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Abstract

This thesis addresses the cross-validation score, CV, as statistical quantity in
the context of the cluster expansion technique used in alloy theory. An analytical
formula for the computation of leave-many-out CV is derived. The numerical sta-
bility and performance of the formula is investigated, analytically and by computer
experiments. Furthermore, a strict relation between the CV and the noise in the
data is outlined. For all this, the singular value decomposition as a solving technique
for linear least-square problems is used, and the benefits and costs of this method
are briefly discussed.
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Chapter 1

Introduction

The calculation of formation energies of alloys from first principles is a computa-
tionally very demanding task. It is practically impossible to calculate the partition
function and other properties in a reasonable amount of time. To deal with this,
one has to resort to the building of models that allow for a quick calculation of
the energy. An example for such procedure is provided by the cluster expansion
technique [16]. In this technique a model is fitted to a small set of ab-initio data,
the so-called training set. One element of the training set is called a data point and
the expectation of the model for the energy of formation is called a ’prediction’.

An essential part of the model building consists in determining how accurate
the predictions are. This thesis addresses the model validation technique of cross-
validation which provides a way to assess the predictive performance of a model
[17, 22]. In this technique, a number of data points is excluded from the training
set. With this reduced set a new model is built, and the predictive performance of
the new model for the excluded data points is analyzed. If the excluded set con-
tains only one point this is called leave-one-out cross-validation (LOOCV), otherwise
leave-many-out cross-validation (LMOCV). This procedure, repeated for a number
of sets, yields the cross-validation score (CV). If a new regression is made for each
of the N sets, this is called ’direct’ approach and scales in computation like N times
the matrix inversion form×mmatrices, wherem is the number of model parameters.

An analytical formula [27,28] for the LOOCV,

CV2 = 1
N

N∑
i=1

(
Pi − P̂i
1− hii

)2

,

avoids frequent matrix inversions and can thus be faster than the direct computa-
tion. Here the P̂i’s are the predictions for the data points Pi using the whole training
set, while hii is the ith diagonal entry of the models projection operator, also known
as hat-matrix.

This formula presents numerical instabilities in actual implementations. The
goal of this thesis is to understand, from an analytical point of view, the reasons
for such instabilities, devise ways to circumvent them, and to extend this analytical
formula for the LMOCV. Finally, the relation between the CV and the noise in the
data is investigated.
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To find the reasons of these instabilities and extensible methods for the calcula-
tion of the CV, the hat-matrix plays a central role. This matrix is a projector, that
carries information about the configurations and relates data and expectation for a
linear model [12, 20]. In that sense, the hat-matrix carries important information
about the model design and can help to understand its influence on the CV. This
turns out to be a central part of this thesis, leading to the development of an ana-
lytic leave-many-out CV formula and a strict relation to the calculation noise. To
my best knowledge, both these achievements have not been published before.

This thesis is organized as follows: In the first chapter, a brief mathematical
introduction is shown followed by an investigation on efficient ways to calculate the
cross-validation score, only relying on linear algebra. Afterwards, the reasons for
the instabilities are addressed using analytical methods, and a relation of the CV to
the noise in the data is derived. The second chapter begins with considerations for
the computation of the hat-matrix. Then the analytical expectations of the relation
of the CV to the noise and the instabilities are reviewed in numerical experiments.
Finally, the runtime and numerical stability of an improved algorithm, using the
previous considerations about the LMOCV and the instabilities, are discussed and
compared to the direct approach.



Chapter 2

Cross-Validation

In this chapter, first, the cluster expansion technique will be introduced (Sec. 2.1).
Then, in Sec. 2.2, the mathematical background will be treated. In Sec. 2.3 the
derivation of an analytic leave-many-out cross-validation formula will be shown, and
the existence of the cross-validation score will be discussed. At the end, in Sec. 2.4,
a relation between the cross-validation and noise in the data will be outlined.

2.1 Cluster Expansion Technique
The cluster expansion is a technique to build models that can be used to predict
the formation energies in crystalline alloys [28]. These models are adapted to a
set of atomic arrangements, i.e. the training set, with energies calculated by first
principles, for instance density functional theory (DFT) calculations [5].

A crystalline structure is defined by the (crystal) lattice, which is a periodic
arrangement of groups of atoms. In an alloy, the atomic sites can be occupied, for
example, by two different atomic species, labelled A and B. Every arrangement, or
configuration, is defined by occupation variables σs for each crystal site, e.g. with
values σs = ±1 depending on the sort of atom that can be found there. In the
cluster expansion technique, atoms of type A are assigned -1 and atoms of type B
(the substitutional species) +1. Thus an arbitrary configuration i can be assigned
a vector σ(i) = (σ1, σ2, ...). Assigning a pseudo-spin variable σs to each crystal site
the cluster expansion is closely related to the Ising model of a ferromagnet [21]. It
can be extended to more than only binary compounds [9].

The cluster expansion models the properties of these configurations with smaller
subsets of lattice sites, so called clusters α, see Fig. 2.1. A parameter Jα is as-
signed to each cluster in the model, describing the contribution of the cluster to the
property of interest. In this case, the property is the energy, labelled E. If all possi-
ble clusters are included, every possible feature of the crystal can be represented [28].

In the cluster expansion the models are defined as [28]

Ê(σ(i)) = Êi =
∑
α

mαJα〈
∏

s∈β(α)
σs〉, (2.1)

where Êi is the predicted energy of a certain configuration σ(i). The sum is taken
over the clusters α. The product of the occupation variables is taken over lattice sites
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Figure 2.1: Visualization of two- and three-body clusters, that represent groups of
atomic sites (red dots connected by red lines). Figure taken from Ref. [9].

in all clusters β which are symmetrically equivalent to the cluster α. The average
taken over all clusters β is called the correlation between cluster α and configuration
i,

Xiα = 〈
∏

s∈β(α)
σs〉. (2.2)

The correlations between all configurations i and all clusters α are contained in the
correlation matrix X. The quantities Jα are the so-called effective cluster interactions
(ECI’s), and the mα are their multiplicities, counting the number of symmetrically
equivalent clusters. In this thesis, the parameters J mean the ECI’s times their
multiplicities1

Jα = mαJα. (2.3)

With this, Eq. (2.1) can be expressed as

Êi =
∑
α

XiαJα. (2.4)

In this work, the cluster expansion code CELL has been used and applied to clathrate
compounds, which are a class of complex alloys [18] of interest for thermoelectric
applications.

2.2 Mathematical Background
This section begins with necessary definitions and a review of the role of the hat-
matrix in least-square problems (Sec. 2.2.1), to treat the models given by the cluster
expansion. Then the cross-validation score is introduced, and its meaning is dis-
cussed in (Sec. 2.2.2). Afterwards, in (Sec. 2.2.3), the analytic calculation of the
ECI’s is performed when a subset of the training set is excluded.

2.2.1 Linear Least-Square Problems and the Hat-Matrix
In this thesis, the term ’data’ refers to a function E(σ(i)) = Ei representing the
calculated energy of the alloy for the configuration σ(i). The ’model’ is a function
Ê(σ(i)) = Êi, depending on a vector J of ECI’s. The value of Êi for a configuration

1In the following, the terms ’ECI’ and ’parameter’ will be used interchangeably.
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σ(i) is called the prediction of Ê for σ(i). In a linear model2, as used in Eq. (2.4)
for the cluster expansion, the dependence of Ê on the model parameters J can be
expressed as

Ê = X J. (2.5)

X is a rectangular matrix consisting of correlations Xiα, where i indicates a configu-
ration out of the training set S of size n, while α represents a feature of the model,
i.e. a cluster. The number of features is m. Ê is a column vector of dimension n
with components Êi. J is a column vector of dimension m.

A criterion to select the parameters J to fit the model best is to minimize the
mean square error (MSE) of the predictions for the training set:

MSE = 1
n

n∑
i=1

(Ei − Êi)2 = 1
n

n∑
i=1

(Ei −Xi• J)2, (2.6)

where the sum is taken over all configurations i in S , and Xi• is a row vector that
equals the ith row in X. The optimization of the MSE with respect to the parameters
yields (see Appendix A.1)

J = (X ′ X)−1X ′ E.

Inserting this result in the definition of the MSE one arrives at [22]

MSE = 1
n

n∑
i=1

(Ei −Xi• (X ′ X)−1X ′E)2

= 1
n

n∑
i=1

(Ei − (ĤE)i)2

= 1
n

∣∣∣∣∣∣(I − Ĥ)E
∣∣∣∣∣∣2

2
, (2.7)

where ||v||q = (∑i |vi|q)1/q. Here the hat-matrix Ĥ as presented in Refs. [12] and [20],
is introduced. The rest of this section follows closely these references. The hat-
matrix is given as

Ĥ = X(X ′X)−1X ′,

and is a square matrix of dimension n × n. It projects the data vector E onto
the nearest point in the m-dimensional subspace of the predictions. The predicted
energies Ê can be found when comparing Eqs. (2.6) and (2.7):

Ê = Ĥ E = X J. (2.8)

The hat-matrix has its name from putting the hat on the values E. From this equation
it can be seen that the entries of the hat-matrix, hij, measure the influence the data
point i exerts on the prediction of point j in the fit [12]. The projection operator
Ĥ is symmetric and idempotent. Idempotency implies that all eigenvalues of Ĥ are

2This is a model that is linear in its parameters.
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either 0 or 1. Due to Ĥ = Ĥ2 the entries of Ĥ are given as [12,20]:

hii =
n∑
j=1

h2
ij,

hii(1− hii) =
n∑
j 6=i

h2
ij, (2.9)

⇒ 0 ≤hii ≤ 1.

In Eq. (2.9), especially the case hii → 1 is interesting. It can be interpreted
as follows: The prediction for this point in the training set becomes identical to
the calculated value Êi = Ei. This happens because hij → 0,∀j 6= i. Thus, the
predicted value of this point is independent of the remaining data. As an illustration
of hii → 1, one can think about a simple model with m = 1. In that case Êi = J ·Xi,
where J is a scalar, and the entries of the hat-matrix are

hij = 1∑
kX

2
k

XiXj.

Thus, if one measuring point Xn lies far away from the rest of the points, which are
near the origin, then hnn ≈ 1. Since hin

i 6=n
≈ 0, Ên ≈ En follows. This can be seen in

Fig. 2.2: It shows a model where all data points are generated by E(X) = X J + ε,
J is a scalar, and ε denotes gaussian noise with variance 1/5 and a mean of the
distribution 0. Near the origin are ten points, with X-values generated by a uni-
form distribution in [−1, 5]. Far away is one point at Xn = 35. The model Ê is
indicated by a black line. The blue dashed line indicates the model that is obtained
when one (blue) data point near the origin is changed (∆y = −10). The model,
when the (red) point at Xn has a value E(+)

n = E(Xn) + 10 is shown by the red
dashed graph. It is obvious from the figure, that J is highly sensitive to the value
En. This consideration will become important later when discussing the stability of
the analytical formula for the cross-validation score.

2.2.2 Cross-Validation Score: Definition and Meaning
The cross-validation score (CV) is a quantity that estimates the predictive power of
a model [15,17,22,26]. It is defined as follows

CV2 = 1
N

∑
E

1
ℵ(E )

∑
i∈E

(
Ei − Ê(E )

i

)2
. (2.10)

Here Ê(E )
i is the predicted energy for a configuration i when a set of configurations E ,

which includes i, has been removed from the training set. The sums are taken over
all points in the set E and over N sets E with a certain cardinality ℵ, respectively.
The case when ℵ = 1 is leave-one-out cross-validation, LOOCV. Here the procedure
is repeated for all points in the training set N = n:

CV2 = 1
n

n∑
i=1

(
Ei − Ê(i)

i

)2
.



8

Figure 2.2: Energy E versus correlation X. Illustration of the case hnn → 1. The
black solid line indicates the model Ê for the unchanged data points. The dashed
lines indicate the model when a data point is moved as indicated by the arrows.

The case when the cardinality ℵ is larger than one is called leave-many-out cross-
validation, LMOCV.

There are two ways to calculate the CV: One way, that I call the ’direct’ ap-
proach, consists in building least-square fits for every subset S \E (here rest set) of
the training set S excluding E , yielding the predictions Ê(E )

i . The other, analytic
way, will be outlined later.

As it is impossible to show an m-dimensional illustration for alloys on paper,
here, a similar one-dimensional problem is shown.3 Say we have n = 11 data points
Ei depending on just one variable σ. All data points are generated by a parabola
f(σ) = 1

4(σ− 1
2)2− 1

4 +ε. ε stands for gaussian noise with a mean of distribution equal
to 0 and standard deviation 1√

10 . This can be seen in Fig. 2.3. Here, polynomials
of 0th, 2nd and 9th order, are the models, applied to each measuring point σi

Ê(σ(i)) =
∑
α

Jαfα(σ(i)) = (X J)i.

Jα are the parameters while fα are the parameter functions for the model, which
are chosen here to be fα(σ) = σα−1. They are related to the correlations as

fα(~σ) = X•α.

3This example is created by me, but supported by literature [12].
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Figure 2.3: Predicted energy Ê versus configuration σ for different numbers of pa-
rameters m. The model predictions for the outermost data point excluded are indi-
cated by dashed lines.

Figure 2.4: CV versus the number of clusters from a cluster expansion for clathrate
compounds, together with the square root of the MSE. The training set contained
107 structures, with energies calculated by the local density approximation of density
functional theory. Data taken from Ref. [18].
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Since the models are linear, the above described formalism for models can be ap-
plied. In the cluster expansion approach the fα are the clusters.

The CV usually shows the following behavior, by increasing the number of param-
eters. First the CV is large, because the features of the data cannot be represented
by a too small number of parameters. Then the number of parameters comes into
the region where all features can be represented. This is when the CV undergoes
a minimum. Afterwards, also noise is represented by the parameters, and that de-
creases the predictive performance of the model - so the CV increases. This can be
seen, for a cluster expansion, in Fig. 2.4. The fact that the CV starts increasing
again can be understood in terms of Fig. 2.3, where in the interval x ∈ [2, 4] sud-
denly strange values are predicted, without having data points there. If a data point
is predicted when excluding the point from the training set, the same can happen
for the new prediction (indicated in Fig. 2.3 by dashed lines).

2.2.3 Analytical Calculation of the ECI’s
In what follows, an analytical expression for ECI’s in the rest set S \ E is derived.
This will be used later to find an analytical expression for the LMOCV. This ana-
lytical expression will avoid performing a least-square fit for each rest set S \E . To
find this expression for the ECI’s, the MSE of the rest set is optimized with respect
to the parameters J. Assuming that a set of structures E with cardinality ℵ(E ), is
excluded, the MSE of the rest set S \ E is

MSEE = 1
n− ℵ(E ) ·

∑
i∈S \E

(
Ei − Ê(E )

i

)2

= 1
n− ℵ(E ) ·

 n∑
i=1

(
Ei −

∑
α

XiαJα

)2

−
∑
i∈E

(
Ei −

∑
α

XiαJα

)2
 .

Equating the gradient for the MSE with respect to the ECI’s J to zero, leads to (see
Appendix A.1):

J (E ) =
I −∑

i∈E

(X ′X)−1X ′i•Xi•

−1

(X ′X)−1

X ′E −∑
i∈E

X ′i•Ei

 (2.11)

where J (E ) are the optimized ECI’s for the rest set S \ E . X ′i• = (Xi•)′. The
inversion of the matrix (I −∑i∈E (X ′X)−1X ′i•Xi•) is a central part of this work.
An efficient way to perform this inversion is enabled by the fact that the rank of∑
i∈E (X ′X)−1X ′iXi =: Y is limited by the cardinality of the excluded sets E :

rank(Y ) = rank
∑
i∈E

(X ′X)−1X ′i•Xi•

 ≤ ℵ(E ).

This can be seen from the fact that dyadic products have rank 1 and [8, 14]:

rank(A+B) ≤ rank(A) + rank(B),
rank(AB) ≤ min{rank(A), rank(B)}.

(2.12)
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The matrix X ′X is a matrix of size m ×m and is called the Hessian matrix. This
matrix must be inverted in Eq. (2.11). Since X ′X is a product of two matrices
of size n × m, rank(X ′X) ≤ min(n,m) due to Eq. (2.12). Thus X ′ X is, for
example, not invertible anymore when the number m of ECI’s exceeds the number
n of structures.4 This situation is frequently present because the number of ab-
initio calculation is limited, and accurate models require large numbers of clusters.
In order to circumvent this problem, instead of minimizing the MSE one can find
the optimal ECI’s J by minimizing a cost-function C(J), consisting of the sum of
the MSE and a so-called regularization term ϕ(J):

C(J) = MSEE + ϕ(J)
With this, Eq. (2.11) can be transformed into a tractable problem, as shown below.
Here we consider the following form of ϕ:

n− ℵ(E )
2 ϕ(J) = J ′RJ.

In the appendix a more general form is discussed. For certain applications this
method is likely to be outperformed by an `1-regularization [21] (the so-called basis-
pursuit problem [3, 23]). As it cannot be solved analytically but needs numerical
approaches this method will not be addressed here. Without loss of generality R
can be choosen to be symmetric. R can for example be R = λI with λ ≥ 0
(Tikhonov-regularization [23]). This regularization introduces shrinkage of the
ECI’s by penalizing large interactions [23, 28].

Optimizing the cost-function C(J) results in ECI’s J (E )
ϕ of the form (see Appendix

A.1):

J (E )
ϕ =

I − (X ′X +R)−1 ∑
i∈E

X ′i•Xi•

−1

(X ′X +R)−1

X ′E −∑
i∈E

X ′i•Ei

 .
(2.13)

X ′X +R can be inverted, even when m > n, leading to an optimized set of ECI’s.

It is useful to compare the Eqs. (2.11) and (2.13). In both cases the inversion of
an operator I − A must be performed. Furthermore, in both cases, the rank of the
operator A is just ℵ(E ). This, together with a mathematical theorem, Neumann’s
series, is of crucial importance for possible simplifications.

Theorem: Neumann’s Series Identity [11,29]
For a linear continuous operator A (e.g. a matrix) on a normed space (here: Rl,
l ∈ N) with ||A|| < 1 (|| • || is the spectral norm), the following statement holds:

(Id− A)−1 =
∞∑
i=0

Ai, (2.14)

where Id is the identity.

Here only the case is considered when linear operators are matrices. With the
help of Eq. (2.14) I simplified Eq. (2.13), leading to an analytic formula for LMOCV
which can be evaluated easily. This derivation is presented in the next section. The
numerical implementation is discussed in Chapter 3.

4Thanks to Martin Genzel here, for this hint!
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2.3 Leave-Many-Out CV
In this section, first some relations between the hat-matrix and eigenvalues of the
matrices ∑i∈E (X ′X)−1X ′i•Xi• will be outlined. Afterwards, a derivation of an ana-
lytical formula for the LMOCV is shown, and its numerical stability is discussed.

2.3.1 Preparation and Motivation
The aim of this section is to understand the behavior of the eigenvalues and eigen-
vectors of the rank-ℵ(E ) matrices Y of interest. This will help to understand when
the inversion in Eq. (2.11) fails and why a LMOCV formula can be obtained in
terms of the hat-matrix.

According to [8], for two matrices, A and B, the following equation holds
im(A+B) ⊆ im(A)⊕ im(B), (2.15)

where im denotes the image of the operator.5 Equation (2.15) suggests the following
way to calculate the eigenvalues and -vectors of matrices of rank ℵ(E ), Y , if a dyadic
decomposition of the matrix is known. The decomposition is given by

Y =
∑
i∈E

Yi =
∑
i∈E

(X ′X)−1(X ′i•Xi•) =
∑
i∈E

(
(X ′X)−1X ′i•

)
Xi•,

with Xi• being a row vector. As the matrix (X ′X)−1X ′i•Xi• is of rank 1 it has
only one non-zero eigenvalue. This eigenvalue is λi = Xi•(X ′X)−1X ′i•. The right
eigenvectors is vi = (X ′X)−1X ′i• while the left eigenvector is w′i = Xi•. This can be
seen by direct inspection. Because of Eq. (2.15) it is clear, that the (right-hand)
eigenvectors of Y are linear combinations of the (right-hand) eigenvectors of the
addends Yi. The eigenvalue equation can be written, with the constants, aj, and
the dyads, Yi, as: ∑

i∈E

Yi
∑
j∈E

ajvj = λ
∑
j∈E

ajvj∑
i,j∈E

ajviw
′
ivj = λ

∑
j∈E

ajvj.

When multiplying w′k from the left side and identifying w′jvi = 〈wj, vi〉 for every
k ∈ E ∑

j∈E

aj

∑
i∈E

〈wk, vi〉〈wi, vj〉 − λ〈wk, vj〉

 = 0.

is obtained. Only non-trivial solutions are of interest. Furthermore,∑
i∈E

〈wk, vi〉〈wi, vj〉 − λ〈wk, vj〉
!=
∑
i∈E

hkihij − λhkj.

Introducing a truncated hat-matrix HE , with all entries that are in the rows and
columns of the excluded set E (HE is of dimension ℵ(E )× ℵ(E )), yields

0 = det(H2
E − λHE )

= det(HE ) det(HE − λI). (2.16)
This means, the non-zero eigenvalues of the Y -matrix are the eigenvalues of the
truncated hat-matrix HE (provided det(HE ) 6= 0)!

5This is closely related to Eq. (2.12).
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2.3.2 Analytical Formula of LMOCV
As mentioned in Sec. 2.2.2 there is a direct approach to calculate the CV which
involves N inversions of m×m matrices. In this section, I will show that there exists
an analytic approach requiring N inversions of ℵ(E )×ℵ(E ) matrices, only. For the
LOOCV such a formula already exists [27, 28]. It is possible to express the CV in
terms of the hat-matrix

CV2 = 1
n

n∑
i=1

(
Ei − Êi
1− hii

)2

. (2.17)

This formula can be obtained as a particular case of the analytical expression for
the LMOCV, which I will derive. In Eq. (2.17), Êi are the predictions for the
whole training set which can be calculated all at once. This is in contrast to the
direct approach based on Eq. (2.10), where a new regression is performed for each
addend. A derivation for an analytic equation for the LMOCV is now given.6 A
more instructive derivation is presented in Appendix A.2.

The matrix Y can be written as a product of two matrices A and B, defined as
follows: A is the matrix with columns consisting of the (X ′X)−1X ′i and B is the
matrix with rows consisting of the Xi, for i ∈ E . That means B′ and A are matrices
of size m×ℵ(E ). Thus BA = HE and AB = Y . A clever use of Neumann’s series
can be the following:

(I − AB)−1 =
∞∑
i=0

(AB)i

= I +
∞∑
i=1

(AB)i

= I + A ·
∞∑
i=0

(BA)i ·B

= I + A(I −BA)−1B (2.18)

This result is not limited to matrices ||AB|| < 1, as Neumann’s series requires. It
can be shown, that this identity is true for all matrices, if all inverses exist.7 This
identity is useful, when m ≥ ℵ(E ), because on the left side a matrix of size m×m
is inverted while the right side requires to invert a matrix of size ℵ(E ) × ℵ(E ).
Furthermore, BA consists only of hat-matrix elements. This is another important
aspect, since the hat-matrix is computed only once.

Denoting XE • as the submatrix of dimension ℵ(E ) × m constructed by taking
all vectors Xi• with i ∈ E (the same as matrix B above), Eq. (2.18) inserted in Eq.
(2.11) yields

J (E ) =
(
I + (X ′X)−1X ′E •(I −HE )−1XE •

)
(X ′X)−1

X ′E −∑
i∈E

X ′iEi

 . (2.19)

6As far as I know, that was not published before.
7By multiplying with I −AB and BA(I −BA)−1 = (I −BA)−1 − I.
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This result can be inserted into the definition of the LMOCV in Eq. (2.10) leading
to

CV2 = 1
N

N∑
j=1

1
ℵ(Ej)

∣∣∣∣∣∣EEj −XEj

(
I + (X ′X)−1X ′Ej(I −HEj)−1XEj

)
(X ′X)−1

(
X ′E −X ′EjEEj

)∣∣∣∣∣∣2
2

= 1
N

N∑
j=1

1
ℵ(Ej)

∣∣∣∣∣∣EEj −
(
Iℵ(Ej) +HEj(I −HEj)−1

) (
HEjE −HEjEEj

)∣∣∣∣∣∣2
2

= 1
N

N∑
j=1

1
ℵ(Ej)

∣∣∣∣∣∣∣∣EEj −
(
I −HEj

)−1 (
HEjE −HEjEEj

)∣∣∣∣∣∣∣∣2
2

= 1
N

N∑
j=1

1
ℵ(Ej)

∣∣∣∣∣∣∣∣(I −HEj

)−1 (
HEjE − EEj

)∣∣∣∣∣∣∣∣2
2

= 1
N

N∑
j=1

1
ℵ(Ej)

∣∣∣∣∣∣∣∣(I −HEj

)−1 (
ÊEj − EEj

)∣∣∣∣∣∣∣∣2
2
, (2.20)

where ÊEj is a vector, representing the predictions using the whole training set for
the properties EEj in the excluded set Ej. The ÊEj are computed only once. HEj

denotes the matrix composed of the rows of the hat-matrix in E .

Equation (2.20) is a natural generalization of the LOOCV formula provided
by [28]. This can be obtained from Eq. (2.20) by setting ℵ(Ej) = 1, N = n and
the fact that I − HEj = 1 − hjj for Ej = {j}. Moreover, Eq. (2.20) shows, that
the quantities needed to obtain the CV are hat-matrix entries and the calculated
energies, only. Later it will be outlined that the inversion of the Hessian matrix
X ′X, for the CV, can be skipped, by using the singular value decomposition (see
Sec. 3.1.1).

2.3.3 Existence and Numerical Stability
In this section, I will analyze the requirements for the existence of the LOOCV and
LMOCV and their behavior when hii → 1.8

One important question regards the existence of a unique solution of Eq. (2.11).
Such a solution exists, when the operator on the left is invertible. This is fulfilled if
and only if all the eigenvalues of I −∑i∈E (X ′X)−1X ′iXi are not zero, or all eigen-
values of ∑i∈E (X ′X)−1X ′iXi = Y are different from one.

Due to Eq. (2.18), (I − Y )−1 exists when the truncated hat-matrix HE has no
eigenvalue equal to one. Since HE is a submatrix of the hat-matrix it is clear that the
eigenvalues cannot exceed the interval of [0, 1] because the hat-matrix is a projector
(eigenvalues are equal to 0 or 1) and is symmetric and hermitian. Thus Courant’s
Min-Max Principle [11,29] applies, stating that hermitian matrices represented in a
subspace cannot exceed their complete eigenvalue spectrum. This principle assures
in quantum mechanics, that it is impossible to obtain a wavefunction that corre-
sponds to a smaller energy than the ground state.

8The considerations in this section are, as far as I know, not published.
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In the limit that one eigenvalue of HE goes to 1, the inversion of the operator
becomes singular. Then the J (E ) are not well defined anymore, and the CV cannot
be found. The behavior of the CV for this limit is now discussed, first for the
LOOCV. Considering the fraction in the LOOCV formula in Eq. (2.17) above

Ei −
∑n
j 6=i hijEj

1− hii
, (2.21)

one has to ask what happens if hii approaches one. According to Eq. (2.9) and [12,20]

hii(1− hii) =
n∑
j 6=i

h2
ij

holds true. As the calculated energies are independent of the hij the convergence of
(2.21) requires absolute convergence (i.e. for every vector ~E) of

lim
hii→1

∑n
j 6=i hij

1− hii
.

Writing the denominator in terms of the hij by using Eq. (2.9), and denoting
~h = {hij}j 6=i, it follows

lim
‖~h‖→0

‖ ~h ‖1

‖ ~h ‖2
2
∝ lim

hii→1
(1− hii)−1/2

∝ lim
hii→1

CV. (2.22)

In a first step, it was used that all norms in Rp, p <∞ are equivalent,9 and thus this
fraction diverges as (1 − hii)−1/2, for hii → 1. As this fraction diverges it becomes
at some point the dominating addend in the CV, and thus the CV diverges as fast
as this fraction for hii → 1.

How can this be true? There is a simple explanation: In the moment, the point
with hii . 1 has been taken out of the training set, the biggest contribution to the
prediction Êi = hiiEi + ∑

j 6=i hijEj is lost. By dropping this term, also the preci-
sion of its prediction is diminished and this is reflected in a big addend to the CV,
which is infinite in the absolute limit. Since also numerical precision can be lost
due to the fact that the hij with j 6= i become very small when hii . 1, (see Eq.
(2.9)), this effect is even more striking in actual implementations. Ironically, if this
happens, the prediction of this energy is perfect when using the whole training set
(hij → 0 ∀j 6= i when hii → 1). The opposite statement is, however not true, that
is, having a perfect prediction does not imply hii → 1. In any case, this is bad in the
sense of the CV. For this to happen it is needed to have a parameter which is ’ded-
icated’ to this configuration, in the sense that the parameter is mostly dependent
on this configuration (compare Fig. 2.2). Thus one of the configurations marks a
feature of the model, because the dedicated parameter and the configuration are in a
one-to-one relationship. It cannot be determined with the CV as measure, whether
this parameter marks an important feature. On the other hand, this gives advice

9That means, for each vector v in Rp and for all norms || • ||p and || • ||q there exist constants
c1, c2 > 0 such that c1||v||p < ||v||q < c2||v||p.
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which structures should be added to the training set to assess the ECI of this cluster.

One should notice here, that hii → 1 occurs in any case when the vectors X•α
become linear dependent if structure i is excluded. In that case, the rank of X
is reduced, so that the dimension of the space spanned by the X•α shrinks. This
means, that there exists a rotation for the set of basis vectors X•α of that subspace,
so that one of the transformed vectors X•α is again in one-to-one relationship to the
structure i.

What about the LMOCV? The expectation is, that if even more data points are
excluded from the training data, things can only become worse, because there is a
higher chance to remove a set of data points to which the model is sensitive. So,
what happens to the LMOCV if one set E includes a configuration i with hii → 1? In
such a case, all other elements in the same row/column are suppressed with

√
1− hii

(as evident from Eq. (2.9)). This can be illustrated by two examples. First, the
hij are only non-zero for one j 6= i. Then, hij = ±

√
hii(1− hii). In the other

extreme case, that all elements hij with j 6= i are equal in magnitude, for every j:
hij = ±

√
hii
n−1(1− hii). Thus, all elements, except hii ≈ 1, in a column/row of HE

become zero, and one eigenvalue of HE converges to hii ≈ 1, leading to inversion
problems. Thus the LMOCV exhibits the same behavior as the LOOCV in this
situation.

To assess the behavior of the LMOCV for hii → 1 quantitatively, I make use of
Eq. (2.20). The terms that dominate the sum in Eq. (2.20) are those which include
the configuration i, as it can be shown that they diverge for hii → 1. Therefore we
limit the analysis to one set E containing i:

CV ∝
∣∣∣∣∣∣(I −HE )−1

(
ÊE − EE

)∣∣∣∣∣∣
2
.

The entries of the matrix (I − HE )−1 can be written as (I − HE )−1
jk = adj(I −

HE )jk/ det(I − HE ). Using the Laplace expansion for determinants it can be
shown10 that det(I − HE ) → 1 − hii, adj(I − HE )i,j 6=i →

√
1− hii, and adj(I −

HE )ii(Ei − Êi) →
√

1− hii. Thus the LMOCV behaves in the same way as the
LOOCV and diverges as (1 − hii)−1/2. A numerical example of this behavior is
shown in Sec. 3.2.1. For a discussion of the eigenvalues of HE see Appendix A.3.

2.4 Cross-Validation and Noise
In this section I want to analyze how the relation between the noise in the data and
the CV without regularization can be put into mathematical terms. I will arrive to
an expression giving a lower limit to the noise in the data in terms of the CV and
the MSE. This is useful in the context of ab-initio calculations because it is usually
difficult to estimate the numerical errors. These errors may be non-systematic and
are related to the convergence criteria used in the calculations. In order to analyze
this issue I will assume that the data can be represented by a model that I call the
data model. The data model is defined by a finite set of parameters and must be

10To obtain this result one must analyze the behavior of each term expanding the ith row and
column.
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distinguished from the model that predicts the data generated by the data model.
The term parameter function refers in the following to the n-dimensional vector X•α
associated to one parameter Jα. Since all the data is generated by the data model it
will lie in the subspace spanned by the parameter functions, which define together
with the parameters the data-model. This subspace has the dimension equal to the
number of such parameters m. In that case, the data and the hat-matrix fulfill the
following equation

Ê = ĤE = E.

That means that the data vector belongs to the subspace spanned by the parameters
and is thus an eigenvector of the hat-matrix with eigenvalue 1. In such a case

CV2 = 1
n

n∑
i=1

(
Ei −

∑n
j=1 hijEj

1− hii

)2

= 0.

Introducing noise, Ei → Ei + ∆Ei, the previous equation implies:

CV2 = 1
n

n∑
i=1

(
∆Ei −

∑n
j=1 hij∆Ej

1− hii

)2

= 1
n

n∑
i=1

 n∑
j=1

(δij − hij)
1− hii

∆Ej

2

.

The matrix A with entries (A)ij = δij−hij
1−hii can now be introduced and the equation

above can be recast as a matrix-vector product:

CV2 = 1
n

∣∣∣∣∣∣A ∆ ~E
∣∣∣∣∣∣2

2

= 1
n

∆ ~E ′A′ A ∆ ~E. (2.23)

Calculating the entries of A′ A leads to

(A′ A)ij =
∑
k

(δkj − hkj)(δik − hik)
(1− hkk)2

= δij
(1− hii)2 − hij

(
1

(1− hii)2 + 1
(1− hjj)2

)
+
∑
k

hikhkj
(1− hkk)2 .

The second line of this equation helps to realize, that the Hessian matrix of the CV2

and A′ A are related as follows (see Appendix A.4):
1
2H (CV2) = 1

n
A′ A.

This last equation together with Eq. (2.23) shows that the CV2 relates to the noise
in the following form

CV2 ≡ 1
2∆ ~E H (CV2) ∆ ~E. (2.24)

As H (CV2) is symmetric, all its eigenvalues are real numbers. Furthermore, Courant’s
min-max principle applies, and so this equation can be replaced by an inequality,
where Λ[A] denotes the eigenvalue spectrum of A:

min(Λ[H (CV2)])
∣∣∣∣∣∣∆ ~E

∣∣∣∣∣∣2
2
≤ 2 CV2 ≤ max(Λ[H (CV2)])

∣∣∣∣∣∣∆ ~E
∣∣∣∣∣∣2

2
.
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When the data lies in the subspace spanned by these parameter functions of the
model, the CV is zero. This is true for all points in this subspace. That means, that
there exist vectors with eigenvalue 0 with respect to the Hessian matrix (the X•α),
because otherwise the CV would change by moving along this direction in space,
see Eq. (2.24). Thus, the smallest eigenvalue of H (CV2) equals 0. It is important
to notice here, that the eigenvalues of the Hessian matrix cannot become negative,
because otherwise it would be possible to achieve a negative CV. A simple example
of a vector related to eigenvalue 0 is (1, 1, 1...), corresponding to the intercept. Thus,
defining λmax = n

2 max
(
Λ[H (CV2)]

)
= max (Λ[A′A]):

n

λmax
CV2 ≤

∣∣∣∣∣∣∆ ~E
∣∣∣∣∣∣2

2
=: n (∆E)2

⇒ ∆E ≥ 1√
λmax

CV, (2.25)

where ∆E is the level of noise for each data point. As Eq. (2.25) is an inequality
it is possible to interpret it, depending on which quantity is known. If the CV is
known, this equation gives a strict limit to the average noise in energy for each data
point (∆E), assuming that the training set is big enough to represent all features
of the data-model. The best possible model, to which this formula applies, can, for
instance, be found by the smallest CV of all models. When other estimates of the
ab-initio noise are given and yield significantly smaller values for the noise than Eq.
(2.25), the assumption that the training set represents all features, is wrong. With
this, Eq. (2.25) assesses whether, first the calculation precision should be raised,
or the number of structures included in the training set. But the statement can
be formulated in a stronger way: Assuming that the data-model is known, and the
energies are exactly the ’real’ values, the MSE is zero. When noise is applied, and
Courant’s principle is exploited, one finds

MSE = 1
n

∣∣∣∣∣∣(I − Ĥ)∆ ~E
∣∣∣∣∣∣2

2

= 1
n

∆ ~E ′(I − Ĥ)2∆ ~E

= 1
n

∆ ~E ′(I − Ĥ)∆ ~E

≤ 1
n

∣∣∣∣∣∣∆ ~E
∣∣∣∣∣∣2

2
= ∆E2

⇒
√
MSE ≤ ∆E, (2.26)

where the fact that the eigenvalues of I−Ĥ are zero or one. It is possible to compare
both estimates, Eq. (2.25) and Eq. (2.26), by introducing a number α

1
λmax

CV2 = MSE + α,

1
2λmax

∆ ~E ′H (CV2)∆ ~E = 1
n

∆ ~E ′(I − Ĥ)∆ ~E + α.

Since the parameter functions are the same for both the MSE and the CV, the ∆ ~E
can be separated in a part in the subspace of the data-model and one orthogonal to
it, ∆ ~E⊥. The noise pointing in this subspace is not detected. Thus

n

2λmax
∆ ~E ′⊥H (CV2)∆ ~E⊥ = ∆ ~E ′⊥(I − Ĥ)∆ ~E⊥ + nα.
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As on the left side the matrix H (CV2) is divided by its maximum eigenvalue, the
positive definite matrix has only eigenvalues in the interval [0, 1]. I − Ĥ, on the
other side, has only eigenvalues 1 in the directions perpendicular to the subspace.
Thus α ≤ 0 and

1√
λmax

CV ≤
√
MSE ≤ ∆E. (2.27)

Important is here, that the model, for which this formula is applied, is determined
by the smallest CV and not by the smallest MSE.

Up to now, the analysis was set up to find strict inequalities between the noise
in the data and the statistical quantities of the CV and MSE. Unfortunately a strict
upper limit for the noise in the data cannot be found in this way. However, the
nature of noise is maybe random and thus the probability to have a noise vector
which points directly in the subspace of the data-model, is zero. Thus it makes sense
to estimate the noise with this formalism, e.g. by using the mean of the eigenvalues
of I − Ĥ, which gives (p being the number of ECI’s)√

n

n− p
MSE ≈ ∆E.

It is also possible to take the distribution of the noise into account, here. This could
then be used to find a more elaborate estimator for the noise in the data.

To end this chapter, I want to offer here another idea on LMOCV: Equation
(2.23) is a closed-form expression of the LOOCV. It is possible to extend this by
calculating the Hessian matrix of CV2 for the LMOCV, which finally leads to an
expression with a sum that is difficult to evaluate (see Appendix A.5). If it were
possible to contract or approximate this sum, it would be possible to achieve the
CV score for LMOCV via:

CV2 = 1
2
~E ′ H (CV2) ~E.

This method would avoid random sampling for the CV computation (see Sec. 3.1.1).



Chapter 3

Application

This chapter is arranged as follows: First, in Sec. 3.1, the singular value decomposi-
tion (SVD) is applied to least-square problems, to calculate the CV, the MSE, and
the ECI’s. Some computational benefits and costs of this technique are discussed.
Then, in Sec. 3.2 the behavior of the CV in the situation that hii → 1, is numerically
investigated, and afterwards, the the algorithms for the LMOCV with and without
support of Eq. (2.20) are compared with respect to runtime and numerical stability.

3.1 Singular Value Decomposition as Linear Least-
Square-Solver

In this section, I will explain how to utilize the singular value decomposition [13]
(SVD) for solving the linear least-square problems and why this is valuable.

3.1.1 Computation of the Hat-Matrix
In the last chapter, it was shown that the hat-matrix formalism helps to analyze
instabilities that appear in the computation of the CV, e.g. for the case hii → 1.
As mentioned in Sec. 2.3.2, the calculation of the hat-matrix can be performed by
using the SVD instead of inverting X ′X. This is important from the point of view of
the numerical implementation, because then the evaluation of the CV and the MSE
are stable against quasi-singularities of the matrix X ′X.1 This situation is present
when two columns of the matrix X become quasi linear dependent. This happens
frequently because for the computation of the CV one needs to exclude rows (i.e.
structures) of the matrix X.

The SVD of X can be written as [12]

X
n×m

= U
n×m

Σ
m×m

V ′

m×m

where the dimensions of the matrices are indicated below their symbol. U ′U = Im,
m is the number of clusters, Σ contains the singular values of X, and V is an
orthogonal matrix. The SVD is computationally more costly than the inversion of
X ′X, as it scales with n2 ×m for n > m compared to m2.4 [1, 7]. In the case of the
cluster expansion, the numbers n and m are small (e.g. less than 100), so that for

1In the sense of losses due to floating point errors in the inversion of X ′X.

20
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this purpose, this cost is not significant. Even more valuable here is, that the SVD
provides a stable way to compute Ĥ if X is quasi-singular. According to Ref. [12]

Ĥ = U U ′. (3.1)

The equality (3.1) can be proved in the following way :

Ĥ = X (X ′X)−1 X ′

= U Σ V ′ (V Σ′ U ′ U Σ V ′)−1V Σ′ U ′

= U Σ V ′ (V Σ′ Σ V ′)−1V Σ′ U ′

= U Σ V ′ V (Σ′ Σ)−1V ′ V Σ′ U ′

= U Σ(Σ′ Σ)−1Σ′ U ′.

To arrive from here to Eq. (3.1), Σ(Σ′ Σ)−1Σ′ must be the identity, which is true, if
all singular values of X are non-zero.

If one has to add any regularization in Eq. (2.13), we can simply concatenate
the matrix X with a matrix R̂ such that

Xnew =
(
X

R̂

)

with R̂′ R̂ = R, for Eq. (2.13). Then the SVD is performed for Xnew. The new
energy vector is then the unification of guessed values for the ECI’s J (0) and the
energies Enew =

(
E
J(0)

)
. One has to take care here, that the calculation for the MSE

and the CV only include the real structures. To deal with this it is possible to
truncate the hat-matrix to the upper-left block of size n × n, if no guess for the
ECI’s J (0) is made (see Appendix A.1).

3.1.2 Parameters and the Mean Square Error
Using the SVD and the hat-matrix it is easy to find expressions for the MSE and the
ECI’s. Since Ê = Ĥ E, where E is the property vector containing information about
each structure, and Ê is the prediction of the model, the MSE can be calculated as
in Eq. (2.7):

MSE = 1
n

∣∣∣∣∣∣(I − Ĥ)E
∣∣∣∣∣∣2

2
.

Because Σ has no influence on the formulas for the CV or the MSE (see Eq. (3.1)),
these parts of the algorithm are stable against quasi linear dependencies in X ′X.
That is not true for the ECI’s, J , as known from Eq. (2.8). To see this one can
insert the SVD:

(X ′X)−1X ′ = [(U Σ V ′)′ U Σ V ′]−1 (U Σ V ′)′

= [V Σ′ U ′ U Σ V ′]−1
V Σ′ U ′

=
[
V Σ2 V ′

]−1
V Σ U ′

= V Σ−2 V ′ V Σ U ′

= V Σ−1 U ′
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leading to
J = V Σ−1 U ′ P.

The ECI’s are thus affected by the instability. This can be detected early, if for
example one of the singular values of X becomes almost zero. This indicates that
either some cluster, corresponding to the small singular value, should be removed
or some structure should be added. This decision may take place, just after decom-
posing X by taking Σ into account.

In the cluster expansion, I often observed cases, where two clusters became quasi
linearly dependent, long before the number of clusters was equal to the number of
structures. The solution is to include new adapted structures2 or leave this cluster
out. The structures can be chosen by searching for a structure that lifts the linear
dependency in the clusters.

Another problem may appear when hii → 1 for one structure. As discussed after
Eq. (2.22) this is a real analytical problem that cannot be resolved by raising the
computational accuracy. Rather than discussing this problem from the analytical
point of view, I want to address now the practical circumvention of this instability.
The problem appears, for example, if the correlations for one cluster are only signif-
icantly different from zero for a single structure. Thus the associated ECI for this
cluster would be highly affected by a change in the energy of the related structure.
The ECI would, colloquially speaking, follow the structure’s energy. Thus the en-
ergy of this structure is in one-to-one relationship with this ECI, becoming itself a
fit parameter. If such a structure is excluded, the corresponding ECI can change
a lot. The decision is then to include a new structure or leave this cluster out, again.

Most importantly, the solution of these two problems can give a clue on which
new structures to add to the training set by making this dependency less striking,
to assess the concerning cluster.

To finalize this section, I give consideration to an efficient numerical treatment of
these problems. To calculate the LMOCV in common cases, a huge computational
effort would be needed to check all possible excluded sets. To avoid this, in the
CELL code, we use a finite number of random sets E and rely on the central limit
theorem [2, 24, 25]. To reduce computation time it is possible to use the graphics
processing unit GPU instead of the central processing unit CPU, due to the fact
that the first one has huge capabilities for parallel processing [10].

3.2 Numerical Behavior of the CV-Formulas
In this section, I will address the numerical behavior of the CV for hii → 1 and
compare this to the analytical expectation from Sec. 2.3.3. Then the behavior
of the CV and the MSE for a given model with introduced noise is studied and
compared with the results from Sec. 2.4. Furthermore the numerical performance
of the analytic LMOCV-formula is shown. This was implemented by me in the CELL
package.

2At least two, otherwise the case hii → 1 appears, because the X•α are independent only
because of this structure, see Sec. 2.3.3.
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Figure 3.1: Behavior of the CV for hii → 1, i = n. The black line denotes the
expectation from Eq. (2.22). Each CV-curve was multiplied by the square root of
ℵ(E ).

3.2.1 Numerical Experiments
To investigate, how the CV (for LOOCV and LMOCV) behaves if hii → 1, I consider
again the simple model used in Sec. 2.2.1. There, the case Pi = J ·Xi, where J is a
scalar, was addressed and the entries of the hat-matrix were

hij = 1∑
kX

2
k

XiXj.

One (so-called) outer point with a large value Xn is introduced, while the other
data points are within standard gaussian distribution around the origin. The size
of the training set is n = 101. The value of Xn is then raised and the CV score
is computed. The expectation for one hii → 1 was discussed from an analytical
viewpoint in Sec. 2.3.3. The result of the numerical experiment is shown in Fig.
3.1. This figure shows that the expectation given in Sec. 2.3.3 is fulfilled, the CV
lines are parallel to the graph

√
1− hii. Thus the CV diverges as (1 − hii)−1/2 for

hii → 1.

In order to test the expectation from Sec. 2.4, that
1√

λmax∆E
CV ≤ 1

∆E
√
MSE ≤ 1, (3.2)

I used a set of parameter functions X•α, with Xiα = fα(σi) = σα−1
i , to define data-

models, similar to that in Sec. 2.2.2. This time I restrict α to {1, 2...9}. Then I
used the following algorithm.
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Figure 3.2: Reduced CV and MSE, normalized to the noise level ∆E. The nor-
malized noise level is indicated by the red line. The number of parameters of the
data-models is 9.

1. Uniformly distributed random parameters Jα ∈ [−1, 1] are generated to build
a random data-model.

2. A set of 100 uniformly distributed random values for σi ∈ [−1, 1] is generated.

3. The correlation matrix X is calculated and the training set is built, Pi =∑
αXiαJα + ε. ε is gaussian noise, according to the definitions in Sec. 2.4.

4. The LOOCV and MSE are computed.

A number of 200 different noise levels ∆E ∈ [10−6, 0.1] was used. Steps 1 to 4 are
repeated 100 times for each noise level and the result is shown in Fig. 3.2. Every
point in this figure corresponds to a random data-model. It can be observed that
Eq. (2.27) is fulfilled. The derivation of Eq. (2.27) relies on the assumption that the
number of parameters m of the data-model is smaller than the number of measuring
points n. As noise components lying in the subspace of the data-model neither rise
the CV nor the MSE, it is clear that the larger the number of data points is, the
closer are the CV and the MSE to the upper bound in Eq. (3.2). On the other
hand, in a real alloy system, it is expected that the number of parameters m is
much higher than the number n of ab-initio calculations one can perform. However,
it is reasonable to expect that only a few interactions are above the noise level. For
example, in the case of clathrate compounds only 8 interactions have associated
ECI’s larger than the ab-initio error [18]. Therefore, it is expected that this analysis
applies also in the context of ab-initio calculations.
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3.2.2 Performance
Last but not least, the performance of the new algorithm is addressed. How does
an algorithm, built on the analytic formulas Eq. (2.17) and Eq. (2.20), help to
raise the numerical performance compared to the direct approach with Eq. (2.10)?
The naive expectation suggests that with Eq. (2.20) the performance does not vary
significantly with the number of ECI’s, when the computation time of the SVD is
negligible. That is different from the direct formula Eq. (2.10) which deals with
the growing Hessian matrix X ′X. On the other hand, the analytic formulas should
become expensive, when many points are excluded, while the direct approach should
hardly depend on the number of excluded points. In the following, the initialization
of the algorithms will not be analyzed, because even though the analytic formulas
need the hat-matrix, one has to calculate it only once for all different cardinalities
ℵ(E ).3

In Figs. 3.3 and 3.4 the computation time for one single excluded set E for
the CV is shown. The training set consists of clathrate structures with energies
calculated by the effective medium theory calculator [4] (EMT). In Fig. 3.3, the
number of excluded structures is varied while in Fig. 3.4 the number of clusters is
the variable. The algorithms are programmed in CELL using Python 2.7.1 with the
function inv for matrix inversion from the linalg-package of the numpy extension.
This relies on LAPACK which uses an algorithm for matrix inversion, based on the
Coppersmith-Winograd algorithm (CW algorithm). This algorithm has a com-
putational complexity of O(n2.376) [6]. It is expected that for large m and ℵ(E ) the
matrix inversion dominates the computation time, leading to a complexity of the
order of the CW algorithm. Figures 3.3 and 3.4 show, both the analytical approach
for a raising number of excluded structures and the direct approach for a varying
number of clusters, scale as the CW algorithm for large numbers.4

The programmed analytic algorithm was validated on 25 training sets for vari-
ous numbers of structures (5 to 51, calculated with the EMT calculator), with and
without regularization, shows no instabilities and yields the same values for the CV
as the direct approach, whenever it is stable.

One should notice here, that the computation of the CV5 and the ECI’s with the
analytic approach can elapse in less than 2 milliseconds for one set of clusters, if the
number of clusters and structures included do not exceed 50 and no singular value
of X is nearby zero. Also here GPU -processing seems promising. The singular value
decomposition of X is here the most expensive part of the algorithm. That will be
helpful in order to raise the number of cluster sets that are analyzed, increasing the
chance of finding a model with an optimal predictive performance.

3If the change in the prefactor of the regularization is ignored.
4The addressed problem can also be interpreted as a linear equation Ax = b and solved using

other algorithms.
5Restricted to LOOCV.
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Figure 3.3: Performance of the direct (’Old’) and the analytical (’New’) algorithms
for Ns = 1232 structures with up to 924 excluded structures. 14 clusters are used
here. The yellow line indicates the complexity of the CW algorithm.

Figure 3.4: Performance of the algorithms for up to Nc = 1814 clusters. 117 struc-
tures are excluded from the training set.



Conclusions

The main goals of my bachelor thesis were:

1. To understand and circumvent instabilities in the computation of the CV,
especially in the case of hii → 1 and for (quasi-)singular Hessian matrices
X ′X,

2. to derive a LMOCV-formula, comparable to Eq. (2.17), and to extend it for
situations when regularization terms are added,

3. and to investigate the relationship between the CV and noise in the data.

I have achieved all these goals. The calculation of the CV and the MSE is, thanks
to the SVD as solving technique, stable against quasi singularities of the Hessian
matrix. The calculation of the parameters (or ECI’s) cannot be, but it is possible to
foresee the instability and take sufficient measures to avoid it. A sufficient measure
is the exclusion of one of two linear-dependent clusters (used here). Another option
would be the calculation of new adapted structures, which can be found by random
sampling.

The other unstable case is special in the sense, that a certain cluster cannot be
assessed. This situation can take place, when the cluster has a significant correlation
〈∏i∈β(α) σi〉 with only one structure. It is explained and shown, how the CV behaves
in such a case and that this is an analytical problem, that cannot be resolved by
raising the computational precision. In this thesis, the exclusion of the respective
cluster is used to circumvent this problem. Again, calculating a new adapted struc-
ture would be possible.

A LMOCV-formula, equivalent to Eq. (2.17) has been derived, with simple in-
corporation of `2-regularization.

A mathematically strict relation between the minimum in calculation noise and
the CV was proven, with the assumption that the training set is sufficient to model
the interactions above the noise level. This can be used as a benchmark whether
the assumption is true, by comparing with other noise estimates. An argumentation
was given, why the CV without regularization can never yield an upper limit for the
noise in the data.

To the best of my knowledge, both, the analytical formula for the LMOCV and
the relation between noise and the CV were not known before.

All the theoretical framework was programmed in Python and can be used in
the CELL-package of the SOL-group for cluster expansion.
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Appendix A

Appendix

A.1 Optimized ECI’s for MSE and Cost Function
This section is arranged a follows: A formula for the ECI’s for an optimized MSE
with excluded set E is derived, and with this the ECI’s and the MSE of the whole
training set are achieved. Then a Cost Function with `2-regularization term will be
examined. After each derivation short considerations for the LOOCV are given.

The training set consists of n points. The mean square error MSEE of a rest set,
with an excluded set of points E with cardinality ℵ(E ) is defined as

MSEE = 1
n− ℵ(E ) ·

 n∑
s=1

(
Es −

∑
α

Xs,αJα

)2

−
∑
i∈E

(
Ei −

∑
α

Xi,αJα

)2
 .

Taking the gradient with respect to the J (to minimize the MSEE ), yields

∇JβMSE2
E = −2

n− ℵ(E ) ·
 n∑
s=1

Xs,β

(
Es −

∑
α

Xs,αJ
(E )
α

)
−
∑
i∈E

Xi,β

(
Ei −

∑
α

Xi,αJ
(E )
α

) = 0.

One can write this equation in matrix form (it is valid for every β):

X ′E −X ′XJ (E ) =
∑
i∈E

(
X ′iEi −X ′iXiJ

(E )
)
,

where ′ denotes a transposition. Assuming that det(X ′X) 6= 0 :I − (X ′X)−1 ∑
i∈E

X ′iXi

 J (E ) = (X ′X)−1

X ′E −∑
i∈E

X ′iEi

 . (A.1)

In the case that no structure is left out, all excluded rows Xi can be set to zero,
yielding:

J = (X ′X)−1X ′E.

In Eq. (A.1) we see, that anytime when one of the ℵ(E ) non-zero eigenvalues of
(X ′X)−1∑

i∈E X
′
iXi =: Y becomes one, the inversion should fail, numerically it fails

for all values nearby one.
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Inserting this into the definition of the cross-validation for LOOCV, a well known
formula [28] is achieved (E = {i}):

CV2 = 1
n

n∑
i=1

(
Ei −Xi(X ′X)−1X ′E

1−Xi(X ′X)−1X ′i

)2

.

Consider the case when the number of generated ECI’s shall be bigger than the
number of structures in the training set, e.g. to avoid too high computational costs.
Then regularization needs to be applied to the Hessian matrix because otherwise
dependencies between the ECI’s make any computational approach infeasible. One
can define a cost function

C(J) = MSE2
E (J) + ϕ(J),

where ϕ is the added regularization. The same derivation as above yields, when
minimizing the cost function, ∇JC(JE

ϕ ) = 0,

X ′E −
∑
i∈E

X ′iEi −

X ′X −∑
i∈E

X ′iXi

 J (E )
ϕ = n− ℵ(E )

2 ∇Jϕ(J (E )
ϕ ).

Here, a form of ϕ as only `2-regularization is proposed. Suppose R is an arbitrary
matrix and J0 is a vector of guesses for the ECI’s, then

n− ℵ(E )
2 ϕ(J) = (J − J0)′R(J − J0)

Choosing R to be symmetric (without loss of generality):

X ′E −
∑
i∈E

X ′iEi +RJ0 =
X ′X +R−

∑
i∈E

X ′iXi

 J (E )
ϕ , (A.2)

which is the result for the ECI’s. At this point det(X ′X + R) 6= 0 needs to be
assured, but since R is arbitrary, that should not cause a problem. In the special
case of LOOCV we get for J (i)

ϕ

J (i)
ϕ =

(
I + 1

1−Xi(X ′X +R)−1X ′i
(X ′X +R)−1X ′iXi

)
(X ′X +R)−1(X ′E −X ′iEi +RJ0).

(A.3)

This leads to a regularized LOOCV expression as follows

CV2 = 1
n

n∑
i=1

(
Ei −Xi(X ′X +R)−1(X ′E +RJ0)

1−Xi(X ′X +R)−1X ′i

)2

.

So in this case
|1−Xi(X ′X +R)−1X ′i| 6= 0,

must be true. In the case of LMOCV none of the ℵ(E ) non-zero eigenvalues of the
matrix

(X ′X +R)−1 ∑
i∈E

X ′iXi

can become one, if the inversion can be performed.
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A.2 The LMOCV-Formula
I recall here Eqs. (2.11) or (A.2):I −∑

i∈E

(X ′X)−1X ′iXi

 J (E ) = (X ′X)−1

X ′E −∑
i∈E

X ′iEi

 .
What could be useful to invert this equation? The only thing that gives hope is,
that the operator ∑i∈E (X ′X)−1X ′iXi =: Y has a rank less or equal to ℵ(E ) due to
the fact that [8]

rank(A+B) ≤ rank(A) + rank(B)
rank(AB) ≤ min{rank(A), rank(B)}.

How to exploit this? In Ref. [19] the following way is suggested, if I−Y is invertible.
Since the matrix Y has just rank ℵ(E ) an algorithm can be used, described by K.S.
Miller in [19]: There needs to exist a dyadic decomposition ∑

i∈E Y i of Y and
an ordered set of sets Kj with raising cardinality up to ℵ(E ) containing a certain
number of indices i ∈ E , such that any sum of dyadic products:

I −
∑
i∈Kj

Y i,

j = 1...ℵ(E ), is invertible. Thus we can apply the following algorithm (Cj+1 =
I −∑i∈Kj

Y i) :

C−1
j+1 = C−1

j + 1
1− tr(CjYj)

· C−1
j YjC

−1
j . (A.4)

Using this formula in Eq. (2.11) yields an analytic expressions for J (E ) for every
cardinality of E , and thus a formula for the leave-many-out CV. Because the upper
iterative equation cannot be evaluated by hand for more than ℵ(E ) > 3, I wrote
a Form-script1 to control the resulting expressions. This further information then
inspired me to find a closed form for the LMOCV.

The reader has to recall here Sec. 2.3.1. Think about: what could be a formula
for the LMOCV? How should it behave? It should become singular when the op-
erator I − Y becomes singular. The only way to assure this is to divide it by the
determinant of the endomorphism I − Y - or by det(I −HE ), see Eq. (2.16).

Which other expressions should enter the formula? Decomposing the Yi into
there eigenvectors yields (abbreviated): Yi = liri. (This is a convention, li is a right
eigenvector.) Recall now that rilj = hij. So, the only things that enter are dyadic
products lirj and the hat-matrix entries.

Finally we know that we are interested in an inverse matrix. With the inspiration
of the formulas of the first few orders using the Form-script, the following approach
seems to be promising:I −∑

i∈E

liri

−1
?= I +

∑
j,k∈E

(−1)j+k det(I −HE )j,k
det(I −HE ) ljrk. (A.5a)

1Form is a symbolic manipulation system.
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Multiplying Eq. (A.5a) with I −∑i∈E liri

(I −
∑
i∈E

liri)(I +
∑
j,k∈E

(−1)j+k det(I −HE )j,k
det(I −HE ) ljrk) =

I −
∑
i∈E

liri +
∑
j,k∈E

(−1)j+k det(I −HE )j,k
det(I −HE ) ljrk −

∑
i,j,k∈E

(−1)j+k det(I −HE )j,k
det(I −HE ) lihijrk.

and taking the last two terms together gives

∑
i,j,k∈E

(−1)j+k(δij − hij) det(I −HE )j,k
det(I −HE ) lirk.

Comparing the remaining terms yields then, that the following is needed:

∑
j∈E

(δij − hij)(−1)j+kdet(I −HE )j,k
det(I −HE ) = δik.

The last statement is true because of a well-known representation of inverse matrices
[8]. So, the assumption is true:I −∑

i∈E

liri

−1
!= I +

∑
j,k∈E

(−1)j+k det(I −HE )j,k
det(I −HE ) ljrk.

Inserting this in Eq. (2.10) one arrives at Eq. (2.20). Regularization terms and
guesses for the ECI’s can here be introduced by concatenating the correlation matrix
with a matrix R̂ that fulfills R̂′R̂ = R in

Xnew =
(
X

R̂

)
.

Then, the guesses for the ECI’s J0 can be merged to the vector of the energies E :
Enew =

(
E
J0

)
.

A.3 Eigenvalues of HE

When hii → 1 is fulfilled, it is of interest, how fast the highest eigenvalue of the
submatrix HE ν converges to one.2 To see this, the eigenvalue equation of HE ,
det(HE − νI) = 0, can be expanded in the ith row and column, via Laplace
expansion

0 = (hii − ν) adj(HE − νI)ii +
∑

j∈E \{i}
hij adj(HE − νI)ij

= (hii − ν) adj(HE − νI)ii +
∑

j∈E \{i}
hij

∑
k∈E \{i,j}

hik adj(HE \{i} − νI)jk.

As known from Sec. 2.3.3, the hij converge to zero as the square root of hii → 1.
The number of contributing terms to the sum on the right is (ℵ(E )− 1)(ℵ(E )− 2)
multiplied with hijhik. Assuming that not all the hij’s have the same sign, it is
possible to write their sum as its possible maximum, multiplied by a factor α < 1,

2Notice, that due to Courant’s min-max principle, 1 ≥ ν ≥ max(hii).
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Figure A.1: fα(ℵ(E )) versus ℵ(E ) (averaged 100 test submatrices). Set-up as in
Figs. 3.1 and 2.2: one of 100 data-point corresponds to a hii ≈ 1 and one parameter
was introduced to the model.

compare Eq. (2.9). The adjoints which do not include the ith row or column can
be considered as constants (≈ β), as there is no indication that they are rapidly
varying functions for hii → 1. Then

0 = (hii − ν)β + α(ℵ(E )− 1)(ℵ(E )− 2)1− hii
ℵ(E ) β

⇒ ν − hii
1− hii

= α

ℵ(E )(ℵ(E )− 1)(ℵ(E )− 2) =: fα(ℵ(E )). (A.6)

This is supported by numerical experiments, see Fig. A.1. One should notice here,
that for certain α this difference can become important, such that there is a difference
in the behavior of the LOOCV and the LMOCV. I expect this only to happen if
two or more points are special, in the sense that they are ’far’ from the origin, see
Fig. 2.2.
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A.4 Hessian Matrix of the CV2

Calculating the Hessian matrix of CV2 for the analytic LOOCV by taking the with
respect to energy yields

∂

∂Ek
CV2 = 2

n

∑
i

(
Ei −

∑
j hijEj

1− hii

)
∂

∂Ek

(
Ei −

∑
j hijEj

1− hii

)

= 2
n

∑
i

(
Ei −

∑
j hijEj

1− hii

)(
δik − hik
1− hii

)

= 2
n

(
Ek −

∑
j hkjEj

(1− hkk)2

)
−
∑
i

hki

(
Ei −

∑
j hijEj

(1− hii)2

)

Hkl(CV2) is the (k, l)-element in the Hessian of the CV2:
(
H (CV2)

)
kl

= ∂

∂El

∂

∂Ek
CV2

= 2
n

∂

∂El

(
Ek −

∑
j hkjEj

(1− hkk)2

)
− 2
n

∂

∂El

∑
i

hki

(
Ei −

∑
j hijEj

(1− hii)2

)

= 2
n

(
δkl − hkl

(1− hkk)2

)
− 2
n
hkl

(
1−∑j hlj
(1− hll)2

)

= 2
n

[
δkl

(1− hkk)2 − hkl
(

1
(1− hll)2 + 1

(1− hkk)2

)
+
∑
i

hkihil
(1− hii)2

]
.

This compared with A′ A yields

1
2 H (CV2) = 1

n
A′ A.

A.5 Hessian Matrix for LMOCV
Eq. (2.23) is a closed form expression of the LOOCV. It is possible to extend this
by calculating the Hessian matrix of the CV2 for LMOCV, which finally leads to
the following expression (m points are left out):

H (CV 2)pq = 2(
n
m

) ∑
1≤i1≤...≤im≤n

∑
k,l∈{i1...im}

(δpl − hpl)((I −HE )−2)kl(δkq − hkq)

= 2(
n
m

) ∑
1≤i1≤...≤im≤n

∑
j,k,l∈{i1...im}

(δpl − hpl)(δkq − hkq)·

∑
r2...rm,s2...sm εj,r2...rmεk,s2...sm

∏m
t=2(δrtst − hrtst)

∑
v2...vm,u2...um εj,v2...vmεl,u2...um

∏m
w=2(δvwuw − hvwuw)

(∑d1...dm,e1...em εd1...dmεe1...em

∏m
x=1(δdxex − hdxex))2 .

The summation indices in the sums on the fraction are bounded to E = {i1...im}
(where in the Levi-Cevita tensor ik is used as k, k ∈ {1...m}).
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