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Abstract

Titanium is the basic element of a variety of compounds with very different elec-
tronic, mechanical, and thermal properties. While, for instance, the rocksalt crystals
TiC and TiN are well known for their hardness, allotropes of TiO2 show much softer
elastic behaviour. In this work we present the results of an ab-initio investigation
of the elastic and lattice-dynamical properties of these compounds under pressure.
The elastic-constant tensor is calculated up to the third order. Pressure effects
on the lattice-dynamical properties of these compounds are evaluated in terms of
the mode Grüneisen parameter at the Brillouin zone center. The calculations are
performed using density-functional theory as implemented in the full-potential all-
electron software package exciting [1]. Linear and nonlinear elastic constants are
obtained using the ElaStic tool [2]. The ElaStic tool is extended to include the
calculation of the third-order elastic constants for the tetragonal TI structures.
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1. Introduction

In this work, we focus our attention on four different titanium-based compounds.
Two of them, titanium carbide (TiC) and titanium nitride (TiN), crystallize in a
rock-salt structure (see Figure 1.1a). They are very well known for their hardness as
well as for their high chemical and thermal stability [3]. Both materials are widely
used as coating for all sorts of tools [4]. Titanium dioxide (TiO2) has many different
phases. The three most stable ones are rutile (Figure 1.1b), anatase (Figure 1.1c),
and brookite. Rutile and antase are characterized by a small number of atoms (6)
in the primitive unit cell. TiO2 is mostly known for its usage in sunscreens. Other
usages of TiO2 are, e.g., in cement as a sterilizer or as coating for self-cleaning
classes [5].

Because of the large usage of these materials at different temperatures and pres-
sures, the knowledge of their behavior under extreme conditions is crucial. The
response of materials to external (large) solicitations can be described by several
material specific values. The goal of this work is the theoretical first-principles de-
termination of some of these values. In particular, we focus on the elastic constants
up to the third-order, which gives us a measure of how materials behave under stress.
For this set of titanium compounds, we also investigate the phonon frequencies at
the center of the Brillouin zone and their variation with the volume. These ba-
sic lattice-dynamical properties are relevant for the characterization of the thermal
behavior of these compounds.

(a) rock salt (b) rutile (c) anatase

Figure 1.1: The crystal structure of rocksalt (a), rutile (b), and anatase (c) systems.
Titanium atoms are represented blue, the carbon/nitrogen atoms are brown, and
the oxygen atoms are depicted in red.
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All calculations presented in this work are based on density-functional the-
ory (DFT). The methodology of DFT as implemented in the software package
exciting [1] allows for the direct calculation of the total energy and the phonon
frequencies of a crystal. In addition to that, the ElaStic toolkit [2] is used for
obtaining linear and nonlinear elastic constants.
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2. Theoretical background

In this chapter, we give a basic theoretical description of the physical properties in-
vestigated in this work. At first, we take a look at the theory of elasticity, followed by
lattice dynamics. Because both properties are related to changes in the total energy
of a crystal, we then look on how to calculate this energy quantum-mechanically.
This requires a short description of the density-functional theory (DFT). The last
part of this chapter deals with the computational implementation of DFT in the
software package exciting [1] and with the post-processing tool ElaStic [2].

2.1 Elasticity
In the next two sections, we give a short introduction of the mechanical properties
of solid materials. A in-depth discussion can be found in standard textbooks [6–9].
In the ideal structure of a crystal its atoms are in an equilibrium state. This means
that the summation of all forces acting on them is zero. If we now apply an external
force which deforms the crystal, a stress situation is obtained. Atoms move to a new
equilibrium position because the internal forces try to compensate the external one.
In a macroscopic view, this leads to a deformation of the body. It should be noted
that elastic processes are reversible. This means that if the origin of the stress is
removed the material returns to its equilibrium state.

2.1.1 Strain

In the elastic limit, a macroscopic state of deformation can be described by the
physical strain tensor:

ϵ =


ϵxx ϵxy ϵxz

ϵyx ϵyy ϵyz

ϵzx ϵzy ϵzz

 = ϵT . (2.1)

From now on we use the notation in which vectors in 2 or more dimension are written in
boldface font (e.g., x) and matrices as bold doubly underlined symbols (e.g., ϵ).
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Using the strain tensor in Eq. (2.1) for calculating the deformed position of one atom
initially located at x, we obtain

x′ = J · x ≡ (1 + ϵ) · x , (2.2)

where J is the deformation matrix. Diagonal elements of the physical strain tensor
describe deformations along the axes, while mixed elements describe a shearing. In
Figure 2.1 we can see some examples of different strains.

(a) Uniaxial strain (b) Expansion (c) Shear

Figure 2.1: Examples of different strains in a two-dimensional space.

These examples correspond to the following two-dimensional strain tensors:

(a) ϵ =

ϵxx 0
0 0

 ; (b) ϵ =

ϵxx 0
0 ϵxx

 ; (c) ϵ =

 0 ϵxy

ϵxy 0

 .

An alternative definition of the strain is represented by the Lagrangian strain η.
In contrast to the physical strain, the Lagrangian one is defined by the change of
the length of a general vector v under deformation:

|v′|2 − |v|2 = 2v · η · v . (2.3)

The Lagrangian strain tensor η is thermodynamically invariant, and Brugger [10]
has shown that this strain gives the thermodynamically correct third-order elastic
constants. The strain η can be related to the physical strain ϵ by

η = ϵ + 1
2
ϵ2 . (2.4)

We notice that η ∼= ϵ at small strains. Like the physical strain, also the Lagrangian
one is symmetrical. Due to this fact, we can write both in the Voigt notation:

η11 → η1 η22 → η2 η33 → η3

η23 → 2η4 η13 → 2η5 η12 → 2η6 .
(2.5)

This notation turns the 3×3-matrix η into a 6-dimensional vector η.
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2.1.2 Elastic constants

Performing a Taylor expansion of the energy of the crystal in η around the initial
equilibrium state, we get:

E(η) = E(0) +
6∑

i=1

∂E

∂ηi

∣∣∣∣∣
0

ηi + 1
2

6∑
i=1

6∑
j=1

∂2E

∂ηi∂ηj

∣∣∣∣∣
0

ηi ηj

+ 1
6

6∑
i=1

6∑
j=1

6∑
k=1

∂3E

∂ηi∂ηj∂ηk

∣∣∣∣∣
0

ηi ηj ηk + O(η4) .

(2.6)

The first summand on the r.h.s. of this equation is the equilibrium energy of the
initial state. The second is related to the stress σ0 acting on the system in the initial
configuration:

σ0 = 1
V

∂E(η)
∂η

∣∣∣∣∣
0

. (2.7)

This stress is zero for the equilibrium state. The higher-order derivatives of the
energy are related to the elastic constants. The second-order derivatives in Eq. (2.6)
leads to the second-order elastic constants (SOECs):

cij = 1
V

∂2E

∂ηi ∂ηj

∣∣∣∣∣
0

, (2.8)

where symmetrical c is a 6 × 6 matrix. Similarly, we get the third-order elastic
constants (TOECs):

c
(3)
ijk = 1

V

∂3E

∂ηi ∂ηj ∂ηk

∣∣∣∣∣
0

. (2.9)

With the elastic constants, the expansion in Eq. (2.6) can be written for the energy
in a unit cell with the volume V = Ω as

E(η) = E0 + Ω
2

6∑
i,j=1

cij ηi ηj + Ω
6

6∑
i,j,k=1

c
(3)
ijk ηi ηj ηk + O(η4) . (2.10)

Terms in Eq. (2.10) up the second-order describe the linear elasticity. Higher-order
contributions are denominated non-linear terms.

2.2 Lattice dynamics
In the previous sections, we discussed a static deformation of a crystal. Now, we look
at dynamic deformations at very small scales. This corresponds to atomic vibrations,
which are important to many material properties like, e.g., thermal expansion, opti-
cal absorption, and structural phase transitions. Collective atomic vibrations can be
interpreted in terms of quasi-particles which we call phonons. In this section, we dis-
cuss how we can obtain the frequencies of such phonons as well as their dependence
on the unit-cell volume, as represented by the mode Grüneisen parameters.
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2.2.1 Phonon frequencies

If we displace atoms from their equilibrium position without an external force, they
try to resume to their equilibrium positions. Assuming no damping, this leads to
harmonic-like oscillations around their equilibrium positions. In this section, we
show how the frequencies of these oscillations can be formally obtained.

R
B
l

τ
i

Figure 2.2: Schematic representation of a two-dimensional crystal with a basis of
two atoms in the unit cell.

We can define the equilibrium position of an atom in a crystal structure (see Fig-
ure 2.2) by

R0
li = RB

l + τi , (2.11)

where RB
l is the Bravais lattice vector, τi the equilibrium position of the i-th atom

in the basis. The time-dependent displaced position of the atom can be written as

Rli(t) = R0
li + Sli(t) , (2.12)

where Sli(t) is the displacement at time t. For a further simplification we join the
index i and the Cartesian index together in a new index µ. Using this notation, in
Rlµ(t) only the displacement component Slµ(t) is time dependent.

In the Born-Oppenheimer approximation [11], the classical Euler-Lagrange equa-
tions of motion for the nuclei (atoms) read:

Mµ S̈lµ = − ∂U

∂Slµ

, (2.13)

where Mµ is the mass of atom i. To solve these equations, we need the potential
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U(S) as a function of the atomic displacements. Expanding U(S) in terms of small
displacements one gets:

U(S) = E0 +
∑
lµ

∂U

∂Slµ

∣∣∣∣∣
0

Slµ + 1
2
∑
lµ

∑
l′µ′

∂2U

∂Slµ∂Sl′µ′

∣∣∣∣∣
0

Slµ Sl′µ′ + O(S3) . (2.14)

Similarly to Eq. (2.6), the second summand in Eq. (2.14) is zero because forces vanish
at the equilibrium. Equation (2.14) can be written in the harmonic approximation,
neglecting O(S3) terms, as

Uharm(S) = E0 + 1
2
∑
lµ

∑
l′µ′

Φlµ
l′µ′ Slµ Sl′µ′ , (2.15)

where Φlµ
l′µ′ are the interatomic force constants at equilibrium. Using Eqs. (2.13) and

(2.15), we obtain the equations of motion in the form

Mµ S̈lµ(t) = −
∑
l′µ′

Φlµ
l′µ′ Sl′µ′(t) . (2.16)

To solve these differential equations, the periodicity of the crystal suggests the fol-
lowing Bloch-like ansatz:

Slµ(t) = 1√
Mµ

wµ(q) ei (q·RB
l −ω t) . (2.17)

Inserting the ansatz (2.17) in Eq. (2.16), leads to the eigenvalue equation

D(q)w(q) = ω2(q)w(q) , (2.18)

where Dµµ′ is the dynamical matrix

Dµµ′(q) = 1√
Mµ Mµ′

∑
l

Φ0µ
lµ′ ei q·RB

l . (2.19)

Solving the eigenvalue problem in Eq. (2.18), we obtain the phonon frequencies ω(q).

2.2.2 Grüneisen parameters

The dynamical matrix D defined in the previous section is evaluated at the equilib-
rium positions R0

l . If the crystal is strained, however, the atomic positions change,
too. Therefore, the interatomic force constants, dynamical matrix, and phonon fre-
quencies of the strained crystal have to be evaluated in the new positions. This leads
to a change in the elements of the dynamical matrix and to a shift of the phonon
frequencies. These changes from the equilibrium state can be measured by the mode
Grüneisen parameters, defined as:

γν(q,ϵj) = − 1
ων(q; 0)

(
ων(q; ϵj)

∂ϵj

)
ϵj=0

. (2.20)
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Notice that Eq. (2.20) depends explicitly on the strain component ϵj. The mode
Grüneisen parameter, γν(q,ϵj), is a measure of the change of the phonon frequency
ων(q) under a small deformation of the geometry of the unit cell caused by the
strain ϵj. In Eq. (2.20) the index ν refers to the phonon mode, while the index j refers
to the strain in the Voigt notation. For a small hydrostatic-pressure deformation
(ϵj = ϵ for j = 1, 2, 3 and ϵj = 0 for j = 4, 5, 6), we can express Eq. (2.20) as(

∆ων(q)
ων(q)

)
= −γν(q;ϵ) ∆aj

aj

= −γν(q;ϵ) ϵ , (2.21)

where aj are the lengths of the 3 vectors which identify the unit cell of the crystal.
Using Eq. (2.21), we get the dependence of the mode Grüneisen parameter for cubic
systems (where a1 = a2 = a3) on the volume of the unit cell Ω:

γν(q, Ω) = − Ω
ων(q)

(
∂ων(q)

∂Ω

)
. (2.22)

For tetragonal systems, where a = a1 = a2 ̸= a3 = c, we get:

γν(q, Ω) = −2
(

∂ ln ων(q;a)
∂ ln a

)(
d ln a

d ln Ω

)
−
(

∂ ln ων(q;c)
∂ ln c

)(
d ln c

d ln Ω

)
. (2.23)

2.3 Total energy from quantum mechanics
To calculate the energy Etot of a system of electrons and nuclei using quantum
mechanics, we have to solve the Schrödinger equation:

Ĥ Ψ(r, R) = Etot Ψ(r, R) , (2.24)

where r = {ri; i = 1, .., N}, R = {RI ; I = 1, .., Nn}, and Ψ(r, R) is the wave-
function of the total system of both nuclei and electrons. Ĥ is the Hamiltonian
of the total system. It contains the kinetic-energy operators for the electrons and
nuclei (T̂e and T̂n) as well as the Coulomb potentials (V̂nn, V̂ee, and V̂ne) acting be-
tween them.

Using the Born-Oppenheimer (BO) approximation [11], the ground-state wave-
function can be written as

ΨGS(r, R) = φ0(r, R) χ0(R) , (2.25)

in terms of the electronic, φ0(r, R), and nuclear, χ0(R), wavefunctions. Using
Eqs. (2.24) and (2.25) we reach an effective equation which depends only on the
nuclear coordinates:

ĤBO χ0(R) =
[
T̂n + V̂nn + E0(R)

]
χ0(R) = EBO

tot χ0(R) , (2.26)
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where T̂n is the kinetic energy operator of the nuclei and V̂nn the nuclei-nuclei poten-
tial (a simple Coulomb potential). E0(R) is the ground-state energy of the electron
system with the nuclear positions in configuration R. HBO can be interpreted as a
nuclear Hamiltonian with an effective potential

U(R) = V̂nn(R) + E0(R) . (2.27)

The ground-state energy E0(R) of the electron system is obtained solving the elec-
tronic equation:

Ĥe φ0(r; R) =
[
T̂ + Ŵ + V̂ (R)

]
φ0(r; R) = E0(R) φ0(r; R) , (2.28)

where T̂ is the kinetic-energy operator for the electrons, Ŵ the potential between
electrons, and V̂ the external nuclear potential acting on the electrons.

2.4 Density-functional theory
To calculate the phonon frequencies and the elastic constants as shown in the pre-
vious sections, we need the effective nuclear potential defined in Eq. (2.27). While
V̂nn is just the Coulomb potential between the nuclei, E0 can not be calculated so
easily. The method we use to calculate E0 is density-functional theory (DFT) which
is shortly discussed in this section.

The foundation of DFT is based on the Hohenberg-Kohn theorem [12], which
states that every external potential V̂ has a one-to-one correspondence to its ground-
state density nGS(r). A consequence of this theorem is also that every observable
can be expressed as a functional of the ground-state density. Kohn and Sham (KS)
developed an approach which allows for a relatively easy calculation of both ground-
state density and energy [13]. This approach represents the basis for a large amount
of calculations of materials properties.

Following Kohn and Sham, the ground-state energy functional is written as

EGS[n] = <φGS[n]|T̂ + Ŵ + V̂ |φGS[n]>

= T0[n] + EH[n] + Eext[n] + Exc[n] ,
(2.29)

where T0[n] is the universal kinetic-energy functional of a non-interacting electron
system, EH[n] the Hartree energy functional, Eext[n] is the energy functional cor-
responding to the external potential V̂ , and Exc[n] is the (unknown) exchange-
correlation functional. The Hohenberg-Kohn theorem establishes that if EGS[n]
exists, then EGS[n] ≥ EGS[nGS]. This means that we can obtain the ground-state
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density nGS by minimizing EGS, which leads to the equation
δT0[n]
δn(r)

+ vKS(r, [n]) = µ , (2.30)

where µ is the chemical potential [14] and the Kohn-Sham (KS) potential is de-
fined by

vKS(r, [n]) = δEH[n]
δn(r)

+ δEext[n]
δn(r)

+ δExc[n]
δn(r)

= vH(r, [n]) + v(r) + vxc(r, [n]) .

(2.31)

Equation (2.30) holds for the interacting electron system, however, it is identical
to the one obtained for a non-interacting electron system (Ŵ = 0) in the external
potential vKS and with the same ground-state density nGS. Performing the explicit
minimization for the non interacting system, we achieve the single-particle Kohn-
Sham equations:

ĥKS ui(r) ≡
[
−∇2

2
+ vKS(r, [n])

]
ui(r) = εi ui(r) . (2.32)

After solving the KS equations, the density nGS can be easily calculated as

nGS(r) =
N∑

i=1
|ui(r)|2 , (2.33)

where N is the number of electrons in the system. Due to the fact that vKS depends
on nGS, the KS equations must be solved self-consistently, as shown in Figure 2.3.

n (  )k
r

n   (  )k+1
r

=

n (  )k
r

n(  )r

n (  )0
r v  (  )KS r

u (  ) ε;k kr

no

yes

Figure 2.3: Schematic representation of the self-consistent cycle for the ground-state
density as solution of the Kohn-Sham equations.

It is important to mention that, in Eq. (2.32), neither εi nor ui(r) have a phys-
ical meaning, nevertheless, we get the correct ground-state density using the KS
equations as long as we assume, that we use the exact Exc.

The Kohn-Sham equations by themselves are not an approximation. However,
we have to acknowledge, that the exchange-correlation potential vxc in Eq. (2.31) is
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not known. Thus, we have to do an approximation at this point. There are many dif-
ferent methods to approximate this potential [15]. Some of them are more accurate
but in return more expensive in the computational effort. An “easy” approxima-
tion is the local-density approximation (LDA), which yields the exchange-correlation
energy Exc[n] using results for the homogeneous electron gas, and therefore only
depends on n(r). Another class of exchange-correlation functionals is given by the
generalized gradient approximations (GGA). Contrary to LDA, these functionals are
also using the gradient of the density ∇n(r).

2.5 Solution of the Kohn-Sham equations
The self-consistent solution of the Kohn-Sham equations requires the use of a nu-
merical approach. To keep the computational cost low and, at the same time, to
efficiently represent electron wavefunctions, we use an expansion of the solution of
Eq. (2.32) in terms of a finite basis set

ui(r) =
jmax∑
j=1

Cj
i ϕj

i (r). (2.34)

Then, the KS equations can be written, for a given quantum number i, as a gener-
alized eigenvalue problem: (

H − εi O
)

· C = 0 , (2.35)

where H is the KS-hamiltonian matrix with elements

Hαβ = ⟨ϕα
i | ĥKS

∣∣∣ϕβ
i

⟩
, (2.36)

O is the overlap matrix defined by

Oαβ = ⟨ϕα
i | ϕβ

i

⟩
, (2.37)

and C is the eigenvector consisting of the coefficients Cj
i . For a periodic crystal the

quantum number i can be rewritten as i → (i,k), where the index i is the band
index and k is the wave vector.

2.6 The software package exciting

In order to calculate the total energy of a crystal, we use the full-potential all-electron
code exciting [1]. The flowchart in Figure 2.4 shows how exciting calculates the
ground-state density. First, it starts with an initial guess for the density, e.g., by
a superposition of the atomic densities. In a second step, it calculates the core
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Initial guess Core wavefunction Basis functions

H and O matricesDiagonalizationDensity and potential

Converged? Postprocessingyes

no

Figure 2.4: Flowchart for the self-consistent solution of the KS equation in the
(L)APW+lo basis (variation of figure from Ref. [1]).

wavefunctions which are treated like we would do for free atoms. Then, a basis set
representation is introduced, as discussed in the next section. Through setting up
the matrices H and O in k-space and diagonalizing them, we get the new density.
If the density is converged, we can start the postprocessing. Otherwise, it starts the
cycle again using a mixture of the previously obtained densities.

2.6.1 Basis functions in exciting

The exciting code employed in this work uses the linearized augmented plane
waves plus local orbitals as basis set. The idea behind the plane-wave augmentation
is to describe the KS wavefunctions for a crystal, uik(r), as a combination of atomic-
like functions in a muffin-tin (MT) region near the atoms and plane waves in the
remaining interstitial (I) region. The MT region consists of non-overlapping spheres
with radius Rα

MT centered on the atoms at position Rα. The KS wavefunctions can
be written as linear combination of augmented plane waves (APWs):

uik(r) =
∑
G

C ik
G ϕG+k(r) , (2.38)

where G is a reciprocal-lattice vector, and the APWs are given as

ϕG+k(r) =



∑
lm

AG+k
lmα Xlα(rα; εlα) Ylm(r̂α), rα ≤ Rα

MT

1√
Ω

ei(G+k)·r, r ∈ I ,

(2.39)

where rα = r−Rα and εlα is an energy parameter approximating the eigenenergies of
states with angular momentum l for atom α. The MT part of the APW is built by the
spherical harmonics Yml(r̂α), the radial function Xlα(rα; εlα), and a coefficient AG+k

lmα

which makes the APW continuous at the MT boundary. Alternatively, linearized
augmented plane waves (LAPW) can be used as basis. In this case, the basis function
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inside the MT region is

ϕG+k(r) =
∑
lm

[
AG+k

lmα Xlα(rα; εlα) + BG+k
lmα Ẋlα(rα; εlα)

]
Ylm(r̂α) , (2.40)

where the further constants, BG+k
lmα , allow for continuity of the derivative of the

LAPW at the MT boundary, too.
To improve the description of the KS wavefunctions inside the MT region, “local

orbitals” (lo) which are vanishing in the interstitial region are added to the basis
functions. Finally, we have:

uik(r) =
∑
G

Cik
G ϕG+k(r) +

∑
ν

C ik
ν ϕlo

ν (r) . (2.41)

The basis set size is kept finite by considering a finite number of local orbitals and by
limiting the allowed values of G with a maximum cut-off value Gmax. If we reduce
the muffin-tin radius RMT we need more plane waves to describe appropriately the
wavefunction in the interstitial region. Thus, the proper parameter which gives a
measure of the basis set size is the product Rmin

MT Gmax of the minimum MT radius
and the value of Gmax.

2.7 The ElaStic tool
In this work, the elastic constants introduced in Section 2.1.2 are obtained by using
the ElaStic toolkit [2]. Figure 2.5 shows the procedure ElaStic uses to calculate
elastic constants. At first, ElaStic determines the numbers of deformations needed
to achieve all independent components of the elastic tensor. To this purpose, the

Figure 2.5: Flowchart of the algorithm used in the ElaStic tool taken from Ref. [2].
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tool uses the program sgroup [16] to verify the Laue group of the crystal. Then,
according to the determined Laue group, different types of deformations are applied
to the crystal. Each type of deformation is represented by a strain vector, which has
a given expresion in terms of the strain amplitude η. For a certain number of values
of η ∈ [−ηmax, ηmax] strained structures are obtained. For every structure a DFT
calculation is performed using exciting. Then, the achieved energy-strain pairs for
a given type of deformation are fitted by polynomial functions of degree n:

E(η) =
n∑

i=0
Ai ηi , (2.42)

where Ai are the fitting coefficients. The fitting procedure is applied to intervals of
strain values of increasing size, until all calculated energy-strain pairs are taken into
consideration. Correspondingly to every fit, we get a value of the energy derivative
of the given order. According to Eq. (2.42), the fit of the second- (third-)order
derivative yields the value of 2A2 (6A3). These values are plotted as a function of
the size of the strain interval (measured by ηmax). Figure 2.6 shows a schematic
example for such a plot, where the values of n = 2, 4, and 6 are considered.

Α2

Maximum Lagrangian strain η

=n 2
=n 4
=n 6

max

Figure 2.6: Simple scheme of a plot from ElaStic for the second-order derivatives.
The dotted line represents the “true” unbiased value of A2 (see text).

As we can see in Figure 2.6, the results for A2 at low ηmax are varying a lot. In this
region the energy values have only minor differences, therefore, the influence of the
numerical noise is larger. This effect is more evident for higher-order polynomial fits.
At large values of ηmax, we see that the curve related to a polynominal fit of a given
order deviates from the “true” unbiased result, i.e., the value obtained for “infinite”
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numerical accuracy of the calculations. Therefore, the best numerical value for A2

is obtained in the region of intermediate values of ηmax, with the size of this region
becoming larger for larger values of n. We note that this region is just the one where
the results show a “plateau”. The constant A2 (A3) is a linear combination of elastic
constants. Considering all coefficients A2 (A3) for all the deformation types, we get
a system of linear equations where the unknowns are the independent components
of the elastic tensor. Finally, ElaStic obtains the elastic constants cij

(
c

(3)
ijk

)
by

solving this system of linear equations.
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3. Results

In this chapter, we show the results of ab-initio calculations performed for TiC,
TiN, and two allotropes of TiO2. All results are obtained using the all-electron
full-potential code exciting. At first, we specify the used functionals and the
computational parameters we set in the exciting calculations. Then, we investigate
the properties of the equilibrium structures. With this pre-requisites, we calculate
linear and non-linear elastic constants as well as phonon frequencies and their volume
derivatives.

3.1 Computational details
The ab-initio methodology based on density-functional theory requires the choice
of an approximated exchange-correlation functional. In this work, we use the gen-
eralized gradient approximation (GGA), introduced in Section 2.4. In particular, we
employ the functional form developed by Perdew, Burke, and Ernzerhof (PBE) [17]
for compatibility with other works. Some calculations are also done with the PBEsol
functional [18], which is claimed to be the most accurate for solids [19].

Basis functions in the muffin-tin region have to be specified for each used el-
ement. In exciting this is achieved by using for each element a corresponding
“species” file fully characterizing the basis set. For all calculations the same tita-
nium species file is employed. The 1s2, 2s2, and 2p6 states of Ti are treated as core
states. For nitrogen, oxygen, and carbon always the 1s state is treated as core state.
In addition, several local orbitals are used for all elements. The complete species
files can be found in Appendix A.

Furthermore, in exciting there is a bunch of parameters whose values deter-
mine the quality of the numerical description of the system. To achieve the desired
precision of the physical properties that are the target of the calculation, these pa-
rameters have to be optimized. To this purpose, we first choose a representative
subset of the physical quantities of interest. In our case, they are:
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1. The bulk modulus at equilibrium (zero pressure, p = 0):

B0 = −Ω0

(
∂p

∂Ω

)
p=0

, (3.1)

which is a linear combination of second-order elastic constants (SOECs).

2. The pressure derivative of the bulk modulus B, calculated at zero pressure,
B′

0 = (∂B/∂p)p=0 . This dimensionless quantity is related to the third-order
elastic constants (TOECs).

3. A transverse-optical phonon frequency at the Γ point, ωTO(Γ), as test case for
the lattice-dynamical calculations.

These target properties are calculated for different sets of values of the computational
parameters. By increasing the quality of the numerical description, calculations are
assumed to be “converged” if the absolute variation of the values of the target
properties do not exceed a given (small) quantity, which we define as precision. We
fix this precision to 0.1 GPa for B0, 10−2 for B′

0, and 1 cm−1 for ωTO(Γ).
In order to achieve the precision introduced above, the first important parameter

needed to be varied is the size of the basis set as expressed by the product Rmin
MT Gmax

(see Section 2.6.1). In exciting this quantity is called rgkmax and we keep this
notation in the rest of this chapter. Furthermore, we need to set the k-point mesh
for the numerical integration in reciprocal space, which is done by specifying the pa-
rameter ngridk. For metallic systems the choice of the k-point mesh is associated
to the introduction of a smearing function. This function allows for a partial occu-
pation of the states close to the Fermi energy. The width of the smearing function
is given by the parameter swidth.

Some examples of these convergence tests can be found in Appendix B. As a
result of the tests, we fix the parameter rgkmax = 8 for all calculations. The param-
eter swidth is set to 10−2 (10−4) Ha for metallic (non-metallic) systems. Table 3.1
shows the chosen values for ngridk.

Table 3.1: Choosen k-point mesh for the converged calculations.

ngridk Elastic constants Phonons

TiC 30×30×30 22×22×22
TiN 30×30×30 22×22×22
TiO - rutile 12×12×18 12×12×18
TiO - anatase 15×15×10 9×9×6
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For self-consistent ground-state calculations, the default convergence criteria of
exciting is used, which corresponds to total-energy variations of less than 10−6 Ha.
When required, relaxation of the relative position of the atoms inside the unit
cell is performed using the Broyden-Fletcher-Goldfarb-Shannon (bfgs) optimiza-
tion method [20] with a threshold for the force of 2·10−4 Ha/aBohr.

3.2 Structural properties
To calculate elastic constants and phonon frequencies as described in the previous
chapter, we first have to determine the equilibrium structure of the crystal. This
requires both the search for the optimal shape and size of the unit cell and the
relaxation of the relative positions of the atoms.

For systems which keep the cubic symmetry, only the volume has to be varied for
finding the best unit cell. In this case, hydrostatic deformations are applied to the
crystal to optimize the volume. The achieved energy-volume pairs are fitted using
the Birch-Murnagham equation-of-state [21]:

E(Ω) = E0 + 9Ω0B0

16
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
 . (3.2)

The search for the equilibrium structure of tetragonal systems needs more than a
simple volume optimization. In this case, we alternately optimize the volume and the
c/a-ratio. Tables 3.2 to 3.5 show our results for the equilibrium lattice parameters
of the investigated systems. The obtained values agree well with theoretical and
experimental results in the literature.

Table 3.2: Lattice constant a, bulk modulus B0, and pressure derivative of the bulk
modulus B′

0 for TiC.

TiC Exc a [Å] B0 [GPa] B′
0

Present work PBE 4.334 250.9 3.98

Theory Ref. [22] GGA 4.339 249.5
Ref. [23] PBEsol 4.297 268
Ref. [24] LDA 4.26 276.5 3.90
Ref. [25] PBE 4.331 249

Experiment Ref. [26] 4.328
Ref. [27] 242
Ref. [28] 233
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Table 3.3: Same as Table 3.2 for TiN.

TiN Exc a [Å] B0 [GPa] B′
0

Present work PBE 4.248 276.0 4.24

Theory Ref. [23] PBEsol 4.210 300
Ref. [25] PBE 4.246 279
Ref. [29] PBE 294

Experiment Ref. [30] 4.247
Ref. [27] 277

Table 3.4: Lattice constants a and c, bulk modulus B0, and pressure derivative of
the bulk modulus B′

0 for TiO2 in the rutile structure.

TiO2 rutile Exc a [Å] c [Å] B0 [GPa] B′
0

Present work PBE 4.646 2.964 211.0 4.81

Theory Ref. [31] GGA 4.593 2.953 241
Ref. [32] LDA 4.600 2.981 258 4.74
Ref. [33] PBE 4.705 2.966 235 4.64

Experiment Ref. [34] 4.587 2.954
Ref. [35] 4.594 2.959 212
Ref. [36] 230

Table 3.5: Same as Table 3.4 for the anatase structure.

TiO2 anatase Exc a [Å] c [Å] B0 [GPa] B′
0

Present work PBE 3.799 9.710 186.5 4.50

Theory Ref. [31] GGA 3.759 9.585 175
Ref. [37] PBE 3.797 9.789 177 4.13

Experiment Ref. [34] 3.782 9.502
Ref. [38] 3.785 9.512 179 4.5
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3.3 Elastic Constants
SOECs and TOECs are calculated using the ElaStic tool, which is introduced in
Section 2.7. The required input for ElaStic is given by the optimized structures
presented in the previous section. The initial ηmax is set to 0.07 for every calculation
and the number of strained structures is set to 57 for each deformation type. This
leads to a distance of ∆η = 0.025 between two consecutive deformation amplitudes.
The values of the maximum strain and of the polynomial degree chosen for the
fitting procedure used by ElaStic can be found in Appendix C.

3.3.1 Cubic systems

The studied crystals with cubic symmetry belong to the CI Laue group. The second-
order stiffness tensor c (2)

CI in terms of Voigt indices has 3 independent elements: c11,
c12, and c44 [2]. The full tensor can be represented as

c (2)
CI =



c11 c12 c12 0 0 0
c12 c11 c12 0 0 0
c12 c12 c11 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c44


. (3.3)

The third-order elastic tensor is a 6×6×6-matrix with 6 independent elastic constants
for cubic systems. A representation of this tensor can be found in Appendix D. In
order to calculate the matrix entries in Eq. (3.3), the deformations shown in Table 3.6
are used. Table 3.7 shows the deformations used to calculate the TOECs.

Table 3.6: Deformation types, expressed in the Voigt notation, that are used by
ElaStic for cubic CI systems and SOECs. Here, the generic (i-th) strain tensor is
represented as a vector η(i) = (η1, η2, η3, η4, η5, η6).

η(i) η1 η2 η3 η4 η5 η6

η(1) η η η 0 0 0
η(2) η η 0 0 0 0
η(3) 0 0 0 2η 2η 2η
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Table 3.7: Same as Table 3.6 for the calculation of the TOECs in cubic systems

η(i) η1 η2 η3 η4 η5 η6

η(1) η η η 0 0 0
η(2) η η 0 0 0 0
η(3) 0 0 0 2η 2η 2η

η(4) η η −η 0 0 0
η(5) η 0 0 2η 0 0
η(6) η 0 0 0 2η 0

Table 3.8: Second-order elastic constants of TiC in units of [GPa].

TiC Exc c11 c12 c44

Present work PBE 507.7 120.7 170.0
PBEsol 483.1 119.4 161.6

Theory Ref. [22] GGA 509.3 119.2 169.5
Ref. [24] LDA 588 125 179
Ref. [25] PBE 519 115 183
Ref. [39] PW91 [40] 470 97 167

Experiment Ref. [41] 514.5 106.0 178.8
Ref. [42] 500 113 175
Ref. [43] 540 110 180
Ref. [44] 510 100 180

Table 3.9: Same as Table 3.8 for TiN.

TiN Exc c11 c12 c44

Present work PBE 578.0 124.8 165.2
PBEsol 548.2 123.3 158.3

Theory Ref. [45] PBE 581 126 166
Ref. [29] PBE 590 145 169
Ref. [25] PBE 579 129 180
Ref. [39] PW91 610 100 168

Experiment Ref. [39] 625 165 163
Ref. [46] 507 96 163

21



Tables 3.8 and 3.9 show the SOECs of the cubic systems TiC and TiN and
compare them with other calculations as well as experiments. As we can see, our
values agree well with the literature. We also see that for c12 there are only mi-
nor differences between the different Exc approximations, while for c11 and c44 the
PBEsol calculations are around 5% lower than the results for PBE. Comparing the
two materials, we see that TiN is the harder one. In particular, this is evident for
the SOEC c11, related to uniaxial and hydrostatic strain deformations.

Table 3.10: TOECs of the cubic systems TiC and TiN in units of [TPa].

c111 c112 c123 c144 c155 c456

TiC PBE −7.38 −0.31 0.08 −0.05 −0.64 0.04
PBEsol −7.27 −0.30 0.08 −0.04 −0.62 0.04

TiN PBE −8.62 −0.45 0.36 0.07 −0.78 −0.04
PBEsol −8.48 −0.45 0.36 0.06 −0.76 −0.03

Table 3.10 shows the third-order elastic constants of cubic TiC and TiN. To
the best of our knowledge, there are no further theoretical or experimental results
available. The TOECs give a measure of how the SOECs change under the effects
of strain. While the SOECs we calculate are obtained at equilibrium, they might
change under certain deformations. As an example, we look at the strain deforma-
tion η(3) = (0, 0, 0, 2η, 2η, 2η)T. This deformation is directly related to the TOEC
c456 and also to the SOEC c44 by

E(3)(η)
Ω0

= E0

Ω0
+ 6 c44 η2 + 8 c456 η3 + O(η4). (3.4)

Considering Eq. (3.4), an effective, strain-dependent c
(3)
44 (η) can be defined for the

deformation η(3) as:

c
(3)
44 (η) = 1

12 Ω0

∂2E(3)(η)
∂η2 = c44 + 4 c456 η + O(η2). (3.5)

This means that for the strain deformation η(3) the elastic constant c44 should
increase for TiC and shrink for TiN by increasing the strain amplitude η.
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3.3.2 Tetragonal structures

Both tetragonal TiO2 structures, rutile and anatase, belong to the TI Laue group.
The second-order stiffness tensor c

(2)
TI has 6 independent elastic constants:

c (2)
TI =



c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c66


. (3.6)

In order to calculate these matrix entries, the strain deformations shown in Ta-
ble 3.11 are used. Tables 3.12 and 3.13 shows the calculated SOECs for rutile and
anatase, respectively.

Table 3.11: Deformation types, expressed in the Voigt notation, that are used by
ElaStic for tetragonal TI systems and SOECs. Here, the generic (i-th) strain tensor
is represented as a vector η(i) = (η1, η2, η3, η4, η5, η6).

η(i) η1 η2 η3 η4 η5 η6

η(1) η η η 0 0 0
η(2) 1

2η 1
2η −η 0 0 0

η(3) η −η 0 0 0 0
η(4) 0 0 η 0 0 0
η(5) 0 0 0 2η 0 0
η(6) 0 0 0 0 0 2η

Table 3.12: SOECs of TiO2 in the rutile structure in units of [GPa].

TiO2 rutile Exc c11 c12 c13 c33 c44 c66

Present work PBE 249.0 173.4 147.0 472.0 115.5 210.4

Theory Ref. [33] PBE 271 143 144 465 124 211
Ref. [47] PBE 278 153 149 479 115 214
Ref. [32] LDA 292 192 174 471 114 236

Experiment Ref. [35] 267.3 174.1 146.4 483.9 123.9 190.4
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Table 3.13: Same as Table 3.12 for the anatase structure.

TiO2 anatase Exc c11 c12 c13 c33 c44 c66

Present work PBE 312.6 148.6 142.1 190.7 48.2 58.9

Theory Ref. [37] PBE 309.4 131 134 195 75 55
Ref. [47] PBE 320 151 143 190 54 60

Results of calculations for rutile and anatase show good agreement with the values
in the literature. For most of the deformations the rutile phase seems to be harder
than the anatase one. Compared to the cubic systems, we can see that they are
harder than the tetragonal systems, as expected. However, the elastic constant c33

of rutile TiO2 is nearly as high as c11 for the cubic systems.
The calculation of TOECs for tetragonal systems is not implemented in the

published version of ElaStic. However, using the available total-energy calculations
performed for the SOECs, we can calculate selected combinations of the TOECs.
Table 3.14 shows the non-zero polynomial coefficients A

(i)
3 we obtain in this case.

Table 3.14: Non-zero coefficients A
(i)
3 used for second-order calculations (correspond-

ing to the η(i) in Table 3.11). The results are given in units of [TPa].

rutile anatase expression in terms of TOECs

A
(1)
3 −4.47 −3.22 1

3c111 + c112 + c113 + c123 + 1
6c333

A
(2)
3 0.62 0.15 1

24c111 + 1
8c112 − 1

4c113 − 1
4c123 + 1

2c133 − 1
6c333

A
(4)
3 −0.74 −0.18 1

6c333

We see, that the only TOEC which can be obtained directly from these deformations
is c333. For rutile (anatase) we get for c333 a value of −4.43 (−1.10) TPa.

3.3.3 New implementation in ElaStic

In order to calculate the full third-order tensor for tetragonal systems, we have
extended the implementation of the calculation of the TOECs in ElaStic to the
tetragonal TI symmetry. The third-order stiffness tensor for TI structures is taken
from Table A.8 of Ref. [48]. The obtained elastic matrices are shown in Table 3.15.
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Table 3.15: Two-dimensional matrix representation of TOECs for tetragonal TI
structures.

c
(3)
1jk c

(3)
2jk

c111 c112 c113 0 0 0 c112 c123 c123 0 0 0
c112 c112 c123 0 0 0 c123 c111 c113 0 0 0
c113 c123 c133 0 0 0 c123 c113 c13 0 0 0
0 0 0 c144 0 0 0 0 0 c155 0 0
0 0 0 0 c155 0 0 0 0 0 c144 0
0 0 0 0 0 c166 0 0 0 0 0 c166

c
(3)
3jk c

(3)
4jk

c113 c123 c133 0 0 0 0 0 0 c144 0 0
c123 c113 c133 0 0 0 0 0 0 c155 0 0
c133 c133 c333 0 0 0 0 0 0 c344 0 0
0 0 0 c344 0 0 c144 c155 c344 0 0 0
0 0 0 0 c344 0 0 0 0 0 0 c456
0 0 0 0 0 c366 0 0 0 0 c456 0

c
(3)
5jk c

(3)
6jk

0 0 0 0 c155 0 0 0 0 0 0 c166
0 0 0 0 c144 0 0 0 0 0 0 c166
0 0 0 0 c344 0 0 0 0 0 0 c366
0 0 0 0 0 c456 0 0 0 0 c456 0

c155 c144 c344 0 0 0 0 0 0 c456 0 0
0 0 0 c456 0 0 c155 c144 c344 0 0 0
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Table 3.16: Deformation types, expressed in the Voigt notation, that are used by
ElaStic for tetragonal TI systems and TOECs. Here, the generic (i-th) strain
tensor is represented as a vector η(i) = (η1, η2, η3, η4, η5, η6).

η(i) η1 η2 η3 η4 η5 η6

η(1) η 0 0 0 0 0
η(2) η η 0 0 0 0
η(3) 0 0 η 0 0 0
η(4) 0 0 η 2η 2η 0
η(5) 0 η 0 0 0 2η

η(6) η 0 0 0 2η 0
η(7) 0 η 0 0 2η 0
η(8) 0 η η 0 0 0
η(9) 0 0 η 0 0 2η

η(10) η η η 0 0 0
η(11) η η −η 0 0 0
η(12) 0 0 0 2η 2η 2η

For the selection of deformation types, we use a variation of Table 2 from Ref. [49],
shown in Table 3.16. Employing these deformations, the TOECs shown in Table 3.15
can be expressed as a function of the third-order fitting coefficients as displayed
in Table 3.17. The TOECs of the rutile phase of TiO2 obtained with this new
implementation of ElaStic are given in Table 3.18.

Table 3.17: TOECs and their expression integers in terms of the fitting coefficients
A

(i)
3 , for tetragonal TI systems.

c111 6A
(1)
3 c155

1
2

(
A

(6)
3 − A

(1)
3

)
c112 A

(2)
3 − 2A

(1)
3 c166

1
2

(
A

(5)
3 − A

(1)
3

)
c113 A

(2)
3 − 2

(
A

(1)
3 + A

(3)
3 − A

(8)
3

)
− 1

2

(
A

(10)
3 − A

(11)
3

)
c333 6A

(3)
3

c123 2
(
A

(1)
3 − A

(8)
3

)
− A

(2)
3 + A

(3)
3 + A

(10)
3 c344

1
4

(
A

(4)
3 − A

(3)
3

)
c133

1
2

(
A

(10)
3 + A

(11)
3

)
− A

(2)
3 c366

1
2

(
A

(9)
3 − A

(3)
3

)
c144

1
2

(
A

(7)
3 − A

(1)
3

)
c456

1
8A

(12)
3
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Table 3.18: TOECs for the rutile structure of TiO2 in units of [TPa], as obtained
from the new implementation of ElaStic. Calculations are performed using a max-
imum strain value of 0.15 and 61 strain points.

c111 c112 c113 c123 c133 c144

−1.33 −1.58 0.38 −1.69 −0.41 −0.28

c155 c166 c333 c344 c366 c456

−0.44 −1.25 −4.38 −0.40 −0.58 −0.26

As a cross check, in Table 3.19, we compare the fitting coefficients of Table 3.14 and
the ones obtained by using the TOECs from Table 3.18. The minor differences that
we see in Table 3.19 can be ascribed to the choice of slightly different values of the
maximum strain.

Table 3.19: Comparison of the third-order fitting coefficients A
(i)
3 calculated using

the new implementation of ElaStic and the data extracted from the second-order
calculations. Units are [TPa].

new implementation from Table 3.14

A
(1)
3 −4.06 −4.47

A
(2)
3 0.60 0.62

A
(4)
3 −0.73 −0.74

3.4 Lattice-dynamical properties
To calculate the phonon frequencies, exciting uses the frozen-phonon approach.
To this purpose, atomic positions are shifted according to collective displacements
with a given periodicity, determined by the phonon wavevector q. Then, the total
energy and forces are calculated by exciting for the displaced structure. From
the knowledge of the forces of several displacement patterns, the interatomic force
constants and, in turn, the dynamical matrix for the given value of q are obtained.
This matrix is then symmetrized and diagonalized. This yields the eigenvalues and
eigenvectors. The square root of the eigenvalues, then, gives the phonon frequencies.

In this thesis, we focus our interest on the phonon frequencies at the center
of the Brillouin zone (q=0). In this case, no “expensive” supercell calculation is
needed. However, due to the periodic boundary conditions used in exciting, only
frequencies corresponding to transverse-optical (TO) modes can be obtained. For
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polar materials, then, we have the drawback that longitudinal-optical (LO) and TO
modes become degenerate and no LO-TO splitting can be obtained. Therefore, we
focus our investigation only to TO frequencies. For metallic systems, nevertheless,
there is no LO-TO splitting.

For the cubic systems there are 6 independent modes at each value of q. At
the Γ point (q=0), the frequencies of the three acoustic modes vanish. Therefore,
only the three optical mode are considered for TiC and TiN. These cubic systems
are metallic, therefore, all optical frequencies are degenerate at Γ, with a value
denoted ωopt(Γ). To calculate the mode Grüneisen parameter for the cubic systems,
the volume of the crystal is changed. Then, phonon calculations are performed for
slightly different (±0.5%) values of the lattice constant a. Numerical derivation
of the obtained phonon frequencies leads to the mode Grüneisen parameters as
introduced in Section 2.2.2. Table 3.20 shows our results for TiN and TiC.

Table 3.20: Optical phonon frequency ωopt(Γ) in units of [cm−1] and mode Grüneisen
parameters γopt(Γ) for TiC and TiN at the Γ point.

Exc TiC TiN
ωopt(Γ) γopt(Γ) ωopt(Γ) γopt(Γ)

Present work PBE 513 1.9 505 2.2
PBEsol 511 502

Theory Ref. [24] LDA 507
Ref. [50] PBE 545

Experiment Ref. [43] 537
Ref. [28] 1.9
Ref. [51] 484

As we can see from Table 3.20, the optical modes of TiC and TiN are quite similar.
The value of the mode Grüneisen parameter γopt(Γ) of TiN is higher than for TiC.
This indicates a stronger change of the phonon frequency ωopt(Γ) in terms of changes
in the volume.

The anatase phase of TiO2 has a primitive unit cell which contains 6 atoms.
Therefore, there are 18 independent modes at each q point. Again, the three acoustic
modes at Γ have vanishing frequency. Taken into account degenerate modes, the
number of resulting pure TO frequencies at Γ is 10. Table 3.21 shows the frequencies
of the pure TO modes for the anatase phase of TiO2.
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Table 3.21: TO phonon frequencies at Γ for TiO2 in the anatase structure. All
frequencies are in units of [cm−1].

Mulliken notation Present work Ref. [31] Ref. [52]
PBE GGA GGA Expt.

Eg 128 105 157 143
Eg 166 165 191 198
Eu 219 240 263 262
A2u 337 402 334 367
B1g 380 465 381 395
Eu 420 465 432 435
B1g 497 518 520 512
A1g 516 535 518 518
B2u 543 574 542
Eg 620 655 641 639

3.5 Comparison of the studied Ti compounds
In order to compare the elastic properties of the materials which we investigated, we
look at the elastic moduli, which can be expressed by linear combinations of SOECs
in the Voigt approach [53]. These moduli are the bulk modulus B introduced in
Section 3.1, the shear modulus G, the Young modulus E connected to changes
in length along a direction, and the Poisson ratio νp representing the transversal
expansion due to an axial compression. Table 3.22 shows the value of these moduli,
calculated with the obtained SOECs.

Table 3.22: Bulk modulus B, shear modulus G, Young modulus E, and Poisson
ratio νp for all investigated materials. Only PBE results are included.

B [GPa] G [GPa] E [GPa] νp

TiC 249.7 179.4 434.3 0.21
TiN 275.8 189.8 463.1 0.22
TiO2 rutile 211.6 121.8 306.6 0.26
TiO2 anatase 186.9 56.6 154.3 0.36

As expected, the values of the bulk modulus are consistent with the ones calculated
using Eq. (3.2) in Section 3.2. Comparing the values for each material, we see that
the cubic crystals are harder than the TiO2 structures, with TiN being the hardest
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and the anatase structure of TiO2 the softest one. According to the Pugh’s rule [54],
the value of G/B is related to ductility and brittleness. Materials with G/B > 0.5
have brittle behavior. This is the case for TiN, TiC, and rutile TiO2. TiO2 in the
anatase phase, however, should behave ductile. The rule proposed by Frantsevich
and coworkers [55], which claims that materials with a Poisson ratio ν > 0.33 should
be ductile, reaches the same conclusion.

Comparing the phonon frequencies of the cubic systems TiC and TiN, we see
that they have nearly the same frequency. Because they have the same structure
and carbon and nitrogen nearly the same physical properties (mass, charge) this is
reasonable. Comparing the cubic system with anatase is not that easy, due to the
fact that it is a completely different structure. The primitive unit cell of anatase
has a volume which is about 3.4 times larger than the ones for TiC and TiN. Even
having 6 atoms per primitive unit cell, the particle density of anatas is lower than for
the cubic systems, which leads to a less compact structure. Furthermore, the oxygen
atom has a mass which is about 33% larger than the carbon one. These two facts
can lead to smaller frequencies for the anatase TiO2 phase. We can see this result in
the low-frequency modes, where mostly both Ti and O atoms are oscillating. The
high-frequency modes in anatase TiO2 have frequencies comparable to the cubic
systems and are characterized by vibrations of only the oxygen atoms.
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4. Conclusions and outlook
In this work, the elastic and lattice dynamical properties of a set of four titanium
compounds have been investigated from first principles using the program exciting
and the ElaStic toolkit.

For TiC, TiN, and TiO2 in the rutile and anatase phase, the full tensor of the
second-order elastic constants (SOECs) has been obtained, with a good agreement
with the existing literature. In addition to this, the third-order elastic constants
(TOECs) of cubic TiC and TiN as well as TiO2 in the rutile phase have been
calculated for the first time, to the best of our knowledge. In order to perform
the calculation of TOECs for the tetragonal phases, we have extended the ElaStic
toolkit with our implementation for the TI Laue group. The calculated SOECs and
TOECs can be used for predicting the behaviour of the selected materials under any
applied strain to a large extent of the elastic-regime region.

At the Γ point, optical phonon frequencies and mode Grüneisen parameters
of the cubic TiC and TiN have been calculated. The full set of pure transverse-
optical phonon frequencies at the zone centre for TiO2 in the anatase phase has
been obtained and compared with data from the literature.

In the further extension of this work, phonon frequencies and mode Grüneisen
parameters should be obtained in the full Brillouin zone, at least for cubic structures.
This extension would allow for the calculation of the linear expansion coefficient of
these systems as a function of the temperature. The knowledge of the expansion
coefficient is a crucial step for the prediction of the behaviour of materials at high
temperature.

Finally, from the point of view of the elastic properties, the new implementation
in ElaStic will allow for the calculation of non-linear elastic constants not only for
the anatase phase of TiO2, but also for other tetragonal structures.
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A. Species files

• Species file for the element Carbon
<?xml version="1.0" encoding="UTF -8"?>
<spdb xsi:noNamespaceSchemaLocation="../../xml/species.xsd" xmlns:xsi="

http://www.w3.org/2001/XMLSchema -instance">
<sp chemicalSymbol="C" name="carbon" z=" -6.00000" mass="21894.16673">

<muffinTin rmin="0.100000E-04" radius="1.4500" rinf="21.0932"
radialmeshPoints="250"/>

<atomicState n="1" l="0" kappa="1" occ="2.00000" core="true"/>
<atomicState n="2" l="0" kappa="1" occ="2.00000" core="false"/>
<atomicState n="2" l="1" kappa="1" occ="1.00000" core="false"/>
<atomicState n="2" l="1" kappa="2" occ="1.00000" core="false"/>
<basis>

<default type="lapw" trialEnergy="0.1500" searchE="false"/>
<custom l="0" type="lapw" trialEnergy="0.1500" searchE="true"/>
<lo l="0">

<wf matchingOrder="0" trialEnergy="0.15" searchE="true"/>
<wf matchingOrder="1" trialEnergy="0.15" searchE="true"/>

</lo>
<lo l="0">

<wf matchingOrder="0" trialEnergy="0.15" searchE="true"/>
<wf matchingOrder="2" trialEnergy="0.15" searchE="true"/>

</lo>
<custom l="1" type="lapw" trialEnergy="0.3800" searchE="true"/>
<lo l="1">

<wf matchingOrder="0" trialEnergy="0.38" searchE="true"/>
<wf matchingOrder="1" trialEnergy="0.38" searchE="true"/>

</lo>
<lo l="1">

<wf matchingOrder="0" trialEnergy="0.38" searchE="true"/>
<wf matchingOrder="2" trialEnergy="0.38" searchE="true"/>

</lo>
</basis>

</sp>
</spdb>
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• Species file for the element Nitrogen
<?xml version="1.0" encoding="UTF -8"?>
<spdb xsi:noNamespaceSchemaLocation="../../xml/species.xsd" xmlns:xsi="

http://www.w3.org/2001/XMLSchema -instance">
<sp chemicalSymbol="N" name="nitrogen" z=" -7.00000" mass="25532.72506

">
<muffinTin rmin="0.100000E-04" radius="1.4500" rinf="18.9090"

radialmeshPoints="250"/>
<atomicState n="1" l="0" kappa="1" occ="2.00000" core="true"/>
<atomicState n="2" l="0" kappa="1" occ="2.00000" core="false"/>
<atomicState n="2" l="1" kappa="1" occ="1.00000" core="false"/>
<atomicState n="2" l="1" kappa="2" occ="2.00000" core="false"/>
<basis>

<default type="lapw" trialEnergy="0.1500" searchE="false"/>
<custom l="0" type="lapw" trialEnergy="0.1500" searchE="true"/>
<lo l="0">

<wf matchingOrder="0" trialEnergy="0.15" searchE="true"/>
<wf matchingOrder="1" trialEnergy="0.15" searchE="true"/>

</lo>
<lo l="0">

<wf matchingOrder="0" trialEnergy="0.15" searchE="true"/>
<wf matchingOrder="2" trialEnergy="0.15" searchE="true"/>

</lo>
<custom l="1" type="lapw" trialEnergy="0.1500" searchE="true"/>
<lo l="1">

<wf matchingOrder="0" trialEnergy="0.15" searchE="true"/>
<wf matchingOrder="1" trialEnergy="0.15" searchE="true"/>

</lo>
<lo l="1">

<wf matchingOrder="0" trialEnergy="0.15" searchE="true"/>
<wf matchingOrder="2" trialEnergy="0.15" searchE="true"/>

</lo>
</basis>

</sp>
</spdb>
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• Species file for the element Oxygen
<?xml version="1.0" encoding="UTF -8"?>
<spdb xsi:noNamespaceSchemaLocation="../../xml/species.xsd" xmlns:xsi="

http://www.w3.org/2001/XMLSchema -instance">
<sp chemicalSymbol="O" name="oxygen" z=" -8.00000" mass="29165.12203">

<muffinTin rmin="0.100000E-04" radius="1.4500" rinf="17.0873"
radialmeshPoints="250"/>

<atomicState n="1" l="0" kappa="1" occ="2.00000" core="true"/>
<atomicState n="2" l="0" kappa="1" occ="2.00000" core="false"/>
<atomicState n="2" l="1" kappa="1" occ="2.00000" core="false"/>
<atomicState n="2" l="1" kappa="2" occ="2.00000" core="false"/>
<basis>

<default type="lapw" trialEnergy="0.1500" searchE="false"/>
<custom l="0" type="lapw" trialEnergy="0.1500" searchE="true"/>
<lo l="0">

<wf matchingOrder="0" trialEnergy="0.15" searchE="true"/>
<wf matchingOrder="1" trialEnergy="0.15" searchE="true"/>

</lo>
<lo l="0">

<wf matchingOrder="0" trialEnergy="0.15" searchE="true"/>
<wf matchingOrder="2" trialEnergy="0.15" searchE="true"/>

</lo>
<custom l="1" type="lapw" trialEnergy="0.1500" searchE="true"/>
<lo l="1">

<wf matchingOrder="0" trialEnergy="0.15" searchE="true"/>
<wf matchingOrder="1" trialEnergy="0.15" searchE="true"/>

</lo>
<lo l="1">

<wf matchingOrder="0" trialEnergy="0.15" searchE="true"/>
<wf matchingOrder="2" trialEnergy="0.15" searchE="true"/>

</lo>
</basis>

</sp>
</spdb>
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• Species file for the element Titanium
<?xml version="1.0" encoding="UTF -8"?>
<spdb xsi:noNamespaceSchemaLocation="../../xml/species.xsd" xmlns:xsi="

http://www.w3.org/2001/XMLSchema -instance">
<sp chemicalSymbol="Ti" name="titanium" z=" -22.0000" mass="

87256.20311">
<muffinTin rmin="0.100000E-04" radius="2.0000" rinf="25.7965"

radialmeshPoints="350"/>
<atomicState n="1" l="0" kappa="1" occ="2.00000" core="true"/>
<atomicState n="2" l="0" kappa="1" occ="2.00000" core="true"/>
<atomicState n="2" l="1" kappa="1" occ="2.00000" core="true"/>
<atomicState n="2" l="1" kappa="2" occ="4.00000" core="true"/>
<atomicState n="3" l="0" kappa="1" occ="2.00000" core="false"/>
<atomicState n="3" l="1" kappa="1" occ="2.00000" core="false"/>
<atomicState n="3" l="1" kappa="2" occ="4.00000" core="false"/>
<atomicState n="3" l="2" kappa="2" occ="2.00000" core="false"/>
<atomicState n="4" l="0" kappa="1" occ="2.00000" core="false"/>
<basis>

<default type="lapw" trialEnergy="0.1500" searchE="false"/>
<custom l="0" type="lapw" trialEnergy="0.1500" searchE="true"/>
<lo l="0">

<wf matchingOrder="0" trialEnergy="1.4200" searchE="true"/>
<wf matchingOrder="1" trialEnergy="1.4200" searchE="true"/>

</lo>
<lo l="0">

<wf matchingOrder="0" trialEnergy="1.4200" searchE="true"/>
<wf matchingOrder="0" trialEnergy=" -1.62" searchE="true"/>

</lo>
<lo l="0">

<wf matchingOrder="0" trialEnergy=" -1.62" searchE="true"/>
<wf matchingOrder="1" trialEnergy=" -1.62" searchE="true"/>

</lo>
<lo l="0">

<wf matchingOrder="0" trialEnergy=" -1.62" searchE="true"/>
<wf matchingOrder="2" trialEnergy=" -1.62" searchE="true"/>

</lo>
<custom l="1" type="lapw" trialEnergy=" -0.72" searchE="true"/>
<lo l="1">

<wf matchingOrder="0" trialEnergy=" -0.72" searchE="true"/>
<wf matchingOrder="1" trialEnergy=" -0.72" searchE="true"/>

</lo>
<lo l="1">

<wf matchingOrder="1" trialEnergy=" -0.72" searchE="true"/>
<wf matchingOrder="2" trialEnergy=" -0.72" searchE="true"/>

</lo>
<custom l="2" type="lapw" trialEnergy="0.150000" searchE="true"/>
<lo l="2">

<wf matchingOrder="0" trialEnergy="0.3950000" searchE="true"/>
<wf matchingOrder="1" trialEnergy="0.3950000" searchE="true"/>

</lo>
<lo l="2">

<wf matchingOrder="0" trialEnergy="0.3950000" searchE="true"/>
<wf matchingOrder="2" trialEnergy="0.3950000" searchE="true"/>

</lo>
</basis>

</sp>
</spdb>
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B. Convergence tests

In this appendix, we show how the target quantities B0 and B′
0 defined in Section 3.1

depends on the computational parameters rgkmax and ngridk, for the case of cubic
TiC. Notice that for cubic systems, the three parameters which are specified by
ngridk are identical.

(a) (b)

(c) (d)

Figure B.1: Convergence test of the target properties, B0 and B′
0, for cubic TiC for

the computational parameters ngridk and rgkmax.
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C. ElaStic.in files

This appendix shows the content of the used ElaStic.in files, which are the input
files for the explicit calculation of the second- and third-order elastic constants by
the ElaStic tool. In each file, the first column corresponds to the deformation
type, the second gives the maximum strain amplitude ηmax, and the last one the
degree of the polynomial used by ElaStic in the fitting procedure.

TiC, SOEC with PBE
Dst01 0.0700 5
Dst02 0.0700 5
Dst03 0.0475 5

TiN, SOEC with PBE
Dst01 0.0700 5
Dst02 0.0700 5
Dst03 0.0450 5

TiC, TOEC with PBE
Dst01 0.0625 5
Dst02 0.0700 5
Dst03 0.0700 5
Dst04 0.0700 5
Dst05 0.0700 3
Dst06 0.0450 5

TiN, TOEC with PBE
Dst01 0.0700 7
Dst02 0.0700 5
Dst03 0.0400 7
Dst04 0.0700 7
Dst05 0.0700 5
Dst06 0.0700 5

TiO2 rutile, SOEC with PBE
Dst01 0.0425 5
Dst02 0.0625 5
Dst03 0.0300 5
Dst04 0.0625 5
Dst05 0.0525 7
Dst06 0.0625 5

TiC, SOEC with PBEsol
Dst01 0.0700 5
Dst02 0.0700 5
Dst03 0.0450 5

TiN, SOEC with PBEsol
Dst01 0.0700 5
Dst02 0.0700 5
Dst03 0.0450 5

TiC, TOEC with PBEsol
Dst01 0.0625 5
Dst02 0.0625 5
Dst03 0.0700 5
Dst04 0.0700 5
Dst05 0.0700 3
Dst06 0.0450 5

TiN, TOEC with PBEsol
Dst01 0.0700 7
Dst02 0.0700 5
Dst03 0.0425 7
Dst04 0.0700 7
Dst05 0.0700 5
Dst06 0.0700 5

TiO2 anatase, SOEC with PBE
Dst01 0.0625 4
Dst02 0.0625 4
Dst03 0.0575 4
Dst04 0.0625 4
Dst05 0.0600 4
Dst06 0.0625 4
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TiO2 rutile, TOEC with PBE
Dst01 0.125 5
Dst02 0.125 5
Dst03 0.145 5
Dst04 0.105 7
Dst05 0.100 7
Dst06 0.150 5
Dst07 0.125 7
Dst08 0.135 5
Dst09 0.110 5
Dst10 0.110 7
Dst11 0.105 3
Dst12 0.060 5
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D. TOECs tensor for CI systems

Table D.1: TOECs tensor for cubic CI structures.

c
(3)
1jk c

(3)
2jk

c111 c112 c112 0 0 0 c112 c112 c123 0 0 0
c112 c112 c123 0 0 0 c112 c111 c112 0 0 0
c112 c123 c112 0 0 0 c123 c112 c112 0 0 0
0 0 0 c144 0 0 0 0 0 c155 0 0
0 0 0 0 c155 0 0 0 0 0 c144 0
0 0 0 0 0 c155 0 0 0 0 0 c155

c
(3)
3jk c

(3)
4jk

c112 c123 c112 0 0 0 0 0 0 c144 0 0
c123 c112 c112 0 0 0 0 0 0 c155 0 0
c112 c112 c111 0 0 0 0 0 0 c155 0 0
0 0 0 c155 0 0 c144 c155 c155 0 0 0
0 0 0 0 c155 0 0 0 0 0 0 c456

0 0 0 0 0 c144 0 0 0 0 c456 0

c
(3)
5jk c

(3)
6jk

0 0 0 0 c155 0 0 0 0 0 0 c166

0 0 0 0 c144 0 0 0 0 0 0 c166

0 0 0 0 c155 0 0 0 0 0 0 c155

0 0 0 0 0 c456 0 0 0 0 c456 0
c155 c144 c155 0 0 0 0 0 0 c456 0 0
0 0 0 c456 0 0 c155 c144 c155 0 0 0

45



Selbstständigkeitserklärung

Ich erkläre hiermit, dass ich die vorliegende Arbeit selbstständig verfasst und noch
nicht für andere Prüfungen eingereicht habe. Sämtliche Quellen einschließlich Inter-
netquellen, die unverändert oder abgewandelt wiedergegeben werden, insbesondere
Quellen für Texte, Grafiken, Tabellen und Bilder, sind als solche kenntlich gemacht.
Mir ist bekannt, dass bei Verstößen gegen diese Grundsätze ein Verfahren wegen
Täuschungsversuchs bzw. Täuschung eingeleitet wird.

Berlin, _________________

46


