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Abstract

This work presents ab-initio calculations for the phonon-dispersion relations for the

semiconductor germanium and the insulator lithium fluoride. The ground-state

calculations were performed using density-functional theory implemented in the

exciting code. The density-functional perturbation theory, a linear-response tech-

nique, was used as the method for the calculation of the phonon properties. Results

of the influence of the exchange-correlation functionals LDA, PBE, and PBEsol on

the calculations of phonon-dispersion relations are presented as well as test results,

occured problems, and problem solving approaches for the exciting code.
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Chapter 1

Introduction

In this thesis, the lattice dynamics of germanium and lithium fluoride was inves-

tigated. For this purpose, the phonon-dispersion relations, the phonon density of

states, and specific values of the phonon frequencies at highly-symmetrical points of

the first Brillouin zone were calculated and analyzed for the two materials.

Germanium is one of the semimetals in the periodic table and is classified as

a semiconductor. It was once the leading material in electrical technology before

it was replaced by silicon [1]. Nevertheless, it is still used, e.g., in high-frequency

technology, detector technology, and infrared optics. Elementary Ge crystallizes in

the diamond structure and is a non-polar material with covalent atomic bonding [2].

Lithium fluoride, the lithium salt of hydrofluoric acid, crystallizes in the rock-salt

structure and is a polar material with ionic bonding [3]. LiF is used as a flux in the

manufacture of glass and ceramics or in radiation detectors for ionizing radiation in

thermoluminescence dosimeters [4].

The ground-state calculations which were performed in this work are based on

density-functional theory [5, 6] as implemented in the full-potential all-electron com-

puter package exciting [7]. Furthermore, the density-functional perturbation the-

ory [8], a linear-response technique, was used to calculate the phonon properties. In

calculations based on density-functional theory, so-called exchange-correlation func-

tionals [5] are required. Two classes of these were used for our calculations, the

local-density approximation (LDA) [6] and the generalized gradient approximation

(GGA) [6], represented by PBE [6] and PBEsol [9].

Two main objectives were pursued in this work. The first objective was to calcu-

late the phonon-dispersion relations, phonon density of states, and phonon frequen-

cies of Ge and LiF. These significantly determine a variety of solid-state properties,

such as the specific heat, the thermal expansion, the dielectric properties of ionic

crystals, the superconductivity of metals and many more [10]. Within this context,

the purpose was to obtain well converged data for the basic lattice-dynamical prop-
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Figure 1.1: Schematic representation of the diamond structure (left) for germanium from

Ref. [11] and the rock-salt structure (right) for lithium fluoride from Ref. [12]. The lithium

cations are shown in blue and the fluorine anions in green.

erties, in particular, to investigate the effect of using various exchange-correlation

functionals.

The second objective was to test and verify the implementation of the linear-

response approach within density-functional perturbation theory in the exciting

code. Ge was chosen as a non-polar material with covalent bonding and semicon-

ductor properties. LiF was chosen as a polar insulator with ionic bonding. The

schematic representation of the crystal structures of Ge and LiF can be seen in

Fig. 1.1. These fundamentally different materials were used to test the capabilities

of the exciting code and identify potential problems.

This thesis is organized as follows. In Chapter 2, the theoretical foundations

are explained and the software package exciting is described. In Chapter 3, the

phonon-dispersion relations, the phonon density of states, and the phonon frequen-

cies calculated in this work are presented and discussed. Finally, in Chapter 4, the

results are evaluated and conclusions are drawn.
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Chapter 2

Theoretical background

In this chapter, the physical concepts, properties, and theories fundamental to this

work are briefly introduced and the used software package is conceptually described.

At the beginning, the core ideas of the physical description of the dynamics of a

crystal lattice are presented and the concept of the phonons is constructed on this

foundation. This is followed by a description of the density-functional theory (DFT)

and density-functional perturbation theory (DFPT). Finally, the software package

exciting is examined in more detail.

2.1 Dynamics of a crystal lattice

The content of this section is based on Refs. [10, 13].

2.1.1 Crystal structure and reciprocal space

Crystal structure

An ideal crystal is understood as a strictly periodic repetition of identical structural

elements extending over the entire three-dimensional space and it is described by

specifying the structural unit, which is referred to as the basis, and the instruction

of the sequence of structural units, which leads to a spatial lattice. So-called Bra-

vais lattices are often used for the specification of the spatial lattice, on which the

structural units of the crystal are arranged. A Bravais lattice in three-dimensional

space consists of all points:

Rn ≡ Rn1,n2,n3
= n1 a1 + n2 a2 + n3 a3 , with n ≡ (n1, n2, n3) , (2.1)

where n1, n2, and n3 are integers and the vectors a1, a2, and a3 are not coplanar.

They are referred to as primitive lattice vectors. The spatial lattice is spanned by
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them. Their lengths a1, a2, and a3 are referred to as lattice constants. A paral-

lelepiped, the so-called primitive cell, is spanned by the primitive lattice vectors a1,

a2, and a3. The primitive cell is the smallest unit cell that fills the entire space

through periodic repetition. Its volume is given by:

Ω = |a1 · (a2 × a3)| . (2.2)

Reciprocal space

A reciprocal lattice can be assigned to each Bravais lattice, in which its primitive

lattice vectors, {bj}, are perpendicular to the primitive vectors, {ai}, of the real

lattice. The primitive lattice vectors, {bj}, are formed by the following rule:

b1 =
2Ã

Ω
(a2 × a3) , b2 =

2Ã

Ω
(a3 × a1) , b3 =

2Ã

Ω
(a1 × a2) . (2.3)

This means that each lattice vector of the reciprocal space can be written as:

G = k1 b1 + k2 b2 + k3 b3 , (2.4)

with integer triple k1, k2, and k3. With the help of reciprocal lattice vectors, families

of parallel lattice planes can be described uniquely, because each reciprocal lattice

vector is perpendicular to a family of parallel lattice planes of the Bravais lattice.

The identification of families of parallel lattice planes in the Bravais lattice with

lattice vectors of reciprocal space is crucial for the determination of the dispersion

relation of phonons.

2.1.2 Adiabatic and harmonic approximation

The description of the vibrations of the atoms of a solid is very complex. To simplify

this, the adiabatic and harmonic approximations are usually employed.

Adiabatic approximation

Because of the reaction principle, the forces that electrons and nuclei exert on each

other are equal and opposite. The quantitative relationship MnucR̈nuc
∼= mer̈e can

be established, with Mnuc for the mass of a nucleus, R̈nuc for the acceleration of

this nucleus, me for the mass of an electron, and r̈e for the acceleration of this

electron. From this it is easy to see that the heavy nuclei move significantly slower

than the light electrons. The idea of the adiabatic approximation is based on this:

The electrons can adapt adiabatically to the slow motion of the heavy nuclei at any

point in time or, to put it another way, the motion of the electrons can be considered
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to be decoupled from the motion of the nuclei. Thus, the total energy of a system

of many nuclei and electrons results from the sum of the electronic (“potential”)

contribution, Uel, the total electrostatic energy due to the nuclei only, Unuc, and the

kinetic energy of the nuclei Tnuc in:

Etot = Uel + Unuc + Tnuc ≡ U +
∑

nuc

P2
nuc

2Mnuc

. (2.5)

Here, U = Uel + Unuc is the total potential energy which is acting on the nuclei.

Harmonic approximation

The exact expression of the potential energy U = Uel + Unuc can be very compli-

cated. To simplify the description, in many cases it is useful to approximate the

potential around the equilibrium positions of the atomic nuclei by a harmonic po-

tential. Therefore, consider the position of an atom within the n-th lattice cell

described by

Xn³ = Rn + Ä³ + un³ , (2.6)

where Rn indicates the n-th point of the Bravais lattice, Ä³ the equilibrium position

of the ³-th atom in the n-th lattice cell and un³ the displacement of the ³-th atom

in the n-th lattice cell from its equilibrium position.

The potential energy U depends on the full nuclear configuration {Xn³}. To ap-

proximate this harmonically around equilibrium, U is first Taylor-expanded around

the equilibrium position {X0
n³ = Rn + Ä³}:

U ≡ U({Xn³}) = U({X0
n³})+

∑

n,³

un³·
∂ U

∂un³

∣∣∣∣
eq

+
1

2

∑

n,m,³,´

un³·
∂2 U

∂un³ ∂um´

∣∣∣∣
eq

·um´+· · ·

(2.7)

Here, all derivatives are calculated at the equilibrium configuration. The first term

corresponds to the equilibrium energy and can be set to zero or to a reference

constant. The linear term disappears, as this term sums up all the forces that all

atoms exert on an atom, and these just disappear for the equilibrium state. If the

Taylor expansion is terminated after the quadratic term, the harmonic potential is

obtained:

Uharm = U0 +
1

2

∑

n,m,³,´

un³ · ∂2 U

∂un³ ∂um´

∣∣∣∣
eq

· um´ . (2.8)

Here, U0 denotes the equilibrium energy. The second derivatives of the potential

calculated at equilibrium are referred to as coupling or inter-atomic force constants:

Cm´j
n³i =

∂2 U

∂un³i ∂um´j

∣∣∣∣
eq

. (2.9)
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2.1.3 Equations of motion

With the help of the harmonic potential in Eq. (2.8) and the laws of classical me-

chanics, the relationship between the oscillation frequencies and the wave vectors

of the lattice oscillations can be established. According to Newton’s laws, the sum

of the inertial forces and coupling forces must be zero for the displacement of an

atom ³ in the lattice cell n in direction i:

M³

∂2un³i

∂t2
+

∑

m,´,j

Cm´j
n³i um´j = 0 . (2.10)

For a solid with Ncell lattice cells and Nat atoms per unit cell, d̃ = 3Ncell Nat differ-

ential equations result. Considering the immense size Ncell for a solid, the solution

seems impossible. For periodic structures, however, an approach can be chosen in

which the displacements un³i are interpreted as plane waves with respect to the cell

coordinates:

un³i =
1√
M³

A³i(q) e
º(q·Rn−Ét) . (2.11)

Notice, that these plane waves are only defined at the lattice points Rn. Using this

approach in Eq. (2.10) leads to:

−É2A³i(q) +
∑

´,j

∑

m

1√
M³M´

Cm´j
n³i eºq·(Rm−Rn) A´j(q) = 0 . (2.12)

Due to the translation invariance, the terms in the sum are only dependent on

Rm −Rn. Eq. (2.12) can be expressed in terms of the so-called dynamical matrix,

defined as:

D´j
³i (q) =

∑

m

1√
M³M´

Cm´j
n³i eºq·(Rm−Rn) . (2.13)

This definition can be used to set up a linear homogeneous system of equations of

the order d = 3Nat:

−É2A³i(q) +
∑

´,j

D´j
³i (q)A´j(q) = 0 . (2.14)

A linear homogeneous system of equations only has non-trivial solutions if the de-

terminant of the coefficient matrix is zero:

det
{
D(q)− É2 1

}
= 0 . (2.15)

For each wave vector q, this equation has exactly d = 3Nat solutions É(q) for the

oscillation frequencies. The dependence of the oscillation frequency on the wave

vector is called the dispersion relation. The d different solutions are called branches

of the dispersion relation.
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2.1.4 First Brillouin zone

Looking at the derivation of the dispersion relation in the previous section, the

question quickly arises, which wave vectors q should be considered in a reasonable

way. Therefore, consider Eq. (2.13) and note that the coefficients D´j
³i (q) of the

dynamical matrix include sums over the phase factors eºq·(Rm−Rn). Rm and Rn are

vectors of the Bravais lattice and since the relationship G · Rm = 2Ã · (integer)
applies for each reciprocal lattice vector G, it follows that

D´j
³i (q) = D´j

³i (q+G) . (2.16)

Thus, the solutions of Eq. (2.15) fulfill the condition:

É(q) = É(q+G) . (2.17)

Furthermore, two structurally similar waves with the only difference that they prop-

agate in opposite directions can be converted into each other by time reversal, so

the oscillation frequencies for q and −q must be the same:

É(q) = É(−q) . (2.18)

Combining the findings in Eqs. (2.17) and (2.18), it can be seen that it is sufficient

to consider the dispersion relation in the region of one reciprocal lattice vector. The

first Brillouin zone can be used for this.

The calculations of many properties of solids, such as the total energy, require

integrations over all possible k-vectors of the first Brillouin zone. In order to keep

the calculation time finite, the integrals are approximated by sums performed on a

grid of k-points.

2.1.5 Classification of the dispersion branches

In Section 2.1.3 it was worked out that for each wave vector q there are d = 3Nat

solutions É(q) of the system of equations (see Eqs. (2.14) and (2.15)) and that these

are referred to as branches of the dispersion relation. These branches can be classi-

fied. If a branch belongs to an oscillation in which neighboring oscillators oscillate

in phase, it is referred to as an acoustic branch. If neighboring oscillators oscillate

in anti-phase, this is called an optical branch. In a three-dimensional system with

Nat atoms in the basis, there are 3 acoustic and 3Nat − 3 optical branches. In addi-

tion to the classification according to acoustic and optical branches, a classification

according to longitudinal and transverse branches is also common. At least for cer-

tain symmetry directions of the crystal system, deflections of the oscillations can
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Figure 2.1: Longitudinal-acoustic (longitudinal akustisch), longitudinal-optical (lon-

gitudinal optisch), transverse-acoustic (transversal akustisch), and transverse-optical

(transversal optisch) lattice vibrations in two dimensions (from Ref. [10]).

be either parallel or perpendicular to the wave vector q. A distinction is therefore

made between transverse-optical (TO), longitudinal-optical (LO), transverse-acoustic

(TA), and longitudinal-acoustic (LA) branches. These are shown in Fig. 2.1.

2.1.6 Quantum-mechanical phonons

In the previous sections, the dynamics of the crystal lattice were treated classically.

As a result of this consideration, a crystal can be understood as a sum of oscillators

with natural frequencies É¿(q), with ¿ = 1, ..., d. However, there is also a quan-

tum mechanical perspective on the dynamics of the crystal lattice, which will be

explained below. For the mathematical consideration of the oscillations of a system

of coupled oscillators, normal coordinates are usually introduced by a linear trans-

formation. Within the harmonic approximation, these allow the equations of motion

of uncoupled oscillators to be established. The frequency spectrum of the natural

oscillations of the system of coupled oscillators corresponds to that of the normal

oscillations of the uncoupled harmonic oscillators. The natural energies or natural
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frequencies of the normal oscillations are given by the eigenvalues of the harmonic

Hamilton operator:

Ĥharm = T̂nuc + Uharm =
∑

n,³

1

2M³

P̂
2

n³ + Uharm , (2.19)

with T̂nuc for the kinetic energy of the lattice atoms and Uharm
el for the harmonic ap-

proximation of the potential energy obtained in the adiabatic approximation. Now,

the energy levels of a crystal consisting of Ñ ≡ Ncell Nat atoms can be specified by

considering it as a system of 3Ñ independent oscillators whose frequencies corre-

spond to those of the 3Ñ classical oscillation modes. A concrete oscillation state

with the frequency É¿(q) can only assume the following discrete energy values:

(
nq¿ +

1

2

)
h̄ É¿(q) , nq¿ = 0, 1, 2, ... ; (2.20)

with nq¿ for the occupation number of the normal oscillation with wave vector q in

the dispersion branch ¿. The total energy is then given by the sum of the energies

of the individual modes as:

Etot =
∑

q¿

(
nqr +

1

2

)
h̄ É¿(q) . (2.21)

This result can be interpreted again as a normal oscillation with an occupation

number nq¿ and with a wave vector q in the dispersion branch ¿. Each normal

oscillation is called a phonon. Therefore, phonons are the quanta of the vibrational

field of a crystal.

2.2 Total energy

In order to calculate the total energy defined in Eq. (2.5), one has to get the total

electronic energy Uel. According to quantum mechanics, Uel is the energy of the

many-electron system and can be obtained as:

Uel = ïΨ|Ĥel|Ψð =
∫

dr1...drN Ψ∗(r1, ..., rN) Ĥel Ψ(r1, ..., rN) , (2.22)

with Ψ for the total electronic wave function. Ĥel is the many-electron Hamiltonian

defined as:

Ĥ(r1, r2, ..., rN) = T̂ + V̂ + Ŵ ≡ −
N∑

i

∇2
i

2
+

N∑

i

v(ri) +
1

2

N∑

i ̸=j

1

|ri − rj|
, (2.23)
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where ri describes the position of the i-th electron. The first term in Eq. (2.23),

T̂ , is associated with the kinetic energy of the electrons. The second term, V̂ ,

describes the external Coloumb potential of the nuclei, where v(r) is the contribution

experienced by a specific electron, and the third term, Ŵ , is associated with the

Coloumb interaction of the electrons with each other.

The direct calculation of Uel in Eq. (2.22), however, is for a periodic system almost

impossible, due to the huge number of electrons in the system. Therefore, alternative

solutions have to be found. The most used alternative approach is the density-

functional theory introduced in the next section. The information presented in this

section relates to Refs. [5, 6].

2.2.1 Density-functional theory

The energy of any quantum system consisting ofN electrons is obviously a functional

of the corresponding wave function Ψ(r1, ..., rN) (see, e.g., Eq. (2.22)) and, therefore,

depends on 3N variables. This makes the direct treatment of extended systems very

difficult, if not impossible.

The idea of reducing the relevant degrees of freedom of an electron systems is the

basic idea of the density-functional theory (DFT). Instead of using the wave function

for the description of the system, one can use the ground-state (GS) electron den-

sity, n
GS
(r), which depends only on 3 coordinates. The proof of this statement is

given by the Hohenberg-Kohn (HK) theorem [14] which has a huge impact on numer-

ical calculations in solid-state physics. As a consequence of the HK theorem, every

physical property of an electron system can be considered a functional of n
GS
(r). In

particular this holds for the ground-state electron energy, which we called Uel. In the

following, for being closer to the specific literature on DFT, we set Uel ≡ E. A very

important corollary of the HK theorem, states that the functional E[n] is minimized

by n
GS
(r). Then, if the functional E[n] would be known, this corollary gives the

way of calculating directly n
GS
(r) without solving the many-electron problem with

the standard quantum-mechanical approach.

The functional E[n] can be written as

E[n] =

∫
drn(r) v(r) + ïΨ[n]|T̂ + Ŵ |Ψ[n]ð ≡ Eext[n] + F [n] . (2.24)

The first term in the r.h.s. of Eq. (2.24), Eext[n], depends directly on the electron

density, but the other term only implicitly, which makes the functional F [n] to be

unknown. Formally, the minimization of E[n] with respect to the density can be
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obtained by solving the equation

¶E[n]

¶n(r)

∣∣∣∣
n
GS

= v(r) +
¶F [n]

¶n(r)

∣∣∣∣
n
GS

= µ , (2.25)

where the chemical potential µ was included to guarantee that the integral of the

electron density n(r) reproduces the number of electrons, N .

2.2.2 Kohn-Sham equations

The Hohenberg-Kohn theorem above states that the ground-state energy is a func-

tional of the ground-state electron density and is minimized by n
GS
. However, the

formal solution of the minimization task in Eq. (2.25) is not trivial. Kohn and

Sham (KS) had the idea of splitting the unknown functional in Eq. (2.24), F [n], as

F [n] = −
∑

i

∫
drϕ∗

i (r)
∇2

2
ϕi(r)

︸ ︷︷ ︸
kinetic term

+
1

2

∫∫
dr dr′

n(r)n(r′)

|r− r′|︸ ︷︷ ︸
Hartree energy

+ Exc[n]︸ ︷︷ ︸
xc energy

. (2.26)

This separation consists of a kinetic-energy term which is identical to the kinetic

energy of a system of fictitious non-interacting electrons (KS-electrons) having

the same ground-state electron density of the original electron system. In addi-

tion, Eq. (2.26) contains the Hartree energy, EH[n], corresponding to the classical

electrostatic energy of the electron charge density n(r). Finally, they introduced

an extra term, Exc[n], contains everything that was not considered in the previous

terms and is referred to as exchange-correlation energy. If Exc[n] was known ex-

actly, the ground-state energy could be determined using the electron density (see

Section 2.2.3 for more details). Applying the minimization procedure, Eq. (2.25, and

using the expression of F [n] in Eq. (2.26), Kohn and Sham demonstrated that the

exact ground-state electron density n
GS
(r) can be expressed as

n
GS
(r) =

N∑

i

|ϕi(r)|2 , (2.27)

where the single-particle wave functions (“orbitals”) {ϕi(r)} are obtained from the

solution of the KS equations

ĥKS ϕi(r) ≡
[
−∇2

2
+ v(r) + vH(r, [n]) + vxc(r, [n])

]
ϕi(r) = εi ϕi(r) . (2.28)

Here, v is the external nuclear potential and vH is the Hartree potential. The

additional term, vxc, is the exchange-correlation potential and is given by:

vxc(r, [n]) =
¶Exc[n]

¶n(r)

∣∣∣∣
n
GS

. (2.29)
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2.2.3 Exchange-correlation functionals

In the previous section it was assumed that the exchange-correlation energy E[n]

was known and the KS equations were solved, thus, the electron density could be

determined. In practice, Exc[n] is not known and approximations must be used.

The two classes of approximations employed in this bachelor’s thesis are presented

below.

• The first class of approximations is based on the results for the uniform

electron-gas model. This assumption provides exact results for the case of

constant density and would be acceptable for slowly varying densities. This

is not the case of the electron density in a solid, however, due to a cancella-

tion of errors, this approximation, known as the local-density approximation

(LDA) [6], provides quite good results for the structural and dynamical prop-

erties of solids.

• The second class of approximations for Exc[n] utilizes the local gradient of

the electron density in addition to the description of exchange and corre-

lation given by the LDA. Approximations of this type are called generalized

gradient approximations (GGA). There are many different ways in which the

information about the gradient of the electron density can be incorporated

into the GGA functional. There are therefore a large number of different GGA

functionals. The best known are the Perdew-Wang functional (PW91) [6], the

Perdew-Burke-Enzerhof functional (PBE) [6], and the PBE functional revised

for solids (PBEsol) [9]. PBEsol was developed specifically for solids in order

to increase the accuracy of the calculations.

2.2.4 Self-consistent calculations

We have seen in Section 2.2.2 that, after the KS equations have been solved, the

ground-state electron density n(r) (we have omitted the label GS for the sake of

simplicity) can be determined. However, to solve these equations, the Hartree and

the exchange-correlation potential have to be known, which themselves depend on

the electron density. The following algorithm is used to solve this problem:

1. Define an initial electron density n0(r).

2. Solve the KS equations using the initial electron density n0(r).

3. Use the solution to calculate the electron density nnew(r) according to Eq. (2.27).
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4. Compare the electron density nnew(r) obtained with the initial electron den-

sity n0(r). When they are the same, then the ground-state electron density

is found; if this is not the case, the initial electron density n0(r) must be ad-

justed. This procedure is repeated until the difference n0 − nnew fulfills some

convergence criteria.

2.3 Density-functional perturbation theory

The density-functional perturbation theory (DFPT) was used to calculate the phonon-

dispersion relations in this work. This is one of the linear-response techniques. These

use the relationship between ionic displacements and the forces experienced by the

other ions in the unit cell. In order to describe briefly the way in which DFPT works,

we start from the KS equations written for a system which includes a general external

perturbation (the label KS will be omitted in the following):1

ĥ ϕnk(r) = εnk ϕnk(r) . (2.30)

The Hamiltonian ĥ can be expanded up to the linear order in the perturbation ¶ĥ as

ĥ = ĥ(0) + ¼ ¶ĥ+O(¼2) , (2.31)

where ĥ(0) is the unperturbed Hamiltonian. Similar expansions to Eq. (2.31) hold

for ϕnk(r) and εnk. Including these expansions in Eq. (2.30) yields

[
ĥ(0) + ¼ ¶ĥ+ . . .

][
ϕ
(0)
nk(r) + ¼ ¶ϕnk(r) + . . .

]
=

[
ε
(0)
nk + ¼ ¶εnk + . . .

][
ϕ
(0)
nk(r) + ¼ ¶ϕnk(r) + . . .

]
.

(2.32)

From the linear terms in ¼, the so-called Sternheimer equations are obtained:

[
ĥ(0) − ε

(0)
nk

]
¶ϕnk(r) = −

[
¶ĥ− ¶εnk

]
ϕ
(0)
nk(r) . (2.33)

The linear response of the wave function, ¶ϕnk(r), can thus be determined by solving

the linear system in Eq. (2.33). Since the Hamiltonian response depends implicitly

on the wave function response via the density and potential response, the Stern-

heimer equations must be solved self-consistently:

¶ϕnk → ¶n(r) → ¶veff(r) → ¶ĥ → ¶ϕnk , (2.34)

1From now on, we use explicitly the fact that the nuclear configuration has the periodicity of

a crystal. Therefore, the index used in the KS equations must be written as i ≡ (n,k), where n is

the band index and k a vector in the first Brillouin zone of the crystal.
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where ¶veff = ¶v + ¶vH + ¶vxv . When applying the density-functional perturbation

theory to phonons, the external perturbation manifests itself in the form of a col-

lective phonon-like displacement of the nuclei from their equilibrium position, ul³ :

¶ → ¶q³j : X0
l³ → X0

l³ + ul³ ≡ X0
l³ + eºq·Rl ¶u³ , (2.35)

where j is the index of the Cartesian component, Rl is the identifier for the unit

cell, ³ labels the atom in the unit cell, q represents the phonon wave vector, and

¶u³ is an infinitesimal displacement vector.

From the results of the converged solution of the Sternheimer equation for the

density and potential response, the linear response of the atomic forces, ¶q³iF´j, can

be calculated in one step [15]. The linear response corresponds directly to the entries

of the dynamical matrix:

¶q³iF´j =
√
M³M´ D

´j
³i (q) . (2.36)

Once the dynamical matrix has been determined, the phonon frequencies É¿(q) and

the eigenvectors w¿(q) are obtained from the solution of the following eigenvalue

problem:

D(q) ·w¿(q) = É2
¿(q)w¿(q) . (2.37)

In general, and in this thesis, the calculations are performed on a grid of q-points

spanning the entire first Brillouin zone. Dynamical matrices can be interpolated on

any points within this grid using discrete Fourier transforms [16].

2.3.1 Dynamical matrix of polar materials

Contrary to non-polar materials, in polar systems the effective long-range electro-

static interaction between the atoms makes the use of the direct interpolation de-

scribed in the previous section inefficient. Furthermore, the dynamical matrix at

the Γ point is non-analytical in this case, making the phonon frequencies at Γ to

be dependent on the direction of q when approaching to Γ. These problems are

solved by writing the dynamical matrix as the sum of an analytical short-range

(SR) part (that can be interpolated efficiently by discrete Fourier transforms) and a

long-range (LR) one (that can be calculated explicitly)

D(q) = D SR(q) +D LR(q) , (2.38)

where the last term depends on the Born effective-charge tensor Z∗
³ and on the

clamped-nuclei dielectric tensor ϵ
∞. The Born effective charges are related to the
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total (ionic+ electronic) macroscopic polarization P(tot) induced by a phonon at the

Γ point, calculated at zero macroscopic electric field, Emac, [16]:

Z∗
³,ij = Ω

√
M³

∂P
(tot)
i

∂A³j

∣∣∣∣∣
Emac=0

. (2.39)

Similarly, the clamped-nuclei dielectric constant is obtained from the variation of

P(tot) with respect to the macroscopic electric field, Emac,

ϵ∞ij = ¶ij + 4Ã
∂P

(tot)
i

∂E mac
j

∣∣∣∣∣
Emac=0

. (2.40)

2.4 Numerical solution

Numerical approximations are needed to solve the Kohn-Sham and Sternheimer

equations discussed in the previous sections. In practice, these approximations are

achieved by expanding the KS orbitals in terms of a finite basis set.

In the following sections, we first describe how to transform the formal KS equa-

tions into matrix form. Then, we introduce the exciting code, which was used

in this thesis to solve the matrix equivalent of the Kohn-Sham and Sternheimer

equations.

2.4.1 Expansion into basis functions

For a numerical solution of the KS equations, the KS wave functions, ϕi(r) are ex-

panded in terms of a finite basis set, {φµ(r); with µ = 1, . . . , µmax} :

ϕi(r) =

µmax∑

µ

ciµ φµ(r) . (2.41)

If this result is combined with Eq. (2.28), a matrix (secular) equation for the un-

known coefficients ciµ is obtained:

µmax∑

µ

[
h− εi S

]

»µ
ciµ = 0 , (2.42)

where we introduced the Hamiltonian matrix in the atomic orbitals representation

[
h
]

»µ
=

∫
drφ∗

»(r) ĥKS φµ(r) (2.43)
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and the so-called overlap matrix

[
S
]

»µ
=

∫
drφ∗

»(r)φµ(r) . (2.44)

Thus, the solution of the KS equations can be represented as the solution of the

generalized eigenvalue problem in Eq. (2.42).

2.4.2 The software package exciting

The all-electron full-potential computer package exciting was used to calculate

the total energies and the phonon-dispersion relations. In exciting, linearized

augmented plane waves (LAPWs) and local orbitals (lo) are used as basis functions

to solve the Kohn-Sham equations. In this section, we give first a short description

of these basis functions following Refs. [7, 8]. Then, we give some more details about

the role of symmetry in the solution of the Sternheimer equation in exciting.

Basis functions in exciting

The core idea behind the use of augmented plane waves (APWs) is to divide space into

muffin-tin (MT) and interstitial (I) regions. The muffin-tin regions are spheres with

radii RMT with the atomic nuclei at their centers, whose positions are indicated by Ä³.

The muffin-tin regions do not intersect with each other. The remaining space is the

interstitial region. The KS orbitals2 are expanded with the aid of the augmented

plane waves (APWs):

ϕnk(r) =
∑

G

cknG φAPW
G+k(r) . (2.45)

Here, the sum runs over the reciprocal-lattice vectors G. The APW basis functions

are formed as follows:

φAPW
G+k(r) =





∑
lm AG+k

lm³ wl³(r³)Ylm(r̂³) , r³ f RMT

1√
Ω
eº(G+k)·r, r ∈ I .

, (2.46)

where r³ = r − Ä³ and Ω represents the volume of the unit cell. The muffin-tin

region part of the APWs is expanded in the form of spherical harmonics Ylm(r̂³) and

radial functions wl³(r³). The coefficients AG+k
lm³ make the APWs continuous at the

sphere boundary.

As an alternative to the APWs just described, linearized augmented plane waves

(LAPWs) can also be used as a basis. The LAPW basis function within the muffin-tin

2Here, the index i = (n,k) for periodic crystals.
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region around Ä³ is given by:

φLAPW
G+k(r) =

∑

lm

[
AG+k

lm³ wl³(r³; ϵl³) + BG+k
lm³ ẇl³(r³; ϵl³)

]
, (2.47)

where ϵl³ are the energy parameters. In Eq. (2.47), AG+k
lm³ and BG+k

lm³ are coefficients

that ensure the continuity of the LAPW and its spatial derivatives at the boundaries

of the MTs.

In addition to the APWs and LAPWs, in exciting local orbitals (lo) can be con-

sidered as further basis functions. These functions are strictly non-zero within the

muffin-tin regions and must vanish at the MT boundaries.

In the most general case, the KS orbitals can be represented in exciting as the

sum of the APWs or LAPWs and los contributions:

ϕnk(r) =
∑

G

cknG φAPW/LAPW
G+k (r) +

∑

µ

cknµ φ
lo
µ (r) . (2.48)

By reducing the muffin-tin radius RMT more plane waves are needed to appropriately

describe the KS wave functions in the interstitial region. Therefore, a useful parame-

ter that describes the size of the basis set is the product Rmin
MT |G+k|max, where R

min
MT

stands for the minimum MT radius in the unit cell and |G + k|max is the maximum

cut-off value that limits the allowed values of G.

Role of symmetry in the solution of the Sternheimer equation

When solving the Sternheimer equation, the DFPT implementation in exciting ex-

ploits carefully the symmetry of the phonon perturbation. Indeed, not every atom

has to be displaced individually in the three Cartesian directions. Special symmetry-

adapted displacement patterns (irreducible representations, in exciting: irreps)

can be used:

¶qIϱ =
∑

l,³

pIϱl³(q) ¶
q

l³ , (2.49)

where I denotes the displacement pattern for a given q and ϱ denotes the so-called

member of the displacement pattern.
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Chapter 3

Results

In this chapter, the results of the calculations carried out for germanium and lithium

fluoride are presented and discussed. The computational details for the calculations

are described first. This is followed by an examination of the optimization of the

equilibrium configuration required to determine the phonon properties. Finally,

the phonon-dispersion relations and phonon density of states for Ge and LiF are

presented, examined, and compared with experimental and theoretical values from

the literature.

3.1 Computational details

The calculations of the lattice dynamics of germanium and lithium fluoride were

all carried out using DFT and DFPT implemented in the exciting code. For the

discussion of the results and in particular for the comparison with other theoretically

and experimentally determined results, the local-density approximation LDA [6] and

the two generalized gradient approximations, PBE [6] and PBEsol [9], were used for

the exchange-correlation functional.

The basis functions in the muffin-tin regions were adapted for each element. In

exciting, this is done by modifying the species files belonging to each element.

The files used for the elements Ge, Li, and F [17] can be found in Appendix A.

When using the exciting code, there is a large number of parameters [18, 19, 20]

that determine the accuracy of the target variable(s) of a calculation. By varying

these, the required precision of the target variable(s) can be achieved, whereby

greater precision is usually accompanied by higher computational costs. The pa-

rameters that are particularly important for this work are briefly explained in the

following.
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Figure 3.1: Example of the exciting input file for the calculation of the ground state

of Ge with LDA.

• The number of k-points along the basis vector directions for the numerical

integration is given by a set of three integers and denoted by ngridk.

• The parameter rgkmax determines the size of the basis set and results from

the product Rmin
MT |G+ k|max (see Section 2.4.2).

• The maximum length of the reciprocal lattice vector for expanding the inter-

stitial density and potential is determined by gmaxvr.

• The parameter swidth is relevant for metallic systems. It describes the width

of a smearing function, which is necessary to calculate the occupancies of the

Kohn-Sham states.

• Finally, the parameter ngridq should be mentioned, which is expressed by

a set of three integers and describes the number of q-points along the basis

vector directions in reciprocal space.

An example of the input file for a ground-state calculation can be seen in Fig. 3.1.
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Table 3.1: Abbreviated denominations used in this thesis for the most important com-

putational parameters for a calculation.

parameter in exciting short cut

ngridk k

rgkmax r

gmaxvr g

swidth s

ngridq q

In this work, abbreviated denominations are used to describe the parameters of a

calculation in order to ensure simplicity. The abbreviated denominations are shown

in Table 3.1. For example, the label 4q.16k.8r.40g means that a calculation was

carried out with ngridq=4×4×4, nrgidk=16×16×16, rgkmax=8, and gmaxvr=40.

3.2 Structure optimization

The calculation of the phonon properties first requires the determination of the

equilibrium configuration of the crystal [21]. Since the materials investigated in this

work, germanium and lithium fluoride, have cubic symmetry, it is sufficient to mini-

mize the total energy of these systems as a function of the cubic lattice constant a to

determine the equilibrium configuration. The starting point for the calculation is an

initial guess for the lattice parameter. Then, the total energy is calculated for dif-

ferent shifts of the lattice parameter in negative and positive direction. The pairs of

volumes determined from the lattice parameters (Ω = a3/4) and the corresponding

energies are fitted using the Birch-Murnagham equation-of-state [22]:

E(Ω) = E0 +
9Ω0B0

16





[(
Ω0

Ω

)2

3

− 1

]3
B

′

0 +

[(
Ω0

Ω

)2

3

− 1

]2 [
6− 4

(
Ω0

Ω

)2

3

− 1

]
,

(3.1)

with Ω0 for the unit-cell volume at the energy minimum E0, B0 for the bulk modulus,

and B
′

0 for the pressure derivative of the bulk modulus. The volume associated with

the smallest energy can be determined from the fit and thus also the corresponding

lattice parameter. Figure 3.2 visualizes a sample calculation of the optimal volume

for Ge. All calculations performed in this work for Ge were carried out with the

parameter swidth=0.01, due to its semimetal nature (see Section 3.1).
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Figure 3.2: Determination of the lowest energy as a function of the volume for germanium

by a fit using the Birch-Murnagham equation-of-state.

In order to guarantee the convergence criterion of three decimal digits for the lat-

tice parameter a0 in [Å], calculations were performed for both materials and all

considered exchange-correlation functionals with different sets of computational pa-

rameters. The results of this analysis for Ge (LiF) are shown in Table 3.2 (3.3) for

LDA. For the other GGA functionals, we get the same convergence behaviour. The

converged lattice parameters and reference values from the literature for Ge and LiF

are listed in the Tables 3.4 and 3.5, respectively.

3.3 Phonon properties

The density-functional perturbation theory (DFPT) (see Section 2.3), implemented

in the exciting code, was used to calculate the phonon frequencies and create

the phonon-dispersion relations as well as the phonon density of states for Ge and

LiF. In order to achieve greater comparability, all calculations were carried out

with the exchange-correlation functionals LDA, PBE, and PBEsol. The results of the

calculations for Ge and LiF are presented and discussed in the next two sections for

the relevant cases. An overview of the converged phonon properties calculated in

this thesis can be found in Appendix B and C for Ge and LiF, respectively.
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Table 3.2: Convergence of B0, B
′

0, and a0 in dependence of the values of ngridk and

rgkmax for Ge calculated with LDA.

Ge ngridk 8×8×8 12×12×12 16×16×16 20×20×20 24×24×24

rgkmax

8 69.53 70.00 70.29 70.64 70.59

B0 [GPa] 9 69.68 69.82 70.18 70.37 70.39

10 69.61 69.75 70.14 70.33 70.33

8 4.79 4.79 4.76 4.87 4.82

B
′

0 9 4.99 4.84 4.77 4.79 4.82

10 5.03 4.87 4.79 4.81 4.83

8 5.6347 5.6359 5.6359 5.6351 5.6352

a0 [Å] 9 5.6363 5.6385 5.6387 5.6389 5.6380

10 5.6368 5.6390 5.6392 5.6389 5.6386

Table 3.3: Same as Table 3.2 for LiF.

LiF ngridk 4×4×4 8×8×8 12×12×12 16×16×16 20×20×20

rgkmax

7 76.48 87.41 86.19 86.53 86.32

B0 [GPa] 8 86.28 86.38 86.43 86.47 87.28

9 86.49 86.52 86.49 86.51 86.52

7 2.74 4.49 4.27 4.32 4.28

B
′

0 8 4.25 4.25 4.26 4.26 4.49

9 4.28 4.27 4.27 4.27 4.27

7 3.9067 3.9078 3.9078 3.9080 3.9079

a0 [Å] 8 3.9115 3.9106 3.9105 3.9105 3.9079

9 3.9117 3.9108 3.9108 3.9108 3.9108

23



Table 3.4: Equilibrium lattice constant a0 of germanium.

Ge Ref. Exc a0 [Å]

Present work LDA 5.639

PBEsol 5.692

PBE 5.778

Theory [23] LDA 5.567

[24] LDA 5.625

[25] PBEsol 5.679

[26] PBEsol 5.675

[25] PBE 5.764

[27] PBE 5.78

Experiment [28] 5.658

[29] 5.658

Table 3.5: Same as Table 3.4 for lithium fluoride.

LiF Ref. Exc a0 [Å]

Present work LDA 3.911

PBEsol 4.006

PBE 4.067

Theory [30] LDA 3.886

[26] LDA 3.913

[25] PBEsol 4.005

[26] PBEsol 4.003

[25] PBE 4.064

[26] PBE 4.062

Experiment [31] 4.026

[32] 4.020
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3.3.1 Germanium

In this section, the convergence behavior for the phonon-dispersion relations (PDR)

and the phonon density of states (PDOS) is considered first, as well as the effects of

different exchange-correlation functionals on the calculations. In addition, the re-

sults are compared with the results of Refs. [16] and [33]. Finally, problems occurring

in the calculations are discussed and possible solutions are presented.

All calculations were carried out using 8r.18g and 0.01s, as these proved to

be stable values for the structural optimization of Ge. For LDA, PBE, and PBEsol,

calculations were carried out with both 4q and 8q as well as 8k, 16k, and 24k. In

the following, the calculations performed with LDA are taken as a reference. This

choice is also supported by the fact that LDA, for Ge, leads to phonon results that

are the closest to experiment. Furthermore, for all our calculations, the convergence

behaviour is the same, independently of the choice for the exchange-correlation

functional.

First of all, we analyzed the convergence of the phonon properties with respect

to the phonon q-grids. Figure 3.3 shows the results for the phonon frequencies and

density of states corresponding to 4q.16k and 8q.16k. For Ge in the diamond

structure, with two atoms in the basis, three acoustic and three optical modes are

present (see Section 2.1.5). More precisely, there is one longitudinal-acoustic mode

(LA), two transverse-acoustic modes (TA), one longitudinal-optical mode (LO) and

two transverse-optical modes (TO). The analysis of Fig. 3.3 makes clear that the

calculation with 4q is not satisfactory, in particular in the region in reciprocal space

close to the K point. We conclude that the 8q mesh is necessary to show the correct

details of the phonon-dispersion relations. The use of finer q-grids in non-polar

materials, such as Germanium, does not improve appreciably the results. This is

due to the short-range nature of the effective inter-atomic force constants in this

kind of materials.

Then, we investigated the effect of the choice for the electronic k-grids. Figure 3.4

shows the PDR calculated with 8q.8k, 8q.16k, and 8q.24k. The only relevant

differences among the PDR can be found for the 8q.8k calculation for the optical

branches in the vicinity of the Γ point and for the LO at the L point (see the details

in the lower panel of Fig. 3.4). Therefore, we assume the 8q.16k calculations to be

converged (to the accuracy of less than 1 cm−1).

Figure 3.5 shows a comparison of the LDA optical PDR calculated using the DFPT

implementation of exciting with the full PDR from Ref. [16]. Although the general

agreement between the two calculations is quite good, the exciting one is charac-

terized by an untypical enhancement of the phonon frequencies close to the Γ point.
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Figure 3.3: Comparison of the LDA phonon calculations for Ge. Upper panel: Phonon-

dispersion relations for 4q.16k (blue lines) and 8q.16k (red lines). Lower panel: Phonon

density of states.
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Figure 3.4: Comparison of the LDA phonon calculations for Ge. Upper panel: Phonon-

dispersion relation for 8q.8k (green lines), 8q.16k (blue lines), and 8q.24k (red lines).

Lower panel: Same as upper panel in the frequency region between 250 and 300 cm−1.
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Figure 3.5: Phonon-dispersion relations calculated for Ge using LDA. Upper panel: Be-

haviour of the phonon-dispersion relations for 8q.16k in the optical frequency region and.

Lower panel: Phonon-dispersion relations from Ref. [16].

In order to investigate the origin of this discrepancy, we performed further calcula-

tions of the LDA phonon frequencies using the super-cell (sc) method in exciting.

The results reported in Table 3.6 show that for the high-symmetry points X and L

there is no difference between DFPT and sc calculations. At variance with this, the

frequency of the DFPT optical phonons at Γ is shifted upwards with respect to the

sc value of about 5 cm−1. This seems to indicate that there could be some issue

with the implementation of DFPT in exciting at q = 0.
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Table 3.6: Comparison of the calculated and experimental phonon frequencies of Ge, in

units of cm−1, for the high-symmetry points Γ, X, and L of the first Brillouin zone.

LDA PBEsol PBE Expt.

DFPT sc DFPT+Γ-sc Ref. [16] DFPT+Γ-sc DFPT+Γ-sc Ref. [33]

ΓOpt 292 287 287 306 281 270 304

XTA 74 74 74 80 72 75 80

XLA 232 232 232 243 228 220 241

XTO 263 263 263 275 258 246 276

XLO 232 232 243 243 228 220 241

LTA 59 59 59 62 58 60 63

LLA 214 214 214 224 210 205 222

LTO 277 277 277 291 272 260 290

LLO 233 233 233 245 228 216 245

The full sc calculation of the PDR on a finer q-mesh is computationally very de-

manding and out of the purposes of this work. Therefore, we consider in this work

as converged calculation the DFPT one with the dynamical matrix at Γ replaced

by the one obtained with the sc method. The full PDR and PDOS can be obtained

through interpolation. In the following, we denote this approach with the label

“DFPT+Γ-sc”. The results obtained in this way for LDA are shown in Fig. 3.6.

The correction procedure discussed above, was applied to the calculations for

the other exchange-correlation functionals, PBE and PBEsol. Figure 3.7 shows a

summary of the results produced in this way. The PDR and PDOS calculated with

LDA, PBEsol, and PBE are qualitatively very similar, as can be seen from Fig. 3.7.

However, it is noticeable that the curves for different exchange-correlation function-

als are shifted against each other. For a fixed k-vector, the phonon frequencies

for LDA are the highest and the ones for PBE are the lowest. The frequencies for

PBEsol lie between those of LDA and PBE. This behaviour can be easily understood

by considering the sequence of the corresponding equilibrium unit-cell volumes:

ΩLDA < ΩPBEsol < ΩPBE. Indeed, a smaller equilibrium volume leads to stronger

effective interactions among the atoms and in turn to higher phonon frequencies.

This trend becomes particularly clear if one looks at the values of the phonon fre-

quencies at the high-symmetry points Γ, X, and L in Table. 3.6. Noticeable, there

are also exceptions. The phonon frequencies of the TA modes deviate from this trend

at the L and X points [16].
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Figure 3.6: Phonon-dispersion relations of Ge for LDA obtained using the DFPT+Γ-sc

approach (see the text for details). Upper panel: Phonon-dispersion relations in the full

frequency range for 8q.16k (blue lines) and 8q.16k+Γ-sc (red lines). Lower panel: Same

as the upper panel for phonon frequencies in the range between 250 and 300 cm−1.

30



Figure 3.7: Comparison of the phonon calculations for Ge using 8q.16k and the

DFPT+Γ-sc approach (see the text for details). Upper panel: Phonon-dispersion rela-

tions obtained for LDA (green lines), PBEsol (blue lines), and PBE (red lines). Lower panel:

Phonon density of states.
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3.3.2 Lithium fluoride

In this section, we present and discuss the convergence behaviour of the phonon prop-

erties of lithium fluoride. All calculations were carried out using 8r and 0.0001s, as

these proved to be stable values for the structural optimization of LiF. For LDA, PBE,

and PBEsol, calculations were carried out with both 4q and 8q as well as 8k and

16k. In the following, the calculations performed with PBEsol are taken as a refer-

ence, as this choice leads to the closest phonon results to the experiment of Ref. [34].

Furthermore, for all our calculations, the convergence behaviour is mostly same, in-

dependently of the choice for the exchange-correlation functional. Deviations from

the previous statement are considered explicitly in the following.

First of all, we analyzed the convergence of the phonon properties with respect

to the phonon q-grids. Figure 3.8 shows the results for the phonon frequencies

and density of states corresponding to 4q.16k.40g and 8q.16k.40g. Similarly to

the case of Ge, we conclude that the 8q mesh is enough to describe the PDR and

PDOS of LiF. Even if LiF is a polar material with long-range effective electrostatic

interactions between the atoms, the effect connected to these interactions is fully

contained in the long-range part of the dynamical matrix, see Eqs. (2.38). This part

can be treated exactly [16] in terms of an analytical expression depending on the

Born effective charges and the clamped-nuclei dielectric constant.1

Then, we investigated the effect of the choice for the electronic k-grids. Figure 3.9

shows the PDR and PDOS calculated with 8q.8k.40g and 8q.16k.40g. The two PDR

are practically indistinguishable, the only minor difference can be seen in the PDOS

around 640 cm−1. This deviation can be ascribed to the fact that the clamped-nuclei

dielectric constant notoriously requires very fine k-grids to be considered converged.

An important test for LiF was the choice of the appropriate value for the param-

eter gmaxvr. While the value of 18g was enough for ensure a convergence of the

phonon frequencies of LiF for the LDA exchange-correlation functional, this value was

not sufficient for the GGA functionals, as can be seen in Fig. 3.10. Indeed, for PBEsol

and PBE a value of at least 40g had to be chosen in order to ensure convergence

of the phonon frequencies of LiF below 1 cm−1. The difference between the results

corresponding to 18g and 40g in Fig. 3.10 is directly visible, particularly (drasti-

cally) for the PBE calculations. This fact can be explained by considering that the

GGA functionals depend on the numerical gradient of the electron density. In those

regions of the unit cell where the density is very low, the numerical calculation of

its gradient can be problematic due to the approximate description of the density.

1Due to the cubic symmetry of LiF, both the Born effective-charges tensors and the clamped-

nuclei dielectric tensor, defined in Eqs. (2.39) and (2.40), respectively, have diagonal form.
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Figure 3.8: Comparison of the phonon calculations for LiF using PBEsol. Upper panel:

Phonon-dispersion relations obtained with 4q.16k.40g (blue lines) and 8q.16k.40g (red

lines). Lower panel: Phonon density of states.
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Figure 3.9: Comparison of the phonon calculations for LiF using PBEsol. Upper panel:

Phonon-dispersion relations obtained with 8q.8k.40g (blue lines) and 8q.16k.40g (red

lines). Lower panel: Phonon density of states in the frequency region between 610 and

650 cm−1.
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Figure 3.10: Comparison of the phonon calculations for LiF for PBEsol and PBE. Upper

panel: Phonon-dispersion relations obtained for PBEsol with 8q.16k.18g (blue lines) and

8q.16k.40g (red lines). Lower panel: Same as the upper panel for PBE.
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In particular, this may happen in some place belonging to the interstitial region.

Increasing the value of gmaxvr increases the accuracy of the density description,

thus improving the quality of the results.

The converged PDR for PBEsol, obtained with 8q.16k.40g, can be compared

with the results of other theoretical calculations. In particular, Fig. 3.11 shows the

comparison of our results, rescaled in the size of the plot, with the first-principles

PDR obtained using the pseudo-potential abinit code, taken from Ref. [35]. The

agreement between the two PDR is very impressive.

Figure 3.12 shows a summary of the converged results obtained for LiF. The PDR

and PDOS calculated with LDA, PBEsol, and PBE are qualitatively very similar, and

as discussed in the case of Ge, the phonon frequencies show a well-defined trend

when increasing the equilibrium unit-cell volume. Furthermore, Table 3.6 reports

the values of the calculated phonon frequencies at the high-symmetry points Γ, X,

and L for the different exchange-correlation functionals used in this work. These

values are also compared with the experimental values of Ref. [34]. Finally, the

converged values of the Born effective charges of Li and F as well as the clamped-

nuclei dielectric constant are shown in Table 3.6 in comparison with the available

experimental data [36].
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Figure 3.11: Comparison of the phonon calculations for LiF using PBEsol. Upper panel:

Converged phonon-dispersion relations calculated in this work. Lower panel: Phonon-

dispersion relations calculated using the abinit code, taken from Ref. [35].
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Figure 3.12: Comparison of the phonon calculations for LiF using 8q.16k.18g for LDA

and 8q.16k.40g for PBEsol and PBE. Upper panel: Phonon-dispersion relations obtained

with the LDA (green lines), PBEsol (blue lines), and PBE (red lines). Lower panel: Phonon

density of states.
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Table 3.7: Comparison of the calculated and experimental phonon frequencies of Ge, in

units of cm−1, for the high-symmetry points Γ, X, and L of the first Brillouin zone. In

addition, the values of the converged Born effective charges for Li and F as well as the

clamped-nuclei dielectric constant are shown in comparison to the available experiments.

LDA PBEsol PBE Expt.

Z∗
Li 1.041 1.049 1.055

Z∗
F -1.041 -1.049 -1.055

ϵ∞ 2.114 2.085 2.047 1.93a

ΓTO 339 301 267 305b

ΓLO 668 639 620 657b

XTA 253 242 240 257b

XLA 375 345 326 350b

XTO 376 338 307 345b

XLO 481 456 443 457b

LTA 230 208 193 207b

LLA 396 377 370 387b

LTO 316 286 259 300b

LLO 624 597 578 630b

aRef. [36]
bRef. [34]
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Chapter 4

Conclusions and Outlook

In this work, the phonon-dispersion relations, the phonon density of states, and

the phonon frequencies for germanium and lithium fluoride were investigated. For

this purpose, the density-functional theory and the density-functional perturbation

theory, both implemented in the exciting code, were used for the calculations of

the ground-states and the phonon properties. The first objective was to gain new

data for the phonon properties of Ge and LiF. The second objective was to test

and verify the linear-response approach within the density-functional perturbation

theory in the exciting code.

For germanium, the PDR and PDOS can be considered as converged for 8q.16k.

The converged phonon properties show good agreement with both theoretical and

experimental values present in the literature. For Ge, the calculations performed

using DFPT showed untypical enhancement of the frequencies at the Γ point. To in-

vestigate this discrepancy, the phonon frequencies at high-symmetry points in the

Brillouin zone were calculated using the super-cell (sc) method also implemented in

exciting. These sc calculations are in full agreement with the DFPT ones, except at

the Γ point, where more reasonable values are obtained using the sc method. This

result gives indication that the implementation of the DFPT in exciting at q = 0

should be revised. Calculations with DFPT and with the dynamical matrix replaced

at Γ by the sc one were considered as converged.

Converged results for the PDR and PDOS of LiF can be also obtained by using

8q.16k. Furthermore, the prototypical case of the ionic compound lithium fluoride

gave us the opportunity to put in evidence the role of the numerical parameter

gmaxvr for the determination of fully converged phonon properties. This parameter

express the accuracy in the description of the electron density in the interstitial

region. The use of large values of gmaxvr, well above the default ones, is crucial for

calculations performed with GGA exchange-correlation functionals, which require an

accurate numerical determination of the electron-density gradient.
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For both germanium and lithium fluoride, it was found that the phonon-dispersion

relations and the phonon density of states calculated with LDA, PBEsol and PBE are

qualitatively very similar. However, for a fixed k-vector, the phonon frequencies are

shifted against each other. The phonon frequencies for LDA are the highest and the

ones for PBE are the lowest. The phonon frequencies for PBEsol lie between those.

This behavior can be explained by the fact that different equilibrium lattice param-

eters result from the use of different exchange-correlation functionals. Calculations

with different lattice parameters in turn lead to different phonon frequencies.
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Appendix A

species files

This appendix lists the species files used for the elements Li, F, and Ge.

Figure A.1: species file for Li.

46



Figure A.2: species file for F.
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Figure A.3: species file for Ge.
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Appendix B

Phonon properties of Ge

This appendix shows the converged phonon-dispersion relations and phonon density

of states of germanium for all exchange-correlation functional considered in this the-

sis. All calculation were performed using 8r.18g and 0.01s. For the interpolation

of the phonon-dispersion relations the dynamical matrix at the Γ point calculated

using DFPT was replaced by the one obtained with the supercell method using the

same computational parameters. Figures B.1, B.2, and B.3 show the results obtained

using the LDA, PBEsol, and PBE exchange-correlation functional, respectively.
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B.1 LDA

Figure B.1: Converged results of the LDA phonon calculations for Ge. Upper panel:

Phonon-dispersion relations for 8q.16k . Lower panel: Phonon density of states.
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B.2 PBEsol

Figure B.2: Converged results of the PBEsol phonon calculations for Ge. Upper panel:

Phonon-dispersion relations for 8q.16k . Lower panel: Phonon density of states.
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B.3 PBE

Figure B.3: Converged results of the PBE phonon calculations for Ge. Upper panel:

Phonon-dispersion relations for 8q.16k . Lower panel: Phonon density of states.
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Appendix C

Phonon properties of LiF

This appendix shows the converged phonon-dispersion relations and phonon density

of states of lithium fluoride for all exchange-correlation functional considered in

this thesis. All calculation were performed using 8r and 0.0001s. Figures C.1,

C.2, and C.3 show the results obtained using the LDA, PBEsol, and PBE exchange-

correlation functional, respectively.
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C.1 LDA

Figure C.1: Converged results of the LDA phonon calculations for LiF. Upper panel:

Phonon-dispersion relations for 8q.16k.18g . Lower panel: Phonon density of states.
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C.2 PBEsol

Figure C.2: Converged results of the PBEsol phonon calculations for LiF. Upper panel:

Phonon-dispersion relations for 8q.16k.40g . Lower panel: Phonon density of states.
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C.3 PBE

Figure C.3: Converged results of the PBE phonon calculations for LiF. Upper panel:

Phonon-dispersion relations for 8q.16k.40g . Lower panel: Phonon density of states.
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