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1 Introduction

Gallium oxide (Gay0Os3), a wide-gap transparent semiconductor is a promising candi-
date in a number of applications, e.g., as semiconducting lasers [1] and transparent
electrodes for UV optoelectronic devices [2].

Depending on the preparation, it can crystallize in five different crystal struc-
tures, among them the rhombohedral a and monoclinic 5 phase [3]. The § phase
of Gay0Oj is the thermodynamically stable phase at ambient conditions [4]. The
unit cell has C2/m symmetry [5], contains 20 atoms, and is given in Figure 1.1.

In various works, it is shown that the § phase undergoes a phase transition to

Figure 1.1: Schematic representation of the crystalline structure of the monoclinic
f phase of GagOgs. The unit cell has C2/m symmetry and contains 4 formula units.
Gallium atoms are in purple and Oxygen atoms in red.

the metastable « phase at high pressures [4, 6]. The « phase crystallizes in the
corundum structure and has rhombohedral symmetry. The unit cell belongs to the
R3c point group and contains 30 atoms [7]. The reduced primitive cell, used in this
work, contains 10 atoms and is given in Figure 1.2. It is important to note, that the
initial structure was derived from the experimental unit cell with hexagonal axes in
[7] while calculations are performed with a primitive cell containing 10 atoms. This
is possible within the trigonal crystal group where the rhombohedral lattice system
can be described by hexagonal axes or rhombohedral axes. The experimental struc-
ture is equivalent to the corrundum structure and contains 30 atoms in the unit cell
[7]. Note, that the used primitive cell in this work differs from the conventionally



Figure 1.2: Schematic representation of the crystalline structure of the rhombohedral
a phase of Ga;O3. Shown is the primitive cell with hexagonal axes containing 2
formula units. Gallium atoms are in purple and oxygen atoms in red.

used primitive cell with rhombohedral axes found in textbooks, such as [8].

The purpose of this work is to calculate the elastic properties of the o and
phase, especially the second-order elastic constants, from first principles. Although
high pressure studies have been conducted, there are no results for the second-order
elastic constants, as far as the author knows. Lattice parameters are investigated
using the all-electron full-potential exciting code [9] and second-order elastic con-
stants are calculated using the ElaStic@exciting tool [10].



2 Theoretical Foundations

In this chapter we give a brief introduction to the elasticity of a crystal. The focus
is the derivation of the second-order elastic constants and computational methods
which allow to calculate them. The theoretical approach to elasticity is given in
Section 2.1, while Sections 2.2 and 2.3 will focus on the computational method of
computing (elastic) properties of solids. They are based on total-energy calculations
which can be performed using density-functional theory.

2.1 Introduction to elasticity

In this Section a short introduction of the theory of elasticity is given. A more
in-depth discussion can be found in Refs. [11, 12, 13, 14].

FElasticity describes the reaction of materials to external forces and the result-
ing deformation of the structure. If these forces do not exceed a certain limit, the
deformation vanishes with the removal of the forces. We call it elastic deforma-
tion. Nonvanishing plastic deformations will be neglected. Solids will be treated as
homogeneous so that elastic properties can be derived from its unit cell as well as
anisotropic so that elastic properties can be different in all directions. All theoretical
derivations will be made in the elastic linear regime where the stress is proportional
to the strain. Firstly, the concept of strain and stress is introduced.

2.1.1 Physical strain and stress

A simple illustration of the theory of elasticity is given by a spring. If it is stretched
by an external force, a back-driving force F' will appear that is proportional to the
stretched distance. This is known as Hooke’s law

F=—kr, (2.1)

where boldface characters represent vectors and k the spring constant [15]. When
the external and the back-driving force compensate each other, the spring will be in
its new equilibrium configuration.

In order to find a generalized expression for Hooke’s law, stress and strain will
first be introduced through an intuitive picture.

Physical strain and stress

Consider a slab of an elastic material that is in its equilibrium state with no external
forces acting on it. By applying a small strain that is stretching the slab perpendic-
ular to its surface A while the bottom layer is fixed, the material will try to obtain a
new equilibrium state where the external forces are compensated by internal forces
acting on the nuclei on the surface. This situation is sketched in Figure 2.3.
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Figure 2.3: Schematic 2-dimensional representation of a deformation that varies
the thickness. h represents the thickness, A the transverse area of the unit cell,
F' the sum of the external forces acting on the nuclei on the surface, and Ah the
displacement.

In classical mechanics, an external work corresponds to a change in the energy.
Since the material is in equilibrium in both states, only the potential energy U will
undergo a change

AU = /h " ) ds, (2.2)

where F' is the sum of the external forces acting on the nuclei of the top layer and
Ah the ensuing displacement. Since the bottom layer is fixed, the work done by
the external forces equals 0. The physical stress o corresponds to the external force
per unit area, 0 = F//A. The physical strain € is the displacement in relation to the
original length, e = Ah/h. Inserting strain and stress into Eq. (2.2) yields:

AU = V/€0 de, (2.3)
0

with V' = Ah. Remembering that we are in the linear regime and by introducing an
elastic constant C| so that

o="CEg, (2.4)
we obtain with Eq. (2.3):
AU 1 .,
= _ 2.
=3 Ce (2.5)
and finally:
1 OAU
= — . 2.6
7TV 0 (26)

Equations (2.5) and (2.6) have been derived assuming that the stress and strain are
along the same direction (see Figure 2.3), while this is not generally the case. In
order to further generalize these equations, tensors have to be introduced. From now



Figure 2.4: Schematic representation of an arbitrary 2 dimensional elastic deforma-
tion of a square lattice.

on, the Finstein convention will be used, where a summation is performed whenever
two factors of a product have the same index.

In the general case of an arbitrary 2-dimensional deformation (see Figure 2.4)
the change of coordinates for every material point can be written as [12]:

R’a = (5045 + eag) Rg, (27)

where the indices a and 3 run over the Cartesian coordinates x, y, z, dop is Kro-
necker’s delta, R, and Rz are the strained and unstrained nuclear positions, respec-
tively, and e,p is a 3x3 matrix with small elements e,3 < 1. The coordinates of
the material points A; and As change according to Figure 2.4:

R, = R; + a(epUy + €,,0y) 28)
R, = R3 + a (e, + e,0,), '
where 1, and 4, represent the unit vectors that span the z-y plane. It is important
to note that these deformations implicitly include a rotation around the origin A,.
The Ag-A; connection is rotated counterclockwise by an angle v around the origin
while the Ag-Aj connection is rotated clockwise by ¢. Looking at Figure 2.4, v and
¢ can be written as:

&
tany = —— 2.9
an’y 1+ ey (2.9)
[
tanp = —~ 2.10
¢ 1—|—eyy ( )

Since only very small deformations and therefore also very small e, 3 and angles are
considered, it is valid to assume that tany ~ v, tana ~ a, and (1 + ey3) ~ 1, and



as such

VR ey (2.11)

QR gy (2.12)

Then the average counterclockwise rotation (e, — e,,) /2 has to be subtracted from
the coordinate transformation in order to describe the deformation regardless of the
rotation:

a . . 1 .

R/ =R/ — 5 (eye — €uy) Gy = Ry +a [6zxuﬂc + 2 (xy + €yz) uy] ) (2.13)
a 1

R} =R} — 3 (€yr — €uy) Uy = Ry +a {eyyﬂy + 3 (€xy + €yz) am] : (2.14)

It becomes evident that the pure elastic deformation is done by the symmetric part
of e, while the antisymmetric part describes the rotation. This statement can
be generalized [12]. The second-order physical strain tensor {e,s}, defined with
elements

1

5 (€ap + €ap), (2.15)
ignores any rotations of the solid and is the generalization of the scalar physical
strain introduced in Eq.(2.3). Any tensors from now on will be indicated by braces,
e.g., {€ap}. The general form of Eqs. (2.5) and (2.6) is [12]:

€aB —

EF 1
V - 5 Cocﬂv& eaﬂ 676 ) (216)
and
1 OF
= — 2.17
8 = T ey (2.17)

where F is the elastic energy, e.g., the potential energy stored in the deformed
state, {o,5} the second-order physical stress tensor, and {Cypys} the fourth-order
stiffness tensor consisting of 3* = 81 elastic constants. The generalized Hooke’s law
is obtained by combining Egs. (2.16) and (2.17) [11]:

Oap = Ca575 €~5- (2.18)

The physical strain tensor {e,s} is symmetric due to Eq. (2.15). Therefore the
general form is

€xz €y €xz
{eap} = | oy € €y |- (2.19)

€xz €yz €z

The off-diagonal elements produce a shear strain while the diagonal elements cor-
respond to a normal strain. A few 2-dimensional examples are given in Figure 2.5
where the physical strain tensors are:

@ ) =(% 0)

o ta = (50

@ twd=(2 F):
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(a) Uniaxial strain (b) Expansion (c) Shear strain

Figure 2.5: Shown are three 2-dimensional deformations for different physical strain
tensors. The blue squares, depicted with solid lines, represent the unstrained and
the black dotted parallelograms the strained state, respectively.

Due to the fact that the physical strain tensor {e,z} is symmetric and Eq. (2.17) is
valid, it is evident that also the stress tensor {o,s} is symmetric and has the same
form as Eq. (2.19).

As a way of simplifying symmetric tensors, it is common to use the Voigt no-
tation, where the six independent components of the stress and strain tensors are
rearranged in vectors with six components [13]:

€1 €rx
€9 ny
€xx €xy Cxz € €
_ _ 3 — zz
{eap} = |€ay €y €| 2 €= e | = |2 (2.20)
z
€2 €yr €z ) 2;’
5 Tz
€6 264y
01 Oxx
02 Oyy

Ozz Ozy Ogzz o o
{oup} = |0y 0y 0y | >0 = Sl=|7% (2.21)

Ops Oyy O 74 Tyz
Tz Yz zz

05 Ozz

06 Oy

By introducing the factor 2 in the shear strain components, the scalar invariance
OaB €ap = O - € is preserved.

Also the stiffness tensor can be written in Voigt notation. Considering that
0ap = 0o and €,5 = €5, and the fact that Eq. (2.18) is invariant with respect to
the change of the pairs of indices a5 and 79, the stiffness tensor has 21 independent
components. It can be therefore written as a symmetric 6x6 matrix [13]:

{(7a575} —C = (2.22)



The generalized Hooke’s law can then be written as

o=0C ¢, (2.23)
while Eq. (2.16) can be restated as:
E 1
A o2 2.24
=3¢ C e, (2.24)

where €7 is the transpose of €. Equation (2.23) can be inverted to the form
e=S-o, (2.25)

where S = C~! is the second-rank compliance tensor [13]. The deformation tensor
T that describes the change of position R, of the material point o without global
rotation

R, =TR,, (2.26)

has the form
T=1+e. (2.27)
In principle, the elastic constants can be calculated using only Eq. (2.24) and by

calculating the elastic energy.

2.1.2 Example: Elastic constants of a rhombohedral crystal

The calculation of the elastic constants of a rhombohedral crystal, e.g., the o phase of
Gay 03, will be outlined in this section as an example of calculations in the framework
of the theory of elasticity.

In this case, the stiffness tensor has 6 independent components due to the sym-
metry of the crystal and has the following form in the Voigt notation [13]:

Cn Cip Ciz Cu O 0

Cie Cpn Ci3 —Ciy O 0

_|Cis Ciz Cs3 0 0 0
C=lcu —Cu 0 Cu 0 0 (2.28)

0 0 0 0 Cu Cha

0 0 0 0 Cu fCu-0Cn)
Evaluating the elastic energy per volume in Eq. (2.24) gives the following result:

E 1 1 1
V == 5 |:CH (6% + E% + 262) + Clg (2 €1 € — 5 62) + 2 C13 (61 €3 + €9 63) + (229)

014 (61 €4 + 2 €5 66) -+ 033 63 -+ 044 (Ei -+ Eg)} .

Three different deformations have to be applied in order to determine three different
elastic constants although the choice of these deformations is not distinct.



A possible choice consists of a uniaxial deformation of the unit cell by a parameter
e. Equation (2.30) then takes on the form:

0
0
€ E 1
€1 = 0 — V = 5 ng 82. (230)
0
0
The second type could be another uniaxial deformation in the form of:
€
0
0 EF 1
€y = 0 — V = 5 011 62. (231)
0
0
For the third one, a shear deformation could be considered:
0
0
_|o E 1 9
€3 = c — V = 5 0445 . (232)
0
0
The fourth one could be another shear deformation:
0
0
0 E 1
€y = 0 — V = Z (011 — 012) 52. (233)
0
€

For the fifth type, a biaxial deformation could be considered:

€
0
€ E 1

€5 = 0 — V = 5 (Cll + C33 + 2013) 82. (234)
0
0

The final one could be the combination of a shear and uniaxial deformation:

€
0
0 E 1

€5 = c — V = 5 (C]_4 + C]_l -+ 044) 52. (235)
0
0

The 6 elastic constants for a rhombohedral crystal can then be computed by calcu-
lating the elastic energies for all three deformation types and solving the resulting
system of linear equations.
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2.1.3 Langrangian strain and stress

Within the theory of elasticity, different kinds of strain and stress can be definded.
A possible choice is the Lagrangian strain and stress. Instead of measuring the posi-
tions of material points in the strained and unstrained position, it is also legitimate
to measure the change of distance between 2 material points [13]

IAR|” — |AR)? = 2105 ARy ARg, (2.36)

where |AR| and |AR’| represent the distance between 2 material points in the
unstrained and strained configuration, respectively, and {n.s} is the Lagrangian
strain tensor [13]:

1
Map = €ap + 5 €10 €95- (2.37)
The components of the Lagrangian stress tensor {1,s} are defined as [13]:
Tap = det(1 + €ap) (14 €ay) toys (1 +€55) 7" (2.38)

It is evident that {n.s} and {7.5} are symmetric second-rank tensors. Therefore
the Lagrangian strain and stress can also be written in the Voigt notation, e.g.,

{nag} =mand {ros} = 7.

2.1.4 Alternative method of deriving elastic constants

When considering only small strains, it is also possible to express the total energy
per volume of a crystal as a Taylor expansion in terms of the strain, e.g., , around
the equlibrium [13]:

E(m) _ Ey <1 T >
+(10-1)+ Cm)+... 2.

where Fy and Vj refer to the equilibrium energy and volume, and

1 OF

=== 2.40
7 om)., (2.40)

70

to the stress in equilibrium. The first term vanishes because there are no forces acting
on the solid at equilibrium and therefore also no stress is present. In the second term,
C represents the stiffness tensor and it can be derived by two equivalent equations,
according to Eq. (2.39) or (2.23)

1 0°FE
= — 2.41
Vo 6‘77877’,7:0 (2:41)
and
c-97 (2.42)
on =0

As a result, the second-order elastic constants can also be derived by numerically
calculating these derivatives at the reference configuration. This procedure is im-
plemented in the ElaStic tool [10].
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The independent components of the stiffness tensor can be calculated by applying
a set of properly chosen deformation types and solving the system of linear equations,
similar to the procedure described in the previous section. Using this approach, it
is also possible to derive higher-order elastic constants by considering more terms
in the expansion in Eq. (2.39). In the previous chapters only the stiffness tensor
was introduced, as a result of considering the linear elastic regime. The existence
of higher-order elastic constants can then be interpreted as nonlinear effects which
describe the deviation from the linear regime.

It is important to note that only the second-order elastic constants are the same
for the physical and Langrangian strain, due to Eq. (2.37). Therefore it is important
to specify what type of strain is used for the expansion when calculating higher-order
elastic constants.

2.1.5 Elastic moduli

There are several elastic moduli that represent linear combinations of elastic con-
stants. An example are the isotropic elastic moduli such as the bulk modulus B,
the shear modulus G, the Young modulus E and the Poisson ratio v. In the Voigt
approach a uniform strain is assumed [16], while in the Reuss approach a uniform
stress is assumed [17], denoted by the subscript V and R, respectively. Therefore,
the definitions for the moduli differ [16, 17]

1

By = 9 [(C11 + Coa + Cs3) +2(Cha + Ciz + Ca3))], (2.43)

Gy = 115 [(Ciy + Cha + Cag) — (Cra + Chg + Cag) +3(Caa + Ciss + Coo)], (2.44)
and

Br = [(S11 + S22 + S33) + 2 (S12 + S13 + Sas)] 7, (2.45)

Gr = 15[4 (S11 + Saz + S33) — (S12 + Si3 + Sa3) + 3 (Saa + Ss5 + Ses)] ", (2.46)

where S,z are the components of the compliance tensor S. Hill has shown that the
Voigt and Reuss elastic moduli are the strict upper and lower bound, respectively
[18, 19]. As a result, the Hill averaged elastic moduli, denoted by the subscript H,
are

1

By = 3 (BV + BR), (2.47)
1

Gy = 5 (GV + GR) (248)

The Young modulus, E, and Poisson ratio, v, can defined in dependence on the
bulk, B, and shear modulus, G, for all the three approaches, according to:

9BG
“3B+ G (249)
B -2
y - B2 (2.50)

2(3B+G)’
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2.2 Atomistic view of the elastic energy

The main task of determining second-order elastic constants is the calculation of
the total elastic energy in Eq. 2.24. In the theory of elasticity introduced in the
previous section, the elastic energy was defined for a continuous material consisting
of material points. A solid, however, is made up of atoms which consist of nuclei
and electrons. Therefore it is necessary to define the elastic energy in this context.
This section will introduce energy calculations using density-functional theory and
its implementation in the exciting code.

If one wants to calculate the electronic structure of materials, it is necessary to
solve the many-body Schrodinger equation (spin dependency is here not explicitly
written)

]:I\I/(F, PL) = 5\11(?, sz), (2.51)

where H represents the total many-body Hamiltonian dependent on both the elec-
tron 7 = {r;,;i = 1,..., N}! and nuclei positions R = {R;,I =1,...,Ny}, N the
number of electrons, N, the number of nuclei, £ the energy eigenvalue of the coupled
system consisting of nuclei and electrons and ¥ the total many-body wavefunction.
As a result this equation has 3N + 3N, independent variables. By using the Born-
Oppenheimer approximation, the nuclei can be viewed as nearly stationary due to
the high mass and slow velocity compared to the electrons [20]. Therefore the total
wavefunction can be separated by using the ansatz:

V(7 R) =3 xa(R) - (7 R). (2.52)

The semicolon in the electronic wavefunction ®°' is there to show that it is still
dependent on the nuclei coordinates although they can be viewed as parameters.
This approximation reduces the problem to 3N variables in the form

a9 (7 R) = B (R) &(7 R). (2.53)

The energy eigenvalue E® (R) of the electronic many-body system corresponds to
the elastic energy that has to be calculated. The electronic Hamiltonian has the
following components

A =T+ U+ V + Vi u(R), (2.54)

with

1
pcfl b r;|’
it
R 1 N Npu Z N
Vi=c — = i)
ngzz:lh.’b_Rll zi:v(r)

Note that 7 refers to the collectivity of all electron positions while r represents the postion
vector of a single electron, described by 3 coordinates.
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where 7" is the kinetic-energy operator, U the repulsive Coulomb-interaction oper-
ator between the electrons, V the attractive Coulomb-interaction operator between
nuclei and electrons, and V,_,(R) a constant contribution (at a given R) due to the
Coulomb interaction between the nuclei. From now on will this constant V,_,(R)
be included in the external potential operator V. This is still a many-body problem
with 3N independent variables. In order to further lower the computational cost,
additional methods have to be considered, such as density-functional theory.

2.2.1 Density-Functional Theory

The density-functional theory (DFT) is a method to calculate the ground-state prop-
erties of atoms, moleculs and solids. The starting point is given by the Hohenberg-
Kohn theorem, which consists of two parts [21]. Part one states that there is a
one-to-one correspondence between the ground-state electron density ngs(r) and
the external potential v(r). Due to the fact that the external potential defines the
Hamiltonian and as such the system, any observable can be written as a functional
of ngs. Therefore the total ground-state energy Egg is a unique functional of the
ground-state electron density ngs(r):

FEas [nGS nGS -+ / TLGS . (2.55)

The second part states that the total ground-state energy takes its minimum at
the ground-state density. This means that the task is to minimize the total energy
functional in Eq. (2.55) with respect to n under the condition

/n(r) dr = N. (2.56)

To take this restriction into account, the method of Lagrange multipliers is used.
An auxiliary functional

Al [n]) = Easln] — ( [ntr)dr - N) (2.57)
is introduced that has to be minimized with respect to n:

dA(u, [n])

= = 0. (2.58)

n=ngs

The energy functional F'[n] is the same for every system and can be written as:
F[n] = T[n] + Uln] = Ty[n] + Euln| + Exc[n]. (2.59)

The contribution Ty[n] represents the kinetic-energy functional of N non-interacting
electrons with an electron density n(r), Ey[n] is the Hartree energy functional and
FExc[n] the exchange-correlation energy functional. This is still an exact expression.
Solving Eq. 2.58, by taking Eqgs. (2.55) and (2.59) into account, yields the following

result:
(LR

= pu, (2.60)

n=ngs
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with
vks(r; [n]) = 5E§7il(‘;gn]) + 5E};(;(<I;)[n]) + v(r) (2.61)
L (s [n]) + vxe(r: [7]) + v(x). (2.62)

Equation (2.60) resembles the problem for a system consisting of N non-interacting
electrons in an effective external potential vkg. Due to this mathematical equiva-
lence, the equation can be solved in the same way:?

(-5 + st ) .0 = 0,0, (2:63)

with
OCC

n(r) =3 e, ()", (2.64)

occ
where Y represents the summation over all occupied states. Equations (2.63)
v

and (2.64) are known as the Kohn-Sham equations, where {¢,(r)} represent the
Kohn-Sham wavefunctions [22]. It is important to point out that ¢,(r) and e,
have no physical meaning. They cannot be used to describe the real system of
interacting electrons although the calculated ground-state electron density is the
exact one. The Kohn-Sham equations have to be solved self-consistently according
to the scheme in Figure (2.6). Up to this point no approximation has been made. A
problem arises by examining the exchange correlation potential vxc[n]. The exact
expression is to this day unknown. As a result, the accuracy of the DF'T calculation
depends on the level of approximation for vxcln]. Many approximations for the
exchange correlation functional with varying accuracy have been proposed in the
literature, among the most used are the local-density approximation (LDA) [23]
and the generalized gradient approximation (GGA), e.g., the PBE [24] and the
PBEsol functional [25].

2.2.2 Numerical solutions of the Kohn-Sham equations

In order to find ¢, (r) one has to solve the KS equations numerically. For an actual
computational implementation, it is necessary to describe these wavefunctions in
terms of a known basis set

£ol1) = D (), (2.65)

that properly describes physical properties as well as keeps the computational cost
manageable. Only a limited amount of basis functions can be considered. Therefore,
it is important to choose a basis set that requires few basis functions but still provides
sufficient accuracy. Given a fixed P, inserting Eq. (2.65) in Eq. (2.63) yields an
eigenvalue problem:?

(H—20)C =0. (2.66)

2Note that the energy eigenvalue €~ is not to be confused with the strain e.
3The explicit dependence on ~ is omitted.
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Figure 2.6: Flowchart for the self consistent solution of the Kohn-Sham equations
using an unspecified basis set.

H is defined as the Hamiltonian matrix with the elements

2
Hy = <¢fy —5 T ks ¢ly> (2.67)

and the overlap matrix O has the elements
On = (g1 L) (2.68)

The eigenvector C consists of the coefficients cf given in Eq. (2.65) and ¢ = ¢,
contains the energy eigenvalues. The computation time depends on the process of
diagonalizing the matrix in Eq.(2.67) and therefore on the number of basis functions

P.
A simple basis set is given by plane waves:

1 k+G i(k+G)r
Ok (r) = —= cop e , (2.69)
\/ﬁ |k+G|z§:Gmax ‘

where G corresponds to the reciprocal lattice vector and €2 to the volume of the
crystal. Due to the fact that plane waves are orthogonal, the overlap matrix in
Eq. 2.68 is a unit matrix and Eq. 2.66 becomes a linearized eigenvalue problem.
Near the nuclei, the electronic wavefunction shows a highly oscillating behavior and
therefore a very high number of plane waves is required to describe this region. This
would result in very high G,.x values and the large size of the matrices in Eq. (2.67)
would make the computational time very high.
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2.3 (L)APW + lo Method

This section will introduce the (L)APW + lo basis set, implemented in the exciting
code, used for all calculations in the present work.

Electrons far away from the nuclei act as almost “free” electrons and can ac-
curately be described by plane waves. Near the nuclei the electronic wavefunction
resembles more atomic like wavefunctions. As a result, one can separate the space
into two regions, the interstitial region (I) and the muffin-tin region (MT). These
MTs are spheres with a radius of Ry centered on the atoms labeled by R,.* The
KS wavefunctions can be written as [26]

Pnk(r) = %: ke drra(r), (2.70)

where

lEA%FaG U (Tas Enk) Yim(Ta), 7o < Ryt
m

Prrc(r) = (2.71)

%ei(kJrG)-r’ rel
where r, = r — R,. The muffin-tin region is expanded in terms of spherical har-
monics Yy, (o) and radial functions u (ra, £nx), whereas AFFE are the coefficients
that are obtained by the continuity condition at the sphere boundary. In order to
linearize the eigenvalue problem, the radial function wu, (74, €nx) is expanded around

the linearization energy in a Taylor expansion up to the first-order:

8ula(rm 8)

o (2.72)

Wia(Tay Enk) & Wa(Ta, €1a) + (Ela — Enk)

E=€ln

U (raaela)

Plugging this equation into Eq. (2.71) gives the definition of the linearized augmented
planewaves (LAPW) basis set [26]

Z [Ak+G ula(rm 5la) + Bk+G ula(rom 51@)} Yim(fa% Ta S RMT

Ima Ima

Frra(t) =™ | (2.73)
% el(k+G)-r’ rel.

The coefficient Blk,: f has to be introduced because the energy difference (£, — &) is
an unknown quantity. The way to determine both AFF¢ and BFFE s the continuity
condition of ¢pg(r) as well as its spatial derivative at the muffin-tin boundary.
However, this approach harbors additional problems such as the disability to describe
states with the same [ but different principal quantum numbers. This applies to cases
where the elements have valence as well as core electrons.

An alternative approach to the linearization of the radial functions is given by

the introduction of local orbitals (lo) [27]. These local orbitals

5aaﬁéll@5mm5 [aﬁula (T’a, gla) + bﬁula(rav Ela)] Yim(fa)u Ta S RMT
¢p(r) = (2.74)
0, rel

4The muffin-tin radii Ry can vary for different atoms.
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are added to the LAPW basis functions with fixed energy parameters, where the pa-
rameters ag and bg are forcing ¢3 = 0 at the muffin-tin boundary and [,|¢s(r)|* d*r =
1. The wavefunction with the (L)APW+lo basis set takes on the form

Pk (r) = %: Cne Prc () + Xﬂ: Cns $5(1)- (2.75)

Compared to the LAPW basis set, this introduction of local orbitals results in a
smaller linearization error while the error in total energy is still O(€;q — ) [9].
The basis is now completely defined and can be used to solve Eq. (2.67). The
dimension of the matrices H and O are limited by the condition |k + G| < Gax-
This plane wave cutoff G ., alone is not an appropriate parameter if the muffin-tin
radius Ry is reduced, because then more plane waves are required to accurately
describe the interstitial region. This is due to the fact that this region now contains
parts where the wavefunction is varying stronger. In other words, a decrease of Ryt
requires an increase of G, in order to achieve the same level of accuracy. Therefore
a more appropriate dimensionless cutoff parameter is the product RYR G .y, Where

min

mr corresponds to the smallest muffin-tin radius.

2.3.1 Implementation of (L)APW+lo basis set in exciting

The basis sets used for calculations are defined by species files within the exciting
code [9]. In Appendix A, the used species files for gallium and oxygen can be found
with the chosen energy parameters. They will be used for all following calculations.
For a detailed description of the structure of the species file, see [9] and the exciting
web site.’

2.4 The ElaStic tool

Combining the theory of elasticity, presented in Section 2.1, with the calculation
of the elastic energy by using DFT in the exciting code, outlined in Sections 2.2
and 2.3, enables the calculation of second-order elastic constants. The procedure
depicted in Figure 2.7 is implemented in the ElaStic@exciting code [10].

The energy expansion in Eq. (2.39) is done in terms of the Lagrangian strain 7.
Therefore, the second-order elastic constants are also derived with the Lagrangian
strain. While second-order elastic constants are equal for physical and Lagrangian
strain, higher-order elastic constants differ for both definitions. The derivation of
higher-order elastic constants in the literature is usually done in terms of the La-
grangian strain, e.g., in [13]. In this work only the second-order elastic constants
are calculated.

Since the second-order elastic constants are calculated as a derivative of the
energy, see Eq. (2.41) they are subjected to uncertainties in the energy calculations.
These can be the result of many factors, e.g., an insufficient amount of strain points
used in the energy fit, an unfavorable strain range, and numerical errors. Instead of
using the Birch-Murnaghan equation of state [28] for fitting, the ELlaStic@exciting
tool employs a more general polynomial fit [10]. The total energy, , in Eq. (2.39),
dependent on the Lagrangian strain is approximated by polynomials up to order six

Shttp://exciting-code.org/
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Figure 2.7: Flowchart for calculating second-order elastic constants using the
ElaStic@exciting tool, taken from [10].

[10]

E(m) =3 Aun", (2.76)

where A, are constants. Note that the actual fit is done with a fixed order n. Due
to the symmetric distribution of the strain points around the origin, polynomials
of order n + 1, where n is even, provide the same result as polynomials of order n
[10]. Therefore, only polynomials of order 2, 4 and 6 have to be fitted. The second
derivatives with respect to the strain n are then calculated by standard numerical
techniques.



3 Results and Discussion

This Chapter will be dedicated to the results for the lattice parameters and second-
order elastic constants.

3.1 Computational parameters

All calculations presented in this work were performed using the all-electron full-
potential exciting code in the framework of the (L)APW+lo method [9]. The
exchange and correlation energy term is treated by the generalized gradient approx-
imation (GGA), in particular the PBEsol functional [25], which is said to have the
highest accuracy in determining second-order elastic constants [29] among common
exchange and correlation functionals. Atomic units are used for all calculations. For
gallium the 1s?, 2s? and 2p° states were treated as core states and for oxygen the
1s? state was treated as a core state. The choice of the particular energy parame-
ters can be seen in the source files in Appendix A. All self-consistent ground-state
calculations were converged to a total energy of less than 1 Ha. Results calculated
with the optimized computational parameters show no noticeable changes for small
changes of the muffin-tin radii for Gallium and Oxygen.

At the end of the groundstate calculation, an atomic relaxation at fixed lattice
parameters is performed. For the « phase, a limited-memory version [30] of the
Broyden-Fletcher-Goldfarb—Shanno bound constrained optimization method (la-
beled as bfgs in the exciting input), is used. If no convergence in the maximal
force amplitude on the atoms up to 2 - 107* Ha/ag can be reached by this method,
additional relaxation will be done using the newton method, labeled as newton,
where the atomic positions R@ are updated according to

Rt = RW 4 p@ (F@ 4 pla-D)y, (3.77)

with ¢ representing the optimization step, F\9 the atomic forces, and 0@ the step
size parameter. The atomic relaxation for the 8 phase is performed using the newton
method with additional conditions specified for the atomic Cartesian coordinates,
labeled as harmonic in the exciting code. The force threshold for convergence is
2-107* Ha/ag. For a more-in-depth description of the different relaxation methods
in the exciting code, one is referred to the input reference manual on the web site®
and Ref. [9].

3.2 Convergence tests

The calculation of elastic constants requires high accuracy in the computed equilib-
rium lattice constants. Therefore it is necessary to optimize the main computational

Shttp://exciting-code.org/ref:input
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parameters, in order to achieve sufficient accuracy at reasonable computational cost.

The main computational parameters that have to be considered are the k-point
mesh in reciprocal space and the value of Rﬁ% max, Which represents the basis set
size as shown in Section 2.3. Integrals are performed over the first Brillouin. The
integrals are evaluated over a finite number of k points in each direction of the three
basis vectors, called the k-point mesh. If the unit cell is large, the Brillouin zone
will be small and only a small amount of k-points will be sufficient to approximate
the integral in a computationally efficient way [31]. Therefore only a few k-points
are necessary in directions of long basis vectors.

In order to do find adequate computational parameters, the fit parameters of
the Birch-Murnaghan fit [28], the volume equilibrium V4, bulk modulus B, and
pressure derivative of the bulk modulus Bj, will be optimized. The subscript 0
represents the evaluation at zero pressure. While the Volume V| is dependent on
the lattice parameters, the bulk modulus By is a linear combination of second-order
elastic constants, as shown in Section 2.1.5. The derivative of By with respect to
the pressure, By, is therefore a combination of second-order and third-order elastic
constants. For the optimization, the energy-vs.-volume curve is created by applying
a uniform physical strain with varying strength to the structure, 7.e., creating several
deformed structures with slightly different volumes. The applied strain has the form

1+e¢
1+e¢
e—|17e], (3.78)
0
0

0

where the parameter ¢ is chosen in the intervall [—&yayx, Emax]- A total of 11 deformed
structures are created for a strain interval ¢ € [—0.4,0.4], where the strain points
are equally spaced and symmetrically distributed around the origin. It is important
to note that only the volume is optimized in this step and not all independent
lattice parameters. However, for each volume, the atom positions are relaxed. The
fit parameter By is the bulk modulus when considering a uniform physical strain,
therefore the calculated parameter By is equivalent to the Voigt bulk modulus By
introduced in Section 2.1.5.

3.2.1 Calculations for the o phase

The initial unit cell of GayOj in the a phase is adopted from experiment in Ref. [7]
and reduced to a primitive cell. The 3 primitive lattice vectors a = b = 5.006 A and
¢ = 5.340 A have nearly the same length, and therefore it is reasonable to choose
the same amount of k-points in each direction.

A convergence test of Vp, By, and Bj, with respect to RyE Guax is performed
on a 10x10x10 k-point mesh. The results of the convergence test can be seen
in Table 3.1. A convergence up to 1072 ay®, 1072 GPa, and 1072 for V), By, and
B, respectively, is considered as sufficient and therefore further calculations will
be done for R G o = 9.0. Additionally the Birch-Murnaghan fit parameters are
optimized with respect to the k-point mesh using RMR Grax = 9.0. The results
are given in Table 3.2. A 8x8x8 k-point mesh yields convergence up to 1073 ay?,
1073 GPa, and 1072 for V;, By, and B}, respectively, and is considered as sufficiently
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Table 3.1: Convergence test with respect to RIE G,y for the o phase of GayO3 using
a 10x10x10 k-point mesh. The value picked for further calculations is marked by
the green color.

Rﬁlr}l Gmax % [CL03] Bo [GPa] B(l)
7.0 656.09 219.79 4.513
8.0 656.74 218.30 4.489
10.0 657.07 218.09 4.453

Table 3.2: Convergence test with respect to the k-point mesh for the o phase of
Gay0O3 using RUN G . = 9.0. The mesh size picked for further calculations is
marked by the green color.

k-point mesh Vo [ao?] By [GPa] B}
dx4x4 657.0021 218.234 4.454
6x6x6 657.0428 218.075 4.457

10x10x10 657.0421 218.067 4.459
12x12x12 656.0429 218.064 4.459
14x14x14 656.0420 218.069 4.459

accurate. Therefore, all further calculations for the o phase of Ga;O3 are performed
using for Rﬁi}’ max = 9.0 and a 8x8x8 k-point mesh.
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Table 3.3: Convergence test with respect to Rﬁi}‘ max for the B phase of GayO3
using a 2x8x4 k-point mesh. The value picked for further calculations is marked
by the green color.

Rﬁ% Gmax % [CL03] BO [GP&] 36
7.0 1425.79 197.87 4.489
8.0 1427.18 197.03 4.493
10.0 1427.67 196.91 4.485

Table 3.4: Convergence test with respect to the k-point mesh for the § phase of
Gay03 using RUBRGhax = 9.0. The mesh size picked for further calculations is
marked by the green color.

k-point mesh Vo [ao?] By [GPa] B}
1x4x2 1427.167 197.48 4.482
3x12x6 1427.634 196.89 4.483
4x16x8 1427.637 196.92 4.480
5x20x10 1427.637 196.92 4.480

3.2.2 Calculations for the § phase

The initial structure of GayOj3 in the 8 phase is adopted from the experimental values
in [5]. The lattice vectors have lengths of a = 12.276 A, b = 3.054 A, and b = 5.816 A.
The length of the reciprocal vectors is inverse proportional to the length of the
respective lattice vector [31]. Therefore, the relation between the components of the
reciprocal lattice vectors is G, < G. < G. Therefore, we choose less k-points in the

min

directions of the lattice vectors a and c. The results for different Rypp Grax values
using a 2x8x4 k-point mesh are given in Table 3.3. Convergence with RY® G .y =
9.0 up to 1072 ae?, 1072 GPa, and 1073 for Vj, By, and B}, respectively, are deemed
sufficient. Using this value RIE Glax = 9.0, the optimization of the same parameters
will be done with respect to the k-point mesh. The results are summarized in
Table3.4. Using a 2x8x4 k-point mesh yields convergence up to 1072 ag?, 10~2 GPa,
and 1073 for V;, By, and By, respectively. As a result, all further calculations for

the 3 phase are performed with Ri% G = 9.0 on a 2x8x4 k-point mesh.
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3.3 Lattice optimization

In the previous Section, the most important convergence parameters were obtained
by checking their influence on the parameters of the Birch-Murnaghan fit. Now the
lattice parameters of both phases at zero pressure will be optimized. This optimiza-
tion is essential because second-order elastic constants describe the linear relation
between strain and stress acting on a solid. A change in the structure equals a
change in the second-order elastic constants. Therefore, the lattice parameters have
to be optimized because the second-order elastic constants are calculated from the
equilibrium structure. Thereby internal relaxation of the atoms is done analogous
to Section 3.2.

The unit cell of an arbitrary crystal is determined by 6 lattice parameters, a, b,
¢, a, f and . The first three represent the lengths of the vectors spanning the unit
cell and the last three represent the angles between them. Optimizing the crystal
with respect to all parameters can be done using an iterative scheme, where in each
step only one parameter is varied while the others are fixed. In the case of the
rhombohedral a phase of Gay;O3 with hexagonal axes, only the lattice vectores a
and ¢ have to be optimized, and the iterative scheme has the form [31]:

Step 1: Minimization with respect to the volume V' (applying a uniform strain,
all other parameters fixed),

Step 2: Minimization with respect to the ratio ¢/a (all other parameters fixed).

In the monoclinic § phase a, b, ¢ and the angle § between a and ¢ have to be
optimized and therefore the scheme takes on the form:

Step 1: Minimization with respect to the volume V' (applying a uniform strain,
all other parameters fixed),

Step 2: Minimization with respect to the ratio b/a (all other parameters fixed),
Step 3: Minimization with respect to the ratio ¢/a (all other parameters fixed),

Step 4: Minimization with respect to the angle 5 between a and ¢ (all other
parameters fixed).

The physical strain tensors € corresponding to these optimization steps are:

l1+e¢ (1+¢) 12
1+4+¢ 1+e¢
~1/2
Volume V: Ty = 1 ?)—6 Ratio b/a: Tp)q = (1+ 8)
0 0
0 0
(14 ¢)71/2 1
(14 ¢)71/2 1/(1—¢?)
Ratio ¢/a: T/, = 1 BL ¢ Angle g: T = (1)
0 €
0 0
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Figure 3.8: Calculated energy-vs.-volume curve with Birch-Murnaghan fit for sub-
step 1 of the final optimization step of GayO3 in the o phase.

One optimization step combines all the substeps of the iterative sheme.
Energy-vs.-volume and energy-vs.-strain curves are derived for a defined number
n of deformed structures in the interval € €[—¢&pax, Emax|- Note that the strain points
are equally spaced and symmetrically distributed around the origin. The optimized
lattice parameters are obtained from the minimum of the energy fit.
An example of the lattice optimization procedure, the final optimization step of
Gay03 in the «a phase, is given in Figures 3.8 and 3.9.
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Figure 3.9: Calculated energy-vs.-strain curve with fourth-order polynomial fit for
substep 2 of the final optimization step of Ga;O3 in the v phase.

3.3.1 Calculations for the o phase

The convergence of the lattice parameters and bulk modulus By with respect to the
optimization steps can be found in Table 3.5. The bulk modulus and its pressure
derivative converged to 102 GPa and 1072, respectively, while the lattice parameters
converged to more than 1073 A.

In order to compare the calculated primitive lattice parameters with the ex-
perimental conventional lattice parameters, the following transformation has to be
applied:

Gcorundum — @ (379)

Ccorundum — 3 - Cyy 380)

where ¢, represents the z component of the calculated primitive lattice vector c.
This can be understood by repeating the primitive unit cell in Fig. 1.2 a total of
three times in the z direction. The calculated lattice parameters show excellent
agreement with other theoretical and experimental results, shown in Table 3.6 while
the difference in the bulk modulus By compared to the experimental value is about
10 to 20 %, which is expected for a DF'T calculation of elastic properties [12]. There
is a slight overestimation of the calculated lattice parameters compared to the ex-
perimental values of 1.4 % and 0.3% for a and ¢, respectively.
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Table 3.5: Convergence of lattice parameters and bulk modulus By of GayO3 in
the o at zero pressure. The maximum strain parameter £,,, and the number of

deformed structures n is given for each optimization step.

Optimization step a [A] c [A] By [GPa] B,
11 emax =0.04;n =11 5.006 5.340 218.26 4.46
20 Emax = 0.01;n =11 5.006 5.340 218.39 4.72
31 Emax = 0.01; n =17 5.006 5.340 218.41 4.72
4: emax = 0.01;n =25 5.006 5.340 218.38 4.71

Table 3.6: Comparison of calculated lattice parameters and bulk modulus of GayO3
in the o phase at zero pressure with experimental and other theoretical results. The
used exchange and correlation functional is given in parentheses.

Acorundum [A] Ccorundum [A] BO [GP&] B(/)
Present work (GGA) 5.006 13.471 218.38 4.71
Theory [32] (B3LYP)  5.04 13.56 210 4.95
Theory [33] (LDA) 4.952 13.319 243.66 3.81
Theory [34] (GGA) 5.059 13.62
Experiment [7] 4.983 13.43
Experiment [4] 4.979 13.432 252 (14) 4

3.3.2 Calculations for the § phase

The results of the optimization process can be found in Table 3.7. The lattice
parameters, the bulk modulus and its pressure derivative were converged to 1073 A,
1072 GPa and 107!, respectively. The calculated lattice parameters are in very good
agreement with former experimental and theoretical results, see Table 3.8, although
they are slightly overestimated by 0.3 % on average. The difference of the calculated
bulk modulus compared to the experimental value is about 10 %, and therefore well
within the expected accuracy. The optimized structure for the 5 phase can be seen

in Fig. 1.1.
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Table 3.7: Convergence of lattice parameters and bulk modulus By of GayO3 in
the B at zero pressure. The maximum strain parameter .., and the number of
deformed structures n is given for each optimization step.

Optimization step a [A] b [A] c [A] B [°] By [GPa] Bj

11 emax =0.04;n =11 12276 3.054 5.816 103.74  169.00 3.96
2t emax =0.0L;n =11 12293 3.052 5.813 103.73  168.63 3.78
3 Emax = 0.01; n =15 12303 3.045 5.813 103.72  168.54 3.60
4 epmax = 0.01; n =15 12.308 3.050 0.812 103.71  168.59 3.70

Table 3.8: Comparison of calculated lattice parameters and bulk modulus of GayO3
in the 8 phase at zero pressure with experimental and other theoretical results. The
used exchange and correlation functional is given in parentheses.

alA] 0[A]  c[A] B[]  Bo[GPa] B

Present work (GGA)  12.308  3.050 5.812 103.71  168.59 3.70
Theory [32] (B3LYP) 1234 3.08 587 1039 174 3.79
Theory [32] (LDA) ~ 12.208 3.031 5751  103.63 21857  3.153
Theory [32] (GGA) 12.438  3.084 5.877 103.71
[
[

Experiment [5] 12.23 3.04 5.80 103.7
Experiment [4] 12.23 3.04 .80 103.82  184.4(3) 4

3.4 Elastic constants

This section is dedicated to the calculation of the second-order elastic constants of
the a and 8 phase of GayOg3 using the ElaStic@exciting code, described in Sec-
tion 2.4. The second-order elastic constants are derived by numerically calculating
the energy derivatives in Eq. (2.41) between multiple deformed structures. The min-
imum amount of different deformation types that have to be applied to a material
has to be equal to the number of independent second-order elastic constants, see
Section 2.1.2. When the deformation types are chosen properly, a system of linear
equations can be solved for calculating the second-order elastic constants.

In order to illustrate the evaluation of the energy derivatives, an example for a
uniform strain in the form ¥ = (n,7,7,0,0,0) applied on the « structure of GayOs
is given in Figures 3.10 and 3.11. The energy and second derivative of the energy
with respect to the strain are calculated for a strain € [—0.03,0.03] using a total of
41 strain points. This procedure is repeated for 7 € [—Nmax, Pmax] With Nmax < 0.03,
and using the same density of strain points. A general guideline for finding the
correct value for the numerical derivative of the energy is, to find the region where
the polynomial fit shows a plateau in the displayed region of the maximum applied
strain 7p.c. Assume that the calculated energy is exactly given by a polynomial
of order n. Then the second derivative of the energy with respect to the strain
is a constant when evaluated at zero strain. This is only be valid if the energy
was calculated without any numerical noise. Although a DFT calculation always
has numerical uncertainties, the general idea of finding plateaus in the displayed
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Figure 3.10: Energy derivative-vs.-strain curve for uniform strain fitted with the
polynomial method for the o phase of Gay;O3, with n the order of the polynomial.
The inset shows the plateu region of the fitted curves. Note that the labels of the
inset have the same units as the graph.

region is still valid. For small values of ny.x and a small number of strain points, a
polynomial fit with lower order is generally best. If higher 7., values are chosen,
then higher polynomial fits are normally better. A more detailed discussion on the
accuracy of the method is given in [10].

Applying this concept to Fig. 3.10, yields a result for the energy derivative of
about Vio 22727 ~ 1966 GPa at a maximum strain 7,,, = 0.025.

3.4.1 Calculations for the o phase

The stiffness tensor C,, of the rhombohedral a phase has 6 independant components
and can be written in Voigt notation as [16]:

Cn Cip Ciz Cu
Cia Cn Ciz —Cuy
Cis Ciz Csz 0
Cuy —Cuu 0 Cuy
0 0 0 0 Cu Cuy
0 0 0 0 Cu % (CH — Cm)

o O O O
o O O O

(3.81)

For the calculation of the elastic constants of the a phase, it is therefore necessary to
apply at least 6 different deformation types to the structure. A suitable combination
of deformations, implemented in the ElaStic@exciting code, is given in Table 3.9.
For every deformation type, 41 equally spaced strain points, that are symmetrically
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Figure 3.11: Energy-vs.strain curve for uniform strain of the « phase of GayOj3 for
a total of 41 deformed structures.

distributed around the origin, are created for 7 € [—Nmax, Mmax] With fmax < 0.03.
The energy is calculated by the exciting code. Afterwards the energy derivative is
numerically calculated by using a polynomial fit. For all deformation types, every
energy derivative-vs.-strain curve has to be examined and the respective plateaus
within the region of the maximum strain parameter 7., have to be located. The
second-order elastic constants can then be calculated by solving the obtained sys-
tem of linear equations. The energy derivative-vs-strain curves can be found in
Figures 3.10, 3.13, 3.14 and 3.15. The calculated second-order elastic constants and
elastic moduli( see Section2.1.5) for the a phase of GayO3 can be found in Table3.10
and 3.11, respectively. To the best of the authors knowledge, there are no experimen-
tal or theoretical results available. Only the bulk modulus By has been calculated
in theoretical and experimental works by using the Birch-Murnaghan fit, and a com-
parison with this work can be found in Table 3.12. The absolute difference between
the Voigt bulk moduli calculated in Section 3.3.1 and this Section is 0.05 GPa and
therefore show excellent agreement. The relative difference in comparison to other
results is like before about 10 %.



30

Table 3.9: Applied deformation types n® for the a phase of GayOs, as implemented
in ElaStic [10]. The Lagrangian strain in Voigt notation is given as a vector

n(” = (7]17772777377]477757776)~

ﬂ(i) m 2 n3 T4 N5 Tle
nt" 1 1 1 0 0 0
n® n n 0 0 0 0
n® 0 0 n 0 0 0
n® n 0 0 0 0 0
n® 0 0 0 2n 0 0
n© n 0 0 2n 0 0

Table 3.10: Calculated independent second-order elastic constants (in GPa) and
compliances (in GPa™!) of the a phase of GayOs.

Cij [GP&] Sz’j [GPa_l]

Cy1 3803 Sy 0.00360
Cip 1744 S5 —0.00142
Cis 1284 S;3 —0.00082
Cia 16.5 S;4  —0.00104
Cs3  343.0 Sss 0.00353
Cu 799 Sy 0.01294

Table 3.12: Comparison of the calculated Voigt bulk moduli By, as a linear com-
bination of the calculated second-order elastic constants (SOEC) and parameter of
the Birch-Murnaghan equation of state (BM), at zero pressure for the a phase of
Gay O3 with other theoretical and experimental results. The exchange correlation is
given in parentheses.

Bv [GP&]
Present work (GGA), BM 218.38
Present work (GGA), SOEC 218.43
Theory [32] (B3LYP), BM 210
Theory [33] (LDA), BM 243.66

Experiment [4], BM 252(14)
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Table 3.11: Elastic moduli (in GPa) of the a phase of GayO3 and Poisson ratios for
different notations as described in Section 2.1.5.

B [GPa] G [GPa] E [GPa] v [GPa]

Voigt  218.43 97.40 254.40 0.31
Reuss 216.31 92.08 241.92 0.31
Hill 217.37 94.74 248.17 0.31

Table 3.13: Applied deformation types n® for the 8 phase of GayOs, implemented
in ElaStic [10]. The Lagrangian strain in Voigt notation is given as a vector

D = (01, M2, 13, N4, M5, M) -

n m o "3 o s 6
W 7 1 7 0 0 0
nt® 57 —1) 57 0 0 0
nt® -1 57 57 0 0 0
n® 1 —1) 0 0 0 21)
n® 0 7 —1) 0 0 21)
n© n —7 0 0 0 0
(7) 0 0 0 2n 2n 0
n® n 0 0 0 0 2n
n® 0 n 0 0 0 0
n10 0 0 n 0 0 0
nh 0 0 0 o 0 0
nt? 0 0 0 0 on 0
n13) 0 0 0 0 0 2n

3.4.2 Calculations for the § phase

The stiffness tensor Cj of the monoclinic S phase has 13 independant components
and can be written in Voigt notation as [16]:

Cn Cip Cis 0 0 Ci
Cra Cy Cy 0 0 O
Ciz Cy C33 0 0 Csg
0 0 0 Cu Csi 0
0 0 0 Cp Css 0
Cig Oy (3 0 0 Cg

C, = (3.82)

Therefore, a minimum of 13 deformation types has to be chosen. A satisfactory set
of deformations implemented in the ElaStic@exciting code is found in Table 3.13.
The calculations for the monoclinic § phase are a lot more computationally demand-
ing due to the low crystal symmetry and high number (20) of atoms in the unit cell.
Therefore, only 31 equally spaced strain points, around the origin, are created for a
strain 7 € [—Nmax, Tmax] With 7max < 0.03. Analogous to the previous calculations for
the a phase, the plateau regions for every energy derivative-vs.-strain curve have to
be located. Due to limited time, only 9 independent second-order elastic constants



32

Table 3.14: The 9 calculated independent second-order elastic constants (in GPa)
and the elastic moduli (in GPa) in Voigt notation.

C(11 C’12 013 022 023 033 044 055 066 BV GV EV Dy
227.8 119.7 137.7 327.6 76.5 319.6 49.9 66.2 91.5 171.4 77.6 202.3 0.3

have been calculated so far. The resulting graphs can be found in Figure 16 and in
Appendix B. The 9 calculated second-order elastic constants and a comparison of

the calculated Voigt elastic moduli with previous and experimental results can be
found in Tables 3.14 and 3.15.

Table 3.15: Comparison of the calculated Voigt bulk moduli By, as a linear com-
bination of the calculated second-order elastic constants (SOEC) and parameter of
the Birch-Murnaghan equation of state (BM), at zero pressure for the § phase of
GayO3 with other theoretical and experimental results. The exchange correlation is
given in brackets.

BV [GP&]
Present work (GGA), BM 168.59
Present work (GGA), SOEC 171.42
Theory [32] (B3LYP), BM 174
Theory [33] (LDA), BM 218.57
Experiment [4], BM 184.4(3)

The calculated Voigt bulk moduli By of this Section and Section 3.3.2 are in
good agreement with one another and other experimental and theoretical results, as
seen in Table 3.15. The relative difference between By calculated with the Birch-
Murnaghan fit and the second-order elastic constants is less than 2 %. Higher accu-
racy could be achieved by considering more than 31 strain points. The calculated
bulk moduli differ by less than 10 % compared to the experimental result. A com-
parison of elastic constants between the a and 3 phase can be found in Table 3.16.
The calculated bulk modulus By for the a phase is higher than for the g phase.
This is consistent with previous results as well as experimental results, see Tables 3.7
and 3.6.

3.5 Phase stability

The calculation of the second-order elastic constants and therefore the stiffness ten-
sor C enables the investigation of the elastic stability of solids. It is known that
the 8 phase is thermodynamically stable at ambient conditions while the o phase
is metastable. Experiments have shown that a phase transition from the S to the
« phase occurs below 10 GPa hydrostatic pressure [4] which has also been stated in
theoretical results [32].

General elastic stability conditions have first been proposed by Born [35]. In the
harmonic approximation and if no strain is present, a crystalline structure is only
stable, if for all phonon modes w?(q,s) > 0 is valid and the elastic energy, defined in
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Table 3.16: Calculated independent second-order elastic constants (in GPa) and
Voigt bulk moduli (in GPa) of the o and  phase of Ga;O3. The Voigt bulk moduli
were calculated using a linear combination of second-order elastic constants (SOEC)
and a Birch-Murnaghan fit (BM).

« phase [ phase
Ch 380.3 Chy 227.8
Cio 174.4 Cio 119.7
Ci3 128.4 C13 137.7
Cly 16.5 Coo 327.6
Cs3 343.0 Cas 76.5
Cy 79.9 C's33 319.6
Cu 49.9
055 66.2
Ces 91.5
By, BM 2184 By, BM 168.6
By, SOEC 2184 By, SOEC 171.4

Table 3.17: Eigenvalues \; (in GPa) of the stiffness tensor C for the a phase of
Gay03, given in Voigt notation.

Phase )\1 )\2 )\3 )\4 /\5 /\6
o} 659.0 75.7 210.2 238.7 71.3 111.6

Eq. 2.24, is always positive for all € # 0. w(q, s) refers to the phonon frequency, q
tp the wavevector, and s to the polarization and phonon branches. A mathematical
equivalent expression of these two conditions is that the eigenvalues of the stiffness
tensor C' have to be positive [36].

The second-order elastic constants were calculated at zero stress using Eq. 2.41.
In order to have elastic stability, the eigenvalues of the stifness tensor have to posi-
tive. They are calculated by standard linear algebra routines. The results are given
in Table 3.17. All eigenvalues are positive for the o phase and therefore, it is elasti-
cally stable at equilibrium for zero strain. This coincides with experimental results,
where The calculation of the eigenvalues for the [ phase was not possible due to
missing components in the stiffness tensor. However, we can say that the « resists
volume compression more than the g phase, due to a higher bulk modulus By. Also,
the Young modulus Fy is higher for o phase corresponding to higher resistance to
unaxial strain. The higher shear modulus Gy of the o phase means higher resistance
elastic deformations in a direction of the applied strain. The « phase is therefore
harder, if you consider hardness scales with the elastic moduli [37, 38]. It is known
that hydrostatic pressure induces a phase transition from the « to the g phase [4].
A lower bulk modulus and therefore, less resistance against uniform compression,
could be an indicator as to why this phase transition occurs. If one wants to exam-
ine this transition further, one has to investigate elastic stability under an arbitrary
stress . Then the Born criterion has to be examined by using the elastic stiffness
tensor under load B instead of the stiffness tensor [39)].
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Figure 3.12: Energy derivative-vs.-strain curve as obtained from total-energy calcu-
lations (dots) and a corresponding polynomial fit of order n (solid line) for the 3
phase of GayO3, with n the order of the polynomial. The applied Lagrangian strain
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Figure 3.13: Energy derivative-vs.-strain curve as obtained from total-energy calcu-
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35



330 T T T J T T T T T T
_ 320F
(48]
D_ -1
Q)
— 310
AN '
&5 300
©
~— ‘ >O I
2901
280 | L | L ] 1L | L | 1L
0 0.005 0.01 0.015 0.02 0.025 0.03
nmax
(a) n = (0,0,0,2n,0,0)
780 T T T T T 7
e n=6
| =a - 4]
AA nN=2
'g' T 1T T 1 3
> 77or 767 .
R ' 765 .
= I B B T
o s 770k 0.022 0.026
o\ ©
©
~— ‘ >O -
765F
I 1 I 1 1 I 1 I ']
0 0.005 0.01 0.015 0.02 0.025 0.03
nmax

(b) n=(n,0,0,29,0,0)

Figure 3.15: Same as Fig. 3.13 with the strain tensor specified in (a) and (b).

36



4 Conclusions and Outlook

In this work, the lattice parameters and elastic properties of the rhombohedral o
and monoclinic 8 phase of GayO3 were calculated from first principles using the
full-potential all-electron exciting code and the ElaStic@exciting tool.

Calculations for both phases were performed with the (L) APW+lo basis set using
a generalized gradient approximation (PBEsol) functional as an approximation for
the exchange and correlation functional. The optimized values of the main compu-
tational parameters k-point mesh and RY® G.y for the a and 3 phase were 8 x8x8
and RUE G .y = 9.0, and 2x8x4 and RYE G .y = 9.0, respectively.

The optimized lattice parameters for the a phase of @ = 5.006 A and ¢ = 13.471 A
are in very good agreement with experimental results although they are overesti-
mating the lattice parameters by 1.4 % and 0.3 % for a and ¢, respectively. The same
holds true for the 3 phase, where the optimized values a = 12.308 A, b = 3.050 A,
¢ = 5.812A, and B = 103.71° are overestimated by an average of 0.3%. This is
a common result when using GGA functionals for the exchange and correlation
functional [40].

Calculations of the second-order elastic constants were performed using a poly-
nomial -fit method, implemented in the ElaStic@exciting tool. A total of 41 and
31 strain points were created for a maximum strain of 0.03 for the o and 3 phase,
respectively. Note that for the g phase only 9 independent elastic constants were
calculated due to insufficient time. The results can be found in Table 3.16.

The two calculated bulk moduli for both phases are in good agreement with
each other and differ about 10% compared to the experimental results. When
comparing these results with experimental results, it is important to note that the
second-order elastic constants are dependent on the temperature [41]. Since all DFT
calculations are performed for 7' = 0 K, the direct comparison between experimental
and theoretical results are therefore not possible. As a result also the bulk modulus,
a linear combination of second-order elastic constants, will be slightly higher at
ambient conditions [41, 42].

The elastic stability of the a phase at equilibrium has been investigated by
using the Born stability criterion [35], that requires that the eigenvalues of the
stiffness tensor C' are all positive. This has indeed been found for the « phase, the
eigenvalues for C' of the o phase were calculated and found to be positive. Therefore,
we can conclude that the a phase at T'= 0K and o = 0 is elastically stable. The
analogous discussion for the [ phase was not possible due to the missing components
in the stiffness tensor. However, all elastic moduli were higher for the a phase (see
Table 3.16). This means that the o phase is harder than the 5 phase, if the hardness
scales with the elastic moduli [37, 38]. The known phase transition of the § to the «
phase [4] could possibly be the result of the lower bulk modulus. After obtaining the
full stiffness tensor for the g phase, future calculations should be done to investigate
the high-pressure behavior of both phases. The pressure-induced phase transition
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at around 10 GPa from the « to the [ phase should be investigated concerning the
elastic stability with varying pressure. It has been proposed that the transition can
be the result of shear stresses at the onset pressure [4]. In order to confirm this,
the general Born stability criterion should be investigated with respect to the elastic
stiffness tensor under load B.
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Appendix A

Listing 1 : Species file for Gallium

<?xml version="1.0" encoding="UTF-8"7>
<spdb xsi:noNamespaceSchemalLocation="../../xml/species.xsd"
xmlns:xsi="http://www.w3.0rg/2001/XMLSchema-instance">
<sp chemicalSymbol="Ga" name="gallium" z="-31.0000"
mass="127097.2538">
<muffinTin rmin="0.100000E-04" radius="1.9000" rinf="28.4824"
radialmeshPoints="400"/>
<atomicState n="1" 1="0" kappa="1" o0cc="2.00000" core="true"/>
<atomicState n="2" 1="0" kappa="1" o0cc="2.00000" core="true"/>
<atomicState n="2" 1="1" kappa="1" o0cc="2.00000" core="true"/>
<atomicState n="2" 1="1" kappa="2" o0cc="4.00000" core="true"/>
<atomicState n="3" 1="0" kappa="1" 0cc="2.00000" core="false"/>
<atomicState n="3" 1="1" kappa="1" 0cc="2.00000" core="false"/>
<atomicState n="3" 1="1" kappa="2" o0cc="4.00000" core="false"/>
<atomicState n="3" 1="2" kappa="2" 0cc="4.00000" core="false"/>
<atomicState n="3" 1="2" kappa="3" o0cc="6.00000" core="false"/>
<atomicState n="4" 1="0" kappa="1" o0cc="2.00000" core="false"/>
<atomicState n="4" 1="1" kappa="1" o0cc="1.00000" core="false"/>
<basis>
<default type="lapw" trialEnergy="0.1500" searchE="false"/>

<custom 1="0" type="apw+lo" trialEnergy="0.1500"
searchE="false"/>
<lo 1="0">
<wf matchinglOrder="0" trialEnergy="0.1500"
searchE="false"/>
<wf matchingOrder="0" trialEnergy="-5.02" searchE="false"/>
</lo>
<lo 1="0">
<wf matchingOrder="0" trialEnergy="-5.02" searchE="false"/>
<wf matchingOrder="1" trialEnergy="-5.02" searchE="false"/>
</lo>

<custom 1="1" type="apw+lo" trialEnergy="0.1500"
searchE="false"/>
<1O 1=I11">
<wf matchingOrder="0" trialEnergy="0.1500"
searchE="false"/>
<wf matchingOrder="0" trialEnergy="-3.20" searchE="false"/>
</lo>
<10 1=|111|>
<wf matchingOrder="0" trialEnergy="-3.20" searchE="false"/>
<wf matchingOrder="1" trialEnergy="-3.20" searchE="false"/>
</lo>
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<custom 1="2" type="apw+lo" trialEnergy="-0.30"
searchE="false"/>
<1o l=ll2ll>

searchE="false"/>
searchE="false"/>

<wf matchingOrder="0"
<wf matchingOrder="2"
</lo>

trialEnergy="-0.30"
trialEnergy="-0.30"

</basis>
</sp>
</spdb>

<l—>

Listing 2 : Species file for Oxygen

encoding="UTF-8"7>
<spdb xsi:noNamespaceSchemalLocation="../../xml/species.xsd"
xmlns:xsi="http://www.w3.0rg/2001/XMLSchema-instance">
<sp chemicalSymbol="0" name="oxygen" -8.00000"
mass="29165.12203">
<muffinTin rmin="0.100000E-04"
radialmeshPoints="300"/>

<?xml version="1.0"

Zz="

radius="1.5000" rinf="17.0873"

<atomicState n="1" 1="0" kappa="1" o0cc="2.00000" core="true"/>
<atomicState n="2" 1="0" kappa="1" o0cc="2.00000" core="false"/>
<atomicState n="2" 1="1" kappa="1" 0cc="2.00000" core="false"/>
<atomicState n="2" 1="1" kappa="2" o0cc="2.00000" core="false"/>

<basis>
<default type="lapw"

<custom 1="0"
searchE="false"/>
<1o 1=Il0ll>
<wf matchingOrder="0"
<wf matchinglOrder="2"
</lo>

<custom 1="1"
searchE="false"/>
<lo 1="1">
<wf matchinglOrder="0"
searchE="false"/>
<wf matchinglOrder="2"
searchE="false"/>
</lo>

<custom 1="2"
searchE="false"/>
<1o 1=Il2ll>
<wf matchingOrder="0"
searchE="false"/>
<wf matchinglOrder="2"
searchE="false"/>
</lo>

</basis>
</sp>
</spdb>

<l—>

trialEnergy="0.1500"

type="apw+lo"

type="apw+lo"

type="apw+lo"

searchE="false"/>

trialEnergy="-0.50"

searchE="false"/>
searchE="false"/>

trialEnergy="-0.50"
trialEnergy="-0.50"

trialEnergy="0.1500"

trialEnergy="0.1500"

trialEnergy="0.1500"

trialEnergy="0.1500"

trialEnergy="0.1500"

trialEnergy="0.1500"
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Figure 16: Energy derivative-vs.-strain curve as obtained from total-energy calcu-
lations (dots) and a corresponding polynomial fit of order n (solid line) for the 3
phase of GayOg3, with n the order of the polynomial. The applied Lagrangian strain
tensor is specified in (a) and (b).
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Figure 17: Same as Fig. 16 with the strain tensor specified in (a) and (b).



47

320
';' L
o
- 300}
GIN '
LU =
N'O © 280_
1—‘>o L
260}
'l I 1 I 1 I 'l I 1 I 'l
0 0005 001 0015 002 0025 003
T'lrnaX
(a) n =(0,0,1,0,0,0)
300 — T T T T T T T T T
= 250}
o
O i
_ 200}
GIN
k-] I
©
—|> 150}
100— N — N — -

I I I
0 0.005 0.01 0.015 0.02 0.025 0.03

nmaX
(b) n= (07 0,0, 277, 0, 0)

Figure 18: Same as Fig. 16 with the strain tensor specified in (a) and (b).



48

300 T T T T T T T T T T T
0o n-= 6
- |IHE N = 4 7
AA N=2
‘S 250F
(al
O I
268
— 200F -
RS
L -g i 264 |
©
> 150} 260 i
i o561 1 1.1 l
0.02 0.024 0.028
100 1L | 1 | L | 1L | 1 | 1L
0 0.005 0.01 0.015 0.02 0.025 0.03
nmax
(a) m = (0,0,0,0,2n,0)
440 =
420
‘S |
(al
- 400}
Sl 380F
w5
'S A
— ‘ =7 3601
i 0 nN=6 i
Hcd-
Il I 1 1 I 1 Il

| ¥ I 1
0 0.005 0.01 0.015 0.02 0.025 0.03

nmax
(b) n=(0,0,0,0,0,2n)

Figure 19: Same as Fig. 16 with the strain tensor specified in (a) and (b).
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