
rom the superconductor.

There are two types o superconductors, type I and type II. The supercon-
ducting phase in a type I superconductor is broken by magnetic elds above
a critical magnetic eld Hc [1]. Type II superconductors have a lower critical
eld H

(1)
c and an upper critical eld H

(2)
c . For a magnetic eld in between the

two critical elds, the material is in a mixed state with superconducting and
normal domains, giving rise to a weakened Meissner eect [1]. The supercon-
ducting state can also be broken in both types o superconductors by Js above
a critical current density Jc .

The order parameter that characterizes the superconducting and the nor-
mal phases is called the gap ∆(T ) . It is zero in the normal phase and becomes
nonzero in the superconducting phase. In the superconducting phase one can
observe an energy gap o 2∆(T ) in the electronic quasi-particle spectrum [1].

2.2 BCS theory

Here, we discuss the Bardeen-Cooper-Schrieer (BCS) theory o superconduc-
tivity. A more comprehensive overview can be ound in Re. [25]. The BCS
theory is based on the principle that two electrons at the Fermi surace can
orm a bound state i an attractive interaction is present. These Cooper-pair
states have a total angular momentum o zero.
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Figure 2.1: Sketch o a two-dimensional energy shell around a spherical Fermi
surace with Fermi wave vector o length kF . The red regions denote the
available states or k and k′ . The two electrons can only exchange phonons
o wave vector q such that k + q is still within this region. This graphic is
modeled similar to the one given in [26].

Within the BCS theory, the attractive interaction between two electrons is
due to electron-phonon interaction. This source o pairing and the momentum
and spin antisymmetry o the Cooper pairs are the signiying properties o
conventional superconductors [6]. The energy o an electron scattering with
a phonon can dier maximally by the highest phonon energy ωD (Debye en-
ergy). This connes all electrons taking part in Cooper pairing to a small
region around the Fermi surace. The phonon-mediated interaction between
two electrons only aects the energy o the pair, i the wave unction is anti-
symmetric with respect to spin [26].

The sketch in Fig. 2.1 shows the scattering phase space o pairing electrons
with combined momentum k + k′ that exchange a single phonon. The initial
and nal states o the pairing electrons are conned to a small raction o
the shell around the Fermi surace (red areas in Fig. 2.1). This reduces the
amount o phonons that can be exchanged between the pairing electrons and
thus the phonon mediated interaction between the electrons. For k + k′ = 0,
the entire shell is available or scattering, maximizing the phonon-mediated
interaction. Following these arguments, we can obtain the BCS Hamiltonian
in the interaction picture, that only takes into account pair states o zero spin
and momentum. In the rest o this section, we ollow the approach given in
Re. [25]. The BCS Hamiltonian can be written as

ĤBCS =
∑

kσ

k c
†
kσ ckσ +

∑

kk′

U(k,k′) c†k↑ c
†
−k↓ c−k′↓ ck′↑ , (2.5)
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where c†kσ (ckσ) is the particle creation (annihilation) operator or a non-
interacting electron omomentum k and spin σ and with energy k independent
o spin. The Fermi energy F is set to be zero. For the sake o simplicity, we
omitted the band index n . The interaction potential, U(k,k′), is approximated
within the BCS theory by

U(k,k′) =



−U i k, k′ ∈ [−ωD,ωD] ,

0 otherwise,
(2.6)

where U is a positive constant. Any Coulomb interaction with normal-state
electrons is ignored within the BCS theory.

Applying a mean-eld approximation to ĤBCS with respect to the thermal
average o the pair operators 〈c†k↑ c

†
−k↓〉, we get

Ĥ
(mf)
BCS =

∑

kσ

k c
†
kσ ckσ −

∑

k

[

∆ c†k↑ c
†
−k↓ +∆

∗ c−k↑ ck↓

]

+ const. , (2.7)

where we introduced the superconducting gap ∆ dened as

∆ = U
∑

k

〈c−k↓ ck↑〉 . (2.8)

The quantity ∆ represents the order parameter or the transition to a super-
conducting state. Solutions or the BCS Hamiltonian can be ound by applying
the Nambu ormalism, where we dene a Matsubara Green’s unction matrix2

G(k, τ) =




Ge(k, τ) F (k, τ)

F ∗(k, τ) G∗
e(−k, τ)



 (2.9)

with the standard electronic Green’s unction or the state momentum k given
as

Ge(k, τ) = −
〈

T̂
{

ck↑(τ) c
†
k↑(0)

}〉

(2.10)

on the main diagonal and Gor’kov’s anomalous Green’s unction or the same
electronic state

F (k, τ) = −
〈

T̂
{

ck↑(τ) c−k↓(0)
}〉

(2.11)

2The two underlying lines signify that G(k, τ) is a matrix.
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on the o-diagonal terms. Here, T̂ is the time-ordering operator with respect
to the imaginary time τ and the brackets 〈 〉 denote a thermal average. We
did not include the spin labels within the symbols o the Green’s unctions, as
there is no spin-changing interaction within the theory.

As G(k, τ) = −G(k, τ + β) with β = 1/T , we can expand this Green’s

unction into a Fourier series

G(k, τ) =
1

β

∞∑

j=−∞

e−iωjτ G(k, iωj) , (2.12)

the Fourier coecients matrix G(k, iωj) represents the imaginary-requency

Matsubara Green’s unctions. Furthermore, in Eq. (2.12), we use the ermion
Matsubara requencies

ωF
j ≡ ωj =

2j + 1

β
π j ∈ Z , (2.13)

and we also dene the bosonic Matsubara requencies as

ωB
j =

2j

β
π j ∈ Z . (2.14)

For the imaginary-requency Matsubara Green’s unctions o the electronic
quasi-particles, we get

Ge(k, iωj) =
iωj + k

(iωj)2 − 2k − |∆|2
. (2.15)

The corresponding retarded Green’s unction is ound to have exactly the same
orm, replacing iωj with + i0+, where  is a real energy and 0+ is an innites-
imal positive number. We get the quasi-particle energies qp(k) rom the poles
o the Green’s unction at

2qp(k) = 2k + |∆|2 , (2.16)

giving rise to an energy gap o 2|∆| in the electronic quasi-particle spectrum.
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2.3 Eliashberg theory

In this section, we summarize the Eliashberg theory (ET) o superconductivity
as shown in Re. [13]. ET is a strong-coupling generalization o the beore-
mentioned BCS theory.

We write G(nk, iωj) with band index n as electron-phonon interaction

is band resolved in ET. We ignore cross-band pairing. Starting rom the
normal-state Matsubara Green’s unction G0(nk, iωj), the interacting Mat-

subara Green’s unction G(nk, iωj) is obtained by solving the Dyson equation

G(nk, iωj) = G0(nk, iωj) +G0(nk, iωj) · Σ(nk, iωj) ·G(nk, iωj) , (2.17)

where the sel-energy Σ(nk, iωj) can include any interaction terms between

time-reversed electronic states. Within ET, Σ(nk, iωj) consists o an electron-

phonon part and a Coulomb part. The Coulomb part only includes the inter-
action or the o-diagonal anomalous Green’s unctions.

In order to write the phonon part o the sel energy, we dene the non-
interacting phonon Green’s unction

D(νq, iωB
j ) =

2ωνq

(iωB
j )

2 − ω2
νq

, (2.18)

where ωνq is the energy o the phonon mode o branch index ν and momen-
tum q .

Furthermore, using the identity σ0 and the Pauli matrices

σ1 =

(

0 1

1 0

)

, σ2 =

(

0 −i

i 0

)

, σ3 =

(

1 0

0 −1

)

(2.19)

to write the sel energy, we obtain Eqs. (9-11) o Re. [13],

Σ(nk, iωj) = Σ
ep(nk, iωj) + Σ

c(nk, iωj) , (2.20)
where

Σ
ep(nk, iωj) = − 1

β

∑

mk′,j′,ν

|gmnν(k,q)|
2 σ3 ·G(mk′, iωj) · σ3 D(νq, iωj − iωj′) ,

(2.21)

Σ
c(nk, iωj) = − 1

β

∑

mk′,j′

Vee(nk,mk′) σ3 ·

(

0 F (mk′,iωj)

F ∗(mk′,iωj) 0

)

· σ3 .

(2.22)
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In Eqs. (2.21) and (2.22), Σep(nk, iωj) is the electron-phonon and Σ
c(nk, iωj)

the Coulomb part o the sel-energy and the phonon momentum is q = k′−k .
Vee(nk,mk′) is the Coulomb interaction between the two electronic states and
gmnν(k,q) is the electron-phonon vertex.

At this point, we apply the standard approximations o ET given in Re. [13].
The rst approximation is already included in the sel energy, as we only in-
clude the lowest-order term o the Feynman expansion. For the Coulomb
interaction, we also include only its o-diagonal part, to prevent double count-
ing o those parts already included in the Kohn-Sham Hamiltonian. Similar to
the BCS theory, we consider electronic states within a certain region around
the Fermi surace, and we approximate the normal-state electronic density o
states to be constant N() = NF ≡ N(F) within this region. The sums over
Matsubara requencies are also cut-o at a certain requency and we replace
the Coulomb interaction NF Vee(nk,mk′) with the Morel-Anderson pseudo po-
tential µ∗ [27].

The phonon-mediated interaction between electrons can be captured by
introducing the Eliashberg spectral unction

α2F (nk,mk′,ω) =
∑

ν

α2Fν(nk,mk′,ω)

= NF

∑

ν

|gmnν(k,q)|
2 δ(ω − ωνq) ,

(2.23)

and the electron-phonon interaction unction

λ(nk,mk′, iωB
j ) =

∫ ∞

0

dω
2ω

(ωB
j )

2 + ω2
α2F (nk,mk′,ω) . (2.24)

Isotropic and band-averaged versions o these quantities can be obtained by
averaging over the Fermi surace

α2F (ω) =
∑

ν

α2Fν(ω) =
∑

nk,mk′,ν

Wnk Wmk′ α2Fν(nk,mk′,ω) , (2.25)

λ(iωB
j ) =

∑

nk,mk′

Wnk Wmk′ λ(nk,mk′, iωB
j ), (2.26)

with Wnk = δ(F − N(nk))/NF, where N(nk) is the normal-state electronic
energy. We also dene the electron-phonon-coupling strength λ = λ(0) as
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a measure or the electron-phonon interaction within the system. Using the
anisotropic quantities, we can write the Eliashberg equations or the mass
renormalization Z(nk, iωj) and the gap unction ∆(nk, iωj) as [13],

Z(nk, iωj) = 1 +
π T

ωj

∑

mk′,j′

Wmk′ λ(nk,mk′, iωj − iωj′)
ωj′

√

ω2
j′ +∆2(nk′, iωj′)

(2.27)
and

∆(nk, iωj)Z(nk, iωj) =

π T
∑

mk,′j′

Wmk′ [λ(nk,mk′, iωj − iωj′)− µ∗]
∆(mk′, iωj′)

√

ω2
j′ +∆2(mk′, iωj′)

. (2.28)

Equations (2.27) and (2.28) have to be solved sel consistently. Similar to
Eq. (2.16), the quasi-particle energies are given by the poles o the retarded
Green’s unction as

2qp(nk) =
2N(nk)

Z2(nk, (nk))
+∆

2


nk, (nk)


. (2.29)

At the Fermi surace N(nk) = 0. We can thus nd the gap unction at the
Fermi surace, called the leading edge

∆
(F)
nk = <

[

∆(nk,∆
(F)
nk)

]

(2.30)

and the electronic quasi-particle density o states obtained rom the imaginary
part o the retarded greens unction [10]

N(ω) = NF

∑

nk

Wnk<



ω + i0+


(ω + i0+)2 −∆2(nk,ω)



. (2.31)

We evaluate ∆(k,ω) using an N -point Padé approximation given in Eqs. (A2)
and (A3) o Re. [28].
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2.4 Density-unctional theory

To calculate λ(nk,mk′, iωB
j ) and to solve Eqs. (2.27) and (2.28), we have to

compute the energies o electrons nk and phonons ωνq, as well as the electron-
phonon interaction vertices gmnν(k,q) . To this purpose, we use the ramework
o density-unctional theory (DFT).

We start this section by summarizing as DFT can be derived rom the ull
many-body Schrödinger equation or the combined system o electrons and
nuclei

Ĥ(r,R)Ψ(r,R) = EΨ(r,R). (2.32)

In Eq. (2.32), we write r = {ri} or the set o electron positions and R = {RI}

or the set o nuclear positions. The Hamiltonian Ĥ(r,R) that describes the
combined system can be separated into an electronic and a nuclear part

Ĥ(r,R) = Ĥe(r,R) + Ĥn(R) , (2.33)

where

Ĥe(r,R) = T̂e + Vee(r) + Ven(r,R) , (2.34)

Hn(R) = T̂n + Vnn(R) . (2.35)

In these equations, the kinetic-energy operator T̂a is the sum o all single-
particle kinetic-energy operators or all particles o type a.̇ Vab(r) is the ull
Coulomb interaction among particles o type a and particles o type b, exclud-
ing sel-interaction terms or a = b . The particles a, b are either electrons (e)
or nuclei (n).

Within the Born-Oppenheimer approximation, the total wave unction can
be actorized as a product o an electronic and a nuclear wave unction

Ψ(r,R) = Φ(r,R)χ(R) (2.36)

where the actors satisy the ollowing Schrödinger-like equations

Ĥe(r,R)Φ(r,R) = ER
e Φ(r,R) , (2.37)


Hn(R) + ER

e


χ(R) = Eχ(R) . (2.38)
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Under these conditions, we can obtain

Φ0(r,R) ≈ Φ0(r, 〈R〉) ≡ Φ
〈R〉
0 (r) (2.39)

or the ground state o the electronic Hamiltonian Ĥe . Here, ΦR
0 is the ground

state o the electronic system or the nuclear conguration R and 〈R〉 is the
equilibrium conguration o the nuclei. This approximation is valid because
o the mass dierence between nuclei and electrons.

Assuming to have a system with xed nuclear positions at 〈R〉, we only
have to solve the Schrödinger equation or the electronic Hamiltonian

Ĥe(r, 〈R〉) =
∑

i

p̂2
i

2
+ Vee(r, 〈R〉) + Vext(r, 〈R〉) . (2.40)

The explicit dependence on 〈R〉 is omitted in the next part o this chapter.
The external potential in Eq. (2.40) is dened as

Vext(r) = Ven(r) =
∑

i

vext(ri) (2.41)

in terms o the single-electron potential vext(r) .

According to the Hohenberg-Kohn theorem [21], there is a bijection between
the external potential vext(r) and the electronic ground-state density ρ0(r)

vext(r) ⇒ Ĥ(r) ⇒ Φ(r) ⇒ ρ0(r) ⇒ vext(r). (2.42)

This tells us that all quantities related to the electronic system can be ound
as a unctional o the ground-state electron density ρ0(r) . In order to calculate
this density and the ground-state energy E0, we introduce the non-interacting
Kohn-Sham (KS) system [29], which is described by the ollowing (KS) equa-
tions

ĥKS(r)ϕKS
i (r) = i ϕ

KS
i (r) , (2.43)

where

ĥKS(r) =
1

2
p̂2 + vKS(r) , (2.44)

vKS(r) =

∫

d3r′
ρ0(r

′)

|r− r′|
+ vxc[ρ0](r) + vext(r) , (2.45)

ρ0(r) =
occ∑

i

|ϕKS
i (r)|2 . (2.46)
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Equations (2.43-2.46) have to be solved sel consistently. In order to keep an
easy notation, we drop the label KS going orward. The KS single-electron
Hamiltonian ĥ(r) and wave unction ϕi(r) describe the auxiliary system o
non-interacting electrons. vxc[ρ](r) is the exchange and correlation potential
that is unknown and has to be approximated. The energy o the electronic
many-body system is given by

Ee ≡ E0[ρ] ≡ E[ρ] =
occ∑

i

i + EI[ρ]−
∫

d3r
δEI[ρ]

δρ(r)
ρ(r) (2.47)

where

EI[ρ] =

∫

d3r d3r′
ρ(r)ρ(r′)

|r− r′|
+ Exc[ρ]. (2.48)

For a direct application o the DFT to the materials studied in this thesis,
we have to give a clear denition o the reerence, equilibrium nuclear con-
guration 〈R〉 . For a periodic crystal, the index I can be separated into a
Bravais vector R, which identies the unit cell, and the index κ, which labels
the nucleus at position xκ in the unit cell. Thereore, we can write

I ≡ (R,κ) . (2.49)

According to this, the nuclear positions in the equilibrium conguration can
be written as

RI = R+ xκ . (2.50)

A generic displacement o the atom labeled with I can be denoted by uR
κ
.

2.5 Density-unctional perturbation theory

In this section, we show how to calculate the dynamical matrix and its eigen-
values, starting rom the ground-state energy acquired rom density-unctional
theory. The theory presented here ollows the work in [22] and [30]. Using
a xed equilibrium reerence conguration 〈R〉 ≡ {R + xκ}, we can expand
the electronic energy into a Taylor series with respect to the atomic displace-
ments uR

κα
, where α labels the Cartesian components, as3

E({uR
κ
}) =

E0 +
∑

καR

∂E

∂uR
κα

∣
∣
∣
∣
0

  
=0

uR
κα

+
1

2

∑

καR

∑

κ′α′R′

∂2E

∂uR
κα
∂uR′

κ′α′

∣
∣
∣
∣
0

uR
κα

uR′

κ′α′ +O(u3) . (2.51)

3The symbol |
0
denotes the derivative being calculated at equilibrium (i.e., at 〈R〉).
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In this equation, E0 is simply the ground-state energy calculated rom DFT
at 〈R〉, while the rst-order term vanishes due to the equilibrium conditions.
The second-order derivatives o the energy are called inter-atomic orce con-
stants

Φ
R,R′

κα,κ′α′ ≡
∂2E

∂uR
κα

∂uR′

κ′α′

∣
∣
∣
∣
0

. (2.52)

Ater this consideration, the dynamical matrix is dened as the mass-renormal-
ized Fourier transorm o the inter-atomic orce constants

Dκα,κ′α′(q) =
1√

mκ mκ′

∑

R

Φ
0,R

κα,κ′α′ eiq·R, (2.53)

where mκ denotes the atomic mass and the summation is reduced to only
one lattice vector, due to the translational invariance o the crystal. We can
diagonalize the dynamical matrix using a unitary transormation with elements
eκαν(q) such that

Dν,ν′(q) ≡
∑

κα,κ′α′

e†
νκα

(q)Dκα,κ′α′(q) eκ′α′ν′(q) = ω2
νqδνν′ , (2.54)

where we introduce the phonon branch index ν and we write e†
νκα

(q) or the
matrix elements o the inverse o eκαν(q) given by

e†
νκα

(q) ≡ e∗
καν

(q) , (2.55)

such that the indices o the dynamical matrix are always the rst and the last
index appearing in the sum. According to this denition, the elements eκαν(q)
can be identied as the components o the normalized phonon eigenvectors
o the dynamical matrix. The nuclear displacements, corresponding to an
eigenstate o the dynamical matrix with branch index ν and momentum q

are [31]

uR
καν

(q) =
1√
mκ

eκαν(q) eiq·R ≡ uκαν(q) eiq·R . (2.56)

So ar in this section, we have introduced the dynamical matrix and its
eigenvectors. To calculate these or a given q, we choose a number o orthog-
onal collective displacements {uκαγ(q)}, that can be written as in Eq. (2.56)
equal to the number o phonon branches. We write uκαγ(q) with the index γ

replacing the band index ν or the displacement elds o these collective dis-
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placements and to simpliy notation, we also dene the dierential operator

∂γq ≡
∑

καR

uκαγ(q) eiq·R
∂

∂uR
κα

∣
∣
∣
∣
0

. (2.57)

Using this notation, we can write the dynamical matrix as [22],

Dγγ′(q) = ∂γq∂γ′qEe

=
occ∑

i

[

〈∂γqϕi|∂γ′qvext|ϕi〉+ 〈ϕi|∂γqvext|∂γ′qϕi〉

+ 〈ϕi|∂γq∂γ′qvext|ϕi〉+ 〈∂γqϕi|ĥ− i|∂γ′qϕi〉
]

+
1

2

∫

d3r d3r′
δ2EI[ρ]

δρ(r) δρ(r′)
∂γqρ(r) ∂γ′qρ(r

′) , (2.58)

where eigenstates o the dynamical matrix can be obtained by diagonaliz-
ing it. To compute ∂γqϕi(r) and ∂γqρ(r), we have to expand the quantities in
Eq. (2.43) into a power series in ∂γq . Proceeding in this way, the rst-order
terms in Eq. (2.43) can be collected to recover the Sternheimer equation

[

∂γqh(r)− ∂γqi

]

ϕi(r) = −
[

ĥ(r)− i

]

∂γqϕi(r) . (2.59)

This equation has to be solved sel consistently, as ∂γqh(r) and ∂γqϕi(r) are
coupled by the taylor expansions o Eqs. (2.44-2.46).

2.6 Wannier unctions

In this section, we discuss the theory o Wannier unctions (WFs) which is
also presented in Re. [32]. WFs orm an orthogonal basis o localized wave
unctions, similar to atomic-like unctions.

The eigenstates o the Kohn-Sham Hamiltonian can be written in terms
o Bloch wave unctions with reciprocal lattice vector k and band index n

dened as4

ϕnk(r) = ank(r) eik·r , (2.60)

where ank(r) is periodic with respect to any R . These Bloch wave unctions
are calculated or a set o reciprocal lattice vectors k, that orm a uniorm grid

4Rewriting the index i of the eigenstates of the Kohn-Sham Hamiltonian as i ≡ (n,k) .
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o the Brilloin Zone. The total number o grid points is denoted as Ne .

From this, we construct a set o maximally localized WFs, that can be
used to interpolate electronic quantities rom a coarse to a dense k-grid. This
is necessary because dense electronic k and phonon q meshes are necessary to
properly describe electron-phonon interaction within solids.

A set o orthogonal Wannier unctions wR
n (r) , corresponding to a set o

orthogonal Bloch wave unctions φnk(r) on a uniorm grid in reciprocal space k
with band index n , can be constructed via a Fourier transormation [33]

wR
n (r) =

1

Ne

∑

k

e−ik·R φnk(r) (2.61)

with

wR
n (r) = w0

n(r−R) . (2.62)

We can nd a dierent orthogonal Wannier basis or the same space i we apply
a unitary transormation with elements Umn(k) ,

w̃R
n (r) =

1

Ne

∑

mk

e−ik·R Umn(k)φmk(r), (2.63)

giving us control over the shape o the WFs. We use this reedom o choice by
constructing a set omaximally localized WFs with respect to the minimization
o the spread [33],

Ξ =
∑

n

〈w0
n| r

2 |w0
n〉 − 〈w0

n| r |w
0
n〉2 . (2.64)

To construct WFs that orm a basis or a given energy window with lower
(upper) bound low (up) we dene a subspace A(J) o the single-particle Hilbert
space o Kohn-Sham wave unctions ϕnk(r) such that

nk ∈ [low, up] ⇒ ϕnk(r) ∈ A(J) , (2.65)

where J is the number o states at each k point within the subspace. A
subspace A(J) can be built using a semi-unitary transormation with elements
Ulm(k) rom a Jk ≥ J to the J dimensional subspace, that mixes bands
outside the energy window and leaves states within the window unchanged.
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This process is called disentanglement [33]. Once the bands are disentangled,
we can construct maximally localized WFs within A(J) by utilizing a unitary
transormation as in Eq. (2.63), resulting in WFs o the orm

wR
n (r) =

1

Ne

∑

m,lk

e−ik·R Umn(k)Ulm(k)ϕlk(r) . (2.66)

For the best localization, both Ulm(k) and Umn(k) have to be optimized at
the same time. In order to recover the band structure o A(J), we can apply
the reverse transormation given by

ϕnk(r) =
∑

mR

eik·R U †
mn(k)w

0
m(r−R). (2.67)

This transormation can be done or an arbitrary k in reciprocal space and the
matrix elements U †

nm(k) at that k have to be chosen such that the Hamiltonian

hnm(k) ≡ 〈nk| ĥ |mk〉 = nk δnm (2.68)

is diagonal at this k .

Using this method, we are able to interpolate quantities calculated on a
coarse grid using DFT/DFPT to denser k meshes. This interpolation can be
invalid outside and at the edges o the energy window, [low, up] as A(J) does
not necessarily contain eigenstates o the Hamiltonian within that region.

2.7 Electron-phonon interaction

Within Eliashberg theory, electron-phonon interaction is the mechanism be-
hind Cooper pairing. In this section we discuss, how the electron-phonon
interaction matrix is calculated using DFPT and then how we interpolate it,
the KS-Hamiltonian hmn(k) and the dynamical matrix Dνν′(q) to ner meshes
using WFs.

The electron-phonon interaction vertices are calculated as [31]

gmnν(k,q) = 〈mk+ q| ∂νqv |nk〉 , (2.69)

where v is the Kohn-Sham potential in Eq. (2.45). Similar to the electronic WFs,
we can make a phononWannier transormation using eκαν(q) instead o U †

mn(k) .
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We can use both phonon and electronic (Eq. (2.63)) Wannier transormations
to transorm the Hamiltonian [31]

hmn(Re,0) =
1

Ne

∑

n′,m′k

e−ik·Re U †
mm′(k) hm′n′(k)Un′n(k) , (2.70)

the dynamical matrix

Dκα,κ′α′(Rp,0) =
1

Np

∑

ν,ν′q

e−iq·Rp eκαν(q)Dνν′(q) e
†
ν′κ′α′(q) , (2.71)

and the electron-phonon interaction matrix

gmnκα(Re,Rp) =
1

NeNp

∑

n′,m′k

∑

νq

e−i(k·Re+q·Rp) u−1
νκα

(q)

× U †
mm′(k+ q) gm′n′ν(k,q)Un′n(k) (2.72)

into the Wannier basis with electronic (phonon) lattice vector Re (Rp). Analo-
gous to the back transormation o the Wannier basis Eq. (2.67), we can apply
the back transormations to these matrices in order to interpolate them onto
arbitrary k and q vectors in reciprocal space

hmn(k, 0) =
∑

n′,m′Re

eik·Re Umm′(k) hm′n′(Re, 0)U
†
n′n(k) , (2.73)

Dνν′(q) =
∑

κα,κ′α′Rp

eik·Rp e†
νκα

(q)Dκακ′α′(Rp,0) eκ′α′ν′(q) , (2.74)

gmnν(k,q) =
∑

n′,m′Re

∑

νRp

ei(k·Re+qRp)uκαν(q)

× Umm′(k+ q) gm′n′κα(Re,Rp)U
†
n′n(k) . (2.75)

The components o the eigenvectors eνκα(q) can be obtained at any q analogous
to Umn(k), as the dynamical matrix Dνν′(q) has to be diagonal.
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Chapter 3

Methods and Results

In the previous chapter, we established the theoretical ramework o our calcu-
lations. Here, we discuss our methodology and results. First, we give some gen-
eral inormation about our workfow, then, we present a test calculating λ or
a simple material, testing the new eatures o the sotware packages exciting
and elphbolt that we use in this work.

We perorm this validation o our workfow by calculating the Eliashberg
spectral unction α2F (ω) and λ o doped pressurized diamond and compare
our results to a similar calculation rom Giustino and coworkers [31]. Then,
we present our results or MgB2 starting with the electronic and phonon band
structures. Furthermore, we discuss the electron-phonon-coupling strength
and the relevant phonon energies in comparison with dierent rst-principles
studies already present in the literature [10, 12, 13, 15–19, 34]. Finally, we
present our results or the superconducting state, e.g. , the leading edge o the
superconducting gap ∆

(F)
nk and the critical temperature Tc .

3.1 Workfow

A diagrammatic representation o our workfow combining density-unctional
(DFT), density-unctional perturbation (DFPT), and Eliashberg (ET) theory
is shown in Fig. 3.1.

We rst perorm a relaxation o the crystal to obtain the equilibrium con-
guration 〈R〉 . For this, we t the energy o the electronic system Ee to a
set o primitive unit-cell volumes Ω and converge this t. For the hexagonal
crystal, we minimize Ee at each Ω with respect to the ratio o lattice con-
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Wannierization:
• Hamiltonian
• dynamical matrix
• e-ph interaction

Dense k and q meshesλ(nk,mk′, iωB)

Z(nk, iωF )

∆(nk, iωF )

µ∗

Figure 3.1: Workfow diagram or combining Eliashberg theory with DFT-
based methods.

stants, tting both Ee and the ratio o lattice constants as a unction o Ω,
we obtain 〈R〉 as the minimum o Ee . We then perorm an additional con-
vergence test o both electronic (k) and phonon (q) grids in reciprocal space
and calculate gmn(νq) using the converged meshes. The grids are denoted
as N1×N2×N3 where Ni is the number o equisized intervals between lattice
points along the reciprocal lattice direction bi . We write N1,e×N2,e×N3,e@k

or electronic and N1,p×N2,p×N3,p@q or phonon grids. The electronic and
phonon grids have to be commensurable Ni,e/Ni,p ∈ N within the DFPT im-
plementation o exciting [35]. We use the generalized-gradient approximation
to the exchange-correlation energy put orward by Perdew, Burke, and Ernz-
erho (PBE) [36] or all our DFT and DFPT calculations.

For the construction oWannier unctions, we choose a large energy window
such that low  ±ωD  up . We then construct maximally localized WFs or
that window and apply the transormations in Eqs. (2.70-2.72) and back trans-
ormations in Eqs. (2.73-2.75), to interpolate hmn(k), Dνν′(q), and gmnν(k,q)

to denser k and q meshes. Then, we calculate the Eliashberg spectral unction
and the electron-phonon interaction unction, Eqs. (2.23) and (2.24), with a
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high resolution in k and q in an energy window o order ∼ωD around F.

The Eliashberg equations, Eqs. (2.27) and (2.28), are then solved or MgB2

or a set o temperatures, with a resolution o ∆T = 1K around Tc . The
value o Tc lies between the two temperature values, where the gap unction
goes rom zero to nonzero values as the temperature decreases. While using
Eqs. (2.27) and (2.28), we have to provide a value or µ∗ . In the literature, µ∗

is oten treated as an adjustable parameter [10, 13], making it hard to directly
compare Tc between calculations. For our calculations, we use the ab initio

values o µ∗ calculated by Moon and coworkers [20], leaving our workfow with-
out any reely adjustable parameter thus making it able to directly predict the
critical temperature Tc . For convergence tests regarding the sel-consistent
solution o Eqs. (2.27) and (2.28), we use the Tc calculated rom the isotropic
quantities in Eqs. (2.25) and (2.26). The sotware packages used in this work
are described briefy in the ollowing subsections.

3.1.1 exciting

The exciting package is used to solve Eqs. (2.43-2.46) or the entire electronic
system o core and valence electrons. In exciting the unit cell o the crystal
is separated into an interstitial and a mun-tin region. This allows the use o
a fexible basis set o augmented plane waves and local orbitals or the Hilbert
space o Kohn-Sham (KS) wave unctions [23]. The solution o Eqs. (2.43-2.46)
is done in a sel-consistent cycle up to convergence. For phonon calculations,
the result o the converged KS system can be used to solve the Sternheimer
equation 2.59 also in a sel-consistent cycle [35].

Maximally localized Wannier Functions are calculated in exciting by it-
eratively decreasing the spread in Eq. (2.64) with respect to the unitary and
semiunitary transormations in Eq. (2.66). A good starting point or this min-
imization is obtained using local orbitals [33].

3.1.2 elphbolt

In this work we use the superconda application o elphbolt, to handle the
necessary calculations within the Eliashberg theory. The elphbolt package
reads in the Wannier representations o the Hamiltonian, dynamical matrix
and electron-phonon vertices and perorms the transormations to arbitrary
meshes in reciprocal space given in Eqs. (2.73-2.75). Using the imaginary
time rame as described in Chapter 2, elphbolt computes the quantities in
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Eqs. (2.23) and (2.24) [24] and then iteratively solves Eqs. (2.27) and (2.28)
up to convergence or a given set o temperatures and perorms the necessary
analytic continuation.

3.2 Diamond under uniorm strain

As a test or the implementation o our workfow, we compute α2F (ω) and λ or
doped diamond under uniorm strain, as all Wannier-interpolated quantities
that we calculate are used within this computation. Diamond is an insulator
that becomes metallic and shows superconductivity i it is hole doped [37]. To
simulate doping, we apply a rigid shit to the Fermi level, choosing a chemi-
cal potential to obtain a carrier concentration equaling a B doping o 1.85%.
This is the same doping level as in [31]. The structure o diamond is a ace-
centered cubic lattice with a basis o two carbon atoms. In our calculations,
we get an equilibrium volume o Ω0 = 45.614Å

3
. We use the 12×12×12@k

and 6×6×6@q coarse grids or calculations or the pure diamond crystal. For
the interpolated grids, we use 30×30×30@k and 30×30×30@q.

Figure 3.2 shows how the electronic band-structure (BS) and density o
states (DOS) o diamond change under uniorm volume strain. The phonon
dispersion o diamond can be seen in Fig. 3.3. The electron-phonon interac-
tion in doped diamond is dominated by the optical branches, as it can be seen
in Fig. 3.4 that the Eliashberg spectral unction α2F (ω) is very small in the
acoustic compared to in the optical-energy region. We show the isotropic cou-
pling strength λ rom Eq. (2.26) in Fig. 3.5. Here λ decreases with decreasing
volume o the unit cell. As already seen in the spectral unction, the contribu-
tions to λ rom optical and acoustic phonon branches behave dierently with
respect to the variation o the unit cell volume, Ω . The optical contribution to
λ decreases with decreasing Ω and the acoustic contribution, which is relatively
small, increases. For the relaxed system, we obtain λ = 0.23 .

Our results can be compared to the work rom Giustino and coworkers [31]
who obtain λ = 0.21-0.23 . The equilibrium volume is slightly dierent between
the studies, which is explained by the dierent exchange and correlation po-
tentials used. Comparing the Eliashberg spectral unction α2F (ω) we can also
see a qualitative dierence that comes rom the dierent treatment o doping,
as we used a rigid band shit and they used the virtual-crystal approximation.
This study makes us condent about the correctness o our methods.
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Figure 3.2: Electronic band structure and density o states or diamond at
various volume strains. For each volume strain, the energy doped F is set to
be 0.

Figure 3.3: Phonon-dispersion curves and density o states or dierent volume
strains o diamon. With volumes Ω0 (equilibrium, blue lines), 0.871Ω0 (green)
and 0.700Ω0 (red).
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Figure 3.4: Isotropic spectral unction, α2F (ω) , o diamond under volume
strain, or the acoustic (let panel) and optical (right panel) energy range.
Notice also the dierent scale o the spectral unction in the two panels.

Figure 3.5: Electron-phonon-coupling strength λ as a unction o the volume:
Full value (blue), optic contribution (red), and acoustic contribution (green).
The value obtained by Giustino and coworkers [31] is also shown or comparison
(grey).
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(a) (b)

Figure 3.6: (a) Crystal structure o MgB2 with Mg (orange) and B (green)
atoms. (b) First Brillouin zone o MgB2, with reciprocal lattice vectors {bi} .

3.3 Magnesium diboride

Having presented and tested our methods, we now show our results or MgB2.
We obtain these results using coarse grids o 24×24×21@k and 8×8×7@q .
The Wannier-interpolated grids are 40×40×35@k and 40×40×35@q .

3.3.1 Crystal, electronic, and phonon structure

The crystal structure and rst Brillouin zone o MgB2 can be seen in Fig. 3.6.
The material consists o alternating Mg and B layers that are hexagonally
stacked and the lattice vectors can be given in the orm a1 = a~e1 , a2 = a~e2 ,
and a3 = c~e3 with the unit vectors

~e1,2 =
1

2



1 ±
√
3 0

T

, ~e3 =


0 0 1
T

. (3.1)

For the equilibrium structure we obtain the lattice constants o a = 0.3077 nm ,
c = 0.3523 nm , and their ratio c/a = 1.145 . These values are in very good
agreement with the experimentally measured result o a = 0.3086 nm and
c = 0.3524 nm [38].

The electronic band-structure (BS) o the material obtained rom the back
transormation o the Wannier unctions (WF), Eq. (2.73), can be seen in
Fig. 3.7. Our WFs, o which we show two in Fig. 3.8, can be distinguished into
in and out o plane unctions, similar to in plane σ- and out o plane π-bonds
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Figure 3.7: Electronic band structure o MgB
2
. The bands are labeled by

either σ or π, depending on their composition o WFs at F .

(a) (b)

Figure 3.8: (a) σ-like Wannier unction o MgB2 . (b) π-like Wannier unction.

within the Boron layers o the crystal. Using this classication, we can see

rom the absolute squared o the matrix elements in Eq. (2.67) which WFs are

dominant in the construction o what bands. This allows us to label the bands

at the Fermi surace to be o either σ or π character, depending on the weight

o the WFs rom which they are constructed.
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Table 3.1: E2g(Γ) and E2g(A) phonon energies o MgB2 , or dierent
k and q grids. Energies are given in meV.

grid@k grid@q E2g(Γ) E2g(A)

12×12×10 6×6×5 68.63 64.87

16×16×14 8×8×7 71.63 69.51

18×18×15 6×6×5 71.52 63.95

24×24×20 6×6×5 71.18 65.24

24×24×21 8×8×7 71.07 64.52

In Table 3.1 we show our values or the energy o the E2g(Γ) and E2g(A) phonon

modes,1 or dierent grids. The grids are chosen such that

N1

N3

≈

|b1|

|b3|
=

c

a
. (3.2)

These E2g phonon modes are the most sensitive modes with respect to the

reciprocal lattice grids. This shows how the phonon dispersion o MgB2 con-

verges relatively slow with respect to the electronic k-grid. By comparing the

phonon dispersion, shown in Fig. 3.9, or the grids 6×6×5@q and 8×8×7@q ,

we can see a slight dierence in E2g(Γ-A) energy between the calculations.

However this dierence does not cause a relevant dierence in λ , as can be

seen in Table 3.2.

In Fig. 3.9, we can see that our phonon dispersion compares very well to di-

erent sets o experimental x-ray scattering data [39–41]. Signicant dierences

can only be seen or the energy o E2g(Γ-A) phonons, where our result is slightly

above the experimental x-ray scattering data. However, dierent groups have

perormed Raman scattering experiments, which predict the energy o E2g(Γ)

to be either 76meV [42–44] or 71meV [17]. The x-ray scattering data rom

Re. [39] has a data point or the energy o E2g(Γ-A), that is relatively close to

Γ, which allows us to estimate their E2g(Γ) energy to be approximately 68meV

using a quadratic t centered at Γ . This value is signicantly lower than the

E2g(Γ) energies measured by Raman scattering [17, 39–41]. Our calculated

value o about 71meV lies in between the dierent experimental values.

Comparing our DOS to the work o Margine and coworkers [45], we can see

1In the Γ-A direction, the E2g phonon modes have branch index ν = 7, 8 . Their eigen-

vectors can be seen in Fig. 3.10.
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Figure 3.9: Phonon dispersion curves and density o states o MgB2 rom
Wannier interpolation or 24×24×20@k , 6×6×5@q (blue) and 24×24×21@k ,
8×8×7@q (red). We compare our dispersion with dierent x-ray scattering
data (orange) [39], (green) [40], and (pink) [41] as well as Raman-scattering
data (crosses) [42].

that the two densities are in very good agreement. The dierence in E2g(Γ-A)

energy is, nevertheless, visible when comparing the shape o the DOS in the

range between 55 and 70meV .

3.3.2 Electron-phonon interaction

In the last section, we presented the band structure o electrons and phonons in

MgB2. These properties give rise to the complicated nature o electron-phonon

interaction in MgB2. The eigenvectors o E2g phonons shown in Fig. 3.10 are

in-plane displacements o the boron atoms. The perturbation due to the ex-

ternal potential rom these displacements has a strong impact on σ-bonds and

a weak impact on π-bonds within the Boron layers. Thus, the σ-like bands at

the Fermi surace couple very strongly to these phonons and conversely, the

coupling o the π-like bands to E2g phonons is relatively weak [46]. In order to

capture these eatures, we have to treat the material using the anisotropic as

well as band and branch-resolved Eliashberg theory (ET) described in Chap-

ter 2.3. The dierence in electron-phonon-coupling between σ and π-like bands

also gives rise to the two-gap structure o ∆
(F)
nk, seen in Fig. 3.14 within the
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Figure 3.10: Phonon eigenvectors o the two degenerate E2g(Γ) phonon mode
(red,blue) o MgB2 with Mg (orange) and B (green).

next section. This gure also shows the drastic dierence in Tc comparing the

anisotropic to the isotropic ET.

We show the calculated isotropic spectral unction α
2F (ω) and the accu-

mulation o λ in Fig. 3.11. The contribution o E2g(Γ-A) phonons is given by

α
2Fν=7(ω) and α

2Fν=8(ω) in the energy range o about 63 to 71meV and it

is depicted that these phonon branches give the largest contribution to the

electron-phonon interaction. Comparing to the work o Margine and cowork-

ers [13], we can see that their λ is higher and their E2g(Γ) energy is lower than

ours. From the accumulation o λ it is apparent that the dierences in λ arise

rom the contribution o the E2g(Γ-A) phonons.

As already mentioned, there are many rst-principles studies o electron-

phonon interaction in MgB2. In Table 3.2, we compare λ and the E2g(Γ)

energies with previous investigations. It can be seen that the E2g(Γ) energy is

usually lower or calculations that use experimental lattice constants, compared

to calculations using the DFT equilibrium structure. A urther important ob-

servation rom Table 3.2 is that calculations using the relaxed crystal structure

and the PBE unctional obtain an E2g(Γ) energy o around 70meV and a λ o

around 0.63 . The ratio o λ and the E2g(Γ) energy is displayed in Fig. 3.12.

From this we can see a direct connection between λ and the E2g(Γ) energy,

with our results being in very good agreement with the trend line.
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Figure 3.11: Isotropic spectral unction α
2F (ω) and accumulation o λ in MgB2

in comparison with the results o Margine and coworkers [13] (pink lines). The
vertical dashed lines indicate the E2g(Γ) energies o the calculations identied
by the same color.
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Table 3.2: electron-phonon-coupling strength λ and E2g(Γ) energy (in units o
meV) or dierent ab initio calculations with coarse grids @k and @q. The
second column give the color code in Fig. 3.12.

color E2g(Γ) λ @k @q vxc

Ωexp.

Re. [15] pink 66.31 0.776 203 103 -

Re. [13] green 62.28 0.75 243 63 LDA

Re. [34] purple 67 0.68 123 63 LDA

Re. [12] orange 65.11 0.741 162×12 62×4 -

Re. [16] black 72.53 0.87 122×6 63 LDA

Ω0 DFT

Re. [10] red 62.66 0.73 123 ** LDA

Re. [10]* red 75.86 0.61 123 ** LDA

Re. [17] yellow 70.75 0.73 - 63 LDA

Re. [18] white 70.22 0.643 123 63 PBE

Re. [19] teal 67.15 0.62 - - PBE

This work blue 71.48 0.63 242×20 62×5 PBE

This work blue 71.07 0.65 242×21 82×7 PBE

(*) Anharmonic phonon energies.
(**) Phonons calculated only at high-symmetry points.

Figure 3.12: The ratio o λ and E2g(Γ) energy or the values rom Table 3.2.
The dashed lines are the experimental values, with the lowest energy being the
estimate rom x-ray scattering data and the other being the Raman scattering
values [17, 42–44].
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3.3.3 Superconductivity

Capturing electron-phonon interaction correctly is very important or a the-

oretical study o conventional superconductors. Our results or the electron-

phonon-coupling strength λ, which gives a measure or the electron-phonon-

interaction unction, Eq. (2.24), are presented in the previous section. We can

see a connection between the E2g(Γ) energy and λ.

In order to solve Eqs. (2.27) and (2.28) and determine the critical temper-

ature Tc , we have to choose a value or µ∗. An ab initio investigation o µ∗

within MgB2 has been conducted by Moon and coworkers [20], they calculate

this parameter using the ull dielectric matrix and obtain µ∗ = 0.118 using the

Debye energy ωD as a cut-o and µ∗ = 0.151 or a cut-o o 0.5 eV ≈ 5ωD . In

our calculations, we used a phonon cut-o o 6ωD and we obtain a Tc = 37K

or µ∗ = 0.118 and Tc = 33.5K or µ∗ = 0.151 . Both o these results are

close to the experimentally measured Tc o 39K [38], which shows that our

calculations give a good prediction o Tc within a reasonable range o µ∗.

In the superconducting phase, there is a gap in the electronic quasi-particle

density o states (DOS). The temperature dependence o this DOS is shown

in Fig. 3.13. It can be seen that the DOS discontinuously changes between

T = 38K and T = 36K which signies the phase transition between the normal

and the superconducting state at about T = 37K . Comparing the DOS o the

isotropic and anisotropic ET or T = 5K, we can see that the anisotropic DOS

has a structure o two gaps, a large gap or the σ and a smaller gap or the

π-bands at the Fermi surace. We plot the distribution o ∆
(F)
nk in Fig. 3.14,

where this two-gap structure is also visible as there are two separate clusters

o ∆
(F)
nk values.

The only existing works, that have studied superconductivity in MgB2

within the anisotropic Eliashberg theory are the works o Choi and cowork-

ers [10] and Margine and coworkers [13]. We can see, that the values o λ

and E2g(Γ) energy o these works and our work are consistent with the ex-

pected ratio seen in Fig. 3.12. We also note, that our result or the E2g(Γ)

energy and the anharmonic E2g(Γ) energy rom Re. [10] are within the range

o experimental values. A study conducted by Lazzeri and coworkers [11] has

demonstrated that three and our-phonon corrections to the E2g(Γ-A) energies

mostly cancel in MgB2, suggesting that the bare phonons, as we calculated

them, should give good results or the energies o E2g(Γ-A) .
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Figure 3.13: Electronic quasi-particle density o states (Nqp(ω)). ∆σ and ∆π

are acquired rom BCS like ts, shown in Fig. 3.14. The quasi-particle density
o states or the isotropic theory is shown in black.

The Tc o 37K and the two gap values at T = 0K o ∆σ = 6.5meV and

∆π = 2.4meV that we report or µ∗ = 0.118 are in good agreement with

the results rom anharmonic phonons in Re. [10]. We compare our electron-

phonon interaction with the work rom Re. [13] in Fig. 3.11 and we mentioned

in the previous section, that any dierence can be attributed to the E2g(Γ-A)

phonons. This observation is validated by the comparison o both ∆π and ∆σ

between the calculations. The values o ∆π are in good agreement, as ∆π is

not signicantly aected by the energy o E2g(Γ-A) phonons. For ∆σ we can

see that their value o ∆σ ≈ 8.5,meV is signicantly larger than ours. Their

strong electron-phonon interaction, together with µ∗ = 0.16 .
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Figure 3.14: Distribution o ∆
(F)
nk or µ∗ = 0.118 (red) and the isotropic ap-

proximation (black crosses). The dashed lines are the two gap values ∆σ(T )

and ∆π(T ) , tted using a BCS-like t ∆
σ/π(T ) = ∆

σ/π [1− (T/Tc)
p)]1/2 [46].

∆
(F)
nk vanishes at about 37K.
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Chapter 4

Conclusions and Outlook

In this work, we conducted an ab initio study o superconductivity in MgB2

combining Eliashberg theory with methods based on density-unctional theory,

using and testing the new interace between the sotware packages exciting

and elphbolt. We tested our methods using pressurized diamond, conrming

the unctionality o newly implemented eatures within both codes.

Our investigation suggests that Eliashberg theory (ET) is able to predict

the critical temperature oMgB2 reasonably well. The main dierence between

our work and the established results that used ET [10, 13] is that we obtain a

lower electron-phonon coupling to the E2g(Γ-A) phonons, which is refected in

our λ o 0.65 . This lower coupling strength maniests itsel in a signicantly

more accurate prediction o the critical temperature Tc and gap or the σ

bands ∆σ .

From our structure relaxation, we get lattice constants that are in very good

agreement with experimental values using the PBE exchange and correlation

unctional. For this structure, we obtain a phonon dispersion that is in good

agreement with experimental data. For the energy o the E2g(Γ-A) phonons,

there is a discrepancy between x-ray and Raman scattering data, and our

values lie between the results.

Comparing our calculation and other rst-principles studies o the electron-

phonon interaction in MgB2 , we can see that relaxing the structure has a

signicant impact on the energy o the E2g(Γ-A) phonon energies and that a

better agreement with experimental results is obtained or the DFT equilib-

rium structure. This comparison also shows a clear connection between the

energy o the E2g(Γ-A) phonons and the electron-phonon-coupling strength.
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Our work is unique in studying MgB2 using the branch and band resolved ET,

that is anisotropic in both k and q, using a relaxed structure and the PBE

exchange and correlation unctional. We obtain a Tc = 37K using µ∗ = 0.118

and Tc = 33.5K or µ∗ = 0.151 . Although we do not know, i the rst-

principles µ∗ values rom Re. [20] are ully consistent with our calculations, it

is apparent that the impact o µ∗ on the Tc is small compared to the impact

o the anisotropic treatment o electron-phonon interaction and the E2g(Γ-A)

energies.

In conclusion, our ramework is able to describe superconductivity in MgB2.

Anisotropic treatment o the electron-phonon interaction is necessary or a

qualitatively correct description o the material and the quality o Tc is aected

mostly by the energy o E2g(Γ-A) phonons, with a good Tc or E2g(Γ) values

that are compatible with experimental data. Our calculations give a range o Tc

between 33.5-37.0K , depending on the value o µ∗. Stronger electron-phonon

interaction, that results in a higher Tc , can be achieved or slightly lower

E2g(Γ-A) energies that are closer to the x-ray scattering data in Res. [39–41].

Concerning the uture continuation o our work, the rst logical step to

improve our results is to calculate µ∗ ourselves, in order to reduce the range

o reasonable Tc to a single value. Our investigation reveals, that the discrep-

ancies between the existing studies o MgB2 arise rom the dierent values o

the E2g(Γ-A) energies that are calculated using DFT and DFPT. For this, we

have already concluded, that the relaxation o the unit cell is important but

the isolated eect o dierent exchange and correlation potentials should also

be investigated.
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